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ABSTRACT. Setting the Homogenization of Hamilton Jacobi equations in the
geometry of the Heisenberg group, we study the convergence toward a solution
of the limit equation i.e. the solution of the effective Hamiltonian, in particular
we estimate the rate of convergence. The periodicity of the fast variable and
the dilation are both taken compatibly with the group.

1. Introduction. In this work we shall consider Hamilton-Jacobi equations in-
volving a Hamiltonian which is not coercive. Precisely we shall study equations of
the following type:

u+ F(¢0(&)Vu) =0 in R (1)

I 0 297
where o(§) = 0 ] —95T
(z,y,t) € R"" x R™ x R.

Clearly F(&,0(&)q) is not coercive in ¢ but we shall require that it is coercive in
p=0(&)q.

We denote by Vygnu := oVu = (Xyu, ..., X,u, Yiu, ..., Y,u) the so called hori-
zontal gradient in the Heisenberg group H” = (R?"*! o). Before proceeding in this
introduction we want to recall a few notions concerning the Lie group H™. The
group action is given by

> with I the identity n X n matrix and where & =

ool = (1' T %o, Y+ Yo, t + 1o+ 2(‘T~yo - y-zo))
and V- is defined through the vector fields
0] 0 0 0

Xi= ot 2o, V= o 2w
oz T Vi oy ot
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which are left invariant with respect to o. Furthermore they satisfy the so called
Hormander condition i.e. they generate the whole Lie algebra of left invariant
vector fields together with their Lie bracket.

Hamilton-Jacobi equations in the Heisenberg group have already been studied
by Manfredi and Stroffolini in [11] where they give a Hopf-Lax formula for the
following equation

uy + F(o(&§)Vu) = 0.

For further properties concerning the Heisenberg group see the next section and
[15]. We just recall that the Heisenberg group possesses a family of dilations given
by 6,.(¢) = (rz,ry,r*t) for r > 0. We shall endow H" with the following “norm”
with respect to d :

1/4

€

N 2
o (St en) o

and the associated distance:

dsgn (€,1) = [0~ 0 Elman.
In the first part of this paper we shall establish a comparison principle for vis-
cosity sub and super-solutions for (1) under the following assumptions on F:

There exists C, C3 > 0 such that for all £,& € H”, p,p’ € R?":

(F1) [F(,p") = F(&p)| < C(IE o &lan + |p" — )
(F2) [F(,0)] < Cs
(F3) lim,| o F'(§,p) = +00 , uniformly for £ € H".

Let us emphasize that p stands for the Heisenberg gradient of the solution,
hence the norm is the Euclidean norm in R?"; furthermore even if (F3) holds, for
appropriate ¢ one may get F(£,0(€)q) = 0 with ¢ € R |¢] >> 1.

Also we shall need to consider the space of Lipschitz functions with respect to
the group metric, namely:

AH") = {ue C(H");3K > 0,¥¢,n € H", u(€) —u(n)| < Kln~" o &lun}.

Observe that A(H™) does not coincide with the set of Lipschitz functions while the
topological equivalence of the Euclidean metric and the dy» metric implies that

C(Hn) — C(R2n+1).

THEOREM 1.1. Under assumptions (F1), (F2), (F3), there exists a bounded viscos-
ity solution in A(H"™) for equation (1).

Moreover, we have the following comparison result: let u be a bounded sub solution
and v be a bounded super solution of (1), then u < v on H".

In particular, the solution in L>(H"™) N A(H") of (1) is unique.

Of course the conditions on the Hamiltonian F' are not the most general but our
main aim is to show the particularity of the Heisenberg group in relation with vis-
cosity solutions.
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Since we want to consider a homogenization problem, we need to introduce
a Hamiltonian depending both on slow and fast variables. Hence, we consider
H :H" x H” x R?® — R that will be periodic in the second variable, in a sense to
be specified below.

In this context, we are concerned with

(E.) W)+ H (5, 51¢, anue(g)) —0 on H”

where € is a small positive parameter that will converge to zero.

The main result of this paper is to extend to the Heisenberg group the result
obtained by I. Capuzzo Dolcetta, H. Ishii [8] in the coercive case where they estimate
the rate of convergence of u. to the solution of the effective Hamiltonian. For other
results in homogenization of Hamilton Jacobi equations see e.g. Evans [9] and
Lions, Papanicolau, Varadhan [13]. More recently let us mention the works of O.
Alvarez, M. Bardi [1, 2] and M. Arisawa [3].

Here we assume that the Hamiltonian H is H"-periodic in the second variable
with respect to the group action i.e. we suppose that

H(&, ke;on,p) = H(E,n,p), for ke N, VI <i<2n (2)

with e; = (0,...,1,...,0) where 1 is in the i-th position.

The other conditions that we shall impose for H are morally similar to those
required previously for F. Namely, we assume that there exists C,C3,v > 0 such
that for all £,&',n,n’ € H*, p,p’ € R*™,

(H1) |H (& ', p") — H(En,p)] <CUE o lam + It o/ |wn + [p/ — pl)
(H2) vlp| — Cs < H(&,n,p) < v|p| + Cs.

Following Lions, Papanicolaou, Varadhan, [13], we can formally write

U (€) = 1o €) + cur (€, 51€) + ofc).

