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Summary
S ope of the present resear h is to develop novel mathemati al tools in order
to fa e the

ontinuously growing need of modern theoreti al approa hes for

a proper development of Arti ial Intelligen e.
Using Statisti al Me hani s and Graph Theory languages and te hniques, we
will start this thesis by introdu ing the mean eld Hopeld model as the

moni os illator

har-

in Neural Networks. This will set the referen e framework

in order to extend its

apabilities: in our resear h , we su

eed in formalizing

for the rst time neural networks able to spontaneous parallel pro essing (a
step forward with respe t to the original harmoni
quential pro essing was allowed to emerge as a

os illator, where only se-

olle tive feature shared over

the distributed memories a ross the net).
Indeed, the Hopeld model (together with the related Hebb's learning rule)
provides a prototypi al asso iative memory model that has attra ted a great
attention by the

ommunities of Theoreti al Physi ists and Mathemati ians

mainly due to its natural formalization within the

anoni al setting of Statis-

ti al Me hani s (possibly beyond the adheren e of its pro essing paths with
those empiri ally found in biologi al information pro essing systems).
Through well

ontrolled learning pro edures, in this attra tor networks it

is possible to store and sequentially retrieve patterns of information.
retrieval of a stored pattern does

The

oin ide, mathemati ally, with the ther-

malization of the system in one of the several minima of the related free energy (ea h minimum

orresponding to a pattern to be retrieved) su h that,

through the analogy between thermodynami al relaxation and sele tion of a
distributed memory, we

an adapt the mathemati al tools (i.e. models and

methods) originally developed for statisti al me hani al treatments of spin
glasses (other

omplex systems whose free energy lands ape is rugged) to the

analysis of neural networks, and, in this thesis, this is the route that we aim
to

ontribute to pave, moving from serial to parallel information pro essing.

Indeed, properly modifying the stru ture of the memories -pattern's denitions(in the pertinent phase spa e where the system dynami s takes pla e) or
arefully diluting the network ar hite ture (in the topologi al spa e where
spins dialogue) we will build models of neural networks able to re all simultaneously multiple patterns of information. We will therefore analyze in
details the mathemati al stru ture of these networks and dis uss the resulting
properties.
The thesis is stru tured as follows:
In the rst Chapter we briey revise the Hopeld model: after an historial digression on the role of the so- alled
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mean-eld approximation in Physi

s

(and in parti ular in Statisti al Me hani s), we will

onstru t its related

Hamiltonian in two novel ways (with respe t to the original Hopeld proposal). More pre isely, starting from the paradigmati

models for ferromag-

nets and for spin-glasses (i.e., the Curie-Weiss model and the SherringtonKirkpatri k model, respe tively) we will show how to re over the Hopeld
model and the underlying deep

onne tions among these models.

The se ond Chapter is entirely dedi ated to parallel pro essing networks
and it is split into two main Se tions, the former dealing with multitasking
network, the latter dealing with hierar hi al network.
We will start with purely mean eld models, the so- alled

multitasking asso-

iative networks and we will perform an extended treatment of its

apabilities

and properties, mixing te hniques stemming from Statisti al Me hani s and
Graph Theory (whose usage is more typi al for Theoreti al Phy isists and
Mathemati ians) with those of ommon usage in Roboti s and Automation as
Signal-to-Noise, stability analysis and other related operational approa hes.
After dis ussing as toy-examples the simultaneous retrieval of two or three
patterns, we will explore the whole

low-storage behavior of the network, that

an be dened in a simple way as follows:

binary spins (i.e. Ising spins), that we want to use to store and
patterns (i.e.,

N -length

ve tors of binary entries

±1).

Now, as we are inter-

ested in the network performan es in the thermodynami

N →∞

N
retrieve P

onsider a network built of by

limit (i.e. sending

in order to deal with averages, rather than full probability distribu-

tions), we need to spe ify how
namely if

P ∝ N,

we talk of

P

s ales with

N.

If su h a s aling is extensive,

high storage regime, while if the amount of pat-

ters s ales sub-linearly in the number of spins (su h that
we talk of

low storage.

limN →∞ (P/N) → 0),

At a rst glan e, the low storage regime looks as a pathologi al regime or a
simplifying analysis avoiding the high storage, but, a tually, this is not the
ase. The origin of this idea lies in the properties of the Hopeld network
and, in parti ular, in the theory of Amit, Gutfreund and Sompolinsky who
showed how to load that original network in order to let it work in the high
storage regime. However, to understand that most modern variants of the
Hopeld network

an not handle extensive storage (i.e.

a simple and heuristi al
is a fully

P ∼ N)

it is enough

onsideration of Graph Theory: the Hopeld model

onne ted mean-eld network. This implies that, as the memory is

distributed -namely it is shared over the synapses (i.e. the links
the spins and whose values

onne ting

an be both positive and negative ta itly lo at2
an feed O(N )

ing neural networks in the larger bulk of spin glasses)- we
synapses (i.e. links) with the information
However let us now

ontained in the patterns to store.

onsider a minimal modi ation of the Hopeld model

that makes it more biologi ally plausible: let us
2

ollapse the Hopeld network

on an Erdös-Rényi graph (instead of the original fully

onne ted network).

This has the advantage of avoiding the assumption that ea h neuron intera ts with all the other neurons in the network, that is
false, despite mathemati ally

learly biologi ally

onvenient. However, from an Arti ial Intelli-

gen e perspe tive, the major dieren e between a random graph and a fully
1
2
onne ted network resides in the number of links: N for the former, N for
the latter. It is then evident that, as the amount of synapsis does no longer
s ale quadrati ally with the amount of neurons, the overall network performan e

an not remain unaltered. This is a general result when embedding

asso iative networks on stru tured or biologi al interesting topologies (and
it is a parti ularly severe limitation for Hebb learning rules, as those we will
investigate in this work).
On e understood this theoreti al bound to the maximal storage

apa ity of

the variations on the Hopeld theme, we analyze in all details our multitasking extension: a key (and novel) assumption is the introdu tion of blank
entries in pattern's denition, that is, pattern entries may assume values

±1

( arrying information) or simply be blank (denoting la k of information). It
is remarkable that this novel approa h to dilution, that is seen as a must by
Biologists, will play as the real

ore of parallel pro essing su h that, mak-

ing the network topology more adherent to biologi al demands, we will also
obtain -as a result- that network's performan es also mat h better those of
biologi al neural networks.
On e explored exhaustively the multitasking network, we will try to fa e another fundamental and intrinsi

limitation of the original Hopeld s enario:

its mean-eld nature. To over ome this obsta le -at least partially- we try
to adapt the hierar hi al ferromagnet, introdu ed by Dyson in the Literature almost four de ades ago, implementing on its stru ture the Hebb rule
for learning and inferring the resulting properties the network spontaneously
shows.
Con retely, we introdu e and investigate the statisti al me hani s of hierar hi al neural networks:

in these systems, spins intera t with a strength

that is a (de reasing) fun tion of a suitably introdu ed

on ept of

su h that dierent levels (i.e. hierar hies) of degenerate-strength

distan e,
ouplings

immediately emerge.
First, we approa h these systems à la Mattis, that is, by thinking at the
Dyson model as a single-pattern hierar hi al neural network, and, through
this perspe tive, we dis uss the stability of dierent retrievable states as
predi ted by the related ( approximate) self- onsisten ies equation.

The

mathemati al key argument here is properly reabsorbing u tuations of the
magnetization related to higher levels of the hierar hy into ee tive elds
for the lower levels: remarkably, mixing Amit's ansatz te hnique (to sele t
3

andidate retrievable states) with the interpolation pro edure (to solve for
the free energy of these states) we show that (due to gauge symmetry) the
Dyson model a

omplishes both serial and parallel pro essing.

One step forward, we extend this s enario toward multiple stored patterns by
implementing the Hebb pres ription for learning within the
results in an Hopeld-like networks

ouplings. This

onstrained on a hierar hi al topology,

for whi h, restri ting to the low storage regime (where the number of patterns
grows at most logarithmi al with the amount of spins), we give an expli it
expression of its mean eld bound and of the related improved bound.
As a result of the present investigation, the hierar hi al neural network (both
for its underling topology, as well as for its emerging properties) is a tually
mu h

loser to real biology with respe t to neural network models previously

developed.
Finally, our general

onsiderations on the whole strategy exploited in this

Ph.D. training period will be

olle ted in the Con lusions of the thesis.
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Chapter 1
Introdu tion
Neural networks are su h a fas inating eld of s ien e that its development
is the result of

ontributions and eorts from an in redibly large variety

of s ientists, ranging from
roboti s) [60, 70℄,
sto hasti

physi ists

(mainly involved in ele troni s and

(mainly involved in statisti al me hani s and

mathemati ians (mainly working in logi s
(neuro) biologists [34, 63℄ and ( ognitive) psy-

pro esses) [6, 17℄, and

and graph theory) [5, 22℄ to

hologists

engineers

[13, 44℄.

Tra ing the genesis and evolution of neural networks is very di ult,

1

probably due to the broad meaning they have a quired along the years ; s ientists

loser to the roboti s bran h often refer to the W. M Cullo h and

W. Pitts model of per eptron [68℄
resear hers

2 , or the F. Rosenblatt version [40℄, while

loser to the neurobiology bran h adopt D. Hebb's work as a

starting point [21℄. On the other hand, s ientists involved in statisti al mehani s, that joined the

ommunity in relatively re ent times, usually refer

to the seminal paper by Hopeld [49℄ or to the

elebrated work by Amit

Gutfreund Sompolinky [18℄, where the statisti al me hani s analysis of the
Hopeld model is ee tively

arried out.

Whatever the referen e framework, at least 30 years elapsed sin e neural networks entered in the theoreti al physi s resear h and mu h of the
former results

an now be re-obtained or re-framed in modern approa hes,

as we want to highlight in the present work.
toy models for paramagneti -ferromagneti

In parti ular, we show that

transition [65℄ are natural proto-

1 Seminal ideas regarding automation are already in the works of Lee during the XIIX
entury, if not even ba k to Des artes, while more modern ideas regarding

ognition,

spontaneous

an be attributed to A. Turing [7℄ and J. Von Neumann [50℄ or to the join eorts

of M. Minsky and S. Papert [58℄, just to

ite a few.

2 Note that the rst transistor, ru ial to swit h from analogi al to digital pro essing,

was developed only in 1948 [68℄.
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types for the autonomous storage/retrieval of information patterns and play
as operational ampliers in ele troni s. Then, we move further analyzing the
apabilities of glassy systems (ensembles of ferromagnets and antiferromagnets) in storing/retrieving extensive numbers of patterns so to re over the
Hebb rule for learning [21℄ in two dierent ways (the former guided by ferromagneti

intuition, the latter guided by glassy

the original route

1.1

ontained in his milestone

ounterpart), both far from

The Organization of Behavior.

Statisti al Me hani s

Hereafter we summarize the fundamental steps that led theoreti al physi ists
towards arti ial intelligen e; despite this parenthesis may look rather distant from neural network s enarios, it a tually allows us to outline and to
histori ally justify the physi ists perspe tive.
Statisti al me hani s aroused in the last de ades of the XIX

entury

thanks to its founding fathers Ludwig Boltzmann, James Clarke Maxwell
and Josiah Willard Gibbs [12℄. Its solely s ope (at that time) was to a t
as a theoreti al ground of the already existing empiri al thermodynami s,
so to re on ile its noisy and irreversible behavior with a deterministi
time reversal mi ros opi

dynami s.

and

While trying to get rid of statisti al

me hani s in just a few words is almost meaningless, roughly speaking its
fun tioning may be summarized via toy-examples as follows. Let us

onsider

a very simple system, e.g. a perfe t gas: its mole ules obey a Newton-like
mi ros opi

dynami s (without fri tion -as we are at the mole ular level- thus

time-reversal as dissipative terms in dierential equations
evolution are

apturing system's

oupled to odd derivatives) and, instead of fo using on ea h

parti ular traje tory for
order parameters (e.g.

hara terizing the state of the system, we dene

the density) in terms of mi ros opi

variables (the

parti les belonging to the gas). By averaging their evolution over suitably
probability measures, and imposing on these averages energy minimization
and entropy maximization, it is possible to infer the ma ros opi

behavior

in agreement with thermodynami s, hen e bringing together the mi ros opi
deterministi

and time reversal me hani s with the ma ros opi

strong di -

tates stemmed by the se ond prin iple (i.e. arrow of time oded in the entropy
growth). Despite famous atta ks to Boltzmann theorem (e.g. by Zermelo or
Poin aré) [61℄, statisti al me hani s was immediately re ognized as a deep
and powerful bridge linking mi ros opi
with (emergent) ma ros opi

dynami s of a system's

onstituents

properties shown by the system itself, as ex-

emplied by the equation of state for

perfe t gases

an Hamiltonian for a single parti le a

11

obtained by

ounting for the kineti

onsidering
ontribution

only [12℄.
One step forward beyond the perfe t gas, Van der Waals and Maxwell in

real gases

their pioneering works fo used on
were nally
s opi

[52℄, where parti le intera tions

onsidered by introdu ing a non-zero potential in the mi ro-

Hamiltonian des ribing the system. This extension implied fty-years

of deep

hanges in the theoreti al-physi s perspe tive in order to be able

to fa e new

lasses of questions.

The remarkable reward lies in a theory

of phase transitions where the fo us is no longer on details regarding the
system

onstituents, but rather on the

hara teristi s of their intera tions.

Indeed, phase transitions, namely abrupt

hanges in the ma ros opi

of the whole system, are not due to the parti ular system
primarily due to the ability of its
the thermal noise.

state

onsidered, but are

onstituents to per eive intera tions over

For instan e, when

onsidering a system made of by a

large number of water mole ules, whatever the level of resolution to des ribe
the single mole ule (ranging from

lassi al to quantum), by properly varying

3

the external tunable parameters (e.g. the temperature ), this
ally

system eventu-

hanges its state from liquid to vapor (or solid, depending on parameter

values); of

ourse, the same applies generally to liquids.

The fa t that the ma ros opi
show

behavior of a system may spontaneously

ooperative, emergent properties, a

tually hidden in its mi ros opi

s ription and not dire tly dedu ible when looking at its

de-

omponents alone,

was denitely appealing in neuros ien e. In fa t, in the 70s neuronal dynami s along axons, from dendrites to synapses, was already rather
e.g. the

elebrated book by Tu kwell [45℄) and not too mu h intri ate than

ir uits that may arise from basi
expe ted and

human

reativity: remarkably simpler than

ertainly trivial with respe t to overall

like learning or

lation

lear (see

omputation, thus the aptness of a

of neural intera tions -to

reveal

erebral fun tionalities

thermodynami formu-

possible emergent

immediately pointed out, despite the route was not

apabilities- was

lear yet.

Interestingly, a big step forward to this goal was prompted by problems
stemmed from

ondensed matter. In fa t, theoreti al physi ists qui kly re-

alized that the purely kineti

Hamiltonian, introdu ed for perfe t gases (or

3 We hose the temperature here (as an example of tunable parameter) be ause in neural
networks we will deal with white noise ae ting the system. Analogously, in
matter, disorder is introdu ed by thermal noise, namely temperature.
similarity between them.

In sto hasti

are random walkers, whose

ondensed

There is a deep

pro esses, prototype for white noise generators

ontinuous limits are Gaussians, namely just the solutions

of the Fourier equation for diusion.

However, the same

elebrated equation holds for

temperature spread too, indeed the latter is related to the amount of ex hanged heat by
the system under

onsideration, ne essary for entropy's growth [52, 57℄. Hen e we have

the rst equivalen e: white noise in neural networks mirrors thermal noise in stru ture of
matter.
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Hamiltonian with mild potentials allowing for real gases), is no longer suitable
for solids, where atoms do not move freely and the main energy
are from potentials. An ensemble of harmoni

ontributions

os illators (mimi king atomi

os illations of the nu lei around their rest positions) was the rst s enario
for understanding

ondensed matter: however, as experimentally revealed by

rystallography, nu lei are arranged a

ording to regular latti es hen e mo-

tivating mathemati ians in study periodi al stru tures to help physi ists in
this modeling, but merging statisti al me hani s with latti e theories resulted

4

soon in pra ti ally intra table models .
As a paradigmati

example, let us

onsider the one-dimensional Ising

model, originally introdu ed to investigate magneti
the generi , out of
spin

σi , whi

h

N,

nu leus labeled as

i

properties of matter:

is s hemati ally represented by a

an assume only two values (σi

= −1, spin down and σi = +1,

spin up); nearest neighbor spins intera t re ipro ally through positive (i.e.

Ji,i+1 > 0, hen e the Hamiltonian of this system
PN
P
HN (σ) ∝ − N
1=1 σi , where h tunes
1=1 Ji,i+1 σi σi+1 − h

ferromagneti ) intera tions
an be written as

the external magneti

eld and the minus sign in front of ea h term of the

Hamiltonian ensures that spins try to align with the external eld and to get
parallel ea h other in order to fulll the minimum energy prin iple.
Clearly, this model

an trivially be extended to higher dimensions, how-

ever, due to prohibitive di ulties in fa ing the topologi al

onstraint of

onsidering nearest neighbor intera tions only, soon short uts were properly
implemented to turn around this path. It is just due to an ee tive short ut,
namely the so
approa hed

1.2

alled mean eld approximation, that statisti al me hani s

omplex systems and, in parti ular, arti ial intelligen e.

The Role of Mean Field Limitations

As anti ipated, the mean eld approximation allows over oming prohibitive
te hni al di ulties owing to the underlying latti e stru ture. This

onsists

ouples (whi h are O(N)) to in2
ouples in the system (whi h are O(N )), properly res al-

in extending the sum on nearest neighbor
lude all possible
ing the

oupling (J

linearly extensive.

→ J/N )

If we

in order to keep thermodynami al observable

onsider a ferromagnet built of by

4 For instan e the famous Ising model [62℄, dated

1920 (and

N

Ising spins

uriously invented by Lenz)

whose properties are known in dimensions one and two, is still waiting for a solution in
three dimensions.
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Figure 1.1: Example of regular latti e (left) and

N = 20

omplete graph (right) with

nodes. In the former only nearest-neighbors are

a way that the number of links s ales linearly with
ea h node is

onne ted with all the remaining

number of links s ales quadrati ally with

σi = ±1

with

i ∈ (1, ..., N),

we

HN (σ|J) = −

N.

N −1

N,

onne ted in su h
while in the latter

in su h a way that the

an then write

N,N
N,N
1 X
1 X
Jij σi σj ∼ −
σi σj ,
N i<j
2N i,j=1

where in the last term we negle ted the diagonal term
irrelevant for large

N.

(i = j)

as it is

From a topologi al perspe tive the mean-eld ap-

proximation equals to abandon the latti e stru ture in favor to a
graph (see Fig.(1.2)). When the
e.g.

(1.1)

P (Jij ) = δ(Jij − J),

omplete

oupling matrix has only positive entries,

this model is named Curie-Weiss model and a ts

as the simplest mi ros opi

Hamiltonian able to des ribe the paramagneti -

ferromagneti transitions experien ed by materials when temperature is prop-

PhN

erly lowered. An external (magneti ) eld

ounted for by adding

i=1 σi .
ording to the prin iple of minimum energy, the two-body intera tion

in the Hamiltonian an extra term
A

∝ −h

an be a

appearing in the Hamiltonian in Eq.(1.1) tends to make spins parallel with
ea h other and aligned with the external eld if present.
presen e of noise (i.e.

if temperature

T

of entropy must also be taken into a
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However, in the

is stri tly positive), maximization

ount. When the noise level is mu h

higher than the average energy (roughly, if

T ≫ J ), noise and entropy-driven

disorder prevail and spins are not able to feel re ipro ally; as a result, they
ip randomly and the system behaves as a

paramagnet.

Conversely, if noise is

not too loud, spins start to intera t possibly giving rise to a phase transition;
as a result the system globally rearranges its stru ture orientating all the
spins in the same dire tion, whi h is the one sele ted by the external eld if
present, thus we have a

ferromagnet.

In the early '70 a s ission o

urred in the statisti al me hani s

ommu-

nity: on the one side pure physi ists" saw mean-eld approximation as a
merely bound to bypass in order to have satisfa tory pi tures of the stru ture of matter and they su

eeded in working out iterative pro edures to

embed statisti al me hani s in (quasi)-three-dimensional reti ula, yielding to
the

renormalization group developed by Kadano and Wilson in Ameri

a [51℄

and Di-Castro and Jona-Lasinio in Europe [11℄; this proliferative bran h gave
then rise to super ondu tivity, superuidity [16℄ and many-body problems in
ondensed matter [48℄.
Conversely, from the other side, the mean-eld approximation a ted as a
brea h in the wall of
phenomena o

omplex systems: a thermodynami al investigation of

urring on general stru tures la king Eu lidean metri s (e.g.

Erdös-Rényi graphs [8, 31℄, small-world graphs [19, 25℄, diluted, weighted
graphs [33℄) was then possible.
In general, as long as the summations run over all the inde es (hen e
mean-eld is retained), rather

omplex

oupling patterns

an be solved (see

e.g., the striking Parisi pi ture of mean-eld glassy systems [59℄) and this
paved the strand to
investigation largely

1.3

omplex system analysis by statisti al me hani s, whose
overs neural networks too.

Serial Pro essing

Hereafter we dis uss how to approa h neural networks from models mimi king
ferromagneti

transition. In parti ular, we study the Curie-Weiss model and

we show how it

an store one pattern of information. Then, we noti e that

su h a stored pattern has a very pe uliar stru ture whi h is hardly

natural,

but we will over ome this (fake) aw by introdu ing a gauge variant known as
Mattis model. This s enario
The su

essive step

an be looked at as a primordial neural network.

onsists in extending, through elementary thoughts, this

pi ture in order to in lude and store several patterns. In this way, we re over,
via the rst alternative route (w.r.t. the original one by Hebb), both the Hebb
rule for synapti

plasti ity and, as a

orollary, the Hopeld model for neural

networks too.
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1.3.1 The Curie-Weiss Paradigm.
The statisti al me hani al analysis of the Curie-Weiss model (CW)
summarized as follows: Starting from a mi ros opi
tem, i.e.

