ON THE WELLPOSEDNESS OF THE CAUCHY PROBLEM FOR
WEAKLY HYPERBOLIC EQUATIONS OF HIGHER ORDER

PIERO D’ANCONA AND TAMOTU KINOSHITA

ABSTRACT. We study the wellposedness in the Gevrey classes G° and in C*°
of the Cauchy problem for weakly hyperbolic equations of higher order. In this
paper we shall give a new approach to the case that the characteristic roots
oscillate rapidly and vanish at an infinite number of points.

1. INTRODUCTION

We consider here the Cauchy problem on [0,7] x R

D' = Z ¢j.a(t) DI Dy + Z ¢jo(t)DIDu + f(t,x),
(1)  jtlal=mi<m j+lal<d

where Dy = —i0y, Dy = —i(0gy, -+ , 0z, ) and 0 < d < m — 1. We write in short
pET)=7"— > alt)rie”
jtlal=m,j<m
for the principal part, and
pat,T.6) = Y cia()TIE"
Jtlal<d

for the lower order terms.
Let A\ (t, &) be the roots of p(t,7,€) = 0 in the sense that

p(t,7,€) = ﬁT—)\ktf

We shall assume that the principal part p is hyperbolic with respect to 7, that is,
Ak(t,€) are all real for any t € Ry, £ € R. Moreover, we name them A (t,£)
according to the rule

We recall that the functions Ag (¢, ) are homogeneous of degree 1 in &.
We denote by G*(R"™) the space of Gevrey functions g(x) satisfying

sup |Dgg(z)| < C’Kplfé‘”a\!s for any compact set K C R", a € N".
rzcK

We say that the Cauchy problem (1) is wellposed in G*®(resp. C°), if for any
uj € G*(resp. C™) and f € C°([0, T]; G*)(resp. C°([0,T];C°°)), there is a unique
solution u € C™ ([0, T}; G*) ( resp. C™([0,T]; C)).
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2 PIERO D’ANCONA AND TAMOTU KINOSHITA

There are many results on this problem. As to the wellposedness in C*°, we
mention that T. Nishitani [16] considered the case when the multiplicity of char-
acteristic roots is at most double. F. Colombini and N. Orri [7] assumed that the
characteristic roots vanish of finite order at ¢t = 0 and satisfy

m l 2 / 2
t2 Z |)\k:(ta€)| + |>\J (ta§)2| < oo mear t=0.
kj=1,k#j |>‘k(ta g) - )‘j(ta 5)'
Moreover, K. Kajitani, S. Wakabayashi and K. Yagdjian [13] dealt with the case of
characteristic roots vanishing of infinite order. Concerning the wellposedness in G?,
F. Colombini and T. Kinoshita [6] considered the Cauchy problem in the case when
characteristic roots are Holder continuous in ¢. F. Colombini, H. Ishida [4] and
H. Ishida, K. Yagdjian [11] assumed that the characteristic roots vanish of infinite
order at ¢ = 0 and satisfy for some 5 > 1

Bu(6)2ED T NP+ NP _
-~ a®? 2 |>\k(t7§)*)\jzt,§)|2 <oo near t=0,

kj=1,k#j
where @4 (t) = fot ¢1dt and ¢1(t), -+, o (t) are real-valued functions such that
(i) ¢x(0) = ¢(0 )—0 ¢(t)>0ift € (0,7 for k=1,---,m
(i) ¢1(t) = ¢ () <= Gm(t) for ¢ € [0, 7],
(i) |A(t,E)] < Ck(bk( gl GCr > 0) for k=1,---,m, (t,€) € [0,T] x R{\0.
(iv) [Ak(t,€) = A (t,€)| = con(t)lg] (e > 0) for & <J (t,€) € [0,T] x RE\0.
Then they showed the wellposedness in G* if 1 < s < 5.

We see that in most results concerning the higher order case m > 2 the roots are
assumed to coincide only at isolated points, and then a precise behavior is assumed
at those points. In this paper we try to give a global assumption valid in more
general cases, even when this happens at an arbitrary set of points (also infinite

or dense). To this end we introduce the sets Q% Q. defined as follows: for any
O<o<l,k=1,....m—1,

Q&) ={t € [0,T] = [M(t:6) = M (1, 6)| < o}

and

m—1

= |J 2©

k=1
These sets enclose, for each &, the points ¢ where the roots coincide; thus we can
regard the measure pu(Q,), which is a function of o, £, as a measure of the defect
of strict hyperbolicity of p. Here u(A) is the Lebesgue measure in R; of the set
A C0,T].