Since the Heisenberg vector fields are homogeneous of degree 1 with respect to the
dilation, one gets that the limit equation when e goes to 0, satisfied by u, and u
is

uo({) + H(€7 m, VH7L7£UO(§) + vH",Tf“l(év 77)) = 0.

It is then natural to prove that the limit problem of (E.) is given by

(E) u(€) + H(E Vanu(§)) =0 on H”
where H, the so-called effective Hamiltonian, is obtained by solving the ”cell-
problem”
(CP) H(fﬂ?»P + VH"U(U)) =X on H"
where ¢ € H” and p € R?" are some fixed parameters.
Indeed, there exists a unique A = A(£,p) € R such that (CP) admits a bounded,
continuous solution v. One then defines:

H(¢,p) =X V(¢ p) € H" x R*.
We will prove, using the method of Capuzzo-Dolcetta and Ishii [8], that the se-
quence of solutions u® of (E.) converges uniformly on H" to the solution u of (E);
this method will also give the rate of convergence in term of €. Our first result is
the following:
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THEOREM 1.2. Assume that H : H* x H* x R?" — R is H"-periodic in its second
variable and satisfies (H1), (H2).
Then there exists C > 0, independent of € € (0,1), such that

sup [uf(€) —u(é)] < Ce'/P.
E€H

There are two difficulties in this new setting. One is that, even though |.|g» plays
a role in H" similar to the one played by the Euclidean norm in R™ it lacks a

fundamental fact : it is not the solution of the eikonal equation |Vgnu| = 1 but
only a sub-solution. Hence it is necessary to prove that viscosity solutions of
\VHnu\ <C

are Lipschitz with respect to the norm |.|gn. This is done in Lemma 3.1. Since
the Carnot-Caratheodory distance as defined e.g. by Gromov is the solution of
the eikonal equation, this result is clearly related to the fact that the Carnot-
Caratheodory metric is equivalent to the metric related to the norm |.|g» . See the
works of Monti and Serra-Cassano in [12].

Here on the other hand we don’t use the Carnot-Caratheodory metric because
it doesn’t allow explicit computations as required in the homogenization process.

The proof of Lemma 3.1 is different from the Euclidean case and it morally
uses the bracket generating property of the vector fields i.e. [X;,Y;] = —4%.
Furthermore we should emphasize that this intrinsic Lipschitzianity implies only
Holder continuity.

The other difficulty rises from the fact that it is quite standard to prove com-
parison results for viscosity solutions by doubling the variables. In the Euclidean
setting the test function is then constructed via the smoothing factor |z —y|? which
has the important properties that V,|z —y|?> = =V, |z —y|? see [6]. Hence it seems
natural to replace |z — y|? with [np~! o £|3. but it is easy to see that

Vi eln " 0 Elfgn # —Van gln " 0 €lfn.
In fact Vign ¢ f(n7 0 &) # =V, f(n~1 0 &) for any f non constant.
Hence the choice of the test functions is new and it is constructed ad hoc to this
setting.

Let us mention that the converging rate is different from the one obtained in the
coercive case by Capuzzo Dolcetta and Ishii since they obtain e!/3; this fact seems
to be related to the technique adopted and the interesting question of knowing
whether or not it is sharp remains open.

Let us finally consider the simpler case when the dependence on £ is only via
the matrix o i.e. for H(¢,n,p) = H(n,p). The rate of convergence is very much
improved with respect to Theorem 1.2 because the solution of the effective equation
is constant:

THEOREM 1.3. Assume that H(&,m,p) is independent of £, H™-periodic in n and
satisfies (H1), (H2).
Then there exists C > 0 independent of € € (0,1) such that

sup [u(€) —u(§)| < Ce.
E€H?



HOMOGENIZATION IN THE HEISENBERG GROUP 5

2. Some results on periodicity in H”. In the introduction we have already
given most of the notations and definitions concerning H".
We define the open ball of radius R and center &, by

By (&, R) = {§ € H"; du~(£,&) < R}
Let Q = [—3,3) x [-2,2) € R*"*L. For all k € Z*", we define Qi = (k,0) o Q,
the left translated cube by k with respect to translations of H".
One can prove that, even though U Qr # H", {Qk}rezen generates a tiling of

keZZn
H"™ in the following sense

LEMMA 2.1. For any £ € H" there exists €, € Q and there exists a finite number of
left group actions generated by elements of the form (k,0) with k € Z*" that applied
to &, give &.

Proof. Indeed take any & = (x,y,t) in H”. First fix k; = [;vz + %] (where [s]
stands for the integer part of s.) hence &; = x; — k; € [~3,3) and similarly for

hi = [y; + 3] we choose §; = y; — h;.

Now choose k = (k1,...,kn, h1,...,hy) clearly :

(k‘,O) o (i'vgat) = ($7ya£+ QZ(h’L‘%Z - kzgz))

i=1
This is true for any £ € R.
Now let us note that fori =1,...,n:
51€4 0 S52€i4p 0 (—51€;) © (—52€i4n) © (2,4, 7) = (x,y,T — 45152) (3)

where e; is the i —th vector in the Euclidean base . Hence we need to find # € [-2,2)
and ny € Z and ny € Z such that

i=1

To achieved this end just choose

t—2>70  (hily — ki)
4

ning = |:
This ends the proof of the Lemma 2.1.

Remark. In [7] a similar result was proved but H" was tiled by taking the group
action of any point in Z2"*! and not only the points of the type (k,0).