N

spins labeled as

possibly an external eld
s opi ) free energy

α(β).

h,

i, j, ...,

their pairwise

an be

formulation of the sysouplings

Jij ≡ J ,

and

we derive an expli it expression for its (ma ro-

The latter is the ee tive energy, namely the dif-

U , divided by the temperature T = 1/β ,
and the entropy S , namely α(β) = S − βU , in fa t, S is the penalty to be
paid to the Se ond Prin iple for using U at noise level β . We an therefore
feren e between the internal energy

link ma ros opi

free energy with mi ros opi

relation

dynami s via the fundamental

2N

1 X
ln
exp [−βHN (σ|J, h)] ,
α(β) = lim
N →∞ N

(1.2)

{σ}

{σ} of all 2N possible spin
Boltzmann fa tor exp[−βHN (σ|J, h)]

where the sum is performed over the set
tions, ea h weighted by the

the likelihood of the related

onguration.

ongurathat tests

From expression (1.2), we

an

derive the whole thermodynami s and in parti ular phase-diagrams, that
is, we are able to dis ern regions in the spa e of tunable parameters (e.g.
temperature/noise level) where the system behaves as a paramagnet or as a
ferromagnet.
Thermodynami al averages, denoted with the symbol

h.i, provide for a given

observable the expe ted value, namely the value to be

ompared with meaPN
sures in an experiment. For instan e, for the magnetization m(σ) ≡
i=1 σi /N
we have
P
−βHN (σ|J)
{σ} m(σ)e
.
hm(β)i = P
(1.3)
−βHN (σ|J)
{σ} e
When

β→∞

the system is noiseless (zero temperature) hen e spins feel re-

ipro ally without errors and the system behaves ferromagneti ally (|hmi|

1),

while when

β→0

the system behaves

perature), thus intera tions
(hmi

→ 0).

→

ompletely random (innite tem-

an not be felt and the system is a paramagnet

In between a phase transition happens.

In the Curie-Weiss model the magnetization works as

order parameter:

its thermodynami al average is zero when the system is in a paramagneti
(disordered) state (→

magneti

hmi = 0),

state (where it

while it is dierent from zero in a ferro-

an be either positive or negative, depending on the

sign of the external eld). Dealing with order parameters allows us to avoid
managing an extensive number of variables

σi , whi

h is pra ti ally impossible

and, even more important, it is not stri tly ne essary.
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Now, an expli it expression for the free energy in terms of
obtained

arrying out summations in Eq.(1.2) and taking the

limit N → ∞ as

α(β) = ln 2 + ln cosh[β(Jhmi + h)] −

hmi

an be

thermodynami

βJ
hmi2 .
2

(1.4)

In order to impose thermodynami al prin iples, i.e. energy minimization and
entropy maximization, we need to nd the extrema of this expression with
respe t to
the

hmi

requesting

self- onsisten y

∂hm(β)i α(β) = 0.

The resulting expression is

alled

and it reads as

∂hmi α(β) = 0 ⇒ hmi = tanh[β(Jhmi + h)].

(1.5)

This expression returns the average behavior of a spin in a magneti
order to see that a phase transition between paramagneti
states a tually exists, we

h=0

an x

(and pose

eld. In

and ferromagneti

J =1

for simpli ity) and

expand the r.h.s. of Eq.(1.5) to get

p
hmi ∝ ± βJ − 1.

(1.6)

Thus, while the noise level is higher than one (β
the only solution is
its

riti al threshold

< βc ≡ 1

hmi = 0, while, as far as the
βc , two dierent-from-zero bran

or

T > Tc ≡ 1)

noise is lowered below

hes of solutions appear

for the magnetization and the system be omes a ferromagnet (see Fig.(1.2)).
The bran h ee tively

hosen by the system usually depends on the sign of

the external eld or boundary u tuations:
for

h < 0.
Clearly, the lowest energy minima

orrespond to the two

with all spins aligned, either upwards (σi

−1, ∀i),

these

hmi > 0 for h > 0 and vi
= +1, ∀i)

ongurations being symmetri

e versa

ongurations

or downwards (σi

under spin-ip

=
σi → −σi .

Therefore, the thermodynami s of the Curie-Weiss model is solved: energy

minimization tends to align the spins (as the lowest energy states are the two
ordered ones), however entropy maximization tends to randomize the spins
(as the higher the entropy, the most disordered the states, with half spins up
and half spins down): the interplay between the two prin iples is driven by
the level of noise introdu ed in the system and this is in turn ruled by the
tunable parameter
A

β ≡ 1/T

as

ru ial bridge between

now be sighted: One

oded in the denition of free energy.
ondensed matter and neural network

ould think at ea h spin as a basi

only its ability to spike su h that

σi = +1

and

σi = −1

represent ring and

quies en e, respe tively, and asso iate to ea h equilibrium
this spin system a

stored pattern

ould

neuron, retaining
onguration of

of information. The reward is that, in this
17

hmi versus temperature T for a CurieWeiss model in the absen e of eld (h = 0). The riti al temperature Tc = 1
separates a magnetized region (|hmi| > 0, only one bran h shown) from a
non-magnetized region (hmi = 0). The box zooms over the riti al region
(noti e the logarithmi s ale) and highlights the power-law behavior m ∼
(T − Tc )β , where β = 1/2 is also referred to as riti al exponent (see also
Eq.(1.6)). Data shown here (•) are obtained via Monte Carlo simulations for
5
a system of N = 10 spins and ompared with the theoreti al urve (solid
Figure 1.2: Average magnetization

line).

way, the spontaneous (i.e.

thermodynami al) tenden y of the network to

relax on free-energy minima

an be related to the spontaneous retrieval of

the stored pattern, su h that the

ognitive

apability emerges as a natural

onsequen e of physi al prin iples.

1.3.2 From Curie-Weiss to Hopeld
A tually, the Hamiltonian (1.1) would en ode for a rather poor model of neural network as it would a

ount for only two stored patterns,

orresponding to

the two possible minima (that in turn would represent pathologi al network's
behavior with all the neurons

ontemporarily

ompletely ring of

ompletely

silen ed), moreover, these ordered patterns, seen as information hains, have
the lowest possible entropy and, for the Shannon-M Millan Theorem, in the
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large

N

limit

This

5 they will never be observed.

riti ism

an be easily over ome thanks to the Mattis-gauge, namely
1
1
a re-denition of the spins via σi → ξi σi , where ξi = ±1 are random entries
extra ted with equal probability:

1
1
P (ξiµ) = δξiµ −1 + δξiµ +1 ,
2
2

(1.7)

and kept xed in the network (in statisti al me hani s these are alled
variables to stress that they do not

ogy reminis ent of metallurgy [59℄). Fixing
Hamiltonian reads as

HNM attis (σ|ξ) = −

quen hed

ontribute to thermalization, a terminol-

J ≡1

for simpli ity, the Mattis

N,N
N
X
1 X 1 1
ξi ξj σi σj − h
ξi1σi .
2N i,j=1
i=1

The Mattis magnetization is dened as
its lowest energy minima, we perform a

(1.8)

PN 1
1
To inspe t
i=1 ξi σi .
N
omparison with the CW model:

m1 =

in terms of the (standard) magnetization, the Curie-Weiss model reads as
M attis
and, analogously we an write HN
(σ|ξ) in
M attis
2
terms of Mattis magnetization as HN
∼ −(N/2)m1 − Nhm1 . It is then

HNCW ∼ −(N/2)m2 − Nhm

evident that, in the low noise limit (namely where

olle tive properties may

emerge), as the minimum of free energy is a hieved in the Curie-Weiss model
for

hmi → ±1,

the same holds in the Mattis model for

hm1 i → ±1.

How-

ever, this implies that now spins tend to align parallel (or antiparallel) to
ξ 1 , hen e if the latter is, say, ξ 1 = (+1, −1, −1, −1, +1, +1) in

the ve tor

N = 6, the equilibrium ongurations of the network will be
σ = (+1, −1, −1, −1, +1, +1) and σ = (−1, +1, +1, +1, −1, −1), the latter
due to the gauge symmetry σi → −σi enjoyed by the Hamiltonian. Thus, the

a model with

network relaxes autonomously to a state where some of its neurons are ring
while others are quies ent, a ording to the
ξ 1 . Note that, as

stored pattern

the entries of the ve tors

ξ

are

hosen randomly

the retrieval of free energy minimum now
tion whi h is also the most entropi

±1

with equal probability,

orresponds to a spin

ongura-

for the Shannon-M Millan argument,

thus both the most likely and the most di ult to handle (as its information
ompression is no longer possible).
Two remarks are in order now. On the one side, a

ording to the self-

hmi versus h displays the typi

al graded/sigmoidal

onsisten y equation (1.5)
5 The

thermodynami limit N → ∞

is required for both mathemati al

onvenien e,

e.g. it allows saddle-point/stationary-phase te hniques, and in order to negle t observable
u tuations by a

entral limit theorem argument.
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response of a
spins

σ

harging neuron [45℄, and one would be tempted to

all the

neurons. On the other side, it is denitely in onvenient to build a

network via

N → ∞)

N

spins/neurons, whi h are further meant to be diverging (i.e.

in order to handle one stored pattern of information only. Along

the theoreti al physi s route over oming this limitation is quite natural (and
provides the rst derivation of the Hebbian pres ription in this work):

P
should have simply the sum over these P
we want a network able to

ope with

6

previously stored patterns, namely

!
N,N
P
1 X X µ µ
ξ ξ σi σj ,
HN (σ|ξ) = −
2N i,j=1 µ=1 i j
where we negle t the external eld (h

If

patterns, the starting Hamiltonian

= 0) for simpli

(1.9)

ity. As we will see in the

next se tion, this Hamiltonian onstitutes indeed the Hopeld model, namely
the harmoni

os illator of neural networks, whose

Hebb matrix as

oupling matrix is

alled

en odes the Hebb pres ription for neural organization [17℄.

1.3.3 From Sherrington-Kirkpatri k to Hopeld
Despite the extension to the
investigation of the system as

ase

P

P > 1

is formally straightforward, the

grows be omes by far more tri ky.

In-

deed, neural networks belong to the so- alled  omplex systems realm. We
propose that

omplex behaviors

an be distinguished by simple behaviors

as for the latter the number of free-energy minima of the system

s ale

with the volume

energy minima
of

N.

N,

does s ale

while for

does not

omplex systems the number of free-

with the volume a

ording to a proper fun tion

For instan e, the Curie-Weiss/Mattis model has two minima only,

whatever

N

(even if

N → ∞),

for a simple system. As a

and it

onstitutes the paradigmati

ounterpart, the prototype of

example

omplex system is

the Sherrington-Kirkpatri k model (SK), originally introdu ed in

ondensed

matter to des ribe the pe uliar behaviors exhibited by real glasses [6, 59℄.
This model has an amount of minima that s ales
and its Hamiltonian reads as

HNSK (σ|J)

∝ exp(cN)

N,N
1 X
=√
Jij σi σj ,
N i<j

with

c 6= f (N),

(1.10)

6 The part of neural network's theory we are analyzing is meant for spontaneous retrieval
of already stored information -grouped into patterns (pragmati ally ve tors)-. Clearly it
is assumed that the network has already overpass the learning stage.
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where,

7

ru ially,

oupling are Gaussian distributed as

implies that links

P (Jij ) ≡ N [0, 1].

an be either positive (hen e favoring parallel spin

uration) as well as negative (hen e favoring anti-parallel spin
thus, in the large

N

hallmark of

onguration),

limit, with large probability, spins will re eive

ing signals and we speak about frustrated networks. Indeed

This

ong-

oni t-

frustration, the

omplexity, is fundamental in order to split the phase spa e in

several dis onne ted zones, i.e. in order to have several minima, or several
stored patterns in neural network language. This mirrors a

lear request also

in ele troni s, namely the need for inverters (that on e mixed with op-amps)
result in ip-ops ( ru ial for information storage as we will see).
The mean-eld statisti al me hani s for the low-noise behavior of spinglasses has been rst des ribed by Giorgio Parisi and it predi ts a hierarhi al organization of states and a relaxational dynami s spread over many
times ales (for whi h we refer to spe i

textbooks [59℄). Here we just need

to know that their natural order parameter is no longer the magnetization (as
these systems do not magnetize), but the

overlap qab ,

as we are explaining.

Spin glasses are balan ed ensembles of ferromagnets and antiferromagnets
(this

an also be seen mathemati ally as

and, as a result,

hmi

P (J)

is symmetri

around zero)

is always equal to zero, on the other hand, a

ompari-

son between two realizations of the system (pertaining to the same

oupling

set) is meaningful be ause at large temperatures it is expe ted to be zero, as
everything is un orrelated, but at low temperature their overlap is stri tly
non-zero as spins freeze in disordered but

orrelated states. More pre isely,

given two repli as of the system, labeled as

a

and

b,

their overlap

qab

an

be dened as the s alar produ t between the related spin ongurations,
PN a b 8
namely as qab = (1/N)
i σi σi , thus the mean-eld spin glass has a ompletely random paramagneti phase, with hqi ≡ 0 and a glassy phase with

hqi > 0

split by a phase transition at

βc = Tc = 1.

The Sherrington-Kirkpatri k model displays a large number of minima as

expe ted for a

ognitive system, yet it is not suitable to a t as a

ognitive

system be ause its states are too disordered. We look for an Hamiltonian
whose minima are not purely random like those in SK, as they must represent
ordered stored patterns (hen e like the CW ones), but the amount of these
minima must be possibly extensive in the number of spins
and at

N

(as in the SK

ontrary with CW), hen e we need to retain a ferromagneti

within a glassy panorama: we need

something in between.

avor

7 Couplings in spin-glasses are drawn on e for all at the beginning and do not evolve
with system's thermalization, namely they are

quen hed

variables too.

8 Note that, while in the Curie-Weiss model, where P (J)

P (m),
P (m) (whi

= δ(J −1), the order parameter
P (J) =

was the rst momentum of

in the Sherrington-Kirkpatri k model, where

N [0, 1],

h is roughly

the varian e of
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qab )

is the good order parameter.

Figure 1.3: Phase diagram for the Hopeld model [17℄.

A

ording to the

parameter setting, the system behaves as a paramagnet (PM), as a spinglass (SG), or as an asso iative neural network able to perform information
retrieval (R). The region labeled (SG+R) is a

oexisten e region where the

system is glassy but still able to retrieve.

Remarkably, the Hopeld model dened by the Hamiltonian (1.9) lies exa tly in between a Curie-Weiss model and a Sherrington-Kirkpatri k model.
Let us see why: When

P =1

the Hopeld model re overs the Mattis model,

whi h is nothing but a gauge-transformed Curie-Weiss model. Conversely,
√ PP µ µ
when P → ∞, (1/ N)
µ ξi ξj → N [0, 1], by the standard entral limit
theorem, and the Hopeld model re overs the Sherrington-Kirkpatri k one.
In between these two limits the system behaves as an asso iative network [4℄.
Su h a

rossover between CW (or Mattis) and SK models, requires for its

investigation both the

P

Mattis magnetization

hmµ i, µ = (1, ..., P )

quantifying retrieval of the whole stored patterns, that is the
and the two-repli a overlaps

hqab i

(to

(for

vo abulary),

ontrol the glassyness growth if the

vo abulary gets enlarged), as well as a tunable parameter measuring the ratio between the stored patterns and the amount of available spins, namely

α = limN →∞ P/N , also referred to as network apa ity.
As far as P s ales sub-linearly with N , i.e. in the
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low storage regime

α = 0, the phase diagram is ruled by the noise level β only: for
β < βc the system is a paramagnet, with hmµ i = 0 and hqab i = 0, while
for β > βc the system performs as an attra tor network, with hmµ i =
6 0 for
a given µ (sele ted by the external eld) and hqab i = 0. In this regime no
dened by

dangerous glassy phase is lurking, yet the model is able to store only a tiny
amount of patterns as the
Conversely, when

dened by
When

α

α > 0,

P

apa ity is sub-linear with the network volume

s ales linearly with

N,

N.

i.e. in the high-storage regime

the phase diagram lives in the

α, β

plane (see Fig.(1.3)).

is small enough the system is expe ted to behave similarly to

α=0

hen e as an asso iative network (with a parti ular Mattis magnetization positive but with also the two-repli a overlap slightly positive as the glassy nature
is intrinsi

for

α > 0).

For

α

however, the Hopeld model

large enough (α

> αc (β), αc (β → ∞) ∼ 0.14)

ollapses on the Sherrington-Kirkpatri k model

as expe ted, hen e with the Mattis magnetizations brutally redu ed to zero
and the two-repli a overlap
phase is often

lose to one.

The transition to the spin-glass

alled bla kout s enario in neural network

ommunity. Mak-

ing these predi tions quantitative is a non-trivial task in statisti al me hani s
and, nowadays several te hniques are available, among whi h we quote the
repli a-tri k (originally used by the pioneers Amit-Gutfreund-Sompolinsky
[18℄), the martingale method (originally developed by Pastur, Sherbina and
Tirozzi [53℄) and the

avity eld te hnique (re ently developed by Guerra

and some of us in [2℄).
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Chapter 2
Dilution in the Hebb Rules
The paradigm, introdu ed almost three de ades ago by Amit, Gutfreund
and Sompolinsky [17, 18℄, of analyzing neural networks through te hniques
stemmed from statisti al me hani s of disordered systems (in parti ular the
Repli a Tri k [59℄ for the Hopeld model [49℄) has been so proli

that its

appli ations have gone far beyond Arti ial Intelligen e and Roboti s, overlapping Statisti al Inferen e [9℄, System Biology [66℄, Finan ial Market planning [64℄, Theoreti al Immunology [32℄ and mu h more.
As a result, resear h in this eld is under

ontinuous development, ranging

from the diverse appli ations outlined above, to a deeper and deeper understanding of the

ore-theory behind. For the sake of rea hing results

loser to

experimental neuros ien e out omes, s ientists involved in the eld tried to
bypass the rather

rude mean eld des ription of a fully

onne ted network

of intera ting spins, embedding them in diluted topologies as Erdös-Rényi
graphs [46℄, small-worlds [67℄ or even nitely

onne ted graphs [10℄.

The

main point was showing robustness of the mean-eld paradigm even in these
diluted, and in some sense  loser to biology", versions and this was indeed
su

essfully a hieved (with the ex eption of too extreme degrees of dilution,

where the asso iative

apa ities of the network trivially break down).

Re ently, a mapping between Hopeld networks and Boltzmann mahines [1℄ allowed the introdu tion of dilution into asso iative networks from
a dierent perspe tive with respe t to standard link removal à la Sompolinsky [46℄ or à la Coolen [10, 67℄. In fa t, while in their papers these authors
perform dilution dire tly on the Hopeld network, through the equivalen e
with Boltzmann ma hine, one may perform link dilution on the Boltzmann
ma hine and then map ba k the latter into the asso iative Hopeld-like network [30℄. Remarkably, the resulting model still works as an asso iative performer, as the Hebbian stru ture is preserved, but its

apabilities are quite

dierent from the standard s enario. In parti ular, the resulting asso iative
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network may still be fully- onne ted but the stored patterns of information
display entries whi h, beyond

oding information through digital values

±1,

an also be blank [27, 30℄. In fa t, any missing link in the bipartite Boltzmann ma hine

orresponds to a blank entry in the related pattern of the

asso iative network.
Now, while standard (i.e., performed dire tly on the Hopeld network) dilution does not

hange qualitatively the system performan es, the behavior of

the system resulting from hidden (i.e., performed on the underlying Boltzmann ma hine) dilution be omes multitasking" be ause retrieval of a single
ξ 1 , does not exhaust the whole spins, and the ones oupled with
1
2
the blank entries of ξ are free to align with ξ , whose entries will partially
3
be blank as well, hen e eli iting, in turn, the retrieval of ξ and so on up to

pattern, say

a parallel logarithmi

(with respe t to the volume of the network

N)

load of

all the stored patterns.
As a

onsequen e, by tuning the degree of dilution in the hidden Boltzmann

network and the level of noise in the dire ted network, the system exhibits
a very ri h phase diagram, whose investigation is the subje t of the present
hapter.
Let us now move on and generalize the system des ribed above in order to
a

ount for the existen e of blank entries in the patterns

ξ 's.

More pre isely,

we repla e Eq.(1.7) by

P (ξiµ ) =
where

d

1−d
1−d
δξiµ −1 +
δ µ + dδξiµ ,
2
2 ξi +1

(2.1)

en odes the degree of dilution in pattern entries. Patterns are still

assumed as quen hed and, of

ourse, the denitions of the Hamiltonian (1.9)

and of the overlaps (1.3), with the Glauber dynami s provided by:

σi (t + δt) = sign[tanh[βhi (t)] + ηi (t)],
(where

hi

η ∈ [−1, +1] is a

random number and represent the sto hasti ity and

is the eld a ting on the i-th spin) still hold.
As dis ussed in [27, 30℄, this kind of extension has strong biologi al mo-

tivations and also yields highly non-trivial thermodynami

out omes.

In

fa t, the distribution in Eq.(1.7) ne essarily implies that the retrieval of a
unique pattern does employ all the available spins, so that no resour es are
left for further tasks. Conversely, with Eq.(2.1) the retrieval of one pattern
still allows available spins (i.e., those
the retrieved pattern), whi h
exhaustion of all spins.

orresponding to the blank entries of

an be used to re all other patterns up to the

The resulting network is therefore able to pro ess

several patterns simultaneously.
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In parti ular, in the low-storage regime, it was shown both analyti ally
(via density of states analysis) and numeri ally (via Monte Carlo simulations) [30℄, that the system evolves toward an equilibrium state where several
patterns are simultaneously retrieved. In the noiseless limit
not too large, the equilibrium state is

T =0

and for

d

hara terized by a hierar hi al overlap

m = (1 − d)(1, d, d2, ..., 0),

(2.2)

hereafter referred to as parallel ansatz. On the other hand, in the presen e of
noise or for large degrees of dilution in pattern entries, this state

eases to be a

stable solution for the system and dierent states, possibly spurious, emerge.
In the following highlight the equilibrium states of this system as a fun tion
of the parameters

d

and

T,

and nally build a phase diagram; to this task

we rst develop a rigorous mathemati al treatment for

al ulating the free

energy of the model and then we obtain the self- onsisten ies

onstraining the

phase-diagram; nally, we solve these equations both numeri ally and with a
stability analysis. In this way we are able to draw the phase diagram, whose
pe uliarities lie in the stability of both even and odd mixture of spurious
states (in proper regions of the parameters) and the formation of parallel
spurious state.

Both these results generalize the standard

ounterpart of

lassi al Hopeld networks.
Findings are double- he ked through Monte Carlo runs that are in agreement
with the pi ture we obtained.

2.1

Notes About the Coupling Distribution

As it is immediate to

he k, ea h

ξiµ = 0 in the ith

the asso iative network, whi h ultimately ae ts the intera tion

Jij .

