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ABSTRACT. We consider the van der Waals’ free energy functional, with scal-
ing parameter ¢, in the plane domain R4 X R4, with inhomogeneous Dirich-
let boundary conditions. We impose the two stable phases on the horizontal
boundaries Ry x{0} and Ry x{oo}, and free boundary conditions on {co} xR .
Finally, the datum on {0} x R4 is chosen in such a way that the interface be-
tween the pure phases is pinned at some point (0,y). We show that there
exists a critical scaling, y = ye, such that, as € — 0, the competing effects
of repulsion from the boundary and penalization of gradients play a role in
determining the optimal shape of the (properly rescaled) interface. This result
is achieved by means of an asymptotic development of the free energy func-
tional. As a consequence, such analysis is not restricted to minimizers but also
encodes the asymptotic probability of fluctuations.

1. INTRODUCTION

The van der Waals’ theory of phase transitions [9,14] is based on the functional
E(u) :/[yvu|2+V(u)} dr, (1.1)

where the scalar field u = u(r), r € R?, represents the local order parameter and
V(u) is a smooth, symmetric, double well potential whose minimum value, chosen
to be zero, is attained at u; we also assume V" (uy) > 0. By introducing a scaling
parameter € > (0, which is interpreted as the ratio between the microscopic and the
macroscopic scale, a most relevant issue is the asymptotic behaviour of the sequence
of functionals

E.(u) = / [5|Vu|2 + éV(u)} dr, (1.2)

in the sharp interface limit € — 0. This has been first analyzed in [12] and exten-
sively studied afterwards, see [1] for a review. The limiting functional turns out to
be finite only if u is a function of bounded variation taking values in {u_,u4 }. For
u in this set, the limiting functional is furthermore given by Cy H?~1(S,), where
S, denotes the jump set of u and H?~1(S,) is its (d — 1)-dimensional Hausdorff
measure. The surface energy density Cy > 0 is finally given by

Cy = /u+ 2y/V(a)da. (1.3)
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For any given limiting configuration an optimal sequence can be constructed by
making the transition from the value u_ to the value uy in the direction v orthog-
onal to the interface with a one dimensional profile m(™*). Here m, the so-called
instanton, is the minimizer of the one-dimensional van der Waals’ energy (1.1) with
boundary conditions uy at too, satisfying m(0) = 0.

As proven in [11], when E. is considered together with Dirichlet boundary con-
ditions, the latter contribute to the limiting functional with a term taking into
account the discrepancy between the pure phases {u_,uy} in the interior of the
domain and the prescribed boundary data. We can regard this term as the cost
associated to an interface localized at the boundary. In particular, when the bound-
ary data take values in the pure phases {u_,u4 }, this cost coincides with the one
in the bulk.

Consider a geometry in which the minimizer of the limiting functional is obtained
with an interface localized at the boundary. Of course, when ¢ is small but strictly
positive, the minimizer of F. is smooth and the transition between the pure phases
takes place in a thin layer close to the boundary. The purpose of the present paper is
a detailed description, in the two dimensional case, of such boundary effect by means
of an asymptotic development of F.. In particular, such analysis is not restricted
to minimizers but also encodes the asymptotic probability of fluctuations.

We consider the following geometry, see Figure 1. As basic domain we choose
OF = (0,R) x (0,400), R > 0, and denote by x and y the horizontal and the
vertical coordinates, respectively. We impose the phase u_ on (0, R) x {0}, the
phase u; on (0,R) x {+o0}, and free boundary conditions on {R} x (0,+00).
Finally, the trace on {0} x (0,-+00) is given by a suitable (monotone) continuous
function v, : [0, +00) — [u_,u] satisfying v.(0) = u_, ve(+00) = u4.

0 U— R
FIGURE 1. The domain Q¥ and the corresponding boundary con-
ditions. The zero of v, is y. and . is the interface.

We denote by E.(-,QF) the functional in (1.2) on the domain Qf with these
boundary conditions and let u? be a minimizer of E. (-, 2%). Assume that v. has a
unique zero at y. and let . be the zero level set of u}. Observe that 7, is a subset of
the closure of Qf. We shall refer to it as the interface and in the following heuristic
discussion we assume that it is the graph of a function on [0, R], still denoted by ~..
The boundary condition on {0} x (0, +00) pins the interface at the point (0, y.), i.e.,
7e(0) = y.. We assume that y. converges to zero as ¢ — 0. The result in [11] then
implies that the interface approaches the interval [0, R] x {0} in the limit ¢ — 0,
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i.e., 7 — 0. Our aim is a detailed analysis of this convergence, which includes the
correction for finite € due to the boundary condition. There are two competing
effects. The boundary datum w_ on (0, R) x {0} effectively repels 7.; indeed, in
order to minimize the energy along the one dimensional sections {z} x (0, +00),
x € (0, R), the zero of u}(x,-) should be as large as possible. On the other hand,
the convergence of 7. to the flat interface penalizes the gradient of v.. We show
that there exists a critical scaling for y. such that 7., properly rescaled, converges
to a non trivial profile for which both effects play a role.

In the spirit of the so-called developments by I'-convergence [3,6,7], we introduce
the excess energy

E.(u, Q%) = K. [E.(u,Q%) — OvR] (1.4)

and look for a sequence K. — +oo for which Ea has a non trivial limit. In order to
complete this program, we need however to properly rescale the variables. The iden-
tification of the correct scaling is based on the following ansatz, which is suggested
by the construction of the optimal sequence in the sharp interface limit of E.. The
interface 7. satifies v.(x) ~ y. + € ¢(x) and on each vertical section the function
uf(x,-) minimizes the corresponding energy with the constraint u}(x,v.(z)) = 0.

We thus perform the change of variable y — (y — y.)/e getting

F.(u) :KE{sQ /OR/ZO(aﬁu)Zdde/ORUZO ((Gyu)Q—FV(u))dy—C'V} dx}.

