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Introduction

Irreducible symplectic varieties are a class of Kéahler manifolds introduced by A.
Beauville in [Bea83b]. They arise naturally, together with Calabi-Yau and abelian
varieties, in the classification of Kéhler manifolds with vanishing first Chern class.
Their study has been carried on by many authors, notably Beauville himself, C.
Voisin, F. Bogomolov, D. Huybrechts, A. Fujiki, K. O’Grady, S. Mukai, Y. Nami-
kawa, E. Markman and many others. In many respects (period map, structure of
the ample cone, behaviour of linear systems, Chow groups...) the theory mimics
that of the K3 surfaces, which are exactly the irreducible symplectic varieties of
dimension 2.

Often this parallel is only conjectural. One outstanding difficulty in testing these
conjectures is that few examples of irreducible symplectic varieties are currently
known. This true in the sense of deformation theory: except in dimension 6 and
10 there are only two distinct known examples, up to deformation. Of course
deformation equivalent varieties can have quite different geometric properties, so
this does not render the theory poor. But it is also true in the sense of projective
families.

In the surface case, we have a complete description of the families of polarized
K3 when the polarization has low degree. Namely (in the generic case)

a degree 2 K3 is a double covering of P? ramified over a smooth sextic curve;

a degree 4 K3 is just a smooth quartic in P3;

a degree 6 K3 is the intersection of a quadric and a cubic in P*;

a degree 8 K3 is the intersection of three quadrics in P%;

and the list goes on (see [Muk88|). This is partly due to the good understanding
that we have of linear systems on K3 surfaces ([SD74]).

In contrast the known families of polarized irreducible symplectic varieties of
higher dimension are rarely complete, even locally. Actually only few examples are
known, all in dimension 4. The first are the Fano varieties of smooth cubic fourfolds,
introduced by Beauville and Donagi in [BD85]. A closely related example has been
given by Iliev and Ranestad in [IR01]; the remark that their construction yields a
family actually distinct from the previous one is due to Markman. The third is the
example studied in the present thesis, namely the double coverings of EPW sextics.
Finally a new construction by Debarre and Voisin has appeared in [DV09].

EPW sextics were introduced by Eisenbud, Popescu and Walter, as a side ex-
ample, in [EPWO00]. O’Grady has shown in [O’G08a] that, in the generic case, they
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admit a smooth double covering which is an irreducible symplectic variety, and that
the family thus obtained is complete.

The aim of this thesis has been to test a conjecture of Beauville and Voisin about
the Chow groups of irreducible symplectic varieties, on the case of the double EPW
family. The conjecture is the following:

Conjecture. Let X be an irreducible symplectic variety. Any polynomial relation
P(Dl,. .. ,Dk,Ci(X)) =0

in the fundamental classes of divisors and in the Chern classes of X which holds in
H*(X) already holds in CH*(X).

For a discussion of the meaning of this, and its motivation, we refer to Section
1.5.

We were able to test the truth of the conjecture for a very general double EPW
sextic; this is the content of Theorem 4.9. In doing so we have proved a number
of auxiliary results concerning the local structure of EPW sextics and the existence
of special subvarieties. In particular it was crucial for the proof of the theorem the
construction of an Enriques surface inside the generic EPW sextic.

We explain this in more detail. Claire Voisin was able to prove her conjecture
in the case where X is the Fano variety of a cubic fourfold in [Voi08]. We partly
follow her proof; the difficulty is that the geometry of cubics in P® is quite concrete
and thoroughly studied, while that of EPW sextics is still rather mysterious. In
particular the point of departure for her analysis is a standard construction of a
Lagrangian surface in X which is singular enough to be rational. This is part
of a family of Lagrangian surfaces on X, which are simply the Fano varieties of
hyperplane sections of the cubic.

In our case this construction is the most delicate point: it turns out that the
right analog for this surface is Enriques, but exhibiting such a surface is complicated.
This is mostly because the Lagrangian surfaces which are analog of those on the
Fano variety are not sections of a global Lagrangian vector bundle. We have to turn
to a degeneration argument instead.

We now introduce the content of the various chapters in more detail.

Chapter 1 introduces irreducible symplectic varieties. We start from the litaka
fibration as a motivation to study varieties of Kodaira dimension 0, and then we
specialize to the case where the canonical class is trivial, giving the classification of
Beauville in Section 1.2.

Next we move to the real content of the Chapter, which is the study of irreducible
symplectic manifolds: we introduce their main properties and the fundamental ex-
amples, and we end with a discussion of the conjectures of Beauville and Voisin and
some other related conjectures. This chapter is introductory and nothing here is
new.

In Chapter 2 we introduce EPW sextics and their double coverings, following
O’Grady. Section 2.6 is rather long: we analyze the local structure of EPW sextics,
especially in degenerate cases, and of some related subvarieties. Most of the content
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of this chapter is due to O’Grady; some local descriptions are new, following ideas
in [O’G]. The local description we give allows us to explicitly desingularize a surface
which sits inside these sextics; this should allow us to prove that it is birational to
an Enriques surface in the case we need, although we don’t follow this path.

Chapter 3 is about the geometry of quartic surfaces S C P3 and their surface of
bitangents, with a special regard to the case where S acquires finitely many nodes.
The motivation is the following. One can exhibit a degeneration of double EPW
sextic to the Hilbert scheme S of 2 points on a quartic. Under this degeneration,
the surface we are interested in is sent to the surface Bit(S) of bitangent lines to S.
These matters are explained in Sections 3.1 and 3.2.

The rest of the chapter studies the geometry of these objects, which are quite
more concrete than EPW sextics. First we recall some general results due to Welters
([Wel81]), mostly in the smooth case; these should be the results needed to prove
that the surface we are interested in is Enriques (in particular the computations of
the canonical class and the irregularity).

Next we study the singular case: in Section 3.6 we give examples of a quartic S
with 11 nodes such that Bit(S) is rational, while in Section 3.7 we give an example
of a quartic S with 10 nodes such that Bit(S) is birational to an Enriques surface.
The rational case would be even better for our aims, but unfortunately it holds on
a too small locus, so we use the Enriques case instead.

These sections are preceded by a discussion of the relationship between quartic
surfaces and cubic threefold, using the classical case of quartic curves and cubic
surfaces as a motivation. I believe that the construction in Section 3.5 is new, at
least this explicit; although it is sometimes hinted, I could not find any reference in
the literature.

Finally Chapter 4 puts it all together to give the proof of the main theorem.
We begin with some cohomological computations on a double EPW sextics, mostly
following [O’GO8b]. The geometric argument is given in Sections 4.2 and 4.3.

I have tried to give proper credit for the existing results and conjectures which
appear in this thesis; any error or omission in this respect should be attributed to
my ignorance.
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Notation

Here we briefly recall the notation we use. Everything we do is over the field C of
complex numbers.

Linear algebra

Given vectors vy, ..., v, in a vector space V,

(V1. ., 0p)

denotes their span. The class of a vector v in the associated projective space P(V)
is instead [v]. For us the projective space is the Grassmannian of lines in V', so we
don’t follow Grothendieck’s convention.

The Grassmannian Gr(k, V') denotes the set of k-dimensional vector subspaces
of V; when we write Gr(k,n) we mean Gr(k, C™). When we want to see this as a set
of projective subspaces of P(V') we write Gr(k —1,P(V')) (notice the shift of index).

Quadratic forms

If ¢ is a quadratic form on V', the symmetric bilinear form from which it is obtained
is written as q. Usually the class of ¢ up to multiples is identified with the quadric
defined in P(V'), and denoted by ). When we could not avoid it we denote by ¢ the
linear map

V=V

which corresponds to the bilinear form. The kernel of ¢ is by definition V-, which
is just ker g. We have tried to avoid to write kerg. When more than one bilinear
form is involved, the orthogonal with respect to ¢ is denoted V4.

Cohomology and Chow rings

Given a subvariety Y C X, the fundamental class of Y in cohomology is denoted [Y]
too; this should not cause any trouble. When we write H"(X) without specifying
any coefficient ring, it means that the ring is irrelevant in that context.

The Chow groups of X are

CH"(X) = {cycles on X of codimension k}/rational equivalence,

in particular they are comparable with integral cohomology. The Chow groups
with coefficients in Q are denoted CH™(X)g = CH™(X)®Q. When we perform an



intersection product between classes of subvarieties Y7 and Y5 of X and we think
that the ambient space is not clear from the context we write

(Y1-Yo)x

EPW sextics

Next we come to notation specific to EPW sextics. Given a symplectic vector
space U of dimension 2n, the subvariety of the Grassmannian Gr(n,U) consisting
of Lagrangian subspaces is denoted by LG(U). Usually V refers to a fixed vector
space of dimension 6. Inside LG(A® V) we have the open set LG(A? V)° consisting
of those Lagrangian subspaces A such that

e A does not contain any decomposable form and
o the locus Y4[3] is empty.

This is the locus where X 4 is smooth; it is defined in Section 2.3. At the other end
we will need to consider the closure of the set of Lagrangian subspaces containing
10 independent decomposable forms; this is denoted Xqg.
The subbundle F of the constant vector bundle A>V over P(V) is defined in
Section 2.1. It has fiber
Fi ] = VA /\2 V.

Given a A € LG(A®V) we let
Az F = Opany @ (NP V/A)

be the inclusion of F in the trivial bundle A®V followed by projection. The k-th
degeneracy locus of A4 is

Yalk = {[] € B(V) | dim (AN Fy) > k)

and Y4 = Y4l1] is called an EPW sextic, see Section 2.1.

Under mild hypothesis it admits a double covering, denoted X 4; this is con-
structed in Section 2.2. This double covering is ramified over Y4[2], hence it contains
an isomorphic copy of Y4[2]; to avoid confusion this is usually denoted Z4.

When A contains a decomposable form, say A D A>W for some W C V of
dimension 3, the plane P(WV) is contained in Y4. The intersection

P(W) N Yal2]

is a sextic curve in P(W) and we denote it by C4 w, see Section 2.5.
Finally let U C A be a subspace of dimension 9. Given any other Lagrangian
subspace B with
ANB=U,

the sextics Y4 and Yp are tangent along a divisor D = Dy of Y4, which only
depends on U. We define it in Subsection 4.4.2. It comes equipped with a rational
map

rp: D --»{p,

where £p is the pencil of Lagrangian subspaces containing U.
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Chapter 1

Holomorphic symplectic
manifolds

1.1 A glimpse of the classification of algebraic varieties

The most ambitious task in algebraic geometry would be to classify all algebraic
varieties up to isomorphism. Experience with successful cases of such classifications
shows that this breaks up in several steps. If one wants to classify all varieties
of dimension n, the first task is to identify a set of discrete invariants, the main
example being the genus of a smooth curve. In higher dimension we have more
invariants, like the plurigenera, and a first rough invariant which actually gives an
idea of the geometric properties of a variety is its Kodaira dimension.

Having fixed a set of such discrete invariants, one would want to create a rea-
sonable bijective correspondence between the set of isomorphism classes of varieties
with given invariants and some object with more structure, usually another alge-
braic variety. The meaning of reasonable can be adequately specified, giving rise to
the concept of coarse and fine moduli spaces.

Usually before being able to create a moduli space one has to relax the con-
dition under which two varieties should be identified, and work with birational
isomorphism instead. This difference cannot be seen at the level of curves, where
birational maps are actually regular, but is a typical feature already of surface clas-
sification, where the concept of minimal surface (a preferred representative of its
birational class, at least when the Kodaira dimension is non-negative) arises. So a
further step would be to describe what varieties do appear inside a given birational
class. This is in a sense the object of minimal model theory.

A different approach to the problem of classification, due to Iitaka, is the fol-
lowing. Given a variety X we try to fit it into a fibration

7 X — B

where the base B and the typical fiber F' have a particularly simple structure. Of
course then we can expect to recover information on X only if we have a good
understanding of the properties of fibrations, given the base and the general fiber;
a first instance of this question is the classification of elliptic surfaces by Kodaira in

[Kod63].



2 1. Holomorphic symplectic manifolds

The construction that we have in mind in this case is the Kodaira-litaka fi-
bration. To give a precise statement let us first recall the definition of Kodaira
dimension, which we have already mentioned.

Definition 1.1. Let X be a smooth algebraic variety and denote by Kx or simply
K its canonical divisor. Assume that for some n > 0 the line bundle Ox (nK) has
some nonzero section; then we have a rational map

on: X ——» P(H(X,0(nK))Y).

The Kodaira dimension of X, denoted by x(X), is the maximum of the dimensions
of the images 1,(X) for n € Nyg. If HY(X,0O(nK)) = 0 for all n > 0, we agree to
put k(X) = —oc.

It is easily seen that the Kodaira dimension is a birational invariant for smooth
varieties, so we can extend the notion to the singular case as follows. Given a sin-
gular variety X we choose some smooth desingularization Y and define the Kodaira
dimension of X by x(X) = k(Y). Our previous remark implies that this does not
depend on the choice of the desingularization Y.

By definition the Kodaira dimension is —oco or an integer between 0 and dim(X).
A priori we should study all this cases separately. The litaka fibration allows us,
for some purposes, to restrict to the extreme cases. The next theorem allows us to
put together all the maps ¢, and build some kind of limit map. The precise result
is the following (see [Laz04, sec. 2.1.C]):

Theorem 1.1 (litaka). Let X be a smooth projective variety of positive Kodaira
dimension. Then there exists a fibration

0: X' - B
such that X and X' are birational and for every sufficiently big n such that
R (X, nKx) # 0

the pluricanonical map @, is identified with @ up to birational equivalence. This
means that, if Y, is the image of @, , we have a commutative diagram

X — X
1‘10 i‘Pn
B---Y,,

where the horizontal maps are birational.
Moreover one has

k(X) = k(B) = dim(B)
and the very general fiber F of ¢ has k(F') = 0.

The theorem tells us that, in a sense, the fundamental cases to study are those
of varieties with x(X) = —00,0 or dim(X).

The case where k(X) = —oo is studied in Mori theory: there varieties are
conjectured to be Mori spaces (see [KM98] for this topic). Of particular interest
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inside this class are the varieties X such that —Kx is ample, the so-called Fano
varieties; a huge literature is devote to their study.

At the other extreme there is the case of varieties of general type: those having
k(X) = dim(X). Although they have received much attention, this class has proved
to be too wide to be studied systematically, even in the case of surfaces, where only
partial results on the classification are available.

So we shall concentrate on the case where x(X) = 0, and actually a sub-case of
it. A typical situation when one finds x(X) = 0 is when the canonical Kx is trivial,
or more generally it is a torsion class. If Kx is torsion, there exists a unramified
finite covering 7: Y — X such that Ky is trivial, so, up to finite coverings, we can
deal with this simpler case.

In the next section we will give a description, due to Beauville, of these varieties.

1.2 Varieties with trivial first Chern class

So far we should have given some motivation to study varieties with trivial canonical
class, and why they occupy a relevant place between all varieties. But where do
we go from here? The fundamental result here is a classification, due to Beauville
([Bea83b]), of the bricks that are used to build all such varieties. The technique
here is highly non-algebraic, so we’d better remark again that we’re working over C.
Actually the classification is achieved through the study of holonomy, and the main
ingredient is the famous solution due to Yau of the Calabi conjecture in [Yau78]. I
could not improve upon the presentation in [Bea83b], hence the following is nothing
more than a short digest of it.

The idea is roughly to translate a classification of holonomy groups due to Berger
in algebro-geometric terms. Recall that given a Riemannian manifold M and a point
p € M, one has the holonomy group

H, < O(T,X,9);

if M is connected of (real) dimension n, the conjugacy class of Hp, in O(n) is
independent of p. One can view H, as an abstract Lie group with a given n-
dimensional representation.

One can assume that this is representation is irreducible, thanks to the

Theorem (De Rham). Let M be a complete, simply connected Riemannian mani-
fold. Then M splits uniquely as a product of manifolds

M:MOXM1X---XMk,

where My is the FEuclidean space and each factor M; for i > 1 has irreducible
holonomy representation.

Remark. It follows immediately that M has the product representation of the M;.
So, the reducibility of the holonomy representation is reflected in the reducibility of
M itself.

The classification of holonomy subgroups with irreducible representation was
achieved by Berger:
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Theorem (Berger). Let M be Riemannian manifold, and assume that M is not
locally a symmetric space. Then the identity component of the holonomy subgroup
H is one of the following list:

SO(n) U(m), n=2m
SU(m), n=2m SP(r), n =4r
Sp(l) x SP(r), n=4r Spin(9), n = 16
Spin(7), n =8 Go,n=1"17.

The fundamental remark now is that if H leaves some tensor invariant, one can
obtain a tensor field on M by parallel transport, and this will not depend on the
choice of a path. For instance if H = U(m), H leaves invariant a complex structure
J on T, M. By extending this to M one obtains a quasi-complex structure which is
invariant for parallel transport. It is well known that the structure is then integrable,
so M becomes a complex manifold. Moreover the compatibility condition between
the complex structure and the metric says that M has a Kéahler metric.

Since we work in the realm of algebraic geometry we are interested in the cases
where this happens, so that we obtain a Kéhler manifold. The only groups in the
Berger list which are subgroups of U(m) are SU(m) and Sp(r).

In the first case, the elements of SU(m) also preserve a complex volume form,
hence we obtain on M a parallel volume form. The compatibility condition be-
tween the metric and the complex structure then implies that this form is actually
holomorphic.

In the second case the elements of Sp(r) also preserve a complex 2-form in p.
Again, by extending it we obtain a parallel 2-form, which is then holomorphic.

The last ingredient in the story is the following result of Bochner, together with
Yau’s theorem.

Theorem (Bochner). Let M be a compact Kéihler manifold, and assume that M
has zero Ricci curvature. Then every tensor field on M which is holomorphic is
parallel.

Now if M is Kahler and has ¢; (M) = 0, by Yau’s theorem there exists on M a
Kahler metric with zero Ricci curvature. Hence one can apply the above result of
Bochner and classify the holomorphic section of Q. for every p exclusively in terms
of the holonomy group.

With some work one then translates the Berger list in a classification of the
possible Kéhler manifold with ¢; (M) = 0. Before stating the result, we give a
couple of definitions.

Definition 1.2. Let X be a compact Kéahler variety of complex dimension n. We
say that X is a Calabi-Yau variety if Kx = Q% is trivial and

H°(X,Q,) =0 for p < n.

Definition 1.3. Let X be a compact Kéahler variety of complex dimension 2n. We
say that X is an irreducible symplectic variety if m(X) = 0 and

H°(X,0%) = Co,

where ¢ is a holomorphic symplectic 2-form.
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Remark. According to the above list, the Calabi-Yau case corresponds to the
holonomy group SU(m), while the irreducible symplectic case corresponds to the
holonomy groups Sp(r).

Remark. It is not difficult to see that an irreducible symplectic variety has

HO(X,Qg(): 0 if p is odd

Co? if p=2q is even.
Remark. When the dimension of X is 2, the definitions of Calabi-Yau variety and
irreducible symplectic variety agree, and characterize he so-called K3 surfaces.

We can finally enounce the main result of this section.

Theorem (Beauville). Let X be a compact Kéhler variety such that ¢1(X) = 0.
Then X admits a finite unramified covering X' — X such that X' splits (uniquely)

as a product
X' =X x--x Xp,

where each factor X; is either
i) a complex torus, or
1) a Calabi- Yau variety, or
i1i) an irreducible symplectic variety.

Of course if one wants uniqueness, all the factor which are complex tori have to
be merged into a single factor, since a product of complex tori is again a torus.

The story now splits into three directions with rather different flavours. While
the study of complex tori and Abelian varieties is quite old, the subject of Calabi-Yau
varieties is younger, and the third type of varieties, the irreducible symplectic, only
began to be studied thoroughly after the appearance of this classification theorem.
In the rest of this chapter we shall be concerned with irreducible symplectic varieties,
and in later chapters we will specialize to a rather peculiar family of examples.

1.3 Irreducible symplectic manifolds

Recall that we have defined in the previous section an irreducible symplectic variety
to be a compact complex, simply connected, manifold X endowed with a symplectic
holomorphic form ¢ which spans H O(Qg(). Here we want to recall some general facts
about this class of varieties, and underline their similitude with the K3 surfaces.

The main tool we will use in studying irreducible symplectic manifolds is the
local period map. Let X be any irreducible symplectic manifolds, and let

T X —-U

be a semiuniversal deformation of X; this always exist by a general result of Ku-
ranishi, but the base U of the deformation is a priori not smooth. It is a result
of Bogomolov ([Bog79]) that for an irreducible symplectic manifold we can always
take U to be smooth.
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Remark. It is not difficult to prove ([Bea83b, Proposition 9]) that the fibers X;
of 7 are still irreducible symplectic varieties, in particular on each X; we have a
holomorphic 2-form oy, unique up to multiples.

By general deformation theory U has then dimension
dimU = h' (X, Tx) = R} (X, Q%),
since the symplectic form induces an isomorphism Ty = Q}( Since by hypothesis
R2O(X) = KO(X, %) = 1,

we find dim U = ba(X) — 2.
The local period map is then constructed as follows. First, we can shrink U and
assume that it is contractible; it follows that the local coefficient system

R’m,(Z)

is trivial. This allows us to identify the cohomology of X with that of a nearby fiber
X;. To be precise about notation, it gives isomorphisms

o HX(X,Z) — H*(X,, 7).

For each t € U we have the distinguished line H>%(X;) ¢ H?(X;,C), so we define
the period map

Pyx: U ——P(H?*(X,C)).

General results of Griffiths ([Voi02, Sec. 10.2.3]) allow us to compute the differential
of Px at 0, in particular we have the following result (for more details we refer to

[0°GO5a)).

Theorem. The differential d(Px)o is injective. In particular the period map is a
local embedding.

We now want to identify the image of the local period map. Since U has dimen-
sion be(X) — 2 and P(H?(X,C)) has dimension by(X) — 1, this image will locally be
a hypersurface. We want to identify what this is; in doing so we will introduce the
fundamental Beauville-Bogomolov form.

We recall that the Theorem above is well-known in the case of K3 surfaces, and
the image of Px in that case is the quadric defined by the equation

(w,w) =0,
where (+,-) is the intersection form on the surface X.

Theorem (Beauville-Fujiki). Let X be an irreducible symplectic variety of dimen-
ston 2n. There exist unique:

e an integral indivisible quadratic form (-,-) on H?*(x,7Z) and
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e a positive number cx € Q

such that for every class a € H*(X,Z) we have

o®" = cx(a,a)".
In other words the intersection form on H?(X) is, up to a constant, the n-th
power of a quadratic form.

Definition 1.4. The form (-, -) is called the Beauville-Bogomolov form of X. When
we want to specify X from the context we will write (-, ) x. The number cx is called
the Fujiki constant of X.

The Beauville-Bogomolov form of X allows us to identify the image of the period
map. Indeed we have

Theorem (Local Torelli). Let X be as above. The period map Px is locally an
isomorphism of U on the quadric

Q={we HQ(X,(C) | (w,w)x =0}.

More precisely the image of Px is contained in the analytic open set of Q) defined
by (w,w)x > 0.

The characterization of the image of Px won’t be of much concern to us, but the
Beauville-Bogomolov form is a fundamental tool. Still the two theorems are easier
to prove together, as in [O’G0ba, Sec. 3.2]. The idea is that the quadratic form is
just a local equation of the image of Px, which we already know is a hypersurface.

Remark. Since the work of Kodaira it is known that all K3 surfaces are deformation
of each other. In higher dimensions we have various families. Moreover there exist
examples of birational irreducible symplectic varieties which are not isomorphic, as
the next example shows.

We describe a so-called Mukai flop. This is the first instance of a birational map
between irreducible symplectic varieties which is not an isomorphism.

Let X be an irreducible symplectic variety of dimension 2n (n > 2) and assume
that we have a subvariety P C X isomorphic to P". Then we claim that

Np/x = Qp. (1.1)

To see this, start from the exact sequence

0 TP TX|, Npjx —0

and dualize it to obtain

0 ng/x Q}(|P——>Q};——>O.

The symplectic form defines an isomorphism

TX = Qk;
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by composition we obtain a morphism

TP —— TX|P
Q}(|P\—> QL.

This has to be identically zero, because P" does not have any nontrivial 1-form. So
the morphism
TP — Q}( | P

lifts to N /X since it is injective and the two vector bundles have the same rank n,
it is an isomorphism. Finally its dual gives rise to the desired isomorphism (1.1).
More precisely it fits into an isomorphism of short exact sequences

0 TP TX|,—— Np;x —0
0— Np/x — %, Qb 0.

Now let X be the blowup of X along P, with exceptional divisor E. The
projection E — P is the projective fiber bundle PAp,x, but thanks to (1.1) this is
identified with the projective fiber bundle

IP’Q}_—, — P.

In particular the fiber bundle structure is independent of X and the embedding
P — X. We can recognize it as the fiber bundle structure of the incidence divisor

H:
P
In particular £ = H has an obvious fiber bundle structure over P too.

Thanks to a criterion of Nakano (see [Nak70]) we can contract E the other
way round to obtain a smooth complex variety X. By construction X and X are
isomorphic outside the image of F, in particular they are birational. The subvariety
P C X has been replaced by PV.

If X is again Kahler, it is itself an irreducible symplectic variety. Indeed the

birational isomorphism with X shows that X is simply connected, and one obtains
an isomorphism

{(z,0) |z €t} Cc Px P

HO(X,0%) = H'(X,0%).

Indeed the two varieties are isomorphic outside a set of codimension n > 2, and a
holomorphic 2-form on the complementary extends over this set by Hartog’s theo-
rem.
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There exist many cases where such a projective space can be found inside an
irreducible symplectic variety, and one can also exhibit examples where both X and
X are algebraic.

In view of the preceding construction, the following result from Huybrechts
([Huy03]) comes unexpected. For instance for Calabi-Yau varieties the analog state-
ment is false.

Theorem (Huybrechts). Let X and Y be irreducible symplectic manifold, and as-
sume that they are birational. Then they are deformation equivalent, that is, there
exists a family over a smooth connected base such that X and Y appear as fibers of
the family. In particular X and Y are diffeomorphic.

1.4 Hilbert schemes of points

In this section we introduce the main example of higher-dimensional holomorphic
symplectic varieties. The idea is simple: we just take a symmetric product of a given
K3 surface S. This turns out to be the wrong candidate, since it is singular, but
a suitable desingularization will do the trick. Indeed a simple computation proves
the following

Theorem. Let X be a smooth variety and let Y = X be the n-th symmetric
product of X, for somen > 2. ThenY is smooth if and only if dim X = 1.

In the case where X is a surface, we are lucky enough to find a standard res-
olution of the singularities of X(. Indeed we can consider the Hilbert scheme of
n points of X. This is built as follows: let Z, C Ox be the ideal sheaf of a finite
subscheme Z C X, and let n be its length. If the support of Z is

Supp Z = {x1,..., 2k}
we just define the length of Z to be

k

Z(Z) - ZZ(OXJJi/IZ,xi) >

i=1

where on the right hand side [ denotes the length as a Ox ,,-module.

Then the Hilbert polynomial of the quotient Oz of Ox is just n, so there is
a Quot scheme which parametrizes such quotients (for the construction of Hilbert
and Quot schemes see [Ser06]).

Definition 1.5. The Quot schemes of such quotients is denoted by X[™: we will
refer to it as the Hilbert schemes of n points on X

In case X is not algebraic we can replace the above construction with the so-
called Douady space of n points on X (see [CP94]).
We have the following result (see [Fog73]):

Theorem (Fogarty). If X is a smooth surface, then X s smooth for all n.
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Remark. Of course X[ is always birational to X(™: they are isomorphic on the
open set which parametrizes distinct points. They are different in the way they treat
non-reduced schemes. On X[ we have a point for each scheme Z, while on X
we are only able to parametrize the support of Z, together with the multiplicity at
each point. In particular we have a natural forgetful map (the cycle map)

e Xl x(),
k

7 —— Z Z(OZ,xi)xi

i=1

The simplest example where they differ is when Z is not reduced of length 2.
Then Z is equivalent to the datum of a point and a tangent direction at that point,
while ¢(Z) is just a point counted with multiplicity 2.

We do not prove Fogarty’s result here. We just remark that smoothness of S
is clear away from the diagonal, so we only need to check smoothness locally around
a point in the diagonal. So it is not restrictive to assume that S = C2, and then
one can rely on an explicit description of (C?)[, as in [Nak99, Sec. 1.3].

After this preliminaries we can introduce Beauville’s examples. Let S be a K3
surface, and let w be its symplectic form. On the product S™ we consider the 2-form

7=y mw).

i=1

where

m: " — S

is the projection on the i-th factor. Then ¢ is invariant under the action of the
symmetric group &, hence it descends to a 2-form on S, at least on the open
set S(\ A where S is smooth. Here we have denoted

A ={(x1,...,2,) | x; = x; for at least one choice of i # j}

the big diagonal. We can pullback this form via the cycle map ¢ to obtain a holo-
morphic 2-form o on the open set of reduced schemes on S,

We remark that the set of non-reduced subschemes is a divisor on S, hence we
cannot just appeal to Hartog’s theorem to extend o on the whole Hilbert scheme
S Nevertheless we have the following

Theorem (Beauville, [Bea83b]). The form o extends to a holomorphic 2-form on
the whole S, and the form thus obtained is symplectic. Moreover this gives S
the structure of an irreducible symplectic variety.