Of

ξ µ in
matrix J =

entry of the bit-string

ourse, the larger the degree of dilution, the stronger the dieren e

between su h (random)

oupling matrix and its Hopeld

ounterpart. This

se tion is devoted to the investigation of the properties of the matrix
Let us

onsider a set of

N

nodes labeled as

to ea h node a string of length
meaning that the generi
either

±1

or

0.

element

i = 1, ..., N

J.

and let us asso iate

P and built from the alphabet {−1, 0, 1},
ξiµ , with i ∈ [1, N] and µ ∈ [1, P ], an equal

For the network des ribed by the Hamiltonian in Eq.(1.9),

the intera tion strength between two arbitrary nodes

Jij =

P
X

i

and

j

is given by

ξiµ ξjµ .

(2.3)

µ=1

For the following treatment it is more
pling

Jij ,

onvenient not to normalize the

dierently from the denition used in Eq.(1.9). Of
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ourse

ou-

Jij ∈

[−P, P ].

Equation (2.3) gives rise to a network of mutually and symmetri ally

i and j is drawn whenever they
imitatively (Jij > 0) or anti-imitatively

intera ting nodes, where a link between nodes
do intera t dire tly (Jij
(Jij

< 0).
First, one

an

6= 0),

either

al ulate the probability that two nodes (sin e they are

arbitrary we will drop the indexes) in the network are linked together, namely

Plink(d, P ) = P (J 6= 0; d, P ) = 1 − P (J = 0; d, P ) = 1 −

P
X

Psum−0 (k; d, P ),

k=0

(2.4)

Psum−0 (k; d, P ) is the probability that two strings display (an even
number) k of non-null mat hings summing up to zero; otherwise stated, there
µ µ
exist exa tly k values of µ su h that ξi ξj 6= 0 and they are half positive and
P
half negative. In parti ular, Psum−0 (0; d, P ) = [d(2 − d)] , be ause this is the
µ
µ
probability that, for any µ ∈ [1, P ], at least one entry (either ξi or ξj or
where

both) is equal to zero. More generally,

Psum−0 (k; d, P ) =



1−d
2

2k

[d(2 − d)]

P −k


  
k
P
k
,
2
k/2
k

where the rst and the se ond fa tors in the r.h.s. require that
non-zero and the remaining

P −k

k

(2.5)

entries are

entries are zero; the third fa tor a

ounts

for permutation between zero and non-zero entries, while the last term is the
number of ongurations leading to a null sum for non-null entries. Therefore,
we have


k  
P 
X
k
P
(1 − d)2
,
P (J = 0; d, P ) = [d(2 − d)]
k/2
k
2d(2
−
d)
k=0
P

whose plot is shown in Fig.(2.1). As for its asymptoti
guish the following

ases (for simpli ity we assume

P

behavior, we distin-

nite and even):

3
P (J = 0; d, P ) = 1 − P (1 − d)2 + P (P − 1)(1 − d)4 + O(1 − d)6
√ 4
P/2
π
(−1)
(1 − 2P d) + O(d2 )
P (J = 0; d, P ) =
Γ(1/2 − P )Γ(1 + P/2)


1 − 2P d P
≈
+ O(d2 ).
P/2
4P/2
The average number of nearest neighbors per node
ately as

hzid,P,N = NPlink (d, P ).
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(2.6)

hzid,P,H

(2.7)

(2.8)

follows immedi-

P (J = 0; d; P ) is plotted as a fun tion of the
dilution d and for dierent values of P , as shown by the legend. Noti e the
√
semilogarithmi s ale and that dilution is res aled by
p so to highlight the

Figure 2.1: The probability

ommon s aling of the distributions.

More generally, we
having dened

an derive the

oupling distribution

P (J; d, P ),

on e

P+1 (k), P−1 (k) and P0 (k), as the probability that, given two
k mat hes ea h equal to +1, −1 and 0, respe tively,

strings, they display
namely



(1 − d)2
P+1 (k; d) = P−1 (k; d) =
2
Hen e, we

k

, P0 (k; d) = [d(2 − d)]k .

(2.9)

an write

P (J; d, P ) =

(P −J)/2

X P+1 (l + J; d)P−1(l; d)P0 (P − 2l − J; d)P !
(2.10)
l!(l + J)!(P − 2l − J)!
l=0

∼ N (0, σJ (d, P )).
The last asymptoti

holds for large

due to the symmetry hara terizing
√
p
σJ = hJ 2 id,P = P (1 − d).

P ; the null mean value hJid,P = 0
P (ξiµ) , while the standard deviation

An expli it, exa t expression for this probability

is
is

an be written for a

parti ular value of d, by exploiting Gauss's Hypergeometri Theorem [69℄, so
√
2
that when 4x = 1, orresponding to d = 1 −
2/2 ≈ 0.293, we have

P (J; 1 −

√

2/2, P ) = 4

−P



2P
P +J



2

e−J /P
.
∼ √
πP

(2.11)

P ±J
of J .

In the last passage we used the Stirling approximation assuming
namely that the distribution is peaked on non-extreme values
It is worth underlining that

P (J; d, P )

does not depend on the size

Indeed, patterns are drawn independently and randomly so that the
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large,

N.

oupling

Jij may be regarded as
B and endowed with a

the distan e

overed by a random walk of length

waiting probability

d(2 − d).

Hen e, the end-to-

end distan e is distributed normally around zero and with varian e (mean
squared distan e) whi h is given by the diusion law, namely

∼ P.

The

possibility of the walker to stop simply redu es the ee tive walk length to
[(1 − d)(2 − d)]P = (1 − d)2 P in agreement with results above.

2.1.1 Pattern dilution versus Topologi al dilution
Dilution on pattern entries does not ne essarily yield to a topologi al dilution for the asso iative network, but, as we will see,

an indu e non-trivial

ooperative ee ts. On the other hand, a topologi al dilution
by dire tly

an be realized

utting the edges on a standard Hopeld network. In this se tion

we highlight the deep dieren e between these two kinds of dilution.
First, we re all that, a
expe ted to display a giant
larger than
size

P

1/N .

ording to a mean-eld approa h, the network is
omponent when the average link probability is

In the thermodynami

(stemming from either low, i.e.

limit and assuming a large enough

P ∼ log N ,

or high, i.e.

P ∼ N,

storage regimes) to ensure the result in Eq.(2.10) to hold, for any nite value
of

d

the emergent graph turns out to be always over-per olated. In fa t,
p
Plink (d, P √
) = 1 − P (J = 0;√
d, P ) ∼ 1 − 1/ 2πσJ2 , so that it su es that
σJ > N/[ 2π(N − 1)] → 1/ 2π and this leads to d < 1 − (2πP )−1/2 → 1.
On the other hand, when

P

is nite we

an

he k the possible dis on-

P (J√= 0; d, P ) from Eq.(2.7) and we get
Plink (d, P ) < 1/N for d > 1 − 1/ P N . Thus, in the thermodynami
limit, for any nite d, the graph is still overper olated. Repla ing 1/N with
(log N)/N , one also nds that the graph is even always onne ted.
Dierent s enarios may emerge if we take d properly approa hing to 1 as
N is in reased [25℄.

ne tion of the network by studying
that

Another kind of dilution

an be realized by dire tly

utting edges in the

resulting asso iative network, as for instan e early investigated in the neural
s enario by Sompolinsky on the Erdös-Rényi graph [17, 46℄ or more re ently
by Coolen and

oworkers on small worlds and s ale-free stru tures [10, 47℄.

Su h dierent ways of performing dilution - either on links of the asso iative network (see [10, 17, 46, 47℄) or on pattern entries (see Eq.(1.7))
- yield deeply dierent thermodynami

behaviors.

To see this, let us onth
sider the eld insisting on ea h spin, namely for the generi i
spin hi =
PN
1
J
σ
,
and
analyze
its
distribution
P
(h|d)
at
zero
noise
level.
When
i6=j=1 ij j
N

dilution is realized on links (d is the fra tion of links
fra tion

d of

the

H

available spins parti ipates to

h,

ut), only an average

in su h a way that both

the peak and the span of the distribution de rease with
29

d

(Fig.(2.2), left).

Figure 2.2: Left panel: Distribution of the eld

h

a ting on the spins with

(Sompolinsky) dilution. Right panel: Distribution of the eld

h

a ting on

the spins with (our) dilution.

Conversely, when dilution is realized on the single bit
of null entries in a pattern), as

d > 0, P (h|d)

ξiµ (d

is the fra tion

gets broader and peaked at

smaller values of elds.
The latter ee t is due to the fa t that

ouplings are, on average, of

smaller magnitude. As for the former ee t, we noti e that, at

P

xed, when dilution is introdu ed in bit-strings,

formly

β, N

ouplings are made

and

uni-

weaker (this ee t is analogous to a rise in the fast noise) so that

the distribution of spin
broader.

ongurations, and

onsequently also

P (h|d),

gets

At small values of dilution this ee t dominates, while at larger

values the overall redu tion of

oupling strengths prevails and elds get not

only smaller but also more peaked (Fig.(2.2), right).

2.2

Statisti al Me hani s Analysis

We now solve the general model des ribed by the Hamiltonian (1.9), with
patterns diluted a

ording to (2.1), in the low storage regime

su h that the limit

α = limN →∞ P/N = 0

1

holds

P ∼ log N ,

As standard in disordered statisti al me hani s, we introdu e three types
of average for an observable

o(σ, ξ):

1 Results outlined within this s aling
region

P ∼ Nγ,

with

Willshaw model [20℄

γ < 1,

su h that the

an be extended with little eort to the whole
onstraint

on erning neural sparse

α=0

is preserved, as realized in the

oding.

Note further that there is a deep similarity with the Potts model with pairwise intera tion
[41℄.
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i.

P
ω(o) =
{σ} o(σ, ξ) exp[−βH(σ; ξ)]/ZN,P (β, d),
X
ZN,P (β, d) =
exp [−βHN (σ, ξ)]

the Boltzmann average

where

{σ}

is

alled partition fun tion",

ii. the average E performed over the quen hed disordered ouplings ξ ,
iii. the global expe tation Eω(o) dened by the bra kets hoiξ .
Given these denitions, for the average energy of the system E we an
E ≡ limN →∞ (hHN (σ, ξ)i/N).

write

Also, we are interested in nding an expli it expression for the order parameters of the model, namely the averaged

hmµ i = lim Eω
N →∞

P

Mattis magnetizations

N
1 X µ
ξ σj
N j=1 j

!

.

(2.12)

To this task we need to introdu e the statisti al pressure

1
ln(ZN,P (β, d)),
N →∞ N

α(β, d) = lim

f (β, d) by the relation
f (β, d) = −α(β, d)/β be ause, by maximizing α(β, d) with respe t to the P
µ
magnetizations hm i, we get exa tly the self onsisten e equations for these
whi h is immediately related to the free energy per site

order parameters, whose solutions will give us a pi ture of the phase diagram.
In the past de ades, s ientists involved in disordered statisti al me hani s investigations, even beyond Arti ial Intelligen e, paved several strands
for solving this kind of problems, and nowadays a plethora of te hniques is
available.

We extend early ideas of Guerra, on the line developed in [43℄,

onsisting in modeling disordered statisti al me hani s through dynami al
system theory and in parti ular, here, we are going to pro eed as follows:
Our statisti al-me hani s problem is mapped into a diusive problem embedded in a

P -dimensional

spa e and with given, known, boundaries. We solve

the diusive problem via standard Green-propagator te hnique, and then we
will map ba k the obtained solutions in terms of their original statisti al mehani s meaning.
To this task, let us introdu e and

onsider a generalized Boltzmann fa tor

BN (x, t) depending on P +1 parameters x, t (whi
P-dimensional Eu lidean spa e and time )
BN (x, t; ξ, σ) = exp



h we think of as

generalized


N
P
P
N
X
X
X
t X
µ µ
µ
σi σj
ξi ξj +
xµ
ξj σj ,
2N i6=j
µ=1
µ=1
j=1
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(2.13)

and the generalized statisti al pressure



X
1 
ln
BN (x, t; ξ, σ) .
αN (x, t) =
N

(2.14)

{σ}

Noti e that, for proper values of

x, t,

namely

x = 0

and

t = β,

lassi al

statisti al me hani s is re overed as



1 X
ln
BN (x = 0, t = β; ξ, σ) .
N →∞ N

α(β, d) = lim αN (x = 0, t = β) = lim
N →∞

In the same way, the average



{σ}

h·i(x,t) will be denoted by h·i, wherever evaluated

in the sense of statisti al me hani s, namely

hoi(x,t) =
hoi =

P

P

o(σ, ξ)BN (x, t; ξ, σ)
P
,
{σ} BN (x, t; ξ, σ)

{σ}

o(σ, ξ) exp[−βH(σ, ξ)]
P
= hoi(x=0,t=β) .
{σ} exp[−βH(σ, ξ)]

{σ}

(2.15)

(2.16)

It is immediate to see that the following equations hold:

P
∂t αN (x, t) = 21 µ hm2µ i(x,t) ,
∂xµ αN (x, t) = hmµ i(x,t) ,
µ
and, dening a ve tor ΓN (x, t) of elements ΓN (x, t)
µ
stru tion ΓN (x, t) obeys the following equation:

∂t ΓµN (x, t)

+

P
X

ΓνN (x, t)[∂xν ΓµN (x, t)]

ν=1

(2.17)

≡ −∂xµ αN (x, t),

P
1 X 2 µ
∂ 2 Γ (x, t),
=
2N ν=1 xν N

by

on-

(2.18)

whi h happens to be in the form of a Burgers' equation for the ve tor ΓN (x, t)
−1
with a kinemati vis osity (2N) . As it is well-known, the Burger equation
an be mapped into a

P -dimensional

diusive problem using the Cole-Hopf

transformation [43℄ as follow:



ψN (x, t) = exp −N
and its

t

and

x

Z

dxµ ΓµN (x, t)



= exp[NαN (x, t)],

(2.19)

streaming read o as

∂t ψN (x, t) = N(∂t αN (x, t))ψ(x, t),
∂xµ ψN (x, t) = N(∂xµ αN (x, t))ψ(x, t),
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(2.20)

in su h a way that

o
n
∂x2µ xν ψN (x, t) = NψN (x, t) ∂x2µ xν αN (x, t) + N[∂xµ αN (x, t)][∂xν αN (x, t)] .

(2.21)

Now, from equations (2.20), (2.21) we get

∂t ψN (x, t) −

i
1 Xh 2
∂x2µ ψN (x, t) = 0.
2N µ

(2.22)

Therefore, we established a reformulation of the problem of
thermodynami

α(β, d)

potential

over the equilibrium

al ulating the

onguration of the

order parameters for an attra tors network model in terms of a diusion

ψN (x, t),

equation for the fun tion

namely the Cole-Hopf transform of the
−1
Mattis magnetizations, with a diusion oe ient D = (2N) , that is

∂t ψN (x, t) − D∇2 ψN (x, t) = 0,
X X

X
µ
ψN (x, 0) =
exp
xµ
ξj σj .
µ

{σ}

(2.23)

j

We solve this Cau hy problem (2.23) through standard te hniques: rst, we
map the diusive equation in the Fourier spa e, then we
propagator for the homogenous

al ulate the Green

onguration, and nally we will inverse-

transform the solution.
Let us

onsider the Fourier transform:

ψeN (k, t) =
ψN (x, t) =

R


P
dP x exp − i µ xµ kµ ψN (x, t),

R
P
1
dP k exp i µ xµ kµ ψeN (k, t),
(2π)P RP
RP

(2.24)

and the related Green problem:

where

e k, t)
G(

posed as

being

e t) + Dk 2 G(k,
e t) = δ(t),
∂t G(k,

is the Green propagator in the

k -spa

e, whi h

e k, t) = G
eR (k, t) + G
eS (k, t),
G(

(2.25)
an be de om(2.26)

eR (k, t) the general solution of the homogeneous problem and G
e S (k, t)
G

a parti ular solution of the non-homogeneous problem. Hen e, the full solution will be

ψN (x, t) =

Z

RP

dP x′ GR (x − x′ , t)ψN (x′ , 0),
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(2.27)

where the fun tion

eR (k, t)
G

fullls

eR (k, t) − Dk 2 G
eR (k, t) = 0,
∂t G
eR (k, 0) = 1,
G

hen e

e t) = exp(−Dk 2 t),
G(k,
1
−x2
G(x, t) = (2√πDt)
P exp( 4Dt ).

Therefore, we get



ψN (x, t) =

Φ(x′ , x, t) =

N
2πt

PP

µ (xµ

 P2 Z

− x′µ )2

2t

P
Y

(2.29)

!

dx′µ exp [−NΦ(x′ , x, t)] ,

(2.30)

"
!#
N
P
X
1 X
µ
ln cosh
− ln 2 −
x′µ ξj
N j=1
µ=1

(2.31)

µ=1

and

αN (x, t) =
We

(2.28)

1
ln [ψN (x, t)] .
N

(2.32)

an solve now the saddle-point equation

α(x, t) = lim αN (x, t) = Extr{Φ},
N →∞

(2.33)

O(N −1 ) terms, as we performed the thermodynami
′
repla ing t = β and x = 0 and xν = βhmν i (hen e the

where we negle ted
limit. Finally, by

original statisti al me hani s framework), we obtain the following expressions
for the statisti al pressure

!# 
 "
X
βX
,
hmµ i2 − ln(2) − ln cosh β
hmµ iξ µ
α(β, d) =
2 µ
ξ
µ=1
whose extremization oers immediately the
tions for all the

P

(2.34)

desired self- onsisten y equa-

hmν i,

!

X
hmν i = ξ ν tanh β
ξ µ hmµ i

ξ

µ=1

where with the index

ξ

∀µ ∈ [1, P ],

(2.35)

we emphasized on e more that the disorder average

over the quen hed patterns is performed as well.
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Of

ourse, the self- onsisten e equations (2.35) re over those obtained

in [30℄ via dierent analyti al te hniques, where they were also shown to
yield to the parallel ansatz (2.2), whi h, in turn,

σi = ξi1 +

P
X

ξiν

ν=2

and it will be referred to as

ν−1
Y

an be formally written as

δ(ξiµ ),

(2.36)

µ=1

σ (P ) .

The parallel ansatz (2.2)

an be understood rather intuitively.

ideas let us assume zero noise level and that one pattern, say
perfe tly retrieved.

m1 = (1 − d),

To x

µ = 1,

is

This means that the related average magnetization is

d

while a fra tion

of spins is still available and they

an

arrange to retrieve a further pattern, say µ = 2. Again, not all of them an
2
mat h non-null entries in pattern ξ and the related average magnetization is

m2 = d(1 − d).

Pro eeding in the same way, for all spins, we get the parallel

K

state. Noti e that, the number

of patterns whi h are, at least partially,

retrieved does not ne essarily equal P . In fa t, due to dis reteness, it must
K−1
be d
(1 − d) ≤ 1/N , namely at least one spin must be aligned with ξ K ,

K . log N .

and this implies

Su h a hierar hi al,

parallel,

fashion for alignment, providing an overall

energy (see Eq.(1.9))

E

(P)

= −N

P
X
k=1

[(1 − d)d

is more optimal than a
patterns, as this

being

(1 − d

(U)

2+2P

uniform

ase would yield

energy

E

(1 − d2P )(1 − d)
] + P = −N
+ P,
1+d

k−1 2

= −N

alignment of spins amongst the available

mk = (1 − d)/P

2
P 
X
1−d
k=1

P

(2.37)

+P =−

) > (1 − d2 )/P .

for any

k

and an overall

(1 − d)2 N
+ P,
P

On the other hand, as we will see in Se . 2.3, when

d > dc ≈ 1/2,

(2.38)

the state

(2.2) is no longer stable and spurious states do emerge.

Before pro eeding, it is worth stressing that, although the parallel state
(2.2) displays non-zero overlap with several patterns, it is deeply dierent,
and must not be

onfused with, a spurious state in standard Hopeld net-

works. In fa t, in the former

ase, at least one pattern is

ompletely retrieved,

while in spurious states, the overlap with ea h memory pattern involved is
only partial.
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Figure 2.3: Behavior of the two Mattis magnetizations m1 and m2 versus d
−1
at two (small) noise levels, namely β
= 10−4 (left panel) and β −1 = 0.05
(right panel).

Moreover, in standard Hopeld networks, spurious states are somehow undesirable be ause they provide

orrupted information with respe t to the best

retrieval a hievable where one, and only one, pattern is exa tly retrieved.
Conversely, in our model, the retrieval of more-than-one pattern is unavoidable (for nite
(perfe t) in the

d

and

β → ∞)

and the quality of retrieval may be ex ellent

ase of patterns poorly (not) overlapping.

Finally, and most importantly, for β → ∞ and in a wide region of dilution,
(P )
the parallel state σ
orresponds to a global minimum for the energy. This
is not the

ase for an arbitrary mixture of states.

2.2.1 The ase P = 2
The self- onsisten ies en oded into Eq.(2.35) for the simplest

m1 (β, d) = d(1 − d) tanh(βm1 ) +

ase

P = 2 are


(1 − d)2 
tanh[β(m1 + m2 )] + tanh[β(m1 − m2 )] ,
2
(2.39)


(1 − d)2 
tanh[β(m1 + m2 )] − tanh[β(m1 − m2 )] .
m2 (β, d) = d(1 − d) tanh(βm2 ) +
2
(2.40)

The solution of these equations (m Vs
in Fig.(2.3).

d)

for dierent values of

In the low (fast) noise limit (β

present (d

→ ∞),

β

is reported

when no dilution is

= 0) the se ond magnetization m2 disappears and the rst magnetization m1 approa hes the value 1 as expe ted be ause the Hopeld model
is re overed. As dilution is in reased, m1 de reases linearly, while m2 displays
a paraboli prole with peak at d = 0.5. In the presen e of (fast) noise, m2
starts growing for higher values of dilution be ause (as will be
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leared by the

2

signal-to-noise analysis of the next se tion) the signal insisting on the latter,

d(1 −d), must be higher than the noise level in order
Also noti e that, from intermediate dilution onwards, m1 and

whi h is proportional to
to be ee tive.

m2

ollapse and the related

urves

onverge at a bifur ation point.

Let us now deepen these results, rst from a more intuitive point of view,
and later from a more rigorous one.
In the zero (fast) noise limit, let us x

ξ1

the maximum overlap with the magneti
Mattis magnetization is

as the pattern

orresponding to

onguration, so that the expe ted

hm1 i = (1 − d).

The remaining

Nd

free spins

will seek for patterns to align with, namely displaying non-null entries in
1
orresponden e with the null entries of ξ . A tually, due to dilution, one
expe ts that the se ond best-mat hing pattern only engages N d(1−d) spins,
2
while the remaining N d will mat h other patterns; in general, the k -th bestk−1
(1 − d).
mat hing pattern is expe ted to engage N d

Su h a hierar hi al fashion for alignment is more optimal than a uni-

form alignment of spins amongst the available patterns whi h would yield
P
mk = d/B for any k and an overall energy −N/2 k (d/P )2 = −(d2 N)/(2P ).
Indeed, the hierar hi al solution is the one that minimizes the energy (re all

that the magnetization are summed quadrati ally) as well as the most likely
from a ombinatori s point of view, providing an overall energy
d)dk ]2 = −N(1 − d2+2P )(1 − d)/[2(1 + d)].