We denote by AC([0,T]) the space of absolutely continuous functions on [0, 7.
Our first result is the following:

Theorem 1.1. Assume that the coefficients c; o(t) of pa belong to C°([0,T]) and
the characteristic roots of the principal part A\i,--- , Ay, belong to AC([0,T)) and
that there exist constants C' > 0, a > 0 and b > 0 such that

(2) (6 (€)) < Ca®,

3) /[ (A8 )+ [Ny (86

dt < Co™?,
o.rNek () AR €) — Akt (¢, 6)]
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forany 0 <o <1, =1,k=1,---,m—1. Then the Cauchy problem (1) is
wellposed in G° if

1+a—|—1 Whendgw,
n L<se b at+b+1

— O Whend> 7m(a +b) .

d+ a(d —m) a+b+1
Remark 1.2. For the simplicity, we assume that the characteristic roots A1, -+, A,
belong to AC([0,T7). If u(Q0) = 0, it is enough that Ay, - -+, A, belong to AC([0, T]\ ).
In particular, in case when Aq,--- , Ay, coincide only at ¢t = 0, we may assume that

A1, , Am belong to AC((O,T]).

Remark 1.3. M. D. Bronshtein [1], S. Wakabayashi [22] and T. Mandai [14] proved
the Lipschitz continuity in ¢ of the characteristic roots of hyperbolic polynomials
with coeflicients in C™ ([0, T'])(see also [20]). If we assume that the coefficients ¢; o
of p belong to C™([0,T]), we can deduce that A1, -, An, belong to Lip([0,T])(C
AC([0,T])) andb = 1—a in (3) (see Remark 3.3). Thus by Theorem 1.1 the Cauchy
problem (1) is wellposed in G* if
2
1-a
m

d+a(d—m)

when d < —,

(5) 1<s<
when d >

SEESE

It is well-known that any lower order term does not influence the wellposedness
in C*° for strictly hyperbolic equations (the multiplicity of characteristic roots is
equal to 1) and lower order terms of order d = m — 1 give the wellposedness in
G*if 1 < s < m/(m — 1) for weakly hyperbolic equations (the multiplicity of
characteristic roots is equal to m) (see [1], [2], [3], [5], [10], [18], etc.). As the
parameter a in (2) becomes larger, the type of p approaches to strictly hyperbolic
type. Especially, when d = m — 1, by (5) we find that 1 < s < m/(m — 1 — a).
Taking 0 < a < m — 1, we can obtain an interpolation between C> and G™/(m~1),

Example 1.4. When the characteristic roots are

1
kth{1+sin2(7)}~ if £ >0,
Ar(t,€) = i)y
0 ift =0,
for some 0 < o« <1, h>c«and k=1, --- ,m, we find that A, ---, A, belong to

AC((0,T]) (see Remark 1.2) and also to C*([0,7]) and vanish of finite order at
t = 0 and satisfy (2) with a = 1/h and (3) with b = 1/a — 1/h, since

Col/h
n(Q(6) <cC dt < Co*/h,
0
/ |>\;<;(t7§)| + |)‘;<:+1(t’€)|dt <0 r ( -1 )ldt < CO‘l/h_l/a.
Nk Akt E) = Ay (L, €] = Jogun \th/eTl -

Applying Theorem 1.1, we get the wellposedness in G* if

(6) <5<t (14a)
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According to [6] and [18], if characteristic roots belong to C*([0,T]) with 0 <
a < 1, the Cauchy problem (1) is wellposed in G* if

(7) 1<s<1l+a.

For the second order equation D?u = A(t)D2u where A(t) > 0, if A(t) belongs to
C?%([0,T]) with a > 0, we also know the wellposedness in G* under the condition
(7) (see [5], [8] and [17]). We remark that (6) approaches to (7) as h tends to infinity
and s can be taken arbitrarily large as h tends to a (characteristic roots oscillate
more slowly). This example implies that the oscillations and the degeneracy of
characteristic roots influence on the wellposedness independently of their regularity.