Remark. The construction of Beauville works fine even if one starts with an abelian
surface T. The only difference is that 71", endowed with the symplectic form defined
above, is not irreducible.

In order to obtain an irreducible symplectic variety, Beauville considers the
kernel K,,(T) of the summation map

Tl _, p(n) ; T.
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In the same paper [Bea83b| Beauville shows that K, (7") is indeed an irreducible
symplectic variety, called a generalized Kummer variety.
We will not be concerned with generalized Kummer varieties in this work.

To get some feeling about this varieties, we can start by proving the following
very simple proposition, which gives an alternative picture of S 2],

Proposition 1.2. Let S be a smooth surface (or more generally a smooth variety)
and let A € S@ be the diagonal. Then S is the blowup of S@ along A.

Proof. We just have to identify the map
c: P 5

with the blowup map. Since S®) is singular, it will be easier to do things the other
way round: first we blow up the diagonal of S?, then we quotient by the action of
Gs.
Let
e: X — §2

be the blowup of the diagonal A C S2. Over a point (z,2) € A the fiber of € is
e H(z,1) = P(Ny/g021)-
Moreover over A = S we have the isomorphism of vector bundles
TS = Npys2
hence we can identify the fiber
e Yz, x) 2 P(T,S) = {(x,0) | £ is a tangent direction at x}.

The involution of S? gives rise to an involution of X which fixes pointwise the
exceptional divisor. It is easy to identify the quotient of X by this involution with
S, Hence we obtain a commutative diagram

X —— s

52 — 53,
It follows easily that ¢ is the blowup map too. ]

We end this section with a study of the cohomology of the symplectic variety
S We begin by building some natural classes in H 2(s ["},Z). The first one is the
fundamental class of the diagonal.

Let A c S be the big diagonal. We have already remarked that this is a
divisor on S hence we have a class

[A] € H2(S! 7)
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Using the action of the alternating group on S”, one can exhibit a double cover of
S ramified exactly over A. A little bit of care is needed to resolve the singularities
of the obvious quotient.

The existence of such a double cover implies that [A] is divisible by 2 inside
H2(S™. 7). So we let

5 € H* (S 7)

be a class such that 26 = [A].

Other cohomology classes can be obtained from those of S. Indeed let o €
H?(S), then the class

is a class on S” invariant under the action of &,. This descends to a cohomology
class on S™ (this requires a little care), and we let

fila) € H2(SM)
be its pullback. This construction yields a homomorphism
[i: H*(S,2) — H*(S™", 7).
This two examples are enough, as is shown by the following
Theorem.

i) The homomorphism [i is injective, and we have the isomorphism
H2(SM, 7)) = H?(S,7) ® 76, (1.2)
where the first factor is embedded in H?(S™,Z) via [i.

it) If 0 is given type (1,1), the decomposition (1.2) is actually an isomorphism of
Hodge structures.

iti) Moreover if (-,-) denotes the Beauville-Bogomolov form, we have
(6,0) = —2(n — 1),

and the decomposition (1.2) is an isomorphism of lattices, where the two factors
on the right are considered orthogonal.

The above theorem gives a complete description of H 2(5["],Z) as a polarized
Hodge structure, where the lattice structure is given by the Beauville-Bogomolov
form. In many occasions it is useful to know the Fujiki constant of S, and this is
given by the following:

Theorem. The Fujiki constant of S is %

The above results are probably due to Beauville, anyway they are now common
folklore.

We can use the above description to compute the Euler characteristic of S2.
There are more general results by Gottsche describing the Betti numbers of S for
all n (see [G6t90]) but the following will be enough for our needs.
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Proposition 1.3. The Euler characteristic of S is 324.

Sketch of proof. Let b; denote the i-th Betti number of S, Of course by = 1, and
since S is simply connected we have b; = 0. We have a complete description of
H?(S12,7), in particular we find

by =14 be(S) = 23.
Moreover it is known that b3 = 0 and that the intersection product
Sym? H?(S¥, z) — HY (S, 7)
is actually an isomorphism. This implies that

by - (b 1
b4:%:276.

Finally Poincaré duality implies that for the other Betti numbers we have
bs = by =0, bg = 23, bg =1,

so the thesis follows. O

1.5 Conjectures on symplectic varieties

In this section we briefly recall some conjectures about holomorphic symplectic
varieties which were the motivation for this work. By no means this is a complete
survey about open problems on irreducible symplectic varieties; indeed we just
mention the conjectures related to the present thesis.

Actually we start one step before, from the cycle map

c: CH*(X) - H*(X,Z)

for a smooth variety X over C. Although Chow groups were introduces to mimic the
topological construction of cohomology, very little is known about this map in gen-
eral. Of course it is a homomorphism of rings, since cup products and intersection
products agree.

The problem is to characterize the image and the kernel of ¢. We can extend ¢
to a homomorphism

cg: CH*(X)q — H*(X,Q);
then we have the well-known

Conjecture 1 (Hodge). Assume that X is projective. The image of cg is generated
by the classes in H*(X,Q) of type (p,p).

We won’t enter in detail about this, for a survey see [Bea08].

The problem of characterizing the kernel, if less rewarded, is no less mysterious.
Rational equivalence is indeed very fine, as shown for example by the following
result (see [Voi03, Thm. 10.15]).



14 1. Holomorphic symplectic manifolds

Definition 1.6. We let
CHp o (X) =kerc

be the ideal of CH*(X) consisting of classes of cycles homologically equivalent to
0.

Theorem (Mumford). Let S be a surface with
HY(S,Kg) #0.
Then the map
S™ x §™ —— CH?,, (S)
(Z1,Z2) ——— Z1 — Z2
has general countable fiber, and is never surjective.

The meaning of the above theorem is that there is that every sensible definition of
dimension for Chow groups would lead us to define CH?, (S) infinite-dimensional.

Remark. On any variety X of we have by definition
CH}pn(X) = Pic®(X),

which is an abelian variety. So the pathological behaviour above can only happen
in codimension at least 2. Indeed Mumford’s theorem shows that the simplest
nontrivial case, that of point on surfaces, can already be quite subtle.

By the way, also Hodge conjecture is known to hold in codimension 1, and is
just Lefschetz theorem on (1,1) classes.

So we see that CHy | can be rather large: only a small part of the information is
retained by homological equivalence. The conjectural characterization of the kernel
of ¢ is much less precise given by the following

Conjecture 2 (Bloch-Beilinson). For every variety X there exists a (decreasing)
functorial filtration of rings

CHP(X) = F°CH?(X) > FICH?(X) D> --- > FPTICHP(X) =0

such that F'CHP(X) is exzactly the kernel of the cycle map c.

Here functorial means that it is compatible both with pull-backs f* and push-
forwards f., when they are defined. Of rings means that it respects the intersection
product on the Chow ring.

Remark. We should emphasize that the requirement
FPHICHP(X) =0

is far from trivial; indeed this is the delicate point of many proposed construc-
tions. Moreover the conjecture is somewhat more precise. For a discussion of the
conjecture and some of its consequences see [GP03].
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Beauville and Voisin have proved in [BV04] the following simple but rather
remarkable result:

Theorem (Beauville-Voisin). Let S be a K3 surface, C, D two divisors on it. Then
there exists a 0-cycle 8 on S such that

C-D =deg(C-D)f
in CH?(S). Moreover co(S) = 246.

This is in sharp contrast with Mumford’s theorem. Although the group C H?(S)
is infinite-dimensional, the image of the intersection product

Pic(S) x Pic(S) — CH?(S)

is just a line inside it. This has lead Beauville to formulate in [Bea07] the following
addendum to the Bloch-Beilinson conjecture:

Conjecture 3 (Beauville). If X is an irreducible symplectic variety, the Bloch-
Beilinson filtration for X splits, that is, it is the filtration associated to a graduation.

An easy, and more testable, consequence of this (second order) conjecture is
then

Conjecture 4 (Beauville). Let X be an irreducible symplectic variety, and let
DCH(X) ¢ CH*(X) be the subring generated by the divisors. Then the cycle
map

c: CH*(X) - H*(X,Z)

is injective when restricted to DCH (X).

That conjecture 3 implies Conjecture 4 is easy, and is shown in [Bea07]. Indeed
if X is symplectic we have

FICHY(X) =Pic®(X) =0

since X is simply connected, in particular ¢(X) = 0. But then Conjecture 3 implies
that no product of divisors can lie in

F'CH*(X) = kerec.

Remark. We should mention that Huybrechts in [Huy09] has given an alternative
interpretation of the result of Beauville and Voisin in the framework of derived
categories. Namely let S be a K3 and let

R(S) = CH*(S) ® CHY(S) @ Zp,

where p is a point on any rational curve on S. Then the first claim of the theorem of
Beauville and Voisin can be restated by saying that R(S) is a subring of the Chow
ring. Huybrechts gives the following equivalent formulation: for any line bundle L
on S one has

(L) € R(S),
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where v is the Mukai vector; this includes the second half of the statement. In this
form, assuming rk Pic(S) > 2, the result is generalized from line bundles on S to
spherical objects in the derived category of S (these are objects F in the derived
the derived category which satisfy

Ext*(E, E) = H*(S?,C),
see [Huy09] for details).
We come back to the more elementary formulation.

Remark. Conjecture 4 explicitly means the following: any polynomial relation
P(Dy,...,Dy) =0

in the fundamental classes of divisors which holds in H*(X) already holds inside
CH*(X).

The state of the conjecture is as follows. It has been proved by Beauville himself
in the first cases. Then it has been extended by Voisin in [Voi08] in the following
form:

Conjecture 5 (Voisin). Let X be an irreducible symplectic variety. Any polynomial
relation

P(Dly"'aDk;,Ci(X)) =0

in the fundamental classes of divisors and in the Chern classes of X which holds in

H*(X) already holds in CH*(X).
In the same paper Voisin proves
Theorem (Voisin). Conjecture 5 holds true when

e X =S for some K3 S, and n < 2by(S)s + 4, where bo(S)y, is the rank of
the transcendental part of H%(S), that is, the orthogonal of the Néron-Severi
lattice, or

e X is the Fano variety of lines on a cubic fourfold Y C P°.

The proof is quite complicated in both cases: one has to produce a number of
relations in CH*(X). In this thesis we propose to study Conjecture 5 in the case
where X is a double EPW sextic, to be defined in next chapter. Roughly we follow
the ideas of the proof of Voisin for the case of the Fano variety.

The problem is that the definition of EPW sextic is quite involved, hence many
geometric constructions which are easy to produce from the projective geometry of
cubic fourfolds become far less trivial to replicate on EPW sextics. The geometry
of EPW sextics is indeed rather subtle; in particular inside the Fano variety one can
produce a lot of rational surfaces which are sections of a Lagrangian rank 2 vector
bundle, while on EPW sextics we had to replace these with Enriques surfaces, which
do not come as sections of a vector bundle.

In particular we are aiming to the following result
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Theorem. Let X be a double EPW sextic, f: X — Y its associated double covering.
Let
h= f*Oy(1)

be the natural polarization. Then every polynomial relation between h and the Chern
classes of X which holds in H*(X,Q) already holds in CH*(X)q.
In particular if X is very general, Conjecture 5 holds for X.

The second claim follows form the fact that for the very general double EPW
sextic the Picard group is generated by h.

In proving the theorem we are lead to produce a number of results about the
geometry of EPW sextics. In particular in Chapter 2 we define EPW sextics and
make a detailed study of the singularities that can appear. This is needed to study
the degenerate cases of EPW sextics. In Chapter 3 we show that a suitable de-
generation allows us to transfer problems about surfaces inside EPW sextics to the
study of the surface of bitangents to a quartic surface S C P3. In particular we
want to study the behaviour of such a surface when S acquires many nodes. Finally
Chapter 4 puts everything together to give a proof of the main theorem.






Chapter 2

Double EPW sextics

2.1 The construction of EPW sextics

2.1.1 Some linear algebra constructions

EPW sextics were introduce by Eisenbud, Popescu and Walter in [EPWO00]; their
double covering was constructed by O’Grady, who also showed that it gives an
example of an irreducible symplectic variety. Most of the results of this chapter are
due to O’Grady, we have in particular relied on the work in preparation [O’G].

In this section we do some preliminary linear algebra, in order to discuss EPW
sextics and their double coverings. We begin with a 6-dimensional vector space V
over the field C. The space A®V is 1-dimensional, so we choose once and for all an
isomorphism

vol: ANV — C.
This endows AV with a symplectic form, given by
(a, B) = vol(a A B),

for a, 5 € N3 V.
We remark that dim /\3 V = (g) = 20, and as usual we say that a subspace
A c N3V is Lagrangian if

1
dim A = §dim/\3V: 10

and the form (-, -) restricts to 0 on A. In particular for each non-zero v € V we can
consider the Lagrangian subspace

E,={vAha|ac AV}

Of course
(vAa)A(vAB)=0

for every a, 3 € A2V. So to prove that F, is Lagrangian it is enough to show that
dim F}, = 10. But it is clear that

Fy 2 N(V/{v)), (2.1)

19
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so dim F,, = (g) = 10.

Since the subspace F;, only depends on the class [v] € P(V'), the subspaces F, fit
together, giving rise to a Lagrangian subbundle F' of the trivial symplectic bundle
P(V) x V.

We can compute the Chern classes of F' as follows. First we globalize the iso-
morphism in (2.1). It is immediate to see that the isomorphism

por N (V/{v)) — F,
[a] ——vAa

depends on the choice of v, and more precisely ¢, = ky,. From this it is immediate
to realize that the maps ¢, fit together and yield an isomorphism

F~So A\ Q,

where Q is the tautological quotient bundle on P(V) and S the tautological sub-
bundle. The exact sequence

0———>S———>OP(V) QV — Q9 ——0
implies that

c(Q) = —ci(8) = h,

the hyperplane class on P(V'). A standard computation using the splitting principle
gives that
c1(Sym? Q) = 6¢,(Q) = 6h.

In a similar way we get

c1(Q® Q) = 10¢1(Q) = 10h.

Since
AN Q= (Q® Q)/Sym*Q
we find
c1(A? Q) = 4h,
and a last application of the splitting principle yields
c1(F) = c1(A? Q) + tk(F)ei (S) = —6h. (2.2)

2.1.2 The definition of EPW sextics

We are now ready to define the EPW sextics, as follows. Fix a Lagrangian subspace
A c A*V. Note that the symplectic form gives a canonical identification

AN V/A= AV,

Let
)\AI F — O]P’(V) X A\/ (23)

be the inclusion ' — Opy) @ A? V followed by the projection modulo A. The map
A4 is a map of vector bundles of equal rank 10.
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Definition 2.1. We set
Yi= Z(det )\A),

the zero locus of the determinant of A4. This is a subscheme of P(V'); when it is
not the whole P(V'), Yy is called a EPW sextic.

Remark. The locus Y}, is indeed a sextic. To see this, note that A4 is a section of
Hom(F, O]p(v) & AV) ~ VR (O]P’(V) & Av) ~ VoA

so det A4 is a section of
det(F¥) = Op v (6)

thanks to Equation (2.2).
Remark. The support of the scheme Yy is by definition the locus
{lv] e P(V) | dim(F, N A) > 1}.

We then set
Yalk] = {[v] € P(V) | dim(F, N A) > k},

so that Y4 = Y4[1], at least set-theoretically.
The loci Y4[k] also have a natural scheme structure, given by the vanishing of
the determinants of the (k+ 1) x (k+ 1) minors of A4.

We can also describe Y4 locally as follows. Choose a Lagrangian subspace B C
A®V complementary to A, so that

ANV =A®B. (2.4)
Since both A and B are Lagrangian, the pairing
(,): AxB—C

is non-degenerate, allowing us to identify B with AY. Assume that B is transversal
to some F,; then F}, is the graph of a linear map

0y A— B AY,
Indeed the projection F,, — A is an isomorphism, since its kernel is
F,NB=0.
Then ¢, is just the composition
A— F, — B.

Remark. The hypothesis that A, B and F, are Lagrangian implies that ¢, is
actually a symmetric map, meaning that for each a, 3 € A we have

(po(a), B) = (pu(B), ), (2.5)

where (-, -) is the natural pairing between AV and A.
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Indeed (2.5) is equivalent, by the definition of the isomorphism between B and
AV to
(va(a)aﬁ) = (SDU(B)’ a) ) (2-6)
where now ¢, is seen as a map from A to B. To verify that (2.6) holds let us take
~v,6 € B such that
a+y € Fy, B+6€Fy;

such vectors are unique since the projection of F;, to A is an isomorphism (recall
that B and F, are transverse). By construction we have ¢,(a) = and ¢,(8) = 0.
So (2.6) becomes

(av 5) = (ﬁ/.}/) )

and the latter is a consequence of

(a,8) = (7,8) = (a+,8+6) =0.

By definition ker ¢, = A N F},, hence we have the following local description of
Y. Let
Up = {[v] | F, is transverse to B} C P(V).

Then we have constructed a map
Up — Sym?(AY).
[v] ——— 0

We now see that

YaNUp = Z(det ).

We will see later a local description similar to the above, but better suited for
computations.

2.2 The double covering

In this section we propose to show that a generic EPW sextics admits a 2 : 1
covering, ramified exactly on the singular locus, which is smooth, and is indeed an
irreducible symplectic variety.

We start with an exact sequence. Assume that Yy is not the whole P(V'). The
map of vector bundles A4 in (2.3) is an injective homomorphism of sheaves: indeed
it is an isomorphism on [v] for [v] € P(V) generic (precisely when [v] ¢ Y4). Of
course it is not an isomorphism, so it is not surjective; still it is clear that the
cokernel is supported on Y4. If we denote

ia:Ya —P(V)
the inclusion, then we have an exact sequence

0—— F — Opyy ® AY — i44(64) — 0 (2.7)
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for some sheaf £4 on Y. We will see in a moment that for a generic Lagrangian
subspace A the locus

Ya[2] = {[v] € P(V) | dim(F, N A) > 2}

is properly contained in Yjy; it follows that £4 is generically free of rank 1.
We now dualize the exact sequence in (2.7). Note that

HOm(iA*(fA), O]P’(V)) =0 and 5$t1(O]P’(V) & A\/, OP(V)) =0:

the first because i4.(£4) is zero outside Y4 and the second because the two sheaves
are free. So we the dual sequence is just

O—>OP(V) ®A—>Fv —>5$t1(iA*(§A)70]P(V)) —0 . (28)

The exact sequences in (2.7) and (2.8) fit together to form a commutative dia-
gram. To see this we introduce the morphism of vector bundles

HA: F — OIP’(V) ® A (29)

which is analogous to A4, the only difference being that we project on the other
factor in decomposition (2.4). Taking into account the transpose of both A4 and
1A we obtain a diagram

0 F 24 Opy @ AY ——— g, (€4) ————— 0

HA InA

t

0—— Opry ® A —— FY —— Eat' (ia:(£a), Opgry) —— 0
The left square is commutative: indeed this means that
pyoda =AY o pa;
in other words that the map
pyods: F— FY

is symmetric. This follows from the fact that A, B and F, are all Lagrangian
subspaces, as in the remark in the previous section.
Standard diagram chasing shows that we can complete the diagram with a map

iax(€a) = Ext' (Opry © AY, Opyy)

which gives rise to a morphism of short exact sequences.
The next lemma identifies the term Ext'(igx(£4), Op(v)), which is the most
obscure one in the diagram.
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Lemma 2.1. We have an isomorphism

Ext (iax(€a), Opry) = ia.(£4(6)),
where we have called
&4 = Hom(€a, Oy,)
(pay attention that £4 is not locally free).

Proof. Start from the exact sequence of Y4: since it is a sextic we have, after a
twist by 6,
0—— O]p(v) _— O]p(v) (6) —_— OYA (6) —0 .

Apply Hom(&4, ) and take into account that
Hom(ia«(§a), Opr)(6)) =0,

to obtain

0 —— Hom(i au(€4), Oy, (6)) —2— Ext (i 4 (€4), Opqr)) ——

L Ext' (ia(€a), Opy (6)) — -

Since
Hom(ia(§a), Oy, (6)) = Hom(iax(€a), Oy, )(6) = ia«(£1)(6),
it is enough to prove that « is an isomorphism, or equivalently that g vanishes.
But the map £ is induced by the map

Opvy — Op(vy(6),

which is multiplication by the section of Op(y)(6) whose zero locus is Y4. Since
i4+(€4) is supported on Yy, (3 is then zero, so the conclusion follows. O

We have a look at the diagram we have obtained so far:

0 F A OP(V)®AV———>Z'A*(£A)——>O
27 utA
A\t
0—— Opy ® A —— F" i4+(€4)(6) — 0;

in particular we are interested in the map

ia+(64) — 14:(€4)(6).

Denote
Ca=¢"(3).
Then the above becomes a map
Ca— Cx;

composing with the natural pairing between (4 and () we obtain a multiplication
map

ma: (4 ®Ca — Oy,.

One can prove (see [O’G08al)the following
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Lemma 2.2 (O’Grady). The map my4 is symmetric and associative, and gives an
isomorphism between (4 ® (o and Oy,.

Thanks to the lemma we see that the sheaf

OYA D CA
has the structure of Oy,-algebra, so we have an associated double covering.

Definition 2.2. We denote by
Xa = Projy, (Oy, ©Ca)
this double covering. The scheme X4 is called a double EPW sextic. We denote by
far Xa—Yy
the covering map.

Remark. We claim that the ramification locus of the map f4 is Y4[2]. To see
this we just need to observe that by construction the ramification locus is the locus
where the sheaf (4, or equivalently the sheaf €4, is not locally free. Since i4.(£4)
is the cokernel of the map

g F— OP(V) ®Av,
we see that the rank of {4 jumps exactly along Y4[2], hence our claim.

We will verify in Section 3.1 that every double EPW sextic X 4 is a deformation
of S12, where S is a quartic K3 surface. Since the latter is an irreducible symplectic
variety, we deduce

Proposition 2.3 (O’Crady). Let A € LG(A*V)°. Then X4 is an irreducible
symplectic variety. The polarized Hodge structure on H*(X,7) is the same as that
of S, where S is a K3 surface, and its Fujiki constant is 3.

2.3 The parameter space for double EPW sextics

In this section we wish to describe the geometry of the Lagrangian Grassmannian
LG(/\3 V'), which is the natural parameter space for EPW sextic. Inside it we will
be able to find some subvarieties corresponding to degenerate cases of EPW sextics.
We anticipate that the generic behaviour is the following.

If A e LG( A3 V') is generic, A does not contain any decomposable form, and the
locus Y4[3] is empty. In this case we will see that Y} is singular exactly along Y4[2],
and the double covering X 4 is smooth, actually an irreducible symplectic variety.

We start with the following

Definition 2.3. If F is a symplectic vector space of dimension 2n we let
LG(FE) C Gr(n, E)

be the subset of the Grassmannian parametrizing Lagrangian subspaces of E.
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It is immediate to check that LG(E) is a closed subset of Gr(n,E). Since
the symplectic group acts transitively on LG(E), we see that it is smooth. We
describe its tangent. Recall that for a subspace A € Gr(n, E) we have a canonical
identification

T4 Gr(n,E) = Hom(A, E/A).

When A is Lagrangian we can use the symplectic form to identify
E/A=E/At =AY,
It is easy to verify that under this identification we have
TALG(E) = Sym?*(AY) C Hom(A, AY) = T4 Gr(n, E).

In other words the tangent to LG(E) only consists of those maps A — AV which
are symmetric.
From this it is immediate to compute that
n+1
5 |-
Now we come back to the case where E = A3 V. Following [O’G] we give the

following definitions.

dimLG(E) = dim Sym?(A")

Definition 2.4. We let
Y ={AcLGAN’V) | A*(W) C A for some W C V, dimW = 3}.

In other words ¥ is the set of Lagrangian subspaces of A®V containing a decom-
posable form.

More generally for each k € N we define X as the Zariski closure of the locus
of Lagrangian subspaces A € LG(/\3 V') that contain exactly k linearly independent
decomposable forms. In this way we have ¥ = ¥; (see Proposition 2.4), and of
course X = () when k > 10.

We let

A={AcLGANV)|Ya[3] # 0} CLG(A*V).

Finally we define
LG(A* V)P =LG(A®V)\ (ZUA).

We shall now see that both ¥ and A are divisors on LG(A? V), so LG(A®V)°
is open, and that LG(A®V)? is exactly the locus where the double covering X 4 is
smooth. More generally we study the dimension of ¥, since in this work we are
particularly interested to the locus 3.

Proposition 2.4 (O’Grady).
i) The set ¥ is closed in LG(A3V).

i) The set Xy, has codimension k in LG(A3 V) (when it is not empty).
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i1i) Xy is smooth away from Xjq.

iv) Let
A€ X\ Big1,

so that A contains exactly k decomposable forms aq,...,a, up to multiples.
Then the tangent space to ¥y in A is

TaSk = {q € Sym*(4Y) | g(an) = --- = q(ay) = 0}.

Proof. It is enough to prove that ¥ is closed and that the description of the tangent
space holds. Indeed once we know this, we see that the dimension of the tangent
space is constant on Y\ X1, since linearly independent points induce independent
conditions on quadrics. Hence, since this is an open subset of X, the common
dimension is the dimension of Y, so these are smooth points. Moreover the same
description of the tangent yields that the codimension of ¥ is exactly k.

So we turn to proving that 3 is closed. We consider the incidence variety

S ={(W,A) | \*W c A} c Gr(3,V) x LG(A*V).

Since ¥ is closed and ¥ is its projection, it follows that 3 is closed too.

Finally we look at the description of the tangent space. To simplify notation,
we deal with the case k = 1. Let A(t) be a curve inside ¥ with A(0) = A.

We choose a basis

{B1(t), ..., Bo(t),c(t) }

of A(t), such that a(t) is decomposable. Choose a subspace C' C A>V complemen-
tary to A. Then the element of Sym?(A)Y associated to the tangent vector A(0) is
constructed as follows.

Since

ANV =A4AaC,
the subspace A(t), for ¢t small, is the graph of a map f(¢): A — C. The vector
A(0) € TALG(A® V)

corresponds to the symmetric homomorphism f/(0): A — C. Here the subspace C
is identified, by the symplectic form, with AV.

Let now a = «(0) be the decomposable form in A. By definition of graph,
a+ f(t)a € A(t) for all t. So we can choose functions

Al(t), R ,)\10(15)

such that
fB)a+a=M(@)B1(t) 4+ -+ + Xo(t)Bo(t) + Ao (t)(?).
We observe that a = «(0) implies that

A1(0) =--- = Ag(0) = 0.
Moreover since A is Lagrangian

(a, 41(0)) = -+ = (@, 59(0)) = (@, a(0)) = 0.
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So, when we take derivatives, we are left with
(o, f'(0)a) = (e, &/ (0)).
Now we use the fact that «(t) is decomposable, say
a(t) = vi(t) A va(t) Awvs(t),
and let v; = v;(0), so that & = v1 A v A v3. Then we have
aAat) =v; Avg Avg Avr(t) Ave(t) Awvs(t),
and taking derivatives yields
(a, f'(0)a) = (e, ' (0)) = vol(a A &/ (0)) = 0.
So we see that «a lies on the quadric defined by A(0), that is
T4 C {q € Sym?(AY) | ¢(a) = 0}.
The other inclusion is proved in a similar way. O

Next we turn the description of A. In this work it does not really come into
play, so we limit ourselves to the following

Proposition 2.5 (O’Grady). A is an irreducible divisor of LG(A® V).
Proof. As before we consider the incidence variety
A={(],A) | dimANEF, >3} CP(V) x LG(A*V).

We have the first projection _
m: A — P(V),

and we claim that the fiber 7=!([v]) is irreducible of dimension 49.
Indeed to find a Lagrangian subspace A such that

dim F,N A>3

we have to choose first a subspace U C F), of dimension 3, and then a Lagrangian
subspace A with
UcAcU-

We remark that the symplectic form on AV induces a symplectic form on U+ JU.
So we see that 7= 1([v]) is itself fibered over Gr(3, F,), whit fiber a Lagrangian
Grassmannian LG(U+/U). It follows that 7—([v]) is irreducible and

dim 7 Y([v]) = dim Gr(3, F,) + dim LG(UL/U) = 21 + 28 = 49.
We conclude that A is irreducible, with
dim A = dimP(V) + dim 7~ ([v]) = 5 + 49 = 54.

Since A is the projection of A it follows that A is irreducible, of dimension at
most 54. The reverse inequality

dim A > 54

is a bit trickier to obtain, and we will not prove it here, since we don’t need it in
the sequel. O
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Next we see why these loci are relevant.