−N/2

P

k [(1−

Therefore, the system is able to perform the parallel retrieval of K
P
mµ = (1/N) 1=1 ξiµ hi , that is hm1 i =
(1 − d), hm2 i = d(1 − d), ..., hmK i = dK (1 − d). It is easy to see that it must
K+1
be d
= 0. Hen e, for any nite value of d, an innite number of patterns
K
an in prin iple be retrieved, i.e. d
→ 0, for K → ∞. More a urately,

patterns, whose magnetizations are

taking into a

ount the dis reteness of the system, we have that the last patN dK (1 − d) = 1,

tern to be retrieved will mat h only one spin, whi h yields
from whi h

K = [log N + log(1 − d)]/ log(1/d) ∼ log N .
P nite or s aling logarithmi ally with N ,

regime, with
patterns

an, in prin iple, always be a

In the low storage

the retrieval of all

omplished.

When noise is also introdu ed, we have that for the

i-th

pattern to be re-

trieved the eld felt by spins has to be larger than the noise level, that is
[d(1 − d)i ] > β −1 , if this ondition is not fullled the eld is onfused with
the noise and the pattern
In the

an not be retrieved.

ase of large degree of dilution, i.e.

sparse that not all the

N

spins

orthogonal, only a fra tion

d

lose to

1,

patterns are so

an be mat hed; assuming that patterns get

P (1 − d)/N (= α(1 − d)

or

= α log N(1 − d)/N

in low and high storage regime, respe tively) of spins is aligned with a given
2 We use the term "elds" for the for es a ting on

37

hi

and " hannels" for those on

mµ .

pattern, the remaining are free and their mean value is zero. In this

ondition

the emergent graph is also dis onne ted.

d,

probably the most striking feature displayed by

is the bifur ation o

urring at intermediate values of dilution (see

Beyond

m1 , m2

Fig.(2.3)).

onstraints on

In order to understand this phenomenon we

an divide spins

into four sets: S1 , whi h ontains spins i orresponding to zero entries in
1
2
both patterns (ξi = ξi = 0), therefore behaving paramagneti ally; S2 , whi h
1
in ludes spins seeing only one pattern (|ξi | =
6 |ξi2 |);

1
(ξ i

S3 , whi h
= ξi2 6= 0),

ontains spins

orresponding to two parallel, non-null entries

S4 , whi h in ludes spins i orre1
2
(ξi = −ξi 6= 0), hen e intrinsi ally

thus being the most stable;

sponding to two parallel, non-null entries
frustrated.

2
2
ardinality of these sets are: |S1 | = d , |S2 | = 2d(1−d), |S3 | = (1−d) /2,
2
and |S4 | = (1 − d) /2. Now, the most prone spin to align with the related
−1
for the
patterns are those in S3 and in S2 , and this requires (1 − d) < β
The

d

eld to get ee tive. As

S2

and

the magnetizations get the value
the two

ontributes

m1 and m2 grow paired, due
S3 . The growth pro eeds paired until
m1 = m2 = (1 − d)2 /2 + d(1 − d), where

is further redu ed,

to the symmetry of the sets

ome from spins aligned with both patterns and with the

unique pattern they see, respe tively. From this dilution onwards frustrated
spins also start to align so that one magnetization ne essarily prevails over
an be extended to any nite B and, in general,
P
P + 1 + Pk=0 ⌊ P −k
⌋.
2
Now we want to quantify these bifur ation points, and to this task let us

the other. This explanation

the number of sets turns out to be
all

x = hm1 i − hm2 i.
We use Eqs. (2.39) and (2.40) and expand for small values of

(2.41)

x

x = d(1 − d)[tanh(βhm1 i) − tanh(βhm2 i)] + (1 − d)2 tanh (βhm1 i − hm2 i)

(2.42)

where

d(1 − d) [tanh (βhm1 i) − tanh (βhm2 i)] ∼


βx
,
d(1 − d) tanh(βhm1 i) − tanh(βhm2 i) +
cosh2 (βhm1 i)

(2.43)

and

(1 − d)2 tanh(βhm1 i − hm2 i) ∼ (1 − d)2 βx + O(x3 ).

(2.44)

Thus, the leading term is


d(1 − d)β
2
x∼
+ β(1 − d) x.
cosh2 (βhm1 i)
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(2.45)
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Figure 2.4: Parallel retrieval of three (left panel) and of six (right panel)
patterns. Behavior of the two Mattis magnetization versus

d

at noise level

β −1 = 0.05.

The

riti al value of

β

orresponding to the bifur ation point is dened as

βcbif =
This me hanism


(1 − d)2 1 +

1
(1−d)
1
d cosh2 (βcbif m1 )

an be easily generalized to the

We move now to analyze the

.

(2.46)

ase of multiple patterns.

riti al noise level at whi h the magneti-

zations disappear and the network dynami s be omes ergodi , still in this
test- ase of two patterns: Expanding expressions (2.40) we nd

hm2 i ∼ d(1 − d)[βhm2 i] +

(1 − d)2
[βhm1 i + βhm2 i+
2

β3
(hm1 i3 + hm2 i3 + 3hm1 i2 hm2 i + 3hm1 ihm2 i2 )]+
3
β3
(1 − d)2
β3
+ d(1 − d) hm2 i3 −
[βhm1 i − βhm2 i + (hm1 i3 +
3
2
3
− hm2 i3 − 3hm1 i2 hm2 i + 3hm1 ihm2 i2 )],
+

su h that we

an write

hm2 i ∼ (1 − d)βhm2 i + O(hm2 i3 ).
Therefore the

(2.48)

riti al noise level turns out to be

βc =
This

(2.47)

al ulation

1
.
1−d

an easily be generalized to several patterns, too.
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(2.49)
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Figure 2.5: Parallel retrieval of three strategies.
magnetization versus
Continuous lines
dashed lines

d

Behavior of three Mattis
β −1 = 10−4 ).

in the slow (fast) noise limit (i.e.

orrespond to numeri al solution of Eqs. (2.50)-(2.52), while

orrespond to Monte Carlo simulations.

2.2.2 The ase P = 3
When three patterns are

onsidered, the related self- onsistent equations that

onstraint the system to parallel pro essing are the following (we skip the
bra kets

h.i

for the sake of

learness):

m1 = d2 (1 − d) tanh[βm1] − (1/4)d(1 − d)2 tanh[β(−m1 − m2)]+

+ (1/4)d(1 − d)2 tanh[β(m1 − m2)] − (1/4)d(1 − d)2 tanh[(−m1 + m2)]+

+ (1/4)d(1 − d)2 tanh[β(m1 + m2)] − (1/4)d(1 − d)2 tanh[β(−m1 − m3)]+

− (1/4)d(1 − d)2 tanh[β(m1 − m3)] − (1/8)(1 − d)3 tanh[β(−m1 − m2 − m3)]+

+ (1/8)(1 − d)3 tanh[β(m1 − m2 − m3)] − (1/8)(1 − d)3 tanh[β(−m1 + m2 − m3)]+

+ (1/8)(1 − d)3 tanh[β(m1 + m2 − m3)] − (1/4)d(1 − d)2 tanh[β(−m1 + m3)]+

+ (1/4)d(1 − d)2 tanh[β(m1 + m3)] − (1/8)(1 − d)3 tanh[β(−m1 − m2 + m3)]+

+ (1/8)(1 − d)3 tanh[β(m1 − m2 + m3)] − (1/8)(1 − d)3 tanh[β(−m1 + m2 + m3)]+

+ (1/8)(1 − d)3 tanh[β(m1 + m2 + m3)]]

40

(2.50)

m2 = −(1/4)d(1 − d)2 tanh[β(−m1 − m2)] − (1/4)d(1 − d)2 tanh[β(m1 − m2)]+
+ d2 (1 − d) tanh[βm2] + (1/4)d(1 − d)2 tanh[β(−m1 + m2)]+

+ (1/4)d(1 − d)2 tanh[β(m1 + m2)] − (1/4)d(1 − d)2 tanh[β(−m2 − m3)]+

− (1/8)(1 − d)3 tanh[β(−m1 − m2 − m3)] − (1/8)(1 − d)3 tanh[β(m1 − m2 − m3)]+

(2.51)

+ (1/4)d(1 − d)2 tanh[β(m2 − m3)] + (1/8)(1 − d)3 tanh[β(−m1 + m2 − m3)]+

+ (1/8)(1 − d)3 tanh[β(m1 + m2 − m3)] − (1/4)d(1 − d)2 tanh[β(−m2 + m3)]+

− (1/8)(1 − d)3 tanh[β(−m1 − m2 + m3)] − (1/8)(1 − d)3 tanh[β(m1 − m2 + m3)]+

+ (1/4)d(1 − d)2 tanh[β(m2 + m3)] + (1/8)(1 − d)3 tanh[β(−m1 + m2 + m3)]+
+ (1/8)(1 − d)3 tanh[β(m1 + m2 + m3)]]

m3 = −(1/4)d(1 − d)2 tanh[β(−m1 − m3)] − (1/4)d(1 − d)2 tanh[β(m1 − m3)]+

− (1/4)d(1 − d)2 tanh[β(−m2 − m3)] − (1/8)(1 − d)3 tanh[β(−m1 − m2 − m3)]−
− (1/8)(1 − d)3 tanh[β(m1 − m2 − m3)] − (1/4)d(1 − d)2 tanh[β(m2 − m3)]−

− (1/8)(1 − d)3 tanh[β(−m1 + m2 − m3)] − (1/8)(1 − d)3 tanh[β(m1 + m2 − m3)]+

(2.52)

+ d2 (1 − d) tanh[βm3] + (1/4)d(1 − d)2 tanh[β(−m1 + m3)]+
2

2

+ (1/4)d(1 − d) tanh[β(m1 + m3)] + (1/4)d(1 − d) tanh[β(−m2 + m3)]+

+ (1/8)(1 − d)3 tanh[β(−m1 − m2 + m3)] + (1/8)(1 − d)3 tanh[β(m1 − m2 + m3)]+

+ (1/4)d(1 − d)2 tanh[β(m2 + m3)] + (1/8)(1 − d)3 tanh[β(−m1 + m2 + m3)]+
+ (1/8)(1 − d)3 tanh[β(m1 + m2 + m3)]].

Re alling the pi ture explained in the previous subse tion, the magnetizations

m1 , m2

m3

and

again grow together until all spins

orresponding to

equal non-null entries and to single non-null entries are aligned. Then spins
whi h are aligned only with two patterns out of three start to feel the eld
and get aligned hen e breaking the symmetry. At this point, say
still grow while
spins

m3

m1

and

m2 ,

de reases. The next symmetry-breaking o urs when all
ξ 1 = ξ 2 get aligned. From this

orresponding to equal non-null entries

point onward one magnetization prevails against the other. The same pro ess
applies, mutatis mutandis, for larger number of patterns (see Fig.2.4).
The last subtlety to be investigated is given by the small dis ontinuities
in the behavior of the magnetizations (see for instan e Fig.2.5). To explain
this feature, let us

onsider the set of patterns

ξ1 , ξ2, ..., ξP

and assume the

zero fast noise limit (β → ∞) for the sake of simpli ity, so that we an take
|mk | = (1 − d)dk−1 , for k = 1, ..., P as (absolute) Mattis magnetizations. The

eld insisting on the arbitrary spin

σi

an be written as

N
P
P
P
X
X
1 X µ µ
1 X
µ µ
Jij σj =
ξi m −
ξi ξj σi ≈
ξiµ mµ ,
hi =
N j6=i
N µ=1
µ=1
µ=1

(2.53)

where in the last passage we dropped the se ond sum as it is vanishing in
the thermodynami

limit.

without loss of generality
and equal to

+1.

Now, let us

onsider the spin

h1 ,

whi h, again

an be thought of as aligned with the rst pattern

The eld insisting on this lympho yte is

41

h1 = (1 − d)[1 +

PB

µ−1
], where ǫ(1, µ) = sign(ξ1µ , mµ ). We noti e that, in general,
µ=2 ǫ(1, µ)d
h1 is not positive denite so that the o urren e of the ondition h1 < 0 would

h1 = 1 → h1 = −1 and, onsequently, to m1 < (1−d). In
order to understand this ee t we fo us on ǫ(1, µ). By assumption, m1 = (1−
d) and h1 = ξ11 , so that the rst entry of pattern µ = 1 ee tively ontributes
to the related magnetization m1 . As for the following magnetizations mµ>2 ,
µ>2
ee tive ontributes an arise only from entries ξj
orresponding to null
µ
1
µ
entries in ξj . Otherwise stated, there is no orrelation between ξ1 and m
for µ > 1 (in fa t, ǫ(1, µ) is zero on average), and one an ount the pattern
ongurations leading to h1 < 0 applying ombinatori s.
lead to the spin ip

Seeking for

larity, we

onsider the following expli it

ases:

µ > 1 are misaligned
P −1
with respe t to the related magnetizations is [(1 − d)/2]
, hen e giving a
P
µ−1
P +1
] = 1 − 2d + d . Su h a eld turns out to
eld h1 = (1 − d)[1 −
µ>2 d
be negative in the interval a1 < d < 1, where a1 → 1/2 for P → ∞.
l
- The probability that the rst entries of all patterns µ > 1 but one, say ξ ,
l
P −2
are misaligned and that ξ1 = 0 is d[(1 − d)/2]
, and this would lead to
P
l−1
h1 (l) = (1 − d) − d(1 − d ) + (1 − d)d , whi h is negative for a2 < d < 1,
where a2 → 1/2 for P → ∞; of ourse h1 (l) is growing with l .
- The probability that the rst entries of all patterns µ > 1 but one, say
ξ l , are misaligned and that ξ1l = 1, is d[(1 − d)/2]P −1 and this onguration
P
l−1
yields h1 (l) = (1 − d) − d(1 − d ) + 2(1 − d)d
. For instan e, when l = 2 and
√
P ≫ 1, the eld is negative for d > 1/ 2; when l = 3 the eld is negative
for d > a3 , where a3 ≈ 0.648.
Summarizing, in the zero noise limit β → ∞ for any given dilution d, the
probability that m1 < (1 − d) an be written as a sum over pattern onguB−1
rations leading to h1 < 0. For instan e, for P = 3, only one out of the 3
µ
µ
µ
µ
possible ongurations, i.e. sign(ξ2 , m ) = sgn(ξ3 , m ) = −1, an yield a
2
spin-ip: the orresponding eld is h1 = (1 − d)(1 − d − d ), whi h is negative
√
for d > ( 5 − 1)/2 ≈ 0.62 (see Fig.(2.5)). Therefore, for that value of dilution onwards, m1 is redu ed with respe t to the optimal value (1 − d). The
extent of the loss is a fra tion 1/9 of the total, namely ≈ 0.34 (see Fig.(2.5)).
Noti e that while the hange redu es m1 , other magnetizations are favored
- The probability that the rst entries of all patterns

by the spin-ip and undergo a proportional in rement. Also, the o

urren e

of a magnetization redu tion with respe t to the optimal value is more likely
for the highest magnetization

m1 , be

ause elds insisting on spins

ontribut-

P − 1 terms. The same
m2 : now the number of terms whi h sum
up to give the eld insisting on the (1 − d)d spins whi h ontribute ee tively
to m2 is P − 2, so that there are far less ongurations able to yield a negative eld. Consequently, a loss in m2 is less likely. Therefore, as long as the
ing to

m1

dis ussion

are the most

omplex, being the sum of

an be applied in turns to
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number of patterns allows readjustments in the value of magnetizations with
respe t to those expe ted, the arbitrary
(possibly o

mk

may display

urring at slightly dierent values of

several simple

orre tions, ea h

the previous magnetizations

omplex

d) due to the

orre tions

ombination of

orresponding to the readjustment ae ting

mµ<k

(see Fig.(2.5)).

2.2.3 Signal to noise ratio
As usually done in the neural network

ontext [17℄, we

ouple the statisti-

al me hani s inspe tion to signal-to-noise analysis. Aim of this pro edure
is trying to

onrm the parallel ansatz" we impli itly made by studying

the stability of the basins of attra tions (whose xed points are the learned
strategies)

reated in the hierar hi al fashion we pres ribed. We re all that

the model we are investigating des ribes a low storage of information in the
asso iative network so that no slow noise is indu ed by the underlying spin
glass, i.e.

α = 0.

Nonetheless, we study the signal to noise ratio in the zero

fast noise limit (β
then, we take the

→ ∞) as a problem
limit α → 0 to get

formulated in general terms of

α, d;

estimate about the stability of the

basins of attra tions (where the presen e of fast noise

an possibly produ e

u tuations).
Without loss of generality, we assume that the network is retrieving the
rst pattern. This means that spins are aligned with the non-null entries in
1
the rst bit-string ξ , while the remaining spins explore the other patterns.
Thus, for the generi

spin

σi

we

an write

σi = ξi1 +

P
X

ξiν

ν=2

A

ordingly, the lo al eld a ting on the

hi =
•

ν−1
Y

δ(ξiµ ).

(2.54)

µ=1

ith

lympho yte

"

an be written as

#

N
P
P
ν−1
1 XX µ µ 1 X ν Y
ξi ξj ξj +
ξj
δ(ξjµ ) .
N j6=i µ
ν=2
µ=1

In the referen e

ase

P = 1,

(2.55)

like for the pure states of the Hopeld

network, we set

σi = ξi1 + δ(ξi1 )ki ,
where

ki

(2.56)

is a random variable uniformly distributed on the values

±1

added to ensure that there are no nulls entries in the state of the network. Hen e we nd

hhi σi iξ = hsignal + noiseiξ = hsignaliξ
43

(2.57)

being

hnoisesiξ = 0,

and so for large

hsignaliξ =
while

h(noises)2 iξ =
•

In the test

N

we have

N −1
(1 − d) = (1 − d),
N

(2.58)

P −1
(1 − d)2 = α(1 − d)2 .
N

(2.59)

ase of two patterns retrieved,

P = 2,

we set:

σi = ξi1 + δ(ξi1 )[ξi2 + δ(ξi2)ki ].

(2.60)

Now, we need to distinguish between the various possible

ongura-

tions:

 ∀i su
of

h that

N

ξi1 6= 0, ξi2 = 0

and so that

hsignaliξ = (1 − d),

σi = ξi1 6= 0 for

hnoisesiξ = 0,

(N − 1)(P − 2)
(1 − d)2 = α(1 − d)2 .
N2
ξi1 6= 0, ξi2 6= 0 and so that σi = ξi1 6= 0

h(noises)2 iξ =

 ∀i su
if

h that

ξi1 = ξi2

hsignaliξ = 2(1 − d) − (1 − d)2 ,
if

large value

hnoisesiξ = 0,

(2.61)
(2.62)

(2.63)

ξi1 = −ξi2
hsignaliξ = (1 − d)2 ,

and in both

hnoisesiξ = 0.

(2.64)

ases

2

h(noises) iξ =
(N − 1)(P − 2)
(N − 1)(P − 1)
(1 − d)3 +
d(1 − d)2 = α(1 − d)2 .
2
N
N2
(2.65)

 ∀i su

h that

ξi1 = 0, ξi2 6= 0

and so that

hsignaliξ = d(d − 1),

σi = ξi2 6= 0

hnoisesiξ = 0,

(2.66)

h(noises)2 iξ =
(N − 1)(P − 2)
(N − 1)(P − 1)
(1 − d)3 +
(1 − d)2 d = α(1 − d)2 .
2
N
N2
(2.67)
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Therefore, in the regime of low storage of strategies we are exploring (α

= 0),

the retrieval is stable, states are well dened and the amplitude of the signal
on the rst

hannel is order

(1 − d)

while on the se ond is of order

d(1 − d),

in perfe t agreement with both the statisti al me hani s analysis and Monte
Carlo simulations.

On e proved that these parallel states exist, it would be interesting trying
to understand deeper their stru ture in the ongurational spa e. To this
1
task let us x a pattern ξi , with i = 1, ..., N , and a dilution d, in su h a way
1
that N d of ξ entries are expe ted to be null and the remaining N(1 − d)
are expe ted to be half equal to
of spins

+1

−1.
1
with ξ

and half equal to

The number

ongurations displaying maximum overlap
orresponds to
2N d ; all these ongurations

the degenera y indu ed by null entries, namely

lay in an energy minimum be ause their Mattis magnetization is maximum
(a tually the same holds for the symmetri al

ongurations due to the gauge

symmetry of the model).
Let us now generalize this dis ussion by introdu ing the number of
gurations

n(m, d)

whose overlap with the given pattern displays

alignments in su h a way that

n(m, d)

m

onmis-

is given not only by the degenera y

indu ed by null entries, but also by the degenera y indu ed by the

hoi e of

m entries out of N(1 −
 d) whi h have to be mismat hed. It is easy to see that
N d N (1−d)
n(m, d) = 2
. Interestingly, for su h ongurations the signal felt
m
1
by a spin i an be written as hi = ξi [N((1 − d)) − 2m] and the ee t of the
orre tion due to the m misalignments might be vanishing in the presen e
of a su iently large level of noise, so that the system is not restri ted to
Nd
the 2
ongurations orresponding to the minimum energy, but it an also
explore all the

ongurations

Therefore, we

an

n(m, d).

presen e of noise su h

ongurations ñ(x, d) exhibiting a
ξ 1 , up to a given threshold x; in the

ount the number of

number of misalignments, with respe t to

ongurations are all a

essible, namely they all lay
P
ñ(x, d) = xm=0 n(m, d);
N
of ourse, for x = N(1 − d) we re over ñ(x, d) = 2 . Moreover, when


Pi
2i
x = N(1 − d)/2, we an exploit the identity k=0 k = 1/2[4i + 2ii ], and
assuming without loss of generality N(1 − d) to be even we get
in the same deep minimum. Indeed, we

an write




2N d N (1−d)
N(1 − d)
ñ(N(1 − d)/2, d) =
n(m, d) =
≈
2
+
N(1 − d)/2
2
m=0
s
"
#
2N
2
1+
,
2
πN(1 − d)
x
X

(2.68)

where in the last passage we used the Stirling approximation given that
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Figure 2.6: Normalized number of a
tion of

essible

x and d for a system made up of N

orresponds to the emergen e of a giant

N((1 − d)) ≫ 1.

ñ(x, d) as a fun al line xc = (1−d),

ongurations

spins. The

riti

omponent.