In the introduction we said that a function defined on H" is H"-periodic if

F((k,0)08) = f(€) ,Vk € Z*N,VE € Q.
Clearly from the considerations above it is clear that this implies that f is also
periodic in the last variable.
Consider now the set @ dilated by a small parameter € > 0:

Qi =0.Qr = 56((k70) o Q) - (5k>0) o (56Q)
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The last equality comes from the fact that the dilation is well defined with respect
to the group action o. One easily checks that {Q5 }rezzn still generates a tiling of
H", in the sense of Lemma 2.1 and we shall say that a function is eH"™-periodic if

f((ek,0)0 &) = f(€) ,Vk € Z*",VE € Q°.
Note finally that if & — f(&) is H"-periodic, then & — f (6;5) is eH"™-periodic.

3. Existence and comparison result for Hamilton-Jacobi equations on
H™. In this section, we consider the equation:

Yu(§) + F(§ Varu(§)) =0 on H" (4)

where v > 0 and F is a continuous function on H" x R?".
Let us first precise that f € C''(H") means that the horizontal gradient Vg f is
continuous on H". Clearly a function may be C'! in this sense but not in the usual
sense.

Following [11] we give the following

DEFINITION 3.1. We say that u € C(H") is a viscosity sub-solution of (4) if

Vo € CHH"™), if & € H™ is a point of local mazimum of u — ¢ then:

Yu(€o) + F (&0, VEnd(&o)) < 0.
u € C(H"™) is a viscosity super-solution of (4) if

Vo € CHHM), if & € H™ is a point of local minimum of u — ¢ then:

Yu(€o) + F (&, Viné(&o)) = 0.

u 18 a viscosity solution if it is both a super and sub solution.
The formal Taylor expansion of a function u : H* — R at the point £, reads (see
[14]):

u(€) = ul&o) + (Varu(éo), 65" 0 &) +o(1€5 o Elmn)
where we have used the following notation: if & = (z,y,t) then & = (z,v).
This formula suggests the following definition of sub differential and super dif-
ferential adapted to our situation.

DEFINITION 3.2. Let u € C(H"), we set

() —u(&) = (p,& ' 0 €)

Dﬁnu(fo) = {p € R*; limsup u >0 <o},
§—6 1€ " 0 &lpn
—
D]ﬁnu(fo) = {p c RQn; hgn énf u({) - u(é;ol) - <pa 50 o §> > O}
—&, |§O o €|y
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REMARK 1. Taking & = &, o (hp,0) with h € R, one easily checks that

i (p&'o&)
imsup ——5———= = p|,
t—& €0 o&|mm
—1
lim inf (Polo 08 —|pl.

= |6 ollm
As a consequence, if there exists C' > 0 such that for all £ € H"

u(€) = u(&)] < ClES o Elmn
then any p € Di.u(é,) or any p € Dy.u(é,) satisfies |p| < C.
The converse is a much more delicate matter and will be considered in Lemma 3.1.

We now give an equivalent definition for a viscosity solution of (4) in term of
sub and super differential (see [11] for a proof) :

PROPOSITION 3.1. u € C(H™) is a wviscosity solution of (4) if and only if for all
£ € H”

Vp € Dﬁ”/u(fo)v ’Yu(go) + F(foap) <0
and

Vp S Dﬁ,,LU(go), ’Yu(&)) + F(govp) Z O

On the other hand it is possible to prove that a solution of (4) (in the sense of
definition 3.1) is a solution of (4) in the classical viscosity sense since

PROPOSITION 3.2. Let & = (T0,Y0,t0) € R and p € R* L be an element of
DT f(&) (resp. D™ f(&)). Then, writing p = (p1,p2,p3) € R® X R® x R, one has:

(1 + 2P3Yo, P2 — 2p30) € Dy (&) (resp. Dygn f(&o))-
Proof: Let (p1,p2,p3) € R® x R™ x R be an element of DT f(£,). One has:

f(xo +m1,90 + 12, t0 + 15 + 2(01.Yo — N2.70))

T (&) +p1m + p2n2 + p3(n3 + 2(11-Yo — 12.70))

o(m| =+ |m2| + [n3 + 2(m-yo — m2.70)|)

F (&) + (P14 2p3yo)-m + (P2 — 2p320)-12 + p3nz + o(|n1| + 02| + [n3])
= f(&)+ (1 + 2psyo)-m + (P2 — 2p3%0)-m2 + o(|m1| + |m2| + |ms]*/?).

One easily checks that o(|n|gn) = o(|n1| + 72| + |n3]*/?) and then, by definition, one
deduces that (p1 + 2p3ye, P2 — 2p320) € D f(&o)-

[ 077)

+ IA

We now want to consider the proof of Theorem 1.1. We shall give a direct proof
of the comparison result because it shows the peculiarity of this Hamiltonian and
it uses tools that will be used in the proof of Theorem 1.2 in a more readable
context. Let us mention that the comparison result of Theorem 1.1 can be proved
using Proposition 3.2 and comparison results of standard viscosity solutions (see
Barles [6]). On the other hand, we skip the proof of the existence. Indeed, by the
comparison principle, it is possible to use the standard Perron’s method to get the
existence of solutions (see Ishii [10]).

The following result will be crucial in the sequel:
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LEMMA 3.1. Any bounded viscosity sub solution of |Vynu| < C' satisfies

[u(€ o) —u(§)] < Clnlen

for any n € H".
Proof of Lemma 3.1: For simplicity we shall write the proof when n = 1, but of
course the proof is identical for general n.