Proposition 2.6 (O’Grady). Let A € LG(A*V), and assume that Y4 is not the
whole P(V'). Let [v] € Ya. Then Y4 is smooth at [v] if and only if [v] ¢ Ya[2] and
A does not contain any decomposable form multiple of [v].

In other words the singular locus of Y4 is the union of Ya[2] and the planes
P(W), where W wvaries through all 3-planes of V' such that N> W C A.

Corollary 2.7. The double covering X 4 is smooth if and only if
A e LG(A3V)O.

We postpone the proof of the proposition up to when we have a better grasp of
the local structure of Yy4; it will appear again as Proposition 2.23. We sketch here
the proof of the corollary.

Proof of Corollary 2.7. In one direction assume that
A e LG(A3V)O.
Since Yy is smooth outside Y4[2] and the covering
fa: Xa—Yy

is unramified outside Y4[2] we just have to check that X4 is smooth in the points

of f11(Ya[2]). This follows from the local description of Y4[2] in Proposition 2.27.
Viceversa assume that X4 is smooth. Since f4 is unramified outside Y4[2] it

follows that Y4 is smooth outside Y4[2], hence by the above proposition we have

A¢.

A local study then shows that if [v] € Y4[3], the point f;*([v]) is not a smooth
point of X 4, so we must have

A¢A.
O

Finally we mention the natural duality for double EPW sextics, introduced in
[0’G08a]. The volume form vol on V' induces one, which we shall call vol¥, on VV.
Hence we have a symplectic form on A® V'V, given by

ABVY x ANBVY —C
(@, 8) ——vol*(a A )
As in the non Lagrangian case, we have a duality isomorphism
§: LG(A*V) —= LG(A3VY).
A——— Ann(4)

Hence, given A € LG(A?V) we have also a dual EPW sextic
Y504) C P(VY).

The connection with Y4 is given by the following result.
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Theorem (O’Grady). If A € LG(A3V) is generic, Y5(a) is the dual variety (in the
sense of projective geometry) of Yj.

2.4 The surface Z4

Let A € LG(A*V)?, and let f4: X4 — Y4 be the double covering of the corre-
sponding EPW sextic. Let Z4 C X4 be the fixed locus of the covering involution
pA. The projection

fA: ZA — YA [2]

is an isomorphism. In this section we want to recall some properties of the surface
Z 4. We omit A from the notation, since it will be kept fixed.

Remark. Z is a Lagrangian surface inside X. Indeed let ¢ be the symplectic form
of X. The covering involution satisfies

0" (o) = —o. (2.10)

This is not completely obvious, since the proof that X is symplectic relies on the
fact that it can be deformed to S, where S is a K'3; we will show this in Section
3.1. Granting this for a moment, one gets

because Z is fixed pointwise by .

Equation 2.10 is a consequence of a more general fact. The polarized variety
(X,0x(1)) is a polarized deformation of (S, h), where

h e H*(S? 7)
is[ Qa]L certain ample class. Moreover the involution ¢ deforms to an involution % on
’ Recall that H2(X,7Z) and H?(S?, Z) are endowed with the Beauville-Bogomolov
form. O’Grady shows in [O’GO5b, Prop. 4.1] that
v HX(SP 7)) — H?(SP, 7Z)
equals the reflection in the span of h. It follows that

©*: HX(X,Z) — H*(X,7)

is the reflection in the span of ¢1(Ox(1)). In particular since o and ¢;(Ox(1)) are
orthogonal with respect to the Beauville-Bogomolov form, Equation 2.10 follows.

We have the following

Proposition 2.8 (O’Grady). The canonical class of Z satisfies

2K = Oyz(6).
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Remark. The above proposition determines Kz only up to 2-torsion. Namely we
can rewrite it as

Ky = 02(3) + K,

where & is a 2-torsion class. We will see in Section 3.3 that the class k is really
NON-Zero.

Proof. For simplicity let us denote W = f(Z) the singular set of Y. We know that
on W the map A has constant rank 8, so we get the following exact sequence of
vector bundles on W':

0 K F M Ow @ (A? V/A) — (|, —0. (2.11)

Here K is defined to be the kernel of )\|W; it has rank 2. Identifying W with its
preimage Z C X, we claim that the following isomorphisms hold:

Cly = Nzyx- (2.12)
K= Ny (2.13)

Assuming Equations (2.12) and (2.13) for a moment, the exact sequence in (2.11)
gives

etV x) = ci(F) = ect(Ngyx) = 0,

hence
2¢1(Nzyx) = —a1(F) = Oz(6).

Since X has trivial canonical class, it follows that
2Kz =2c1(Nz/x) = Oz(6),

as desired.
So we now turn to the proof of (2.12) and (2.13). Let p € Z; then the covering
involution ¢ fixes p, so ¢* acts on T, X. This gives a decomposition

T,X = (T,X)+ & (T,X)-
in eigenspaces for ¢*, with eigenvalues +1. Since Z is the fixed locus of ¢,
(T, X)y =T,Z.

On the other hand, since
X = Proj(Oy @ (),

we can identify

(TpX)— = Cr(p)-
It follows that

(Nzyx)p = Crip)
and the isomorphism in (2.12) holds.
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For the other, we show that I =2 ( |¥/V Indeed observe that over W we have
K, =F,NA and
Co =N V/(F, + A).

The symplectic form identifies K with the quotient A® V/(F,NA)*, and since both
A and F, are Lagrangian we have

(F,nA)r=Fr+ At =F,+ 4,
thereby proving isomorphism (2.13). O
Corollary 2.9. For A € LG(A3V)° the surface Za = Y4[2] is of general type.

We end this brief section with the computation of some invariants of Z. We
recall without proof from [O’GO08b] that the topological Euler characteristic of Z is
x(Z) = 192, and that Y[2] has degree 40 in P5. It follows from Proposition 2.8 that

K% = 9degY[2] = 360,

so by Noether formula

1 1
X(Z,07) = 5 (x(2) + K%)= 15 (192 + 360) = 46.

By definition this is 1 — ¢(Z) + py(Z), hence py(Z) = 45+ q(Z). By Corollary 3.19
we find
q(Z) =0, pg(Z) = 45.

2.5 FEPW sextics containing a plane

We consider in this section the case where the Lagrangian subspace A contains some
nonzero completely decomposable tensor wi A wo A ws. Let

W = (wi,ws,w3) ;

then dimW = 3 and A>W C A.

It is clear by definition that P(W') C Y4, and as we have remarked Y is singular
along P(WW), as well as on Y4[2]. In this section we want to show that P(W) and
Y4[2] meet along a sextic curve on P(W), and that this curve comes endowed with
an unramified double covering.

Proposition 2.10 (O’Grady, [O’G]). Let W C V be a subspace with dim W = 3,
A C N3V a generic Lagrangian subspace containing N> W. Then

CAJ/V = P(W) N YA[Q]

is a curve of degree 6 inside P(W).
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Proof. The proof is almost a repetition of the fact that Y4 is a sextic. Take any
[w] € P(W); then [w] € Y4[2] if and only if

dim(ANF,) > 2.
By hypothesis AW C A4, and it is clear that A>W C F,, so in any case
dim(ANF,) > 1.
To get rid of this, we quotient out the factor A3 W. So let
Ew = (N W)Y/ N W,

where orthogonality is with respect to the symplectic form on A®V; this is well
defined because A> W is of course isotropic. The symplectic form on AV induces
an antisymmetric form on Eyy, which is again non-degenerate, so Eyy is a symplectic
space itself. Inside Ey we find

B=A/N*W

(recall that A C (A3 W)™, since it is isotropic and contains A W).
The trivial symplectic vector bundle Ew ® Op(y) has a Lagrangian vector sub-
bundle G defined by
Gw = w/ /\3 w.

By the remark at the beginning of the proof,
Caw = {[w] e P(W) | dim(B N Gy) > 0}.

The inclusion of G inside Eyw ® Op(y), followed by projection, gives a map of vector
bundles
I/Ath G — Ew/B,

and C4 v is the locus where v4 1 has not maximal rank. Since
c1(G) = e1(F) = Opw)(—6),
and Ey /B is trivial, det v w is a section of
det(Hom(G, Ew /B)) = Op(w)(6),

and C4w, being the zero locus of det v4 1y, is a sextic curve, unless det vy van-
ishes identically.

In Section 2.6 we will compute local equations for C'4 . In particular we will
see that for A generic, it is smooth, so certainly it is not the whole P(W). O

We can also mimic the construction of the double covering X 4 of Y4, to obtain
a double covering C 4w of C4 . First we define

Cawlk] = {[w] € P(W) | dim(B N Gy) > k},

so that Cq w = Ca w/[l]. Different from the case of Y4, we expect for dimensional
reasons that C4 w[k] is empty for k£ > 2, and this is actually the case for A generic
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in ¥. Indeed, being a degeneracy locus, Caw is singular along Cy w[2]. But it
follows from the results of Section 2.6 that C'4 w is smooth for A generic in ¥.
Let us choose a complementary Lagrangian subspace in Eyy to B; as in Section
2.1 the symplectic form allows one to identify this subspace to B, so one obtains
the decomposition
Ew =B® BY.

Let
AG— B\/ & OP(W)

denote the inclusion of G inside Fy followed by the projection on B, and similarly
for
p: G — B® Opay).

These maps and their adjoints fit into a commutative diagram:

0 G -2 Opyy ® BY 5 () 0

n ut (2.14)
0 — Opqy) ® B 25 G¥ —— Eat! (. &), Opqwy) — 0.
Here j: Caw — P(W) denotes the inclusion, and the lower line is obtained by
dualizing the upper one. Details are completely analogous to Section 2.2.
Lemma 2.11. We have an isomorphism

Ext' (j.(€), Opary) = 41 (£Y(6))

Proof. Start from the exact sequence of C'4 : since it is a sextic we have, after a
twist by 6,

00— O]P’(W) —_— O]P’(W) (6) — OCA,W (6) —0 .

Apply Hom(j.(£),-) and take into account that
Hom(]* (5)’ O]P(V) (6)) =0,

to obtain

0 —— Hom(j.(€), Oc, v (6)) —2— Ext! (ju (€), Opqrry) ——

P 3t (. (), Oy (6)) — - -

Since
Hom(j(€), Oc s (6)) = Hom(ji(€), Oc, ) (6) = jx(£")(6)
it enough to prove that « is an isomorphism, or equivalently that (8 vanishes.
But the map ( is induced by the map

Opw) — Op(6),

which is multiplication by a section of Op(y)(6) which vanishes on Cw. Since
J«(§) is supported on Cq w, B is then zero, so the conclusion follows. O
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The preceding lemma, together with the commutative diagram 2.14 gives us a
map

J(€) — 3£ (£7(6))
or equivalently
£ —£7(6).
Let ¢ = £(3); then this map can be viewed as a map ¢ — ¢¥. Composing it with
the natural pairing between ( and its dual we get a map

m: (¢ — Ocy -
We have the analog

Lemma 2.12 (O’Grady). The map m is symmetric and associative, so it gives the

sheaf
Ocyw & ¢

the structure of a Oc, y, -algebra.

After this lemma we can define C 'A,w as the double covering of C'4 - associated
to the algebra Oc, ,, ® ¢. If Cqw[2] is empty, ¢ is locally free, hence the covering
is unramified.

We compute the genera. For A € ¥ generic the curve C4 v is a smooth sextic,

so it has genus
5
g(CA,W) = (2> = 10.

The genus of C 'A,w can be computed by Riemann-Hurwitz and it turns out that
g(Caw) =19.

Remark. Let A € ¥ be a Lagrangian subspace, such that A > A W for exactly one
subspace W C V of dimension 3. Then we can construct an irreducible symplectic
variety in the following way.

Let X4 be the double covering of Y, ramified over Y4[2]; then X4 is singular
along the double covering S of P(W). The surface S is a double covering of P(WV)
ramified along the smooth sextic C4 w, hence it is a K3. Let X 4 be the blowup
of X4 along S. Then it is not difficult to see that X4 is an irreducible symplectic
variety, deformation equivalent to a smooth double EPW sextic.

2.6 Local study

We wish to understand the local description of the surface Y4[2], in particular when
A contains A®W for some 3-plane W C V. In particular we will see that Y4[2]
is smooth away from P(W) and we will describe its singularities along the curve
Caw = Ya[2] NP(W). The most delicate analysis will be needed near point where
two planes P(W) and P(W') meet.

In doing so we will also describe the singularities of the curve C4 v itself; ac-
tually we shall tackle this problem first, since it will be needed to study Y4. Our
final goal is to be able to produce an explicit sequence of blow-ups that resolves
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the singularities of Y4[2]. This will be needed in the sequel to show that when Yy
contains 10 planes and is generic with respect to this condition, the surface Y4[2] is
Enriques: we will be able to show this by studying sections of the canonical bundle
of our explicit desingularization.
To start our program let us fix some point [vg] € Y = Y4 and choose a comple-
ment Vy in V, so
V = (v) & W. (2.15)

Lemma 2.13. Assume Y41 is not the whole P(VY). Then we can choose the
complement Vy in such a way that

NV =A4aN W (2.16)

By construction we have A\® VN F,, = 0; since both subspaces have dimension
10 we then have
ANV = F,, & \*Vo. (2.17)

Let us call

m: N2V — E,

the projection relative to this decomposition. Since AN A% Vj = 0, the restriction
| 0 A= Fy

is an isomorphism; its inverse followed by projection on A® Vy gives a well-defined
map
TA: Fvo - /\3 Vo

whose graph is A. Moreover, since F, and A3 Vi are complementary Lagrangian
subspaces, the symplectic form identifies A3 Vj with F%: namely 3 € A*Vj corre-
sponds to the functional

Fpy ———C.

a—— vol(f A a)

The fact that A is Lagrangian too easily implies that 74 is symmetric.
To put it another way, we also have an isomorphism

N2 Vo —— Fy,.

ar—— g N\«

So we can consider 74 as a map
. 2 \V 3 Vi
Tar N Vo — A" Vo,

and again we see that 74 is symmetric, with respect to the obvious duality between

A% Vp and A®Vp given by
A Vo x N> Vg ——C.

(c, B) — vol(vg A v A )
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The quadratic form on A% Vj associated to the symmetric map 74 will be denoted
by ga. Sometimes we will abuse notation and use ¢4 to denote a quadratic form on
F,, as well. In particular we see that the kernel of g4 (as a form on F,,) is just

kerty = AN F,,.

This makes the construction above look promising to study the loci Y4 [k] where the
dimensions of AN F, jump.

In particular we will describe these loci in a neighbourhood of [vy]. We can use Vj
as an affine chart of P(V') near [vg], identifying v € Vj with the point [v+vg] € P(V).
If v € Vj the subspace F4,, remains transverse to A3 Vo. Indeed v + vy ¢ Vy, so
we have a decomposition

V={(v+wv) oW

analogous to 2.15, and as a consequence
ANV = Fypro, ® A2 V. (2.18)

Since the subspace F,1,, is again Lagrangian we can perform the same construction
we did for A to obtain a symmetric map

T N Vo = A Vo

and an associated quadratic form ¢, on A?Vj, or on Fy,. The following lemma
extends our previous remark, allowing us to get a description of Y4[k] on the affine
chart Vp of P(V').

Lemma 2.14 (O’Grady). The kernel of ga—qy, on F,, is the projection of AN Fy1y,
on F,,, relative to the decomposition (2.17).

Proof. It is immediate by the definitions that this kernel is just ker74 — 7,, so
a € F,, will lie in the kernel if and only if Tqa = 7,ce. In this case let us call 3 this
element. Then by construction

B e AN Fyiy,
and
(B) = a.
Viceversa if f € AN Fy4y, then a = w(f3) satisfies T4 = 7,0 O

This result suggests to consider the map that associates to every v € Vj the
quadratic form g4 — ¢,. Actually this extends to the whole projective space, so we
define

¥ P(V) — P(Sym?(A* Vp)Y) (2.19)

by the requirements that
(v +v9) = qa — g for all v € Vj,

in particular ¢ (vg) = qa;
P(v) = gy for all v € Vj.
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Note that 1) is a well defined (linear) projective map. Once we require that ¢ (v) = g,
for all vV and ¥ (vg) = ga, ¢ is determined up to normalization. Explicitly we
have to choose a vector v € V and some A € C such that (v + vg) = g4 + Agy, our
choice corresponding to A = —1; once you choose A for one such v it is the same for
every element of Vj.

Inside P(Sym?(A%V5)Y) we consider the loci U; of quadratic form of rank at
most j. Then we can restate Lemma 2.14 as follows:

Corollary 2.15 (of Lemma 2.14). For each k > 1 we have
Y[k NVo =9~ (Uni-g),

where of course we regard Vi as an affine chart of P(V) identifying v € Vi with the
point [v 4+ vo| € P(V) as we did before.

Remark. Since Y[k| is locally defined by the vanishing of some minors, one can
check that the equality above is actually an equality of schemes.

It is useful to describe explicitly the quadratic forms q,: we shall now see that
these are all in Pliicker form. Take a € A? V; then this is identified to vg A € Ey,.
Now, for any v € Vj the form v A aw € A3V}, and

(v+v) Na=vAa+v A«

is written as a sum of an element in F,,, and one in /\3 Vi. Since 7, is defined as the
map having F,,, as a graph, we see that

Tv(vo A ) = v A a.
It follows that
qv(a) = vol(vg AN Av A a) = vol(ug Av A a A a). (2.20)

If we denote by ¢, the bilinear symmetric form associated to g¢,, then the polarized
form of (2.20) is
Gv(a, B) = vol(vg Av A a A B). (2.21)

2.6.1 The curve Cyw

Having set out these preliminaries we assume that A contains A\® W for some W C V
of dimension 3, and we pass to the local study of the curve C4 . So we consider
the construction above starting from a point [vg] € Ca . Let

Wo=WnW

and choose a base v, v9 of W), so that A contains the decomposable form vgAwvy Avs.
We consider the quadrics parametrized (via the map ¢ in Equation (2.19)) by
P(W) c P(V). The first remark is that the quadrics in ¢(P(W)) are all singular in
the point
p = [v1 Avg] € P(A? V).
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7(qw)

m(qa)

Figure 2.1. The quadrics in ¢ (P(W))

This amounts to proving that v; A vo lies in the kernel of g4 and in that of g, for
every v € Wy. By Equation (2.21) is clear that

Gu(v1 Avg,+) =0,

S0 v1 Avg is in the kernel of ¢, for every v € W,. Then the fact that vg Avi Avg € A
shows that
TA(Ul A 1)2) =0,

so the remark is proved.

Now a singular quadric is just a cone over a quadric of smaller rank, so it is
natural to consider the projection 7 from p to some P® C IP’(/\2 Vo). In coordinate-
free terms the projection will be on

P(A* Vo/(v1 A va)).

Let us call
q0 = m(qa)
q1 = 7(qv,)
q2 = W(QUQ)-

Since [vg] € Ca,w C Ya[2] we have
dim(ANF,)) > 2.

Let K ¢ A%V, be the subspace corresponding to A N F,, under the identification
N2V = F,,, which is just the kernel of the quadratic form g4. Our first hypothesis
is that dim K = 2, or in other words that

[Uo] < YA[Q] \YA[?)].

Then it follows that gg has rank exactly 8.
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Instead the quadrics in the pencil generated by ¢; and g2 have all rank 6. Each
such quadric has the form 7(g,) for some v € Wy. From Equation (2.21) it is
immediate that the kernel of g, is generated by the multiples of v inside A% Vp, so it
has dimension 4. The quadric 7(g,) has the same rank of g, so the claim follows.

Lemma 2.16. Let N denote the net of quadrics generated by qo, q1 and g2, and let
”(Z: P(W) —= N

be the obvious isomorphism (in other words (v) is the projection of ¥(v)). Let
A C N be the set of singular quadrics. Then A is a curve of degree 9, and we have
the decomposition N

A =p(Caw) + 3,

where £ = 1p(P(Wy)) is the pencil generated by q1 and 2.

It is useful to recall the following formula for the derivative of a determinant: if
A is a n X n matrix whose entries are functions of ¢, then

%det A(t) =" det (Ag(t) | -~ | Aj(t) | -+ | An(t)), (2.22)
i=1

where the prime means d/dt and A; is the j-th column of A. This follows formally
from Leibniz formula, so it is valid both in the analytic and algebraic context, if the
entries of A(t) are polynomials.

Proof. In coordinates A is given by the vanishing of the determinant of a 9 x 9
matrix, so it is a curve of degree 9.

Since Caw = Ya[2] NP(W) we see by Corollary 2.15 that ¢)(Ca ) is contained
in A; more precisely A consists of this curve and at most some components which
don’t meet the affine chart

N\ $(P(Wy)).
But then the only other component that can appear is ¢; since deg(Caw) = 6 and
deg(A) =9, it must appear with multiplicity 3.
We can also check this directly. Choose coordinates on P® so that qo, ¢; and ¢o

are represented by matrices R, S and T respectively. We develop the equation of
A near the point ¢; € £. Consider the function

f(r,t) =det(rR+ S +1tT).
To prove that £ appears with multiplicity 3 in A we must show that

az’
%f |r=t=0 =0

for i = 0,1,2. The case i = 0 amounts to saying that ¢; is singular. Using (2.22)
we can compute

9 9
adet(rRJrS+tT)|r:t:0:;det(& || Ti |-+ ]Sy) =0,
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since all 8 X 8 minors of S vanish. Similarly

82 9
@det(rR—FS—i-tT)L:t:O = -Zldet(Sl [« | T ]| T; |- Sg) =0,
7/7]:
since all 7 X 7 minors of S vanish. O

We can now prove that C4 is smooth at [vg] provided [vg] doesn’t lie on
another plane P(W') for some W’ C V with dimW’ = 3 and AW’ C A. But
before doing this it will be useful to do a remark.

Inside P(A? Vo) there is the Grassmannian Gr(2, Vp), composed of decomposable
forms. It has dimension 6 and it is easy to see, by Schubert calculus, that

deg Gr(2,Vp) = a? = (01 (02 + 0171))2 = (o3 + 20271)2 =5

(the notation is standard, see for example [GH78, sec. 1.5]). It is well-known that
Gr(2,Vp) is cut out by the Pliicker quadrics ¢, given by (2.20). It follows that its
projection w(Gr(2,Vp)) has dimension 6 and degree 4; since it must be contained in
both ¢; and g2, we see that

1 N g2 = (Gr(2,V)).

Proposition 2.17 (O’Grady). Assume that dim(A N F,,) = 2 and [vo] € P(W),
where W is as above. Then the following conditions are equivalent:

i) The curve Caw is smooth at [vo].
i) AN F,, contains only one decomposable form vy A vy A ve up to multiples.

Proof. We use the notation above; in particular we use R, S, T to denote matrices
for qo, g1 and go respectively. Under our hypothesis the kernel of gq is one dimen-
sional, and we choose a base {a, ..., ag} of P(A? Vy/(v1 Avs)) such that this kernel
is spanned by ag.

Using Lemma 2.16 we see that it is enough to prove that A is smooth at gy. So
we consider the local equation of A around qq, given by

f(s,t) =det(R+sS+tT) =0.

With the aid of (2.22) we can compute

o 9
%'ﬂs:t:o :Zldet(Rl |- [ Si| -] Ro).
1=
By construction the column Ry is identically zero, so
0
&ﬂg:t:o =det (Ry |-+ | Rs | So)-

In this matrix the last row is 0 except for the last entry; hence the derivative is just
Sg9 times the determinant of the 8 x 8 top-left minor of R. Since the latter does
not vanish we find that

0
&ﬂs:t:o = 0 if and only if S99 = 0.
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Similarly
0 ) .
§f|s:t:0 = 0 if and only if Ty 9 = 0,

so [vg] is a singular point of C4 w if and only if both Sy ¢ and Ty ¢ vanish.
By the remark before the proof this means that

ag € q1 Nqx = (Gr(2, Vp)).

So [vg] is a singular point of Cy w if and only if K contains a decomposable form
other than v1 A vs. O

In view of this result our next concern is to study what kind of singularity we
find near a point of C'4 y which happens to lie on another plane P(W’). We should
first remark that any two such planes intersect, and any point in the intersection
P(W)NP(W') actually lies on the curve.

Indeed assume we have two subspaces W, W' C V, with
dim(W) = dim(W’) = 3

and such that
AW, N2 W' C A.

Choose bases {a1, as,ag} for W and {ay4, as,as} for W’. Since A is Lagrangian we
must have

ai Nags ANag ANag N\ as A ag =0,

hence
dim(W + W') <5.

It follows that dim(W NW') > 1, so P(W) NP(W') # 0.
Next let vg € W NW'; then [vg] € Y4[2]. Indeed

Fyy D N*W and F,, D AW,
so dim(F,, N A) > 2. Since
CAJ/V = P(W) N YA[Q]

it follows that [vg] € C'a,w, and by Lemma 2.17 it is a singular point.
In order to study the singularities of C'4 w at [vg] we need an elementary lemma.

Lemma 2.18. Let V be a complex vector space of finite dimension and let q,q be
two non-degenerate quadratic forms on V. Assume that the quadrics

Q="V(q) and Q' =V (¢)

in P(V') are transverse. Then q and q' can be diagonalized simultaneously.
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Proof. Choose a diagonal basis for ¢ and represent ¢’ with respect to this basis by
the symmetric matrix M. Let v be any eigenvector for M, say Mv = Av. Then the
g-orthogonal of v is

v ={weV|(v,w) =0}

and similarly
v = {w e V | (Mv,w) =0},

where (+,-) denotes standard scalar product in the chosen basis. Hence we have
v1 =014 and we call it simply vt.
It follows that v ¢ v*. Indeed if v € v we find

so [v] € @NQ'. Since the projective tangent space T,Q is just Pvt and similarly
for @', we see that [v] is a tangency point between @) and @', which is excluded by
hypothesis.

Thus we have the direct sum decomposition

V= () ®uvt
and we can conclude by induction on the dimension of V. U
Let now W, W' be as above and assume that
dim(W N Ww') = 1.

Let (vg) = WNW' and choose bases {vg, v1,v2} of W and {vg, vs,vs} of W’. Finally
we complete this to a basis {vg, v1,va, v3,v4,v5} of V', where vs is chosen such that

vol(vg A vy Avg Avg Avg Avs) = 1.

We choose
Vo = (v1,v2,v3,v4,05).

Finally we make the following assumption:

Assumption 2.19. Let ¢ be the quadratic form on A? Vj given by standard scalar
product with respect to the monomial basis

v1 A v2,01 AVU3,...,04 N\ Us.
Then the quadrics on P( N2 Vo) defined by ¢ and by g4 are transverse.
We are now ready to state the

Proposition 2.20. Let A, W, W’ and vy be as above, and suppose that
dim(ANF,,) =2

and Assumption 2.19 is satisfied. Then Caw has a node at [vg].
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Proof. We write the local equation of C4 w, or, using the isomorphism 1;, the local
equation of A near ¢p. Under our assumptions the quadratic form ¢g has a kernel
of dimension 1, generated by (the class modulo v; A ve of) vs A vy.

Let J be the subspace of A2Vy/(vy A v3) generated by all monomials v; A vj
except for vg A vg. Then the restriction of gg to J is non-degenerate.

By Lemma 2.18 we can choose a basis for J under which ¢ is the identity matrix,
and we can do so using an orthogonal basis for for the standard scalar product (with
respect to the monomial basis). In other words we can find a basis of A2 Vo /(v1 Avs)
such that

i) The matrix for qg is just R = diag(1,...,1,0);

ii) the matrix M of change of basis has the block form

A0
M = (Q 1) (2.23)

and satisfies MT - M = 1.

We denote by S and T respectively the matrices for ¢; and ¢o in the chosen basis.
We remark that
q1(vs A vg) = q2(v3 A vg) =0,
SO Sg,g = Tg,g =0.
Let
f(s,t) =det(R+ sS +1tT).