ñ(N(1 − d)/2, d) & 1/2, and similar al ulations an be drawn for smaller thresholds, e.g., ñ(N(1 − d)/2 − 1, d) . 1/2.
As shown in Fig.(2.6), on e d is xed, when x is small only a mi ros opi
N
fra tion ñ(x, d)/2 of onguration is a essible (in the thermodynami limit
this fra tion is vanishing), while by in reasing the toleran e x, more and more
Then, we have

onguration get a

essible and

orrespondently their fra tion gets ma ro-

s opi . From a dierent perspe tive, ea h
node of a graph and those a

essible are

an be looked at as a

onne ted together. The link prob-

ability is then related to

x

made up of all a

ongurations emerges. This is a per olation pro ess

in the spa e of

essible

and when

x

onguration

is large enough a giant

omponent

ongurations. Indeed, similarly to what happens in

per olation pro esses, the

urves representing the giant

anoni al

omponent relevant

N interse t at around 1/2, whi h distinguishes the per olaxc . A ording to Eq.(2.68) we an write xc ≈ N(1 − d)/2.

to dierent sizes
tion threshold

Interestingly, when a giant

omponent emerges retrieval is no longer

meaningful be ause the system may retrieve essentially anything and this
orresponds to the

riti al line (in the

tions simultaneously disappear.
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d, β

plane) where all the magnetiza-

2.3

The Emergen e of Spurious States

In Se . 2.2, we explained why we expe t the parallel state (2.36) to o

ur,

exploiting the fa t that ea h pattern tends to align as many spins among those
still available. A tually, this intuitive approa h yields the

T =0

(no fast noise) and not-too-large

d,

of dilution are large enough, the system

orre t pi ture for

while when either

T

or the degree

an relax to a state where only one

pattern is retrieved or fall into a spurious state where several patterns are
partially retrieved, but none exa tly. For instan e, when patterns are sparse,
none of them

an generate an attra tion basin strong enough to align all

available spins, in su h a way that stationary, mixture states
Let us start from the noiseless

ase and

an emerge.

onsider the state (2.36)

orre-

sponding to the parallel ansatz (2.2): we noti e that, on average, there exists
P
1
k
a fra tion 2[(1 − d)/2] of spins σi orresponding to the entries ξi = 1, ξi =
−1, ∀k ∈ [1, P ] (and analogously for the gauged ase ξi1 = −1, ξik = +1) and
1
expe ted to be aligned with the rst entry ξi , in su h a way that the overall
eld insisting on ea h of them is

hi = m1 − m2 − m3 − .... − mP .

Of

ourse,

su h spins are the most unstable, and, at zero noise level, they ip whenever
PP
hi happens to be negative, that is, when m1 <
k=2 mk . Exploiting the
k−1
ansatz mk = d
(1 − d), this an be written as



d − dP
= 1 − 2d + dP ,
hi = (1 − d) 1 −
1−d

whi h be omes negative for a value of dilution
ponentially from above to

1/2

the rst pattern is no longer
parallel retrieve (a

d ≥ dc (P ),

whi h

as

P

dc (P ),

gets large.

(2.69)

whi h

onverges ex-

From this point onwards,

ompletely retrieved and the system fails to

ording to the denition in Eq.(2.36)). Therefore, when

genuine spurious states emerge and the system relaxes to states

orrespond to mixture of

p≤P

patterns, but none of them is

om-

pletely retrieved (at least up to extreme values of dilution). As we will see
in Se . 2.4.4, the transition at

dc (P )

is rst order.

Moreover, from Eq.(2.69) we nd that the

d ∈ [0, 1],

in the range

ase

P = 2

has no solution

meaning that the parallel-retrieval state is always

a stable solution in the zero noise limit; on the other hand,

dc (4) ≈ 0.54

and so on.

Su h phenomenology

the presen e of noise

dc (3) ≈ 0.62,

on erns relatively large degrees of dilution, yet,

an also destabilize the true parallel-retrieval state

(2.2) in the regime of small degrees of dilution. In fa t, we expe t that the
spins aligned a
mk = dk−1 (1 −

parti ular, at

ording to the

k -th

pattern asso iated to a magnetization
k−1
will loose stability at noise levels T > d
(1 − d). In

d)
T > d(1 − d),

only one pattern will be retrieved and the pure
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state is somehow re overed. As we will see in Se . 2.4.4, su h estimates are
orre t for small

d.

Typi al spurious states emerging in standard asso iative networks are the
so- alled symmetri

mixtures of

p≤P

states, whi h

p
X

σi = sign

ξiµ ,

µ=1

and it will be referred to as

σ (S) .

an be des ribed as

!

(2.70)

We anti ipate that the symmetri

mixture

turns out to emerge also in the diluted model under investigation.
Now, in the standard Hopeld model, odd mixtures of

p patterns, are metastable,

i.e. their energies are higher than those of the pure patterns, and, moreover,
the smaller

p and the more energeti ally favorable the mixture. On the other
p patterns are unstable (they are saddle-points of the

hand, even mixtures of
energy).

More pre isely, at the riti al temperature of the standard Hopeld model,
namely at

Tc = 1,

all the symmetri

spurious states be ome extrema in the

free-energy lands ape. They are either minima, maxima, or saddle-points. As

T < 0.461

spurious states be ome su

essively stable. First, the symmetri

three mixtures be ome stable and begin to attra t.
is lowered further, more and more of the symmetri

As the temperature
odd mixtures be ome

attra tors. Lower mixtures be ome stable at higher temperature. The pure
pattern attra tors remain the absolute minima in the lands ape all the way
down to

T = 0.

They always have the largest basins of attra tion.

The instability of even mixtures is often asso iated to the fa t that, for
(S)
a ma ros opi fra tion of spins, σ
is not dened due to the ambiguity of
Pp
µ
the sign. For instan e, when p = 2,
µ=1 ξi o urs to be null for half of
the spins and the related values are dened sto hasti ally a ording to the

distribution

1
P (σi ) = (δσi +1 + δσi +1 ).
2

However, as we will show in Se . 2.4.3, this is not the

(2.71)
ase for this diluted

model as it displays wide regions in the parameter spa e
and/or odd symmetri

(d, T )

where even

σ (S)

an be ome

mixtures are stable.

As we will see in Se . 2.4.3, the symmetri

mixture

unstable and relax to a dierent spurious state whi h is a hybrid state
(S)
(P )
between the symmetri mixture σ
and the parallel state σ
.
To begin and x ideas, let us set P = 3 and start from the state σi =
1
2
3
1
2
3
sign(ξi + ξi + ξi ). In the presen e of dilution the argument ξi + ξi + ξi an
be zero and in that situation one an adopt the following hierar hi al rule:
1
1
1
2
take σi = ξi provided that ξi 6= 0; otherwise, if ξi = 0, then take σi = ξi
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2
2
3
provided that ξi 6= 0; otherwise, if also ξi = 0, then take σi = ξi provided
3
3
that ξi 6= 0; otherwise, if also ξi 6= 0, then put σi = ±1 with probability
1/2. P
In this way we an built a state, generally dened for any P , and, being
Ξ = µ ξiµ , it an written as

σi = (1 − δΞ,0 )sign(Ξ) + δΞ,0 [ξi1 + δξi1 ,0 ξi2 + δξi1 ,0 δξi2 ,0 ξi3 + ...],

whi h will be referred to as

(2.72)

σ (H) .

The related average Mattis magnetizations an be al ulated as the sum of

m0 (the same for any µ) deriving from the spins orresponding to non ambiguous sign fun tion (i.e., Ξ 6= 0), and another ontribution
a ounting for hierar hi al orre tions (i.e., Ξ = 0). Let us fo us on the rst

one

ontribution

term:

m0 = hξ µ sign(Ξ)iξ
+
*
P
P
X
X
1−d
ξ µ ) − sign(−1 +
ξ µ)
=
sign(1 +
2
ν6=µ
ν6=µ
ξ
"
#
P
P
X
X
= (1 − d) P(
ξ ν < 1) − P(
ξ ν > 1) ,
ν6=µ

(2.73)
(2.74)

(2.75)

ν6=µ

where, in the last step, we exploited the impli it symmetry in pattern entries
PP
ν
and P(
ν6=µ ξ ≷ 1) represents the probability that the spe ied inequality
is veried over the distribution (2.1). The latter quantity an also be looked
at as the probability for a symmetri

d

to be at distan e

≷1

random walk with holding probability

P − 1.

from its origin after a time span

get

Hen e, we

m0 = (1 − d)[P(0 → 0, P − 1) + P(0 → 1, P − 1)],
where

P(x0 → x, t)

stopping probability

is the probability for a symmetri

d

to move from site

t−(x−x0 )

P(x0 → x, t) =
The se ond
1, P − k)dk−1 .

X
s=0

x0

to site

x

in

t!
 
 ds

t−s+(x−x0 )
t−s−(x−x0 )
!
!
s!
2
2

ontribution to the magnetization is

Finally, by summing the two

(2.76)

random walk with

t

steps, namely



1−d
2

(1 − d)

t−s

PP −1
k=1

.

(2.77)

P(0 →

ontributions we nd the following expres-
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sions for

P =3
(2.78)

m2

(2.79)

m3
and for

1
(1 + d − 3d2 + d3 ),
2
1
=
(1 − d)(1 + d2 ),
2
1
(1 − 3d + 5d2 − 3d3 ),
=
2

m1 =

(2.80)

P =5

1
(3 + 9d − 42d2 + 74d3 − 65d4 + 21d5 ),
8
1
(1 − d)(3 + 6d2 − d4 ),
m2 =
8
1
(1 − d)(3 − 4d + 18d2 − 20d3 + 11d4 ),
m3 =
8
1
(1 − d)(3 − 4d + 18d2 − 28d3 + 19d4 ),
m4 =
8
1
m5 =
(1 − d)(3 − 4d + 18d2 − 36d3 + 27d4 ).
8
expressions for arbitrary P an be analogously al ulated
m1 =

The

(2.81)
(2.82)
(2.83)
(2.84)
(2.85)
exa tly and

some examples are shown in Fig.(2.7).

Figure 2.7:

Mattis magnetizations

m

versus dilution

analyti al expression derived in Se . 2.3.
value of

P,

d,

a

ording to the

Ea h panel refers to a dierent

as spe ied.

σ H to be ome globally stable in the region of very large dilu(d > dH (P )); intuitively, dilution must be large enough to make mag-

We expe t
tions

netizations rather

lose to ea h other in su h a way that the least signalled
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(−, −, ..., −, +, +, ..., +) (overall (P − 1)/2Pnegative
N
(P + 1)/2 positive entries) are stable. This means
1=1 (1 −
P
P
(P −1)/2
µ
δΞ,0 )sign(Ξ)ξi /N >
hk (P + 1)/(P − k), where hk = 2 l [(1 −
k=1
2l P −2l
d)/2] d
(P − k)!/[l!(l − 1)!(P − k − 2l + 1)!] and P is odd. This ondition is fullled for values of dilution larger than dH (P ), whi h onverges to
1 as P gets larger, hen e, in order to ta kle this limit, dilution must be ome
a fun tion of the system size d → d(N). In this ase the network itself bespins

orresponding to

entries and

omes diluted as well and dierent te hniques are required; this will not be

dis ussed in this manus ript.

2.4

Stability Analysis

The set of solutions for self- onsistent equations (2.35) des ribes states whose
stability may vary strongly. In fa t, provided the network has rea hed them,
in the noiseless limit (of whatever kind) it would persist in those states.
However, the equations do not

ontain any information about whether the

solutions will be stable against small perturbations, that is to say if the
system will indeed really thermalize on these states or will fall apart more or
less qui kly. In order to evaluate their stability we need to

he k the se ond

derivative of the free-energy [17℄. More pre isely, we further need to build
up the so

A

alled stability matrix

Aµν =
Then, we evaluate and diagonalize

with elements

∂ 2 fβ (m)
.
∂mµ ∂mν
A at a point m̃,

(2.86)
representing a parti -

ular solution of the self- onsisten e equations (2.35), in order to determine
whether

m̃

m̃ is stable or not.

{Eµ }µ=1,...,P , the set of related eigenvalues,

Being

is stable whenever all of them are positive.

Now, from Eq.(2.34) and (2.86), remembering that
we nd straightforwardly

α(β, d) = −βf (β, d),

Aµν = [1 − β(1 − d)]δ µν + βQµν ,
where

Qµν = hξ µξ ν tanh2 (β
Of ourse when

d = 0 we re

over

µν

A

X

mµ ξ µ )iξ .

µ

= (1−β)δ µν +hξ µ ξ ν tanh2 (β

namely the result known for the standard Hopeld model.
We now

(2.88)

P

µ

mµ ξ µ )iξ ,

onsider several states, known to be solutions of self- onsisten e

equations (2.35) and
in the region

(2.87)

(T, d)

he k their stability. In this way we will nd

onstraints

where those states are stable and then we will build up

the phase diagram.
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2.4.1 Paramagneti State
Let us start with the paramagneti

state, whi h is des ribed by

mµ = 0 ∀µ

(2.89)

this state trivially fullls Eq.(2.35).
By repla ing this expression in Eq.(2.87) and in Eq.(2.88) we nd

Aµν = δµν [1 − β(1 − d)].

(2.90)

A is diagonal and its eigenvalues are dire tly Eµ =
A = 1 − β(1 − d), ∀ν ∈ [1, P ]. We an on lude the paramagneti state
exists and is stable in the region 1 − β(1 − d) > 0, that is (remembering that
T = β −1 )
PM stability ⇒ T > 1 − d.
(2.91)
Therefore, in this
µµ

ase,

This region is highlighted in Fig.(2.8).

Figure 2.8:

(Color on line) In the parameter spa e

the region where the paramagneti

Se . 2.4.1, this region in ludes points fullling
result is independent of

(T, d)

we highlighted

state exists and is stable. As proved in

P.
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T < 1 − d;

noti e that this

2.4.2 Pure State
Let us now

onsider the pure state, that is any of the

P

ongurations

mµ = δµν ,
m being the extent of the overlap, whi h, in
T . The related self- onsisten e equations are

(2.92)
general, depends on

mµ = (1 − d) tanh(βmµ ),
mν6=µ = 0.
The rst equation has solution in the whole half-plane

and on

(2.93)
(2.94)

T > 1 − d,

ensures that, in the same region, the pure-state exists. In order to
stability, we

d

and this
he k its

al ulate the stability matrix nding

Aµν = 0 ∨ µ 6= ν
Aµµ = 1 − β(1 − d)[1 − tanh2 (βmµ )]
Aνν = 1 − β(1 − d)[1 − (1 − d) tanh2 (βmµ )].

(2.95)
(2.96)
(2.97)

Eµ = Aµµ and Eν = Aνν .
Noti e that these eigenvalues do not depend on P and that Eµ ≥ Eν , so that
the analysis an be restri ted on Eν . Requiring the positivity for Eν , we get
the region in the plane (T, d), where the pure state is stable; su h a region is
shown in Fig.(2.9). We stress that this result is universal with respe t to P
Therefore

A

is diagonal and the eigenvalues are

(in the low-storage regime).
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Figure 2.9: In the parameter spa e

(T, d) we highlighted the region where the

pure state exists and is stable. This result was found by numeri ally solving
the self- onsisten e equation Eq.(2.35) and the inequality
is the smallest eigenvalues of the stability matrix
that this result is independent of

A

Eν > 0,

where

Eν

(see Eq.(2.97)); noti e

P.

2.4.3 Symmetri State
A symmetri

mixture of states

orresponds to

ongurations leading to

mµ = m(d, T ) ∀µ ∈ [1, p]mµ = 0 ∀µ ∈ [p + 1, P ]

(2.98)

p ≤ P order parameters are equivalent and non null, while the remaining P − p are vanishing.
Let us start with the ase p = P = 3, yielding m = m(d, T )(1, 1, 1). In

where

this spe ial

ase the three self- onsisten e equations



ollapse on

3



tanh2 (3βm) + tanh2 (βm) +
2



1−d
1−d
2
d2 tanh2 (βm)
tanh (2βm) + 2
+d
2
2

m(d, T ) = 2

1−d
2
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(2.99)

Figure 2.10: In the parameter spa e (T, d) we highlighted the region where
(S)
the symmetri state σ
, for the spe ial ase p = P = 3, exists and is
stable. Noti e that two dis onne ted regions emerge: the one
to lower values of dilution derives from the fa t that

p

is odd, while the one

orresponding to larger values of dilution from the fa t that

and the matrix

A

orresponding

p = P.

reads as




a b b
 b a b 
b b a
a

and

b

being parameters related to

eigenvalues of

m, d

A are (a + 2b, a − b, a − b), whi

(2.100)

and
h

β.

More pre isely, the

an be written as

2
1−d
+
a − b = 1 − β(1 − d)+2β tanh (2βm)d
2
 2
d (1 − d)
2
+ tanh (βm)
+
2
3 

1−d
,
+4
2
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2



(2.101)

(2.102)

3
1−d
+
a + 2b = 1 − β(1 − d) + 2β tanh (3βm)3
2
 2
3 

d (1 − d)
1−d
2
+ tanh (βm)
+
+
2
2
2

1−d
2
.
+8dβ tanh (2βm)
2


The

2



(2.103)

(2.104)

onditions for the existen e and the stability of the symmetri , odd

mixture with

p = P = 3,

yield a system of equations whi h was solved

numeri ally and the region were su h

onditions are all fullled is shown in

Fig.(2.4.3). Noti e that the region is a tually made up of two dis onne ted
parts, ea h displaying pe uliar features, as explained later.
This result is robust with respe t to

P,

being

P

odd and

p = P.

Figure 2.11: In this plot we fo used on the region of the parameter spa e

(T, d), where odd symmetri spurious state exist and are stable. In parti ular,
we hose P = 7 and we onsidered any possible odd mixture, i.e. p = 3, p = 5
and p = 7; ea h value of p is represented by a dierent urve. Noti e that
the smaller p and the wider the region, analogously to the standard Hopeld
model.

We

an further generalize the analysis by
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onsidering

P > p,

still being

p

odd. In this

ase we get the following stability matrix



a
 b

 b
0

b
a
b
0

b
b
a
0

(a − b, a − b, a + 2b, c),

with eigenvalues


0
0 

0 
c

(2.105)

where

c = 1 − β(1 − d)
2

n
h  1 − d 3
1−d
2
2
×
1−2
[tanh (3m) + 3 tanh (m)] + d
2
2
i
1−d 2
d tanh2 (m)
× 3 tanh2 (2m) + 3
2
3

h
1−d
[tanh2 (3βm) + 3 tanh2 (βm)]
× 1−2
2
2

io
1−d 2
1−d
d tanh2 (βm)
tanh2 (2βm) + 3
(2.106)
+ 3d
2
2
P − p.
Su h states (p < P , p odd) are stable only at small d. This is due to the
t that the eigenvalue c o urs only when p < P and it reads as (µ > p):

has degenera y
fa

Aµµ = [1 − β(1 − d)] + βh(ξ µ )2 iξ htanh2 [βm
= [1 − β(1 − d)] + β(1 − d)htanh2 [βm
Thus, one

an see that the r.h.s term

se ond order in su h a way that when

T < 1 − d,
µ ≤ p, we get

ontains fa tors

d

is

lose to

1,

p
X

ξ ν ]iξ

ν

p
X

ξ ν ]iξ .

(2.107)

ν

(1 − d)

at least of

i.e. for high dilution,

su h term be omes negative. On the other hand, in the

and

µµ

A

µ 2

= [1 − β(1 − d)] + βh(ξ ) tanh [βm

and therefore the r.h.s term
omparable with

2

β(1 − d).

p
X

Moreover, we nd that the

p-

ξ ν ]iξ

ν=1

ontains even rst order term

is stable in a region of the spa e

(1 − d),

omponent, odd symmetri

(T, d),
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ase

whi h are

state exists and

whi h gets smaller and smaller as

p

Figure 2.12: In this plot we fo used on the region of the parameter spa e

(T, d),

spurious state with p = P exist and are stable. In
P = 7 and we onsidered any possible mixture, i.e.
p = 3, p = 4, p = 5, p = 6 and p = 7; ea h value of p is represented by a
dierent urve. Noti e that the smaller p and the wider the region, yet the
where symmetri

parti ular, we

hose

region tends to an asymptoti

shape.

grows (see Fig.(2.11)). The emergen e of su h states

an be seen as a feature

of robustness of the standard Hopeld model with respe t to dilution.
Finally, the

ase

P =p

always admits a region of existen e and stability

in the regime of high dilution. The latter region is independent of the parity
and depends slightly on

P

(see Fig.(2.12)). The emergen e of su h states is

due to the failure of hierar hi al retrieval, namely uniformity prevails.

2.4.4 Parallel State
The parallel-retrieval state
values of

d

an be looked at as the extension to arbitrary

of the pure state holding for the spe ial

that in the noiseless limit the parallel-retrieval state

mµ = (1 − d)dµ−1 .
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ase

d = 0.

We re all

an be des ribed as
(2.108)

In this

ase the stability matrix is diagonal with terms:

Aµµ = 1 − β(1 − d) + βh(ξ µ )2 tanh2 [β(1 − d)(ξ 1 + dξ 2 + ... + dP ξ P )]i,
and,

onsistently, taking the limit

β → ∞,

we get the simplied form

Aµµ = lim = 1 − β(1 − d) + βh(ξ µ )2 (1 − δ[(ξ 1 + dξ 2 + ... + dP ξ P )])i.
β→∞

Now, the third term in the r.h.s.

(2.109)

is either

βh(ξ µ )2 i = β(1 − d)

(2.110)

(when the

polynomial of order P is zero) or 0; the latter ase would trivially yield
Aµµ < 0. Therefore, in the limit β → ∞ the stability of the parallel-retrieval
1
state is onstrained by the smallest real root ∈ [0, 1] of the polynomial ξ +
dξ 2 + ... + dP ξ P with ξ i = 1, 0, −1. This orresponds to ξ 1 = 1 and ξ i =

−1, ∀i > 1, under gauge symmetry and returns the same result found, from a
more empiri al point of view, in Se . 2.3. More pre isely, the
onverges exponentially to

1/2

as

P

riti al dilution

grows.

P = 3 we nd
√ that the parallel-retrieval state exists√and
) ≃ (0, 0.618). The point dc (3) = 5−1
d ∈ (0, 5−1
2
2
orresponds to the unique real root in (0, 1).
When noise is introdu ed, the riti al dilution dc , separating the parallelIn parti ular, for

is stable in the interval

retrieval state from spurious states, is shifted towards larger values, as suggested by Eq.(2.109). On the opposite side, namely in the regime of small
dilution, the parallel state is progressively depleted and, as the temperature

mP , and pro eeding up
m2 . One an distinguish a set of temperatures TP (d) < TP −1 (d) < ... <
T2 (d) < T1 (d), su h that when T > Tk (d), all magnetizations mi , ∀i ≤ k are
null on average. Hen e, above T2 (d) the pure state retrieval is re overed,
while above T1 (d) = 1 − d the paramagneti state emerges.
In Fig.(2.13) we highlight the region of the parameter spa e (T, d) where
is in reased, magnetizations vanish, starting from

to

su h parallel states exist and are stable. This was obtained numeri ally for
the
a

P = 5;

ase

for larger values of

ount for the shift in

2.5

P

the region is slightly restri ted to

dc .

