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Chapter 1

INTRODUCTION

The object of this thesis is the study of a classical problem of linear algebra, that
is:

given a set X of real or complex matrices, what is the mazimal dimension d(X) of
a real vector space V' such that V' \ {0} C X?

This question, apparently simple in its formulation, arises in many different fields
of research.

In the case of real invertible matrices, it is deeply related to the existence of
independent vector fields on a sphere.

The existence of a set {A41,...,Ax} C GL,(R) such that any nonzero linear
combination is still an invertible matrix, leads, indeed, to the existence of k —
1 independent vector fields on S™~' C R”. The basic fact is that the matrices
AlAgl, e ,Ak,lAlzl have not real eigenvalues hence, if x € S"~!, the tangential
projection of AZ-Alzl:p, over the unitary sphere, defines a nonvanishing vector field V;.
Since any nonzero linear combination of the matrices AiAI;I is still nonsingular, the
Vi’s are everywhere independent. Adams, in [1], determines the maximal number of
independent vector fields on S™~!. His work essentially consists in the translation of
the problem to an homotopy-theoretic setting and its solution is given by means of a
deep development of the K-theory for projective spaces. This is the starting point for
many subsequent theories, that we briefly recall. In [3] (with Lax and Phillips), the
solution of the initial problem is determined for real invertible symmetric matrices,
as well as in the invertible complex and hermitian cases, using a recursive argument.

In the case of real rectangular matrices of maximal rank (and in their natu-
ral generalization to constant rank matrices), the above problem is related to the
existence of bilinear maps p : R¥ x R® — R™ with the nonsingularity condition:
w(xz,y) =0 = x =0 or y =0. These maps have been largely studied (see Hurwitz
[27], Radon [35] and also Lam et al. [30], [31] and Friedland et al.[11]) since they
generalize the multiplication map of the classical division algebras over R. Also,
they provide estimates on the geometric dimension of real vector bundles over the
projective space and, hence, are instrumental in the study of the immersion of such
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2 Introduction  Chapter 1

spaces into R™ (cf. [2]).

When & denotes the set of real invertible symmetric matrices, the problem is re-
lated to spectral theory and its solution provides an estimate on maximal dimension
of a system of strictly hyperbolic PDEs (see [23]).

For what concerns this work, we are interested to analyze sets X defined by some
restrictions on the rank of the involved matrices.

The content of Chapter 2 is an overview of K-theory and of some classical re-
sults concerning the initial problem. These are provided in order to introduce the
theorems and technical tools used in our arguments. In particular, it is important
to describe the structure of the ring K (RP?) of reduced K-theory, that we compute
in details.

The original work of the thesis begins with Chapter 3.

Here, we analyze the case X = S?~* of n x n symmetric matrices with constant
rank n — k, using the theory of stable vector bundles over real projective spaces.
Then, we generalize our argument to the corresponding case of complex hermitian
matrices, X = HI .

Define the (generalized) Radon-Hurwitz numbers:

Definition For real r, set: p(r) = 2% + 8b and pc(r) = 2(a + 4b) + 2, if r =
20+45(2¢ + 1), with a, b, ¢ integers, and 0 < a < 3; pc(r) = p(r) = 0 otherwise.
Moreover, for k <n, set o(n,n — k) = max{p("“5% +14) with 0 < i < k} and define
oc in a similar fashion using pc.

We prove the following estimates:

Theorem A If0 <k <4, then
o(n,n—k) < d(S"*) < max{cy,o(n,n—k)}+1

where ¢, depends only on k and has values: co =c1 =0, co =3 and c3 = ¢4 = 13.

If o(n,n—k)=p (”T_k) > cg, the upper bound is attained. Moreover, if k = 1
and (n+1)/2 = 29+4¢ with a = 2,3, arbitrary b and ¢ odd, then the lower bound is
optimal, that is d(S?' 1) = o(n,n — 1).

In particular, for £ = 0, this theorem provides a new proof of the corresponding
result of Adams in [3]. For k = 1, we improve the estimates given in [21]. For
2 < k < 4, to the knowledge of the author, there does not seem to be analogous
results in literature.

Theorem B If k=0,1, then

oc(n,n—k) < d(H* %) <oc(n,n—k)+1.
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If oc(n,n — k) = pc (”Tfk), the upper bound is attained, otherwise, the lower
bound is optimal, that is d(H'™ 1) = oc(n,n — 1).

Again, for k = 0, the corresponding result in [3] is proven here by using different
arguments. The case k = 1 seems new in literature.

The proof of the theorems above is based on the following arguments.

Any vector space V of m x n matrices of constant rank (0 excepted) induces
an evaluation map between the trivial n-bundle R™ and the sum of m copies of
the tautological bundle mér over P(V): the map is ®([A],v) = ([A], Av). The
assumption that the matrices have constant rank implies that the kernel of ® is
a well-defined vector bundle K fitting in a long exact sequence

O—»K—>K”gm§ﬂg—>0—>0 over P(V).

Then, the exactness of this sequence can be interpreted in terms of stable bundles,
that is, in (reduced) K-theory. The peculiar structure of the finite ring K (P(V)),
together with a stable classification of the possible kernels K, yields a sharp estimate
of the dimension of V', provided that the rank of K is little enough. This "natural”
approach to the problem has been exploited in many work: see, among others, [31]
(for the case of full rank rectangular matrices and nonsingular bilinear maps) and
[36] and [41] (for square real and, respectively, complex constant rank matrices).

When working with symmetric matrices, we take into account an additional
feature (which has been shown in [23]): the assumption of constant rank forces the
eigenvalues of the matrices in V' to be in pairs. This induces a decomposition of
the pull-back to S9~! C V of the trivial bundle R” — P(V) into the sum of the
pull-back of K with two isomorphic bundles E™ and E~. The fibers of E* and
E~ over a matrix A represent the subspaces where the quadratic form zAz has a
defined sign. Under the further (and, as we will show, not so restrictive) assumption
that E* is trivial, we can decompose the trivial bundle R” — P(V') as the sum of
K with an equal number of trivial and tautological line bundles. Interpreting this
decomposition in the ring of reduced K-theory, we provide a very sharp bound on
the dimension of V' (Theorem A). Moreover, by constructing explicit examples and
by some considerations on the stable homotopy of classical groups, we determine
the cases for which the bounds that we find are the best possible.

Furthermore, we extend our results to complex hermitian matrices of constant
rank, since in this context they appear as a natural generalization of the symmetric
case. The main results of Chapter 3 form the content of [16].

Using a slightly different argument, we also provide some estimates for skew-
symmetric matrices of constant rank A7~* generalizing a result of Yeung ([7]):



4 Introduction  Chapter 1

Theorem C Let p(n,n — k) = max_j<i<i p(n + i) and cx as in Theorem A. If
0< k<3, then

max{p(n — k), p(n — k +2)} < d(A" %) +1 < max{c; +1,p(n,n —k)}.

Chapter 4 is devoted to the study of matrices of rank bounded from below.
Denoting by MY and HETHT the sets of real and, respectively, hermitian
n X n matrices of rank greater or equal than n — 1, we show:

Theorem D Ifn is even, then

max{ d(M;~"), d(HE ™M)} < pe(n).

For the real case, this result improves the corresponding estimate in [21].

In this context, the fundamental tool is the following nonlinear characterization
(due to Friedland et al. in [23], [21]): the existence of a d-dimensional vector space
of complex n x n invertible matrices is equivalent to the existence of an odd map
¢: St — GL,(C), that is a map verifying ¢(—2) = —¢(x).

Then, we remark the following two facts:

1. if n is even, then the map associating A to its adjoint matrix A* is equivariant
with respect to the multiplication by —1;

2. if the rank of A greater or equal than n — 1, and det A is not of the form ir,
with 2 = —1 and r < 0, then ‘A 4 iA* is a complex invertible matrix (the bar
stands for complex conjugation).

n_17+ n_11+
n n

Thus, if n is even, any vector space V \ {0} included in M or in H ,
induces an odd map ¢ : V > S9!t — GL,(C) by ¢(A) = *A+iA* and consequently,
there exists a d-dimensional vector space of complex invertible matrices. The bound
on d is a consequence of the estimate of Adams et al. in [3].

Moreover, we generalize to the hermitian case some results concerning real sym-
metric matrices obtained in [22] by Friedland and Libgober. In this work, they
introduce a completely different method whose key point relies in an elegant ap-
plication of the Lefschetz fixed-point theorem; this is used to show, by an Euler
characteristic computation, the existence of real points of a complex variety of ma-
trices.

The basic general idea of our argument is to consider the degeneracy locus
{A hermitian, rank A < n — 2} as the real part of the complex variety D¢ =
{A complex, rank A < n — 2} with respect to the involution A — 'A. Then, we



look for the minimal dimension of a real linear space intersecting D. We note that
the calculations are particularly long. Our precise statement is:

Theorem E The following estimate holds: 7 < d(Hg”L) <8.

The content of Chapter 5 is devoted to show the relations between hermitian
matrices with rank bounded from below and the topology of Kéhler varieties that
do not admit Albanese fibrations. This was the original motivation for studying the
dimension of linear spaces of matrices (see [15]).

Recall that the notion of no Albanese fibration (see [14]) for an n-dimensional
compact Kahler variety X can be given by requiring that, for any £ < n and any
independent (1, ...,0: € HY(Q' (X)), the product 31 A --- A B, € HO(QF(X)) =
H*9(X) is not zero.

For X as above, we are interested in giving an estimate of the dimension of the
kernel of cup-product map ¢ : H'(X,C) ® H'(X,C) — H*(X,C).

Thanks to the Hodge decomposition H"(X,C) = @ H%J  the cup product
map ¢ defines maps:

i+j=m

1. 20 /\2 H' — H20 (and its dual ¢%2);
2. @l g0 @ gO1 ., [,

The role of the assumption of no Albanese fibration becomes clear when dealing
with the estimate of dim ker > (note, for instance, that there are not decomposable
elements in the kernel).

Then, we look for some upper bound for the dimension of ker p*!. Set H'}(X ) =
HY'Y(X)NH?(X,R) and call M ¢ H'®® H%! the subspace of forms invariant under
complex conjugation. The space M is naturally identified with the space H, of Her-
mitian ¢ x ¢ matrices (¢ = dim H'%) and ¢!! restricts to L' : M — H'H(X)g; it
follows that dim ker ¢f;* = dim ker ¢!!. Assuming that X has no Albanese fibration,
and using a positivity argument, we find restrictions on the signature and hence on
the rank of the involved matrices: if A € N\ {0}, then the rank of A must be greater
or equal than 2n.

In particular, if n = 2¢, then A is invertible, and from [3] we achieve a very good
bound on the dimension ker ¢!, However, when 2n < ¢, no good bound seems to
be known in general. The Theorem (E) gives a sharp estimate in the case n = 2,
q = 5. Precisely, we prove:
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Theorem F Let X be a compact Kihler variety without Albanese fibrations, and
let p: N2 H'(X,C) — H?*(X,C) be the cup product.

1. If g <2n —1, then ¢ is injective;
2. if ¢ = 2n, then dimker ¢ < pc(q) + 1;

3. if ¢q=5 and n = 2, then dimker ¢ < 14.



Chapter 2

A SHORT REVIEW OF K-THEORY (AND
OTHER USEFUL TOOLS)

The purpose of this chapter is to recall briefly some particular topics that will be used
throughout the thesis. In order to introduce them, it seems appropriate to introduce
the general setting of the K-theory. The topics that we would like to emphasize are:
Bott periodicity and its relations with the stable homotopy of the classical groups,
the ring structure in the real K-theory of RP?, the theorem of Adams on the number
of vector fields on a sphere. Moreover, at the end of the chapter, we provide a new
proof of an important theorem of Friedland ([23], Thm. A) concerning the relations
between these arguments and the problem of determining the maximal dimension
of a linear space of matrices. In this proof there are some of the essential ideas
exploited in Chapters 3 and 4.

Throughout this chapter, X will denote a compact Haussdorf topological space,
except when otherwise specified; IF is either the field of real or complex numbers
and F* — X stands for the trivial vector bundle over X of fiber F". We assume as
known the general theories of vector bundles and homotopy groups (for exhaustive
treatment of these subjects we refer to e.g. [28], [25]).

2.1 The K functor

Classes of vector bundles

Let us denote by Vecy(X) the set of isomorphism classes of F-vector bundles over
X. The exterior sum and the tensor product of bundles define operations

®,®: Vecp(X) x Vecp(X) — Vecp(X)

for which the triple (Vecp(X), ®, ®) verifies all the axioms of a ring excepted the
existence of opposite elements, 0 is the class of the bundle with fiber {0} while 1 is
the class of the trivial line bundle; then, Vecp(X) has the structure of a semiring.
The choice of a base point x € X defines a semiring homomorphism

rank ,: Vecp(X) — N rank,(F) = dimgFE,.
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Fixed FE, if the above map is a constant function in the variable z, we get the rank
of E; for instance, this happens for any £/ when X is a path-connected space. In
this case, we set Veck(X) = rank ~1(k).

There are two maps r : Vecc(X) — Vecgr(X) and ¢ : Vecr(X) — Vecc(X)
called, respectively, realization and complezification that act in the following way:
r(E) is the bundle E where the complex structure on each fiber is forgotten, c(F')
is the complex bundle with fiber F,, Qp C.

Let us state an important property of vector bundles over compact spaces, which
will be useful in the sequel:

Proposition 2.1.1. If X is compact, for any E € Vecy(X) there exists E' €
Vecy(X) such that E @ E' is trivial.

Proof.  We give an outline of the proof, for the details refer to [29] or [28]. The
key point is the existence of a finite number of trivializing open subsets for F, say
Ui,...,Up and of a corresponding partition of unity {w;}i<i<n. Over any U;, E
admits k; independent sections {s;;}1<;<k,; the N = > | k; functions oy = w;s;;
are defined everywhere on X and they generate the vector space FE, at each point
x. Using these functions, we can define a morphism of bundles surjective at each
fiber:

n  k;
o:FN — E  defined by a(z,r,...,Tk,) = ZZrijJij(x).
i=1 j=1

It can be shown that a admits a cross section 3 : E — FY. Hence we can take
E’ as the kernel bundle (which is well defined) of « obtaining the isomorphism
E® E =FV. o

Ring completion

For any semiring S, there is a universal ring that extends it that is, a ring K (S) and
a semiring homomorphism s : S — K(S) so that, for any semiring homomorphism
f S — R, there exists a ring homomorphism g : K(S) — R verifying gs = f. Any
construction of K (S) and s with the above properties gives, up to isomorphism, the
same result; K(.5) is called the ring completion of S.

A standard construction is the following: K (S) is the quotient of S x S by the
relation

(n,m) ~ (n',m')  when there exists k € S such that n +m' +k =n' +m + k;
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the class of (n,m) is noted n —m. Operations in K (5) are given by

!/

m—m)+n —m')= (n+n)—(m+m') and

(n—m)- (0 —m') = (nn/ + mm’) — (nm’ + mn’)
with zero and unit, respectively, n —n and (n + 1) — n.

The ring K(X)

Definition 2.1.2. The ring completion of the semiring Vecp(X), which we will
denote by Kr(X), is called the ring of K-theory of X.

Remark 2.1.3. From the definition, it follows that, when X is written as the
disjoint union of its connected components X; U --- U X,,, Vecp(X) decomposes as
the semiring Vecy(X1) @ -+ ® Vecp(X,,) with addition and multiplication defined
componentwise; this implies that

Kp(X) = Kp(X1) @ - & Kp(X,).