In general, if the characteristic roots belong to C*([0,T]) with @ > 1, we can
not expect for higher order equations the wellposedness in G* under the condition
(7). But our theorem can be applied into the following:

Example 1.5. When A, (t,&) = kA(t) - € for k=1,--- ,m, where A(t) € C*([0,T))
with 1 < a < oo, we find that A1 (¢,€), -, A (¢, &) satisty

I li !
/ AL ()] + |>‘k+1(t7§)|dt <c NI
Nk Akt ) = Aega(t, €] o.17\0k(e) A

T
< cafl/a/ L(lt)ldtSCa’l/a/ [{A@)Y Y |dt < Co/e.
0, 7N\k () A1/ 0

In the last inequality we used Lemma 1 in [5]. Applying Theorem 1.1 with b =1/«
(and a = 0), we get the wellposedness in G* under the condition (7).

Remark 1.6. In the cases mentioned above, when Aq,---, A, vanish of infinite
order, the assumption (2) can be dropped (one is forced to choose a = 0). Thus by
Theorem 1.1 we see that the Cauchy problem (1) is wellposed in G* if

1 m
< 1 — — 5.
(8) 1_s<mm{1—|—b7 d}

Example 1.7. [4] and [11] gave an example of the following kind:

At €) = keXP(*tlh){1+Sin2(exptlh>}.g if >0,
0 if t =0,

fork=1,---,m, with some v > 0 and h > 0. They proved the wellposedness in G*
if 1 <s <1+1/. Notice that Ay, -+, Ay, belong to AC((0,T]) (see Remark 1.2)
and vanish of infinite order at ¢ = 0 (see Remark 1.6) and satisfy (3) with b=~ ;

Mo O]+ N, (8, T /

[ OOl g (coxp 2) a2 o
0,77\ (&) 1Akt 8) = Ak1(t, )] 1/(log o—14C)1/h t

Applying Theorem 1.1, by (8) we get the same Gevrey order 1 < s <1+ 1/7.

We consider now the wellposedness in C'*°. Our second result is the following:

Theorem 1.8. Assume that the coefficients c; o(t) of pa belong to C°([0,T]) and
the characteristic roots of the principal part A1,--- , Ay, belong to AC([0,T]) and
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that there exist constants C' > 0, a > 0 such that

1(Q(€))< Co®, @)
ML O]+ Ny (8,9 B
Y /[07T1\95;<s> (6, 6) — esa (6] = Close

foranyO0<o<1,||=1and k=1,--- ,m — 1. Then, when the degree d of the

lower order terms satisfies
ma

a+1’
the Cauchy problem (1) is wellposed in C°.

0<d<

Remark 1.9. Instead of the assumptions (2) and (9), we assume that there exist
constants C' > 0, b > 0 such that

(10) 1(Q(6)) < Cexp{—0a~"},

/ I8 O+ [Ny (8,6
0,0\k () | AR(E ) — Akt (t, §)

forany 0 <o <1, ¢ =1 and k=1,---,m—1. Then the Cauchy problem (1) is
wellposed in C*° for any lower order terms.

dt < Co™?, (3)

Example 1.10. Let B(t) be a positive C* function and A(¢) be a smooth function
such that A(0) = A'(0) = 0 and A(t) > 0, (¢) > 0 for all ¢ > 0. We shall suppose
that B(t) and A(t) satisfy

N(t)
(11) |D:B(t)] < C G for ¢ > 0.

For the second order equation
(12) D?u = \(t)*B(t)?D2u,

the wellposedness in C° can be easily shown under the condition (11). (see [7],
[13], [23], etc.). While, by (11) we find that A1, A2 belong to AC([0,T]) and satisfy

Lt 5t
/ INL(E, &)+ [Aa( §dt C/
,\0k ) 1M (EE) — Aa(t, €|
Therefore, we can also apply Theorem 1.8 and get the wellposedness in C*°. In fact,

M. Reissig, K. Yagdjian [19] and S. Tarama [21] proved for the 2nd order equation
(12) the wellposedness in C'*° under the more relaxed condition

N ()
O

-1

ID{B) < o |log)\(t)|)j for t>0 and j=1,2.

Our theorems can be applied also when the vanishing order of characteristic
roots is different from the order of contact between the roots. For instance, if the
characteristic polynomial is

p(t,7,&) = 7% = 2t°7& + (2% — t*7)€? where 0 < a < 8,

we easily obtain A;(¢,€) = (t* + t°)¢ and \o(t,€) = (1% — tP)¢ which implies that
D(6,)] < 2] (6 = 1,2), [\ (£, ) (1, €)] = 267)¢] for (1,€) € [0, T]xRe. Since
A1(t, &) and Aq(t, &) satisfy (2) with @ = 1/8 and (3) with b = 1 — /3, applying
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Theorem 1.1 and Theorem 1.8 we get the wellposedness in C* when a = (3, while
when a < 3 we have wellposedness in G* if

1
1§s<1+L+ .