Monte Carlo Simulations

In this Se tion we dis uss details on Monte Carlo simulations.
All the simulations were performed on a system Ubuntu Linux with Intel Core
I7,

3.2Ghz, 12

libraries.

CPU, Nvidia-Fermi te hnology,

The simulations were

12

Gb RAM and OpenMP

arried out sequentially a

following algorithm:
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ording to the

Figure 2.13: In this plot we fo used on the region of the parameter spa e

(T, d), where parallel retrieval states exist and are stable. In parti ular, we
hose P = 5 and we onsidered any possible state with k = 2, k = 3, k = 4
and k = 5 non-null magnetization.

1. Building and storing of the
First, we generate

P (ξiµ) =
then, we build a

P

oupling matrix.

patterns a

ording to the distribution (d

1−d
1−d
δ(ξiµ −1) +
δ µ + dδ(ξiµ ) ,
2
2 (ξi +1)
P µ µ
har-matrix Jij =
µ ξi ξj with entries

= 0):
(2.111)

ranging

∈

[0, 2P + 1] and a ting as key pointing to another hash-matrix J˜ij where
the N(N − 1)/2 real numbers a ounting for the Hebb intera tions
are stored. If the amount of patterns do not ex eed P = 256, i.e.
5
one byte, it is then possible to a ount for 10 spins with no need of
swapping on hard disk (whi h would sensibly ae t the performan e of
the simulation). This

ondition is fullled for the low storage regime

we are interested in.
2. Initialize the network status.
We

he ked the two standard approa hes: The rst is to initialize the

60

network in a (assumed) xed point of the dynami s, namely

σi = ξi1 ∀i ∈ [1, ..., N],
and

(2.112)

he k its evolution: This gives information on the stru ture of the

basins of attra tion of the minima as we vary the dilution (see Point

The se ond approa h is to initialize the network randomly:

σi = 1

with probability

0.5

and

σi = −1

otherwise.

5).

We set

This is a stan-

dard pro edure to follow the relaxation to a xed point with no initial
assumption and gives information on the stru ture of the basins of
attra tion of the minima at xed dilution.
3. Evolution dynami s
The spin status evolves a

ording to a standard (random and sequen-

tial) Glauber dynami s for Ising-like systems [17℄: At ea h time interval, the spins state is updated a

ording to its input signals, where the

probability of the unit's a tivity is equal to a re tied value of the input
(logit transfer fun tion), i.e.

P r[σi (t) = ±1] =

1
P
.
1 + exp[∓2β j Jij σj ]

(2.113)

The eld-updating pro ess is managed by a linked list whose parsing
is parallelized through OpenMP.
4. Convergen e of the simulation.
Due to the pe uliar stru ture of the elds indu ed by pattern dilution,
the eld insisting on a given spin may be zero and the related spin
would ip indenitely.

To avoid this pathologi al situation we skip

the updating of these paramagneti " spins and fo us on the remaining
ones: In the zero noise limit onvergen e is almost immediate, su h that

Nresulting P

when the whole ensemble of spins remains un hanged for the whole
length of the update

y le, dynami s is stopped and the

pattern overlaps are printed on a le.
Relaxation at non-zero noise is

he ked through the linked list (see

next step): The pointer of ea h spin that is aligned with its own eld is
stored, the ones of spins with no net elds are removed from the linked
list, while all the other spins, mismat hed to their own elds, are added
into the linked list.
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5. Making the
There

P

patterns sparser.

an be two deeply dierent ways of in reasing dilution.

The

former is a Bernoullian approa h and essentially if one starts from a dilution

d = 0.45

toward a dilution

d = 0.5

(just as a

on rete example)

may forget the starting information and generate a random pattern
with on average one half of zero entries; the latter is a Markovian dilution by whi h one needs to start from the previous
(and patterns) diluted at

d = 0.45 and in

oupling matrix

reases dilution on that stru -

ture.
Dilution is tuned at steps of

0.01,

ranging from

d=0

to

d = 1.

We take as the state of the network the last equilibrium state, then go
to point (3).

Figure 2.14: Data from Monte Carlo simulations (symbols) and analyti al
predi tions (solid lines) obtained for a system with

P =3

patterns and set

at a temperature T = 0.06 are ompared. Simulations are performed on a
5
set of 10 spins. The dashed line at d ≈ 0.06 marks the boundary of the pure

d ≈ 0.78 marks the onset of the symmetri
d ≈ 0.94 marks the onset of the paramgneti

state regime; the dotted line at
phase; the semi-dashed line at

phase.

Through Markovian dilution, we
eld attra tors while tuning

d.

an follow the evolution of the pure Hop-

In general, the results obtained via numeri al

simulations are in perfe t agreement with the theory: This point is not surprising, as, due to the load storage regime,

limN →∞ P/N = 0,

hen e repli a

symmetry is never broken and our solution is the real solution of the model
(no approximations have been made).

62

Chapter 3
Hierar hi al Stru tures
In the last de ade some steps forward toward

more realisti

systems have been

a hieved merging statisti al me hani s [42,59,65℄ and graph theory [17,19℄. In
parti ular, mathemati al methodologies were developed to deal with spin systems embedded in random graphs, where the ideal, full homogeneity among
spins is lost [23, 24℄. Thus, networks of spins arranged a

ording to Erdös-

Rényi [26℄, small-world [25℄, or s ale-free [47℄ topologies were addressed, yet
nite-dimensional networks were still out of debate.
Fo using on neural networks, it should be noted that, beyond the di ulty
of treating non-trivial topologies for spin ar hite tures, one has also to
with the

omplexity of their

ope

oupling pattern, meant to en ode the Hebbian

learning rule. The emerging statisti al me hani s is mu h tri kier than that
for ferromagnets; indeed neural networks
or as spin-glasses, a

an behave either as ferromagnets

ording to the parameter settings: their phase spa e is

split into several dis onne ted pure states, ea h

oding for a parti ular stored

pattern, so to interpret the thermalization of the system within a parti ular
energy valley as the spontaneous retrieval of the stored pattern asso iated to
that valley. However in the high-storage limit, where the amount of patterns
s ales linearly with the number of spins, neural networks approa h pure spinglasses (loosing retrieval

apabilities at the bla kout

atastrophe [17℄) and,

as a simple Central Limit argument shows [4℄, when the amount of patterns
diverge faster that the amount of spins they be ome purely spin glasses. For
the sake of exhaustiveness we also stress that, even in the retrieval region,
neural networks are
[2, 3℄: due to the

exa tly

linear

ombinations of two-party spin glasses

ombination of su h di ulties, neural networks on a nite

dimensional topology have not been extensively investigated so far.
However, very re ently, a non-mean-eld model, where a topologi al distan e among spins

an be dened and

ouplings

an be a

turned out to be, to some extent, treatable also for
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ordingly res aled,

omplex systems su h

Figure 3.1: S hemati

representation of the hierar hi al topology, that un-

derlies the system under study: green spots represent nodes where spins live,
while dierent

olors and thi kness for the links mimi

dierent intensities in

their mutual intera tions: the brighter and thinner the link, the smaller the
related

oupling.

as spin-glasses [15, 56℄.

More pre isely, spins are arranged a

ording to a

hierar hi al ar hite ture as shown in Fig.(3.1): ea h pair of nearest-neighbor
spins form a dimer

onne ted with the strongest

oupling, then spins be-

longing to nearest dimers intera t ea h other with a weaker

oupling and

so on re ursively. In parti ular, the Sherrington-Kirkpatri k model for spinglasses dened on the hierar hi al topology has been investigated in [55℄:
despite a full analyti

formulation of its solution still la ks, renormalization

te hniques, [14, 56℄, rigorous bounds on its free-energies [54℄ and extensive
numeri s [38, 39℄

an be a hieved nowadays and they give extremely sharps

hints on the thermodynami

behavior of systems dened on these pe uliar

topologies.
Remarkably, as we are going to show, when implementing the Hebb pres ription for learning on these hierar hi al networks, an impressive phase
diagram, mu h ri her than the mean-eld

ounterpart, emerges. More pre-

isely, spins turn out to be able to or hestrate both serial pro essing (namely
sharp and extensive retrieval of a pattern of information), as well as parallel
pro essing (namely retrieval of dierent patterns simultaneously).
The remaining of the

hapter is stru tured as follows: in the next subse -

tions we provide a streamlined des ription of mean-eld serial and parallel
pro essors, and we introdu e the hierar hi al s enario.
three se tions our ndings a

Then, we split in

ording to the methods exploited for investiga-

tion: statisti al me hani s, signal-to-noise te hnique and extensive numeri al
simulations. All these approa hes
lined above.

Seeking for

applied to a ferromagneti

onsistently

larity and

onverge to the s enario out-

ompleteness, ea h te hnique is rst

hierar hi al mode (whi h

64

an be thought of as

a trivial one-pattern neural network and a ts as a test- ase) and then for a
low-storage hierar hi al Hopeld model.

3.1

The Network on a Hierar hi al Topology.

We now start our investigation of a neural network embedded in the hierar hi al topology depi ted in Fig.(3.1). As mentioned, two main di ulties
are interplaying: the

omplexity of the emergent energy lands ape (essen-

tially due to frustration in the

oupling pattern) and the non-mean-eld

nature of the model (essentially due to the inhomogeneity of the network
ar hite ture).

It is therefore safer to pro eed by steps dis ussing rst the

hierar hi al ferromagnet (hen e retaining only the se ond di ulty), known
as Dyson hierar hi al model (DHM). Then, via the Mattis gauge we rea h
a Mattis hierar hi al model (MHN) and nally we extend to the Hopeld
hierar hi al model (HHM).

N

The Dyson hierar hi al model [37℄ is a system made of
spins

Si = ±1, i = 1, ..., N

binary (Ising)

in mutual intera tion and built re ursively in su h
(k + 1)-th iteration ontains N = 2k+1 spins

a way that the system at the

and is obtained by taking two repli as of the system at the k -th iteration

2k spins) and onne ting all possible ouples with overall N2
σ(k+1)
ouplings equal to −J/2
, J and σ being real s alars tuning the intera -

(ea h made of

tion strength: the former a ts uniformly over the network, the latter triggers
the de ay with the distan e among spins. The resulting Hamiltonian

an

be written re ursively as

Dyson

Dyson

Hk+1 (S|J, σ) = Hk
where

k

S1 = {Si }2i=1

and

Dyson

(S1 |J, σ)+Hk
k+1

S2 = {Sj }2i=2k +1 ,

(S2 |J, σ)−

while

J
22σ(k+1)

k+1
2X

Si Sj ,

(3.1)

i<j

H0Dyson ≡ 0.

Before pro eeding it is worth stressing that the parameters J and σ are
J > 0 and σ ∈ ( 21 , 1): the former trivially arises from the
ferromagneti nature of the model whi h makes neighboring spin to imitate
bounded as

ea h other, while the latter

an be understood by noti ing that for

σ > 1 the
σ < 12

1
intera tion energy goes to zero in the thermodynami limit , while for

the intera tion energy is no longer linearly-additive implying thermodynami
1 The sum
s ales as

2

P2k+1

i<j
−2σ(k+1)

brings a

∼N

−2σ

ontribution s aling like

, thus, when

σ>1

22(k+1) ∼ N 2 ,

while the pre-fa tor

the internal energy (the thermodynami al

expe tation of the Hamiltonian normalized over the system size) is overall vanishing in
the thermodynami

limit

k → ∞.
65

2

instability . Moreover, this model is intrinsi ally

non-mean-eld

be ause a

notion of metri s, or distan e, has been impli itly introdu ed: two nodes are

d

d-th iteration. In
general, alling dij the distan e between the spins i, j , (thus dij = 1, ..., k+1),
we an asso iate to ea h ouple a distant-dependent oupling Jij and rewrite
said to be at distan e

if they get rst

onne ted at the

Eq.(3.1) in a more familiar form as

Dyson
Hk+1
(S|J, σ) = −
where

X

Jij Si Sj ,

(3.2)

i<j

k+1
X
J
4σ−dij σ − 4−kσ−σ
Jij =
=
J
.
22σl
4σ − 1
l=d

(3.3)

ij

The next step is to gauge the spins

à

la Mattis, namely, on e extra ted
µ
quen hed values for the pattern entries (ξi )µ=1 from the distribution

1
1
P (ξiµ) = δ(ξiµ − 1) + δ(ξiµ + 1),
2
2
we repla e

Si

with

model

ξ 1 Si .

This results in the following hierar hi al Mattis

Mattis
Hk+1
(S|J, σ) = −

Finally, summing over

p

(3.4)

X

Jij ξi1 ξj1 Si Sj .

(3.5)

i<j

patterns, we obtain the Hopeld hierar hi al model

(HHM) that reads as (for

J = 1)

Hopeld
Hk+1
(S|ξ, σ) = HkHopeld (S1 |ξ, σ) + HkHopeld (S2 |ξ, σ)
k+1

with

H0Hopeld ≡ 0

p 2
X
X µ µ
1
1
−
ξ ξ Si Sj ,
2 22σ(k+1) µ=1 i,j=1 i j

and

σ

still within the previous bounds, i.e.

(3.6)

σ ∈ ( 21 , 1).

As

anti ipated, here we restri t the analysis to low storage limit only: re alling
N = 2k+1 , we an x p nite at rst so to move straightforwardly from the
DHM to the HHM (as the notion of distan e is preserved) and, posing

2 The sum
s ales as

2

P2k+1

i<j
−2σ(k+1)

the thermodynami

p
4σ−dij σ − 4−kσ−σ X µ µ
ξi ξj ,
Jij =
4σ − 1
µ=1
brings a

∼N

−2σ

limit

22(k+1) ∼ N 2 , while the pre-fa tor
1
2 the intensive energy is overall divergent in

ontribution s aling like

, thus, when

k → ∞.

σ<

(3.7)
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we

an write equivalently the Hamiltonian 3.6 in the more

Hopeld

Hk+1

(S|ξ, σ) = −

k+1
2X

ompa t form

Jij Si Sj .

(3.8)

i<j

Thus in the HHM the Hebbian pres ription is

oupled with a fun tion of the

spin's distan e.

3.2

Insights From Statisti al Me hani s

Here we summarize ndings that

an be a hieved by suitably extending inter-

polation te hniques [35, 36℄ beyond the mean-eld paradigm: it is important
to stress on e more that, as this strand gives only (not-mean-eld) bounds on
the free energy (and not the full solution), the self- onsisten ies that result
are not the true self- onsisten ies of the model.

3.2.1 Free Energies in the Dyson Model
As the Hamiltonian Hk+1 (S|J, σ) is given (see Eq.(3.1)) and the noise level
β −1 = T (where T stands for
for histori al reasons) introdu ed, it is

noise

possible to dene the partition fun tion
as

Zk+1 (β, J, σ) =

X

Zk+1(β, J, σ)

at nite volume

exp [−βHk+1 (S|J, σ)] ,

k+1
(3.9)

{S}

and the related free energy

αk+1 (β, J, σ),

namely the intensive logarithm of

the partition fun tion, as

αk+1(β, J, σ) =

1
2k+1

log

X
{S}



~ +h
exp −βHk+1 (S)

where the sum runs over all possible
usual free energy
thermodynami

f

is related to

α

equilibria he king

k+1

22

spin

k+1
2X

i=1



Si  ,

(3.10)

ongurations. Note that the

f (β) = −βα(β), hen e we will nd
the maxima of α(β) and not the minima.
by

We are interested in an expli it expression of the innite volume limit of the
intensive free energy, dened as

α(β, J, σ) = lim αk+1 (β, J, σ),
k→∞

in terms of suitably introdu ed magnetizations

m,

(3.11)

that a t as order param-

eters for the theory. In fa t, as the free energy is just the dieren e between
67

E of the system (i.e. the mean-value of the Hamiltoβ , and the entropy S , namely α(β, J, σ) = −βE(β, J, σ) +

the internal energy
nian) weighted by

S(β, J, σ),

extremization of the free-energy over the order parameters equals

to imposing thermodynami

pres riptions (i.e. minimum energy and maxi-

mum entropy prin iples) and therefore allows us to get a des ription of the
thermodynami

equilibria of the system in terms of the self- onsisten ies for

m's.

these

To this task we introdu e the global magnetization

m = limk→∞ mk+1

m,

dened as the limit

where
k+1

mk+1 =

2
1 X

2k+1

Si ,

(3.12)

i=1

and, re ursively and with a little abuse of notation, level by level (over
levels) the

k

magnetizations

m
~ a , ..., m
~ k,

as the same

k → ∞

k

limit of the

following quantities (we write expli itly only the two upper magnetizations
related to the two main

lusters

left and right -see Fig.(3.1):

k

2
1 X
1
Si ,
mk = k
2 i=1
and so on. The

k+1

2
1 X
2
mk = k
Si ,
2
k
i=2 +1

thermodynami al averages

are denoted by the bra kets

mk+1 (β, J, σ), we an write
P
~
−βHk+1 (S|J,σ)
{σ} mk+1 e
,
hmk+1 (β, J, σ)i =
Zk+1 (β, J, σ)

su h that, e.g. for the observable

and

learly

(3.13)

h·i

(3.14)

hm(β, J, σ)i = limk→∞ hmk+1 (β, J, σ)i.

Starting with the pure ferromagneti

ase, whi h mirrors here the serial re-

trieval of a single pattern in the Hopeld

ounterpart, its free energy

an be

bounded as (see also [54℄)

where

h
α(h, β, J, σ) ≥ sup{log 2 + log cosh h + βmJ(C2σ−1 +
m
i βJ
(C2σ−1 − C2σ )m2 },
− C2σ ) −
2
1
,
−1
1
.
= 2σ+1
2
−1

C2σ =
C2σ−1

22σ
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(3.15)

(3.16)

(3.17)
(3.18)

Now let us suppose that, instead of a global ordering, the system
ee tively split in two parts (the two largest

ommunities alled

in Fig.(3.1)), with two dierent magnetizations

m2 ;

we also assume

mlef t = −mright .

mlef t = m1

an be

left and right

and

mright =

Through the interpolative route we

approa h a bound for the free energy related to su h a mixed state.
stress the fa t that the upper link,

onne ting the two

opposite magnetization, remains and it gives a

We

ommunities with

ontribute

m

in the system

as (see also [28℄)

αk+1 ≥

!#)
(
"
k+1
k
X
X
1
2−2lσ
2l(1−2σ) −
log cosh h + βJ m(2(k+1)(1−2σ) ) + m1
2
l=1
l=1
(
"
!#)
k
k+1
X
X
1
+ log cosh h + βJ m(2(k+1)(1−2σ) ) + m2
2l(1−2σ) −
2−2lσ
2
l=1
l=1
!
#
" k

k+1
2
2
X
X
βJ
m1 + m2
−
2−2lσ
2l(1−2σ) −
− 2(k+1)(1−2σ) m2
2
2
l=1

l=1

+ log 2.

(3.19)

Noti e that, thanks to the gauge simmetry

Si → −Si ,

the state

mirrors the parallel retrieval of two patterns in the Hopeld
Identifying

m1 = m2 = m

onsidered

ounterpart.

we re over the previous bound as expe ted,

and, quite remarkably, in the thermodynami

limit the two free energies

assume the same values, thus serial and parallel retrieval are both equally
a

omplished by the network. Imposing thermodynami

stability we obtain

the following self- onsisten ies

m1,2 = tanh(h + βJm1,2 (C2σ−1 − C2σ )),

(3.20)

whose behavior is depi ted in Fig.(3.2).

3.2.2 Serial/Parallel Retrieval in Hopeld Hierar hi al
Model
Guided by the ferromagneti

model just des ribed, we now turn to the hi-

erar hi al Hopeld model (HHM) and start its analysis from a statisti al
me hani al perspe tive, namely we infer the thermodynami
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behavior of a

system des ribed by the following re ursive Hamiltonian

Hopf ield
Hk+1
(S|ξ, σ) = HkHopf ield(S1 |ξ, σ) + HkHopf ield(S2 |ξ, σ)

(3.21)

k+1

p 2
X
X µ µ
1
1
−
ξ ξ σi σj .
2 22σ(k+1) µ=1 i,j=1 i j

To this task, we introdu e suitably

p

Mattis magnetizations (or Mattis over-

laps), over the whole system, as
k+1

2
1 X

µ

m =
Even in this

2k+1

i=1

ξiµ Si , µ ∈ [1, p].

ontext, the denition above

an a

(3.22)

ount for the state of inner

lusters by the sum over the (pertinent) spins. For instan e, fo using on the
two larger

ommunities we have the

2p

Mattis magnetizations

k

mµlef t
with

µ ∈ [1, p].

k+1

2
1 X µ
ξ Si ,
= k
2 i=1 i

mµright

2
1 X µ
= k
ξ i Si ,
2
k

(3.23)

i=2 +1

Again, we will not enter in the mathemati al details

ing non-mean-eld bounds for the model free energy (as they

on ern-

an be found

in [28℄), while we streamline dire tly the physi al results.
Still mirroring the previous se tion, we are interested in obtaining a bound
limiting the free energy of the HHM, the latter being dened as the
limit of

αk+1 ,

whose expression reads

αk+1 (β, {hµ }, σ) =
where we a

1
2k+1

log

ounted also for

X
{S}

p



~ +
exp −βHk+1(S)

external stimuli

hµ .

p
X
µ=1

hµ

k+1
2X

i=1



Si  ,

k→∞

(3.24)

The non-mean eld bound for serial pro essing free energy reads as

µ

α(β, {h }, p) ≥ sup[log 2 +
m

−

D

p h
X
i E
log cosh
hµ + βmµ (C2σ−1 − C2σ ) ξ µ
µ=1

p
βX
h(mµ )2 iξ (C2σ−1 − C2σ )],
2 µ=1

with optimal order parameters fullling

µ

µ

hm iξ = hξ tanh[β

p
X
ν=1

[hν + (C2σ−1 − C2σ )mν ] ξ ν ]iξ ,
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ξ

(3.25)

and whose

riti al noise is

βcN M F = C2σ−1 − C2σ ,

where the index

NMF

stresses that the estimate was obtained through a non mean eld bound of
the free energy.
Of

ourse we

an assume again that the two dierent families of Mattis
({mµ1,2 }pµ=1 ) (those playing for the two inner blo ks of spins
lying under the k + 1-th level) behave independently as the

magnetizations

left

and

right

higher links

k → ∞

onne ting them go to zero qui kly for

and we

an

start the interpolative ma hine: following this way we generalize the serial
pro essing analysis to a two-pattern parallel retrieval analysis, whi h results
in the following bound for the related free energy:

nXh
X
1D
log cosh
hµ + βmµ1
2l(1−2σ)
α(β, {hµ}, p) ≥ sup [log 2 +
µ
2
{m1,2 }
µ=1
l=1
p

−

k
X
l=1

×[
−

k
X

p h

i oE
nX
1D
2l(−2σ) + βmµ 2(k+1)(1−2σ) ξ µ
+
log cosh
hµ + βmµ2
2
ξ
µ=1

2

l(1−2σ)

l=1

k
X
l=1

k

−

k
X

2

l(−2σ)

µ (k+1)(1−2σ)

] + βm 2

l=1

k
i oE
β h X l(1−2σ)
µ
ξ
−
2
ξ
2 l=1

p
p
2
i X
β (k+1)(1−2σ) X
h(mµ1 )2 iξ + h(mµ2 )2 iξ
l(−2σ)
h(mµ )2 iξ ,
− 2
·
2
2
2
µ=1
µ=1

Here we do not investigate further the parallel retrieval of larger ensembles
of patterns, as the way to pro eed is identi al to the outlined one, but we

M

simply noti e that, if we want the system to handle
assume it ee tively splits

M

patterns, hen e we

times into sub- lusters until the

level, then the pro edure keeps on working as long as

lim

k→∞

k+1
X

2

l(1−2σ)

p
X

mµl = 0.