From now on, let us note by [E] the element in K-theory represented by E,
and n = [F"]. Then, the elements of Kp(X) are written as formal differences of
(isomorphism classes of) vector bundles: [E] — [F] € Kp(X).

Proposition 2.1.4. Fach element © € Kg(X) can be written as [E] — N for some
E € Vecy(X) and integer N. Moreover, [E]—n = [F]|—m if and only if EGF™ N =
FaF""™N for some N.

Proof. If z = [F]—[G], we can take, by proposition 2.1.1, G’ such that GG’ = FV;
then, [F]—[G] = [F ®G'] — [G®G]. Similarly, the equality [E] —n = [F] —m means
that there is a bundle G such that E & F™ & G = F & F" & G; then, by taking G’
as above and adding it on both sides of the equality, we get EGF™ N = FoF" VN ¢

Corollary 2.1.5. Two bundles E and F represent the same element in Kp(X), that
is [F] = [F), if and only if there exists a trivial bundle BN such that EQFN = FoFY,

Remark 2.1.6. The hypothesis of compactness of X can be weaken by requiring
simply that X has the property that for any bundle F there exists another bundle
E’ such that E @ E’ is trivial. Spaces with this property are, for instance, the CW-
complexes with a countable number of cells or, more generally, paracompact spaces,
see e.g [28].
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Example 2.1.7. (The “trivial” tangent bundle of a sphere) Consider the sphere S%
standardly embedded in R as the set of vectors of unitary length and call 7'S? and
N respectively the tangent bundle of S¢ and the normal bundle of the embedding.
Remark that N is the trivial line bundle R. We have that 7S¢ @ N = R, hence
[TSY] = d in Kr(S%). However, it is well-known that 7S¢ is trivial only when
d=1,3or7.

Example 2.1.8. When X is a point *, a vector bundle is just a vector space and its
dimension, i.e. a natural number, determines the isomorphism class. Then, Vec ()
is isomorphic to the semiring N, so that Ky(x) = Z. As a consequence, if X is the
disjoint union of n points, Kp(X) = Z" thus Kp(S°) = Z ® Z.

Functoriality

Any (continuous) function f: X — Y between compact spaces induces a map
Kp(Y) — Kp(X) sending [E] —n to [f*E] — n,

where f* is the pullback of bundles. Remarking that the pullback of a trivial bundle
is still a trivial bundle of the same rank, this map of rings can be interpreted

as the extension of the composition Vecp(Y) e Vecp(X) 5 Kp(X) via the ring
completion of Vecp(Y'), therefore we still denote it by f*.

Proposition 2.1.9. The K-theory gives a functor from the category of compact
spaces and homotopy classes of maps to the category of rings and homomorphisms.

Proof. All the functorial properties of f* descend from the corresponding ones of
the pullback map: f*(E®F) = f*E@f*F, f*(EQF) = f*EQf*F, (fog)* = g*of*,
1d* = Id, as well as the fact that f homotopic to g implies f* = g*. &

Example 2.1.10. The choice of a base point {x} — X induces a ring homomor-
phism 7, : Kp(X) — Kg(x) = Z; this is, indeed, the ring homomorphism that
extends rank ; : Vecp(X) — N C Z, thus r,([E] — n) = rank ,E — n.

The ring K (X) and stable vector bundles

Proposition 2.1.11. The choice of a base point x € X induces a ring decomposition
K(X) =ker(ry) ®Z. If X is path-connected, this decomposition is canonical.

Proof. By functoriality, the composition {z} — X 2 {z} gives

ZV K(X)™SZ  with ryop* = Id
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thus, in particular, r, is surjective and has a cross section p*: the splitting K(X) =
ker (r;) & Z holds.

Moreover, if X has only one path-connected component, any two choices of a
base point are homotopic, hence give the same map in K-theory. &

Remark that ker (r,), being an ideal, has a ring structure on its own, though it
does not necessarily have a unit.

Definition 2.1.12. The ring ker (r;) is called the ring of reduced K-theory of X
and it is noted Kp(X).

Remark 2.1.13. The projection p : X — {x} realizes a canonical isomorphism
Kp(X) = cokerp* and this is why the notation of z in the reduced K-theory is
omitted. What really depends in the choice of the base point is the splitting K (X) =
IN((X) @ 7Z, as stated at the beginning. However, it is useful to think of IN(]F(X) as
the subring of the objects of the form [E] — rank , E.

The reduced K-theory gives a functor from the category of compact spaces to the
one of rings. I?F(X ), being smaller than Kp(X), is more suitable for calculations.
Furthermore, there is a very useful characterization in terms of stable isomorphism
classes of bundles, as we are going to show.

Definition 2.1.14. Two bundles E and F over X are said to be stable isomorphic
(or simply s-isomorphic) when there are integers n and m such that EGF™ = FQF"
in Vecy(X). We note this by E ~ F.

The relation ~ clearly is an equivalence relation. Note by [E]s the class of F
and remark that [F"]s = 0 for any n.

Proposition 2.1.15. The semiring quotient Vecy(X)/ ~ is a ring. Moreover, it is
isomorphic to Kr(X).

Proof.  The only thing to prove in order to show that Vecy(X)/ ~ is a ring is
the existence of its inverse elements. By proposition 2.1.1, for any bundle E we get
another bundle E’ such that their sum is trivial, i.e. [E]s + [E']s = 0.

Consider, now, the quotient map Vecy(X) — Vecp(X)/ ~: by the universal
property of the ring completion, it extends to a ring homomorphism Kp(X) —
Vecp(X)/ ~. This latter map sends [E] —n to [E]s, hence it is surjective; its kernel
is the ideal of elements [E] —n such that E' is stably trivial, hence it is the image of
p* : Kg(xz) — Kp(X). Then, remark 2.1.13 concludes. &
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More on stable bundles

In this part we present some general results about fibre bundles of large rank over
a finite dimensional CW-complex. All statements essentially rely in homotopy ar-
guments regarding the CW-cells codimension, moreover they have an interpretation
in terms of the relations between classifying maps of bundles and reduced K-theory
(see [28]).

In the following, set § = dimlF as vector space and assume that X is a n-
dimensional CW-complex. The following propositions show in which extent the
dimension of X determines the maximum rank of stale non-triviality of a vector

bundle.

Proposition 2.1.16. Let E € Veck(X) with k > (n+1)/8; then E decomposes as
F®F, for some k — 1 vector bundle F.

By an inductive argument, we get:

Corollary 2.1.17. Any E € Veck(X) decomposes as a sum F @ F*~™, where F
has rank m and m is the smallest integer greater or equal than (n+1)/§ — 1.

Remark 2.1.18. The number m of the corollary above is n in the case of real
bundles and about n/2 for complex ones.

Moreover, the corollary can be interpreted as a generalization of the fact that
any finite dimensional vector space has a basis.

Proposition 2.1.19. Any two injective morphisms of vector bundles over X, f, g :
R — E, induce isomorphic cokernel bundles, provided rank E > (n + 2)/4.

Again, by induction:

Corollary 2.1.20. If E,F € VecE(X) verify k > (n+2)/6 — 1 and are stable
1somorphic, then E = F.

Remark 2.1.21. This second corollary can be viewed as a generalization of the
fact that two basis of a finite-dimensional vector space have the same number of
elements.

Also, note that the lower bound (n+2)/0 — 1 is the best possible as the example
2.1.7 shows.

Let us conclude this section with some words about the geometric dimension of
bundles:

Definition 2.1.22. We say that a bundle E € Vecp(X) has geometric dimension
< k whenever E is stably isomorphic to F, with F € Veck(X).
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Remark 2.1.23. This notion is consistent for elements of Kp(X). Moreover, we
say that gd(E) = n when n is the minimum integer k for which gd(E) < k.

Two obvious consequences of the definition are that trivial bundles have geo-
metric dimension 0 and gd(F) < rank (F).

By corollary 2.1.17, we get that any E € Vecy(X) verifies gd(E) < (n+1)/6.

2.2 Vector bundles on the sphere

There is a very nice and general way to relate K-theory to homotopy theory and
this is basically done by relating the isomorphism classes of vector bundles to the
homotopy classes of certain classifying maps from X to high dimensional Grassmann
spaces, see e.g. [28], [29]. For our purposes, however, we do not need the whole of
such theory, since we are mainly interested in spheres and projective spaces. For
spheres, in particular, a much simpler homotopic description of K-theory can be
done, still retaining some of the basic ideas of the general case. Here we present the
principal statements and results, referring to [28] for a very detailed treatise.

In the following, denote by [X, Y] the set of homotopy classes of maps X — Y.

Homotopy classification of bundles

Proposition 2.2.1. For any d > 1 there is a map ¢ : [S*}, GLk(F)] — Vecti(S?).

Proof.  Starting from f : S ' — GL.(F), construct the vector bundle E; —
S% using f as “gluing” function: write S% as the union of its upper and lower
hemispheres Di and D¢ | with Di N D% = 891 | Let E be the quotient of the
disjoint union DI x F¥ U D? x F* obtained by identifying (z,v) € DI x F* with
(z, f(z)v) € DL x F*. There is a natural projection Ey — S¢ and this is a vector
bundle of rank k, as one can most easily see by taking an equivalent definition
in which the two hemispheres of S¢ are enlarged slightly to open balls and the
identification occurs over their intersection, a product S x (—¢, ), with the map f
used in each slice S x {t}. The map f is called clutching function.

Given two homotopic maps f,g : S% ! — GL,(F) we can repeat the clutching
construction using the homotopy F: we obtain a vector bundle Ep — S¢ x [0, 1]
that restricts to E; and Ej, respectively over S? x {0} and S¢ x {1}. Being X
compact, it is a standard result (see e.g. [29]) that E is isomorphic to E,. So the
map ¢ : f — Ey is well defined. &

Let us consider separately the complex and the real case.

Proposition 2.2.2. The map ¢ : [S¢™1, GL(C)] — Veck(S?) is bijective.
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Proof.  We sketch how to construct an inverse 1. Any vector bundle F — S¢
restricts to two trivial bundles Fly — D4, since the disk is contractible. Choose triv-
ializations h : iy — D% x CF: they induce a map f, = h oh~!: g1 GLi(C).
To show that the map v sending F' to f is well defined, we need to prove that, for
any two other trivializations h/, of Fy, the corresponding map f;/ is homotopic to
fn. This is shown by using the fact that GLx(C) is path-connected. &

Example 2.2.3. Any complex vector bundle over the sphere S! is trivial: indeed,
[SY GLy(C)] has only one point for any k, being G L (C) path connected.

Example 2.2.4. The canonical line bundle {¢ — CP' = S? verifies (¢ @ &c =
(éc @ &c) @ C: indeed, the two bundles appearing in each side of the equation are,
respectively, obtained using the clutching functions

z 0 22 0
02 = (V)

In the real case, the argument used above will not work, since GLg(R) has two
path-connected components: {A € GLg(R)| det A > 0}. The closest analogy with
the complex case is obtained by considering oriented real vector bundles!. Not all
vector bundles can be given an orientation: the Mobius bundle is not orientable,
this is because an oriented line bundle over a compact base is always trivial since
it has a canonical section formed by the unit vectors having positive orientation.
Bundles constructed from clutching functions with positive determinant will admit
an orientation, while others won’t.

Let Veck (X); the set of isomorphism classes of oriented rank k vector bundles
(isomorphisms are required to preserve orientation) and set GLi(R); the path-
connected component of GLg(R) defined by positive determinant.

which are homotopic.

Proposition 2.2.5. The map ¢ : [S™!, GLL(R)1] — Veck(S?), is bijective.

Then, which vector bundles, if any, the set [S¥~1, GLj(R)] describe? If we choose
a basepont zo € S¥~1, we have (see [28]):

Proposition 2.2.6. The set of maps f € [S*~1, GLi(R)] such that f(x¢) € GLi(R).
1s in bijection with the set of bundles E € Vecﬁ%(Sd) such that E, has a specified
orientation and the isomorphisms preserve it.

L An orientation of a real vector bundle is a function assigning an orientation to each fiber and
defined by ordered n-tuples of independent local sections.



Section 2.2.  Vector bundles on the sphere 15

Example 2.2.7. The sphere S! admits two non isomorphic real vector bundles
bundles of rank 1: indeed there are two nonhomotopic maps S° — GL;(R) taking
xo to GLl(R)+.

Remark 2.2.8. For d > 1, S% ! is connected, hence, provided zy is sent to
GLk(R)—H
[S91, GLL(R)] = [S71, GLy(R)4]  Veck(S9)s.

This means that any vector bundle bundle over S? is orientable. As a consequence,

the natural map
Veck (59, — Veck (59

is surjective and at most 2 — 1; moreover, it is 1 — 1 for bundles that do not admit
orientation-reversing isomorphisms.

About the homotopy of some classical group

Consider the spaces GLi(C) and GLk(R);. They are, in facts, topological groups
(with respect to the multiplication of matrices), hence the sets [S~!, G Ly (C)] and
[S9=1 G Li(R)] naturally inherit a structure of group. Moreover, they deformation
retract, respectively, onto the groups U (k) and SO(k) which are considerably smaller
and more suitable for calculations.

Proposition 2.2.9. The following group isomorphisms hold:
(5971, GLL(C)] =[S, U (k)] = ma—1(U(k)) and
[S9=1 GLE(R) 1] ~ [S91, SO(k)] =~ m4_1(SO(k)).

This fact, coupled with the results of he previous section, has many consequences.

The first (and most obvious) one is that, since higher homotopy groups have
good computational features (such as the exact sequence of a fibration, or a weak
form of excision), they give a well-known algebraic instrument way to classify vector
bundles over spheres. However, the calculation of homotopy of the classical groups
has proven to be not simple at all! It is, indeed, related to the problem of calculating
the homotopy group of spheres.

A second consequence, whose detailed description goes beyond the scope of this
work but which is still worth mentioning (see [28]), is that, as one can expect, there
is a description of stable bundles in terms of homotopy.

Let us call U and SO respectively the inductive limits of U(k) and SO(k); we
get:

Theorem 2.2.10. For d > 0, there are isomorphisms Kc(SY — mq_q(U) and
Kgr(S%) — 74_1(S0).
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Periodicity

Probably, the most notable feature in K-theory is the Bott periodicity theorem.
Despite to its proof, which, in particular in the real case, is rather involved and
requires the full development of the theory, this theorem has a very simple statement.

For a compact space X with base point p, denote by SX its suspension, that
is the quotient space of X x [0,1] in which the subsets X x {0}, X x {1} and
{p} x [0,1] are contracted to a common point. Iterated suspension are written
SiX = S(SLX).

One of the formulations of Bott periodicity is the following:

Theorem 2.2.11. If X is compact, the rings Kc(X) and Kc(S2X) are isomorphic.
The same holds for Kg(X) and Kr(S®X).

Remark 2.2.12. What explicitly realizes the above isomorphisms is the cup-product
map N o o

In the complex case, this map i the multiplication by the class of the Hopf bundle
over S? = CP!; this gives a element of

Kc(S%X) = Ke(5? x X/5?V X).

Similarly, in the real case, the product with the 8-dimensional real Hopf bundle is
considered. A very detailed proof of the theorem in both real and complex case can
be found in [28].