We note that the assumptions (2) and (3) can be simplified in the favorable case
of analytic characteristic roots. The following corollaries are an immediate conse-
quence of Theorem 1.1 and Theorem 1.8 respectively:

Corollary 1.11. Assume that the coefficients cj o(t) of pa belong to C°([0,T]) and
the characteristic roots of the principal part A1,--- , Ay, are analytic in t and vanish
at t = 0 and that there exist constants C >0, ¢ >0 and 0 < a < 3 such that

|)‘k(t7£)| < Cta|§‘ fO’I“ k= ]-7' T,y
i1 (8,8) = Ms(t, )] = et?g] for k=1, ,m—1,
for any (¢,€) € [0,T] x R. Then the Cauchy problem (1) is wellposed in G* if

1 — 1
1+5+ whmdgw,

l<s< 00—« 280 —a+1
B _Bm hends MB—atl)
Bd+d—m 28—a+1 "~

Corollary 1.12. Assume that the coefficients cj o(t) of pa belong to C°([0,T]) and

the characteristic roots of the principal part \1,--- , \py are analytic in t and vanish
at t = 0 and that there exists C > 0 such that
(13) (A (X, ) + A1 (tE)] < ClArga (t, ) — Ae(E, €)1,

for any (t,£) € [0,T] x R{. Then the Cauchy problem (1) is wellposed in C*° when
the degree d of the lower order terms satisfies

m
0<d< ——,
T T p+1

where B > 0 is the smallest number such that

|>‘k+1(ta§) - )\k(taéﬂ 2 Ctﬁ‘€| fO’I’ any (tvg) € [O7T} X Rg and k = 15 RN L.

Remark 1.13. For the second order equation D?u = A(t)D2u where A(t) > 0, we
can drop (13). Thus, we get the wellposedness in C'*° under the only assumption
that characteristic roots are analytic in ¢ (see [5], [9]).

Remark 1.14. For the second order equation D?u = t26 D2y + Dyu, it is known
that 0 < 8 < 1 is necessary and sufficient for the wellposedness in C*°(see [12]).

Applying Corollary 1.12 with m = 2 and d = 1, we also get the wellposedness in
C*ifo<pg<l1.

In Corollaries 1.11, 1.12 and Examples 1.4, 1.7, 1.10, characteristic roots coincide
only at £ = 0 or at a finite number of points. We give a final example to emphasize
that our results allow characteristic roots to coincide at an infinite number of points.
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Example 1.15 (see also Example 1.4 with & = 1). When the characteristic roots
are

kt" sinh( ) . if t >0,
Ak(t,€) = 1)t
0 if t =0,
for some even number h and k£ = 1,--- ,m, we find that Ay, ---, A, belong to

AC([0,T]) and also Lip([0,T]) and vanish att = (7§)%@=" (j = 1,2,---) and
satisfy (2) with ¢ < 1/h and (3) with b > 1 — 1/h (see the Appendix). Applying
Theorem 1.1, we get the wellposedness in G® if 1 < s < 2h/(h — 1) (compare with

(7))-

2. ESTIMATES FOR HYPERBOLIC OPERATORS

When s = 1, the Cauchy problem (1) is wellposed in the class of real analytic
functions. Therefore we can suppose that s > 1 for the proof. By Fourier transform
with respect to x, the Cauchy problem (1) turns into

p(t, Dy, &) = fi(t,€),

(14) .
Dgﬂ(o,f):ﬂ,](f) (j:Oa"'vm_1)7

where we are using the notation

fl = f +pd(t7Dt7D:E)u

i.e., we put the lower order terms in f for the moment.
Let 0 < 0 < 1 and ¢(r) be a non-negative function such that ¢ € C§°(R),
o(r) =0 for |r| > 2 and p(r) =1 for |r| < 1. We define

- 3 £
w(t,€) = ole Z oo {ult i)~ (b ig)h).
/u‘k(t 5)_>\k(t §)+ka(t 6) for k:17"'am
Here we remark that w(t,§) > o|¢| for any (£,&) € Q,(£) x RE\0, and also that for
any (t,€) € [0,T] x RE\O

yin () = g (O = | _min {[A(t6) = Aea (6 O+ w(t, )} = olé].