We have already seen that f vanishes of order at least 2 at s =t = 0.
Using Equation (2.22) we compute

o2 2
@ﬂs:t:o: Zdet(Rl\"'\Sz‘"'!Sj!"'!RQ)-
ij=1

Since Rg = 0 the only non-zero addends are those with ¢ =9 or j =9, so

82 8 8
e lamg =22 det (Ry | -+ S;| -+ | Rs | So) = =23 "(Sio)’,
=1

=1

where we have used the symmetry of S and the fact the determinants above can be
expanded (using the fact that the top-left 8 x 8 minor of R is the identity) to obtain

Sii S
det (Ry |-+ | Si || Rs | So) = det (SQZZ‘ 079>'

We can perform the same computation for the other second derivatives, so finally
the Hessian of f at (0,0) is

I S 1(Si9)? 8 SioTho
H = 3 % 5 -
21'21 Sz‘,QTi,Q 2 Z¢:1(E79)

Our task is thus to show that det H # 0.
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To compute det H we note that the entries of H are just the 9,9 coefficients in
the matrix product S2, S-T and T2. Let S’, T’ be the matrices of ¢; and ¢ in the
monomial basis; S" and T" are readily computed using (2.21). Then

S=MSM"
T=MT'MT,
so we have
(S99 = (MS'MTMS M )99 = (S'MTMS")g
where the last equality used the fact that M has the special form (2.23).
By our choice of basis MT M is diagonal, say
MTM = diag(A1, ..., No),

where the \; # 0 since M is a matrix of change of basis, and A\g = 1. So finally we

get
9

(5%)0.0 = D> Xi(5")3 0,

i=1
and similarly for T
Using the monomial basis

{v1 N3, v1 Avg,..., 04 N5, 03 Avg}

(of course any other ordering keeping vs A v4 at the end will do) we find

0 i#5
Sio = .
’ {1 1=25
0 1#3
T = =
o9 {1 i = 3.
Finally this gives
(=25 0
= (0 )
hence det H = 4A\3A5 # 0. O

It will be useful to restate another way the nonvanishing of the Hessian deter-
minant. We make a parenthesis to describe in general the first terms of the Taylor
expansion of the determinant of a quadratic form. Let U be a vector space of
dimension n and fix a quadratic form go € Sym?U" of rank n — 1. We let

f(q) = det(qo + q) = folq) + f1(q) + -+ + fula),

where f; is the homogeneous component of degree 7 of f.

Under our hypothesis we have fy = det(qy) = 0. Let e € U be a generator of
the kernel of go. The term f; is a linear functional on Sym? UV, and it is easy to
prove (see below) that

ker fi = {q € Sym? U" | q(e) = 0}. (2.24)
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We wish to describe explicitly fo Let g, be the induced quadratic form on

|ker f1
U/(e). This is non-degenerate by our hypothesis, so it induces a quadratic form gy

on (U/(€))". Let
G U U

be the symmetric map which induces ¢. If g € ker f; then ¢(e) = 0, hence
q(e) € Ann(e) = (U/(e))".
So it makes sense to compute g (g(e)).
Lemma 2.21 (O’Grady). With the above notation we have
f2(q) = cgg (a(e)) (2.25)
for some nonzero constant c.

Proof. Choose a basis B of U such that the matrix representing ¢qq is just My =
diag(1,...,1,0). Then for any symmetric matrix M we can compute

f(mi,j) = det(Mo + M) =

1+myy myp - min—1 min
ma 1 14+ mao
=det :
Mp_1,1 1+my_1pn-1
Mn,1 to Mnn

)

The linear part of this expression is just my, », which proves (2.24).

Assuming m,, = 0, the quadratic part of f is obtained as follows. Expand
the determinant along the lowest row to write f(m; ;) as a linear combination of
the m,, ;, each with coefficient the corresponding cofactor. The linear part of the
cofactor is just m;, = my;, so at the end

n—1

fa(mig) => mp ..

=1

On the other hand the basis B has some multiple of e as the last element. Hence,
in coordinates,

g(c-e)=(mp1,...,Mpn-1,0)

for some nonzero constant c¢. This is identified with the element
(mn,la cee amn,nfl) € (U/<e>)v’

where the coordinates are with respect to the gy-dual basis of the chosen basis.
Since B\ {ce} diagonalizes g, its dual diagonalizes the dual form, hence

n—1

@ (@(c-e)) = Y mp

i=1

By comparison we get the thesis. O
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We can apply this in our situation with U = Sym?(Vj)/(v1 A v2), taking e =
v3 A vyg. In order to apply (2.25) we notice that

(ﬁ(vg /\1)4) = v1 AN U3 A vy,

hence
folq1) = cqy (v1 Ao Avg)

and similarly for the other terms. It follows that the Hessian of f can be written

Hzc( gy (v1 Avg Avy) ag(vl/\vg/\m,vg/\vg/\m))
Gy (v1 A vz Avg,v2 Avg A vy) gy (v2 Avg Avy)

Let B be the monomial basis for
U/{e) = Sym?(Vy)/(v1 A va,v3 A vy);

then the dual basis of B is also monomial, where of course we are using the natural
identification

(U/(e))Y = Symg(VO)/(vg A vg A vs, 01 A vy A vs).

In particular the dual elements of v1 Avs and v Avs are —v9 Avg Avg and v1 Avz Avy
respectively.
Since we have proved in Proposition 2.20 that H is nonsingular we find

Corollary 2.22. Under the same hypothesis of Proposition 2.20 the form q} is
non-degenerate on the subspace generated by the duals of vi A vs and vs A vs.

Remark. By symmetry the form ¢} is non-degenerate on the subspace generated
by the duals of v A vs and vq A v5 too.
2.6.2 The sextic Y,

We don’t give a very detailed description of the local structure of Y, around special
points, since we won’t need it. We limit ourselves to following very basic proposition,
as an application of (2.24).

Proposition 2.23 (O’Grady).
i) Let [vo] € Ya. Then Yy is smooth at [vg] if and only if
dimF,,NA=1
and A does not contain any decomposable form multiple of vg.

1) In this case let
Foo NA = (vg A ),

with o« indecomposable, and let
Hy,, ={veV|vollvoAvAaAa)=0}
Then the projective tangent space of Y4 at [vg] is

T Ya = P(H,,).
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Corollary 2.24. The singular locus of Y4 is the union of Y4[2] and the planes
P(W), where W runs through all 3-planes of V' such that AW C A.

Proof. Consider the map 1 from (2.19). By Corollary 2.15 Y} is locally the preimage
of the locus Ujg of singular quadrics, hence [vg] will be a smooth point of Yy if and
only if Uy is smooth at g4 and the map 1) is a submersion at [vg].

The first condition means that g4 has rank exactly 10; since the kernel of g4 is
identified with F,, N A, this means that

dimF,, NA=1.

So assume this and let
Fy, N A= (v A ).

By (2.24) we see that the tangent space Tj,,Ujo consists of the quadratic forms ¢
such that ¢(a) = 0.
So [vg] is a singular point of Yy if and only if

qv(a) = 0 for every v € V.
By the explicit description of ¢, in (2.20) this translates to
vol(vg Av A A ) = 0. (2.26)
It follows that in any case (a decomposable or not) we have
Tpg)Ya = P(Hy,)-

Clearly this is either a hyperplane or the whole P(V'), so we have to check that
(2.26) holds for every v € Vjp if and only if «v is decomposable. In other words we are
saying that a form satisfies all Pliicker quadratic relations if and only if it lies in the
Grassmannian, which is a well-known fact (see for instance [GHT78, sec. 1.5]). O

2.6.3 The surface Y,[2]

Now we turn to the local description of Y4[2]. To see why this is more delicate,
recall that we are using Corollary 2.15, so we see that locally Y4[2] is the preimage
of the degeneracy locus Ug. The problem is that while Uy is defined by the single
equation det(q) = 0, the variety Us is not a complete intersection.

For the curve U4 we could overcome this difficulty by the remark that each
quadric on A?Vj parametrized by a point of P(W) had to be singular in a fixed
point. Hence the trick was to project from that point and consider the equation
det(q) = 0 for quadrics in a space of smaller dimension.

For Y4[2] we are not so lucky and we actually have to work in codimension more
than 1. The first step is to perform a reduction of the dimension based on the
following remark.

Remark. Let
[vo] € Yalk]\ Ya[k + 1],
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so that dim A N F,, = k, and let K C A2V, be the subspace corresponding to K
under the usual identification F,, = A2 Vy. Let J be complementary to K, so

NVo=Jo K (2.27)

and g4 is non-degenerate on J. Here the direct sum is g4-orthogonal, just because
K is the kernel of ¢4.
If v € V} is sufficiently close to 0, the form g4 — ¢, is still non-degenerate on J.
Let
K(v) = J*taa—a)

be the orthogonal to J with respect to the form g4 — ¢,. Then K(v) contains the
kernel of g4 — ¢y, so it is easy to see that dim K (v) = k anyway. Moreover K (v)
meets J only in 0 (because g4 — ¢, is non-degenerate on J), so we have the direct
sum decomposition

Az%:J@K(U)a

and this decomposition is orthogonal with respect to g4 — qy.
The remark is that in studying Y4 [k] one can work inside K (v), in the following
sense. By Corollary 2.15

Yalk] = {[vo + 0] | cork(qa — qv) 2 k},

where cork denotes the corank of a quadratic form. By construction the corank of
dA — @y is the same of its restriction to K (v). So we get that

Ya k] = {[vo +v] | cork(ga — )| > k} .

K(v)
The simplification is apparent if one considers the case of Y4[2], where we are led
to study quadratic forms on a space of dimension 2 instead of 10.

Now we translate the above in matrix terms. According to decomposition (2.27)

we find matrices both for ¢4:
N 0O
0 0

<@<v> R(v)T)
R(v) P(v) )’

and for q,:

Of course here we have chosen arbitrary bases both for J and for K. We perform the
change of basis in two steps. First choose any matrix S such that S-S7 = (N —Q)~!
(for readability sake we temporarily omit the dependence on v in the computations).
This can be done, for instance, with an analog of the Choleski algorithm, which is
valid for real symmetric positive definite matrices (the algorithm will fail on a Zariski
closed subset of all symmetric complex matrices, but the formula of Equation (2.28)
will still be valid by a limit argument).
Consider the block matrix
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S’ sends each of the factors J, K to itself, but in the new basis the form g4 — ¢, is
just the standard scalar product. More precisely the matrix for g4 — ¢, will be

(905 )7 - ()

In this form it is easy to find the change of basis which will put the matrix in block
form. Indeed

I 0 I —RTST\ (1 RTST\ [I 0
SR 1) \-=sk  —-pP ) \o 1 ) \0 —P+R(N-Q)'R")"

We conclude that the restriction of g4 — ¢, to K (v) is given, in a suitable basis, by
the matrix

M(v) = —P()+ R(v) - (N —Q(v))~'- R(v)T. (2.28)
The following elementary remark will be useful:

Lemma 2.25. Let V be a finite-dimensional vector space endowed with a non-
degenerate quadratic form q and let ¢V be the form induced on V'V.

If N is the matriz which represents q with respect to a basis B of V', then the
matriz of ¢V with respect to the dual basis BY is N71.

Proof. A non-degenerate quadratic form ¢ induces an isomorphism
V=V

defined by the condition
q(v,w) = T(v)w.

By construction the matrix associated to 7, with respect to the bases B and BV, is
just N.
The dual form ¢ is defined by

¢/ (0, %) = a(r™ (), 7 (¥)),
hence it is represented by the matrix
(NHT.N.NTT=NT
using the fact that N is symmetric. O
We can now prove the

Proposition 2.26. Let W, W' C V be two subspaces of dimension 3 such that
NW,N2W' C A. Let

[’UQ] =Wn W,
(in particular we are assuming that dim W N W' = 1) and complete it to bases

{vo, v1,v2} and {vg,vs,vs} of W, W' respectively. Assume that

i) vg Avp Ave and vg A vs A vy are, up to multiples, the only decomposable forms
in A (this translates to the fact that [vg] lies on P(W) and P(W'), but on no
other planes inside Yy );
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it) dim(A N Fy,) = 2;
i11) assumption 2.19 is satisfied.

Then there exist local analytic coordinates y, . .. ,ys near [vg] such that Ya[2] locally
is given by

Ya2] = V(y1y2,y3ya, ys)-
Moreover the coordinates can be taken so that

Caw = V(y192, 3, Y4 Y5)

Caw = V(y1,92: Y3y Ys).

Proof. We follow the notation of the Remark above. We choose
{v1 Ava,vg Avab

as a basis for K and

{1}1 A v3,V1 A Vg, V1 N\ Vs, V2 A V3,02 A\ Vg, V2 N\ Us, 03 A\ Vs, 04 N\ 1)5}

for J.
Write a vector v € Vj as

v = 5101 + - - + 5505,

SO S1,...,85 are affine coordinates around [vg]. With respect to these coordinates
we can easily compute the matrices

o 0 S5

P(v)_<85 0)
{00 0 00 0 —s4 s
R(”)_<0 0 —s5 0 0 s, 0 0)'

(N = Q)™ = (ci;(s)),
so that the matrix M (v) of (2.28) is

and

Let us write

—P(v) +R(v)- (N -Q))™" - R(v)" =
_ sicrr — 2s485cr8 + S2cs s —s5+ d(s)
-85+ 4(s) 330373 — 25981036 + 8%06,6 ’
where
d(s) = s254C7,3 — 5255C8,3 — 5154C7,6 + 5155C8.6

is not really relevant since it is of higher order than ss.
Now we claim that the matrices

cr,7(0) ers(0)) 4 (€33(0) c36(0)
C778(0) 08,8(0) 03,6(0) 06,6(0)
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are both nonsingular.
Granting this, by the local inversion theorem we can find analytic coordinates
Z1,...,T5 near [vg] such that

—wa+R@wuv—@w»I-Rwﬂkzcﬁ+m3 % Q.
5 r] + x5

Finally, taking y1 = x1 + ix2, yo = x1 — ix2 and similarly for y3 and y4, and y5 = x5
gives

— T _ [Y3Y4 Y5
—P(0) + R(v) - (N = Q()) ™" - R(v) ‘<% ww)

hence the thesis.
So we turn to the proof of the claim. The form g = ¢ A| ; is non-degenerate; we

use Lemma 2.25 to identify N~! with the matrix of ¢V on JV.
The nonsingularity of
c3,3(0)  c36(0)
03,6(0) 06,6(0)

means that ¢V is non-degenerate when restricted to the subspace J' C J generated
by the dual elements of v; A vs and vy A vs. This is exactly the content of Corollary
2.22.

Similarly the nonsingularity of

<C777 (O) 07,8 (O))

c7,8(0) cs5(0)
is equivalent to the remark thereafter. O
A similar approach, even easier, will then prove the

Proposition 2.27 (O’Grady). Let W C V' be a subspace of dimension 3 such that
NW C A. Let vg € W and assume that

i) vo A vi A v is, up to multiples, the only decomposable form in AN F,, (this
translates to the fact that [vg] lies on P(W) but on no other planes inside Y4 );

ii) dim(A N F,,) = 2;

iii) vo A v1 Avg is, up to multiples, the only form in AN F,, N Sy, where
Sw=NWAV AV

Then there exist local analytic coordinates y1, . .. ,ys near [vy] such that Ya[2] locally

s given by
Yal2] = V(y1y2, ya, ys)-

loc

Moreover the coordinates can be taken so that

CA,W — V(yl’ Y2,Y4, y5)
loc
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This is enough to prove the result we are looking for about the desingularization

of Y4[2].

Corollary 2.28. i) Let A C /\3V be a Lagrangian subspace, and suppose that
there exist a finite number W1, ..., W,, of 3-planes inside V such that \> W; C
A. Then the intersection P(W;) NP(W;) consists of a single point p;;.

1) Corresponding to W; we have the curve
Ci = Caw, C Ya[2].

Suppose that at each point p;; Assumption 2.19 is satisfied. Assume moreover
that
dim AN Sy, =1 for eachi=1,...,n,

where
Sw=NWAVCAV.

Finally suppose that
Ya(3] = 0.

—

Let Y4[2] be obtained by blowing up all the points p;j. Then the strict transform

Ci of C; is smooth for every i. Moreover the blowup of Ya[2] at each of the
(disjoint) curves C; is smooth.

Proof. Under the hypothesis A contains a finite number of decomposable forms, up
to multiples. We already know that

dim(Wi N Wj) > 1.
Assume that dim(W; N W;) = 2 and let
Wi N Wj = (vo,v1).

Complete this to bases {vg, v1,v2} and {vg, v1,v3} of W;, W; respectively. Then the
form
vo Avp A (Avg + puz) € A

for each choice of A, i, contradiction. So i) is proved.

To prove ii) we just remark that under our hypothesis Y4[2] is smooth far from
the curves {C;} and singular along them. The curve C; is smooth outside the p;;
by Proposition 2.17 and has a node at each point p;; by Proposition 2.20. It follows
that it can be desingularized by a single blowup at each p;;.

The singularities of Y4[2] are described by Propositions 2.26 and 2.27, in the
points p;; and in the other points respectively. A local computation shows that the
process above will desingularize Yy4[2].

To be sure, we show the computation around some point p;;, the other case
being easier. By Proposition 2.26 we can assume that Y4[2] is locally given in C*
by

Y1y2 = y3ya = 0,
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while the two curves C; and C; meeting at p;; are given by

y1 = y2 = y3ys = 0 and
Yiy2 =ys =ya =0

respectively. Let C4 denote the blowup of C* at the origin; then explicitly
Ct = {((y1,---,94), [V1,...,Ya)) | %Y = y;Y; for each 4,5}  C* x P3.
This is covered by the four charts
Uj={Y; #0}, for j=1,...,4.

We perform the verification on U;. There we can define
Y; .
zj = ?1, for j = 2,3,4,

and use (y1, 22, 23, 24) as local coordinates.
We note that C; doesn’t meet the chart U;. As for the strict transforms of Y4[2]
and Cj, they are as follows. The inverse image of Y4[2] is cut out by the equations

Yizo = yizsza =0,
so after factoring out the exceptional divisor E given by y; = 0 we see that 57;[5] is
defined by

29 = 2324 — 0.

In a similar fashion the inverse image of C; is defined by
yiza = y123 = y124 = 0,

so C; has equations
29 — 23 = 24 = 0.

—~

It follows that Y4[2] is just the product of 6’; for a node, so blowing up (AZ'; will
desingularize it. O



Chapter 3

Quartic surfaces

3.1 An interesting degeneration of double EPW sextics

In this section we present some degenerate examples of double EPW sextics. We
shall in next section that double EPW sextics can degenerate to a Hilbert scheme
S where S is a quartic surface in P3. In particular, since S is a K3, this will
imply that double EPW sextics are irreducible symplectic varieties, and will allow
us to compute their topological invariants.

Inside a double EPW sextic X 4 we can find the surface

Za = f3(Yal2]),

which can also be regarded as the fixed locus of the covering involution. Under this
process, Z4 degenerates to the surface Bit(S) of bitangents to S. This allows us
to translate some questions about the geometry of X4 and Z4, which are invariant
under deformation, to questions about quartic surfaces and their bitangents, which
are somewhat more concrete. This section and the following are therefore a moti-
vation for the rest of the present chapter, where we study quartic surfaces in some
more detail.

3.1.1 An involution over S

We begin with a classical example of Beauville, from [Bea83a, sec. 6]. Let U be a
vector space of dimension 4 and let

G = Gr(2,U)
be the Grassmannian of lines in P(U) = P3. Under the Pliicker embedding
G — P(AN*U) =P°
G is defined by the single equation
gla) =aNa=0,

hence it is a quadric.
Now let S ¢ P3 = P(U) be a quartic. Each cycle Z € S? determines a line
{7z C P3: cither the line joining the two points in Z, if it is reduced, or the line

95
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passing through the unique point in Z with the given tangent direction. This yields
a morphism

(S p—

)

Z——ly

which is 6 : 1; indeed the generic line ¢ cuts S in 4 distinct points, so it has (3)
preimages.
Assume that S does not contain any line. There is an involution

i Skl gl

which makes the following diagram commute:

g2l i, g2l
G
The involution 7 is defined as follows. Let subscheme Z determine the line £; then

EZ-S:Z+Z'

for some subscheme Z' C S of length 2. We define i(Z) = Z'.

Now assume that S contains a line ¢; then S contains P = ¢, which is
isomorphic to P2. In this case one can define the involution i as above, but it
becomes only birational, since it is not defined along P. One can easily check that
in this case ¢ is in fact a bireqular involution, followed by the Mukai flop along P.
The construction generalizes to the case where S contains a finite number of lines;
for details we refer to [Bea83a).

The case we are more interested in is when S does not contain lines, but assumes
some singularity. First suppose that Sy is a quartic with an ordinary double point
p, and let S be the blowup of Sy at p, so that S is smooth.

Lemma 3.1. S is a K3 surface.
Proof. First we check that S has trivial canonical. For this let
¢: P3 — P3

be the blowup at p, so that S C P3. Let E be the exceptional divisor of €, and
denote

O~ (1) = € Ops(1).

P3
The relative canonical divisor KH;;S /p3 is given by
K]évs/]ps = V(dete).

A local computation shows that det e vanishes of order 2 on FE, hence

KIPTS = 6*(K1p>3) +2F = OIPTS(—ZL) +2F.
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Moreover Sy is a section of Ops(4), and since an equation for Sy vanishes of order
2 at p we obtain
S+2E =€ (S) € |(9]P;3,)(4)|.

By adjunction we can compute
KS = (K]l;z” +S)|S = (OE;E(—4)+S+2E)|S = 0.

We can apply Lefschetz theorem on hyperplane section to see that Sy is simply
connected. The theorem applies even if Sy is singular, for instance in the form of
[Mil69, Cor. 7.3]. Using, for instance, Mayer-Vietoris relative to a decomposition

So = (So\{p}H) LT,
where U is a small neighbourhood of p, one easily sees that
ex: H1(S) — H1(So)
is an isomorphism, hence b1(S) = 0 and S is a K3. O

We now want to exhibit a map analogous to ¢, with S 2 in place of S([)ﬂ. Let
¢ C S be the exceptional divisor; then ¢ is a conic, hence a smooth rational curve.
We let

P =10 c sl

then P is isomorphic to P?. We have a rational map
o' S 2 a

defined as above; since all points of ¢ are mapped to p, ¢’ is undefined exactly on

P. Let X be the Mukai flop of S along P; we claim that we have a regular map

p: X — G,
such that
S5 x
A /-
G
comimutes.

We only have to define ¢ at points of PV. By definition of the Mukai flop, X is
obtained by S by first blowing up along P and then contracting the exceptional
divisor E along the other fibration. Let us call X the blowup of S along P. Then
we have

E =PNpgpa,

so a point of E is a couple (Z, [v]), where
Z et and v e TZS[Z]/TZP.
Assume for simplicity that Z = ¢; + ¢o is reduced; then

T, 8% /T, P = (T4 /T ) @ (T4 S/ Ty 1)
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The kernel of the differential
deg,: Tp,S — T,P?

is exactly T, ¢, so the differential identifies each factor T, S/T;, ¢ with its image,
which is exactly the (tangent of the) line trough p corresponding to the direction
q; € 1.

The lines corresponding to ¢; and ¢o span a plane II C P? through p, and the
direction [v] identifies a line ¢z C II. The construction carries over to the case where
Z is not reduced, so finally we get a regular map

@:X—>G

sending Z to £.
Following the definitions, one can see that ¢ is constant along the fibers of the
other blowup X — X, so it descends to the desired regular morphism

p: X — G.

One can finally extend this construction to cover the case where Sy has finitely
many ordinary double points; in this case one has to introduce a Mukai flop for
each singular point. We do not describe the details, as they are only notationally
heavier than in the case of one point.

3.1.2 Triple quadrics as EPW sextics

We now discuss in which way the above examples may be seen as degenerations of
double EPW sextics; this construction is present in [O’G]. Recall that our quartic
surface S lives inside P(U), where U is a vector space of dimension 4. We take the
vector space V = A?U. Then inside P(AV) we have the Grassmannian Gr(3,V),
by the Pliicker embedding.

To each [u] € P(U) we can associate the subspace

uAU € Gr(3, N2 U);
this gives an embedding
Ly P(U) — Gr(3,V) C P(A3V).

Remark. Any two subspaces in the image of ¢, intersect along a line; more precisely
t4+([uo]) and ¢4 ([u1]) intersect along the line generated by ug A u;. If we see the
Grassmannian Gr(3,V’) as a parameter space for planes in P(V'), this means that
we have a 3-dimensional family of planes, parametrized by P(U), such that any two
planes in the family have non-empty intersection.

Lemma 3.2 (O’Grady). ¢, (P(U)) spans a subspace of P(A\> V') which corresponds
to a isotropic subspace

A (U) C N3V
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Proof. Let
a,B€AL(U)C NV,

we have to check that o A 8 = 0. Of course it is enough to verify this on a set of
generators; hence we can assume that

[o] = vy (uo), (6] = ey (1)
for some [ug], [u1] € P(U). By the remark above
V=14 (uo) + 14-(ur) SV,
soaNfe NV =0. O

We'd like to verify that A (U) is actually Lagrangian. In order to do this we
need to introduce the symmetric construction. This is easy: since dimV = 6, we
have a canonical isomorphism

Gr(3,V) = Gr(3,V"Y).

Now we can repeat the construction using UV in place of U, and then use the
identification above. In the end we find an embedding

1 P(UY) — Gr(3,V).

By the same argument, any two planes in the image of +_ are concurrent, and
so we get another isotropic subspace A_(U) C A3 V. We wish to prove that

NV = AL (U) & A_(U); (3.1)

in particular this says that both A, (U) and A_(U) have dimension 10, hence they
are Lagrangian.

The above decomposition will be more apparent if one regards all involved vector
space as SL(U)-modules. Let £ be the line bundle on Gr(3, V') which induces the

Pliicker embedding. One checks directly that
2 (L) 2 Opn (2).
By duality it follows that
L*_(E) = O]P’(UV)(Q)-
Now the global sections of the involved line bundles are
H°(P(U), Opw)(2)) = Sym® U",
HOB(UY), O (2)) = Sym? U,
H(Gr(3,V), L) = H' (N V), Op(avy (1) = A VY = N*(A*UY),

and these are all SL(U)-modules. Moreover the embeddings ¢; and ¢_ are equiv-
ariant under the action of SL(U), hence the induced maps on sections

Dol HY(Gr(3,V), L) — H°(P(U), Op)(2)) and
o HY(Gr(3,V), L) — HY(P(UY), Oprvy (2))
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are morphisms of SL(U)-modules. Since both Sym? UV and Sym? U are irreducible,
these maps must be surjective.
Comparing the dimensions, we obtain an isomorphism of SL(U)-modules

AN(A2UY) = Sym? UY @ Sym? U, (3.2)

which must then be the decomposition into irreducible factors of A3(A2UVY).

It follows that any section of £ on Gr(3,V) which restricts to 0 both on the
image of 1 and on the image of ¢_ is itself 0. In other words the image of ¢ and
the image of ¢ span the whole P( A® V). We deduce that the decomposition given
by (3.1) holds, and in particular A, (U) and A_(U) are both Lagrangian.

Associated to a Lagrangian subspace we have an EPW sextic. This is given by
the following

Proposition 3.3 (O’Grady). Let the notation be as above. Then
Yarw) =Ya_ @) =36

Proof. We omit the check that ¥ =Y, () is not the whole P(V'). By construction
Y is invariant under the action of SL(U) on V = A% U. This group acts transitively
on the Grassmannian G; since Y meets G, it contains the whole G. Actually, since
SL(U) is connected, this holds true for every irreducible component of Y.

It follows that Y = kG for some k, and comparing the degrees we find k = 3. O

Since any two smooth quadric in P(V') are projectively equivalent, we see that
for every smooth quadric @ C P(V') the non-reduced sextic 3Q) is EPW.

3.2 The deformation argument

Now we want to connect the preceding examples. Namely, with the notation of
the preceding section, we want to prove that as the generic Lagrangian subspace A
degenerates to A (U), the corresponding double EPW sextic X4 deforms to S 2],
and the fixed locus of the involution Z4 deforms to Bit(S).

3.2.1 The smooth case

The result is the following.

Proposition 3.4. Let S C P3 be a smooth quartic. Then there exists a smooth
complezx variety U of dimension 20 with a marked point 0 and a family

mx: X —=U
such that
i) Xo = S® and

ii) there exists a divisor D C U such that Xy = X4 is a smooth double EPW
sextic for each t € U\ D.



3.2 The deformation argument 61

Corollary 3.5. There exists over U a family
wz: Z—=U
such that Zy = Bit(S) and fort € U\ D
2t = Zp) = Yapl2]:

Corollary 3.6. Every smooth double EPW sextic is an irreducible symplectic vari-
ety.

Proof of Corollary 3.5. By the proof of Proposition 3.4, the total space X admits
an involution. It is enough to take as Z the fixed locus of the involution of X. [

Proof of Corollary 3.6. Proposition 3.4 tells us that there exist some smooth double
EPW sextic which is deformation equivalent to S[2. Since LG( A V') is irreducible,
its Zariski open set LG(A3V)? is connected, hence each double EPW sextic is
deformation equivalent to each other. Actually a global family of double EPW
sextics over LG(A3 V)% does not exist, but such families exist locally.

It follows that every smooth double EPW sextic is a deformation of S, in
particular it is an irreducible symplectic variety. ]

Proof of Proposition 3.4. Let V be a local semiuniversal deformation space of S[;
by the results of Section 1.3 it is smooth of dimension 21. Let h € Pic(S!) be
the divisor class associated to the map f. By the local Torelli theorem the locus
U C V parametrizing those deformations such that h remains of type (1,1) (and so
remains the class of a divisor) is a smooth hypersurface. After restricting U we can
assume that we have a family

x: X —-U

of polarized irreducible symplectic varieties (X}, h;) such that (h¢, hy) = 2 for the
Beauville-Bogomolov form.