2

l(1−2σ)

l=k+1−M

p
X

mµl

µ=1

≤ p
≤ p

k+1
X

l=k+1−M
∞
X

l=k+1−M

If we want the system to handle up to
of spins and then

(3.26)

µ=1

l=k+1−M

Sin e the magnetizations are bounded, in the worst

k+1
X

k+1−M

p

M = log(p).
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ase we have

2l(1−2σ)
2l(1−2σ) ∝ 2(1−2σ)(k+1−M ) p. (3.27)

patterns, we need

p

dierent blo ks

Figure 3.2:

Main plots:

numeri al solutions of the non-mean-eld self-

onsistent equations for the parallel state (left panel) and for the pure state
(right panel) of the Dyson model (see Eq.(3.20)) obtained for dierent values of

σ

(as explained by the legend) and plotted versus a res aled noise.

Note that by res aling the noise the dependen e on
are

ollapsed.

Insets:

σ

is lost and all

urves

omparison between the numeri al solutions of the

non-mean-eld self- onsistent equations (dashed line) and of the mean-eld
self- onsistent equations (solid line) as a fun tion of the noise and for xed

σ=1

(see Eq.(3.20)). Noti e that for the Hopeld hierar hi al model, nu-

meri al solutions for the Mattis magnetizations pertaining to the pure and
to the mixed states are the same.

3.3

Insights From Signal-to-Noise Te hniques

Results from statisti al me hani s gave stringent hints on the network's behavior, however they a t as bounds only.
This requires further inspe tion via other te hniques: the rst route we exploit is signal-to-noise. Through the latter, beyond generally

onrming the

predi tions obtained via the rst path, we obtain sharper statements regarding the evolution of the Mattis order parameters.
are

These two approa hes

omplementary: while statisti al me hani s des ribes the system with

N → ∞ and β < ∞, with
regime N < ∞ and β → ∞.

the signal-to-noise te hnique we inspe t the

3.3.1 A Glan e at the Fields in the Dyson Network
Plan of this Se tion is to look at the dynami ally stable
the spins, that is to say, we investigate the
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ongurations of

ongurations (global and lo-

al minima) that imply ea h spin
eld

hi (S),

Si hi (S) > 0, ∀i.

i.e.

Si

to be aligned with its

This approa h basi ally

orresponding

orresponds to a

negligible-noise statisti al me hani al analysis but it is mathemati ally mu h
more tra table.
We

an rearrange the Dyson Hamiltonian in a useful form for su h an inves-

tigation as follows

" k+1 
k+1
l #
k+1 2X
X
X
1
J
Dyson
Si
Hk+1
({S1 ...S2k+1 }) = −
2 µ=1 i=1
22σ
l=µ
thus, highlighting the eld

hi

insisting on the spin

Dyson

Hk+1 ({S1 ...S2k+1 }) = −
hi (S) = J

k+1
2X

Si

l=µ

1
22σ

i s), we just noti e here that the mi ros opi

(3.28)

{j}:dij =µ

we

an write

(3.29)

l #

While Glauber dynami s will be dis ussed in Se .
an be dened as a sto hasti

Sj ,

Si hi (S),

i=1
" k+1 
k+1
X X
µ=1

the system

X

X

Sj .

(3.30)

{j}:dij =µ

4 (dedi

ated to numer-

law governing the evolution of

alignment to lo al eld

hi (S).

Si (t + δt) = sign {tanh [βhi (S (t))] + ηi (t)} ,
ηi (t),

uni-

The latter

on-

where the sto hasti ity lies in the independent random numbers
formly distributed over the interval

[−1, 1]

and tuned by

β.

tinues to rule the noise level even dynami ally as it amplies, or suppresses,
the smoothness of the hyperboli

β→∞

tangent; in parti ular, in the noiseless limit

we get

Si (t + δt) = sign [hi (S(t))] .

(3.31)

Si hi (S) > 0 ∀ i ∈
{S} is dynami ally stable (at least for β → ∞, as in
the presen e of noise there is a β -dependent probability to u tuate away).
n
We keep the previous ensemble of non-independent order parameters mi
This is

[1, N],

ru ial for

the

he king the stability of a state as, if

onguration

dened in detail as

1
mni (S) = n
2

n ×i
2X

Sj

with

i = 1, 2, ..., 2k+1−n

j=2n ×i−(2n −1)

and

n = 0, 1, 2, ...k+1,
(3.32)
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namely



m0i = Si


P2i

1
1

Sj

mi = 2 Pj=2i−1
22 i
1
2
mi = 22 j=22 i−(22 −1) Sj



.....



P2k+1
 k+1
1
m1 = 2k+1
j=1 Sj .

with
with
with

i = 1, 2, .., 2k+1,
P
i = 1, 2, .., 2k → m11 = 12 2j=1 Sj ,
P
i = 1, 2, .., 2k−1 → m21 = 41 4j=1 Sj ,

From Eq.(3.29), we get the following fundamental expression for the elds



k+1
k+1
X
X
1

hi (S) = J
22σ
µ=1
l=µ

mµ−1
f (µ,i) =

!l 

P

 2µ−1 mµ−1 ,
f (µ,i)

(3.33)

{j}:dij=µ Sj . Thus the order parameters
µ−1
mf (µ,i) represent the magnetizations assumed by spins that lie at distan e µ
from Si . Note that the fun tion f (µ, i) an be estimated through the oor

where we used the relation

fun tion

⌊·⌋

(e.g.,

⌊3.14⌋ = 3)

f (µ, i) =

as

j i + (2µ−1 − 1) k

+ (−1)(⌊

2µ−1

i+(2µ−1 −1)
⌋+1)
2µ−1

.

Finally, we noti e that the largest value allowed for a eld -away from the
boundary value
-in the

(k, σ)

σ = 1/2- for large k

approa hes a plateau (whose boundaries

plane- are important for nite-size-s aling during numeri al

analysis), hen e we

an easily

he k the right eld normalization

Q(σ, k + 1) =

k+1
X

J(µ, k + 1, σ)2µ−1 =

µ=1

=J
as

Q(σ, k)

2

−2(k+1)σ

2


− 2k+2σ+2 + 2k+2 + 4σ − 2
,
−3 × 4σ + 16σ + 2

2(k+2)σ

represents the largest value allowed by a eld.

Note that in the thermodynami

limit

lim Q(σ, k) = Q(σ) = J

k→∞
that is

Q

(3.34)

is always bounded whenever

22σ
,
−3 × 4σ + 42σ + 2

σ>

74

1
.
2

(3.35)

3.3.2 Metastabilities in the Dyson Network: Noiseless
Case.
We

an now pro eed to the stability analysis explaining in details a few test

ases that show how to pro eed for any other

ase of further interest:
+1, i ∈ (1, ..., 2k+1).

[a] the global ferromagneti state, i.e. Si =
[b] the parallel/mixed state, i.e. the rst half of spins up and the se ond
k
k
k+1
down, thus Si = +1, i ∈ (1, ..., 2 ) and Si = −1, i ∈ (2 + 1, ..., 2
).
[c] the dimer, i.e. S1 = S2 = +1 while Si = −1 for all i 6= (1, 2).
[d] the square, i.e. S1 = S2 = S3 = S4 = +1 while Si = −1 for all i > 4.
Let us go through ea h

half

ase analysis separately:

• [a] The global ferromagneti
1 ∀i, n has elds

state

Si = +1 ∀i ∈ [1, 2k+1] ⇒ mni (S) =



4−(k+1)σ 22(k+2)σ − 2k+2+2σ + 2k+2 + 4σ − 2
hi (S) = J
,(3.36)
−3 × 4σ + 16σ + 2
hi (S) > 0 ∀k, σ ∈ (1/2, 1).

Thus, the
limit

∀σ ∈

(3.37)

k+1
onguration Si = +1 ∀i ∈ [1, 2
] is stable in the noiseless
1
[ 2 , 1]. In the thermodynami limit k → ∞ we have

hi (S) = J

4σ
.
−3 × 4σ + 16σ + 2

To address network's behaviour in the presen e of noise, xing
without loss of generality, we

J =1

an look at the solution of the following

equation



4σ
tanh(βhi (S)) ≃ 1 ⇒ tanh β
−3 × 4σ + 16σ + 2
This allows to nd the

urve

βcno

errors (σ) versus

In fa t, we know that, at the time



≃ 1.

(3.38)

σ (shown in Fig.(3.3)).
t+δt, the system obeys the dynami s

Si (t + δt) = sign(tanh(βhi (S)) + ηi ),
where

ηi

[−1, 1].

is a random variable, whose value is uniformly distributed in
Imposing

tanh(βhi ) ≃ 1

we ask that

|hi | ≫ 1,

so the sign of

the right hand side member of the equation is positive, thus the sign
of

Si

xed

t + δt is the same of the eld hi at the time t. Then,
no errors (σ) the state S = +1 ∀i ∈ [1, 2k+1 ] is
every β > βc
i

at the time

σ,

for

stable without errors.
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• [b] The parallel/mixed
[2k + 1, 2k+1] has elds

state

Sj = +1 Si = −1 ∀j ∈ [1, 2k ] ∀i ∈


4−(k+1)σ 22(k+2)σ + 2k+1+2σ − 2k+1+4σ + 4σ − 2
⇒ hj (S) = J
−3 × 4σ + 16σ + 2
= −hi (S) > 0 ∀ k + 1 ≥ 2,
(3.39)
⇒

lim hj (S) = J

k→∞

21−2σ

1
,
+ 4σ − 3

(3.40)

Sj = +1 Si = −1 ∀j ∈ [1, 2k ] ∀i ∈ [2k +1, 2k+1]
is stable in the noiseless limit ∀ k + 1 > 2, σ ∈ (1/2, 1). Using the same
arguments of the previous ase, xing J = 1 without loss of generality,
thus the

onguration

to infer network's behaviour in the presen e of the noise we

an look

at the solution of the following equation



1
tanh(βhi (S)) ≃ 1 ⇒ tanh β 1−2σ
2
+ 4σ − 3
This allows to nd the
for every

≃ 1.

(3.41)

βcno-errors (σ) versus σ (see Fig.(3.3)). Then,
Sj = 1 Si = −1 ∀j ∈

βcno-errors (σ) the state

β >
[1, 2 ] ∀i ∈ [1 + 2k , 2k+1]
xed
k

σ,

urve



is stable without errors.

So we

an see

how, in the thermodynami limit, the state with all spins aligned Sj =
+1 ∀j ∈ [1, 2k+1] and the state with half spins pointing upwards and
k
half pointing downwards Sj = +1 ∀j ∈ [1, 2 ] Si = −1
∀i ∈ [1 +
k k+1
2 , 2 ] are both robust. For an arbitrary nite value of k it is possible

βcno-errors (σ) versus
σ : in Figure 3.3 βcno-errors (σ) is plotted for the state Sj = +1 Si =
−1 ∀j ∈ [1, 2k ] ∀i ∈ [1 + 2k , 2k+1] and the state Si = +1 ∀i ∈ [1, 2k+1].

to solve numeri ally Eq.(3.41) to get an estimate for

• [c]

The dimer

Sj = +1 Si = −1 ∀j ∈ [1, 2] ∀i ∈ [3, 2k+1]

has elds

h1 (S) = h2 (S) =
2−2σ(k+1) (22σ(k+2) + 2k+2+2σ − 41+(k+1)σ − 2k+2 − 3 × 4σ + 6)
,
(−3 × 4σ + 16σ + 2)
4σ − 4
< 0 ∀σ ∈ (1/2, 1).
lim h1 (S) = lim h2 (S) = 2 ·
k→∞
k→∞
−3 × 4σ + 16σ + 2
Therefore, the onguration Sj = +1 Si = −1
[3, 2k+1], in the thermodynami limit, is unstable ∀
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∀j ∈ [1, 2] ∀i ∈
σ ∈ (1/2, 1).

• [d]

The square

Sj = 1 Si = −1 ∀j ∈ [1, 4] ∀i ∈ [5, 2k+1]

hj (S, k) =
−
hj (S, k + 1) =
+


21−2(k+1)σ −2k+1+2σ + 22kσ+1 + 2k+1 + 22σ+1 − 4
−
−3 × 4σ + 16σ + 2
−(k+1)σ
−3 × 4
+ 21−2σ + 1
,
(3.42)
1 − 4σ

22(k+3)σ − 2k+2+2σ + 2k+2+4σ − 22(k+1)σ+3
(−3 × 4σ + 16σ + 2)/(2−2(k+2)σ )
(+7 × 22σ+1 − 7 × 16σ )
(3.43)
(−3 × 4σ + 16σ + 2)/(2−2(k+2)σ )

thus

4−σ (16σ − 8)
=
lim hj (S) =
k→∞
−3 × 4σ + 16σ + 2
Therefore, the
in the limit

has elds

(

> 0,
< 0,

if
if

3
4
3
4

σ>
σ<

.

Sj = +1 Si = −1 ∀j ∈ [1, 4] ∀i ∈ [5, 2k+1]
T = 0 is stable ∀ σ ∈ ( 43 , 1)

onguration

(k → ∞)

for

It is worth noti ing that beyond the extensive meta-stable states (e.g. the
parallel/mixed one) already suggested by the statisti al me hani al route,
stability analysis predi ts that tighley
esade agon, ...)

onne ted modules (e.g.

o tangon,

with spins anti-aligned with respe t to the bulk get dy-

nami ally stable in the thermodynami

limit: these

motifs

in turn are able

to pro ess small amount of information and an analysis of their

apabilities

an be found in [23, 24℄, and their robusting is due to their intrinsi

loopy

stru ture.

3.3.3 Signal Analysis for the Hopeld Hierar hi al Model
Let us now

onsider the Hopeld hierar hi al model (see Eq.(3.21)). As we

are interested in obtaining an expli it pres ription for the elds experien ed
by the spins, we

an rewrite its Hamiltonian in terms of neural distan e

as

Hk+1 (S|ξ, σ) =

X

Si Sj

i<j

"

#X
p
k+1 
X
−1

l=dij

22σl

ξiµ ξjµ

(3.44)

µ=1

or inverting the order of the sums
k+1

Hk+1 (S|ξ, σ) = −

p 2
X
X
µ=1 i=1

#
" k+1 
X 1 l
Si
22σ
l=µ
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X

{j}:dij =µ

Sj

p
X
ν=1

dij

ξiν ξjν ,

Figure 3.3: Phase diagram for the perfe t retrieval a omplished by a pure
k+1
k
state (Si = +1 ∀i = 1, ..., 2
) and parallel state (Si = +1 ∀i = 1, ..., 2 and
Si = −1 ∀i = 2k + 1, ..., 2k+1). The line separating dierent regions orre-

βcno errors [σ] versus σ , obtained from (3.38)
of k (10, 15, 20, 100 respe tively). In yellow,

sponds to numeri al solution of
and

(3.41)

for dierent values

the area where both the pure and parallel states are perfe tly retrieved, while
in blue the area where none of them is retrieved. The red line represents the
area where only the pure state is stable: this region vanishes as
(namely in the thermodynami

limit), hen e

k

gets larger

onrming that the pure and

the mixed state are both global minima.

su h that, paying attention to the elds we

Hk+1(S|ξ, σ) = −

k+1
2X

an write

Si hi (S),

i=1

" k+1 
#
p
X
X 1 l
hi (S) =
22σ
µ=1
l=µ

Mirroring the analysis

(3.45)

X

Sj

{j}:dij =µ

p
X

ξiν ξjν .

(3.46)

ν=1

arried on for the Dyson model, we introdu e an en-

semble of non-independent Mattis-like order parameters as

mµ,n
i (S)

1
= n
2

n
i×2
X

Sj ξjµ

with

i = 1, 2, ..., 2k+1−n ,

j=i×2n −(2n −1)

n = 0, 1, 2, ..., k+1
(3.47)
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Figure 3.4: Stability and instability zones for various

β → 0,

plane (σ ,k ) when

ongurations in the

Si hi (σ, k, [S]) >
onguration Si = +1
onguration Si = +1

obtained by solving the inequality

0. In parti ular in the gure, the square represents the
∀i ∈ [1, 4] and Si = −1 ∀i ∈ [5, 2k+1], the o tagon the
∀i ∈ [1, 8] and Si = −1 ∀i ∈ [9, 2k+1], and the esade agon the ongurations
Si = +1 ∀i ∈ [1, 16] and Si = −1 ∀i ∈ [17, 2k+1]. In red we an see the region
where all of them are stable, in yellow the region where only the o tagon and

the esade agon are stable, in green the region where only the esade agon is
stable, while in blue none of these reti ular animals is stable.

so that

 µ,0

mi = Si ξiµ


P2i

µ
µ,1
1


j=2i−1 Sj ξj
mi = 2 P
2i
µ
mµ2n
= 212 2j=2
2 i−(22 −1) Sj ξj
i



.....



P2k+1
 µ,k+1
µ
1
m1
= 2k+1
j=1 Sj ξj .
As we saw for the Dyson

hi (S) =

p
X

ξiν

ν=1

with
with
with

ase, this allows writing the elds as

p
k+1
k+1 h X
k+1
X
1 l i d−1 ν,d−1 X ν X
ξi
J(d, k+1, σ)2d−1mν,d−1
( 2σ ) 2 mf (d,i) =
f (d,i) ,
2
ν=1
d=1

d=1

l=d

where

J(d, k + 1, σ)2µ−1 =
The mi ros opi
to lo al eld

i = 1, 2, .., 2k+1
P2
µ
1
i = 1, 2, .., 2k → mµ,1
1 = 2
j=1 Sj ξj
P4
µ
1
i = 1, 2, .., 2k−1 → mµ,2
1 = 4
j=1 Sj ξj

4σ−dσ − 4−kσ−σ d−1
2 .
4σ − 1

evolution of the system is dened as a sto hasti

(3.48)
alignment

hi (S):
Si (t + δt) = sign{tanh[βhi (S(t))] + ηi (t)},
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(3.49)

ηi (t) uniβ → ∞ we

where the sto hasti ity lies in the independent random numbers
formly drawn over the interval

[−1, 1].

In the noiseless limit

have

Si (t + δt) = sign[hi (S(t))]
and so if

Si hi (S) > 0 ∀ i ∈ [1, N],

the

(3.50)

onguration

[S]

is dynami ally

stable (see Fig.(3.4)).

3.3.4 Signal to Noise Analysis for Serial Retrieval
Si = ξiµ

Using equations (3.45) and (3.47) and posing

in order to

robustness of the serial pure-state retrieval (of the test pattern

he k the

µ),

we

an

write

ξiµ hi (S) = ξiµ

p
X
ν=1

=

k+1
X

ξiν

k+1
X

J(d, k + 1, σ)

d=1

ξjν ξjµ ,

J(d, k + 1, σ)2

d−1

+

ξiµ

p
X

ξiν

k+1
X

R(ξ)

and a deterministi

signal

I

J(d, k + 1, σ)

d=1

ν6=µ

an de ompose the previous equation into two

noisy term

(3.51)

j:dij =d

d=1

We

X

I

ontributions, a sto hasti

as
(3.52)

is positive be ause

I=

k+1
X
d=1

while the noise

ξjν ξjµ .

j:dij =d

ξiµ hi (S) = I + R(ξ)
The signal term

X

R(ξ)

J(d, k + 1, σ)2d−1 ≥ 0,

(3.53)

has null average (the latter being denoted by standard

bra kets), namely

R(ξ) = ξiµ

p
X
ν6=µ

hR(ξ)iξ = 0.

ξiν

k+1
X

J(d, k + 1, σ)

d=1

X

ξjν ξjµ ,

j:dij =d

Thus, in order to see the regions of the tunable parameters
signal prevails over the noise and the network a
to

(3.54)

(3.55)

σ, k + 1 where the

omplishes retrieval, we need

al ulate the se ond moment of the noise over the distribution of quen hed
p
ξ so to ompare the signal amplitudes of I and | hR2 (ξ)iξ |:

variables
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2

hR (ξ)iξ =

p
Dh X

ξiν

k+1
X

J(d, k + 1, σ)

d=1

ν6=µ

X

ξjν ξjµ

j:dij =d

i

×

p
k+1
hX
X
X η µ iE
×
ξiη
J(d, k + 1, σ)
ξj ξj
.
η6=µ

d=1

(3.56)

ξ

j:dij =d

Negle ting o-diagonal terms (as they have null average), we get the
2
following expressions for hR (ξ)iξ :

2

hR (ξ)iξ =

p
DX

(ξiν )2

X
k+1

J(d, k + 1, σ)

ξjν ξjµ

j:dij =d

d=1

ν6=µ

X

2 E

ξ

=

(3.57)

* p  k+1
2 +
X X 4σ−dσ − 4−(k+1)σ X
ν µ
ξj ξj
(
,
)
=
4σ − 1
j:d =d
d=1
ν6=µ
ij

where we used

(ξiν )2 = 1 ∀i, ν .