First step: We shall prove that for any n = (n1,72,0) we get

[u(§ o n) —u(&)] < Clnla~ := Cnl.
Let £ = (z1, 22, 23) and
(40 )

then [Vimu(§)] = |0(€)Vu| = supyepe g<1 07 (§)q - Vu.
We now fix ¢ = (¢1,¢2) and we define ye(s;¢) € R*" ! the solution of

{ y =o'q,
y(0) =¢&.

If we identify (¢1,¢2) = (g1, 42, 0) then ye(s;q) = £ o sq.
u satisfies the hypothesis of Theorem 5.21 of Bardi-Capuzzo Dolcetta [4] with
A = 0. Indeed u is a viscosity sub solution of

sup {07 (€)g- Vu—~C} <0

q€R?,[q|<1
hence u satisfies

w(ye(s;q)) — uwlye(t;q)) < C(t = s)
for s <t. By choosing —¢q instead of ¢ and observing that —t < —s we obtain that
u(ye (s;q)) — ulye(t; )| < C|(t = s)|.

This of course holds for any unitary ¢ € R? and hence the first step is concluded.

Second step: Now take any £ = (z,y,t) and & = (x1,y1,t1) and let n = (z7 —
x,y1 —y,0), hence £ on = (x1,y1,t + 2(yz1 — xy1). So to estimate u(&1) — u(€) we
need to estimate u(&1) — u(€ on) (since we know how to estimate u(§ o n) — u(§))
i.e. we need to estimate u(x1,y1,t1) — u(z1,y1,7) with 7 =t + 2(yz1 — 2y1).

Without loss of generality we can suppose that 7 > t1. Recalling (3) i.e.

(w1,y1,7) 0 5161 0 5269 0 (—51€1) © (—52€2) = (T1,Y1,T — 45152).

We can choose s1 = so = s and s? = (7 —#;).

Using the above result we obtain

w(zy,y1,t1) —u(zr,y1,7) < K(4s) = 2K (7 — t1)Y/2.
Putting everything together we obtain
Ju(ér) = w(€)] < K(In| + 2(|t — t1 +2(yar — zy1))'?) =

= K(|(z1 — 2,y — y)| +2(]t — t1 + 2(yz1 — 2y1) ) /).
This ends the proof.
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Direct proof of Theorem 1.1: Let u and v be respectively a bounded super solution

and a bounded sub solution of (4). For e, € (0,1), £ = (z,y,t) and n = (z/, ¢, t),
we define the functions:

(=P + =y P\’ v
Ad&@——(( ) +@—ﬂ+2ww—xy»ﬁ

e

p(€) = I€fEn
and then

D& ) = v() = ul€) = ZAc(€,1) — ap(€).

Since € €]0, 1], one clearly has [p~! 0|3, < A-(&,7n); moreover, an easy calculation
gives:

1

|Vin e Ac(E,m)] = |Vin,Ac(&n)| < 9:—1/2 ((x —a')? :_ (y — y/)2> 2
= 26_1/214;/2(5377)7 (5)
|Vein ¢ Ac(€,1) + Vi 5 A< (€, )| < 4272 A%, ), (6)
|Vin ep(€)] < 2[&]mn- (7)

Since v and v are assumed to be bounded on H", one easily checks that ¢ tends
to —oo when [€|gn, |9|gn — oo. Thus, ¢ attains a global maximum at some point
(€,7) depending of course on ¢ and a.

Thus, € is a minimum point for & — u(€) + LA (&,1) +ap(§) and since u is a super
solution of (4), we have:

Yu(6) 4 F (&~ 1V cAE) ~ aVio cp(©)) 2 0. )
lAE

On the other hand, # is a maximum point for 5 — v(n) — 2 (é, 1) and since v is

a sub solution of (4), we have:

70(i) + 7 (1, Va1 A6 ) <0 )

Let Cy > 0 be such that ||u|se, |[]]ec < Co; writing (€, 7) > (0, 0), one gets:

ZA4.(E7) + ap(€) < 4Co.

In particular, we derive:

p(€) = |2, < 4Coa".
Then, writing ¥(&,7) > ¥(&,€) and using Lemma 3.1, one gets:
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LA A) < ()~ v(E) < Ml o Elue < MAY? (1)

which yields:

Aa(éa 77) < M3,
One then subtracts (8) from (9) to obtain:

F <£7 7§vH",§AE(év ﬁ) - avH",EP(g)) - F (777 gvH",nAE(éa 77))

=2
—
<
—
=
~—
\
<
~—
m
~—
~—
AN

1 2 )y 1
< (17" 0w + [ Vamep(@)] + Z1¥i0 el + Vi pel6o]
< C(AY2E D) + 200 + 4572412, )
< CO(Me + 4y/Coa + 4Me?).

Finally, one derives, for all £, € H":

o)~ u(€) = ZA(Em) = lim o(En)

a—0
lim (&, 7)
Jim (7)) — u(é)

< ATIO(Me + 4MEeY?).

IN

<

Taking £ = 7 in the left-hand side and then passing to the limit when & — 0, one
gets:

v(§) —u(§) <0, V¢ e H"

and the result is proved.