Let ¢ be the Beauville involution on S, By the remark in section 4.1.3 of
[O’GO5b] this extends to an involution ¢; of X;. Consider for every t € U the
quotient

Y, = Xt/ Pt

There is a divisor H] on Y; such that
@i (c1(H})) = he.
This is because the involution fixes hs; more precisely
vy H (X, Z) — H*(X,Z)

is the reflection in the span of h, see [0’GO05b, Sec. 4.1.3].

Since Y’ has terminal singularities and Ky = 0, we can apply a variant of the
Kodaira vanishing theorem for singular varieties, for instance Theorem 1 —2 — 5 in
[KMMS8T7], to conclude that

W (Yi, Hf) = 0
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for all i > 0. Tt follows that h°(Y;, H]) = x(Y;, H}). Let H; be the pullback of H;;
we claim that

X(Xtv Ht) = X(Yt7 Ht/)

for all t € U. Indeed by flatness we can prove it just when ¢t = 0, and in this case it
is clear. Applying Kodaira vanishing on X; we conclude that

hO(Xy, Hy) = h° (Y, Hy). (3.3)

We claim that there is some ¢ € U such that (A7, hy) satisfy the conclusions of
Proposition 3.2 of [O’GO8b]. Indeed we have (1) by definition, and (5) holds for
every t by Proposition 3.6 of the same paper.

Moreover (2) and (4) are satisfied outside a countable union of proper subvari-
eties of U by the local Torelli theorem. Finally (3) and (6) follow formally from the
other points, as in the proof of Proposition 3.2 of the same paper.

O’Grady then classifies polarized irreducible symplectic varieties numerically
equivalent to S12 (this means that their H2, endowed with the Beauville-Bogomolov
form, are isomorphic lattices, and that the Fujiki constants are the same) which
satify the conclusion of Proposition 3.2. Namely let (X, H) be such a polarized
variety, and consider the map

f: X - |H|Y.

Then |H|Y = P?, and there are two cases for f. Either it is birational on the image
Y, or it is everywhere defined and the map

fiX oY C|HY

is the quotient by an anti-symplectic involution on X, and Y C |H|Y is a sextic.
Now apply all this with X = A7. We want to exclude the first case, and we
proceed as follows. Let

T Ay — Yy = A/
be the projection. We have an injective pull-back map
L HO(Y%7 H{/) - HO(XE Hf)

By (3.3) the dimensions on the two sides are the same, so 7* is an isomorphism.
But then the map f factors through the projection

X =Y,

so it cannot be birational.

The condition of having a 2 : 1 map on a sextic of P° is open by [0’G05b, Prop
3.3], so it follows that for ¢ outside a divisor D the same conclusion holds. Finally
O’Grady shows in [O’G06] that the sextics thus obtained are all EPW sextics, so
we are done. O
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3.2.2 The singular case

We now want to extend the result to the case where S has finitely many singular
points.

Proposition 3.7. Let Sy C P? be a quartic with k nodes and no other singularities.
Then there exists a smooth complex variety U with a marked point 0 and a family

x: X =U
such that
. o [2]
i) Xy is birational to S;" and

it) fort € U generic, Xy = XA() s a singular double EPW seatic; more precisely
A(t) contains A2 W for k distinct choices of W; C V' of dimension 3.

Moreover one has a family
g Z2—U

such that
i) 2y is birational to Bit(Sp) and
i) Zy is isomorphic to Zauy = Yaw[2] for t € U generic.

Before turning to the proof, we give some reference diagrams, which summarize
the diverse varieties and maps introduced in this section and in Subsection 3.1.1.
To minimize the clutter, there are three different diagrams.

X
/2 _p 7 & PV
A e ~ (3.4)
F| 2 S X LXO
U U ¥ U
D e-—--- +D—— 8

Jgo% Lﬁo (3.5)

X, ﬁ_) Y;C |Hy
jgo% M (3.6)
St C)/(:t _— }//\;5: Xt//l‘\t

We also advise the reader to have a look at Remark 2.5, since the aim of the
present subsection is precisely to invert the construction described there.
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Lemma 3.8. Let S be a smooth connected surface, f: D — S a fibration with
fiber P1, and assume we have a local deformation mp: D — U of D over the base U.
Then, up to restricting U, each fiber Dy has the structure of a fibration fi: Dy — S,
where Sy is a deformation of S.

Proof. Let P be the Hilbert polynomial of a fiber of f and consider the relative
Hilbert scheme
rg: H =Hilb"(D/U) - U
parametrizing subvarieties of the fibers of wp with Hilbert polynomial P. It is
known that H is proper over U.
Let £ be a fiber of f, and regard ¢ as a point of 7' (0). The fibrations f and
mp respectively show that

/\/g/DgOlg and ND/D|£§05.

Since

Ext!(O,,07) =0,

the exact sequence

0 Ne/p Nep ND/’D|Z —0

shows that Ny/p = OF, in particular
W Nyp) =3  and  h'(¢,Nyp) = 0.

From deformation theory it follows that H is smooth of dimension 3 at ¢.

Since this holds for all ¢ in the central fiber we see that H is smooth along the
central fiber. By properness of H, the singular locus of H projects to a closed subset
of U not containing 0, so up to restricting U we can assume that H is smooth.

The Hilbert scheme H is endowed with a universal family C with maps

C
/X
H D.
Here C comes with a proper map w¢o: C — U, and the maps a and § commute with
the projections to U.

By hypothesis S is isomorphic to a component of 711}1 (0); up to replacing H with
one of its connected (hence irreducible) components we can assume that 7" (0) =
D = 75'(0). In other words § is an isomorphism over 0. As above we can use
properness of C and D over U to assume that § is an isomorphism everywhere.

Then the map a o 37': D — H is the required fibration; more precisely letting
S = 71;[1 (t) this restricts to a map f;: Dy — Sy for every t € U. O

Assume that Sy has only one node p, and let S be the blowup of Sy at p, so that
S is a K3 surface. We let £ be the exceptional divisor of the blowup; since p is a
node it is a smooth conic, in particular isomorphic to P*.
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The symplectic variety S contains P = £(2) = P2; let X be the Mukai flop of
P. We want to show that X contains a divisor D with a fibration f: D — S with
fiber PL.

Let D' ¢ S be the divisor given by

D' ={Z e S? | Supp(Z) N ¢ # 0}.

There is a rational fibration
p: D -+ 8

which can be described as follows. The generic point g+ € D’ has g € £ and r ¢ ¢;
we set (¢ + 7) = r. The generic fiber of 1 is £ = P!
In the notation of Section 1.4 we have

D] = ji(e) € H*(5?).

We also let
H' = [i(Os(1)) € H*(SP)).

Then, since p is an isometry, we have
q(D',D") = -2, q(D',H") = 0.
We let D, H be the divisors on X corresponding to D', H' respectively.

Lemma 3.9. The rational fibration v induces a reqular fibration
f:D—S.

Proof. Let X be the blowup of S along P, so we have a diagram

X=Blp st
p1 D2
St X.

Let D C X be the strict transform of D.
Let ¢+ ¢ € P =(® with ¢ # ¢’. Then we have the identification

P g+d) = P(NP/S[Q])quq/ = P((Nys)g ® Nyys)g)-

We have already remarked that, via the differential, (Ny/g), is identified with the
line r, through p corresponding to ¢ itself, and the same remark applies to ¢’. So a
point = € p; ' (¢ + ¢') defines a line I(x) in the plane spanned by r, and Ty

When z € D the line [(x) is in the tangent cone to Sy in p, hence a point of /.
We let ¢ () be this points. If we let

U(z) = P(p1(2))
when p1(z) ¢ P, we obtain a map

v:D— S
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which resolves the indeterminacy of ¥. Actually we did not cover the case of a point
2q € P, but that is easy: we can just let {/;(x) = q for any x € 7'('1_1((]); this fits well
with our definition when ¢ # ¢'.

It remains to check that 15 descends to a map from D, and in order to do this
we have to identify the fibres of po. The dual plane PV can be identified with the
P? parametrizing lines through p; in this way the fibration over PV is just the map
described above, sending 2 € p; ' (P) to the line I(z).

Indeed let E C X be the exceptional divisor, so that E can be identified with
the incidence variety inside P x PY. The map

[: E — {lines through p}

is a P! fibration over P2, and the only such fibrations are the projections on P and
PV.
So we see that by construction 1; descends to D. O

Thanks to the two lemmas we conclude the following. Consider the locus U
inside the local semiuniversal deformation space of X parametrizing deformations
which keep D and H of type (1,1). By the local Torelli theorem U is smooth of
dimension 18. For t € U denote X; the corresponding deformation of X; we have
deformations D; of D and H; of H inside X;.

More precisely we have a family wx: X — U with two divisors D and H which
restrict to D; and H; respectively on each fiber. Moreover we have a fibration
f: D — S with fiber P!, which restricts to fibrations f;: D; — S; on each fiber; for
t = 0 this gives the fibration D — S of Lemma 3.9.

We now analyze in more detail the family X. We will allow ourselves to restrict
U when necessary.

Lemma 3.10. The divisor H is big and nef. In particular
HY(X,H)=0
fori>0.
Proof. We have shown in Section 3.1 that sections of H define a regular map
ot X — P5
in particular H is base-point-free, and so it is nef. Since q(H, H) > 0 it is also big.
The last claim follows from Kawamata-Viehweg vanishing and the fact that Kx
is trivial. O
Corollary 3.11. For every t € U we have
Xy, Hy) =0 fori>0  and  h°(Xy, H;) = 6.

Proof. We know that this holds for ¢t = 0. By semicontinuity we have h*(X;, H;) = 0
for all small ¢. Moreover by flatness we see that x (X, Hy) is constant, and so
hY(X;, Hy) is constant too. O
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Now we consider the (relative) linear system defined by H. We have just shown
that the sheaf (7x).(H) has constant rank 6; hence it is a vector bundle on U. We
have a map

P X == P((mx)«(H)"),

which restricts to evaluation of sections on each fiber. We know that on the central

fiber
$H: X — ]P’(HV)

does not have base points; since the base locus of g is closed and the projection
mx is proper we see that
SDHt: Xt - ]P)(Htv)

does not have base points for all small ¢; we restrict U accordingly, so that this
holds for all t € U.
Consider now the Stein factorization of ¢p,, given by

D ARALENTAINS )

DA
3,

Lemma 3.12. The variety X, is obtained from X; by contraction of Dy along the
fibers of fi: Dy — St.

Proof. By definition of the Stein factorization, g, has connected fibers and @, has
finite fibers. So we just need to prove the fibers of f; are the only curves contracted
by ¢m,. A curve C' C Xy is contracted by ¢g, if and only if H; - C' = 0, and this
happens exactly for the fibers of f;. O

Remark. There is another way to obtain this diagram, using the Cone theorem
([KM98, Theorem 3.7]). Since K, is trivial we work with the pair (X;, $D;); this
is Kawamata-log-terminal since X; and D; are smooth. By the theorem, the D;-
negative part of the Mori cone is generated by the classes of rational curves on X;.
Any such curve C is contained in Dy, so it is either a fiber of f; or it projects to a
rational curve on S. However in the second case the intersection Hy - C > 0.

This shows that the hyperplane H; = 0 cuts the Mori cone precisely on the
ray containing the class of the fibers of f;. We can then perform the corresponding
extremal contraction to obtain a variety )Z't. Since H; = 0 on the contracted ray, the
associated line bundle Oy, (H;) descends to X;. Moreover every section of Ox, (H;)
is constant along the fibers, since these are rational curves and Ox, (H;) has degree
0 on them. We deduce that every section in H°(X;, Oy, (H;)) comes from X, so
g, factorizes through Xt.

Lemma 3.13. For generict € U the map
(,/O\t: )?t — PE)

is 2: 1 on a sextic Y; of P°.
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Proof. We have verified that for ¢ = 0 the map is 6 : 1 on a quadric,namely the
Grassmannian Gr(1,P?) embedded by the Pliicker map. In particular
4
HO — 127
and since this is constant with ¢ we get H;' = 12 for all ¢. So it is enough to show
that @, is 2 : 1 for generic ¢.
Consider the rational involution S --» S defined in Section 3.1. This induces

a regular involution
i: X — X.

By the remark in section 4.1.3 of [O’GO05b] this extends to an involution i; of X;. One
verifies that 7; sends each fiber of f; to itself, thereby defining a regular involution

’itl Xt — Xt-

We let }A/} be the quotient of )Z't by this involution. The same argument as in the
proof of Proposition 3.4 shows that we have a factorization

Xt —¢t—> |Ht|g P5.

/o

Y,

Now the map
o: Yo — P

is 3: 1 on a quadric, so for every t the map ¢y can either be 3 : 1 or birational. We
only need to show that the former only happens for ¢ in a Zariski closed subset of
U.

If ¢, is 3 : 1 there is a ramification divisor F; C f/}; indeed fft is a normal variety
with K?t = 0. Let E] C X; be the preimage of E;. This is a divisor which is a
deformation of E{. But by the local Torelli theorem the subset of U for which Ej
remains of type (1,1) is a divisor in U. O

Corollary 3.14. For generict € U the variety X, is a double covering of an EPW
sextic Y.

Proof. We have constructed a map
or: Xy — P°

which is 2 : 1 on a sextic. We need only to show that the sextic thus obtained is an
EPW sextic.
For this we can adapt the arguments of [O’G06, Theorem 5.2]. O

So we see that from the smooth irreducible symplectic variety X; one obtains
a singular EPW sextic by first contracting the divisor D; along the fibers of the
fibration f; and then taking the quotient by the involution.

We need one more
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Lemma 3.15. Assume that the sextic Y4 contains a plane I = P(W). If
1) Ya is singular along 11;

it) IL ¢ Ya[2];

117) the singular locus of Y has dimension at most 2

then
AD N W

Proof. Let [w] € P(W) \ Y4[2]. By the description of the singularities of Y4 we
know that there exists some W’ C V of dimension 3 such that A>W’ C A and
[w] € P(W').

Assuming W’ never equals W we find a 1-dimensional locus of subspaces W’/ C V
such that A2 W’ C A; but then the singular locus of ¥; has dimension at least 3. [

Now we can finish the proof of Proposition 3.7, showing that the EPW sextics
Y; obtained above are actually in . First we remark that S is a degree 2 K3, with
natural 2 : 1 map to P?, namely projection from p. This map is induced by the
divisor h — £, where h € Og(1). By construction both h and ¢ remain of type (1,1)
in S, so each S; is a degree 2 K3 surface.

More precisely we can observe that S¢, being the contraction of Dy, has a natural
embedding in X;.

Lemma 3.16. If one considers Sy C Xt, then the degree 2 map above is just the

restriction oy |S )
t

Proof. 1t is enough to check this for ¢ = 0, so we only need to show that the divisor
HO on XO which induces g restricts to h — ¢ on S. Recall that HO is induced by
the divisor H on X. The map

300|D:D—>IP)2

is just the map [ appearing in the proof of Lemma 3.9, so it contracts the fibers of
the fibration
f:D—S;

this gives the desired map S — P2. Keeping track of the various constructions one
realizes that this is just projection from p. O

Corollary 3.17. Let Y; be one of the EPW sextics described above, say Yy = Y4.
Consider the plane I = ¢4(S), say I1 = P(W) for some W C V. Then

AW C A.

Proof. We want to apply Lemma 3.15. First, we have to check that II ¢ Y4[2]; this
amounts to saying that St is not contained in the ramification locus of the projection
Xt — Y;. This holds because the map ¢; has degree 2 both on Xt and on S;.
Second, we need to show that Y; is singular along P. Indeed X, is singular along
St; this can be checked locally using the fact that X, is the contraction of the fibers
of f;. On the generic point © € S; the covering ¢y is not ramified, hence the germ
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of X; along x is the same as the germ of Y; along ¢;(x), showing that Y; is singular
in ¢4(x). Since the singular locus is closed we deduce that Y; is singular along II.
Finally, the same argument shows that Y; is singular along the branch locus of
¢ and the image of S;. Since S; is a surface, if we show that the branch locus of ¢y
has dimension at most 2, we deduce that the singular locus of Y; has dimension 2.
Consider the involution i; of X3; this is an antisymplectic involution, hence the
fixed locus Z; of i; is an isotropic subvariety of X;. In particular Z; has dimension
at most 2, and the branch locus of ¢y is just the image ¢m,(Z;), so we are done. [

We have now shown that Y; is a member of X, thereby proving Proposition
3.7. O
We want to be more precise in the case k > 1. Given a point p € P3 consider the
set H) of lines through p. This can be regarded as a plane inside the Grassmannian

Gr(1,P%) c P°,
so it yields a point H, € Gr(2,P%). This gives a map
p: PP —— Gr(2,P%).
p———H,

By direct computation one sees that p is just the composition of the second Veronese
map
v: PP — Pl

and a linear embedding PV < P19,

One can see this without computations in the following way. Let for a moment
P3 = P(U). Then by the results of the previous Section, the map p is just the
composite of the second Veronese map with the inclusion

P(Sym*(U)) — P(A*(A*(U)))

induced by the decomposition (3.2).

Corollary 3.18. Assume So C P3 is a quartic with k nodes p1,...,p;. Assume
that the images of p1,...,pr under the second Veronese map v are projectively in-
dependent.

Let )?t be one of the singular double EPW sextics constructed above, say )Z't =
Xy, and let Wy, ..., Wy CV be the subspaces of dimension 3 such that

N W; C A(t).
Then Wy, ..., Wy, regarded as points on
Gr(3,V) CP(A*V),

are projectively independent.
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Proof. Let S be the blowup of Sy at pi,...,pr and let H; = P? be the set of lines
through p;. Consider the projection from py

T S — Hy;

this is 2 : 1 map, and we have shown that it deforms to a 2 : 1 map S; — P(W;);
hence it is enough to verify that Hy,..., Hy are projectively independent. But this
is exactly our hypothesis. U

3.3 The surface of bitangents to a quartic

In the present section we recall some known results about quartic surfaces in P3,
with a special regard towards the surface of bitangents. The main source here is
[Wel81]. We do not include proofs of the results, and refer to the original thesis
instead.
Let S C P? be a quartic surface, having at most ordinary double points as
singularities, and let
Bit(S) C Gr(2,4)

be the locus of lines bitangent to S. It is easy to check that Bit(S) is a surface.
Bit(S) is endowed with a natural double covering, ramified over the set of lines
contained in S. To see this consider the double covering

7 X — P?

ramified along S. This is a threefold whose singularities are in bijective correspon-
dence with those of S. We also let

Ox (1) = 7 Ops(1).
Definition 3.1. A curve ¢ C X is called a line if it is rational and
(-0x(1) =1.

It easy not difficult to check that if £ C X is a line, then 7(¢) is a bitangent to
S. Viceversa if r € Bit(S) and r is not contained in S, the inverse image 7 ()
splits as ¢1 U £o, where ¢1, {5 are lines on X. We will check something similar in a
more geometric context in later sections; instead of X we will have a cubic threefold
birational to it. For many purposes the double covering X is a good substitute of
this cubic threefold.

Let F' be the Hilbert scheme parametrizing lines on X. Thanks to the above
facts, one has a double covering

p: F — Bit(9),

ramified over the set of lines in S. In particular if S does not contain any line, the
covering p is unramified.

Now assume that S is smooth. Then Welters computes the Hodge numbers of
Bit(.S). The result is as follows:
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Theorem (Welters). Let S be a smooth quartic surface. The Hodge numbers of
Bit(S) are:

ROO(Bit(9)) = 1, hHO(Bit(S)) = 0, RO (Bit(S)) = 45.

In particular one sees that Bit(S) is connected and regular. Applying Corollary
3.5 we find:

Corollary 3.19. If A € LG(A*V)?, the surface Y4[2] is regular.
Welters goes on and computes the Hodge numbers of F' too, these are as follows.

Theorem (Welters). Let S be a smooth quartic surface not containing a line, F
the double covering of Bit(S) described above. The Hodge numbers of F are:

hOO(F) =1, hYO(F) =10, h*9(F) = 101.

Again we see that F' is connected. In particular the double covering p is not
trivial; hence it is defined by nontrivial 2-torsion class

k€ H*(Bit(S), 7).

The other information that we need is the canonical class of Bit(S). These is
again computed by Welters:

Theorem (Welters). Let h € H?(Bit(S),Z) be the polarization given by the Pliicker
embedding. Then the canonical class of Bit(S) satisfies

cl(KBit(S)) =3h + k.

Remark. The above result is accordance with the result we found about the canon-
ical class of Y4[2] in Proposition 2.8. But our result only determined the canonical
class up to a 2-torsion element, and now we see (again, thanks to Corollary 3.5)
that this 2-torsion element does not vanish, as we had anticipated.

There are many other results about the geometry of quartic surfaces and of the
associated double covering X, but for our needs we can stop here, referring the
interested reader to the original thesis of Welters, and to the papers [Cle83] and
[Deb90].

3.4 28 bitangents on a quartic plane curve

In this section we recall the classical computation that a generic plane quartic C
admits exactly 28 bitangent lines, and the correspondence with the 27 lines on a
cubic surface. We do this in order to generalize the construction one dimension up
and study the birational geometry of the surface of bitangents to a quartic surface.

We start with a smooth cubic surface S C P?; we recall the well-known fact that
S contains exactly 27 lines. Once we choose a generic point p € S not lying on any
of these lines, we can associate to (S5, p) a quartic curve as follows. Projection from
p to a plane A = P? gives a rational map Tp: S —=» P? which is regular outside p.
Let S be the blowup of S in p, with exceptional divisor E. The map 7, extends
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to a morphism 7,: S — A: to any point z € E corresponding to a line £, C 1,5
through p we associate the intersection m,(z) = £, N A.

It is easy to check that 7, is finite (here we use the fact that p does not lie on
any line in S) and that the generic point of P? has 2 preimages, so it is a 2 : 1
ramified covering. We claim that the ramification locus C' C P? is a quartic. Indeed
any plane section of .S through p is a a cubic curve with a 2 : 1 morphism over a
line in P?. The generic such curve is smooth, hence it has genus 1; by the Riemann-
Hurwitz formula this is ramified over 4 points. This shows that the generic line of
P? cuts C in 4 points, hence C is a quartic. We will show later on how to invert
this construction to produce from a smooth quartic C' a cubic surface S with a
distinguished point on it.

For the moment let us restrict our attention to quartics obtained in this fashion.
We wish to prove that C has exactly 28 bitangents; more precisely that these are
the projections of the 27 lines in S and of the exceptional divisor E. We use the
following notation.

e Given a line r C A we denote by P, the plane spanned by r and the point p.

e The intersection P. NS is a cubic curve in P,., which we denote by D,.; it has
a 2 : 1 morphism over r.

o In particular we have a singular cubic D =7,5SN S.

As r varies in AV the curve D, can acquire various singularities, but since p does
not lie on a line in S it is never a union of lines. The key of the argument is the
following proposition, relating the position of r relative to C' to the singularities of
D,.

Proposition 3.20. Let r C A be a line and let D, be the corresponding cubic curve.
Then

i) If D, is smooth, r cuts C' transversely in 4 distinct points.

it) If D, is irreducible with one node distinct from p, r is tangent to C' and cuts
C transversely in 2 other points.

1) If D, is irreducible with one cusp distinct from p, r is tangent to C in a flex
and cuts C' transversely in 1 other point.

i) Assume D, = Q UL, with Q a conic and ¢ a line. If Q and ¢ are transverse, r
is bitangent to C.

v) Assume D, = Q U, with Q a conic and { a line. If Q and { are tangent, r is
quadritangent to C'.

vi) If D, = D =T,SNS and p is a node of D, r is a bitangent to C.
vig) If D, = D =T,SNS and p is a cusp of D, r is a quadritangent to C.
Moreover for p € S generic, cases v) and vii) do not happen.

The main point is to count how many elements there are in the set-theoretic
intersection r N C'. To be get the precise conclusion, though, we use the following
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Figure 3.1. The case where D, is a smooth cubic

Lemma 3.21. Let q be a point of D, such that D, -pq = p+ 2q. Then w(q) € C;
moreover q is singular on D, if and only if w(q) is a point of tangency between r
and C'.

Proof of Proposition 3.20. Assume first that D, # D. Choose ¢ € w({); the inter-
section pg N S consists of 3 points, counted with multiplicity; to obtain 7, 1(q) we
have to remove p from it.

i)

ii)

iii)

iv)

p

If D, is smooth, it is has genus 1 and by Riemann-Hurwitz the map 7Tp| p. 18
ramified exactly over 4 points, so r meets C' in 4 distinct points. But then the
multiplicity at each of these points must be one, so r and C' are not tangent.

Let D be the normalization of D,.; then D is rational. The projection D —ris
then ramified on 2 points by the Riemann-Hurwitz formula. These two point
are not above the node. So we have 3 points of intersection between C and r:
two of them come from the ramification and one by the line through the node.
By Lemma 3.21 the line through the node yields in a tangency point, while the
other two give simple intersections.

This case is like the preceding one. The only difference is that this time the
point of D over the cusp 4s a point of ramification. So we get only 2 points of
intersection between C and r, and only one is a tangent; so it must be a flex.
In this case 7, 1(q) is one point exactly when the line pg passes through the
singular points of D, = Q U/{. There are two singular points, given by QQ N£ so
r meets C twice. By Lemma 3.21 both points are of tangency.

This case is the same as the preceding one, but since () and £ meet in just one
point, the same happen for r and C, so r is a quadritangent.



3.4 28 bitangents on a quartic plane curve 75

Figure 3.2. The case where D, is reducible

vi) Now consider m(FE). First we remark that it is actually a line, since it is given
by 7,5 N A. As before we count, given a point ¢ € » = 7,5 N A, how many
points there are in w;l(q). First there is a point for the direction pg € E. Then
there is a preimage for each intersection pgN D (apart from p itself). So ¢ € C
if and only if pg meets D only in p. If D has a node in p there are two directions
which satisfy this condition. As above, these are projected to tangency points

between m,(E) and C.

vii) This case is the same as the preceding one, but since p is a cusp, there is just
one line through p which meets D thrice. So r and C' meet in just one point,
that is, r is a quadritangent.

O

Corollary 3.22. If p € S is generic, the lines bitangent to C are exactly the
projections of either a line in S or the exceptional divisor E. In particular there
are 28 bitangents.

So far we have counted the bitangents on a curve C obtained as the ramification
locus for the projection m,: S — P2. Next we study the problem of inverting this
construction, that is starting from a generic quartic C C P2, producing a cubic
surface S with a distinguished point p on it.

We define the surface S as the double covering of P2 branched along C. This
is uniquely defined by C and is smooth if C' is ([BHPvdV04, sec. 1.17]). We wish
to produce S as the blow-down of a (—1)-curve in S. Consider the case where C
actually comes from the preceding construction. Then for each line r bitangent to
C, m, L(r) is the union of two rational curves meeting in two points. Indeed it is
the union of a line and quadric when P, # T,S; otherwise D, = D is a cubic curve
with one node in p, so in the blowup its strict transform is rational and meets in
two points the exceptional divisor.

This always happens. Indeed let r be a bitangent to C' (these always exist by
a dimension count), let 7 N C' = {a,b} and consider the ramified covering over r.
By construction this is the inverse image in the total space of O,.(2) of the section
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s € HO(r, 0,(4)) whose divisor is 2a + 2b (under the squaring map). Since s admits
a global square root ¢, this inverse image is just t(r) U —t(r), so we have two copies
of P! meeting in two points, which map to r.

In order to produce S we have to choose one such bitangent r and one of the
rational curves /1,0y C S mapping to it. This will be the curve contracted to a
point in S the other one will accordingly acquire a node. For each other bitangent
r’, with preimages ¢/, ¢5, this choice will determine which one among ¢} and ¢}, will
become a line and which one a conic.

Let us choose a bitangent r and a rational curve ¢; mapping to it. The map
f: S — 8§ c P? will be given by a suitable line bundle L on 5, so we start looking
for a line bundle L € Pic S such that

L* =3; Lty =0; L-ly=3. (3.7)

The first thing to do is calculate some intersection numbers on S. We use the
following notation.

« The projection to P? is denoted by 7: S — P2,
« On S we have the line bundle Oz(1) = 7 Opz(1).
o The branch locus of 7 is denoted C ; it is isomorphic to C.

In particular we can express the canonical of S as

Kg = W*(KS) + é = Og(—?)) + é

Lemma 3.23. The intersection numbers are:

O5(1)*=2  0g5(1)-C=4 (C?=3s.
Proof. The first relation comes from the fact that 7 is a 2 : 1 covering. For the
second just use push-pull formula:

Og(l) -C =0p2(1)  7(C) = Op2(1) - C = 4.

For the last one we remark that C is isomorphic to C, so its genus can be computed
by the genus formula in P?:

~ (4-1)-(4-2)

9(0) = g(0) = —L " =3

On the other hand, the genus formula on S gives

-, 303(1)-C
:1+02_L
2 2

- ~
~ C +K§-C

9(C) =1+ = C? -5,
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We remark that we can compute, for every h,k € Z
(O5(k) + hC)? = 2k* + 8kh + 8h”.