Moreover we denote by ¢(t, 7, ) the polynomial of degree m in 7

m

(](tﬂ',f) = H (T - /J'k(tvg))‘

k=1

Now we set the energy density

l\D\H

m
ZQItDt; 7

where ¢;(t,7,£) is the polynomial of degree m — 1 in 7 defined by

atn9 = LEES (= ] (- m(e.9)).

T_:ul(t7£ k=14l



8 PIERO D’ANCONA AND TAMOTU KINOSHITA

There exists C' > 0 such that for any (¢,&) € [0,T] x RZ\0

m—1
(15) VEE <C Y [ Dl

j=0

On the other hand, we need the following well-known formula in order to show the
boundness from below:

Lemma 2.1 (Newton-Lagrange Interpolation Formula). Let p1,- - , i be distinct.
Then any polynomial g(T) of degree (m — 1) can be written as follows:

m

(16) = 9(p).

I=1 k=1 ket 1T HE

Putting g(7) = 77 in (16), we obtain for j =0,--- ,m — 1

J — - . Tﬁuk(taf) t Jj— S ql(ta’rag) t i
"= 1 r e mee Y T L e —ma )Y

Hence we get

m

Ja2 = pua(t, ) qu(t, Dy, &)t
|Dial E[H?_l,k#(uz(t,g)— (t,€))

1 )
{30 lai(t, Dy, €)al?}? | Dia
maxi<i<m H;::Lk;él |N’l(ta 5) - :U’k(tv €)|

J o~
- Dju

(17)

IN

Clel

Thus, there exists ¢ > 0 such that for any (¢,€) € [0,T] x R\0

(18) E(t,€) > c(ole)™ el |Dfa| for j =0, ,m—1.

We denote by ’ the derivative in ¢. Differentiating F(t,£) in ¢, we have

P09 = -5°5(Dly(t. 00 5T Dod
Jj=1
=" S|{-id(t, D1 &) + alt, Dy, ) + (1, €)a;(t Di ) i
Jj=1

Qj(ta Dt»ﬁ)f‘}

< Z%[qj (t, Dy, € U'Qj(tthag)ﬁ}
j=1

m

(19) =Y [att D &) ;¢ Dy €] + Cw,

Jj=1

In order to estimate the first and second terms, we shall use again Lemma 1.11.
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2.1. Estimate of the First Term. Putting g(7) = ¢j(¢,7,£) in (16), we obtain

a(t,7,6) S~ (s €
b =) e 3 el

thTg EZ H
=1,k

=1k ,7&1"” Pk tuz,f)klk# My — [
m /
—
=q;(t,7,€) Z —E 1 N () —
k= 1’6#3 MJ M I=1,1#] My — [y
m
= Z _ {qj(t77-7€)_qk(t777§)}
k=1,k‘;ﬁj l’l’k’ lu]

Hence we get

> R[g)(t, D )i 45t i, )i

j=1
m m ’
= 3 Y R {6, D) - anlt, D) ;0 Dy )
=1 k=1 ket Hj — Mk
m / L]+ N
< ¢ Y |"7’€E(t,5)gc max Akl | +1|+|“’| E(t,€).
Py o Lk — 1] 1<k<m=1 Mg — Apga| +w

2.2. Estimate of the Second Term. Since ¢(t,7,&) — p(t,7,£) is a polynomial
of degree (m — 1) in 7, putting g(7) = q(t,7,£) — p(t,7,€) in (16), we obtain

q(t,7,€) —plt, 7€) = ;lj’jf {alt, 1. &) = p(t, 1, €)}

Z l(t N“lvf)
:_Z H 'ul: Z{uz—)\z}ql(ﬁ,ﬂf)a

=1 k=1 ket LT H

here we used ¢(t, u;,€) = 0. Hence we get

= >3 {a(t. D) ~ p(t, DO i - 4, D1 )l

3|

k=

<.
=

<

I
NE
%

n

I1 Z; (= Mya(t. Dr. € 4,(E. Dy )
,k;ﬁl

<.
Il
—
~
Il
—

I
NE
NE

Il
_
Il
—

k=1, #l

I1 (1+k)lw\ql(t,Dt,@a~qj(t,Dt,£>a <
=1kl

<

(t,€)-

M
NE

<

I
-

I
-
=~
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Therefore, by (14) it follows that

="t D )i 1@ D167

j=1

= i [ (t, Dy, &) — p(t, Dy, €) Y - q;(t, Dy, €) ] i [ (t, Dy, € u-qj(t,Dt,ﬁ)ﬂ}

i=1 j=1
m

CwB(t,§) = Y S[A(t.6) - 4t D] < CwB(L&) +1fi(tOIVERE).