(1.5)
The above expression suggests that in order to appreciate the variations in the
horizontal direction we have to choose K, = £ 2. Moreover, the analysis of the

one-dimensional case in [5] implies that the second term on the right hand side

of (1.5) is of the order exp{—pFve~'y.}, where By = \/2V"(us). We therefore
conclude that the critical scaling for y. is given by y. ~ ﬂ%elog el

In this paper we analyze the variational convergence of the functionals F in (1.5);
referring to the next section for the precise statement, we here discuss informally
our results. If y. > B%elog e~ we show that the repulsion due to the boundary
is not seen in the limiting functional and that the rescaled profile corresponding
to the minimizer «} is flat, i.e., ¢ = 0. In the critical scaling y. = %dog et we
prove that the I'-limit of the functionals F; in (1.5) is finite only on functions u of
the form u(z,y) = Mm(y — ¢(z)), with ¢(0) = 0. On these functions the limiting

functional is furthermore given by

R
/O (52 ¢/ (@) + By 7@ da, (1.6)

for a suitable constant By > 0 that can be computed explicitly. As a consequence
of this I'-convergence result we deduce the sharp asymptotic for the minimizer «}
of the original functional E. in (1.2). Namely,

;o ve(@) Ry tedt(a), (L.7)

where ¢* is the minimizer of the energy (1.6) with the boundary condition ¢(0) = 0.
A simple computation then shows,

¢*(z) = Blvlog (1+5V\/%-T)- (1.8)

ul(z,y) ~ m(LE@)
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In the case y. < ﬂ%elog €71, when z is close to zero, the repulsion from the
boundary is much stronger than the penalization on the gradients of 7.. This
implies that for each fixed z close to zero we have vy.(z) — y. > . On the other
hand, if « is such that . (z) ~ %Elog e~! we are back in the situation described
by the critical scaling. We therefore expect, but do not prove here, that in this
regime the asymptotic expression of the interface . for x bounded away from 0
has still the form 7. (z) = F-eloge™ +¢¢*(z).

We conclude with few remarks on the relationship of the problem here considered
with some (microscopic) statistical mechanics models. In the context of short-range,
Ising-like models, the statistical properties of an interface above a wall have been
mostly studied for the so-called effective interface models, see [10] for a review.
These models are obtained by assuming that the interface can be described as the
graph of some function ¢: A — R, where A is a finite subset of the lattice Z?~!.
One then introduces a Gibbs measure on the set of the interface configurations, with
a short range energy term penalizing the gradients of ¢, and analyzes the asymptotic
behaviour of this measure as A invades Z?~!. While the energy is minimized by an
interface localized at the wall, i.e., ¢ = 0, the presence of the fluctuations induces a
repulsion, e.g., the expected value of ¢ diverges as A T Z4~1. This effect is referred
to as entropic repulsion: for the interface it is more convenient to have some room
to fluctuate rather than to minimize the energy.

The asymptotic (1.7) does not reflect an entropic repulsion effect. In the case
of the van der Waals’ functional, the repulsion from the wall is in fact due to
an energetic effect induced by the boundary conditions. The case of long-range,
Kac-like models is, on the other hand, much closer to the problem considered here.
Indeed, on a suitable mesoscopic scale the behavior of those models is well described
by a free energy functional which, although non local, has similar features to (1.2),
see [13]. In particular, the corresponding sharp interface limit has been analyzed in
[2], where it is shown that the I-limit of the free energy functional is proportional to
the perimeter of the interface between the pure phases, the proportionality constant
identifying the surface tension. As far as we know, the asymptotic behaviour of an
interface close to a wall has not been analyzed in detail for systems with Kac-type
interactions, but it seems reasonable that the effects here discussed are also relevant
in such a situation.

2. THE MAIN RESULT

For the sake of concreteness, we restrict the analysis to the paradigmatic case of
the symmetric double well potential, i.e., we choose

V() = (u? —1)°, (2.1)

which attains its minimum at w4 = 4+1. With this choice, the instanton m is
given by m(y) = tanhy and elementary computations show Cy = %, By = 4,
By =16 [5, Appendix A].

As reference domain we choose the quadrant of R? given by €, = (0,+00) x
(—=¢,400), £ > 0. The case of the half strip (0, R) x (—¢,+00) discussed in the
Introduction can be analyzed by the same arguments. The parameter ¢ has been
introduced in such a way that the zero of the trace on {0} x (—¢, +00) approaches
zero as € — 0. Accordingly, the asymptotic expansion of the functional will be



BOUNDARY EFFECTS IN THE GRADIENT THEORY OF PHASE TRANSITION 5

discussed in the fine tuning ¢ = 1 loge~! + O(1), which corresponds to the critical
scaling discussed in the Introduction.
Given m: (—¢,+00) — R we introduce the one dimensional functional

Fulm) = /_ :Do (') + v(m)) ay. (2.2)

With this notation, we can rewrite the functional in (1.5) as

F.(u) := /0+<>0 /_Zo(azuﬁ dydz +¢72 /0+OO [}—Za (u(zx,-)) — % dx, (2.3)

where (. — 400 as ¢ — 0. We will study the asymptotic behaviour, as ¢ — 0, in
terms of I'-convergence of F. subject to the following boundary conditions,

u(0,y) = we(y) y € [—le; +00),

u(z,—L:) = —1 x € (0,+00), (2.4)

u(x,-) — 1€ L*((0,4+)) =z € (0,+0c0),
for a suitable continuous function w,: [—¢;,+00) — R with w.(—¢.) = —1. We
shall regard u as a function on [0,+00) X R by setting u = —1 on [0, +00) X
(=00, —.). Accordingly, w, is also regarded as a function in R by setting w. = —1

on (—oo, —{;).
We set x(x,y) = x(y) := sgn(y) and define the affine space

X :={u :u—x € L*(0,R) x R) for any R > 0},
endowed with the metric

dx(u, 1}) = ZQ_H (1 A ||u - UHL2((0,n)><R)) .