4. Around the cell-problem. Theorem 1.1 in the previous section immediately
yields that, under assumptions (H1), (H2) for all € > 0, there exists a unique
solution u® € L (H") N A(H™) of the equation:

(E:) u (&) + H(§,01&, Vanus(§)) =0 on H"
with H satisfying

n+— H(&,n,p) is H'-periodic for each (£,p) € H" x R,
From the work of Lions, Papanicolaou, Varadhan, one guesses that the limit prob-
lem of (E.) is given by
(E) wl(€) + F(E, Vinu(€)) = 0 on HP
where H, the so-called effective Hamiltonian, is obtained by solving the ”cell-
problem”

(CP) H(ﬁvnap + VH"U(T])) = )‘7 on H"
where £ € H” and p € R?" are some fixed parameters.

As announced in the introduction, our first result is the following:
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THEOREM 4.1. For every fized (€,p) € H™ x R?", there exists a unique real number
A= A&, p) such that (CP) has a bounded, continuous solution v.

We then define the ”effective Hamiltonian” H by

H(¢,p) =\, V(¢,p) € H x R*"

and one notices that H enjoys the same structural assumptions than H.

A classical way of constructing a solution of (C'P) is to introduce the approximated
equation:

(AP) ava(n) + H(&n,p + Vinva(n)) =0 in H"

where ¢ € H" and p € R?" are fixed.

We know by the results of the previous section that there exists a unique v, €
L>(H™) N A(H") solution of (AP). The uniqueness and the invariance of Vgn by
left group action implies that v, is H™-periodic.

The aim of the following proposition is to gather some estimates about the function
v, which will be useful in the next section.

PROPOSITION 4.1. There exists Cy > 0 such that, for all £,&',n,m' € H" and p,p’ €
RQn:

1. —sup,ecpn H(§,n,p) < ava(n) < —infyenn H(E,n, p)-

2. [Vunva(n;€,p)| < Ca ( Ip|) in the viscosity sense.

3. lava(n';€',p") — ava(m;€, )I < Ca(ln~tonlam + €7 0 & fmm + [p" — ).
4. @a(n;&p)JrH( )| < a ( + Ipl)-

5. [H(€.) — HE D) < Callg ™ o €'ln + 16’ — pl)-

Proof of Theorem 4.1 and Proposition 4.1: Since the constants:

—a~ ' inf H(¢,m,p) and — ot sup H(&,n,p)
neHr neHn

are respectively super solution and sub solution of (AP), one has:

—a~t sup H(E,n,p) <va(n) < —a~' inf H(En,p). (10)
n€Hn" neH”

This proves 1. of Proposition 4.1 and from (H2), this implies that

a||vallee < vip| + C3
so that

H(&m,p + Vinva(§)) < vlp| + Cs. (11)
On the other hand,

H(&n,p+ Varva(§)) Z vIp + Virva| = C3 2 v|Vanva| —vlpl = C3. (12)
One deduces from (11) and (12) that:

C
Vineal <2 (1ol + )
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which proves 2. of Proposition 4.1.

Setting 9, = vq—ming vg, one has that 9, is periodic, bounded in L (H™)NA(H").
Extracting a subsequence, one may assume that (., —v,) converges uniformly on
H" to some (v,A) € L>*(H") N A(H") x R

Using the fact that 9, solves:

adgy +angnva + H( n,p+ Vunt,) =0 on H”

and from the stability result, we get that v satisfies:

—A+H(&n,p+ Vygav) =0 on H”

which proves the existence part of Theorem 4.1.

Suppose now that there exists another couple (u, w) € Rx L (H™)NA(H™) solution
of the cell-problem, such that A\ # p. We may assume that A < p and since v + C'
is still solution of the cell-problem for any constant C'; we may suppose that v > w
on H".

We then choose a small « such that A + av < p + aw.

v is the unique solution of

au+ H( n,p+ Vunu) = A+ av (13)
while w is the unique solution of
au+ H(E n,p+ Vanu) = p + aw. (14)

In particular, w is a super solution of (13) and using the comparison result, we get
v < w on H", a contradiction.

In order to prove 3., fix h, k,& € H", p,1 € R?" and set w(n) = vo(kon;ho&, p+1)
which, from the left-invariance of the Heisenberg gradient, is solution of:

aw(n) + H(ho& kon,p+1+ Vumw(n) =0, neH"
From (H1), one deduces that:

—C(|h wn +l) < aw(n) + H(E n,p+ Vanw(n)) < C(h

In particular, this means that:

mn + |k

m~ + |k

—_—

C C
s w(n) = = (s + Kl + 1) and g w(n) + (Al + ke + )

are respectively sub solution and super solution of (AP).
Using the comparison result, one gets:

C c .
= o Unlen + [klan +[U]) < va(n) < wn) + —(hlze + [klz- +[1]) ;7 € H

w(n)

which may be rewritten:

lavg (kon;ho&,p41) — ava(n; €, p)| < C(|hlun + |k
This proves 3. of Proposition 4.1.
We then claim that:

sn + 1.
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QSUP Vg 2 —F(f,p).
Hn"

Indeed, if it were not the case, one would have, from the viscosity point of view:

H(E,m,p+ Vanva(n)) = —ava(n) > H(,p) = A
Hence, v, would be a super solution of the cell-problem, which would imply that
Vo > w on H™, for any solution w of (C'P), from the comparison result. This leads
to a contradiction since, if w is a solution of the cell-problem, then so is w + C for
any C' € R.
A similar consideration shows that

«Q %Hl}nf Vo < _F(fap)

Then, as a consequence of 2., one has for all 5,7’ € Q

lva(n':€,p) = va(m:€,p)] < Ca(L+ pDIn~" o0 lun < Ca(1+ |p))Cn

which yields, using the H"-periodicity of v,
ova(n:€,p) < o lof va(n'3€,p) + aCa(1 + [p|)Cy
< —H(&p) + aCu(1 4 [p)Cn
and

awa(;€,p) > « sup vo(1';€,p) — aCy(1 + |p|)Cn
/’]/e n

> —H(&p) — aCy(1+ |p|)Chw.