Example 2.2.13. Since the i-th suspension of S¢ is the d + i-dimensional sphere,
Bott periodicity implies that the ring of (reduced) complex K-theory of S¢ depends
only on the parity of d. In particular, from (2.1.8) and (2.2.3) one has, for any i:

Ke(S*) = Ke(8°) =7  and  Ke(S%) = Ke(S') =0

Example 2.2.14. Similarly to the complex case, the ring IN(R(Sd) depends only on
the modulo 8 congruence class of d, thus, we only need to know the reduced rings of
spheres of dimension up to 7. We have IN(R(SO) = Z by (2.1.8). For studying spheres
from S to S7, we can make use of theorem 2.2.10, since the lower homotopy groups
of SO are fairly well-known (cf. [25]). In the table below, we resume the values:

Kr(8Y |Z 2, Z, 0 Z 0 0 0
d(modulo8) [0 1 2 3 4 5 6 7

Bott periodicity also allows to compute the stable homotopy groups of U (k) and
SO(k). The word “stable” comes from the fact that, if k is sufficiently large, these
groups are independent of k:



Section 2.3. Projective spaces 17

Lemma 2.2.15. If k > d+ 2, then mq(SO(k)) = ma(SO(k + 1)) and mq(U(k)) =
ma(U(k +1)).

Proof.  Let us show only the SO case, the other one being completely similar
(excepted, perhaps, that one can make the assumption k& > d/2). First, consider
the fibration

SO(k) — SO(k+1) 2 s*

where the map p can be thought as the evaluation on a fixed vector of RFt! and
the first map behaves as an inclusion. Any fibration induces a long exact sequence
of homotopy groups, thus, in our case, we get:

= w1 (8F) = ma(SO(k)) — ma(SO(k +1)) &5 mg(SF) — ...
Under the assumption k > d + 2, we get that the central map (the one induced by
SO(k) € SO(k+1)) is an isomorphism, since 4, 1(S*) and 74(S*) are both zero. ¢

In the following, we list the values of m4(SO(k)) and 74(U(k)), when k is in the
stable range.

ma(U(k)) 0 Z 0
ma(SO(k)) | Za Zy O
d (modulo 8) ‘ 0o 1 2

wWN N
~lo o
oo N
oo o
~| N N

2.3 Projective spaces

In this section we go a bit deeper in the theory of stable vector bundles, by de-
scribing the reduced K-theory rings of real and projective spaces. This is done, in
the spirit of Adams [1], in order to prepare a background for discussing the links
that exist between the existence of non vanishing vector fields on a sphere, the ex-
istence of linear spaces of real invertible matrices and the existence of orthogonal
multiplications.

Spheres, vector fields and orthogonal multiplications

Definition 2.3.1. A vector field V over S*1 is a map V : 891 — R? such that,
for any X € S, the (standard) scalar product V(X) - X = 0. Moreover, we say
that two vector fields V- and W are orthonormal when ||V (X)|| = |[W(X)| =1 and
V(X)-W(X) =0 for any X € S,

First, let us consider the problem of determining when a sphere S¢ admits or-
thonormal vector fields.
The following proposition gives a constructive method:
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Proposition 2.3.2. If S% ! admits k orthonormal vector fields, then also ST
does.

Proof. Let us call Vi,...,Vithe vector fields on S¢~'. The sphere S™1 c R"?
can be considered as th join of r spheres S™! lying in r orthogonal subspaces of
R @ - @ RY that is, any € ST! can be written as = (a; X1, ...,a,X,) where
Y0 =1and X; € 591, Then construct k vector fields on S™@~! by putting

Wj(@) = aV;(X1) + - + a,Vi(X,).

To prove that the W;’s are orthogonal it is enough to observe that X; - X; =0. ¢

Corollary 2.3.3. Any odd-dimensional sphere admits a nonzero vector field.

Proof. S' has a nonzero vector field: V(z,y) = (—y, z). O

Theorem 2.3.4. The following condition for S%=' are equivalent: (1) d —1 is odd;
(2) the antipodal involution has degree 1; (3) the antipodal involution is homotopicto
the identity; (4) S9! has at least a nonzero vector field.

Definition 2.3.5. A bilinear function p : R x R® — R™ is called an orthogonal
multiplication if, for any a € R* and y € R",

(e, 2) || = llall ||

Remark 2.3.6. Any orthogonal multiplication can be viewed as an injective linear
map M : RY — M,,(R); the orthogonality property means that, for a € S, M(a)
is an orthogonal matrix and also that, for z € S"~!, a + pu(a, z) is an isometry. So,
forcefully, d < n.

Let us call ¢; = (0,...,1,...,0) the i-th standard vector of R,

Lemma 2.3.7. There exists a orthogonal multiplication p : R x R™ — R™ if and
only if there is another one whose induced map M verifies M (eq) = I.

Proof. Call N : R? — O(n) the map induced by . Then, construct M : R? — O(n)
by setting M (e;) = N(ex) 1N (e;) for any i. &

Orthogonal multiplications such that M(ey) = I are called normalized. By the
previous lemma, we can always suppose that this condition is always verified.
Orthogonal multiplications give rise to orthonormal vector fields on spheres:
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Theorem 2.3.8. If there exists an orthogonal multiplication p : R x R" — R”,
then S~ ' admits d — 1 orthonormal vector fields.

Proof. Suppose, by lemma 2.3.7, that p is normalized: then, for any x € S™, the
vectors pu(ey,x), ..., u(eq,x) are orthonormal. Construct vector fields by putting
Vi = plei,x) with i <k — 1. &

The next theorem gives a very nice representation of orthogonal multiplications
in terms of matrices. It will be very useful in the next chapter.

Theorem 2.3.9. The sets of normalized orthogonal multiplications p : R® x R™ —
R™ are in bijective correspondence with the sets of orthogonal matrices My, ..., Mg_1 €
O(n) verifying the (Clifford) relations :

M;M; + M;M; =0 i#3j,  M}=-1I.

7
These correspondences are obtained by setting M; = p(e;, -).

Proof. 'The matrices My,..., My 1, My := I are orthogonal: this is just remark
2.3.6. Moreover, they span (over R) a linear space of orthogonal matrices and this
is a consequence of the bilinearity of p. Granting this, we show that Mj ..., My
are also skew-symmetric, and so Clifford relations hold.

By the orthogonality of any linear combination of M;’s,we get

1= (Z anl)(Z aij) = Z a? tMiMZ‘ + Z aiaj(tMiMj + thMi)-

Since v = (a1, . .., aq) is generic and can be chosen such that >, a? = 1, this implies
tMiMj —i—thMi =0 for any i < j.
When j = d, so that My = I, we get ‘M; = —M; for any i < d — 1. &

Radon-Hurwitz numbers

The question of how many real orthogonal, anti-commuting skew-symmetric matri-
ces there can be in order n is a question that was completely settled in the early
part of the XX century by J. Radon [35] as a development of earlier works of A.
Hurwitz [27].

In what follows, we present an answer to the problem, in the spirit of [24]. Our
presentation has the advantage of giving a simple inductive method for constructing
the matrices.

We start by the definition of the generalized Radon-Hurwitz numbers, which are
widely used throughout our work
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Definition 2.3.10. The generalized Radon-Hurwitz numbers are the function p, pc :
R — N defined by the conditions: p(r) = pc(r) =0 if r € N and, if r € N,

p(r) =2%48b if r = 294(2¢ 4 1) with a,b,c € N and 0 < a < 3; (2.1)
pe(r) = 2va(r) + 2 if v = 2%20")(2¢ + 1) with va(r),c € N. (2.2)

Definition 2.3.11. A Radon-Hurwitz system (briefly: R-H system) of order n is a
finite set of real orthogonal matrices {M, ..., Mg} verifying the Clifford relations:

M;M; + M;M; =0 fori#j, M}=—I, 'M;=—M,.

Remark 2.3.12. It seems somewhat helpful to rephrase some congruence properties
of p. First of all, note that if  is integer and decomposed as in the definition, then

p(r) = p(2071).
Moreover, setting r; = 23140 py = 240+1) g — 24(0+D+1 . — 94(b+1)+2 5p(g
rs = 24(b+1)+3, we get

p(nz) = p(n1) + 1, p(ng) = p(ni) +2, p(na) = p(ni) +4,  p(ns) = p(n1) + 8.
The main theorem of Radon states:

Theorem 2.3.13. For any integer n, there is a R-H system of order n having
exactly p(n) — 1 elements.

Proof.  (following [24]) We will use elementary properties of the tensor product of

matrices. Set
0 1 0 1 1 0
a=(8o) r=(0) e 5)

Lemma 2.3.14. 1. {A} is a R-H system of order 2 with p(2) — 1 elements;
2. {A® ), P® A, Q® A} is a R-H system of order 4 with p(4) — 1 elements;

3 ALRARL, LOPRAQRQ®APRIQRAARPRQ,AQPRP,ARQ®I}
is a R-H system of order 8 with p(8) — 1 elements.

Proof. By endurance and symmetry properties of A, P and ) with respect to ®.

¢
By remark 2.3.12; the lemma above handles the cases n = 2¢,4¢ and 8¢ wit ¢ odd:
It is sufficient to tensor everything with I;. We have the following two facts:

(a) If {M;,..., M} is a R-H system of order n, then {A® I,,} U{Q ® M,;} is a
R-H system of order 2n with s + 1 elements;
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(b) if {L1,..., Ly} is a R-H system of order k, then {A® L} U{P ® I}, ® M;} U
{Q® L; ® I,} is a R-H system of order 2nk with s +m + 1 elements.

Let, now, ni,...,ns as in remark 2.3.12 and we proceed by induction: the starting
step is the third point in the lemma above, since it gives the case nq = 23.

Point (a) gives us the transition from nj to ne. Using point (b) with k = ny,n = 2
(and, hence, by point 1. in the lemma, s = 1) we get the transition from n; to ns.
Again, using point (b), now with the second ad the third point in the lemma we get
the transitions from n; to ng and nq to ns. This concludes the proof. &

Corollary 2.3.15. The sphere S™~' admits at least p(n) — 1 orthonormal vector
felds.

Proof. By theorem 2.3.9, a R-H system of order n counting p(n) — 1 elements pro-
duces an orthogonal multiplication RP(™ x R™ — R"; by theorem 2.3.8, this defines
p(n) — 1 orthonormal vector fields over S~ 1. O

Remark 2.3.16. Thanks to remark 2.3.6, a R-H system of order n with p(n) — 1
elements gives a real linear space of invertible matrices (excepted 0, of course) of
dimension p(n). This space is, indeed, generated by the R-H system and the identity
matrix.

Such space of matrices is an example of Clifford algebra (see, among others, e.g.
[28], [23], [29]). Usually, Clifford algebras are the preferred instrument for proving
Radon theorem 2.3.13 due to their strong connection with stable bundles.

Stable bundles over projective spaces

In this section we show how to calculate the groups of the reduced K-theory for the
complex and real projective space (see e.g. [1], [28]).
First, remark that one can construct the groups of a cohomology theory by
setting
K[F_q(Xv Y) = KF(Sq(X/Y»a q > Oa

where X/Y denotes the space obtained by identifying the subset Y C X to a new
disjoint point. Clearly, KP(X) := K2(X,0) = Kp(X Ux) = Kg(X); moreover, using
Bott periodicity, we can extend this definition to positive exponents.

For Y € X CW-complexes, it can be shown (by using the Puppe sequence)
that Ky (X,Y") verifies all axioms of a generalized cohomology theory in the sense of
Eilenberg and Steenrod [38], lacking only the dimension axiom. As a consequence,
K-theory can be realized as the limit of the spectral sequence (which is natural with
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respect to maps):
P4 gp q
i ) 23
ES = Kp™(X)
The filtration, having E%! as graded groups, is defined using the (p — 1)-skeleton
Xp—1 by Im(K(X/Xp—1) — KP(X)). The coefficient groups Ky (%) = Kp(S?)
are given by examples 2.2.13 and 2.2.14.
Let us denote by &r the tautological line bundle over the projective space FP?—1,
Observe that the actions of R* and C*, given by scalar multiplication over C" = R?",
induce a map

@ :RP? ! - CP" ! such that ¢*(&c) = c(&r) (2.4)
(c is the complexification defined at the beginning of sect. 2.1).

Proposition 2.3.17. The ring Kc(CP9~1) is the truncated polynomial ring Z[u] /u?,
where u = [€c] — 1.

Proof. The differentials in the page E;™ of the spectral sequence 2.3 are all
zero, since H Odd((CIP’d_l,Z) = 0. Thus Fy = E and, in particular, one gets that,
as groups, K¢c(CP?1) = Z9~!. The ring structure is recovered, from the rational
cohomology, by the Chern character (see e.g. [29]):

CZ(F)
il

ch: Kc(CP™') — H(CP*1,Q), ch[F]=)_
=0

Proposition 2.3.18. The ring Kc(RPY1Y) is the (truncated) polynomial ring Z[v),

with relations
D = 2= _9p

(so that 29Dy = 0), where v = ¢([¢g] — 1) and g(d) is the integer part of (d —1)/2.
Proof. We get, H°¥(RP?! Z) = 0 except, at most, H*"1(RP?1,Z) = Z when
(d — 1) is odd. In any case, the spectral sequence collapses at E; ™. As groups,

Kc (RP4-1) = Zg(d); the ring structure is recovered via the map ¢ and from the fact
that the bundle &g verifies the relation &g ® &g = R, so that (v +1)? = 1. &

Proposition 2.3.19. The ring Kg(RPY1Y) is the (truncated) polynomial ring 7]
with the relations

D=0, p?=—2p
(so that 2/ (D = 0), where p = [¢g] —1 and f(d) is the number of integers i = 0,1,2
or 4 modulo 8 such that 0 < ¢ < d.
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Proof. In the page E5", the groups of total degree 0 (i.e such that p+q = 0) are all
copies of Zy (some Z’s may appear in the page, but this is only in degrees p =d —1
and ¢ =0 mod 4 with d — 1 odd, so that p + ¢ # 0). Their number is equal to the
number of nonzero coefficient groups K ?(x) for 0 < ¢ < d, that is f(d).

Moreover, the complexification map

¢: Kp(RP1) — K¢ (RPY)

is surjective for any d, and injective for d—1 = 6,7 or 8 modulo 8: surjectivity comes

from the fact that Kc(RP?1) is generated by c(u), while injectivity is a consequence

of the fact that, for d as above, K¢ (RP?~1) has the same number of elements than
@ EPY. This implies that, for d =0,1,7 mod 8, ;u generates Kg(RP91).

p+q=0
For studying the other values of d we can argument as follows. In the page Fs,

we have seen that there are exactly f(d) copies of Zy in total degree 0, and, when

d=0,1,7 mod 8, they remain unchanged to Ex". This forces them to remain un-

changed also for the other values of d. In conclusion, we get that @ EDT = ARG
p+q=0

is the graded group associated to I?R(R]P’d_l). The ring structure is recovered by

the complexification map c. O

Example 2.3.20. The pictures 2.3 and 2.3 show the second pages of the spectral
sequences for I?F(RIP’Q). Grey squares represent the trivial group and white ones
stand for Zo (or Z if p = 9 and the coefficient group is Z). In the highlightened
diagonal are the groups of total degree 0, that is, those from which one recovers
I?F(—). Remark that, if ¢ = 6,7 or 8, the number of white squares in the diagonal
is the same for both pages, as expected.