We shall then regard F; as a functional on X, which takes value +oco whenever u
does not satisfy the boundary conditions (2.4) or w is not identically equal to —1
on [0, +00) x (—oo0, —£.). Note that F.(u) < +oo implies u € H((0, R) x R) for
any R > 0, and therefore the condition u(0,-) = w,. can be understood in terms of
traces.

It turns out that the I'-limit of F. depends on the limit of /. — %log e~ 1 that
will be denoted by a. We first introduce the limiting functional. Given o € R, we
let G* : C([0,+00)) — [0,400] be the lower semicontinuous, with respect to the
uniform convergence on compacts, functional defined by

“+o0
G%(¢) = /0 [§¢’(x)2+16e’4"‘e’4¢(1’)} da. (2.5)

Recall that m is the minimizer of the one-dimensional van der Waals’ energy (1.1)
with boundary conditions 41 at +oo satisfying m(0) = 0, and denote by m, its
translated by z € R, ie., m.(y) :== m(y — z) for y € R. We then let F*: X —
[0, 400] be defined by

P (u) = {gaw) if u = iy for some ¢ € C([0,+00)), ¢(0) =0,

2.6
400 otherwise. (2.6)

where we understand mg (2, y) = Me(z)(Y)-
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Theorem 2.1. Assume lim._.q [65 - %log el =aq,

8
lim ¢! (ﬂa (w.) — 7) =0, and limw.(0)=0. (2.7)
e—0 3 e—0
Then
(Compactness) If a sequence u. satisfies limsup, Fe(us) < +00, then for any R > 0,

2 _
L2((0,R)xR)

lm ||u. — g, 0, (2.8)
e—0

for some sequence ¢. precompact in C([0,+00)), satisfying ¢-(0) — 0 as e — 0.
In particular, the sequence F; is equicoercive in X.

(D-convergence) The sequence F. T'-converges to F* as e — 0, i.e., for any ¢ €
C(]0, +0)), with $(0) = 0 we have,

(i) (T-liminf) if ue — Mg in X, then
limiglf Fo(ue) > G* (o) ;
E—
(ii) (D-limsup) there exists ue — My in X such that

gig(l)FE(ua) =G%9).

Remark 2.2. The above result holds also in the case o = 4+0c0. More precisely, if
£, satisfies lim._,¢ [65 - %log 71 = +oo and w, satisfies (2.7), the statements in

Theorem 2.1 hold true with G*(¢) replaced by 3 f0+oo |¢|?da.

By standard properties of I'-convergence, see e.g. [6, Theorem 1.21], the above
results imply the convergence of the minimizers of F. to the (unique) minimizer
of the corresponding limiting functionals. In particular, in the critical scaling,
the repulsion of the boundary conditions on 02, competes with the tendency
of being flat and the minimizers of F. converge in X to mgx, where ¢ (v) =
3 log (14e72> 4/3 ) is the minimizer of G* with the boundary condition ¢(0) = 0.
On the other hand, when ¢, > %log e~ !, the repulsion of the boundary conditions
on 0, is not felt and the optimal interface is flat. This is consistent with the fact
that as @ — 400 we have ¢} (z) — 0, x > 0. When o — —oo we instead have
of(z) +a — %log (4\/555), x > 0. This corresponds to the situation, as described
in the Introduction, in which y. < ﬁ%slog 7!, We emphasize that the latter
convergence of ¢¥ cannot be described in variational terms because the amount of
energy, as measured by G, stored in any neighborhood of zero diverges as &« — —o0
while the energy stored in any neighborhood not containing zero remains finite and
strictly positive.

The rest of the paper is organized in the following way. Section 3 and Appendix A
are devoted to a detailed study of the asymptotic expansion by I'-convergence of the
one dimensional functional F; in (2.2) as £ — +oo. Such analysis is a preliminary
tool for the proof of Theorem 2.1, which is the content of Section 4 (compactness)
and Section 5 (I'-convergence).

3. ONE-DIMENSIONAL PROBLEM

In this section we analyze the one dimensional functional F; defined in (2.2).
The development by I'-convergence of F; as £ — oo is studied in [5]. Here we
prove quantitative estimates related to that asymptotic expansion. Hereafter we
shorthand L%(R) and H'(R) by L? and H', respectively.
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Recalling x(y) = sgn(y), we set X := {m: m — x € L%}, that we consider
endowed with the strong L2-topology. Given ¢ > 0, we let X; C X be the closed
subspace defined by

Xe={meX : my)=-1ifye(—o0,—0)}. (3.1)

We then regard F; as a functional on X which takes value +o0o whenever m ¢ Xp. It
is simple to show that the sequence of functionals F; I'-converges to the functional
F: X — [0, +00], defined by

F(m) = / o [(m')2+V(m) dy. (3.2)

— 00

By the well known Modica-Mortola trick [12],
min}"zcvzg, argmin F = {m,, z € R}. (3.3)
Given z € (—{,+00) we define
m’ = arg min {Fe(m): m € Xy, m(z) =0}, (3.4)

observing that the minimizer is unique. We introduce the one dimensional manifold

M = {m’: 2 € (—4,+0)} in X. Sometimes, we will use the notation m(-) =

mt(-,2). If y > 2z then m’(y) = m.(y). Moreover, for y € (—4, z), m’ coincides

with the (unique) solution to the following boundary value problem,
—2m" +V'(m) =0 in (—¢,2), (3.5)
m(—£) = -1, m(z) =0.

We next state, referring to the Appendix A for the proof, sharp estimates concerning

m¢ and its convergence to m,.