V

Finally, one gets

lave (m; €, p) + H(&,p)| < aCy(1 4+ |p|)Cn

and 4. is proved.
From 3. and 4., one now gets, for all o > 0:

H(E p') = H(&p) < Ca(l€ 0 & lan + [p = p']) + aCu(lp| + [p')Cn.
Sending « to 0, this proves 5.
5. The rate of convergence. In this section we shall prove Theorem 1.2 and

Theorem 1.3.
Let us first recall that «®, u and v, = v, (.; &, p) are respectively the solutions of:

(E.) uH(€) + H (£,0:6, Vanu(€)) =0, € € H"
(E) u(&) +F(€7VH”U’(€)) =0, § e H"
(AP) av@(n) + H(fﬂ],p—F VH"U(X(T])) = 0 y N € Hn

For ¢,0,8,0,A € (0,1), £ = (z,y,t) and n = (2/,y, '), we define the functions:

N2 N2\ 2 1/2
Acx (&) = (((m_x) it y)) +(t—t’+2(fc’y—xy’))2>

eA
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p(&) = [€]fn
and then

B m) = () — uln) — cvus (3166, (Em)) — 55 Aen(Em) — p(0)

where QE(€7 77) = E%VH"‘7§A€,A(53 77)
Since € €]0, 1], one clearly has

It o€l < Acpn(€,m) < e Myt o €lRn;

moreover, an easy calculation gives:

(=2 +(y—y)

Vi eAer(Em)] = |ViegAcn(€,n)] < 2672 <

< 27 M2AY2 (e ),

e

|Vin e A x(€:m) + Vien A x(€m)] < 422412 (¢, ),

[V ep(§)] < 2[¢

In conclusion putting together (15) and (16),0ne has

H™ .

g (& m)| < 2e7P 2 ALR (€ m) < 267 o €.
We shall need the following estimate

lg(&:m) — q=(&, 1) < Ce™P|(") " o .

Hence we need to prove that there exists some constant C' such that

[V Vi ¢ Ac 2 (€,m)] < C.

(15)

)2
(16)

(17)

(18)

(19)
(20)

(21)

This will be proved in the appendix since it is a simple but sort of long computation.
Let C' > 0 be some constant such that ||u||ec, ||¥|lec < C. In view of 1. of

Proposition 4.1, (H2) and (16), we have:

5
¢(&n) < 204" (Vgo(&m)| + Cs) — %%Aa,x(f,n) —50(8)

2

RN 1
1-6 e, A \»
< 2C +¢ (2VW + 03

1)
- @Aa,)\(gan) - 50(5)~

Hence, ¢ attains a global maximum at some point (£,7) depending on the various

parameters that appear in the definition of ¢.
Then, writing (¢, ) < ¢(£,7), one gets:



HOMOGENIZATION IN THE HEISENBERG GROUP 15

u®(§) —u(§)

IN

us(é) —u(7)
+ & (UEH <5é§;§70) — Vgt (5%5;57 %(évﬁ))) +
+ Slelhn — S1élkn 2

The scope now is to estimate the terms on the right hand side of (22). For this
let us state a Proposition that will be proved later.

PROPOSITION 5.1. Lete,3 € (0,1), 6 € (0,1/2) and A € (0,1-73), § € (0,1-8-1N)
then there exist some constants L, M and Cs,Cg > 0, such that:

AV2(¢ 5
€| < 51L/2 and # <M, (23)
u(f) + H(E, G=(€,9) = —Co(e” + 7777 (24)
where G=(€,1) = — % Vir A A (€,7).
u(€) + H(E g=(€,0)) < Cs(e” + 62+ 707072, (25)

Here and in the following A.£ := §,& with A € R and £ € H” when no ambiguities
arise. From 1. of Proposition 4.1, (H2), (16) and (23), one has:

1 ~

€

. (vge(i.é“;ﬁ,O) —va(REE, qs(&ﬁ)))

IA

1
5

1-0
€ sup H
< p H( f,

neHr

Enacén) - inf H(EEn0))
< e 0(vlge(€, )] + 2Cs)
< e uMe N2 4 20;). (26)

We now want to subtract (24) from (25), but first let us remark that from 5. of
Proposition 4.1, (17) and (23),

H(E,q-(E,7) — HE q:(6,7))] < 4Cse 242 < 201,

Now taking 6%/2 < %, one gets the existence of C; > 0 such that

uf () —u(f) < Cr(e? + &% + & 707072 4 4/2) (27)
Using (26) and (27), (22) yields, V§ € H™,:

2
H»s -

)
U (€) —u(€) < Cp(e? 4+ &P + 1707972 L N2y L 10 (e 2 4 2C5) + 5'5

Hence, sending § — 0, one obtains:

U (€) —u(€) < (C7 + 20M + 2C3) (% + P 4+ M2 4 179782 ve e H™.