In particular K % = 2 as expected. Indeed a smooth cubic surface S is the blowup

of P2 in six_points, so Kg = 3. From the preceding relations we see at once that
7*(C) = 2C (this is obvious also by a local computation). Indeed it is clear that
7 (C) = kC for some k > 0. But then

K2C? = m*(C)? = n* (Op2(4))? = 32,

so k = 2. In particular we see that C is ample on S.
Now consider 7*(r) = {1 + {s.

Lemma 3.24. We have

In particular the rational curves ¢; are (—1)-curves.

Proof. We have (1 + £, ~ O5(1), so

(61 + £2)2 = 2.

Since /1 and f5 meet transversely in two points, £ - fo = 2. Moreover E% = E%, since
the two curves are swapped by the covering involution, so the thesis follows. ]

We can now choose the line bundle L = O5(1) + ¢1. From the preceding com-
putations we see that L satisfies the relations (3.7).

Proposition 3.25. The line bundle L has no base points and defines a morphism
or,: S — P3 which contracts ¢1 and no other curves. Moreover S = or(S) is a
smooth cubic surface.

Proof. We do this in several steps.

Step 1: The line bundle L has no higher cohomology. Let
M=L-K;=0;4)+6L-C=C+40. (3.8)

The last expression shows that M is the sum of an ample and an effective divisor
class, so it is big. Moreover M is nef. To see this we have to intersect M with an
irreducible curve D on S. If D = {1 the intersection is clearly positive; on the other
hand

M-t =1.

Since L = K g+ M, the conclusion follows by Kawamata-Viehweg vanishing.

Step 2: ho(g, L) =4. This can be computed by Riemann-Roch. Indeed by the
preceding step

_ . L -
O(S,L) =x(S,L) =14+ —— — =143 =
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Step 3: The line bundle L has no base points. Consider the incomplete linear series
L={S+0]|S¢€ \(’)5(1)]} C |L].
By Riemann-Roch and Kodaira vanishing we can compute as above that
h0(S,05(1)) =3,
so L has dimension 2. It follows that any element of £ has the form S + ¢;, where

S is the pullback of a section of Op2(1).

The base locus of £ is by construction ¢;. Take some divisor D € |L| \ £. Then
the base locus of |L| is just £; N D. We remark that D cannot have ¢; among its
components, otherwise D € £. Moreover

D-ty=L- -4 =0,
so D is disjoint from ¢; and the thesis follows.
Step 4: ¢y, is birational and ¢, (S) is a cubic. Let S = ¢ (S) C P?. Then
deg S - deg ¢y, = L? = 3.

Since S is not degenerate we cannot have deg S = 1, so deg.S = 3 and degyy, =1,
that is, ¢, is birational onto S.

Step 5: ¢, contracts ¢1 and no other curves. Indeed L - ¢ = 0, S0 the curve ¢; is
contracted by ¢r. Viceversa let D be any irreducible curve on S with L - D = 0.
Since Og(1) is ample we must have ¢1 - D <0, so D is a multiple of ¢;.

Step 6: S is smooth. By the preceding steps ¢y, : S — S is just the contraction of
¢1. Since {1 is a (—1)-curve, the resulting surface is smooth.

O

We see at once that this construction is the inverse of the former. The map
S — P?is given by the incomplete linear series £ from the proof, so it is not defined
on fq, and it becomes defined outside p in S. But restricting to an incomplete
linear series is the same as projecting, so we see that the map S --» P? is given by
projection. The center of the projection is necessarily p, since the map is defined
elsewhere.

Remark. We can explicitly produce the extra section in H 0(5 , L) which does not
come from a section of Opz(1). Indeed L = Ox(2) — fa, so we are looking for a
section of Ox(2) which vanishes over /5. C is a section of O5(2) which meets /5
in two points {a,b}; let @ be any conic in P? meeting r in 7(a) and 7(b). Then
C and 7 1(Q) cut the same divisor on fs, so a suitable linear combination of the
corresponding sections of O§(2) vanishes identically on /5.

We can check again how to get the bitangents.
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Proposition 3.26. Let ' be any bitangent to C distinct from r, and let ¢} and 4
be the rational curves over r. Then, up to swapping ¢y and l, we have that £; meets
05 transversely in one point for i = 1,2 and ¢; is disjoint from E; if i # j. Moreover
or,(0)) is a conic and or,(0y) is a line.

Proof. The lines r and 1’ meet transversely in a single point, so ¢; U /¢y meets ¢} U/
transversely in two points. One of this is on £1, and up to swapping we can assume
that it is on ¢}. Then the other is on both ¢5 and ¢,. This proves the first claim.

Since

L-0y=0z(1)-01+ - 47 =2,

o1, (¢}) is a plane conic. Similarly L - #; = 1, so the image of ¢, is a line. O

Corollary 3.27. Any bitangent line to C' is the projection of either ¢1 or a line in
S.

Remark. Let S denote the universal cubic surface, that is the subvariety of
P3 x P(Sym?3(P3)V) = P3 x P2
of bidegree (3,1) defined by the equation

ZCL[XI,
I

where g, ..., 23 are coordinates on P3, I = (ig,...,i3) is a multiindex such that
ig + -+ - +143 = 3 and the a; are coordinates on P20,
The variety S is fibered over P2° and the fiber over the point

a= (a(3,0,0,0)7 e 761(0,0,0,3))

is the cubic S C P3 with equation

Let C = P(Sym?(P2)V) 2 P!® be the parameter space for quartics in P2. Then
the above correspondence can be rephrased as follows.

Proposition 3.28. Let 8’ be the GIT quotient of S by the natural action of PGL(3)
(so 8" is a moduli space for couples (S,p), where S is a cubic surface and p € S a
point) and C' be the GIT quotient of C by the natural action of PGL(2). Then we
have constructed a rational map

S -

of degree 56.



80 3. Quartic surfaces

3.5 The surface of bitangents and the Fano of a cubic

We now wish to generalize the construction of the preceding section one dimension
up. Here the matters are more delicate, since every point on a cubic threefold lies
on some lines, so the branch locus for the corresponding projection acquires some
singularities.

As before we start with the easy direction; that is, given a cubic threefold X € P4
and a generic point p € X, we want to associate to (X,p) a quartic surface. We
begin with a

Lemma 3.29. Let X be a generic cubic threefold and p € X a generic point on it.
Then p lies on 6 lines contained in X. Moreover these lines, regarded as points of

{lines £ CP* | p € £} = P3,
lie on a conic.

Proof. Let us choose affine coordinates in such a way that p is the origin. Then an
equation for X in this patch is given by

f1(x) + fa(x) + f3(x) =0,

where each polynomial f; is homogeneous of degree i and
X= (xl"">x4)

are the coordinates. Since p € X,

f1(0) = f2(0) = f3(0) = 0.

Let us choose some non zero vector y = (y1,...,¥y4). Then the line trough p and y
is contained in X if and only if

filty) + fo(ty) + fa(ty) =0

for each t. Since each f; is homogeneous of degree 4, this amounts to

fi(y) = fo(y) = f3(y) = 0.

In other words the locus of lines contained in X and passing through p is defined
in P3 by the equations
i=/fa=f3=0.

If X and p are generic, the zero loci of the f; are transverse, so their intersection
has 2 x 3 = 6 points.
Moreover this intersection in contained in the locus

which is a plane conic. O
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We now choose a hyperplane A C P* not containing p and consider the projection
from p
Tp: X -+ A.

In this case m, is no longer finite, and there are 6 points on A whose preimage is
a line. Of course 7, has degree 2, and considering a generic hyperplane section we
see that the ramification locus is a quartic surface S C A.

Lemma 3.30. Let p1,...,pg € S be the projection of the 6 lines through p. Then
the p; are nodes of S; moreover they all lie on a conic Q C S.

Proof. The fact that pq,...,pg all lie on a conic follows directly from the fact that
the corresponding six lines lie on a conic, as proved in the previous lemma.

To prove the other assertion we follow the notation in the proof of Lemma 3.29.
We choose as A the hyperplane x4 = 1.

Let us find the equations of S C A. Given a point

q= (1’1,1’2,1’3, 1) S A7
a point on pq has the form (tzq,txs, txs,t). This lies on X if and only if
tfi(x1, w0, 3, 1) + 1* fo(w1, 22, 23, 1) + £ f1 (21, 9, 23,1) = 0.

Factoring out the ¢, which corresponds to the point p € X, we are left with a second
degree equation, which has a repeated root if and only if

g(v1,20,23) = f3 —4Af1f3 =0.

This is the equation of .S in A.

It is immediate to see that the partial derivatives of g vanish when f; = fo =
f3 =0, so the six points p1, ..., pg are indeed singularities of S. To see that they are
actually nodes, one has just to compute the Hessian of g are see that its determinant
is nonzero for X and p generic. O

The map 7, becomes regular on the blowup X of X in p, sending the exceptional
divisor E to the plane
P=T,XNA.

Remark. The plane P is in special position with respect to .S: actually the quartic
S - P is a double conic in P. Indeed a point ¢ € P lies in .S if and only if it has only
1 preimage in X. The line pq € F is one preimage and the other are the points in
the intersection X Npq distinct from p. So g € S if and only if

X -pq = 3p.

This means that pqg is a line in the tangent cone of X at p, which is a conic cone if
p is a node. So S N P, being the projection of this tangent cone, is a conic in P.
Actually SN P = @, since of course it contains the 6 points pq, ..., ps.

So far we have attached to (X, p) a quartic with 6 nodes on a conic, which meets
the plane spanned by the nodes in a double conic. We now want to go the other
way round.

We start with an easy
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Proposition 3.31. Let S C P3 be a quartic having 5 nodes p1,...,ps lying on a
conic Q (but no 3 on a line). Let P be the plane spanned by Q). Then S has another
node pg on @ and

S-P=2Q. (3.9)

Proof. First we show that (3.9) holds. Indeed Q = S - P is a quartic in P singular
in p1,...,ps. Soin P the curves () and ) meet in 5 points with multiplicity at least
2, so by Bezout ) must contain @. In other words

Q=0+

for some conic @)'. The singular points of @ on @ are the intersections Q N @Q’, so
by Bezout again we must have Q = @', so (3.9) is proved.

Let us show the existence of one more singular point pg. Fix coordinates
zo, ..., 23 on P3; we can assume

Let F' be the polynomial defining S, then
F(xo, S ,xg) = B(m'o,.%'l,.%'g)Q + .%'30(.%’0, R ,.733),

where deg B = 2 and degC = 3.

We show that S is singular in P NV (B) N V(C). This is the intersection of Q
and V(C) on P, which gives 6 singular points on S.

To prove this we compute the partial derivatives:

a_F =C +x 8_C
8563 N 3 8:63
oF 0B C
=92B. fori=0,1,2
31‘2‘ 8.%'1 NRE 31‘2 ore T
and all these expressions vanish when z3 = B = C = 0. U

We now let Y be the double covering of P3 ramified over S. This has 6 nodes
q1,---,q¢ over the nodes p1,...,pg of S (we assume for a moment that these are the
only singularities). Let

Y — P?

be the covering map. Denote S 2 S the branch locus, and
Q=r'@=Q.
On Y we have the line bundle
Oy (1) = 7 Op()(1)

and by construction S € |HO(Y, Oy (2))].

We would like to find, as in the one-dimensional case, a line bundle of self-
intersection 3 on Y, giving the map to the cubic. This we cannot expect, since the
cubic will be smooth in general, so we first have to blow up the 6 points ¢1, ..., gg-
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Let
e: X—=Y

be the blowup of Y in ¢1,...,¢qs; then X is smooth and contains six quadrics
Q1,...,Qg given by the exceptional divisors.

Consider the covering over P: this is ramified over a double conic, so 7~ 1(P)
is the union of two copies of P2, P; and P,, meeting along @ Let P, be the strict
transform of P; in the blowup. A moment of thought shows that

6|13i:/]5;—>]3i

is the blowup of P; at g1,...,¢s. Let us fix i = 1 and denote by
Ei,....,BEsC P
the exceptional divisors.

Lemma 3.32. On X we have the following intersection numbers:

B.Qi=0 i=1,....6 (3.10)
P -Q?=—1 i=1,...,6 (3.11)
Q=2 i=1,...,6 (3.12)

Proof. First we note that P and Q; meet transversely along F;, so
—~9 —~
P-Qi=P - E,
P -Q}=Q; E;
By adjunction
(’)Xv(P1)|I;1 = ngl/;(
O;((Ql) |Qi - NQ%’/)?

To compute these normal bundles on F; we note that we have the following exact
sequence

O—>TEi—>T]31|Ei@TQi E¢—>T)~( E¢—>0 ,
SO
Nz lg, = Neas

NQi/)?|Ei :NEi/ﬁl'

By adjunction again

—~9 —~
P Qi=Pr-Ei=degNp, 5|, = degNg,jq, = (Ei)g, =0

EQ? =Qi-E; :degNQ :deg;./\/'E/lg1 = (E)% = —1.
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We can compute (3.12) in a similar way. To do this we have to understand the

normal bundle N QX" Since
Q; 2 P! x P!
we must have
NQi/;( = 0g,(a,b)
for some integers a and b. Moreover by symmetry we see that a = b. Let us
explain this in more detail. The normal bundle NV, , < is determined by an analytic

Qi/X
neighborhood of ¢; inside Y, so we may perform this computation on any threefold

having a singularity whose germ is isomorphic to the germ of singularity of Y near
q;. For instance we can take any ball of Y centered around ¢;; but then in this case
we have an automorphism of the total space of the blowup exchanging the rulings,
so a and b must be equal.

It follows that N Qi/% is determined by its restriction to a line. We have seen
that
Nayxlp, = Om(=1)

so a = b= —1. This gives

Q! = (N, )%, = O (-1,-1)* =2.
O
Let us compute some more:
Lemma 3.33. On X we have the following intersection numbers:
P P=P B =2 (3.13)
P-P-Q=1 i=1,...,6 (3.14)
B’ =1 i=1,2 (3.15)

Proof. In order to compute the first two products, we start with the observation
that P; and P, meet transversely along

@ = the strict transform of é inside X.

The only thing which is not apparent in this claim is that the intersection is trans-
verse. This is clear outside (1, ...,Q s, since the local picture is the same of the

intersection of P, and P, along @ inside Y, and the latter are transverse by con-
struction of the double covering.
It follows that

— -9 ~ =
PP =(Q-Q)p
E'E'Qi:(é'Ei)ﬁl-
These can be computed using the fact that

6*(é):5+E1+'“+E6,
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where
€: E — P

is the restriction to P, of the blowup map. So, inside JADI,
Q- Ei=€¢(Q) Ei—(Ey+-+FEe) E =1
since the exceptional divisors are pairwise disjoint and contract to a point. Then

~2

Q =((@Q)—E1——F)’=(Q-Q)p +Ef +--- + Eg =4—-6=-2.
To compute the last term we use the fact that
Pi+P+ Qi+ +Q €|0z(1)

by construction, so
(PL+P+ Q1+ + Q) =2

We can use the fact that @Q; - Q; = 0 for @ # j and the preceding computations to
expand the cube and find

(PL+ PP +12=2,

that is
(Pl + P2)3 = —10.

We expand the cube again and use the fact that P{ = PJ by symmetry to find

P =B =1

We are now ready to prove the following

Proposition 3.34. Let L =0%(1) ® (9)?(151). Then the line bundle L has no base
points and defines a morphism

oL X - Pt
such that:
i) @r is birational;
i) X = op(X) C P! is a cubic;
11i) @1 contracts the whole P toa point p € X;
) each quadric Q; is contracted along a ruling to a line ¢; through p;

v) no other curves are contracted.
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We see that this construction is the exact inverse of the projection construction
at the beginning of the section. This is in complete analogy with the 2-dimensional
case in the preceding section. Actually, using that case, we will be able to show
that the surface of bitangents to the quartic surface S is birational to the the Fano
surface of lines in X.

Before proceeding with the proof of Proposition 3.34 it will be useful to write
out some other intersection numbers, which can be easily derived from our previous
lemmas:

B 0.(1)=-1 i=1,2 (3.16)
P 0g(1)? =1 i=1,2. (3.17)
Proof. As in the lower dimensional case, we break up the proof in several steps.
Step 1: A linear series £ C |L|. Let
p=Tmoe: X —p?

and let - _
V={D+P |Dec|lOz(1)|} c H'(X,L)

be the subspace of section which are the sum of Pp and some section pulled back
via p from P3.

We can find a section s of L which does not lie in V. Indeed let G C P2 be a quadric
such that

G-P=qQ.
Then p*(G) cuts the divisor N
Q+F +...Fy
on 13;, where F1,..., Fg are the exceptional divisors of

e|132:ﬁ;—>P2.

On the other hand N
€ (5) € 105(2)]

cuts on /Pz the divisor @,Nso a suitable linear combination of the two is a section of
s € O%(2) that cuts on P, the divisor F} + ... Fg.

Subtracting Q1 + - - - + Qg yields a section of
0:2)® 0x(Q1+ +Qp) ~ 0x(1) @ Ox(P1 + Py)
which vanishes on P, , hence a new section of
We let £ be the linear series generated by |V'| and this new section. By construction

dim £ = 4.

We also see that £ has no base points.
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Step 2: ¢, is birational and ¢, (X) is a cubic. Let X = ¢(X) € P*. Then
deg X -deg o = L* = (05(1) ® O (P1))* = 3.

So either deg X = 3 and deg ¢, = 1, in which case we are done, or else deg v, = 3.
The latter is excluded, since |V| C £ and the map

o) =p: X =P
has degree 2.

Step 3: L = |L|. Since @, is birational, it is enough to show that the only sections
of Ox (1) are the restrictions of section of Ops(1). Bu this is clear from the exact
sequence

0 —— Ops(—2) — Ops(1) — Ox (1) — 0

and the fact that
HY(P*, Ops(—2)) = 0

by Kodaira vanishing.

Step 4: ¢y, contracts P It is enough to prove that if C' C P is any curve, then
C is contracted. In other words, if C' is any such curve,

L-C=0. (3.18)

By linearity it is enough to check equation (3.18) when C' is a generator of Pic(ﬁ ).
Since P; is just the blowup of P; 2 P? in 6 points, C can be taken either a line or
an exceptional divisor.

In the first case let £ C P; be a line and C = €¢*(¢). Then
L-C=0gx1) () +Pr-¢() =O0p(1)-£+ P -€(t) =1+ P - €"(0).
We can compute the missing term by observing that
1=05(1)-€(0)=(PL+ P+ B+ + Eg) - () =2+ P - €*(0).
We have used that

E;-€(¢) =0,
since we can assume that ¢ doesn’t pass through q1,...,gs and that
E € (6) = 2’

since we can assume that €*(¢) meets P transversely in the 2 points where it meets

@. It follows that -
P -ef(0) =1

and so
L-C=0.

In the second case let C' = E;. Then
L-C:OXV(l)-EZ'—FE-EZ' =0,

thanks to the fact that F; is contracted by e and the proof of Lemma 3.32 respec-
tively.
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Step 5: ¢y, contracts (); along a ruling, sending it to a line. Consider a line £ in the
ruling of @); containing F;. We want to show that ¢ is contracted, that is

L-¢=0.

It is enough to prove this when £ = E;, and in this case it follows by the preceding
step.

If ¢/ is a line in the other ruling, then

LA =0z(1)-0'+P-0'=1+0=1,

since ¢ and P, are disjoint, so the image of @); is a line.

Step 6: (7, contracts no other curves. Let C be an irreducible curve contracted by
pr. If C is contracted already by €, it must lie on a quadric @;, and the preceding
step shows that C must be a line on it.

Otherwise we must have

04(1)-C = Oy(1) - .(C) >0,

because Oy (1) is ample on Y. Since L - C = 0 we see that C lies on P

Step 7: X is smooth. Let p = ¢ (P;) and ¢; = ¢1,(Q;). X is surely smooth outside
the union of the /;.

That X is smooth on ¢;, away from p, follows by Nakano criterion ([Nak70]). It
remains to be shown that X is smooth at p. By the above results it is easy to
verify the X contains exactly six lines through p, namely ¢1,...,¢s. By the proof
of Lemma 3.29 we see that this implies that X is smooth at p.

O

So we see that a quartic surface S C P? having 6 nodes on a conic and no other
singularities is the ramification locus for the projection of a smooth cubic from a
point on it. Moreover:

Proposition 3.35. In this setting the surfaces Bit(S) and Fano(X) are birational.

The proof is similar to the lower dimensional case of the previous section and
will not be included.

3.6 An example of rational Bit(S)

In this section we give an example of a quartic surface S C P? such that the surface
of bitangents Bit(.S) is rational. The reason why we are looking to such examples
is the following.

We have seen that double EPW sextic can degenerate to varieties like S, where
S is a quartic K3, and in this case the fixed locus of the involution degenerates to
Bit(S). We want to make a similar procedure, using a singular quartic S, to produce
rational surfaces inside an EPW sextic. Unfortunately the number of conditions is



3.6 An example of rational Bit(S) 89

wrong. Namely, to get a rational surface, S must acquire 11 singular points, and
this will produce a codimension 11 locus of Lagrangian subspaces B € LG(/\3 V)
such that the surface Yp[2] is rational.
But given a generic A € LG(A3 V), the locus of Lagrangian subspaces B such
that
Yr [2] CYy

has dimension only 10, hence the two loci may not meet. Thus this construction
may fail to produce rational surfaces inside a generic EPW sextic.

Luckily there is another construction of quartics S such that Bit(S) is an En-
riques surface, and this time the dimensions match. We present this construction in
the next section. Nevertheless the example of rational surfaces may be interesting
independently.

We recall from the previous section, Proposition 3.31, that if a quartic surface
has 5 singular points on a plane, then there is a sixth one on the same plane.

Remark. Let
U, C PHO(P?, Ops(4))

be the (Zariski closure of the) locus of quartic surfaces having at least k singular
points. Then the expected dimension of Uy is 19 — k.

The locus of surfaces with 6 nodes lying on a plane has dimension 13, by direct
computation, or by the results of the previous section. Hence the locus Ug has at
least 2 components: one where the six points are generic and one where they are
on the same plane. By adding more and more singular points we see that we have
the same reducibility for k£ > 6.

In our case we are interested to surfaces having 6 nodes on a plane and 5 more
singular point in general position. We shall prove the following

Proposition 3.36. Let S C P2 be a quartic surface having 11 nodes, 6 of which lie
on the same plane, and generic with respect to these assumptions. Then the surface
of bitangents Bit(S) is rational.

By the results of the previous section, if S has only 6 nodes on a plane, then there
is a smooth cubic threefold X C P* such that Bit(S) is birational to F' = Fano(X).
It is easy to extend the argument to cover the case where S acquires more singular
points. By the explicit construction of X we see that if S acquires £ more nodes
outside the plane, X has k nodes too.

More precisely let P be the plane containing 6 nodes of S, and let Y be the
double covering of P? ramified along S. We can view S as a subvariety of Y; then
Y and X are isomorphic outside the intersection S N P, so every node of .S outside
P appears as a node of X.

Proposition 3.36 then follows from the following result about the Fano surface
of a cubic threefold.

Proposition 3.37. Let X be a cubic threefold and F' = Fano(X). Assume that X
has k nodes and is generic with respect to this condition. Then

i) if k =3, F is birational to an abelian surface;
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it) if k =4, F is rationally ruled with base an elliptic curve;
iit) if k =5, F is rational.
The trick is to reduce to the case of curves, by the following

Lemma 3.38. Assume that X has a simple double point p and let C, C F' be the set
parametrizing lines on X passing through p. Then C, is a curve and F' is birational

to the symmetric product C’I(,Q).
Proof. Choose affine coordinates x1, ..., x4 near the point p such that p = (0,...,0).
Since p is singular, an equation for X has the form

f(x) = fa(x) + f3(x) =0,
where f; is homogeneous of degree i. Choose v € C*; then the line
{tv |t € C}
is contained in X if and only if

f2(’0) = f3(v) =0,

hence C), is the intersection of a quadric and a cubic in P3. Moreover f» and f3 do
not have common factors, since X is irreducible, so C), is actually a curve.

The birational equivalence between F' and C), is realized as follows. Assume that
we are given two distinct lines £; and f5 on X through p, and let A be the plane
spanned by ¢1 and f5. Then X N A is a plane cubic in A, having ¢; and ¢ as two
components, hence it must have a third component which is again a line on X, that
is, a member of F'. So we have obtained a rational map from CI(,Q) to F.

Let us describe its inverse. We start with a line £ C X. If £ is generic, then
p ¢ ¢, so ¢ and p span a plane A. We consider again the plane cubic X N A: this
has a component £, so it is the union of ¢ and a conic. The conic contains p, hence
it is singular in p: it follows that it is the union of two lines (possibly non distinct)
through p. This gives the rational inverse that we are looking for. O

From the first part of the proof of the lemma it follows that C), is the complete
intersection of a cubic and a quartic in P2. By adjunction we compute its arithmetic
genus p,(Cp) = 4. Assume that X is singular in k points, call them py, ..., ps, and
is general enough with respect to this condition. The curve C' = C),, is singular
exactly on the lines p1p; for j = 2,..., k. In our hypothesis the p; are simple double
points of X, and from this it is easy to show that the k — 1 singularities of C' are
nodes. Hence C' has geometric genus

pg(C)=4—-(k—1)=5—kF.
From this we easily get what we want.

Proof of Proposition 3.37. We already know that F' is birational to the twofold
symmetric product of a curve C of geometric genus 5 — k. By passing to the
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normalization we can assume that C is smooth. Hence the proposition is just a
statement about curves.

If £ = 3, then C has genus 2: in this case the Albanese map realizes a birational
equivalence between C® and the Jacobian Jac(C). If k = 4, then C is an elliptic
curve: in this case the Albanese map fibers C'?) over C, with rational fibers. Finally
when k = 5, C is just P!, so C® is P2. O

3.7 An example of Enriques Bit(95)

In the present section we shall prove the following result.

Proposition 3.39. There exists a 9-dimensional family of quartic surfaces with
10 nodes S such that the surface of bitangents Bit(S) is birational to an Enriques
surface.

The first step in the proof will be to give an explicit construction of quartic
surfaces with 10 nodes. This construction is classical, and can be found for instance
in [Cos83]; it was suggested to us by I. Dolgachev.

Let V be a vector space of dimension 4 and identify P(V) = P3. Choose a
generic 3-dimensional linear system of quadrics

A C|Ops(2)], A=P3
Inside |Ops(2)| we can consider the degeneracy loci
Dy, = { quadrics of rank < k}.

It is well known that D3 has codimension 1, Dy has codimension 3 and Ds is singular
precisely along Ds.
We define

S = {singular quadrics of A} = AN D3 and
T = {quadrics of A of rank <2} = AN Dy.

If A is generic (transverse to all degeneracy loci), we see that S will be a surface
singular along T, which is a a finite set of points. Moreover we can assume that S
has only nodes at points of T'.

Since S is cut out by the single equation det Q = 0 we immediately see that S
is a quartic. Moreover one can compute

degT = deg Do = 10,

hence S is a surface with 10 nodes, as claimed. The degree of a symmetric deter-
minantal variety can be computed using the results of Harris and Tu in [HT84]. In
particular we use the following

Theorem (Proposition 12(b) in [HT84]). Let W be the space of all n xn symmetric
matrices and S, those of corank at least r. Then in P(WW)

r—1 (n+a)

degP(S,) = T 752ty

a=0 (QOZOjrl) ‘
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In our application we have n = 4 and r = 2, hence the formula above simplifies

to 5
deg Dy :6-§ = 10.

Remark. The above construction yields a family of quartic surface with 10 nodes
of dimension

dim Gr(3,|Ops (2)|) — dim PGL(3) = 24 — 15 = 9.
As expected this family has codimension 10 in the moduli space of quartic surfaces.

Next we show how to associate an Enriques surface to A. For each quadratic
form we can consider its associated symmetric bilinear form; this gives an embedding

A = [Opy(1) B Opeyy (1) = P(VY) x P(VY).

Each member of A here is seen as a divisor of type (1,1) on P(V) x P(V). We

shall use the following notation: for each quadric Q) given by a quadratic form q, we

consider the associated bilinear form §, which gives a divisor Q on P(V) x P(V).
Let Q1, ... Q4 be four quadrics spanning A. Then

§'=(1Q=QiN-NQy

QeA

is a K3 surface. Indeed by adjunction we see that Kg is trivial, and by Lefschetz
theorem on hyperplane sections we see that S’ is simply connected.
By construction

S c B(V) x P(V),

hence we have an involution ¢: S’ — S’ interchanging the factors. We claim that ¢
has no fixed points. This is equivalent to saying that S’ doesn’t meet the diagonal.
Each intersection between Q; and the diagonal is a point of Q;. For A generic we
have

QiN---NQy=10,

hence the claim follows.
We can then define
F=5/(u);

by construction £ admits an unramified double covering which is a K3, so F' is an
Enriques surface.

The last element that we need in order to prove Proposition 3.39 is the following
explicit description of bitangents to S in terms of the web of quadrics A.