Proposition 3.1. There exists a constant A such that, for any £ > 0 and z € R
satisfying £+ z > 1,

sup |mb(y) — m.(y)| < Ade 2+, (3.6)
ye(—4,2)

sup [9.m(y) + ml(y)| < Ae 2(F2), (3.7)
ye(—4,z)

sup [0..ml(y) — ml(y)| < Ae 2+ (3.8)
ye(—¢,2)
[(m%)] (2) + [0.mt] (2) =0, [[(mE)'] (2)] < Ae™*F2) - (3.9)

where [f](z) denotes the jump of the function f at z. Moreover, for any £, z1, and
zo such that (z1 + ) A (29 +€) > 1,

1
Z“Zl — 2P Az —2|) < mE, —mé, |32 < A(lzr — 22 Aler — 22]) . (3.10)

Remark 3.2. Since m’(y) = m,(y) for y > z and m’(y) = —1 for y < —¢ the above
bounds and (3.5) yield that m’ converges to m, in H2. In particular,
+oo +oo

4

im [ (@mlPay= [ mlwry=g (3.11)

L—+o00 ) oo

uniformly with respect to z € [Z, +00) with £+ Z; — +o0.
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The following lemma is proven in [5, Lemma A.1]. It is the key ingredient to
study the development by I'-convergence of the functionals F.

Lemma 3.3. Let z € R and z; be a sequence converging to z. Then
8
i 45[}- 0y _ S _qge—4z
Z—}I-Eloo ¢ ¢ (mzl) 3 ¢
and, given zZ € R, this limit is uniform for z € [z, 4+00).
The notion of center for functions in Xy, introduced in [8], will play an important
role in our analysis.

Definition 3.4. Given m € X, we say that ¢ € (—¢,4+00) is a center of m if

¢ € argmin {[lm —m|22: 2 € (£, +00)} .

L

In particular, the function me is a L2-projection of m on the manifold M?.

Referring to [4] for a dynamical interpretation of the above definition, we simply
note that if ¢ is a center of m then the following orthogonality condition holds,

+oo
[ém@—%@wmmme, (3.12)

where 6sz(y) = 9.mi(y)| We next introduce a suitable neighborhood of

z=("
the manifold M*, which takes into account the boundary conditions (3.1). More
precisely, given § > 0 and k > 0 we set

TYO, k) == {me X;: 3z € (—{ + k,+o0) such that ||m — mt||m < 6} . (3.13)
The following result shows, in particular, that if m is such that F,(m) is close to
its minimum then m is close to the manifold M?.

Theorem 3.5. The following statements hold.

(i) For each 6 > 0 and k > 0 there exist n > 0 and £y > 0 such that if
Fo(m) — 8 < n for some £ > by then m € T*(6, k).

(ii) There exist constants {1, 01, k1, and Cy such that, for all £ > {1, 6 < &1,
and k > k1, if m € TY(8,k) then the center ¢ of m is unique, satisfies
¢(>—l+rK—20, and

I = méls < Co |[Folm) = Fe(m) + e Om —ml ] . (3.14)
(iii) For each zZ € R there exist two positive constants Coy and Uy such that, for

any £ > Uy and z € [z, +00),

Fo(m) — Fo(mZ) < Co (|m —mZ|Gp + m —mZ]i + e fm —ml|m)

for all m € X,.

We emphasize that while in statement (ii) of the above theorem ¢ denotes the
center of m, in statement (iii) z is arbitrary.

Remark 3.6. As a consequence of (3.14) and Lemma 3.3, there exist constants £o,
§, K, and Cy such that, for all £ > £y, if m € T%(J, k), then the center ¢ of m is
unique and

8
=l + 0 < o | Fi(m) - . (3.15)
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Proof of Theorem 3.5. The proof is split into separate arguments. We denote by
C' a strictly positive constant, independent of ¢ and (, whose numerical value may
change from line to line.

Proof of statement (i), step 1. Here we prove that for each § > 0 there exist n > 0
and £y > 0 such that if F;(m) — 3 < n for some ¢ > {5, then distz1(m, M*) < 4.
We argue by contradiction and assume that there exist Jg > 0 and a sequence my
with

lim +inf dist g1 (mg, M) > & (3.16)
such that g
lim sup Fy(my) < 3" (3.17)

L—~o00
Note that by (3.17) the function my satisfies the boundary conditions (3.1). We set
z¢ = inf{y: my(y) = 0} and define my(y) = me(y + 2¢), so that me(0) = 0. The
boundedness of the energy implies that m, converges, up to a subsequence, to some
continuous function mg, uniformly in compacts. We will show that mg = m and
that m, — m actually converges to zero in H'.
Given o > 0 we set

ag=sup{y < z¢ : me(y) > —1+o0},
by =inf{y >z : my(y) <1—o0}.
The boundedness of fj;:V(mg) dy implies that by — ay < C,, for some constant

C, independent of ¢. This guarantees that the energy of m, does not escape to
infinity. More precisely, using the Modica-Mortola trick,

Ca bg—Z[
[l v azz [
_Co‘ ayp—zy
1-0o
22/ \/V(m)dm:§—402(l—%),
—1+0

we deduce, taking into account (3.17), that

i () = 5 (3.18)
and thence
;iir%) lzrililiop / [[m5]* + V()] dy = 0. (3.19)
[~Co,Co10

Therefore, up to a subsequence,

+oo “+o0
, liIJP V(me)dy = / V(mo)dy,

(o) — 00
so that
+ o0 400
Zli$ |my|? dy = / Imp|? dy . (3.20)
In particular, by (3.18), F(mg) = §. Since m(0) = 0, by the uniqueness up to

translations of the minimizer of F, recall (3.3), mg = m. Now, using (3.19) and
the definition of a, and by, we get the convergence of m, to m in L2. This, together
with (3.20) and Remark 3.2, contradicts (3.16) and then concludes the proof of the
step.
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Proof of statement (i), step 2. Here we conclude the proof. Again we argue by
contradiction and assume that there exist 6,x > 0 and a sequence m, ¢ T*(6, x)
such that Fy(my) — %. By step 1 it is enough to consider the case when there
exists a sequence z € (—f,—{ + k) such that |my; — m{ |z < 6. This yields
[me —m, || L~ < C§, and hence, if z; is any zero of my, then |m.,(z;)| < Cé. By
Proposition 3.1, this implies |z, — 2)| < C§. On the other hand, it is easy to see
that

4
min{]—"(m):m(a):—l,m(b):O}>§ Va,b: —oco<a<b<+4o00.