The function f(d) of proposition (2.3.19) is strictly related to the Radon-Hurwitz
number p of the previous section. Indeed, one has the following relation:

Proposition 2.3.21. For any strictly positive integer m:
mp =0 in Kg(RP“) <= d < p(m).

Proof. We can show this as follows: in order to be mu = 0, m must be a positive
multiple of 27D say m = 2/ 2kodd, thus p(m) = p(2/(D+F) > p(27(D) since p(27)
is a nondecreasing sequence. Now, assume that f(d) decomposes as a + 4b with
0 < a < 3, then, by the definition of f(d), one gets d < 8b + 2%. The last number,
on the other hand, is exactly the expression of p(2/(4)). &
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Figure 2.2. The page EY'? = HP(RP?, K (%)).
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A summarizing theorem

In his famous paper [1], Adams shows that the existence of k linearly independent
vector fields over ™! is equivalent to require the existence of a map RP™+* /RP™~1 —
S™. with m = odd multiple of n, such that the composition

S™ = RP™/RP™1 — RP™HF/RP™-1 — 5™

has degree +1. By a deep use of cohomological operations in K-theory, Adams also
shows that this can happen only if £ < p(m) = p(n), that is:

Theorem 2.3.22. The maximum number of linearly independent vector fields over
St s p(n) — 1.

This theorem settles the question about the relations between the maximum
number of independent vector fields over a sphere S"~! and the maximum number
of linearly independent n xn matrices such that any their nonzero linear combination
is invertible.

In conclusion, we can summarize all the discussions of the present chapter by
the following Theorem (Friedland, Robbin and Sylvester: [23]):

Theorem 2.3.23. For integers k,n > 0, the following propositions are equivalent:

~

.k <pn);

2. there exist k — 1 orthonormal vector fields over S™~1;

3. there exists a R-H system of order n counting k — 1 elements;
4. there is a k-dimensional real linear space in GL,(R) U {0};

5. there is a map ¢ : S*~1 — GL,(R) such that ¢(—x) = —¢(x);
6. the bundle nér over RPF~1 is trivial.

Proof. the equivalence of points from 1 to 3 is just a synthesis of the theorems of
Radon (2.3.11) and Adams (2.3.22), and of the arguments used to prove them.
Moreover, implications 3 = 4 = 5 are trivial. Let us prove 5 = 6 = 1.
First, remark that a map ¢ as in point 5, covariant with respect to the multi-
plication by —1, induces a map ¢p : RP¥~! — P(GL,(R)) = GL,(R)/R*. Using ¢,
define a map of bundles over RPF~1:

¢ :R" — nég

by setting, locally, ®([z],v) = ([z], ¢(x)v). This is an isomorphism of vector bundles,
since ¢(z) is an invertible matrix for any x.
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By looking at the equation nég = R” in the ring IN(R(]RIP’]“_I), we get that n
times the ring generator is 0, so that k£ < p(n) by proposition 2.3.21. O

Remark 2.3.24. Statement 5 of the theorem above can be interpreted as a non-
linear equivalent of the existence of a vector pace of invertible matrices.
Furthermore, let us point out that that the proof of implications 5 = 6 = 1 is
different from the ones appearing in [23]: the argument that we use is more in the
spirit of this presentation and has the advantage of being generalizable with ease.

Remark 2.3.25. Theorem 2.3.23 admits can be extended, for instance to the com-
plex and the quaternionic case, as well as to their corresponding hermitian versions.
Later on, we will use some of those generalization (e.g. Theorem 4.1.1).



Chapter 3

SPACES OF CONSTANT RANK MATRICES

In the present and in the next chapter, we deal with the following classical problem
introduced in Chapter 1: given a set X of real or complex matrices, determine the
mazimal dimension d(X) of a real vector space V' such that V '\ {0} C X.

Using the the theory of stable vector bundles and of homotopy of the classical
groups, in this chapter we give a very sharp estimate on d(X’) when X’ is the set of real
symmetric matrices with some constant rank condition. Furthermore, we generalize
our results to the case of complex hermitian matrices. Real skew-symmetric matrices
are also taken into account, using a slightly different method. Some of the main
results of this chapter can be found in [16].

3.1 Preliminaries and statement of the results

The assumption of constant rank allows to describe vector spaces of matrices with
precision using vector bundles defined by kernels and cokernels of morphisms.

Odd maps and K-theory

In the proof of theorem 2.3.23, we sketched a way to relate vector bundles and,
consequently, K-theory, to the dimension of a vector space of matrices. In the
following, we would like to make this approach more explicit.

We recall that by odd (and, respectively, complez odd) map we denote a map
¢: ST = My a(R) (resp. ¢ S471 — M., ,(C) ) such that ¢(—2) = —¢(x).

Proposition 3.1.1. Any odd (complex odd) map ¢ induces a morphism of vector
bundles

P:R"—>még (P:C"—>m&r®C) over RPT!
where g is the canonical bundle, by defining locally ®([x],v) = ([z], ¢(z)v).

Proof. We show the complex case, the real one being completely analogous. Con-
sider the map @ : S71 x C" — S9! x C™ defined by ®'(z,v) = (z, p(x)v). It is

27
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equivariant with respect to the actions of R* given, for A € R*, by

fm,v):(@‘x,v) and gA($7v)=<|:\\|$,>\v>,

thus defines a morphism of complex bundles over the real projective space RP41.
In particular, note that, under the isomorphism C = R?, the the quotient space
of 8971 x R?™ under the action g is m(ég @ €g) = még ® C. O

Remark 3.1.2. An interesting case is when ¢ comes from the inclusion of a real
vector space: V\{0} C M,, »(R), dim V' = d. With the choice of a scalar product on
V, we can construct an odd map ¢ : S%1 — M, n(R) by restricting the inclusion
to the vectors of norm 1; this map is ¢(x) = x. The same happens for complex
matrices.

The aim is to extend the morphism @ to an exact sequence of vector bundles in
order to read it in K-theory, or in some other cohomology ring. This can certainly
be done when ¢(z) has constant rank.

Proposition 3.1.3. Assume ¢ odd (complex odd); if ¢(x) has rank k for any z,
then there are exact sequences of vector bundles over RP4~1:

0—>K—>R"gm§R—>C—>O (3.1)
(0—>K—>C"gm£R®Q—>C—>O).

Moreover, the following isomorphisms hold:
KomE=R"oC (KomeoC=C"al). (3.2)

Proof. Since the rank of ¢(z) is constant, ® defines a kernel and a cokernel bundle
that we call, respectively, K and C.

The isomorphism (3.2) is a consequence of the fact that any exact sequence of
bundles splits. &

Let us show, as an example, how to recover, in this context, the result of Adams,
Lax and Phillips [3] about complex invertible matrices:

Proposition 3.1.4. If V is a real vector space such that V \ {0} C GL,(C), then
dimV < pc(n).

Proof. Set d = dimV. As observed in example 3.1.2, the inclusion of V in-
duces the ”identity” map; in this case (n = m and K = C' = 0), isomorphism
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(3.2) becomes C" = n&g ® C. This equation means that n times the generator v
of the ring IN(@(RIP’d_l) is zero. Then, by proposition 2.3.18, nv = 0 implies that
n = 29(d)2k(20 + 1) for some k£ > 0. Applying vy to both sides of the last equation
we get: vo(n) =g(d)+k > [(d—1)/2] > d/2 — 1, that is d < 2ve(n) + 2. O

From the proof of proposition 3.1.4 we get a relation involving complex K-theory
and the Radon-Hurwitz number pc (see definition 2.2), which is interesting on its
own:

Proposition 3.1.5. The following equivalence holds for any integer m > 0:
my =0 in Kc(RPTY)  if and only if  d < pc(m).
Compare this with proposition 2.3.21.

Remark 3.1.6. The idea of using stable bundles (or, more generally, the K-theory)
to estimate the dimension of linear spaces of matrices has been used by many authors
(see e.g. [36], [41], [31]).

Statement of the results

For integers n and k < n, in the following, let us denote by S** C M,, »(R) the
space of n x n real symmetric matrices with rank n — k. In a similar way, denote
by H?~* and A"~* the corresponding spaces of complex hermitian and real skew-
symmetric matrices.

Our aim is to estimate

d(S"F) = max{dim V|V \ {0} € 8" %, V real vector space } (3.3)

as well as the corresponding d(H? %) and d(A"*) defined for complex hermitian
and real skew-symmetric matrices.
Set:

—k
on,n—k)= Joax p (n 5 + r) (3.4)

and define oc(n,n — k) in a completely analogous way, using pc instead of p; more-
over, define
— k)= ma ).
p(n,n —k) = max p(n+1)

Theorem 3.1.7. If0 < k < 4, then
o(n,n—k) < d(S" %) < max{cy,o(n,n—k)} +1

where ¢ depends only on k and has values: cog =c; =0, co =3 and c3 = ¢4 = 13.
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If o(n,n—k)=p ("T%) > ci, the upper bound is attained. Moreover, if k =1
and (n 4 1)/2 = 2974(2¢ + 1) with a = 2,3 and arbitrary b and c, then the lower
bound is optimal.

Theorem 3.1.8. For k =0,1, then
oc(n,n—k) < d(H'%) <oc(n,n—k) + 1.

If oc(n,n — k) = pc (”T_k), the upper bound is attained, otherwise, the lower
bound is optimal.

Theorem 3.1.9. Let ¢; be as in Theorem 3.1.7; if 0 < k < 3, then
max{p(n — k), p(n — k +2)} < d(AL ") +1 < max{ey + 1, p(n,n — k)}.

Remark 3.1.10. The proof of Theorem 3.1.7 is the argument of the next section,
which is organized in the following way.

The first part is devoted to determine the upper bound (proposition 3.2.6), and
this is done by exploiting the symmetry of the matrices in terms of a peculiar decom-
position of the sequence 3.1; the hint for finding such decomposition has been given
by Friedland et. al. in [23]. It is worthy to remark that the number ¢, appearing in
the statement of the theorem, is a quantity that arises when determining the stable
class of the kernel bundle of sequence 3.1.

Then, we prove the lower bound (corollary 3.1) by exhibiting suitable vector
spaces of matrices: in this case, we adapt to our purposes the constructions made
by Adams et al. ([3], Radon [35] and Lam et al. [31]).

A third part aims to describe, at least partially, in which cases the bounds are
reached (table 3.5 and proposition 3.2.15): in particular, for the case of rank n — 1,
a (perhaps generalizable) stable homotopy argument is used.

Remark 3.1.11. Theorems 3.1.8 and 3.1.9 are the topic of the third section. The
hermitian case is studied as a direct generalization theorem 3.1.7; the reason is
that hermitian matrices induce a decomposition of 3.1 extremely similar to the one
induced by symmetric matrices.

Real skew symmetric matrices, on the other hand, are studied by explicit con-
structing and odd map taking values to the space of real invertible matrices.

3.2 Real symmetric matrices

In order to determine d(S?%), first, let us argument as in the proof of proposition
3.1.4: suppose V is a d-dimensional real vector space such that V' \ {0} ¢ S"~* and
apply remark 3.1.2 and proposition 3.1.1 to construct

0—K—R" gnfRHCHO over RP?! (3.1)
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with ®([A],v) = ([4], Av), rank K = rankC = k. The consequent relation in
reduced K-theory is nu = [C]—[K]. We can exploit symmetry in this way: dualizing
the above sequence and tensoring it with {g gives:

0-C*" @& —R" D ntg —» K* @& — 0.

The bundle morphism ¥ is given by ¥([A],v) = ([4],!Av) so that symmetry of
matrices implies ¥ = ® and, consequently, C' = K* ® {g. Moreover, the choice of a
metric on K induces a perfect duality K = K*, and we get the stable vector bundle
equation: nu = [K]p.

Unfortunately, this last equation alone does not yields a good estimate for
d(S"*): for instance, when k = 1, this would imply d < max{p(n — 1), p(n + 1)}
(depending on whether K = R or K = {g), that is the same estimate for general
matrices of rank n — 1 without taking into account symmetry (for general matrices
of constant high rank, see e.g. [36]). However, in the following we will prove that a
much sharper bound holds.

Symmetric decomposition

In this part we show how to describe the symmetry of matrices in terms of (stable)
vector bundles in a more subtle way. As before, assume that V \ {0} € S?~* and
dimV =d.

Let us begin with a simple fact:

Proposition 3.2.1. ForV as above, either dimV = 1 or any nonzero matric A € V
has exactly (n — k)/2 positive (and negative) eigenvalues.

Proof. Suppose dim'V' > 2; then, V' \ {0} is path-connected. For any matrix A in
V '\ {0}, take a path v joining A = 7(0) with —A = ~(1). Call e4(¢t) the number
of positive (negative) eigenvalues of y(t). The signature (e (t),e_(t)) is constant,
since otherwise the rank would drop. This means that ey (0) = e; (1) but, on the
other hand, we know that e (1) = e_(0) so that e;(t) = e_(t) = (n — k)/2 for any
t. o

Remark 3.2.2. Note that proposition 3.2.1 implies that, if n — k£ is odd, then
dimV = 1. This V is the space generated by the scalar multiples of any matrix of
rank n — k.

In the following, assume that n—k is even, so that d > 2. The inclusion V'\ {0} C
S * induces two interesting bundles over S9! C SP~F.

We say that an eigenvector is positive if it is relative to a positive eigenvalue
and define negative eigenvectors in the corresponding way. Construct the vector
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bundle Et — S9! by requiring that the fibre of ET over each matrix A is the
real vector space generated by the positive eigenvectors of A. Equivalently, E:{ is
the subspace of R” where the quadratic form wAw is positive definite. The vector
bundle E~ is constructed as E', using negative eigenvectors. By proposition 3.2.1,

rank E* =rank E~ = (n — k) /2.
Proposition 3.2.3. The vector bundles E* and E~ are isomorphic.

Proof. Since a positive eigenvector of A is a negative one for — A, we have that the
multiplication by —1 on S¢~! lifts to an automorphism M of E+ @& E~ that inter-
changes the summands. By M| oM|g+ = Id: ET — E™, we get the statement. <

Call 7 : S91 — RP?! the quotient induced by the antipodal involution on the
sphere and consider the pullback via 7 of the sequence 3.1. Since the pullback of &
is the map (A,v) — (A, Av), we immediately get

TR'=1m"K®ET® E". (3.2)
Proposition 3.2.4. If ET is a trivial vector bundle, then

—k
ETOE =sn1*" (RO &) withs= nT

Proof. Since ET is trivial, it admits everywhere independent sections vf, vt

Using these sections, construct a trivialization of E~ by setting v; (4) = v (—A),

i=1,...,s. Therefore, define new sections of E* @& E~ by setting

rl-:v;r—l—vf and Tizv;r—vf

i 1=1,...,s.

These new sections decompose ET @ E~ as a sum of 2s trivial line bundles, say
Ry, ..., Rs (the ones induced by 7;) and T1,...Ts (the ones induced by 7;).