The optimal choice being § = § = % = 1/5. We have thus proved that there exists
C > 0 such that:
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sup(u(€) — u(©)) < C=1°.
Hn

Reversing the roles of u and u®, one gets the opposite inequality and Theorem 1.2
is proved.

Proof of Proposition 5.1: Let C, > 0 be such that ||u®||s, ||t||cc < Co. Writing

d(€,7) > ¢(0,0) and proceeding as above using 1. of Proposition 4.1, and (19) one
gets:

o - 1 A .
5P(E) + 55 An(En) < 4C, + 2" (v (€,7) + Cs)

< A4C, + 26 0 (we P A o Elgn + C).

Thus, using Young’s inequality, and (15)

5 .
§|£‘%ﬂn < 4OO+V252—29—[3—2)\_|_20381—0.

For0<6<1-— g — A, the above inequality yields:

2. <4C + 202 4+ 205

5 -
§|§
and the first estimate of (23) is proved.
Writing ¢(&,7) > (€, €), one gets:

! &, qs@,m) |

e Aen(E) < @)~ uti) + £ (0 (.E60) - v

Thus, from 3. of Proposition 4.1, (15) and (16), one deduces:

1
€

M | =

1 . o o e
55 A &n) < CliTh o dlun + Cae’ %1g- (€, )|

< (CHCue 0 P2) A\ (€, 7)3.

This conclude the proof of (23).
Proof of (24): Since ¢ has a maximum point at (£, 7)), one deduces that the function:

=

pin i u(n) + E%AE,A(é, 1) + vz (éf; £, 4 (€, 77))

has a minimum point at 7.

Subtracting to u a smooth positive function vanishing at 7 as well as its horizontal
gradient, one may assume that ¢ ha§ a strict minimum at 7. o R
Let us set vi(n) = u(n) + & Acr(E,n) and va(n) = cvoo(LEE q.(€,m)) so that
Y =v1 + V2.
Let r > 0 be such that v1(n) + va(n) > v1(7) + v2()) on By~ (7, r) and define, for
a > 0, the function:

@
Y& n) =v1(§) +va2(n) + 514%,,\(5777)-
Let (£4,7a) be a minimum point of ¢ on Bgn (A,7). One has, for all ¢ € Byn (A, 7):
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P(&,&) = v1(§) + v2(§) = ¥(&arMa) = v1(&a) + v2(7a)- (28)
The first inequality with & = 7, yields:
e
514&,/\(&1,%) < Ul(ﬁa) _’Ul(fa)
< C|77<;1 o ga‘H"
and then, from (15):
alngt o falun < 2C. (29)

Moreover, one may extract from (£.), (7o) a subsequence such that &, — & €
By (1), 7) and 4 — oo € Bpn (7, 7) when o — oo. From (29), one clearly sees that

goo = Moo+
Thus, passing to the limit in (28), one gets:

v1(§) +v2(8) = v1(€o0) +v2(Ec); VE € Brn (1), 7)
which implies that £, = 7 and that £, — 7, 7o — 7 (without extracting any
subsequence).
Now, the functions:

§ o) + SALA(Ema) and g o) + FAL 5 (o)

have respectively a minimum point at &, and 7, and this implies that:

o _
§VH",§Aé,)\(£aa 7704) S DHnUI (ga) (30)
and
[0 _
§VH“,?7P(£OH 7704) € DH7LU2(77¢1)~ (31)

Let us now note that from 3. of Proposition 4.1, one has:

o2(n') —ve()] = |eveo (2656, 0(€,7') — €ven (

< 00 (6 n) — q-(€,n)]

M | =
>
>

&:€,q:(6m)

(O

and then, from (20),
lva(n') = va(n)| < 07 I o [

Finally this together with remark 1, gives:
|5 VaneAL s(€ama)| < €' 70707, (2)
On the other hand, from (30) and the definition of vy, one has:

%VH",EAi,)\(fom 77(1) + (je(éa ga) € D]Iinu(ga)'

Since u is a solution of (E), we obtain that:
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— « ~
u(§a) + H (a5 Ve Az 2 (o) + (6 60)) 2 0.
Then, by 5. of Proposition 4.1 and Proposition 5.1,

u(6a) + (&0 (6,62)) = ~Ci (J€5" o

From (32), this yields:

(07
TSV eAy y(Eama)l) . (33)

u(ta) + HE a-(€.62)) = —C (J€" 0 g‘Hn Ot

Thus, passing to the limit when « tends to +o00, one obtains:

u(®) + H(E 2:(E7) = =Ca
(24) is then a direct consequence of (23).

,,7—1 ° é‘ 4 C/gl—@—ﬂ—)\)
Hn

Proof of (25): First note that, adding to u® a smooth function vanishing at ¢
as well as its horizontal gradient, one may assume that the function:
1

€1 () — evun (166, (67) — 503 A (6:7) — 5p(6)

has a strict maximum at é . Consider next, for a > 0, the function:

1)
YEmO) = Q) — even(niC,ae(C,)) — 5o Aen(6d) — 2p(6) +
«

_ 5(/1%7)\(5,5.7]) + A1 ,(£,0).