Therefore,
. . 4 8
ll;mﬁnf}"g(mg) > min {F(m): m(0) = -1, m(x + C§) =0} + 373

This is a contradiction and concludes the proof of statement (i).

Proof of statement (ii). The uniqueness of the center, for §; small enough and
k1 large enough, is stated in [4, Proposition 3.1]. The proof follows by standard
implicit function argument [8]. That proposition also guarantees that the center ¢
satisfies the bound ¢ > —¢ + k — 24.

Let m € T%(4,k) and ¢ > —£ + k — 2§ be the unique center of m. Recalling that
m(y) — mé(y) =0 for y € (—o0, —{], we decompose

Folm) = Fo(m) + I} + I} + 17,

where

+oo
I} = / [28ym€8y(m — mé) + V'(mf:)(m — mé)] dy,

— 00

+oo
= [ [@ym - m&)) + 3vmE) o - m ] ay.

Teorl 1
= / [V mE)m = mt)* + SV ) m — m)*] dy.

The proof will be achieved by analyzing in detail the quadratic form in IZ2 and
showing that it can be bounded from below by ||m — mé”%ll, while the other two
terms will be bounded in absolute value.

We first estimate I}. By integration by parts, using (3.5) and (3.9) we get

1] = 2| (m(C) = m(0)) [9,me] (<) )
< 0674(€+C)|m(o _ mé(@” < Ce%&(HC)Hm _ mgHHl , '

where we have used the Sobolev embedding. As for the term I7?, the application of
the Sobolev embedding yields,

117] < C (|lm — mg|gp + [lm — m¢|3) - (3.22)
Finally, it remains to estimate [, KQ. We show that
1
12> Llm—m. (3.23)
We denote by Hé the Schrodinger operator on L?((—¢, +00)) defined as
L d? 1"
He = —— +V"(m¢),

dy?
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with domain H2((—¢,+00)) N H}((—¢,+0)). In the sequel, we shall regard to
L?((—¢,+o0)) as a subset of L2, by setting, for every function ¢ € L?((—¢, +00)),
P(y) =0 if y € (—oo, —£]. Let also set ¢ = @y =m — mf. With this notation we
rewrite I7 as the quadratic form,

I} = (p, HeQ) 12 + (@, (V' (mg) — V' (ing))@) 12 (3.24)

where (-,-) 7> denotes the L2-inner product. By (3.6), the second term on the right
hand side of the above equality is bounded in absolute value by Ce=2(+0)]p|2,.

It remains to estimate the first term of the right hand side of (3.24). As shown
in [4, Theorem 3.2] the first eigenvalue /\é > 0 of the operator ’Hf is exponentially
small as £ — +o0o while the remaining part of the spectrum is bounded away from
zero uniformly in £ and ¢ (since £+( > k1 —2d1). We denote by \I/f the eigenfunction
corresponding to the eigenvalue /\é. From these results it follows that there exists
a constant g; > 0, independent of ¢ and (, such that for any ¢ € L?((—/,+0)),
P L WY ie., satistying (v, \I/é>L2 =0,

(W, Hew) L2 > g1(9, ¢) e - (3.25)

We next improve the above bound with the H'-norm. More precisely, we prove
that there exists a constant g; > 0 independent of £ and (, such that

<wa Hé?ﬁ)[}

Joc:= inf ————2>g;. (3.26)
CT e 903
Since Jy ¢ = Ji4¢,0 it is enough to show that
¢
lminf inf (2 T0%)2 (3.27)

t—+ooprug  [[Y)I3n

We argue by contradiction. If (3.27) does not hold there exists a sequence 1, with
|0l = 1 and 1, 1 ¥§ such that

“+o0
(e, Hotpe) 12 = /_e (Iel* + V" (m)e7) dy — 0.

By (3.25) we necessarily have ¢, — 0 in L?. In view of the boundedness of V" (i)
the formula above gives the required contradiction.
By writing ¢ = (¢, \Iliz>L2 \1/2 + ot from (3.26) and Young’s inequality we have,
for each v > 0,
(0, HEQ) L2 = (0, WE) T2 AE + (0, HEp™ ) o
> g1 (el = 200, WE) 2 (0", WE) i — (0, WO T2 (1WE 7))  (3:28)
> g1 (llellFn — et T — (0, ¥ L (1E 7 +77Y) -
Since H. WY = )\ﬁlll‘é, we easily deduce that ||\IJ€H12LI1 is bounded uniformly in ¢ and

¢. Moreover, by Schwarz’s inequality and the orthogonality between ¢ and W,
choosing ~ small enough in (3.28), we obtain

(o, Hep) 2 > C (llpllFn — (o, ¥O)72) - (3.29)
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Using (3.12) we get

4
|<¢,WZ>L2\:’<¢,W+%>
¢ © O 10amE L2/ 2

ﬁL’C asz

< llolla (|| wé -

)

iz s |
lmglle2 ez Himgllze  0:mlre

In order to bound the right hand side, we first claim that

< Ce Q) (3.30)

=/

m
L
H ¢ L2

M|z
Indeed, a slightly weaker estimate is stated in [4, Theorem 3.2]. However, it is
straightforward to modify the argument of the proof to get (3.30), see in particular
[4, page 336]. The second term in the right hand side can be easily estimated
using (3.7) which gives, taking into account that mg(y) = m¢(y) if y > ¢ and that
{+ C > K1 — 251,

< Crie 2,

H ” TTL’C n (9sz~

mellee  [|0amg]lpz 1z

In conclusion, choosing k1 large enough, the previous bounds, together with (3.29),
give (3.23) which completes the proof of statement (ii).