Jj=1

IN

We now recall that f; = f+ pgu. Since pyg has degree d, recalling (17) we can write

pat. Dy €)] < C €Dl < cZIé\d i P ot D al*y?

= maxi <i<m [ [y g [10(8,€) — 1k (t,6))

€1 \/

et €) — Ak+1<t7£>| +w(t,&m-1

In conclusion,

m

X0 [at.Dr. )it 4, D8] < CwB(LE) + 1f(t.OVERE)

Clel"E(t,§)

(21) .
H A = Nt |+ wmet

2.3. Complete Energy Estimate. Dividing (19), (20) and (21) by 2/E(t,¢),
we have

1<k<m—1  |[Ap — Mpg1| +w TT7 e = M| + wm—t

A A ! d .
\/E'§C< e L T €] )\/E+f|.

Thus, Gronwall’s inequality yields the estimate

ARl [N |+ [ €1

T
E(t, Sexp{C’/ ( max +w+
(t,€) o \1<k<m—1  |[Ap — Apy1] +w | Y = A | + wm—1

{\/ ) + / f(£.0) |dt}
Moreover, taking (15) and (18) into consideration, we finally obtain the estimate

m—1

> €7 Da(t, )]

Jj=0

IN

Col=m exp{C 24: /T M, (¢, §)dt}
= Jo

m—1

(22) X el + | Sl olar).

=0

BN

)iy
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where
B INL (8 O+ [Nosr (8,6
Mi(t.€) = 1g]1[cn§ar§71 |Ae(t, &) — Mig1 (8, )] + w(t, &)’
My(t,§) = max W(t,€)]
20 1<k<m—1 [Ag(t,€) = Xpg1 (8, )| + w(t, )’
Mg(t,f) :w(t,f)7 M4(t7£) ‘£|

TThsy (8 €) = Mg (8,9 + w(t, )

3. PROOF OF THEOREM 1

Based on the estimate (22), with assumptions (2) and (3) we shall derive an
a-priori estimate which shows the wellposedness in Gevrey classes of order (4). In

order to estimate fOT M, (t,&)dt, we need the following statements:

Lemma 3.1. Let b > 0. Assume that Ay, , Ay, belong to AC([0,T]) and satisfy
(3). Then there exists C > 0 such that for any0 <o <1, [{|=1andk=1,---,m

C if b>1 _
/ < = < Col'™?
(23) /Qk(f)uﬂf,l({) |)‘k<t7€)|dt = { Co_l—b Zf 0 S b <1 = Co )

where Q°(€) = Q7 (&) = ¢ and QL&) fork=1,--- ,;m — 1 are defined in §.1.

Proof. When b > 1, we immediately obtain (23), since Ay, - -+ , A, belong to AC([0,T7).
For a fixed k, we find that Q§/20 B Q§/21 DD Q’;/Qj O ---. Let us denote that

Uk = Q’;/zj \Q§/2j+1- When 0 < b < 1, by (3) we obtain for [£] =1

! / , , /
/kagl | Ak |dt s/ |)\k|dt+/k71 |Ak\dt§2/ WW*Z/,H L Jdt
‘)‘/ / ‘)\/
:E , A A dt Ak—1 — Ag|dt
=0 / |/\k—)\k+1|| k= Akt +Z 1 e 1_)%“ k—1 Kl

<§: / A dt+z / g,
- :0 \I;k |>\k_)\k+1‘ 27 k—1 |)\]€ 1_)\k|

g U ol4br 1-b 1-b
<2) 5 (m) =27 Co ngca - 0
3=0

J=0
O

Lemma 3.2. Let 0 < a <m — 1. Assume that A1, - , Ay, satisfy (2). Then there
exists C > 0 such that for any 0 <o <1, |{| =1

0.11\2% (&) TIr=y et €) = Apsa (£,6)]
where Q4 (&) is defined in §.1.