Since r;(A) = ri(—A), each R; is the pullback via 7 of a trivial line bundle
R — RP?L. Moreover, 7;(A) = —7;(—A) implies that each T} is the pullback of a
copy of the canonical bundle &g. This concludes. &

Remark 3.2.5. Equation 3.2 together with proposition 3.2.4 imply, then, that

n—=k
2

[R"] = [€r ®R] + [K] in Kg(RPY1). (3.3)

Of course, the same equation can be derived from the sequence (3.1), that becomes:

n—=k

05K > spoaR oK Snig ~ K@ —0, s= .
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Nonexistence of vector spaces

Let d(S"%) and o(n,n — k) as defined, respectively, in (3.3) and (3.4). In this part
we prove the following estimates:

Proposition 3.2.6. (Upper bounds for d(S"~*)) If k is integer and 0 < k < 4,
then
on,n—Fk)+1 if k=0,1
d(S"F) < { max{3,0(n,n—k)}+1 ifk=2
max{13,0(n,n—k)} +1 ifk=3,4

Proof. By remark 3.1.2 we can suppose that n — k is even, otherwise d(S? %) =1
and the statement is trivially true. Assume, then, that d(S?~*) = d+1 with d > 1.

Now consider the vector bundles E* and E~ over S% which arise from the
inclusion S C S"~*. We do not know if they are trivial or not, but, certainly,
they become trivial when they are restricted to S¥~1 c S\ {point} C S?, since
S\ {point} is contractible.

Thus, we can apply proposition 3.2.4 and the subsequent remark 3.2.5 to the
restriction ET — S9!, In return, we obtain the equation:

n—=k

s n=k—[K] i Kg(RP*1) (3.4)

where p is the generator [{g] — 1. To obtain the estimates we need, it remains
to determine the stable class of the kernel K in terms of u, so that we can apply
proposition 2.3.21. In order to do this, we use the classification of stable bundles of
low geometric dimension provided by Adams in [2]. We distinguish some cases:

e If k=0 or 1, then [K] = ru for some 0 < r < k. Consequently, equation 3.4
becomes:

—k
<n2 +T>/~¢:Oa for some 0 <r <k,

so that, certainly, d < o(n,n — k), thanks to proposition 2.3.21.

e When k = 2, we still have [K] = ru for some 0 < 2 < k, but provided d > 4.
So, either d <3 or d < o(n,n —2).

e Similarly to the previous case, when £ = 3 and d > 14, any bundle of geometric
dimension < 3 has stable class of the form 7y for some 0 < r < 3. This yields:
d<13 ord<o(n,n—3).

e For k = 4, again, according to Adams ([2], Thm. 7), the stable class of K is
one of 0, p1, . ..,4u, provided that d > 14. This implies d < {13,0(n,n —4)}.
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¢

Remark 3.2.7. The study of the geometric dimension of stable vector bundles over
the projective space has been completely carried out in some recent works [18], [17].
From such classification, it results that the stable geometric dimension only depends
on the order of the bundle, in the ring of reduced K-theory. This could probably
be used for studying the dimension of spaces of matrices with constant rank and
arbitrary large null-space.

Remark 3.2.8. The case k = 0 in the theorem above, is classical (see Adams [3]).
Our proof, however, involves different arguments.

Examples of vector spaces

In this part we give an inductive method for constructing vector spaces of n x n real
symmetric matrices with arbitrary rank n — k. In particular, for 0 < k < 4, this
will provide a lower bound for d(S?~*). Moreover, in some cases this bound will be
optimal. As before, assume that n — k is even, set s = (n — k)/2 and let o(n,n — k)
be as in (3.4).

We begin by showing:

Proposition 3.2.9. For any k < n there exists a real vector space V \ {0} ¢ S*=F
of dimension p(s) + 1.

Proof. Recall, from theorem 2.3.13 and the subsequent remark, that there exists an
p(s)-dimensional vector space of s x s invertible matrices; call My, ..., M,,) a R-H
system spanning it (with M) = I). Now construct the matrices St,. .., Sps)+1 €
Sk by setting

Os M; 0 I O, 0
Si=|™; Os 0 , 1<i< p(s) Sp(s)-i-l =10s -1 0
0 0 Ok 0 0 Ok

where Oy is the t x t zero matrix.
These symmetric matrices verify the (Clifford-like) relations

¢ L gq _ tgg _c2_ (f2s 0
iS4+ 5,8 =0, 9,8, = 5% = (0 J

so any nonzero linear combination of the S; has also rank n — k = 2s. &

To construct further examples, we need some preliminary considerations:
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Lemma 3.2.10. If A is a i X (i + j) matriz of full rank i, then the matrix B =

0 A .
(tA 0) has rank 2i.

Proof. The first ¢ columns of B are linearly independent and, among the last ¢ + 5
columns of B, there are ¢ of them which are independent. Moreover, each column
of the first group is independent from any one of the second group, since there are
Zeroes. %

Let us recall a (part of a) theorem of Lam and Yiu ([31],Thm. 1):

Theorem 3.2.11. The mazimal dimension of a real vector space of i X (i + j) real
matrices of full rank i is greater or equal than p = max{p(i),p(i+1),...,p(i +J)}.
Moreover, the inequality is an equality if p > 9.

Proof. One obtains a vector space of dimension p(i+7) for any 0 < r < j, as follows.
Let A be the generic element of a p(i + r)-dimensional space of p(i + r) x p(i + )
real matrices (given by theorem 2.3.13 and the subsequent remark). Cancel the last
r rows of A and add j — r zero columns at the end of what remains. The i x (i + j)
matrix obtained in this way, still depends on p(i + ) parameters and has full rank.
For the details, and the proof of the second statement, we refer to the original paper.

&

Now, we can construct the following spaces of symmetric matrices:

Proposition 3.2.12. For any k < n there exists a real vector space V'\ {0} ¢ S*=F
of dimension greater or equal than o(n,n — k).

0 A
t4 0>,WhereA

is a s X (s + k) real matrix of rank s. Then, by theorem 3.2.11, we can find such A
depending linearly on at least o(n,n—k) = max{p(s), ..., p(s+k)} real parameters.
Moreover, lemma 3.2.10 says that B has rank 2s =n — k. &

Proof. Consider the vector space of matrices of the form B = (

Summarizing, we get:

Theorem 3.1. (Lower bounds for dd(S" %)) For anyn and k < n,
d(S" ) > a(n,n — k).

Moreover, if o(n,n — k) =p (nT_k) , then d(S)7F) > p (nT_k) + 1.



36 Spaces of constant rank matrices  Chapter 3

Remark 3.2.13. As we pointed out at the beginning of this section, there are cases
for which the lower and the upper bound of d(S?~*) coincide. We make this explicit.
Let 0 < k < 4 and recall the critical values ¢; in theorem 3.1.7; In order to make
sure that the lower bound is equal to the upper bound, we must require that, for
fixed k, both the following conditions hold:

n—k

dmn—@:p< ) and o(n,n — k) > cx.

This happens for the values of n listed below:

k a(n,n—k):p(”T_k) J(n,n—k‘):p(”T_k)ch

0 any n any n

1 n—1=0 mod4 any n (3.5)
2 n—2=0 mod 8 n > 10 '
3] n—-3=0 mod38 n>2%+3

4] n—4=0 mod 16 n>2%44

Proposition 3.2.14. If k and n are as in the table (53.5), then

ﬂgﬁh:p<”;k>+1

The case of constant rank n — 1

We would like to refine the estimates we proved, on the case of constant rank n — 1.
Remark that, from proposition 3.2.14 and remark 3.1.2, we know the exact
value of d(8"~1) for all n, except the case n = 3 mod 4. We would like to fill in
this missing case.
Assuming n = 3 mod 4 is equivalent to require o(n,n — 1) = p (”TH) and
(n+1)/2 =2%2c+ 1) with a > 1. We prove the following:

Proposition 3.2.15. Assume that a = 2+4d or a = 3+4d (that is, p("') = 4484
or 8+ 8d) for some integer d; then, d(St~1) = p(£h).

Thanks to the lower bound inequality 3.1, it is sufficient to prove that the case,
given by theorem 3.2.6, d(S?') = o(n,n — 1) + 1 = p(™+!) + 1 does not hold. We
show this by contradiction; assume d(SP~!) = o(n,n —1) +1 = p(“t) + 1 and
denote this number by r+1. The Lemma 3.2.3 gives isomorphic bundles E* of rank
”T_l over S”. If we can show that these bundles are trivial, then Proposition 3.2.4
and remark 3.2.5 would imply the relation

n—1
2

(RDER)D K =R™  over P'.
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Reading such equation in K-theory, gives the contradiction r +1 < o(n,n —1) = r.
It remains to prove that, under the hypothesis d(S? ') = o(n,n — 1) +1 =
p(™+1) + 1, the bundles E* are trivial.

Recall (see Chapter 2) that real bundles of rank k over S, with r > 2, are
classified up to isomorphism by the homotopy groups m,_1(SO(k)). If A and B are
maps S"~! — SO(k) representing bundles F and G, the map representing F & G
. (A 0 A 0\ /I 0 -
is (O B) = (0 I) (O B) = A+ B € m_1(SO(rkF + rkG)). This is a
consequence of the fact that SO(k) is a topological group.

Now, we can show the following two lemmas, corresponding to the cases we are
dealing with.

Lemma 3.2.16. Ifr = 4+ 8d, then E* and E~ are trivial vector bundles.

Proof. We show that the map i : m,—1(SO(252)) — m—1(SO(n — 1)) induced by
the inclusion of spaces is injective and the target group is isomorphic to Z. This
will conclude the proof, since E* @ E~ = Et @ Et = R" ! and if e represents E+
we will get 2i(e) = 0.
Observe that r = 4 + 8d is equivalent to ”TH = 22+~ with v odd, hence the
above map is
348a(SO(16%4y — 1)) — m3184(S0(n — 1))

and is a composition of isomorphisms provided 1694y —1 > 3+ 8d + 1 that is v # 1
and d # 0; moreover, all those groups are isomorphic to Z thanks to Bott periodicity
and the fact that m3(SO(k)) = Z stably.

Then, take d = 0 and v = 1. The corresponding map is the composition

13(S0(3)) 5 m3(SO(4)) L m3(S0(5)) — m3(SO(6));

the last arrow is a stable isomorphism Z — Z, thus we only need to show that ji
is not zero. Computing the exact homotopy sequence of SO(3) — SO(4) L 53
shows that m3(SO(3)) = Z, m3(SO(4)) = Z & Z and 1 is injective. Moreover,
Imi = ker p, and ker j = I'md where 0 is the injective boundary in the sequence
m4(S%) LA 13(SO(4)) L 13(S0(5)) — m3(S*) = 0. In ([28]) it is shown that Imd is
generated by the characteristic map ¢ : S® — SO(4) of the principal bundle associ-
ated to the tangent bundle of S%. It is also shown that the composition pc : §3 — 3
has degree 2. This forces m4(S%) LA m3(SO(4)) & 73(S%) to be the multiplication
by 2, indeed p,d([id]) = p«([c]) = [pc]. Hence Imonker p, = {0}, so ji is not zero. <

Lemma 3.2.17. If r = 8 + 8d, then E* and E~ are trivial vector bundles.
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Proof. We argue as in the previous lemma. Now we deal with maps
m718a(SO(1678y — 1)) — m7184(SO(n — 1))

which are in the range of stable inclusion of homotopy groups when d # 0 and
v # 1, hence they all are isomorphisms Z — Z. The only case left is m7(SO(7)) —
m7(SO(14)) which reduces to determine 77(SO(7)) — 77(SO(9)), but this is done
exactly as before (cf. [25], [28]). &

Remark 3.2.18. The methods exploited in this section can not be used to decide
the optimality of the lower bound of d(S7~!) when (n+1)/2 = 2%(2¢+1) witha = 0
or 1; indeed, in those cases, the stable homotopy groups m,_1(SO(k)) are cyclic of
order 2.

3.3 Generalizations in the constant rank case

In this section we show how to adapt the methods used for the symmetric case, to
the complex hermitian and the real skew-symmetric matrices.

Complex hermitian matrices

In what follows, we sketch how to recover the upper bound, the lower bound and the
optimality condition, in order to prove Theorem 3.1.8. The scheme of the proof is
completely analogous to that of the corresponding theorem for symmetric matrices,
hence we will provide only the necessary details. Recall that H?~* denotes the space
of hermitian matrices of rank n — k.

First, we prove the upper bound:
Proposition 3.3.1. If k=0 or 1, then d(H" %) < oc(n,n — k) + 1.

Proof.  Assume that V \ {0} € H?* has dimension d + 1. In this case, the
evaluation sequence of Proposition 3.1.3 becomes

0—>K—>C"gm(§R®C)—>C—>O over RP4

The key fact, providing the analogy with the symmetric case, is that hermitian
matrices have real eigenvalues. Then,

Lemma 3.3.2. Either d =1 or any A € V \ {0} has exactly (n—k)/2 positive (and
negative) eigenvalues.
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This implies that the pull-back of C* — RP¢ to S?, via the usual projection 7,
decomposes as the sum of 7K @ ET @ E~, where E* are the bundles whose fiber
Ei are the subspaces of C" defined by + & Az > 0.

Lemma 3.3.3. The bundles ET and E~ are isomorphic. Moreover, if they are
trivial, then EY @ E~ is the pull-back of s(ég ® C) @ C*, with s = (n — k)/2.

Proof of Lemma 3.3.3. 'The argument is exactly the same as the one for Propo-
sitions 3.2.3 and 3.2.4. The only thing that we need to prove is that any nonva-

nishing section 7 : §¢ — Et @ E~ = C" %, such that 7(—z) = —7(z), induces
a bundle inclusion T C Et & E~ with T = 7*({g ® C). But this is clear, since
7(x) = Rer(x) + iIm7(x) and &g @ C = &r P (i€R). O

Then, in order to make E* trivial, we restrict all bundles to an equatorial S%—1,
obtaining, in return, the stable bundle equation

=" lnec)og+ K] n Re@®pi),

that is “7%v + [K] = 0.
The upper bound is now a consequence of Proposition 3.1.5, together with the
fact that RPY~! has only one (stably) nontrivial complex line bundle. O

Remark 3.3.4. As in the symmetric case, the argument used here is general. The
only point in which the hypothesis £ = 0,1 is needed is at the end of the proof,
when determining the stable class of K. A further classification of stable complex
bundles over RP4~! would, clearly, lead to similar estimates for hermitian matrices
of bigger rank.

Then, we show the lower bound:
Proposition 3.3.5. If k=0 or 1, then oc(n,n — k) < d(H,n,n — k).
Proof. Set s = (n—k)/2. The bound is a consequence of the two following lemmata:
Lemma 3.3.6. For any k < n, there exists a vector space V \ {0} C H'™F of

dimension pc(s) + 1.

Proof of Lemma 3.3.6. By the results of Adams, Lax and Phillips [3], there exists
a linear space of 2s x 2s invertible hermitian matrices of dimension p¢(s) + 1. Let
{B;} a basis of such space and construct the n x n matrices,

B; 0
Ai N ( 0 On2s> ’
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Then, the span of the A;’s is our required V. &

Lemma 3.3.7. Fork = 0,1 there exists a vector space W\{0} C H2* of dimension
pc(s +1).

Proof of Lemma 3.3.7.  Let {D;} a basis of a pc(s + 1)-dimensional space of
(s+1) x (s+1) invertible matrices, whose existence is granted by [3]. Then, a basis
for the required W is given by the matrices C; obtained from

0 D
‘D; 0

by eliminating the last row and column.
The lower bound is proved, since d(H,n,n — k) > max{pc(s) + 1,pc(s + 1)}
oc(n,n — k).

<V S

Finally, we have the optimality of our estimates:

Proposition 3.3.8. With regard to Theorem 5.1.8, the upper bound is attained
when oc(n,n — k) = p(c(”T_k). Otherwise, the lower bound is optimal.