Proof of statement (iii). We notice that in the proof of statement (ii) the estimates
of the terms [ } and 1, E’ do not require ¢ being the center of m, while [, ZQ can be easily
estimated from above by the H'-norm of m — mé. O

4. COMPACTNESS

We are now ready to analyze the two dimensional functional. In this section we
prove the compactness statement in Theorem 2.1. Let us consider a sequence u. in
X such that F.(u.) < C5, namely

+oo oo +oo 8
/ / (5'Ius)2 dy dx +/ g2 {.7:[6 (ue(z,-)) — 3 dx < Cjy, (4.1)
0 0.

0

where (. — $loge™ — «, and u. satisfies the boundary conditions (2.4) for some

we such that (2.7) holds.
Remark 4.1. By Schwarz’s inequality and the bound (4.1), for any x1, x5 in [0, +-00),
ue (21, ) = ue (@2, ) |72 < Calay — wal. (4.2)

Given a sequence M, — 400 such that M_.e? — 0 as € — 0, we define the set of
good points in (0, 4+00) as

B. = {x € (0,+00) : Fp. (uc(z,)) — g < Mﬁ}. (4.3)

The bound (4.1) yields | BE] < C5/M. (here | B is the Lebesgue measure of the Borel
set B C R). Moreover, since the bound (4.2) guarantees that the map x — u.(x,-)
is continuous from (0, +00) to X (see the previous section for the definition of X),
the lower semicontinuity of F; on X implies that the map = — F_(uc(z,-)) is lower
semicontinuous and hence the set B. is closed.

We now show how to construct the sequence ¢.. Recalling the assumption (2.7)
on the boundary datum, Theorem 3.5 implies that if £ is small enough and x €
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B. U {0} then there exists a unique center of u.(z,-), that we denote by ¢.(x). Let
us note that the function ¢. is measurable on B.. This can be easily deduced by
the continuity in the uniform topology of the map that to each function in the set
T*(6, k) associates its center, see [8, Proposition 3.2], and the measurability of the
map B. 3 x — u(z, ) with respect to the Borel o-algebra associated to the uniform
topology.

Since £, — %loga’ — «, in view of (3.15), there exists a constant Cq > 0,
depending on «, such that the following bounds hold,

1

6o () > —3 log(C4M.)

Ve B, (4.4)
e, ) = m (-, ¢e(@) |7 < CoMee®
and
;ii% $=(0) =0, [uc (0, -) = m* (., ¢=(0))l[7n < e, (4.5)
where, in view of (2.7),
Nei=e (.7-"45 (we) — g) — 0. (4.6)

Since BE is a countable union of disjoint open intervals, we extend ¢. to a function
on [0,+00) by defining it in each interval of BE as the affine interpolation of the
values of ¢. at the endpoints.

The compactness stated in Theorem 2.1 is a consequence of the following two
lemmata. Indeed, Lemma 4.2 yields the precompactness of ¢. in the uniform topol-
ogy, while Lemma 4.3 together with (3.6) imply (2.8).

Lemma 4.2. Let ¢. be defined as above. Then there exists a positive constant C'

such that, for any x1,xs € [0, +00),

|6 (1) = @ (x2)| A pe (1) — pe(2) [ < C5(|:r1 — | + Mi + M_? +5175> , (4.7)

where M, is the sequence in (4.3) and 0. is the sequence defined in (4.6).

Proof. Since ¢, is affine outside B, and |BE| < C3/M., it is enough to prove that
there exists Cg > 0 such that for any 1,22 € B. U {0},

|be(#1) — G (2)| Al@e (1) — de(@2) | < Co(|w1 — 2| + Mee® +em.) . (4.8)
If £1,22 € B. U{0} the bound (3.10) implies
@< (21) = d=(22)| A [6e (1) = Ge(@2)?
< Al (-, de (1)) — m (-, pe(x2)) |72 (4.9)
< 2A(Jfue (w1, ) = we(2, )72 + e (21, ) = Ue(@2,)]122),
where U, (z,y) = uc(z,y) — m'(y,¢.(z)). By using (4.2), (4.4), and (4.5) the
bound (4.8) follows. O
Recall that m’(-) = m(-, 2) is defined in (3.4).

Lemma 4.3. Let u. be a sequence satisfying the bound (4.1), let ¢. be defined as
above, and set u.(z,y) = u-(x,y) — m* (y, ¢-(x)), (z,y) € [0,+00) x R. For each
R > 0 the sequence U, converges to 0, as ¢ — 0, in L?((0, R) x R).
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Proof. The estimate (4.4) trivially implies that, for any R > 0,

“+o0
lim/ / [ue|*dydz = 0. (4.10)
=0 Ji0,R)nB. J —c0

By (4.2), (3.10) and Lemma 4.2, for a suitable constant C7 > 0 we get, for any
x1, T2 in [0, +00),

This, together with (4.10) and the fact that |B¢| < Cs /M., concludes the proof. [

liie(@, ) = T, e < Cr(Jan

5. I'-CONVERGENCE

In this section we conclude the proof of the main result by proving the I'-
convergence of the functionals Fy.

Proof of Theorem 2.1: I'-liminf. The formal statement of the I'-liminf inequality
is the following. For each u € X and each sequence u. converging to u in X, it
holds liminf. ¢ F.(u:) < F*(u). In view of the compactness result, the I'-liminf
is achieved once we show that, for each ¢ € C([0,+00)) and each sequence u.
converging to my in X,

1i£r£51f F.(u:) > G(9) . (5.1)

Fix ¢ € C(]0,400)) and a sequence u. converging to mgy. Without loss of
generality we can assume that F.(u.) < Cs. Therefore, in view of Lemmata 4.2
and 4.3, by extracting, if necessary, a subsequence there exists a sequence ¢,
converging to ¢ in C([0, 4+-00)) such that u. = m (-, ¢. )+, with . converging to
zero in L?((0, R) x R), for any R > 0. Let B. be the set of good points as defined
n (4.3). Then

Rz [ [0 dyae [ 2[R te ) - § ar

- /0+OO/—-;:X)(@wus)2 dydz +~/Bi_2 [‘7:@5 (m* (-, 9 (2))) — g} dz + R..