(24)

Remark 3.3. Let 0 < a < 1. When Ay,---, A, belong to Lip([0,T7]), we also

obtain b=1—a in (3), since forany 0 < o < 1, [{| =1

[ DO N0l o f @
Nk ARt = A1 (B T Jorpake) Mt €) — A1t 6|

< Co% L.
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Proof. Let J = J(o) be the largest number such that

275 < Me(£,6) — Mg 1 (8,6)] = t.
U_lgkgmfgr,l(]agthJﬂ:J k(t,6) — Akt (L, §)| = cons

Noting that Q0, C Qo1, C -+ C 94, C [0,T] and denoting that ®; = Qgj+1,\ Qi
by (2) we obtain for || =1

IN

Mg?'Mg

/ dt Z 1 / gt
| D VAED VY e A 0 L

:O
1 )<y
(2]0—)?7171’U/(QQJ+ )—Z ( 2 )

/ dt
.00 [Tt e — et

INA
<.
I
o

a at+l—m a+1—m
2°Co Z 2j(m 1—a) <C : -

O

Smce A1(t,€), -+, Am (¢, &) are homogeneous of degree 1 in &, by (3) and (23) we

T T i ALt E/1EN] + [Ny yq (8, E/IED)]
/0 My(¢,§)dt = /0 1<k<m—1 | Ap(t,&/1€]) — Mep1(t, f/|§|)\+w(tv§)/|§|dt

/ o PREED Y (/D]
Ok (¢) 1<k<m—1 0+ w(t,§)/I¢]

o RE/ D]+ X 1€/ 16D
* /[O,Tw@ 1<kgm—1 (6, E/1ED) = Mera (8, E/1EN + 0

< _max {0’1/ (IRt /1801 + [Ny (8, €/ €Dt
Q5

1<k<m—1
AL (8, §/1€D] + |/\k+1(t7£/|§|)‘d
+/[O,T]\Q§(f) Ik (t, §/1€1) = A1 (2, €/18D)] t}

(25) < max {o' - Co'™"+Co b} =Co".
1<k<m-1

dt

IN

dt

A

Noting the support of ¢ and ¢’, by (2) and (23) we get

. ey o - AN E/1ED) = Ny (. €/1€D Y]
/oMQ(taf)dt = |§|Z/ 1<kEm-1 () — Nepa (6 O] + w(t,€)

ot Z / N /€D + N (1, €/ 1€D) e

IN

(26)

T
/O Ma(t, )t = a|§|2/ o (i |£|>—)\l+1(t,|%)})dt

= 0l€u(Q20(¢)) < olé] - Co® = Cotig|.

IN

o1 ZCO_I b Co_fb7
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y (2) and (24) we also get

/M4t§

S

d
/ Ty et €/1€1) = A (8, E/1€D] + {w(t,€) /1€y t

/ ‘§|d+1 m "
0, (¢) 0+ {w(t, §)/IE[}m1

‘§|d+1 m

n dt
/[07T1\Qa<5> T It E/1ED) = Awer (8, E/1€D] +0

< o T (0 (€))
dt
+‘§|d+1 m/
0.1\ () TTecy Mk (t E/1ED) = Awsr (,€/1€))]
(28) S CUa+1_7rL|§|d+1 m.
Consequently, by (22), (25)-(28) it follows that

m—1

Yo leTIDjat€)| < Co' M exp{C (07" + o THE| + ot TmEI T

=0
m—1 T
{3 el + [l olat)
3=0 0

We can now conclude the proof of the theorem; notice that it is sufficient to
give an estimate for |{| > 1, since for |{] < 1 we have directly from the ordinary
differential equation (14) with £ as a parameter the estimate

m—1 TA
> IDfat.e) < () Zlug + [ 1ol

j=
Thus, for |£] > 1 choose o of the form o = ||~ for some v > 0. Then we have

O_—b + O.a+1|§| + 0.a+1—m|€|d+1—m — |£‘fyb + |€|1—'y(a+1) + |§|'y(m—a—1)+d+1—m-

The first two terms are equal if we choose
1
T b1
When
m(a+b)
Ta+b+1’
the third term is smaller and this choice gives immediately
€77 + g1 @HD) p jgprimmamDaddiom < gejari
Hence, by (4) there exists p > 0 such that for any (¢,&) € [0,7] x RZ\0

m—1

) m—1 ) T R
S 167D )] < Cexp{olél 1 3 117 lay (@) [ 16001 e
j=0

Jj=0

Taking into account that w is a solution of (1), in virtue of Paley-Wiener theorem
we find v € C™ ([0, T]; G*(R™)). This concludes the proof of Theorem 1.1 in the
case when d < m(a+0b)/(a+b+1).
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On the other hand, when
m(a+b)
a+b+1’
the dominant terms in

|€"yb + |§|17'y(a+1) + |§|'y(mfa71)+d+1fm

are the last two (the first one is smaller). In this case we choose

m—d

7:7
m

and proceeding as above we conclude the proof of this case.