Proof.  Clearly, the only case we have to consider is k = 1: if n is even, there is
nothing to prove. If n = 1 mod 4, then o¢(n,n — 1) = pc(%;t) and the bound is
reached by explicit examples. When n = 3 mod 4, then oc(n,n — 1) = pc(”T‘H);
we denote this number by 7, and we show that the upper bound can never be at-
tained. Suppose by contradiction that it is attained; then, with the same argument
of Proposition 3.2.15, we need to prove that the bundles E* are trivial. We have
to study the homotopy maps m,_1(SU(k)) — m,—1(SU(2k)). These maps are iso-
morphisms for n # 3, as can be seen by computing the homotopy sequences of
SU(m) — SU(m + 1) — %=1 Since r is always even, complex Bott periodicity
ensures that these groups are isomorphic to Z. Finally, if n = 3, line bundles on the
4-sphere are trivial since m3(SU(1)) = 0. &

Real skew-symmetric matrices

Recall that A?~* denotes the set of n-square skew-symmetric matrices of constant
rank n— k. In this section we prove Theorem 3.1.9. Our main tool is an explicit way
of constructing odd maps with values in a set of invertible skew-symmetric matrices.
Indeed, we have the following estimate (cf. also [7]):

Proposition 3.3.9. If ¢ : S9! — A" is an odd map, then d < p(n) — 1.



Section 3.3. Generalizations in the constant rank case 41

Proof. Give R? spherical coordinates (z,7) € S x[0, +00), such that any nonzero
point can be uniquely written as rz, and consider the sphere S¢ C R x R? as the
set of points with coordinates (s,rz) such that s> +r? = 1. Define the map

¢ 8% — Mp(R) by ¢(s,rz) = sl +r¢(z),

where I is the n x n identity. This is an odd map and ¢/(S%) C GL,(R), since
¢(x), being an invertible skew-symmetric matrix, has only imaginary eigenvalues.
By Theorem 2.3.23, the inequality d < p(n) — 1 holds. &

Assume, now, that V' is a d-dimensional vector space such that V' \ {0} ¢ A?~F
and consider the induced odd map ¢ : S%! — A" % We would like to estimate
the maximal value d(A7~¥) that d can attain. Observe that there is no restriction
in supposing n — k even, since, if it is odd we can immediately deduce that d = 0
(skew-symmetric matrices have imaginary conjugate eigenvalues, hence are of even
rank).

As pointed out in proposition 3.1.3, ¢ induces an an exact sequence of bundles
over RP4—1:

0—>K—>R”gn§R—>C—>O.

The following statement (whose proof will be postponed to the end of this sec-
tion) is the key for showing the upper bound of Theorem 3.1.9:

Proposition 3.3.10. Suppose that K = K' & A, with A line bundle. Then:
1. if A is not trivial, there exists an odd map ¢' : S — .AZ;]fH;
LN e din ~ . gd— —k
2. if A is trivial, there exists an odd map ¢’ : STt — A ]
In both cases, the kernel bundle over RP4™ induced by ¢ is isomorphic to K'.

Corollary 3.3.11. Let a,b be nonnegative integers. If K = afp ® R® & K, then
there exists an odd map

¢/ : Sd—l _ Azllsi—za
Proof. Argument by induction on a + b. The initial step (a + b = 1) is the content
of the first couple of statements in proposition 3.3.10, while the inductive step is
shown thanks to the last statement of the same proposition. &

For n and k integers, define p(n,n — k) = max_j<;<k p(n+1i). A consequence of
corollary 3.3.11 and proposition 3.3.9 is the following estimate:
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Theorem 3.3.12. (Upper bounds for d(A"~%)) If k is an integer, 0 < k < 3
and n — k is even, then:

p(n,n—Fk)—1 ifk=0,1
d(ATF) < { max{3,p(n,n — k) —1}  ifk=2
max{13,p(n,n —k)—1} ifk=3

If n — k is odd, then d(A? %) = 0.

Proof.  Assume, as above, that n — k is even and that V is a d-dimensional vector
space such that V' \ {0} ¢ A?~*. Call ¢ the induced odd map.

e If k£ = 0, there is nothing to prove, since our statement is exactly proposition
3.3.9. If £k = 1, then the kernel bundle K is either &g or R; in the first case,
proposition 3.3.10 provides an odd map ¢’ : S — AZE and prop. 3.3.9
consequently gives d < p(n + 1) — 1; in the second case, we get an od map
¢ 8t AZ:% and the inequality d < p(n — 1) — 1.

e When k = 2, provided that d > 4, K is one of the following three bundles: 2&g,
¢r @R or R?. Said otherwise, K = aég ® R*™%, with a integer and 0 < a < 2.
Then, corollary 3.3.11 states the existence of an odd map

/. qd—1 n—2+2a _ An—24+2a
¢S - An+a—(2—a) - An—2+2a’

h < — —1= —2)—1.
thus d < Joax, p(n — 2+ 2a) p(n,n —2)

e For k = 3 we can not apply anymore the arguments above, since there is not
a classification of rank-3 bundles over P4~!. Nevertheless, when d > 14, there
is a stable classification (see [2]) that can be interpreted in terms of odd maps
as follows.

For o integer, call ¢, the map S% ! — A"3 defined as <(§ 8), with 0 the

n—+o

a X « zero matrix, and remark that its induced kernel bundle over RP?1 ig
K @ R%. If o is big enough, then K ®R* = aég @R* * @R, 0 < a < 3.
Then, corollary 3.3.11 produces an odd map

/. qd—1 n—3+2a _ An—34+2a
(¢O‘) 05 - ‘An+a+a7(3fa)fa - An—3+2a'

Proposition 3.3.9 concludes.

o

In order to show the lower bound of Theorem 3.1.9 let us begin the classical
Radon-Hurwitz construction in the invertible case:
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Proposition 3.3.13. For any n even, there exists a vector space V,, C Al U {0} of
dimension p(n) — 1.

Proof. By Theorem 2.3.13, we can take V,, as the space generated over R by a R-H

system of order n counting p(n) — 1 elements. &

Consider now the following two linear maps between spaces of matrices
I Mp_1(R) - M,(R) and R: M;1(R) — M,(R)

defined in this way: R(A) is the matrix obtained by deleting the last row and column
of A while 1o
= (29)
Lemma 3.3.14. The maps I and R respectively restrict to linear maps
T AR - AP and R AN — AT

Proof. We only prove that rank R(A) = rank A — 2 = n — 1: since R deletes a
row (and a column) from an invertible matrix, we get rank R(A) < rank A = n + 1;
R(A) is skew-symmetric, hence its rank must be even and < rank A —2 =n — 1.
On the other hand, by applying R, the rank can drop at most by 2. O

Lemma 3.3.15. If V is a linear space in AV~ U {0}, then dim (V) = dim V. If
W is a linear space in AZE U {0} and n > 1, then dim R(W) = dim W.

Proof. Take A € W such that R(A) = 0; then A has rank at most 2 hence, a
fortiori, 0. This means that R is injective. &

We can now prove the second inequality in Theorem 3.1.9:

Proposition 3.3.16. (Lower bounds for d(A" %)) For any integer k, 0 < k < 3
such that n — k is even, d(A?%) > max{p(n — k), p(n —k +2)} — 1

Proof. The sequences of compositions

n—k 1 n—k 1 1 n—=k.
'An—k: 'An—k‘-‘,-l e ‘An ’

and
Aﬁiiig — Aﬁiiﬂ — Aﬁiiﬂ — e Az_k
respectively map the (p(n—k)—1)-dimensional space V;,_j, and the (p(n—k+2)—1)-

dimensional space Vj2, whose existence is granted by proposition 3.3.13, to a space
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in A”~% U {0} of the appropriate dimension. &

We conclude the section with the proof of proposition 3.3.10:

Proof. Consider the antipodal projection map 7 : S%~! — RP?!; the pull-back
m*A is a trivial bundle, thus we can pick a nonvanishing section s such that the
composition

Sd*l i) AN - 1K — Rn defined by € = (l’,’l)(x))

verifies |v(z)| = 1. Observe that both matrices ¢(x) and ¢(—=z) have the same null-
space spanned by v(z); this implies that for any z € S?~! either v(—z) = v(z) or
v(—z) = —v(z). The parity of the map v characterizes A:

Lemma 3.3.17. The map v : S% 1 — R" is odd if and only if A is not trivial.
Otherwise, v is even, that is, v(—x) = v(x) for any x € S9!,

Proof. If d = 1 there is nothing to prove, so we can assume that S%! is connected.
First, remark that v is either odd or even. Indeed, the map w(x) := v(z) — v(—x)
takes values on the disconnected set {0} U{z € R™ : |z| =2} and, by continuity,
either w(S9=1) = {0} (v is even) or w(x) # 0 for any 2 (which means that v is odd).

Suppose that v it is even, then the map RPY~! — R" defined by [z] — ([z],v(z))
is a trivializing section of A. On the converse, if A is trivial, any section of 7*A
comes from a section of A hence must be invariant for the action of the antipodal
map on S%1. &

We are now ready to show the statements of the proposition 3.3.10.

Case I: A not trivial. Take v odd as above. Thinking of v(x) as a column vector,
construct the odd map

¢ St — AZ;TH by posing  ¢'(z) = <_¢t1<)3(2) v(ox)) .

To see that ¢'(z) has indeed the required rank, take a unitary matrix W (z) which

diagonalizes ¢(x) over C, define U(x) := <W((]x) (1)> and compute U (z)¢' (z)U(x).

After a suitable reordering of rows and columns, it results that

o O

— 0
oy (Tew oy (0 8]
-z 010
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where A is a nonsingular diagonal (n—k) x (n—k) matrix and |z| = 1. This complex
matrix has rank n — k + 2, so the same holds for ¢'.

Case II: A trivial. Construct the complementary bundle N of K = R@ K’ c R" by
requiring that its fibres are orthogonal to those of K with respect to the standard
scalar product on R™. The relation R @ K’ & N = R" means that K’ @ N is stably
trivial. We can now construct an odd map ¢’ : S41 — A",

Step 1: suppose d—1 < n—1. By corollary 2.1.20, E& N is trivial, hence admits
everywhere independent sections ys, .. ., %, which can be thought as sections of R".
As in the proof of 3.3.17, the y;’s provide even maps w; : S 1 - R"i=2,...,n
that we can also suppose to be orthonormal. Then, for z € S% !, construct the
orthogonal matrix O(z) by putting in its first column the even map v(z) defined by
the trivial A and, in the other columns, the maps w;(x). This matrix is a continuous
function of x and skew-symmetry of ¢(z) yields:

oo ... 0
0

‘O(2)¢(x)0(x) =

: ¢'(x)

0
The rank of ¢/(z) equals the rank of ¢(z) while its order is one less; moreover, ¢’ is
odd, so it is our required map.

Step 2: suppose d — 1 > n — 1. We show that this case can not happen: take
an equatorial S"~2 C S¢ and consider the bundles restricted to the base 7(S"2) =
RP"~2 C RP?"!. We rephrase step 1 above, using S® 2 in the place of S%~1.

Since S™2 is contained in a contractible subset of S4 !, 7*K’ and 7* N become
trivial and we can construct, using their sections, orthonormal maps va, ..., v,k
and wy,_j41, ..., w, from S"~2 to R with the condition that ¢(x)v;(x) = 0. Define
O(x) orthogonal as in the step before using v, the v;’s and the w;’s as columns.

Computation shows that ‘O(z)¢(z)O(z) = (8 ¢’?x)) where 0 is a k-square zero
matrix. We get the odd map

U L p— AZ:Z
Then, proposition 3.3.9 implies the inequality

n—1<pn-—=Fk)—1

which is always false since n — k < n.
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Chapter 4

SPACES OF BOUNDED RANK MATRICES

In this chapter we deal with the problem of determining the maximal dimension of
a linear space V of matrices with rank bounded from below. The methods of the
previous chapter, for most part, are not directly applicable. This is essentially due
to the fact that the bundle map induced by the inclusion of V' (cf. proposition 3.1.1
and what follows it) has not a constant rank kernel and thus can not be completed
to an exact sequence. The results that we prove in this chapter are obtained by
finding a way to overcome this empasse.

4.1 Statement of the results

Denote by ME1T the set of real n x n matrices of rank greater or equal than n —1
and set
d(My~F) = max{dimgV, V \ {0} € M7~

similarly, define Hj " and d(Hj ") for hermitian matrices.
The following result is obtained by replacing the inclusion of the vector spaces
with another odd map defined using adjoint matrices.

Theorem 4.1.1. Ifn is even, then
max{ d(My~ ), d(HE ) } < pe(n)

Another fruitful attempt to study spaces of matrices of rank bounded from below,
comes from the consideration that, in the space of all matrices of the appropriate
dimension, their complementary set is an algebraic variety defined by the vanishing
of the minors. Thus, the algebraic degree and the intersection theory provide useful
tools for determining whether a linear space of matrices has or not elements of a
given rank. Following this line of arguments, we prove:

Theorem 4.1.2. The following estimate holds: 7 < d(H§’+) <8

47
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4.2 0Odd maps and adjoint matrices

This section is devoted to the proof of Theorem 4.1.1.

Denote by M,,(C) the space of n x n complex matrices and, for any A € M,,(C),
denote by A€ the transpose of its adjoint matrix. We define a map

P Mp(C) — My (C) by ¢p(A) = A+ iA°.

Clearly, if rank A < n — 2, then ¥(A) = A since all minors of order n — 1 vanish.
Now set:

Z={AeM,(C)|rank A >n —1, det A # ir,r €] — 00,0[}
and remark that both MZ’“ and Hzfl’+ are included in Z. We prove:
Proposition 4.2.1. For ¢ as above, (Z) C GL,(C).

Proof.  Argument by contradiction: take A € Z and v € C", v # 0 such that
Y(Aw = Av +iA = 0. (4.1)
Multiplying this equation on the left by A, gives
"AAv + idet(A)v. (4.2)

Then, since v # 0, —i det A is an eigenvalue of the hermitian matrix ‘A A, so it must
be real and not negative. This means that det A = ir with » < 0 but, since 4 € Z,
we conclude that det A = det A = 0. From equation 4.2 we deduce ‘AAv = 0 which
implies

B'AAv = || Av| = 0.

But then, equation 4.1 entails
Av = A% = 0. (4.3)

From the relation 0 = det(A)I = A-'A¢ and the consequent fact that v generates
the null-space of A, we get that v generates the image of ‘A¢. Thus, equation 4.3
implies

At Ae =g

that is A = 0 or, said otherwise, all minors of order n — 1 of A vanish. This is
clearly impossible. &
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Proposition 4.2.2. If n is even, then ¢ : Z — GL,(C) verifies (—A) = —p(A).

Proof. This is almost obvious, since by the properties of the determinant, when
n—1isodd, (—A)¢ = —A°. &

Proposition 4.2.3. Ifn is even and V' is a real vector space such that V\{0} C Z,
then dim V' < p¢(n).

Proof. The restriction of ¢ to the elements of V' of length 1 is an odd map
Y:87 - GL,(C)  d=dimV;

by proposition 3.1.3, 1 defines a vector bundle isomorphism C" = n({g ® C) over
RP?!. In the ring Kc(RP?1), this means that n times the generator v is zero
hence proposition 3.1.5 implies d < pc(n). &

As a corollary, we obtain:
Theorem 4.2.4. Ifn is even, then
max{ d(Mp~H), d(Hp )} < pe(n)

Remark 4.2.5. Call X the set of matrices A € M,,(C) of rank < n—2 and consider
the map
Ps(A) = A+s-iA° seR.