Arguing as in the proof of (24), there exists r > 0 and a maximum point (£, e, Ca)
of ¢ on Byn(£,7) x EHH(%.E,T) X By (€,7) such that £, — &, g — éé, Co — &
when a — oo.
Furthermore a|(¢.7,) ! 0 &, | < C for some constant independent of a and .

The functions:

1

f*—”f(f)*@

)
Aca(6) = 5p(8) = S(AL A(E,2ma) + Az 1 (€ Ca)

and

N o
7= Vo (775 CaaQE(Cou 77)) - %Aéﬁ)\(ga,fi.?])

have respectively a maximum point at £, and a minimum point at 7,. Since u®
and v.e are respectively solutions of (E.) and (AC'P), one may write:

u(éa) + H (&, 1) <0 (34)
with
1 0
I'= g'§a7q5(§(¥3 ﬁ) + ivH",ﬁp(ga) + %(VH’HEA%,)\(&X;&U&) + VH’ZEA%,)\(faa Coz))

and

56'059 (77a§ Cas QS(Comﬁ)) +H (Comnom QE(Caaﬁ) - %VH”,nAig\(fmana)) > 0. (35)

Subtracting the inequalities (34) and (35) we obtain
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u(fa) - 597}59 (na; Cou QE(COU ﬁ))
e
S H (Cav Mo QE(Caa 77) - §VH",7;Aé,)\(§aa 5~77a)>
- H(&.T).
Using 4. of Proposition 4.1 and (H5), this implies:

u(ga) + E(Caa%(gavﬁ))_5904(1+|q6(ca7ﬁ)|)

-1
< o (mf oGl 1 (26a) 0l +10c(Go ) — 4ol DI+

0 o
+ I ViEnep(Ca)l + 5 Vi g A 3 (s Ga)l+

!
+ §|VH",77A§,A(€W€-77@) + VH",fAé,A(§a75~77a)\> :
Let us recall that from (17)
‘VH",T]Ai,)\(gaa E.7a) + VH”@A%,A(&M €.7a)]

IN

a M4y \(Cayema)t?

Of)\|(€-77a)71 0 &4

IN

and thus, from (18) and (16):

wéa) + H(Care(Car ) — ?Cu(1 +|ge(Cas)]) (36)
1 -1
<g~§a) o 7701
+a! 7 (ena) "t o Lalmm) -

Writing ¥ (€ Nas Ca) = Y€, N, Ea) and using 3. of Proposition 4.1, one gets:

+ 6|§a|H”
HTL

< Cy ((1 +Ce P 4 a)\gojl 0 Colun +

IA

SAL A G) = e (% (i o (ar ©)) = %0 (Mai Gay (6ar €)))

517904“5(;1 o Calmn + |g=(as M) — ¢ (Cas 7))
00,1+ Ce PN gr ! 0 Cale
which, from the definition (15), yields:

IN A

alé o Colan < 26100, (1 + CePA) < 07l T0AA,
Observing that the last term in (36) tends to 0 for « going to co we can pass to
the limit and then we obtain:

u(€) + H(E q:(€,1) — " Ca(1 + |g-(€,0)]) < Ca(C'e 0772 4 6|&]5an)

and then, from Proposition 5.1, one derives:

w(€) + H(E g=(€,) < Ca(1+ M) + Co.C'e! 777 4 Gy L2
which proves (25).

Proof of Theorem 1.3
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The proof follows the argument used in Theorem 1.2 in [8] ; since it is quite
immediate we give it here for the sake of completeness. Since H is independent of
&, (HJ) becomes

w(€) + H(Vgnu(€)) = 0 on H”
and its solution is clearly v = —H(0). Let v be the unique bounded continuous
solution of the cell problem

H(¢,Vinv(€)) = H(0) on H".
We then define w®(€) = u(€) + ev(§1&) which is a viscosity solution of

W (€) + H(6:8, Venus (€)) = ev(3:6).

From the comparison result, one easily obtains that

w® —eM <uf <w®+eM on H”
where M = ||v||o and u® is the solution of (HJ¢). This finally gives

[Ju® — ul]oo < 2eM.

6. Proof of (21). Let n = (x,, yo,t,) € H™.
We want to prove that |V ,Van ¢Ax(&,1)] < C, for all £, n € H™.
2 2
Let us write A = Ay .(&,1) := (r? + t*)Y/2 where r2 = WM and ¢ =
(t —to + 2(xoy — TYo))-

We have: ( 2 ( .
2w —xX)rs +2(ys —yo)t Nie
Xi A I3 5 = o 2 o = 2
eAxe(€m) (i 1 2)1/2 "
2y —yh)rE = 2wy —al)t Mg
YieAne(€m) = e = e
_ 2ah —wi)r2 +2(yi —yi)t  Niy
Xi,ﬂAA,E(§7n) - (T? +t2)1/2 = A
2(y) —yj)r2 —2(z; — i)t M;
Y;A e = “ J/_e J o, .— JJI.
J4AN, (5777) (Tg+t2)1/2 A
Then,
AX;,Nig — Nig. X;0A AX;,Nig— Nig Mo
XjnXieAre(&n) = i §A2 &M Ll e e A
A3 '
One has:
x; — ab)(xd — 27 ; )
Kjuegl = T E ) 5 gy iy — )

IN
N

INIA
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and similarly it is easy to see that

N2, + N?
|Nie Nyl %
< 8A3.
We deduce that:
1043 4+ 843
|XjnXieAxe(§m)| < — 18

In the same manner, one gets the other estimates.
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