Since, for each R > 0, u. — my in L2((0, R) x R), the lower semicontinuity of the
map u +— ||395u||2L2 (0,r)xR) With respect to the L?-convergence gives

+oo
hmmf/ / (Opuc(z,y))* dz dy

/ /+OO<9 M () ( Vdydr = - / ¢ (x

The estimate of the second term on the right hand side of (5.2) is a direct conse-

quence of Lemma 3.3. Indeed, since e~ 2e~* — ¢~ by Fatou’s Lemma and the

fact that |BE| — 0, we get

(5.2)

(5.3)

e—0

B.N(0,R)

R
lim inf / g2 [.7-}5 (m* (-, ¢ (x))) — %} dr > 16e~ / e @ dz,  (5.4)
0

for any R > 0.
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Finally, we need to estimate R. as defined in (5.2), i.e.,

R. = / 2 [Fy (uelz, ) — Fo (m (-, de(2)))] da
B,
By (4.4), for any x € B,

13
e @[ (2, )| < C4CG M2 e
Thus, if we further choose M. such that M3e? — 0 as ¢ — 0, from (3.14) we get

hm mfR > C— lim / e () ||3 da . (5.5)
1 E—

The bound (5.1) follows by (5.2), (5.3), (5.4), and (5.5). O

We note that the previous arguments show that if the energy of the sequence u.
converges to G*(¢) then u.(z,-), x € B, is actually close in H!(R) topology to the
“right” one dimensional profile, with an explicit control on the norm. The precise
statement is given in the following remark.

Remark 5.1. Take a sequence u. with F.(u.) < Cg and decompose u. as u. =
més(-, ¢e) + Ue, where ¢, is the sequence constructed in Section 4. If u. — My, for
some ¢ € C([0,+00)), and satisfies

liminf F; (us) = GY(¢) < 00,

e—0

then from (5.5) we easily deduce that

hm/ 2| (2, )||3 dz = 0.

Proof of Theorem 2.1: T'-limsup. We now show that for any function u € X of the
form u = My, with ¢ € C([0,+00)), we can construct a sequence . such that

liminf F.(a.) = 6°(@). (5.6)

We observe that for each ¢ € C([0,400)) such that ¢(0) = 0 and G*(¢) < +o0
there exists a sequence ¢,,, with supp ¢, C (n~!, +00) and ¢, > —n, converging to
¢ and satisfying lim,, G*(¢,,) = G*(¢). By standard properties of the I'-limsup, see
g. [6, Remark 1.29], it is therefore enough to construct the recovery sequence for
¢ € C([0,+0)) bounded from below and with supp ¢ C (8, +o0), § > 0.
Let (. be a center of the boundary condition w.. In view of (2.7) and Theo-
rem 3.5, (¢ is in fact the unique center of w.. Moreover, by (3.6), the real sequence
(. converges to zero as € — 0. By redefining /. we can thus assume, and do it now,

that (. = 0.
We claim that the following sequence does the job,
~ mbe (y, p(x if (z,y) € [e, +o0) x R,
ae(ay) =" (, &( ))E_r R ' (z,y) € ) (5.7)
m' (y,0) + 2w (y)  if (z,y) € [0,¢) x R,

where w, := w, — mff.

In the sequel we use the notation F.(-, A) for the localization of the functional
F. on the set A C (0,+00) x R. Since m’ = m¢"*, by Lemma 3.3 it follows that
for each z € R there exists £ > 0 such that

oM {]—}(mﬁ) - ﬂ <17e % Vze [z +o00) VE>1.
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Since we assumed ¢ to be bounded from below, by Lemma 3.3, dominated conver-
gence, and (3.11), we deduce

+oo
lim, P (i, (6, +00) % (~Lz, +00)) = / [§¢'(x)2 +16e % e—4¢<w>} dz. (5.8)
E—> 5
‘We now show that
lim F (i, (0,8) x (—Le, +00)) =16 e 15, (5.9)

Since supp ¢ C (4, +00), (5.6) is a straightforward consequence of (5.8) and (5.9).
To conclude, we are left with the proof of (5.9). As it follows from (2.7) and
(3.14), lim. g e !{|w. |3, = 0 and therefore

6 p+oo e ptoo
lim/ / |0, |? dy dz = lim / / e W (y)|*dydz = 0.
e—0 0 J—u e—0 0 J—r.

On the other hand, since ¢(z) = 0 for z € [0, 6], @ (x,-) = mf (-) in (¢, 0), then
5
8
—2 — . =
/O e [Fuliele, )~ 5] do

- [ [rimt) - 3+ [ [Fatiete ) - En)]

1

As b, — %logsf — «, by Lemma 3.3,

5
lim sup / g2 []—"s(mgf) - §} de = 16e71%5.
e—0 0 3

As noted before lim._o e ||w. %, = 0; therefore by Theorem 3.5, item (iii),

€

lim [ &2 | F (2, ) = Fu(mf)] do =0,
e—0 Jo

which completes the proof of (5.9). O

APPENDIX A. SHARP ESTIMATES ON THE CONSTRAINED MINIMIZER

In this appendix we prove the sharp estimates concerning m¢ and its convergence
to m,. We regard the boundary value problem (3.5) as a one dimensional Newtonian
system with potential —V and mass equal to two. Accordingly, the space variable
y is interpreted as the time and denoted by t.

Proof of Proposition 3.1. Given T > 0, we denote by mr(t), t € [T, 0], the solu-
tion to the boundary value problem

(A.1)

—2m" +V'(m)=0 in (=7,0),
m(=T)=-1, m(0) =0.