For 0 < s < 1, this map realizes an homotopy, relatively to X, from ¢ : M,,(C) —
M,,(C) and the identity. Moreover, for any s > 0, it sends Z to GL,,(C).

4.3 Real varieties of hermitian matrices

The present section is entirely dedicated to the proof of theorem 4.1.2.
First, we show how to obtain the lower bound:

Remark 4.3.1. The following matrix, depending on 7 real parameters, has rankA >
4unless @ = z = u = w = 0, thus d(Ha'") > 7.

a oz U w 0
zZ o« w —u 0
Ala,zy,uy,w)=|u w —a 2z 0 a€eR, zuwecC.
w o -u Z —x oz
0 0 0 z 0

To see this, let Ay be the submatrix obtained from A by elimination of the
k-th row and column; Ajg is invertible unless z = 0 or |o| = |2|. When z = 0,
A2 = (a® + |ul? + |w|?)I (see also [3]); when |a| = |2, det A1 = |2]2(]2]? + |w]|?).
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In order to show the upper bound, we adapt to hermitian matrices the work
developed in [22] in the case of real symmetric matrices, by thinking to the degen-
eracy locus {A hermitian, rankA < n — 2} as a real variety. The main theoretic
tool that we use is a theorem, proved by Friedland and Libgober in [22], which is a
generalization, as a consequence of the Hodge decomposition (see Theorem 5.2.2 or
[40]) and the Lefschetz fixed-point theorem, of the classical odd degree theorem for
algebraic varieties. We recall it in the following part.

A generalization of the odd degree theorem

For any compact CW-complex X, and any map f : X — X, denote by TrFf the
trace of the map f* : H*(X,R) — H¥(X,R). Recall that the Lefschetz number
A(f) is defined as >°72 (—=1)*Tr*f and that the Lefschetz fixed point Theorem
states that if A(f) # 0, then f(z) = z for some x € X. In this part, we follow the
set-up of [22].

Let W C RP”™ be a real algebraic variety such that its complexification W¢ C
CP™ is a smooth irreducible variety of (complex) dimension m > 1. Then, denoting
with B the restriction to W¢ of the antiholomorphic involution g : CP" — CP”
fixing RP" pointwise, we get:

Lemma 4.3.2. For any nonnegative integer k, Tr2**'B =0 and
Tr?*B = trace B* : H**(W¢) — HM*(We). (4.1)

Proof.  Since B*(HP9(W¢)) = H?P(Wc) we have for p # ¢, that the trace of B*
restricted to HP4(W¢) @ HPP(W¢) is zero.

The Hodge decomposition of H*(W¢,C) yields the claim, since B reverses the
orientation of W¢ if m is odd and preserves the orientation of We if m is even. <

Corollary 4.3.3. For W as above, the Lefschetz number A(W¢) of B is given by
AWe) =0 if m is odd and by
m—2

2
AXWe)=Tr"B +2 Z Tr**B e Z if m is even. (4.2)
k=0

If X\(W¢) # 0 then W NRP™ # ().

Corollary 4.3.4. Let W be as above. Suppose that m is even and the Betti number
b (We) (equivalently the Euler characteristic x(W¢)) is odd. Then W NRP™ # ().
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Proof.  Since the eigenvalues of B* : H™(W¢) — H™ (W) are £1, we have that
b (W) = M(We) mod 2. &

Theorem 4.3.5. Let U C RP" be a real algebraic variety such that its complex-
ification Uc C CP" is an irreducible variety of codimension m. Suppose that the
codimension of the variety of the singular points of Uc in Ug is at least k.

If, for a generic vector space L € Gr(m + k,R"*1), the Euler characteristic x(Uc N
P(Lc)) is odd, then U NP(N) # 0 for any N € Gr(m + k,R"*1),

Proof. For k=1 Uc N L¢ consists of deg Uc distinct points if L is generic and the
theorem follows. Assume that & > 1. Let W = U N L and W = Uc N Le. The
assumptions of the theorem yield that, for a generic L, W is a smooth irreducible
variety. Hence A(W¢) is given by Corollary 4.3.3. Then, the claim of the theorem
follows from Corollaries 4.3.3 and 4.3.4. &

Real degeneracy loci

In order to prove the upper bound of Theorem 4.1.2, call d the minimum integer
number such that any d-dimensional vector space P C Hs of 5 x5 hermitian matrices
intersects the degeneracy locus

D = {A € Hs|rank A < 3}.
Indeed, we have:
Lemma 4.3.6. The following holds: d(Ha") +1 = d.

Proof. By the definition: 1) there exists a vector space (of hermitian matrices) of
dimension d(Hg’+) containing only elements of rank 4 or 5 and, thus, not intersect-
ing D; 2) any vector space of dimension d(H§’+) +1 has at least one element of rank
3 or less, hence intersects D. &

Now consider the map
0 : M5(C) — M5(C) defined by o(A) =" A;

o is antiholomorphic and 02 = id hence it defines a real structure on M;(C) for
which Hs = fix (o) is the real part.
The map o realizes the affine variety

D¢ = {A € M5(C) |rank A < 3}
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as the complexification of D.
Moreover, the projectivization

7 : Ms5(C) — M5(C)/C* = CP*

sends Dc to an irreducible real algebraic variety Uz whose real part U is 7(D).
We would like to show that:

Proposition 4.3.7. For a generic L € Gr(9,R?5), the Euler characteristic x(Uc N
m(Lc)) is odd.

Indeed, granting proposition 4.3.7, we can apply Theorem 4.3.5 to Uc and L
since the hypothesis hold: Uz C CP?* has codimension 4 and degree 50; its singular
locus is

Y =7n({A € M;5(C), rank A < 2})

with codimension 5 in U (see e.g. [6]). As a consequence, we get that U intersect
any 9-dimensional real vector space. Thus, by lemma 4.3.6:

Theorem 4.1. The estimate d(Hy ") < 8 holds.

The rest of this section is devoted to prove proposition 4.3.7.

Euler characteristic: preparatory arguments

As in the previous part, let Ug the projectivization of the degeneracy locus D and
P® := 7(Lc) generic. Moreover, remark that, the statement of proposition 4.3.7 is

equivalent to show that
x({UcNP®) =1 mod (2)

Consider the following resolution of Ug with a smooth variety Y:

O(1) > o)y ~ Op(1)
o g N
P(M5(C)) x Gr(3 > W) | ImACW} =

L)

Here, S — Gr(3,C%) is the tautological bundle, P(S®) the projective bundle
associated to S®% and Op(1) and O(1) are the duals to the tautological bundles
over their respective projective bundles. Hyperplane sections of O(1)|y are exactly
the same of those of Op(1). Remark that, outside 71 ' (X), Y is formed by couples of
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type ([A],ImA) hence m; is generically 1 — 1; remark also that the diffeomorphism
Y 5 P(S°) is given by the map ([A], W) — A € Hom(C>, W) ~ W @ C*5 ~ W5,

For a vector bundle ' — B, we denote its Chern classes by ¢;(F) € H*(B,Z)
and its Chern polynomial Y3 cx(F)t* by ci(F) (see, e.g. [28], for the definition
of Chern classes)

Computing x(UcNP?) is the same as computing x (Y N ﬂ}ﬁl H;) with H; generic
hyperplanes defined by sections of O(1).

Since Z =Y N ﬂgl H; is a smooth complex 4-dimensional manifold, denoting
by Tz its tangent bundle and by [Z] € Hs(Z,Z) its fundamental class, we get

X(Z) = ca(T7)[Z].
Following [22] and [26] we have:
Proposition 4.3.8. Leti: Z — Y be the embedding and h = ¢1(O(1)|y); then
ci(Ty) = i*ci(Ty|z)(1 + ht) 716
and, denoting by eq the coefficient of t* in c;(Ty)(1 + ht) =16 :
x(Z) = hi%e,[Y]. (4.3)

Proof. The first equality is a consequence of the exact bundle sequence over Z:
16
0Ty —i*Ty|z — @ Nulz — 0
i=1
in which N, is the normal bundle of H; C Y. The second one follows as in [26,

Ch. 9.2] since (the restriction of) h represents a submanifold in Y N Hy N --- N Hy,
for every k. &

The diffeomorphism Y ~ P(S°) allows us to compute ¢;(7y) by means of the
exact sequences of vector bundles

0— TP(S5)/G — T]P’(S5) — p*TG — 0
0—-C—S"® Op(l) - Q® O]p(l) = T]P’(S5)/G’ — 0

where the first one comes from the projection p : P(S%) — G = G(3,C®) and the
second one is the tautological sequence over P(S%) tensorised with Op(1).
Working out calculations we find (see [22]):

15

Ct(TIP’(S5)) = Ct(TG)Ct(TP(S5)/G) = Ct(TG') Z Cj(S5)tj(1 + ht)lf)ij . (44)
7=0
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Euler characteristic: computation modulo 2

We now dispose of all the needed tools to complete the proof of the statement 4.3.7.
Remark that the universal coefficient theorem for cohomology implies that

H*(B,Z) ® Ly = H" (B, Zs)

, where B is either G(3,C%) or P(S®). Thanks to this, since we are only interested to
the parity of our objects, we will perform all computations in H*( - , Zz); moreover all
polynomials in the Chern classes will be truncated according to our real necessities.
For the sake of bervity, denote by ¢; the i-th Chern class of S.

Proposition 4.3.9. Modulo 2, we have:
1. ¢(S%) =1+ et + cat? + est® + ci‘t4 + 5t + 0%02756;
2. ci(Tg) = 1+ cit + cat? + cgt® + et + c163t5 + (cjea + 2)t;
3. the ring H*(P(S), Zs) is Za[c1, c2, h] together with the relations

15
hl? = Z cj(5’5)h15_j c1c5 =0 ct+ciea+c3=0 (4.5)
j=1

Proof.
1. Follows directly from ¢;(S%) = ¢;(S)°.

2. Follows from the sequence 0 — S ® S —58°—-Q®S =Ty — 0 where S is

the dual of S and ¢(S) = c_+(S5) = ¢(5) since we are working in Zs. Hence:
a(Ta) = ct(S @ S)er(S)°.

3. (For a more detailed treatment, see[12]).

The structure of the cohomology ring of a projective bundle P(E) — B is well
known: H*(P(E)) ~ H*(B)[h]/(h" + > ] c;(E)h"~%) with h the first Chern
class of the canonical bundle over P(E) and r = rank(E).

We have that H*(Gr(k,C"), Zs2) = Zs|c1, . - ., ck]/(Sn—k+1, - - - » Sn) Where ¢; are
the Chern classes of the tautological bundle S — Gr(k,C") and s; those of
the quotient bundle C"/S , expressed as polynomials in the ¢;’s.

In our context s3 = ¢} + c3, 84 = ¢} + 3¢y + 2 and s5 = ¢} + c3c3 + c1c3; the
statement follows from the elimination of c3 and simplification of the expres-
sion of s5.
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Let ey be the coefficient of ¢* in ¢;(Tp(g5))(1 + ht)~%;
Lemma 4.3.10. ¢4 = h* + c1h3 + c%h2 + coh? + c:{’h + c1eoh + c‘ll modulo 2.

Proof. From equation (4.4) we have

15 J
c(To(sn)) (1 + ht) ™10 = e (Te) (1 + ht) ™" [ Y ¢i(S%) (1 fht> s
j=0

applying 4.3.9 and truncating polynomials to the 4th degree, this becomes

W~

(It ert+eot + 2+ 5t 1+ ht+ D+ B3+ 04N D o5 (S°) (E+ht?+ B2+ P4
j=0

The statement follows simply by working out calculations and by deleting couples
of equal terms. %

Proposition 4.3.11. The class h'%e, generates the top cohomology of H*(P(S®), Zs).

Proof.  The proof of this statement is almost entirely based on the third point
of 4.3.9. The second and third relation of (4.5) imply that H'2(Gr(3,CP),Zs) is
generated by any degree 6 monomial in ¢y, co, excepted C%cg.

We claim that H*0(IP(S®),Zs) is generated by gh'* where g is any generator of
H'?(Gr(3,C%),Zy). This can be seen directly by reducing the degree of h in any
monomial of type c‘fcghl“k, a+b+k = 20, with the aid of the first relation of (4.5).
As an example, consider cZcoh! :

C%CthG = c%th s = c%czh (clh14 + coh13 + higher order terms in ¢y, c2) =

= c3eah’® + 3e3hM = cSea(erht +..0) + 0 = cleah .

Granting this, one finds (by analogous calculations) that the first and the three last
terms in the expression of h'®e, given by 4.3.10 vanish, while the three others do
not. Hence, h'6ey generates H49(P(S®), Zs). &

Corollary 4.3.12. If L is a generic 8-dimensional linear subspace of P**, the Euler
characteristic x(L N Ug) is odd.
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Proof. By equation (4.3):
X(LNUc) = x(Z) = h'Pes[P(5%)]

and the latter term is not zero modulo 2, thanks to 4.3.11 and Poincaré duality
between H40(P(S®),Z) and Hyo(P(S°),7Z). &



Chapter 5

HERMITIAN MATRICES AND KAHLER
VARIETIES

5.1 Statement of the results

One of the special features of the Kahler geometry is the interplay between topology
and linear algebra. The goal of this chapter is to give some applications of our results
about spaces of hermitian matrices to obtain bounds on the dimension of the kernel
of the cup product mapping

2
¢: \H'(X,C) — H*(X,C),

in the case where X is a compact Kéhler variety admitting no Albanese fibration
(for a precise definition, see 5.2.4).
The main result we prove here is:

Theorem 5.1.1. Let X be a compact Kahler variety without Albanese fibrations,
and let ¢: N2 HY(X,C) — H?*(X,C) be the cup product.

1. If g <2n —1, then ¢ is injective;
2. if ¢ = 2n, then dimker ¢ < pc(q) + 1;

3. if g =5 and n = 2, then dimker ¢ < 14.

5.2 Variety of Albanese type

Let us begin by recalling the notion of Kéhler variety and Hodge decomposition (for
a complete reference on the subject, see e.g. [40]).

For a complex variety X, denote by I the complex structure on the tangent
bundle TX. We say that w is a form of type (p.q) if it is a complex (p + q)-
differential form that locally can be written as a combination of forms dz;; A --- A
dZip AN del VANEIVA dqu.

57
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Definition 5.2.1. We say that a complex variety X is Kdhler if there exists a real
closed (1.1) form w (the Kdhler form) such that g(u,v) = w(u, Iv) is a Remannian
metric.

Denote by QF the sheaf of holomorphic differential p-forms on X and con-
sider the Hodge spaces H?(X,QP). Moreover, denote by HP(X) the subspace
of HPT1(X,C) generated by the closed (p.q) forms. We have (see e.g. [40]):

Theorem 5.2.2. (Hodge decomposition) If X is a compact Kdhler variety, then
HP9 ~ HY(X, Q) and

H*(X,C)= @ H.
p+q=Fk
Albanese variety

Let X be a compact Kihler variety of dimension n; we set V = H'0 and H®!' =V
its conjugate and ¢ = dim V.

Then, integration defines
JiHW(X,Z2) — V7,
where * stands for dual; the Albanese variety is
AIb(X) = V* [i(H\(X, 2)).