On e again, as the

distributed, only even order terms give

ξ

ξ 's

are symmetri ally

ontributions, thus we

an safely

negle t o-diagonal terms and write again

hR2 (ξ)iξ = (p − 1)
= (p − 1)

k+1
X
d=1

2 +
*
 X
σ−dσ
−kσ−σ
−4
 4
ξjν ξjµ 
,
σ
4 −1
j:dij =d

k+1  σ−dσ
X

4

d=1

hR2 (ξ)iξ = (p − 1)
expression into

h|R(ξ)|i ∼
where we
ready to

q

ξ

2 X X
− 4−kσ−σ
ξjν ξjµ ξkν ξkµ iξ .
h
σ
4 −1
j:d =d, k:d =d

Therefore

Exploiting the approximation

(3.58)

ij

k+1
X

ik

J(d, σ, k + 1)2 2d−1 .

(3.59)

d=1

p
h|x|i ∼ | hx2 i|,

we

an simplify the previous

v
u
k+1
u
X
t
2
J(d, σ, k + 1)2 2d−1 ,
hR (ξ)iξ = (p − 1)

(3.60)

d=1

onsider the positive bran h of the serial retrievl only. We are now
he k the stability of the pure retrieval: as long as

q
I > hR2 (ξ)iξ ⇒ ξiµ hi (S) = I + R(ξ) > 0,
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(3.61)

the pure state is stable. Hen e we need to

q

hR2 (ξ)iξ =

s

where

al ulate expli itly

p
(p − 1)16−kσ
·
Ψ1 + Ψ2 ,
(4σ − 2) (4σ − 1)2 (16σ − 2)

Ψ1 = (4σ − 2)42(k+1)σ − 3 × 2k+2σ+1 ,
Ψ2 = 2k+6σ+1 − (16σ − 2)22(k+1)σ+1 + 2k+2 − 64σ + 22σ+1 + 24σ+1 − 4.
The expression for the signal is mu h simpler, resulting in


4−(k+1)σ −2k+2σ+2 + 4(k+2)σ + 2k+2 + 4σ − 2
.
I=
(3.62)
−3 × 4σ + 16σ + 2
p
Imposing I =
hR2 (ξ)iξ and solving for the variable p, we nd the riti al
load allowed by the network, namely the fun tion Pc (σ, k), whose behavior
is shown in Fig.3.5:

q
I = hR2 (ξ)iξ ⇒ Pc (σ, k).

(3.63)

Now, imposing the relation

Pc (σ, k) = k
and solving numeri ally with respe t to

σmax (k)

that the variable

σ

σ,

we

an plot the maximum value

an rea h su h that the storage

P =k

produ es

retrievable patterns, as shown in Figure 3.5.
In the thermodynami

I−

p

limit we get

p
2σ
(p − 1)22σ
2
p
,
−
hR2 (ξ)i =
−3 × 4σ + 16σ + 2
(4σ − 1) (16σ − 2)
(4σ − 1) (16σ − 2)
Pc (σ) =
+ 1.
(−3 × 4σ + 16σ + 2)2

(3.64)

(3.65)

3.3.5 Signal to Noise Analysis for Parallel Retrieval
Si = ξiµ ∀i ∈ [1, 2k ] and Si = ξiγ ∀i ∈ [1 + 2k , 2k+1 ] for µ 6= γ , namely
ting µ and γ as test patterns to retrieve, we set the system in ondition

Fixing
sele

to handle

ontemporarily two patterns, the former managed by the rst half

of the spins, the latter by the se ond half. The robustness of this state is
addressed hereafter following the same pres ription outlined so far. Namely,
being

Si hi (S) = Si

p
X
ν=1

ξiν

k+1
X

J(d, k + 1, σ)

d=1
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X

j:dij =d

ξjν Sj ,

(3.66)

if

i ∈ [1, 2k ]

we have

Si hi (S) =

ξiµ

p
X

ξiν

ν=1

X
k

J(d, k + 1, σ)

d=1

X

+ J(k + 1, k + 1, σ)

j:dij =k+1

X

ξjν ξjµ

j:dij =d


ν γ
ξj ξj ,

(3.67)

i ∈ [2k + 1, 2k+1], the same equation still holds provided we repla e
γ and γ with µ, hen e hereafter we shall onsider only one of the two

while if

µ

with

ases as they are symmetri al.
Again, we

an de ompose the above expression in the sum of a

positive term -that plays as the signal-

R(ξ),

noise

namely we

I > 0,

and a sto hasti

onstant,

term for the

an write

Si hi (S) = I + R(ξ),

k 
X
d−1
,
J(d, k + 1, σ)2
I=
d=1

(3.68)

X

R(ξ) = J(k + 1, k + 1, σ)

ξjµ ξjγ

j:dij =k+1
p

+ ξiµ

X
ν6=µ

ξiν

k
X

J(d, k + 1, σ)

d=1

X

ξjν ξjµ + J(k + 1, k + 1, σ)

j:dij =d

j:dij =k+1

In order to get a manageable expression for the noise, it is
reshue

R(ξ)

X


ξjν ξjγ .

onvenient to

distinguishing four terms su h that

R(ξ) = a + b + c + d,

(3.69)

where

a = J(k + 1, k + 1, σ)

X

ξjµ ξjγ ,

(3.70)

j:dij =k+1
p

b = ξiµ

X

ξiν

J(d, k + 1, σ)

d=1

ν6=µ

p
X

k
X

c =

ξiµ

d =

ν6=µ
ν6=γ
µ γ
ξi ξi J(k

X

ξjν ξjµ ,

(3.71)

j:dij =d

ξiν J(k + 1, k + 1, σ)

X

ξjν ξjγ ,

(3.72)

j:dij =k+1

+ 1, k + 1, σ)2k .
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(3.73)

As

µ 6= γ ,

we have that

hR(ξ)iξ = 0,

while

hR2 (ξ)iξ

turns out to be

hR2 (ξ)iξ = ha2 + b2 + c2 + d2 + 2(ab + ac + ad + bc + bd + cd)iξ .
Let us

(3.74)

onsider these terms separately: skipping lenghty, yet straightforward

al ulations, we obtain the following expressions

2

ha iξ =

D

X

2

J (k + 1, k + 1, σ)

X

j:dij =k+1 n:din =k+1

= J 2 (k + 1, k + 1, σ) × 2k .

E

ξ
(3.75)

*
2 +
p
k
X
X
X
ξjν ξjµ
J(d, k + 1, σ)
ξiν
=
ξiµ

hb2 iξ

ν6=µ

= (p − 1)

hc2 iξ

ξjµ ξjγ ξnµ ξnγ

*
=
ξiµ

k
X

j:dij =d

d=1

ξ

J 2 (d, k + 1, σ)2d−1 .

(3.76)

d=1

p
X

ξiν J(k + 1, k + 1, σ)

ν6=µ&ν6=γ

X

j:dij =k+1

2

k

ξjν ξjγ

2 +

ξ

= (p − 2)J (k + 1, k + 1, σ)2 .
*
+

(3.77)

2

2

hd iξ =

ξiµ ξiγ J(k

+ 1, k + 1, σ)2

k

= J 2 (k + 1, k + 1, σ)22k ,

(3.78)

ξ

and, sin e

a

blo ks of spins,

and

b

and, analogously,

b

and

c,

are dened over dierent

learly

h2abiξ = 0,
h2bciξ = 0,
h2bdiξ = 0.

(3.79)
(3.80)
(3.81)

As a result, rearranging terms opportunely we nally obtain

2

hR (ξ)iξ = 4

−2kσ

 4k (4σ − 1)2 + 2k (4σ − 1)2 + 2k (p − 2) (4σ − 1)2 

(4σ − 1)2
+ (2((−3 × 2k+2σ+1 + 2k+6σ+1 + 2k+2 + 22σ+1 + 24σ+1 −
+ (4σ − 2)42(k+1)σ − (16σ − 2)22(k+1)σ+1 ) +

σ
σ
σ
−1
− 64 )(p − 1))((4 − 2)(16 − 2))
,
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while the signal term reads as


2−2kσ−1 −2k+2σ − 2k+4σ + 22(k+1)σ+1 + 2k+1 + 22σ+1 − 4
I=
(3.82)
.
−3 × 4σ + 16σ + 2
p
Imposing I =
hR2 (ξ)iξ , and solving with respe t to the variable p we an
outline the fun tion Pc (σ, k + 1) that returns the maximum allowed load the

network may aord a

omplishing parallel retrieval and whose behavior is

shown in Fig.(3.5):

I=

q

hR2 (ξ)iξ ⇒ Pc (σ, k + 1).

(3.83)

Figure 3.5: Upper panel (serial retrieval): On the left we show the maximum
value of storable patterns

Pc

as a fun tion of

k

and of

σ

(as results from

Eq.(3.64)) for the pure state in order to have signal's amplitude greater than
the noise (i.e. retrieval). Note the logarithmi

s ale for

Pc

highlighting its

wide range of variability. On the right we show the maximum value of the
σ ′ (k) versus k allowed to the ouplings under

neural intera tion de ay rate
the storage
in the

onstraint

β→∞

k=p

and the pure state perfe t retrieval

onstraint,

limit.

Lower panel (parallel retrieval): On the left there is the maximum value of
storable patterns

Pc

as a fun tion of

k

and of

σ

(as results from Eq.(3.85))

for th parallel state in order to have signal's amplitude greater than the
noise (i.e. retrieval). Note the logarithmi

s ale for

Pc

highlighting its wide

range of variability. On the right there is the maximum value of the neural
′
intera tion de ay rate σ (k) versus k allowed to the ouplings under the
storage
in the

onstraint

β→∞

k =p

and the parallel state perfe t retrieval

limit.
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onstraint,

Si = +1 ∀i ∈ [1, 2k+1] results of the
k+1
simulations for DHM for σ = 0.99 and N = 2
, k +1 = 8, 10, 12 are plotted.
k+1
In the left panel, the res aled magneti sus eptibility 2
(hm2 i − hmi2 ) is
plotted vs β (one over the noise). In the right panel the magnetization
P
hmi = h N1 N
i=1 Si i is plotted vs β (one over the noise).
Figure 3.6:

3.4

Starting from the state

Insights from Numeri al Simulations

Using the same ma hines des ribed in the previous se tion 2.5. Aim of this
Se tion is to present results from extensive numeri al simulations to he k the
stability of parallel pro essing over the nite-size ee ts that is not
by statisti al me hani s or that
. Further this allows

aptured

an be hidden in the signal-to-noise analysis

he king that the asymptoti

behavior (in the volume)

of the network is in agreement with previous ndings.
All the simulations were

arried out using the same ma hines des ribed in

the previous se tion 2.5 and a
1. Building the matrix

ording to the following algorithm.

oupling, pattern storage.

±1 p patterns of
spins i and j as dij

On e extra ted randomly from a uniform prior over
length

k + 1,

and dened the distan e between two

we build the matrix

Jij =

J,

for the HHM, as

p
4σ−dij σ − 4−(k+1)σ X µ µ
ξi ξj ,
4σ − 1
µ=1
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for

i = 1, · · · 2k+1, j = 1, · · · , 2k+1 ,
(3.84)

Figure 3.7:
k

k
Starting from the state Si = +1, Sj = −1 ∀i ∈ [1, 2 ] and
1, 2k+1] results of the simulations for DHM for σ = 0.99 and

∀j ∈ [2 +
N = 2k+1 are plotted. In the left panel, the res aled magneti sus eptibility
2k+1 [(hm21 i−hm1 i2 )+(hm21 i−hm1 i2 ] is plotted vs β (i.e. one over the noise) for
Pk
k + 1 = 8, 10, 12. In the right panel, the magnetizations hm1 i = h 21k 2i=1 Si i
P2k+1
1
and hm2 i = h k
i=1+2k Si i are plotted vs β (i.e. one over the noise) for
2
k + 1 = 8, 10, 12.
while for the DHM we use the form:

Jij =
where

4σ−dij σ − 4−(k+1)σ
,
4σ − 1

for

i = 1, · · · 2k+1

and

j = 1, · · · , 2k+1,
(3.85)

k+1

is the number of levels of the hierar hi al
1
the network, and σ ∈ ( , 1].
2

onstru tion of

2. Initialize the network.
We used dierent initializations to test the stability of the resulting
stationary

onguration:

-Pure retrieval: We initialize the network in an assumed xed point of
µ
k+1
and µ = 1 for the
the dynami s, namely Si = ξi with i = 1, ...2
k+1
HHM, while Si = +1 with i = 1, ...2
in the DHM ase, and we he k
the equilibrium as reported in Fig[ 3.6℄.
-Parallel retrieval: Sin e we study the multitasking features shown by
this hierar hi al network, we

an also assign dierent types of initial

onditions with respe t to the pure state, e.g.
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i) For the DHM, starting from the lowest energy level ( after the
k
standard one Si = 1 ∀i) we hose Si = +1 for i = 1, ..., 2 and
Si = −1 for i = 2k + 1, ..., 2k+1 (vi eversa is the same, and we
he k the equilibrium as reported in Fig[ 3.7℄);

ii) For the HHM, looking for multitasking features, we set in the
1
k
2
ase p = 2, we set Si = ξi for i = 1, ..., 2 and Si = ξi i =
2k + 1, ..., 2k+1(Fig[ 3.10℄); In the ase p = 4 we set Si = ξiµ


µN
and µ ∈ [1, 4](Fig[ 3.9℄)
∀i ∈ 1 + (µ−1)N
,
4
4

In this way, we have two or four

ommunities (sharing the same size)

building the network with a dierent order parameter.

Si = +1 ∀i ∈ [1, 2k+1] with σ = 0.99 for
hm4 i
1
the DHM and k + 1 = 8, 10, 12. Binder umulant 1 −
versus noise
for
3hm2 i2
β
k + 1 = 8, 10, 12. Plotting the binder umulant for dierent values of k + 1
Figure 3.8: Starting from the state

permits to nd the

riti al noise of this state.

3. Evolution: Glauber dynami s.
The evolution of the spins follows a standard random asyn hronous
dynami s [5℄ and the state of the network is updated a

ording to the

eld a ting on the spins at every step of iteration, that is,

Si (t + 1) = sign{tanh[βhi (S(t)] + η(t)},
where

η(t)

for

β = T −1

is the noise introdu ed as a random uniform

over the real interval

[−1, 1]

ontribution

in every step.

For ea h noise the stationary mean values of the order parameters
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have been measured mediating over

O(103)

dierent realizations. For

the HHM the average of the order parameters is performed over the
quen hed variables.

For DHM, to better highlight the stability of
k
the parallel onguration, Si = +1 for i = 1, ..., 2 , Si = −1 for
i = 2k + 1, ..., 2k+1 and to break the Gauge invarian e, during half
of the relaxation period to equilibrium a small positive eld is applied
to the system.

= ξi1 , Sj = ξj2 , Sn = ξn3 , Sl = ξl4
∀i ∈ [1, 2 ], ∀j ∈ [2 + 1, 2 ], ∀n ∈ [2 + 1, 23 2k ], ∀l ∈ [ 32 2k + 1, 2k+1] results
k+1
are plotted. The
of the simulations for HHM for σ = 0.99 and N = 2
P
k−2
i2
µ
µ
1
Mattis order parameters hmi i = h k−2
j=1+(i−1)2k−2 Sj ξj i for i, µ ∈ [1, 4] are
2
plotted vs noise,from left we have k + 1 = 8, 10, 12. Same olors orrespond
to the same pattern µ, while same symbols orrespond to the same index i.
Figure 3.9: .
k−1

Starting from the state Si
k−1
k
k

4. Results.
It is worth noting that -at dieren e with paradigmati
for phase transitions (i.e.

the

prototypes

elebrated Curie-Weiss model), as we

an see from gures [ 3.6, 3.7, 3.8℄, in these models we studied here
the

riti al noise level approa hes its asymptoti

value (obtained by

analyti al arguments in the thermodynami limit) from above (i.e. from
higher values of

β s).

This happens be ause the intensities of

ouplings

are in reasing fun tions ( learly upper limited) of the size of the system.
As

an be inferred from g[ 3.7℄ (where we present results regarding

simulations for the DHM at σ = 0.99, k + 1 = 8, 10, 12 [Si = +1, Sj =
−1 ∀i ∈ [1, 2k ] and ∀j ∈ [2k + 1, 2k+1]℄), the stability of the parallel
onguration (in the low noise region) is
89

onrmed and, as expe ted

from theoreti al arguments, the noise region in whi h this
is stable in reases with the size of the system up to
the pure state. Also in the HHM

onguration

oin ide with that of

ase (gures [ 3.9, 3.10℄) the stability

of parallel ongurations is veried (in the low noise region) for system's
ongurations shared by the two and four

ommunities.

1
2
k
Figure 3.10: . Starting from the state Si = ξi , Sj = ξj ∀i ∈ [1, 2 ], ∀j ∈
[2k + 1, 2k+1] results of the simulations for HHM for σ = 0.99 and N = 2k+1
Pi2k−2
µ
µ
1
are plotted. The Mattis order parameters hmi i = h k−2
j=1+(i−1)2k−2 Sj ξj i
2
for i, µ ∈ [1, 2] are plotted vs noise,from left we have k + 1 = 8, 10, 12.
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Chapter 4
Dis ussion
The

omprehension of biologi al

entury resear h:
bran hes.

omplexity is one of the main goals of this

the route to pave is long and s attered over

ountless

Fo using to neural networks, we noti e that the deep di ul-

ties in the statisti al me hani s treatment prohibitive

onstraints beyond

the mean eld approximation (where ea h notion of distan e or metri s for a
spa e where to embed spins is lost),implied that their theory has been largely
developed without investigating the

ru ial degree of freedom of neural dis-

tan e. However, resear h is nowadays
realisti

apable of investigations towards more

and/or better performing models: indeed, while the mean-eld s e-

nario, mainly represented by the Hopeld network as for retrieval and by
the Boltzmann ma hines as for learning, has been so far understood (not
ompletely at the rigorous level but at least largely), investigation of the
non-mean-eld

ounterpart is only at the beginning.

In this thesis we explored the retrieval

apabilities of the multitasking as-

so iative network introdu ed the rst time in [30℄ at the low storage level, and
we ta kled the problem of studying information pro essing (retrieval only) on
hierar hi al topologies introdu ed in [29℄, where spins intera t with an Hebbian strength (or simply ferromagneti ally in their simplest implementation,
namely the Dyson model) that de ays with their re ipro al distan e.
In Chapter 2, we introdu ed a system
terns whi h display a fra tion

d

hara terized by (quen hed) pat-

of null entries: interestingly, by paying the

pri e of redu ing the amount of information stored within ea h pattern (by
a fra tion

d),

we get a system able to retrieve several patterns at the same

time. At zero noise level (T
tion, the system

m = ((1 − d), (1

= 0),

and for a relatively low degrees of dilu-

onverges to an equilibrium state hara terized by overlap
− d)d, ..., (1 − d)dk , (1 − d)dP −1 ), where P is the number of

stored patterns. Although this state displays non-null overlap with several
patterns, it does not represent a spurious state, as
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an be seen by noti ing, for

instan e, that this state allows the
However, through a
the

(T, d)

omplete retrieval of at least one pattern.

areful inspe tion, we proved that there are regions in

plane where genuine spurious states o

ur, hen e the

lear pi ture

of the phase diagram that we oered be omes a fundamental issue in order
to make the model ready for pra ti al implementations.
A remarkable dieren e with respe t to standard (serial pro essing) neural
networks lies in the stability of mixture states:

both even and odd mix-

tures are stable, whi h -within the world of spurious states - was a somewhat
desired, and expe ted, result as there is neither a biologi al reason, nor a pres ription from roboti s, to weight dierently odd and even mixtures (whose
dieren e in terms of physi al symmetries translates in the gauge invarian e
of the standard Hopeld model, that is expli itly broken within our framework due to the partial blankness of the pattern entries). Another expe ted
feature, whi h we

onrmed, is the emergen e of parallel spurious states be-

yond standard ones. From

lassi al neural network theory this is the natural

generalization when moving from serial to parallel pro essing.
Beyond these somehow attended results, the phase diagram of the model
is still very ri h and

omposed by several not-overlapping regions where the

retrieval states are deeply dierently stru tured: beyond the paramagneti
state and the pure state, the system is able to a hieve both a hierar hi al
organization of pattern retrievals (for intermediate values of dilution) and
a

ompletely symmetri

parallel state (for high values of dilution), whi h

a t as the basis for the outlined mixtures when raising the noise level above
thresholds whose value depends on the load

P

of the network.

These ndings have been obtained developing a new strategy for

omputing

the free energy of the model from whi h, imposing thermodynami
ples (i.e.

prin i-

extremizing the latter over the order parameters of the model),

self- onsisten y has been obtained: the whole pro edure has been based on
te hniques stemmed from partial dierential equation theory. In parti ular,
the key idea is showing that the noise-derivatives of the statisti al pressure
obey Burgers' equations, whi h

an be solved through the Cole-Hopf trans-

formation. The latter maps the evolution of the free energy over the noise
into a diusion problem whi h

an be addressed through standard Green

integration in momenta spa e and then mapped ba k in the original framework.
In

hapter 3, we studied a Hebbian neural network, where spins are ar-

ranged a

ording to a hierar hi al ar hite ture su h that their

ouplings s ale

with their re ipro al distan e. While a full statisti al me hani al treatment
is not yet a hievable, stringent bounds for its free energy -intrinsi ally of
non-mean-eld nature- are still available and allows getting a pi ture of the
network

apabilities by far ri her than the
92

orresponding mean-eld

oun-

terpart (the Hopeld model within the low storage regime). Indeed, these
networks are able to retrieve one pattern at a time a

omplishing an exten-

sive reorganization of the whole network state -mirroring serial pro essing
as in standard Hopeld networks- but they are also able to swit h to multitasking behavior handling multiple patterns at on e -without falling into
spurious states-, hen e performing as parallel pro essors.
Remarkably, as far as the low storage regime is

on erned, the underlying

(weighted) topology - ru ial for parallel pro essing- returns a phase spa e
that shares similarities with the multitasking asso iative networks [30℄.
However, as theorems that denitively

onrm this s enario are not fully

available yet, to give robustness to the statisti al me hani s predi tions, we
performed a signal-to-noise analysis he king whether those states - andidate
by the rst approa h to mimi

parallel retrieval- are indeed stable beyond

the pure state related to serial pro essing and, remarkably, we found wide
regions of the tunable parameters (strength of the intera tion de ay
noise level

β)

σ

and

where indeed those states are extremely robust.

Clearly, as standard in thermodynami s, nothing is for free and even for this
ri hness of behaviors there is a pri e to pay: as anti ipated in the Summary
of this thesis, emergent multitasking features in not-mean-eld models require a substantial drop in network's

apa ity thus implying a new balan e

required by asso iative networks beyond the mean-eld s enario.
While a satisfa tory pi ture beyond su h a mean-eld paradigm is still far,
we do hope that this work may a t as one of the rst steps in this dire tion.
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