Integrating (A.1) by using the conservation of the Newtonian energy, we get that

myp(t) is the strictly increasing function on [—T,0] such that

0 da
—t= / = Yte[-T.0], (A.2)
mer(t)\/V(a) + Er
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where Frp is implicitly defined by the condition,

0
d
= / e (A.3)
~1yV(a)+ Er
In the sequel we denote by C' a strictly positive constant, independent of T,
whose numerical value may change from line to line. By [5, Lemma A.1],

Jim ! Er = 64 (A.4)
and
sup |mp(t) —m(t)| < Ce™?" VT >1. (A.5)

te(—T,0)
We now observe that, for any y € (-, z),
L) =mera(y - 2),

9.mt(y) = Ormes.(y — 2) —mi, . (y — 2), (A.6)
D-m’(y) = Orrmes.(y — 2) — 20rmy, (y — 2) + my . (y — 2).

m
m

The bound (3.6) follows by (A.5). We next show

sup |mp(t) —m/(t)| < Ce?" VT >1, (A7)
te(—1T,0)

sup |m7.(t) —m/(t)| < Ce™*" VT >1, (A.8)
te(—1T,0)

sup  {|0rmr(t)| + [0rmf ()| + [Orrmr(t)|} < Ce™T VT >1, (A.9)
te(—1T,0)

which imply the estimates (3.7) and (3.8).

Proof of (A.7). Since W/ (t) = \/V(m(t)) , mp(t) = /V(mp(t)) + Er, and m(0) =
mr(0) =0, we have

—1l<myp(t) <m(t)<0 Vte (-T,0).

Hence, for any t € (—T,0),

|mip ()~ (t)| < ET+V(m(t)i/(7:(t)) < VEr+4mr(t)-m(t)|, (A.10)

where, in the last inequality, we used that, by the explicit expression (2.1) of V/,
V(b) —V(a) < 44/V(b)(b—a) for =1 < a < b < 0. The bound (A.7) now follows
by (A.4), (A.5), and (A.10).

Proof of (A.8). Since m/.(t

)= () = V' (ma () — V' ((t)) and |V (a)] < 16 for
—1 < a <0, the bound (A 8) is

an immediate consequence of (A.5).
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Proof of (A.9). Taking the derivatives with respect to the variable T in the identities
(A.2), (A.3) and m/4(t) = /V(mr(t)) + Er, we compute,

—1
dE
By i= g = 2

/0 da
-1[V(a) + Er) 8/2
d2Er 3 0 da
E// . _ _7(E/ )3/ ;
TUarr o4 ) [V( )+ ET} 5/2

8TmT \/ mT + ET

mT(t) +E ]5/2 ’ (A]_l)
. EV’(mT( )) 6TmT( ) + 2E§« EU
8TTmT(t) = |:2 V( ( )) T ET E/ 8TmT(t)
ET VvV mT +ET/ —/a
mr() +Er]’

LV (mr(t)) Ormr(t) + Ex
2 V(mr(t)) + Er

By the change of variable b = 1 + a it is straightforward to check that, for any
integer n > 1,

/1 db </0 da </1 db
0 [0+ Er)"? TS [Vie) + BT o 124 Br) "

Therefore,

drmep(t) =

0
plfn) o [ <o vzl (A
¢ ~1[V(a)+ Er]"
where
|[log Ep|, ifn=1,
E =
9n(Fr) { EST? ifn=35.
By (A.12) and (A.11) it follows that
E
?T<|ET|<CET, |Ef|<CEyr VT >1. (A.13)

Since V(a) > V(my(t)) for a € [mr(t)),0], using (A.12) and (A.13), from (A.11)
we get

By [° da
mr(t) [V (a) + Er)
Analogously, using also the explicit form (2.1) of V,
210rmr(t)| + |, EY ELI2
|6TTmT(t)} S ’ T T( )| | T| +‘ ’,/Z“| ’aT T |+C| T| <CET. (A15)
Er ‘ET| Er
Finally,
14|0 t)| + |F}
|Ormip ()| < = [Ormr ()] + | B | <CVEr. (A.16)

2 VEr
The bound (A.9) now follows by (A.4), (A.14), (A.15), and (A.16).
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Proof of (3.9). Recall that m’(y) = m.(y) for y > z, whence (m%)' (y)+0.m’(y) = 0
for y > z. Therefore, by (A.6) and (A.11),

()] () [0.mt] (2) = lim () (9) + Do ()} = lmrma(y—)| =0,
On the other hand, since m/(0) = 1,
[(mtY] (2)] = \1 — /V(me12(0) + EBegs| = \1 — 1+ Epa| < Epys .

By (A.4), this concludes the proof of (3.9).

Proof of (3.10). Without loss of generality we assume z1 < z2. Since

mt (y) <0< mi (y) =m.,(y) Yy (21,2)

then

+oo
o, = m e = [ i, () = s () dy
= (A.17)

whence G’(0) = 0 and, since m is strictly increasing, G’ is strictly increasing.
Moreover,
+oo 4
co=2 [ ImwPy=7.
0

The above properties of the function G imply G(z) > C 2% A z for any z > 0. In
view of (A.17), this yields the lower bound of the estimate (3.10).

To prove the upper bound we analyze separately the cases zo — z; < 1 and
zo — z1 > 1. In the first case, we use the Schwarz’s inequality and (3.8) to write

z2
/ 3zm£ dz
z1

< (2|2 + 2420 + zp)e ) (3 — 212

L

[,

zZ2 ’ 9
< (z — zl)/ H@szHL2 dz

2
L2 z1

YA
s \

In the second case, recalling the definition of m! outside (—¢, z;) and using (3.6),
we have

—+oo
_ _ 2 At
Hmﬁ1 —mﬁ2||%2 < /é 2[mzl(y) —sz(y)] dy+8A2(£+22)e 4(+z1)

SC(ZQ_Z:[).

The proposition is thus proved. (I
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