The irregularity of X is denoted by ¢x = dim V' = dim A. The choice of a base point
p € X defines the Albanese map

a: X — Alb(X).

Definition 5.2.3. We say that X is of Albanese type if o is generically finite. We
say that X is of Albanese strict type if, moreover, a is not surjective. That is:

dim (a(X)) = dim (X) < ¢x.

In the sequel we will assume X of Albanese strict type. For our purposes, thanks
to the result of Campana, we could also assume that « is generically one-to-one (see
[13] and [5, Ch. 2, Sect. 4]).

Decomposable form and Albanese fibrations

We describe some Castelnuovo-de Franchis-type theorems. With the previous nota-
tions, the ma pin cohomology induced by the Albanese morphism a*: H¥(A,C) —
HF(X,C) is a Hodge structure map. We can moreover make the identifications:
H*(A,C) = N\"HY(X,C), V = H'O(A) = H(X) and HP9(A) = N’V @ \1V.
We have maps: a??: APV @ A1V — HP9(X).
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Definition 5.2.4. Given k < n, we say that a (rational map) f : X — Y is an
n — k-Albanese fibration if

1. Y is of Albanese strict type;

2. dimX —dimY =n — k.
When k =1,Y is a curve of genus g > 1 and f is usually called an irreqular pencil.
We have (see [14]):
Proposition 5.2.5. The following conditions are equivalent

1. X has no s-Albanese fibration for s <n —k

2. aFt10 45 injective on the decomposable forms:

O0FPL A ABra1 € HkJrl’O(X)7 B; independent.

Remark 5.2.6. More precisely, Fabrizio Catanese in [14] gave a one-to-one corre-

spondence between fibrations of Albanese type and maximal isotropic subspaces of
the first cohomology group of X.

5.3 Forms and matrices

In this section we show how the hermitian matrices are related to the real forms in
H'1(X) and how the assumprion that X does not have Albanese fibrations imposes
conditions on the rank. This will lead to the proof of Theorem 5.1.1.

Real 1.1 forms
As before, X is of strict Albanese type. We will consider in details the map:
o  HY (A =V eV — HH(X). (5.1)

This is the (1.1) part of the cup product map ¢ = o2 : H2(A,C) = N> H(X,C) —
H?(X,C). We set
# = dim cker (¢'1). (5.2)

Since o is a piece of a Hodge structure map, the kernel of o? is defined over the
rational numbers and a fortiori over the real numbers.
Set Hi1(-) = H*' N H%(-,R); then we have a map:

okt HEN(A) — HEL(X)

2

and in particular k = dim gker aIIRgl.

Denote by H, the space of complex hermitian matrices and remark that it is a
real vector space.
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Proposition 5.3.1. The space Hﬁ‘l(A) can be identified with the space of sesquilin-
ear forms on V* or, equivalently, to H,.

Proof. Fix a basis 8; j =1,...,q of V. Write any element 2 € HL!(A) in the form

Q=0 amBABm, ©*=—1, am€C;

I,m
since 0 = €, the matrix Ag = (a;,,) is hermitian. O
We may define o: Hy — HE1(X) as:
o(A) =i aim B A B (5.3)
lym

where A = (a;,,). We have k = dim ker 0. In particular, the rank and the signature
of a form Q € Hi'(A) are well defined.

Definition 5.3.2. If Q € H'Y(A)g (respectively A € H,) has signature (r,s) (and
rank r+ s < q), we set m(2) = min{r, s} (respectively m(A) = min(r,s)).

The following proposition shows how assuming that X does not have Albanese
fibrations imposes a condition on the rank of its (1.1) forms (hence on the matrices
representing them).

Proposition 5.3.3. Let k < n be an integer, and assume that X has no n — k-
Albanese fibration. Let Q € HE1(A),Q # 0. If m(Q) < k — 1 then o™1(Q) # 0.

Proof. Up to a change between 2 and —€2, we may assume s = m({2) where (r, s)
is the signature of 2, s <k —1 <n — 1. We may find a basis 3; of V such that

T 458
Q=iY BiAB—i Y BiAB=0"-Q .
j=1 j=r+1

Setting o = Bry1 A+ A Brrs € H9(X) and © = p A B, we compute:

QNGO =i BiABANO=(-1)%> BiApABAp.

Jj=1 Jj=1

Now, posing ¢; = Bj A ¢ € H3t19(X) and ©; = ¢; A pj, we have:

QAO=i(-1)°) 6,
J
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Assume by contradiction Q € kera!!. It follows that Q A © = 0 in H*H1*H1(X).
Fix w = izgzl Bj A B;; this is the pull-back of a Kahler form on A and is positive
on a Zariski open set of X, since the Albanese map of X is generically finite. We

get
0= / QANO AW = Z/ i(—1)°0; Aw™ L,
X —~ Jx

All summands have the same sign. It follows that
0, Nw" 5 = 0;

this forces ©; = 0 and finally ¢; = 3; A Br41 A ... A Brps = 0. Since s + 1 < k, we
get a contradiction with Prop. 5.2.5. &

Then, we have the following:

Corollary 5.3.4. Assume that X has no Albanese fibration and Q) € ker aﬂgl, Q£ 0;
then, m(§2) > n — 1 and rank(§2) > 2n.

Hermitian matrices

Set H5’+ = {A € H,,rank A > p} and denote, as usual, d(Hg’+) the maximal
dimension of a real linear space included in H{j’* u{0}.
Recalling that x = dim ker ¢!'! = dimker o (see 5.3) we have the following:

Proposition 5.3.5. Let n = dim X, ¢ = dim H'(X) and k as before. Assume
that X has no Albanese fibration; then k < den,+.
q

Proof. It follows from 5.3.4 that ker o is a real linear subspace of H‘g’+. &

Now we can prove Theorem 5.1.1:
Proposition 5.3.6. If ¢ < 2n, then o®: H?(A,C) — H?(X,C) is injective.

Proof. First, one has that a''! = ¢! is injective, since Hi"’* = 0.

Then, consider w € H?%(A) such that o*(w) = 0; we show that w = 0. Indeed,
if it is not, we can find a basis 3; of V for which w = Zle Bi N Bitk, with k < n;
taking the k—1 form ¢ = /\fZQﬂi, we get a*(wA @) = 0 and consequently /\fill/b’i =0
on X. By 5.2.5, this would give an n — k-Albanese fibration, contradicting our as-
sumptions. %

The previous results are essentially standard linear algebra. The first part of
the following proposition is a consequence result of Adams [1], [3] (see, also, our
Theorem 3.1.8).
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Proposition 5.3.7. Assume than X has no Albanese fibration and g = 2n; then we
have

1. dim (ker (o)) < pe(

)+1=pc(q) —1 and

N

2. dim (ker (o)) < 1.

The two inequalities above can be unified by saying that dimker (a?) < pc(q) + 1.
Consequently it holds: by(X) > dim I'm¢ > q(2¢ — 1) — pc(q) — 1.

Proof.

1. From proposition 5.3.5 and Theorem 3.1.8 we have dimker o < pc(q) — 1.

2. Arguing as in 5.3.4, the nontrivial forms in ker o> must be of maximal rank n.

Representing them as skew-symmetric matrices, the elements in ker o?9 \ {0}
are invertible. This is a complex space, and it follows that dim (ker o) < 1.

¢

In the following, let us show some consequences of Theorem 5.1.1.

Proposition 5.3.8. Let X be a compact algebraic variety without irregular pencils
whose fundamental group admits a presentation with v generators and p relations.

1. If ¢ = 2n, then p — v > q(2q — 3) — 2¢ — 3; moreover, if X is a surface i.e.
n=2,c(X)>T7.

2. Ifq =5 and X is a surface, then ba(X) > 31, hence p—~ > 31 and co(X) > 13.

Proof.  First, we recall that (see [4, Th. 1.1] and [5, Ch. 3]) the interplay between
the cup product map and the fundamental group gives rise to the following estimate:
p—~ >dimImg¢ — 2q.

The estimate on p—- follows directly from the previous remark and 5.3.7. When
g =2n =4, we have by (X) = b3(X) = 8 and ba(X) > 21.

To deduce by(X) > 31 one uses Theorem 4.1.2 together with the fact that
dim Im@?® > 2¢q — 3 = 7. The rest is as in the previous point. &

Remark 5.3.9. In [4] the following estimate for a compact Kéhler variety of any
dimension with no irrational pencil is given: p —~v > 4q — 7.

Our historical motivation was the following result:

Corollary 5.3.10. Let X be a minimal projective algebraic surface with ¢ =4 and
py = dim H20(X) = 5. Let K be the canonical bundle of X; then 16 < K2 < 17.
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Proof. 1In [8] it was proved that K2 > 16 and that if X has an irregular pen-
cil then K2 = 16. When X has no irregular pencil Noether formula (see [9], [26])
K? + c2(X) = 12x3,0] = 12(pg — ¢ + 1) = 24 and the inequality c2(X) > 7 forces
then K? < 17. %

Remark 5.3.11. In the previous example the Miyaoka-Bogomolov-Yau inequality
(see for instance [9]) gives only K? < 9x},0; = 18. No examples of surfaces with
K? =17 are actually known.



64

Hermitian matrices and Kahler varieties

Chapter 5




REFERENCES

[1] J. F. Adams. Vector fields on spheres. Ann. of Math., 75(2):603-632, 1962.

[2] J. F. Adams. Geometric dimension of bundles over RP"™. Proc. Int. Conf. on
Prospects of Math. (Kyoto), pages 1-17, 1973.

[3] J. F. Adams, P. Lax, and R. Phillips. On matrices whose real linear combinations
are non-singular. Proc. Amer. Math. Soc., 16:318-322, 1965.

[4] J. Amoros and I. Bauer. On the number of defining relations for nonfibered Kéhler
groups. Internat. J. Math., 11:285-290, 2000.

[5] J. Amoros, M. Burger, K. Corlette, K. Kotschick, and D. Toledo. Fundamental
groups of compact Kdhler manifolds. A.M.S. Mathematical Surveys and Mono-
graphs, Providence, RI, 2000.

[6] E. Arbarello, M. Cornalba, P. Griffiths, and J. Harris. Geometry of algebraic
curves, volume 267 of Grundlehren der Mat. Wissenschaften. Springer, 1985.

[7] Y. Au-Yeung. On matrices whose nontrivial real linear combinations are nonsin-
gular. Proceedings of the A.M.S., 29(1):17-22, 1971.

[8] M. Barja, J. C. Naranjo, and G. Pirola. On the topological index of irregular
varieties. J. Algeraic Geom., 3:436—458, 2007.

[9] W. Barth, C. Peters, and A. Van de Ven. Compact Complex Surfaces. Ergebnisse
der Mathematik und ihrer Grenzgebiete. Springer Verlag, 1984.

[10] L. B. Beasley. Spaces of matrices of equal rank. Linear Algebra Appl., 38:227—
237, 1981.

[11] M. A. Berger and S. Friedland. The generalized Radon-Hurwitz numbers. Com-
positio Mathematica, 59(1):113-146, 1986.

65



66 References

[12] R. Bott and W. Tu. Differential forms in algebraic topology, volume 82 of Grad-
uate text in Mathematics. Springer, 1982.

[13] F. Campana. Remarques sur les groupes de kéhler nilpotents. Ann.Sci Ecole
Norm. Sup. (4), 28(3):307-316, 2006.

[14] F. Catanese. Moduli and classification of irregular Kéhler manifolds (and alge-
braic varieties) with Albanese general type fibrations. Invent. Math., 104:263-289,
1991.

[15] A. Causin and G. P. Pirola. Hermitian matrices and cohomology of Kaehler
varieties. Manuscripta Math., 121:157-168, 2006.

[16] A. Causin and G. P. Pirola. A note on spaces of symmetric matrices. Linear
Algebra Appl., 426:533-539, 2007.

[17] D. Davis and M. Bendersky. Stable geometric dimension of vector bundles over
odd-dimensional real projective spaces. Bol. Soc. Mat.Mez., 12:85-108, 2006.

[18] D. Davis, M. Bendersky, and M. Mahowald. Stable geometric dimension of
vector bundles over even-dimensional real projective spaces. Trans. Amer. Mat.
Soc., 358:1585-1603, 2006.

[19] O. Debarre. Théoremes de connexité et variétés abéliennes. Amer. J. Math.,
117(3):787-805, 1995.

[20] P. Deligne, P. Griffiths, J. Morgan, and D. Sullivan. Real homotopy theory of
Kahler manifolds. Invent. Math., 29:245-274, 1975.

[21] D. Falikman, S. Friedland, and R. Loewy. On spaces of matrices containing a
nonzero matrix of bounded rank. Pacific J. Math., 207(1):157-176, 2002.

[22] S. Friedland and A. Libgober. Generalizations of the odd degree theorem and
applications. Israel J. Math., 136:353-371, 2003.

[23] S. Friedland, J.W. Robbin, and J.H. Sylvester. On the crossing rule. Comm. on
Pure and Appl. Math., 37:19-37, 1984.

[24] A. W. Geramita and J. Seberry. Orthogonal designs, volume 45 of Pure and
Applied Mathematics. Marcel Dekker, 1979.

[25] A. Hatcher. Algebraic Topology. Cambridge University Press, 2002.

[26] F. Hirzebruch. Topological methods in algebraic geometry, volume 131 of
Grundlehren der Mat. Wissenschaften. Springer, 1966.



References 67

[27] A. Hurwitz. tiber die komposition der quadratischen formen. Math. Ann., 88:1-
25, 1923.

[28] D. Husemoller. Fibre Bundles. McGraw-Hill, New York, 1966.

[29] M. Karoubi. K-theory. An Introduction, volume 226 of Grundlehren der Mat.
Wissenschaften. Springer, 1978.

[30] K. Y. Lam and P. Yiu. Sums of squares formulae near the hurwitz-radon range.
in The Lefschetz centennial conference, Mexico City, 11:51-56, 1984.

[31] K. Y. Lam and P. Yiu. Linear spaces of real matrices of constant rank. Linear
Algebra Appl., 195:69-79, 1993.

[32] J. M. Landsberg and B. Ilic. On symmetric degeneracy loci, spaces of symmetric
matrices of constant rank and dual varieties. Math. Ann., 314(1):159-174, 1999.

[33] R. Meshulam. On k-spaces of real matrices. Math. Ann., 26(1-2):39-41, 1990.

[34] P. Moseley. On the Dimensions of Linear Spaces of Real Matrices of Fized Rank.
PhD thesis, Univesity of Edimburgh, 1997.

[35] J. Radon. Lineare scharen ortogonaler matrizen. Abhandlungen aus dem Matem-
atischen Seminar der Hamburgischen Universitdat, 1:1-14, 1922.

[36] E. G. Rees. Linear spaces of real matrices of given rank. Contemp. Math.,
188:219-229, 1995.

[37] E. G. Rees. Linear spaces of real matrices of large rank. Proc. Roy. Soc. Edin-
burgh, Section A, 126(1):147-151, 1996.

[38] S.Eilenberg and N. E. Steenrod. Foundations of algeraic topology. Princeton
University Press, 1952.

[39] J. Sylvester. On the dimension of spaces of linear transformations satisfying
rank conditions. Linear Algebra Appl., 76:1-10, 1986.

[40] C. Voisin. Hodge theory and complex algebraic geometry. Cambridge University
Press, 2002,2003.

[41] R. Westwick. Spaces of matrices of fixed rank. Linear and Multilinear Algebra,
20(2):171-174, 1987.