Proposition 3.40. Let ¢ be a pencil of quadric on P3, and let D; be the degeneracy
loci as above. Assume that ¢ doesn’t meet Do (that is, every quadric in £ has rank
at least 3) and that { contains smooth quadrics. Let C' be the base locus of £. Then
the singularities of C and the position of £ relative to Us are related as follows:

i) If C' is smooth, ¢ cuts Ds in 4 distinct points;

it) if C is irreducible with a node, { is a simple tangent to Ds;
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i11) if C 1is irreducible with a cusp, £ meets D3 in a flex and a simple point;

i) if C is the union of a line and a twisted cubic meeting in 2 distinct points, £ is
a bitangent to Ds;

v) if C is the union of a line and a twisted cubic tangent in 1 point, £ is a quadri-
tangent to Ds.

No other cases for C can arise.

Corollary 3.41. The bitangents of S are exactly the pencils of quadrics containing
a line.

Proof. We can choose two smooth quadrics @)1, Q2 € ¢; then the base locus of ¢ is
just

NQ=0Q1NQ=C.

Qel

i) If Q1 and Q3 are transverse, then C' is smooth and K¢ has degree 0 by adjunc-
tion, hence C' is an elliptic curve of degree 4.
For any quadric @ € ¢ the quadratic polynomial q| TC vanishes of order 2 at p;
p

it follows that if () contains any other point of 7),C it must contain the whole
line. Since containing a point is a single linear condition, there is a unique
quadric @), € ¢ containing the tangent space T,,C'. This gives a natural map

p: C—— /.
p_>Qp

We claim that ¢ is a 8 : 1 covering ramified exactly along the set of singu-
lar quadrics. Indeed let Q € £ be a quadric, and choose one of its rulings.
Projection along the ruling yields a map

7: C — Pl
let’s compute its degree. If r is any line of the ruling, then
rnC=rNQ,

where Q' is any other quadric, hence it can be 2 points if r and C' are transverse
or 1 point if they are tangent. We should be more precise here: if @) is singular,
then C' does not pass through its vertex, otherwise it would be singular there.
So the above argument applies for every quadric Q).

It follows that 7 is a double covering branched on the set of tangency points.
By Riemann-Hurwitz we find that there are 4 tangents in the ruling. Since a
smooth quadric has two rulings and a quadric of rank 3 just one, we find that

8 if @ is smooth
4 if @ is singular.

fo Q) = {
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ii)

We can apply Riemann-Hurwitz again, this time for . The total degree of
ramification over a singular quadric is 4, so we find

0 = x(C) = 8x(¥) + £ ({singular quadrics}) - 4,

from which we deduce that £ contains 4 singular quadrics.

Since D3 has degree 4, all points of intersection must be simple points. This
can also be seen as follows. Let @) € ¢ be a singular quadric of vertex p. By
(2.24) we see that

ToD3 = {quadrics through p}.

Hence @ is a tangency point between ¢ and Dsg if and only if its vertex lies
on the base locus C. We have excluded this case because C' is smooth, so /¢ is
transverse to Ds.

Of course this argument is enough, and it is shorter than the one we gave above,
but to analyze the next cases we will need both.

Next, assume that C' is singular but still irreducible. Then adjunction gives
that C has arithmetic genus 1, hence it has exactly one singular point py of
multiplicity 2, and its normalization C is isomorphic to P!. In the first case we
assume that C' has a node.

We define
p: C--»/

by sending p € C' to the unique quadric @, containing T,,C' if p is a smooth
point. This map becomes a regular map on C~', which we still denote by ¢:
indeed any point p € C over po corresponds to a well defined tangent line in
Po, and we can define (), by the same recipe.

We perform the same computation as above. If @ is a quadric not containing
any tangent to C' through pg, we apply Riemann-Hurwitz to the map

6’—>IP’1,

and find that this ramifies in 2 points. Of these, corresponds to the line of the
ruling through py and one to a tangent. Moreover if () is smooth, it certainly
does not contain a tangent to C' through pg. Indeed let r be a line on @; then

rnC=rnQ,

where )/ is any other quadric; if r was in the tangent cone to C' at pg, the
intersection multiplicity with C' would be at least 3, which is not possible.

The argument works also for @) singular and shows, more precisely, that if @
contains a tangent to C' through pg, it must be singular in py. The pencil
contains at most one quadric singular in pg: indeed the base locus of a pencil
generated by two quadric singular in the same point is a union of lines. So there
is exactly one quadric (), singular in py, which contains both lines tangent to
C in pp.
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Qo

iii)

iv)

’»

Figure 3.3. The curve C has a node
In conclusion we find that if Q # Qg

ﬁcpil(Q) _ {2 if @ is smooth

1 if @Q is singular.

On Qg we each line meets C at least in pg, so there cannot be other tangents,
and

o 1 (Qo) = 2.

So ¢ has degree 2, and the total degree of ramification over a singular quadric
different from Qg is 1. Riemann-Hurwitz yields

-2 = X(C~’) = 2x(¢) + f ({singular quadrics # Qo}),

from which we deduce that ¢ contains 2 singular quadrics other than Q.

The same argument as above shows that )y is a point of tangency between ¢
and Ds, since all quadrics of £ pass through pg.

If C' has a cusp, the argument is exactly as above. The only difference is that
on Qo we have only 1 tangent, so ¢ ramifies over Qg too. Riemann-Hurwitz
yields

—2 = x(C) = 2x(£) + # ({singular quadrics}),
hence ¢ contains 2 singular quadrics. Of these g is a point of tangency between
£ and D3 and the other is not, so ()p must be a flex.

Now assume that the base locus C' splits as

Q1N Q2 =179 UC o,
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b1

Figure 3.4. The base locus splits as Cy U 1¢

where 7o is a line and deg Cy = 3. We claim that ry and Cy meet in 2 points,
counted with multiplicity.

Indeed, identifying Q; with P! x P!, we know that
ro €0q,(1,0)],  ro+Co €10q,(2,2)],

so we find the intersection number

(7’0 . CO)Ql = 2.

In particular Cy cannot be a planar cubic, so it must be a rational normal
curve.

Under our hypothesis rq is not a tangent to Cj, so it is well defined the map

p: Cp —— L.
p—>Qp

Let
ro N Co = {p1,p2}:

then the argument of the preceding step shows that if a quadric () contains the
line T}, Cy, it must be singular at p;. If @ is singular with vertex in p;, every
line of ) meets C' at least in p;, hence @) contains just one tangent.

Otherwise the usual Riemann-Hurwitz argument shows that on a ruling of @
containing o there are exactly 2 tangents to Cy. If ) is smooth, every line of
the other ruling meets rg, so it cannot be tangent to Cy. In conclusion

2 if @) is smooth at the p;

1 if @ is singular in some p;.

fo Q) = {



3.7 An example of Enriques Bit(5) 97

This time Riemann-Hurwitz for the map ¢ just says that there exist two
quadrics singular in some p;. Since the two quadrics cannot have the same
vertex, we have for each p; a quadric @; singular at p;.

Since all quadrics @ € ¢ pass through p; and p2, @1 and @2 are points of
tangency between ¢ and Ds. It follows that there is no other singular quadric,
and /¢ is a bitangent.

v) In this case it is enough to check that ¢ meets D3 in just one point. Assume
that C splits as in the preceding step, but now rg and Cj are tangent in p. We
know that there is at least one singular quadric on ¢, and that there cannot be
more than one quadric singular in p. So it is enough to show that ¢ does not
contain any quadric having a singular point different from p.

Assume that @ is such a quadric, and let py be its vertex. Then () has just one
ruling, which must contain rg, in particular py € rg. But C is the intersection
of @ and another quadric, so it has to be singular at pg; this is a contradiction
since pg is a smooth point of C.

Finally we see that no other cases can arise. If C splits as
C=CLuUCy

where the C; are irreducible conics, we can consider the map

If r is a line on @ € ¢, r must meet both C and Cs, so it cannot be tangent to C1.
This holds both for @) of rank 3 and 4, so

e Q) =0forall Qe

and we find a contradiction. This case actually arises for the pencil generated by a
pair of planes and a smooth quadric.
Similarly one excludes the cases where C splits as three or more components. [

After this long parenthesis, we can proceed with the proof of Proposition 3.39.

Proof of Proposition 3.39. We can assume that S is given by the above construction.
We explicitly show a map
7: 8 — Bit S

which is generically 2 : 1, and whose associated involution is exactly ¢. This will
give the birational map between F' and Bit(S5).
Let
(x,y) € S CP(V) x P(V).

Then x # y, as we have remarked, so we consider the line »r = Zy. We claim that
for (z,y) € S generic, there is a pencil £ of quadrics containing r. Granting this
we define 7(z,y) = £. Indeed, by Corollary 3.41, we see that a pencil of quadrics
whose base locus contains a line is in fact a bitangent to S.
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To show the claim we observe that for each quadric @ € A we have ¢(z,y) = 0, so
if @ contains x and y it contains the whole line Tgy. So if x and y impose independent
conditions on A, the locus of quadrics containing r is a pencil. If this is not the
case, then every quadric of A containing x contains y too, so there is a net A’ C A
of quadrics containing r. The generic A does not contain such a net, by a dimension
count.

Indeed the nets of quadrics containing a fized line form a Grassmannian Gr(3,7),
of dimension 12. Letting the line vary, we obtain a family of nets of quadrics
containing a line of dimension 16. For every net of quadrics, the webs containing it
form a P, so the family

{webs of quadrics D N | AV is a net having a line in its base locus}

has dimension at most 23. Instead the family of all webs of quadrics is a Grassman-
nian Gr(4,10), so it has dimension 24.

Since by construction 7 (x,y) = 7w (y, x), we obtain the desired map
7' F — Bit S.

It remains to show that #’ is birational.

Again, by the description of bitangents to S given above, we have to prove the
following: on the generic line r contained in a pencil £ C A of quadrics there are
exactly two points x,y with the property that

g(z,y) =0 for all Q € A. (3.19)

Choose generators Q1,...,Q4 for A such that Q1 and Q2 generate ¢. Then it is
enough to verify (3.19) for Q3 and Q4.

If r is generic, then Q3 and @4 don’t contain r, nor they are tangent, so they
both cut two points on it. Moreover these points are distinct, since

QiN---NQs=10,

for the generic choice of A.

Let W C V be the subspace of dimension 2 such that P(W) = r. Then we must
prove that there is a unique (up to rescaling) basis {wy, ws} of W which diagonalizes
both g3 and g4. Indeed choosing

z = [w1] and y = [wy]

yields the thesis.

The bilinear forms (j},| and (jZ;|W are both non-degenerate, and the quadrics
Q@3 and Q4 are transverse on P(W) (actually they don’t meet), so there exists such
a basis by Lemma 2.18. Up to rescaling we can assume that in this basis ¢3 is given
by the identity matrix and ¢4 by the matrix

A O
0 X/

Then we must have Ay # A9, otherwise 3 = 4, so the eigenspaces have dimension
1 and the basis is unique up to multiples. O
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For later use we will need a more precise information. Let
v: A — |Opv(2)]
be the second Veronese map. Recall that T is the set of singular points of S. We
aim to prove:

Proposition 3.42. For a generic choice of A, the 10 points in v(T') are projectively
independent.

We can then apply Proposition 3.7 to this particular choice of S. Recalling
Corollary 3.18, one obtains:

Corollary 3.43. There exists a component ¥, of X109, having codimension 10
in LG(A3V), such that YA[2] is birational to an Enriques surface for the generic
Ae ¥l

In particular we note:

Corollary 3.44. For the generic A € Y, the 10 decomposable forms in A are
linearly independent.

So we conclude this section with a proof of Proposition 3.44. Another way to
restate it is saying that T is not contained in any quadric. Recall that we have
taken some 3-dimensional subspace A C ](’)Ps(Q)\ and defined T'= Dy N A, where

Dy ={Q |rk@Q < 2}.
So our first remark is the
Lemma 3.45. D- is not contained in any quadric.

Proof. Indeed it is well known that the ideal of D5 is generated by the determinants
of the 3 x 3 minors of @), which are cubic equations. O

We now try to argue by descending induction on linear sections of Dy. We shall
use the following two lemmas.

Lemma 3.46. Let X C P" a variety. Assume that X is not contained in any
quadric and that X is linearly normal, that is, h'(P",Ix (1)) = 0. Then for the
generic hyperplane H, the linear section H N X is not contained in any quadric of
H.

Proof. Consider the exact sequences

0—— Opn(1) — Opn(2) —— O (2) ——0

l l l

0— O0x(1) — O0x(2) — Oxnu(2) —0

obtained by twisting the defining sequences for H in P" and for X N H in X by
O(2). These induce a commutative diagram of long exact sequences

0 —— H°(Opn (1)) — H’(Opn (2)) —— H(Op(2)) —— 0
la 18 Y
0 —— H"(Ox(1)) — H°(0x(2)) — H’(Oxnu(2)) — -,
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where we have used that H'(Opx (1)) = 0 by Kodaira vanishing.
Our hypothesis tell that « is surjective and that § is injective, while the thesis
amounts to saying that - is injective, which is just a matter of diagram chasing. [

Lemma 3.47. Let X C P" a variety. Assume that X is linearly normal and regular,
that is, h'(X,Ox) = 0. Then for the generic hyperplane H, the linear section HNX
is linearly normal.

Proof. We consider the same exact sequences of the previous lemma, this time
twisted by O(1). Their associated long exact sequences yield the diagram

0 —— H(Opn) —— H*(Opa (1)) —— H*(On (1)) ——0
l la s
0 —— H"(Ox) —— H°(Ox (1)) — H*(Oxnu(1)) — 0,

since both P" and X are regular.
This time our hypothesis is that « is surjective, and by diagram chasing we get
that § is surjective too. O

It is now clear how we want to use the previous lemmas to prove Proposition 3.42
by descending induction. To get from H'(X,Ox) =0to HY(XNH,Oxng) = 0 we
would like to use Lefschetz’s theorem on hyperplane sections. The only obstacle is
that the latter works for smooth varieties, while we are starting from the singular
variety D».

To overcome this difficulty we pass to a smooth double cover of Ds. Namely,
since every quadric of rank at most 2 is the union of two planes (maybe coincident)
we can identify Dy with the symmetric product (P%)®).

In even more explicit terms consider the Segre embedding of P? x P3; this is the
map

s: P2 x P3 — P = P(HO(P?, Ops(1))?)

defined by sections of
E == OPS(l) ‘E Ops(l)

If one restricts to symmetric sections, one obtains a map
t: PP x PP — P? = P(Sym? H(P?, Ops(1))) = P(H"(P?, Ops(2)),

which is a 2 : 1 covering of Do, ramified over D;.
We can use this to prove the induction basis, as in the following two lemmas.

Lemma 3.48. D, is linearly normal.
Proof. We must show that every section ¢ € H%(Ds, Op, (1)) lifts to P?. The section
t*(o) € H(P® x P, L)

is of course symmetric. Since the map t is given by the linear series of all symmetric
sections of £ we see that o comes from a hyperplane section of P?. O

Lemma 3.49. D, is regular, that is, H' (Do, Op,) = 0.
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Proof. We start from the fact that P? x P? is regular: this follows by the Hodge
decomposition, since P3 x P? is simply connected. We want to apply the Leray
spectral sequence to the morphism

t: P2 x P? = Ds.

We first remark that '
th*(O]PﬁX]pS) — 0

for all ¢ > 1 by [Har77, Cor. I11.11.2], since ¢ is finite.
Let i be the covering involution on P? x P23, We have an action of i on t.(Ops p3),
so we can decompose
t«(Opsxps) = Op, ® &,

where £ is the subsheaf of eigensections with eigenvalue —1.
By what we have said the Leray spectral sequence degenerates at Fs, and we
have

H' (B x P*, Opsps) = H' (D2, t.Opscps) = H' (D2, Op,) ® H' (Op,, £),
so we deduce that H'(Dy,Op,) = 0. O

Proof of Proposition 3.42. We know that Ds is not contained in any quadric by
Lemma 3.45, and that it is linearly normal by Lemma 3.48.

Take a generic hyperplane section of Do, call it X. By Lemma 3.46 we see that
X is not contained in any quadric.

Let Y = t71(X); since X is generic, Y is smooth, and we can apply Lefschetz
theorem on hyperplane sections to deduce that Y is regular. We can then argue as
in Lemma 3.49 to prove that X is regular too.

Finally we use Lemmas 3.49 and 3.47 to prove that X is linearly normal.

Then we pass to a hyperplane section of X and so on, as long as we are in the
dimension range where we can use Lefschetz theorem. After four steps we find a
surface S C Do which is regular, linearly normal and not contained in any quadric.
In the next step we find a curve C' which is only linearly normal and not contained
in any quadric. Finally a last application of Lemma 3.46 yields a finite set of points
T which is not contained in any quadric. O






Chapter 4

The Chow ring of double EPW
sextics

4.1 Cohomology computations on X4

Let X = X4 be a smooth double EPW sextic. In this section we compute the
cohomological invariants of X, partly following [O’GO08b].
Let o be the symplectic form on X. Since the canonical of X is trivial

HY(X) = H°(X, Q%)

is generated by o2. Moreover it is known that H3(X) = 0, so we can compute the
Euler characteristic

X(X, 0x) = h%(X) + h*%(X) + h*0(X) = 3.
The symplectic form on X gives an isomorphism
Tx = Qk,

hence the odd Chern classes vanish. The Hirzebruch-Riemann-Roch theorem for X
simplifies to

3 — (X, 0x) = ﬁ (CQ(X)2 _ %C4(X)> . (4.1)

We introduce some more notation. Let us call
q € Sym*(H*(X,Q)")

the Beauville-Bogomolov form of X. Since it is non-degenerate, it allows us to give
an identification

H*(X,Q) = HY(X,Q)
hence we obtain a dual quadratic form
¢" € Sym*(H*(X,Q)).

Recall that the cup product yields an isomorphism between Sym?(H?(X,Q)) and
H*(X,Q), so we can regard ¢" as an element of H*(X,Q).

103
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O’Grady proves in [O’G08b] that we have the relation

5
q\/ = ECQ(X)’ (42)

and that for any o, 8 € H?(X, Q) we have
q" a3 =25, f). (4.3)

We now work out the relations in the cohomology of X. Let
h=ca(f*Oy(1)) € HY(X).
Proposition 4.1. In the cohomology ring H*(X,Q) we have
ht =12, h% - c3(X) = 60,
co(X)? = 828, ca(X) = 324.
Proof. The first and the last relations are easily handled. Indeed
ht = 2deg(Y) = 12.
As for the last one we have
ca(X) = x(X),
and since X is a deformation of S, where S is a K3, we have

X(X) = x(5P) = 324

by Proposition 1.3.
By O’Grady’s computations (4.3) and (4.2) we also have

6 25-6
co(X) - h? = 3qv Ch? = =5—a(h,h) = 60.
Finally we can use Equation (4.1) to obtain ca(X)? = 828. O

In degree 6 the only possible relation is a linear dependency between h? and
c2(X) - h, and indeed we have:

Proposition 4.2. There is a relation

co(X) - h = 5h3
HY(X,Q).
Proof. From O’Grady’s relation (4.3) we get

6¢" - h-a = 6-25q(h,a)
for all « € H?(X). On the other hand, by polarization of Fujiki’s relation we obtain
250 - = 25 - 3 - q(h, h)q(h,a) = 6 - 25¢(h, a).

So Poincaré duality implies that

25h° = 64" - h

modulo torsion, and using (4.2) we get the thesis. O
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We can instead exclude relations in degree 4:
Lemma 4.3. The classes h? and co(X) are linearly independent inside H*(X).

Proof. We can substitute co(X) with its multiple ¢V. Assume that we have a relation
24+ X" =0
for some A € C. Then we get
h%a? = —25)\q(a, )
for all o € H?(X). By polarization of the Fujiki formula we also obtain
h2a? = q(a, a)q(h, h) + 2q(h, o).

So if ¢(a, &) = 0 we obtain ¢(h, «) = 0. This means that ¢ is degenerate (the quadric
defined by ¢ would be contained in a hyperplane of PH?(X)), contradiction. O

Finally, it will be useful to write out the explicit form of Hirzebruch-Riemann-
Roch, using the above computations for the characteristic classes of X. We let

Ox(1) = f*Oy(1).
Then Ox(n) is ample on X, and since Kx is trivial, Kodaira vanishing yields
X(X,0x(n)) = h*(X, Ox (n)).
The formula of Hirzebruch-Riemann-Roch then reads

ht c2(X) - h? 1 5
h°(X,0x(n)) YLy + x(Ox) 51 T gn +3 (4.4)

We have also used a similar computation in Section 3.1:

Lemma 4.4. Let X be numerically equivalent to S where S isa K3, and let
e € H*(X) be a class with q(e,e) = —2. Let L be a line bundle on X with c1(L) = e.
Then

X(X,L)=1.

Proof. By Fujiki relation we obtain
e =3-qle,e)? = 12.
Moreover Equations (4.2) and (4.3) yield

6
co(X)-e? = gqv - = 30q(e, ) = —60.

So Hirzebruch-Riemann-Roch reads

et e(X)-€?
X(X, L) = YRR y— +x(0x) =

DO | —
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4.2 Everywhere tangent EPW sextics

Let X = X4 be a double covering of an EPW sextic, endowed with ample line
bundle

Ox (1) = frOy (1),
where as usual

i X—=Y

is the double covering. In this section we wish to understand from a geometric point
of view the odd sections of Ox(3).
Consider the decomposition

HO(Xv OX(n)) = HO(Xv OX(“))-F ©® HO(Xv OX(n))—7

where H°(X,Ox(n))+ are the eigenspaces relative to the eigenvalue +1 for the
action of the covering involution ¢. We call the sections in the eigenspaces even or
odd respectively.

Lemma 4.5. The number of odd sections is given by
hO (X, 0x(3))_ = 10.

Proof. This is actually a simple computation using the theorem of Riemann-Roch-
Hirzebruch. First we remark that even sections of Ox(3) descend to sections of
Oy (3), so

(X, 0x(3))4 = Ko (Y, 0y (3)).

By Lemma 4.6 below we see that

HO(Y, Oy (3)) = hO(P%, Ops (3)) = (5 . 3) _ 56.

On the other hand we have computed in Equation (4.4) that
hO(X,0x(3)) = 66,
hence the thesis. U
Lemma 4.6. The restriction
H°(P°, 0ps(3)) — H'(Y, Oy (3))
is an isomorphism.

Proof. We just need to show that H°(P® 7y (3)) and H'(P5, Zy(3)) vanish. Since
Y is a sextic, Zy = Ops(—6), so

HO(P°, Ty (3)) = H°(P°, Ops(—3)) = 0.
On the other hand Kps = Ops(—6), so
HY(P°, Ty (n)) = 0

for every n > 0 by Kodaira vanishing. O
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Given n € H%(X,Ox(3))_ we obtain the even section
n®n € HY(X,0x(6))1 = H'(Y,0y(6)),
since even sections descend to Y. The proof of Lemma 4.6 shows that
HY(P°, Iy (6)) = 0,

hence this section lifts to a sextic Y’ of P5. Where Y and Y’ meet the intersection
is at least double: this is easily seen locally.

Indeed let y € Y be a point where 1 ® n vanishes. Then for every point x € X
such that f(z) = y we must have

so n ® n has a double zero in z (hence in y).

This construction yields a sextic Y’ everywhere tangent to Y. We now want
to describe explicitly such special sextics; in particular we will show that they are
again EPW sextics.

Proposition 4.7. Let A, A’ € LG(A\®V) be two Lagrangian subspaces such that
dim(AN A") = 9.
Then Y4 and Y4 are everywhere tangent.

Proof. Let
] e Y NY"

be a smooth point of both Y4 and Y4,. Then we claim that
F,FNA=F,nA. (4.5)

Indeed both F, N A and F, N A’ are 1-dimensional, because Y4 and Y,/ are smooth
in [v]. By symmetry it is enough to show that

F,nA c A.
If this does not happen, then
A =F,nA)p (AN A).

Let a be a generator for F,, N A. Then, since F,, and A are isotropic, « is orthogonal
to both F, N A’ and AN A’. Tt follows that

ac (At =4

This is a contradiction, so (4.5) is proved.
By Proposition 2.23 this implies that

TiyYa = Ty Yar.

Since this is true for any smooth point of intersection, the thesis is proved. O
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Remark. If A” is any other Lagrangian subspace with
AnA =An4A"

it is easy to see that
YaNnYay =YaNYyn,

where the latter is an equality of schemes. So this intersection only depends on
U=AnA.
In other words we can associate to every U € P(AY) a section
7€ H(Y4,Oy,(6)) = H*(Xa,0x,,(6)1).

Remark. In the last remark we have implicitly used the fact that every U € P(AY)
is contained in some other Lagrangian subspace A’. This is easy: if U is as above,
then

Ut > At = A,

and every hyperplane of UL containing U is such a Lagrangian subspace. Indeed
let U C A" C Ut so that
A'=U®o (v)

for some v. Then v is orthogonal both to U and to itself, so A’ is isotropic.
In particular we see that there is a pencil of Lagrangian subspaces containing

U.
Proposition 4.8. The above construction yields an isomorphism
g: P(AY) = PH(X 4,0x,(3)_).

The divisors
D' e |HO(XA’ OXA(3)*)|?

or better their images in Y, are endowed with a natural rational function.
Let U € P(AY) such that g(U) = D', and let D = f(D’). We also let £p be the
pencil of Lagrangian subspaces containing U. Then there is a rational function

rp: D --»¥p

defined as follows.
Let A, A’ be generators of £;7, and x a generic point of D C X 4. Then

[v] = fa(x) € Yi™ O YL,
and by Equation (4.5) we have
F,NA=F,nNA,
both of dimension 1. We claim that

dim(F,N(A+ A")) =2. (4.6)
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Indeed we start by the simple remark that
(Fy,+ At = (F)tnAt =F,nAc A=At
We can dualize it to obtain
A CF,+A,

so we find that
dim(F, + A+ A)=dimF, + A=19

by Grassmann. Since
dim(A + A') = 11, dim F, = 10,

Grassmann’s formula applied to F, and A + A’ yields Equation (4.6).
By Equation (4.6) we see that there is exactly one member A, € ¢p such that

F,Nn(A+A)cCA,.

Indeed all members of the pencil contain F, N A, so containing F, N (A + A’) is just
one more linear condition. We can explicitly see that

Ay =(AnA)+ (F,n(A+ A)).

We then define
TpD: D -———>€D.
[v] — A,

It is easy to describe the divisors in the linear system on D whose associated
rational map is rp. Indeed by construction we see that, given B € £p, we have
rp([v]) = B if and only if

dim(F, N B) = 2,

hence the map rp is defined by the pencil of divisors
{YB[2] | B €lp}.

Remark. We should note that indeed if B € ¢p, then
dim(BNA) =9,

and this implies that Y4 contains Yp[2]. In fact if dim(F, N B) = 2, then dim(F, N
A) > 1.

4.3 Proof of the main theorem
In this section we shall prove the following theorem, which is the main result of this
work.

Theorem 4.9. Let A € LG(A* V) and let X4 be the associated double covering of
the EPW sextic Ya. Then any polynomial relation

P(hA, CQ(XA),C4(XA)) =0

in the classes of divisors on X 4 and in the Chern classes of X s which holds in the
cohomology ring already holds at the level of the Chow ring.
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Remark. The symplectic form on X = X4 gives an isomorphism
Tx = Q%,

hence the odd Chern classes vanish. This is why they do not appear in the statement.
Moreover if A is generic in LG(A®V), the group Pic(X4) is cyclic, generated by
h 4, so the theorem above yields exactly Voisin’s conjecture.

Remark. The only relations in cohomology can be in degree 4, 6 or 8. Lemma 4.3
excludes the existence of relations of degree 4, hence we are left with relations in
degree 6 or 8; these are listed in Propositions 4.1 and 4.2.

Proving the theorem will involve some steps, so we briefly outline the plan. First,
we define a special 0-cycle class # on X; we aim to prove that every 0O-cycle which
can be expressed as a polynomial in h, ca(X) and ¢4(X) is a rational multiple of 6.
It turns out that it is easier to define a class @ on Y as the class of any point on a
suitable Enriques surface inside Y, and to pull back this to X

The first two subsections are devoted to the definition of 8 and the proof that it
is actually well-defined. The next section carries out some geometrical construction
on X which yield relations in the Chow ring. Finally the last section uses these
relations to conclude the proof of Theorem 4.9.

4.3.1 Definition of the class 0

Let X = X4 as usual. Our first task is to define a class
0 c CHY(X)
of degree 1. Then we will show that the relations
Y =120,  R%cy(X) =600,  cp(X)? =8280,  cu(X) = 3246

hold.
It will actually be easier to work on Y, so we’d better find out the relationship

between CH(X) and CH(Y).

Remark. The map f: X — Y induces a push-forward morphism
f«: CH(X)— CH(Y),

because f is proper (for the construction of Chow rings and morphisms between
them see [Ful84, Chap. 1]). On the other hand f* is usually defined for flat maps
with fibers of constant dimension, and f is not flat.
Following Example 1.7.6 on [Ful84] we can define f* in our situation. Indeed
Fulton shows that if
Y =X/G

is the quotient of X by the action of a finite group G, we have a canonical isomor-
phism
CH(Y)q = CH(X)S,
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where as usual CH(Y )g = CH(Y) ® Q. So if f is the quotient map we can define
f* by the composition

CH(Y)g = CH(X)§ — CH(X)q.
Fulton also shows that the composition
CH(Y)q L5 CH(X)g L5 CH(Y)g

is the multiplication map by § G.
In our situation G = (), where ¢ is the covering involution, and the composition
above is multiplication by 2.

Recall that we have defined
Y10 C LG( /\3 V)

as the (zariski closure of the) set of Lagrangian subspaces such that there exist 10
independent subspaces
Wiooo ;Wi CV

of dimension 3 with A3W; C A, and ¥, is a particular component defined in
Section 3.7. By Corollary 3.43 we know that for B € X/, generic Yp[2] is birational
to an Enriques surface.

We now recall a result about Chow groups of surfaces ([Voi03, Thm. 11.10])

Theorem (Bloch, Kas, Lieberman). Let S be a smooth projective surface with
H?%(8) =0, and assume that S is not of general type. Then the Albanese map

albs: CH?,,.(S) — Alb(S)
is an isomorphism. In particular if moreover HY0(S) = 0, then CHZ,, (S) = 0.
By this result we see that if S is an Enriques surface,
CH*(S) = Z.

In particular this conclusion is true for Yz[2], when B € ¥, is generic.
To handle the case where B is not generic we use the following result (the proof
is the same of [Voi03, Lemma 10.7]):

Theorem. Consider an algebraic family of cycles (Zi)icy on a variety X paramet-
rized by a basis U. Then the set

{u e U | Z; is rationally equivalent to zero}

s a countable union of Zariski closed subsets of U.

By the above result, the fact that C H?(Yg[2]) = Z for B generic extends to the
case where B is not generic. In conclusion we have the

Proposition 4.10. Let B € X; then

CH*(Yg[2]) & Z.
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That said, we define a class
0 e CH*(Yy)
as follows. Let A € LG(A® V). We have the
Proposition 4.11. There exists B € ¥, such that
dim(ANB) > 9. (4.7)

The proof of the above Proposition is quite involved, and will be given in the
following subsection.
By the remark at the end of the previous section we know that

Yn [2] C Yy,

so we define @ as the class of a point of Yz[2]. We need to do some checks in order
to show that this is actually well-defined. We also define

= %f*(?) € CHY(X).

Lemma 4.12. Let B, B' € LG(A3V) such that (4.7) holds. Then

Yp2]NYp(2] #0 (4.8)
Proof. 1t is enough to show that

Yp[2] - Yp[2] #0
in CH*(Y4). Recall that in Section 4.2 we have exhibited a rational equivalence
between Yp[2] and Yy, given by the rational function ry on Dy, where U = AN B.
So it will be enough to prove that

Yal2? £ 0.
By the definition of the ring structure on C H*(Y4) we need to prove that
Z3 #0in CH*(X4).

But actually Z% # 0 already in cohomology. Indeed, using the fact that Z4 is
Lagrangian, we have

2124 = CQ(NZA/XA) = CQ(leA) = CQ(ZA) = pr(ZA) =192
by the results cited in Section 2.4. U

By the previous Lemma we see that the class of § € CH*(Y) is actually inde-
pendent of the chosen B € ¥, such that (4.7) holds.
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4.3.2 Proof of Proposition 4.11

We now prove that given any Lagrangian subspace A C A®V there exists B € Yo
such that
dimANB >09.

This will be done in several steps.

We begin with the construction of a suitable incidence variety. For the present
purposes it is irrelevant that the symplectic space is A® V, so we just consider any
symplectic vector space E of dimension 2n. We define the incidence variety

Q= {(A,B) | dim(ANB) >n— 1} C LG(E) x LG(E).

This has two projections 7; and 72 over the Lagrangian Grassmannian LG(E). We
can find the dimension of €2 by studying the fibers of these morphisms. Let

Q4 =77 '(4)

be a fiber of m;. We consider the Pliicker embedding, and let v4 € A" E be a vector
such that [vg] = A.

Lemma 4.13. Under the Pliicker embedding, Q4 is a cone of vertex A over P(AV).
The latter is embedded in

P(A" E/{va))
by the complete linear system Op(avy(2).

Proof. 1t is easier to consider the non Lagrangian case first. So consider the bigger
incidence variety

Q= {(4,B) | dim(AN B) >n -1} c Gr(n, E) x Gr(n, E).
Accordingly we have the fiber
Qa={BeCr(n,E)|dim(ANB) >n—1}.
We claim that this is a cone of vertex A over
P(AY) x P(E/A).
First, we give the embedding
o P(AY) x P(B/A) = P(A" B/ (v4)).

This is done as follows. Let (U,U’) € P(AY) x P(E/A), so

UcAcU
with
dimU =n — 1, dimU =n+1
We choose a basis {u1,...,u,1} of U’ such that {uy,...,u,} is a basis of A and

{uy,...,up—1} of U. We the set

QD(U, U,) = [u1 VANEIIEIVAN T PSE VAN un+1].
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It is immediate to see that another choice of basis doesn’t change the class of
©(U,U") modulo
VA =UL N N\ Uy,
so ¢ is well-defined.
Moreover, for fixed U, (U, -) gives a linear embedding of P(E/A) and viceversa.

Hence we get a bilinear embedding of the product.
Now we have the projection of center A

ma: P(AN" E) --» P(N" E/(va)),

and we can restrict this projection to €4 \ {A}. One checks easily that this is just

7a: Qa4 \ {4} — P(AY) x P(E/A),
B—— 5 (BNAB+A)

thereby proving the claim.

Now assume that A is Lagrangian. The symplectic form on E identifies F'/A with
AV. A given subspace B € Qs Lagrangian if and only if, under this identification,
BN A is identified with B + A. We can consider the diagonal embedding

P(AY) = P(AY) x P(E/A) = P(\" E/(va));

this is given by sections of Op(4v)(2) because ¢ is bilinear.
Moreover §24 is exactly the cone above the image of this embedding, and this
proves the lemma. O

The above lemma allows us to compute the dimension of €2. Indeed we see that
the fibers of 7y are irreducible of dimension n. Since

dim LG(E) = <” ‘; 1) ,

it follows that € is irreducible of dimension

1
dimQ =n+ (n;— )

Next we study the tangent space to 2. Recall that the tangent space TyLG(FE)
is canonically identified with Sym?(AY). We describe the tangent space to € inside
the product

T,LG(E) x T5LG(E).

Lemma 4.14. Let (A, B) € Q with A# B, and let U = AN B. Then § is smooth
at (A, B), with tangent space

TapQ = {(aa,a5) € Sym*(4¥) x Sym*(B") | qa|,, = 45|, }-  (49)
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Proof. The points of 2 outside the diagonal form an orbit under the action of the
symplectic group. Since this orbit is open, every point (A, B) € Q2 with A # B has
to be smooth, and this proves the first assertion.

To describe explicitly the tangent space we start by remarking that the two sides
of Equation (4.9) have the same dimension n + (";Ll) We have verified that this
is the dimension of €2, hence the dimension of its tangent space at (A, B) by the
first part of the proof. That this is also the dimension of the right hand side is an
immediate computation.

So we just check that we have one inclusion. Again, it is easier to work out the
non Lagrangian case first. Namely consider the incidence variety

Q c Gr(n, E) x Gr(n, E).

The corresponding statement, that we shall now prove, is the following.

Let (A, B) € Q with A # B, and let
U=ANB, U =A+B,
so that dimU =n — 1, dimU’ = n + 1. Given any
f €TaGr(n,E) = Hom(A,E/A)
we can consider the composition f4 g € Hom(U, E/U’) given by
U< A— EJ/A— E/JU.

Similarly for B: given g € Tg Gr(n, E) we consider g4 g € Hom(U, E/U’). Then
the claim is that

Tap={(f,9) | fap =gap} C Hom(A, E/A) x Hom(B, E/B). (4.10)

Let us see how the lemma follows from Equation (4.10). In case E has a symplec-
tic form and A and B are both Lagrangian, it is immediate to check that U’ = U™,
In this case we can identify

E/U =E/Ut=UY.
If f € TALG(E), the homomorphism
fiA—-E/AX AY

is symmetric, so it restricts to a symmetric homomorphism f4 p. The same remark
holds for B, so Equation (4.10) implies Equation (4.9).

Let us now prove Equation (4.10). By the same dimensional count, it is enough
to prove one inclusion. Now it is just a matter of unwinding the identification of
T4 Gr(n, E) with Hom(A, E/A).

Let (A(t), B(t)) be a curve on  with
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We let U(t) = A(t) N B(t); this has dimension n — 1 for all ¢ sufficiently small. So
we can choose vectors

ur(t), ..., un—1(t),a(t),b(t)
such that

S
=
N~—
[
B

1(t), e ,unfl(t»,
A(t) = (ui(t), ..., un—1(t),a(t)),
B(t) = <u1 (t)’ s aunfl(t)’ b(t)>

Choose a subspace C' C F complementary to both A and B. Then the homomor-
phism associated to the tangent vector A(0) is constructed as follows.
Since

E=A®C,
the subspace A(t), for ¢ small, is the graph of a map f(t): A — C. The vector

A(0) € T4 Gr(n, E)

corresponds to f/(0): A — C. Similarly B(t) is seen as the graph of amap g(t): B —
C, and we identify B(O) with ¢’(0). The subspace C'is then identified, by projection,
with F/A in the first case and with F/B in the second.

Now we take a vector v € U. We can choose functions

A(E), ooy A (), 1 (), .oy pun(t)
such that

O +0 =M (t) + -+ Aot (w1 () + Au(B)alt)
9t + v = p(Our(t) + - + o1 (1 () + pa(DB(E),

so that

Py — g(tyo = (ae) — () un(t) + - +
+(>\n71(t) - Mn—l(t))unfl(t) + )\n(t)a(t) — Mn(t)b(t).

Taking derivatives and using the fact that A;(0) = p;(0) = 0 for every 4, we find

f1 (0w =g (0)v = (A1 (0) = 11(0))ua (0) + -+ +
+(A-1(0) = p17,1(0)) tn—1(0) + X, (0)a(0) — 117,(0)b(0).

So f'(0)v = ¢'(0)v modulo U’; in other words the two homomorphisms f4 p and
JA,B agree. ]

Now we are ready to prove the main lemma of this subsection. Of course we
choose E = A3 V. We let ¥ be any irreducible component of 31 of codimension
10 in LG(A® V). We consider the restricted incidence variety

P =00 (LG(A*V) x 2) = {(4,B) | B€Qa}.
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As before we have the two projections

T
/X
LG(A’V) X,

Since p is a fibration over ¥/, with fiber Qp, and since we have proved that

. o . ,
dimQp =10 = codlm]LG(/\g V) 210,

we deduce that
dimT' = dimLG(A® V).

Our ultimate goal is to prove that m is a generically finite map. The lemma that
we shall use is the following.

Lemma 4.15. Let (A, B) € I' and assume that

i) B contains exactly 10 decomposable forms au, ..., a9, which are linearly inde-
pendent;

it) fori=1,...10 the form a; ¢ A.
Then the differential dm 4 gy is an isomorphism.

Proof. By our hypothesis and Proposition 2.4, we see that the tangent to X}, at B
is the subspace T of Sym?(B"Y) consisting of those quadratic forms ¢ such that

q(a;) =0 fori=1,...,10.
Let U = AN B; we claim that the composition
T — Sym?(BY) — Sym?(U")

is injective. Here the second map is the restriction on quadratic forms.
Indeed assume that a quadratic form ¢ € T vanishes identically on U; then its
zero locus is the union of two hyperplanes

UuU' c B.

We have assumed that «; ¢ U for every i; it follows that U’ has to contain all ;.
But this is impossible, since we have assumed that they are linearly independent,
and the contradiction proves the claim.

We then consider the following diagram

d
Tia,pT ﬂ)—>TCSy1rn2(BV)

AN

Sym?(AY) ———— Sym?*(U")
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This is commutative by Equation (4.9), since I" C .
Assume that
d?T(A7B)’U =0

for some v € T( 4, p)I'. Then the diagram shows that we have also

dp(AJg)U = 0.

Since

I CLG(A*V) x X,
we find that v = 0. O

Corollary 4.16. Under the same hypothesis, the map 7 is generically finite, in
particular it is surjective.

Proof. Since we already know that I' and LG(/\3 V) have the same dimension, it
is enough to show surjectivity. Assuming that 7 is not surjective, the image has
positive codimension in LG(A3 V).

By the theorem on the dimension of the fibers it follows that every component
of every fiber of 7 has dimension at least 1. But Lemma 4.15 implies that the fiber
of m above A has an isolate point, contradiction. O

Now we see that in order to prove Proposition 4.11 it is enough to show a couple
of Lagrangian subspaces (A, B) which satisfy the hypothesis of Lemma 4.15. For
then the assertion that the fiber of 7 over any A is not empty is exactly the thesis
of the proposition.

By Corollary 3.44 we know that the generic B € X/, contains exactly 10 inde-
pendent decomposable forms, up to multiples. Let U C B be any hyperplane which
doesn’t contain any of them. Then we can find a pencil of Lagrangian subspaces A
such that

ANB=U;

then the pair (A, B) satisfies the hypothesis of Lemma 4.15, and we are done.

4.3.3 Some geometric constructions

We now want to show that the expected relations hold in CH (Y)q.

Remark. In the following we need to perform intersection products on the Chow
ring of Y, and this may seem not well-defined, since Y is singular. But recall that
we have the isomorphism

CH(Y)o = CH(X)S.
and CH(X)g is a subring of CH(X)q, so we can multiply cycle classes on Y.

Let h = ¢1(Oy (1)) be the hyperplane class on Y. We start to prove relations in
CH(Y) analogous to those found in Proposition 4.1. In order to do this, we need
another geometric lemma.

Lemma 4.17. There exists a line Lo C'Y which meets Yp[2].

Proof. Let V be the union of lines contained in Y.
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Step 1: dimV > 2. Let R C Gr(2,V) be the locus of lines £ C Y4. We can obtain
R as follows. Let

Ya="V(9),

where ¢ is a degree 6 polynomial, and let S be the tautological subbundle on
Gr(2,V), so that Sym®(SY) is the fiber bundle whose fiber at £ is the vector space
of homogeneous polynomials of degree 6 on £.

Then we can define a section
s € H°(Gr(2,V),Sym®(SY))
by the condition
s(l) = g| .

By definition R is the zero locus of s. It follows that
dim R > dim Gr(2,V) — rk Sym®%(SY) =8 — 7 =1,

provided R is not empty. But we can show that R # () by computing the funda-
mental class
[R] = c7(Sym®(SY)) = 432 - 13404 3.

Here the notation is that of Schubert calculus, see for instance [GH78, Sec. 1.5].

v=_J¢

leR
is birational to a P! bundle over R, it follows that dim V > 2.

Since

Step 2: There exists B' such that AN B = AN B’ and Yp/[2] meets V. Let
U=ANB

and let Dy be its associated divisor on Yy, under the isomorphism of Proposition
4.8. Then Dy has dimension 3; since two varieties of dimension 2 and 3 in P always
meet, it follows that

DynV #0.
So there exists a Lagrangian subspace B’ such that B'N A = U and

YB/[Q] NV # 0.

Step 3: B meets V. We lift everything to X, which is smooth, so intersection the-
ory applies. Let . -
Vi=f"HV)and Vo = f 1 (Vi [2)).

One easily sees that on X o
Vi-Va#0.

Since f~1(Yp[2]) and V5 have the same homology class, it follows that
Vl : f_l(YB[2]) 7é 0,
in particular Vi must meet f~1(Y3[2]), and so

VQYB[Q] # 0.
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O
The other relations come from the following

Lemma 4.18. Let
Z=7Za=f""(Yal2)

be the fized locus of the involution ¢ on X. Then the following relation holds in
CH(X):
374 = 15h% — co(X).

Proof. We consider f as a map X — P?, so that it induces a morphism of vector

bundles over X
df : Tx — f"Tps.

We notice that df in injective outside Z, so we can see Z as a degeneracy locus for
this morphism. We then apply Thom-Porteous formula in the precise form stated
in [Ful84, sec. 14.4]. In their notation we have e =4, f =5 and k = 3.
This yields a cycle class
Dy(df) € CH*(Z)

whose support is Z, and such that the image of D3(df) in CH? (X) is
A (e f*Tps — Tx)) = ea(f*Tps — Tx).

Here the total Chern class
c(f Tps — Tx)

is defined formally in such a way that Whitney’s formula holds, i. e.
o(Tx) - e(f"Tps — Tx) = c(f " Tps ).

From the last equation and the fact that ¢;(Tx) = 0 (since X is symplectic) we
can obtain

co(f*Tps — Tx) = frea(Tps) — ca(Tx) = 15h% — co(X).

Here
co(Tps) = 15¢1 (Ops (1))

can easily be derived from the usual Euler sequence
0 —— Ops — C% ® Ops (1) —— Tps —— 0 .

Since D3(df) has support on Z, which is irreducible, we find that
kZ = 15h* — c3(X) (4.11)

for some k € Z. To find the right k, we observe that again by [Ful84, Theorem
14.4(c)] we have

D3(df) = [Ds(df)],

where Ds(df) is the degeneracy locus of df. In other words Ds(df) is just Z, with
the scheme structure given by the vanishing of all 4 x 4 minors of df.
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By the local study in section 2.2.6 we see that the map
f: XY CPS
has, in suitable analytic coordinates around a point of Z, the local form

f(x7 y7 Z? t) l (x27xy7 y27z7 t)'
C

O

The differential of f is then

2¢ 0 0 O
y « 0 0
dl?c 0 2y 0 0];
0O 0 1 0
0 0 01

equating to 0 the determinants of its 3 x 3 minors yields
Dy(df) = V(a*, y,y%).

So we see that Ds(df) has multiplicity 3 at each point of Z, hence k = 3.
Alternatively we could multiply Equation (4.11) by h? to find

kZ -h* = 15h% — cp(X) - b2
If we look at this relation in cohomology it becomes, thanks to Proposition 4.1,
40k = 15 - 12 — 60,
so k= 3. O
We have a closer look at the differential of
f: X — P

As a map of vector bundles, this is not injective exactly on Z. Hence it is always
injective on stalks; in other words

df: Tx — f*Tps

is an injective map of sheaves. Let R denote its cokernel; this is locally free of rank
1 outside Z. So we have the exact sequence

0—Tx —— f*Tps — R ——0 . (4.12)

We now dualize it applying Hom(-, Ox). We remark that
Hom(R,Ox)

is torsion-free, of rank one, and one can check in local coordinates that it is a line
bundle. By (4.12) we get ¢;1(R) = 6h, hence

Hom(R,Ox) = Ox(—6).
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Then we note that
Etl(f*(Tps), Ox) = 0,

because both sheaves are locally free. So if we let
Q = Ext' (R, Ox),
the dual of (4.12) becomes

dfT

0 —— Ox(—6) — f*(Qps) Qk Q 0. (4.13)

We remark that Q is set-theoretically supported on Z, because both R and Ox
are locally free outside Z. Actually the schematic support of Q is 27, that is the
subscheme of X defined by the ideal Z%. This follows from the

Lemma 4.19. Let Q be as above; then Ann(Q) = I%.

Proof. We only need to prove this locally. As in the proof of Lemma 4.18 we can
choose local coordinates on X such that

Fz,y,2,t) = (22, vy, y%, 2, 1);

O

then dfT has the matrix

2¢c y 0 0 O
r |0 = 2y 0 0.
af loc] 0O 0 0 1 0O}’
0 0 0 01
hence we have the presentation
(dz, dy)

loc (xdz, zdy + ydx, ydy)

A given h(z,y) € C[z,y] then annihilates Q if and only if both hdz and hdy
belong to the k[z,y]-module generated by xdx, xdy + ydx and ydy.
Let us make this more explicit. Assume that

h(z,y)dz = a(z,y)zdr + b(z,y) - (zdy + ydz) + c(z, y)ydy.
This yields

h(z,y) = za(z,y) + yb(z,y)
0 =zb(x,y) +yc(x,y)

The second equation implies b(z,y) = yb'(z,y), so the first becomes

h(z,y) = za(z,y) + y°b (z,y).

If A can be written this way, then we can choose ¢ so that the second condition is
satisfied. In short

h(x’ y)dﬁ € <$d£ﬂ, Cﬂdy + yd.ﬁl?, ydy>k[x,y]
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if and only if h € (x,%?).
We have the symmetric condition for h(z,y)dy, so we conclude that h € Ann(Q)
if and only if
he (z,9%) N (2% y) = (2°, 2y, 4°).

The last equality between ideals can be proved for instance by the remark that both
(z,y?) N (22,y) and (22, 2y,y?) consist of the polynomials h such that

dh dh
h(0,0) = ~~(0,0) = 7,00 =0

Finally (22, 2y,4?) is exactly the square of the ideal (x,y) which locally defines
Z. U

We now produce another exact sequence involving Q. Let
i: 4 — X
denote the inclusion. Recall that we have a canonical identification
Iz7/T5 = iNy)x (4.14)

locally the function g vanishing on Z corresponds to the normal covector dg. Con-
sider the natural projection
.0l (VR

we see this as a map on X
T QY = I,/73%.

Lemma 4.20. We have 7o dfT = 0.

Proof. We keep the notation of the proof of Lemma 4.19. We need only to verify
the thesis on Z. The image of dfT is generated by

xdx, xdy + ydz, ydy, dz, dt.
The first three elements vanish on Z, while the latter two are in the kernel of 7. [

The above lemma and the exact sequence in (4.13) provide us a surjective map
a: Q — i (Ny)x).
Lemma 4.21. The kernel of «v is i.(det T).

Proof. We can see this explicitly in local coordinates. Keeping the notation of
the above proofs, Q is locally generated, on Z, by dz, dy and xdy = —ydz. The
conormal bundle N} /X is generated by dx and dy, and « is the obvious projection.
The kernel of « is then generated by xzdy. Under the identification in (4.14) this
corresponds to the generator dz A dy of A2 N g /X"
So

ker v = i*(det./\/%//x) =~ i, (det Ty),

since Z is Lagrangian. ]
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Thanks to the lemma we get the exact sequence we are looking for:
0——is(detTy) — Q —— i, Tz ——0 . (4.15)
We can now find new relations in the Chow ring of X.
Proposition 4.22. In CH(X)qg we have
co(X) - h =5h°
and c4(X) is a linear combination of h*, co(X) - h? and co(X)?.

Proof. This is just a matter of putting together the relations that come from the
exact sequences (4.13) and (4.15).
We start from (4.13), which yields

(1=6h) - (14 co(X) +ca(X)) = (1 =1)°- (1 +1(Q) + 2(Q) + 3(Q) + ca(Q)).

Comparing the terms in degree up to 2 we get:

c1(Q) =0

) (4.16)
CQ(Q) == CQ(X) — 15h° = —3Z,
where the last equality is Lemma 4.18. Then in degree 3 we have
c3(Q) = 6h(c2(Q) — ea(X)) + 20R° =
4(Q) = 6h(c2(Q) ~ (X)) wan

= 6h - (—15h%) + 20h* = —T0R?,
using the second of (4.16). Finally in degree 4 we get, using (4.16) and (4.17),

ca(X) = 15h* + 1502 - ¢3(Q) — 6h - c3(Q) + c4(Q) =
= 150" — 45h% - Z + 4200 + ¢4(Q),

hence

c1(Q) = c4(X) — 435n* + 45h7% - Z. (4.18)

Next we look at the relations coming from (4.15). To do this we shall use
Grothendieck-Riemann-Roch, which for the closed embedding
10 4 — X

takes the form

ch(iF) = iu(ch(F) - td(Nz/x)™"),

for any F € Coh(Z). This is because in our situation we have
RFi (F) =0

for all such F, thanks to [Har77, Cor. 111.11.2].
Using that Z is Lagrangian we have N, 7/x = QIZ, SO we can compute

1 1
1 1 1
tdNg/x) ' =1+ sa(Z) + 561(2)2 = 152(2).

(1(2)* + c2(2));
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Then we have
1
ch(detTz) =1+ c1(Z) + §cl(Z)2;
1
ch(Tz) =2+ c1(Z) + §(cl(Z)2 —c2(2)).

So Grothendieck-Riemann-Roch for these sheaves becomes

ch(iy det Ty) = iy <1 + ;cl(Z) + ez - icQ(Z)) :

6 12
ch(inTy) = i <2 +261(2) + %cl(Z)Q - %(Z)) .

Next we use the fact that in CH(Z)g we have
a(Z)=—-Kz = -3i"(h),

thanks to Proposition 2.8. So we obtain

iZQ.
1277

ch(i,Tz) = 2Z — 6h - Z +12h* - Z — gz?

9 21
ch(i, det Tz) :Z—ih-ZJr?hQ-Z—

We can use this to recover the Chern classes of i,(det Tz) and i.(T). These are:

Ccl (Z* det Tz) =0
co(indetTy) = —Z
c3(indetTy) = —9h - Z
ca(ivdetTy) = Z% — 63h* - Z
and

C1 (’L*Tz) =0

co(ixTz) = =27

Cg(i*Tz) =—12h-Z

cs(isTy) =922 — 12h% - Z.

Finally we use the exact sequence (4.15) to get the Chern classes of Q. The first
two are

in accordance with (4.16). Then we get
¢3(Q) = —21h - Z,
and comparing with (4.17) we obtain

—3h-Z = —10h5.
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Using Lemma 4.18 this is exactly
co(X) - h = 5h3.

Finally we get
cs(Q) = 1222 —135h* - Z;

comparing with (4.18) this becomes
127% —135h2 - Z = ¢4(X) — 435h* 4 45h% - Z,

and using again Lemma 4.18 to write Z as a rational combination of c3(X) and h?,
we get the second claim of the thesis. O

4.3.4 Conclusion of the proof

First we recall that we have defined the class

1, -
6= 31).

Here 6 is the class of any point on Y3[2] C Ya.
We also recall from the previous section that on Y4 we have a divisor D = Dy,
where U = AN B, together with a rational map

rp: D --+{p,
which exhibits a linear equivalence on D between Yj4[2] and Y3[2]. In other words
[Yal2]] = [Y5[2]] in CH?(Ya).
Using Lemma 4.17 we can start proving that
ht =66 (4.19)

in CH(X).
Indeed let A be any plane containing Lg. Then 7’ s represented by the inter-
section

A-Y:L0+C,

where C is a quintic on A. Multiplying by h we obtain
=1Ly -h+C-h

We claim that this is represented by a 0-cycle supported on Lg. This is clear for
the first addend; for the second we represent h by a hyperplane containing Ly and
transverse to A. It follows that C - h is supported on C' N Lyg.

Since Ly is rational, CH'(Lg) & 7Z, so 7tis rationally equivalent to a multiple
of a point of Ly. Finally Lemma 4.17 assures us that

LoNYg[2] # 0,
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sSo we get
B =k in CHA(Y)g
for some k € Q.
Pulling back this relation to X and using f*(h) = h, f*() = 20 we obtain

ht = 2k0 in CH*(X)g.

Since in cohomology we have h* = 12 we must have k = 6, and so (4.19) is proved.
Next we show that

h? - co(X) = 600. (4.20)
We start from Lemma 4.18; pushing forward that relation we get
3[Ya[2]] = 15 4%° — fuca(X) in CHA(Y). (4.21)

Multiplying (4.21) by 7 we get
R fuca(X) = 60" — 387 - [Ya[2]].
We already proved that 7tis a multiple of §, and the cycle class
=2 =2
h™- [Yal2]] = h"- [YB[2]]
is supported on Y3[2], hence it is a rational multiple of @ too.
We conclude that the relation (4.20) holds up to a multiple, that is
7 fuca(X) = k0.

As before, we pull back this relation to X in order to make computations in coho-
mology. We get
h% - 2cy(X) = 2Kk0.

Since in cohomology we have
h% - cy(X) = 60,

we must have k = 60, and Equation (4.20) is proved.
In a similar way, we can rewrite Equation (4.21) as
feca(X) = 150" — 3[Y4[2]]
and take squares to write (fico(X))? as a combination of 7' and a 0-cycle supported
on Yg[2]. This shows that (f.ca2(X))? is a rational multiple of 6.
As usual a cohomology computation yields the precise form

co(X)? = 8280.
Now we can use Proposition 4.22 to conclude that
C4 (X) = ka,
and finally we get £k = 324 by comparison with the analogous computation in
cohomology. This takes care of all relations in degree 8.
The only relation in degree 6 comes from Proposition 4.2, and is
co(X) - h = 5h3.

We already proved that the same holds in C H*(X) in Proposition 4.22. This ends
the proof of the main theorem.
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