4. PROOF OF THEOREM 2

Based on the estimate (22), with either the assumptions (2) and (9) or the
assumptions (3) and (10) we shall derive an a-priori estimate which shows the
wellposedness in C°.

We first consider the case of (2) and (9). In order to estimate fOT M (t,€)dt and

fOT My (t, €)dt, we need the following statement instead of Lemma 3.1.

Lemma 4.1. Assume that A1, -, Ay, belong to AC([0,T]) and satisfy (9). Then
there exists C > 0 such that for any 0 <o <1, [{| =1

(29) / I\ (t,€)|dt < Cologo™!.
Qb (U ()

Proof. Similarly as the proof of Lemma 2, by (9) we obtain for |¢ | =1

NJdt < i/ L / — kLt
/Qggusz’;1| ¢ 722] RV YNEY 227 ke | Ag 1—>\k|
<2Z C’log<23+1>_ < Cologo™!. a
([
Noting that 0 < d < ma/(a+1), by (2), (9) and (29) we get similarly as (25)-(28)
/ My (t,&)dt < Clogo!, / My(t,€)dt < Clogo™!,

a+1

/ Ms(t, €)dt < Co1e], / Ma(t, €)dt < Cotti=m|e| 5=

Therefore, by (22) it follows that

ST e IDia(t€)] < Cot M exp{Cllogot + ot fe] 4 o0 ST ) )

m—1

(30) {7 el /OT|5|1-mf<t,s>dt}.

j=0
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We next consider also the case of (3) and (10) (see Remark 1.9). Noting that
0 <d<m-—1and (2) also holds with a = m — 1, by (3), (10) and (23) we get
similarly as (25)-(28)
/ Myt €)dt < C(20) ", / My(t, €)dt < C(20)~",
/ M;(t,€)dt < Coexp{—(20)""}[¢, / My(t,€)dt < C.
Therefore, by (22) it follows that

S it < Co' = exp|C{(20)7 + o exp{—(20)"}g| + 1}
j=0

m—1 . T .
(1) {g €177 la;(€) | + / &1 f (€t

For |¢] > e choose o = |¢|71/(@*1) in (30) and 20 = (log|£[)~'/* in (31). Then
there exists p > 0 such that for any (¢,£) € [0,T] x RZ\0

H

m—

T L N
1 c ~j —m dth.
>~ Ie1pfate. o) < el {Zm )+ [ eI olar)

The Cauchy problem (1) has a cone of dependence (see [13], [15], [23]). Thus,
taking into account that u is a solution of (1), in virtue of Paley-Wiener theorem
we find uw € C™([0,T]; C>°(R")). This concludes the proof of Theorem 1.8.

APPENDIX

In order to apply Theorem 1.1 to Example 1.15, we shall check the assumptions
(2) and (3). For the simplicity, it is enough to consider the second order polynomial
P(t,1,€) =72 — t?hsin®" (1/t"1) - €2 where h is a even number, and put

i 1 . 1
A1 (t) = t" sin” (th—1> and \o(t) = —t" sin” (th—l )

Check of the condition (2). Since sin" 8 = sin"( — jr) > (2/7)"(0 — j=)" for
jr—m/2 <6 < jw+m/2, we obtain for t € [(jr+7/2)"Y =D (jr—m/2)71/(h=1)]

(32) () =th sinh(th%l) > (2) th(thl jﬂ)h.

™

The equation o = t" Sinh(l/th_l) has two distinct roots «; and §; (a; < 5;)
in the interval [(jm + m/2)"/(=V  (jr — 7/2)~1/(h=D] While, the equation
o = (2/m)""(1/t"~1 — jm)" has also two distinct roots G; and ﬁJ (a; < f3;) in the
interval [(jm 4 7/2)” V=1 (jx —m/2)~1/ (= 1)] which satisfy §; — a; < ot/"j~L.
Therefore by (32) it follows that

=

or
(33) 6_O‘J<57_0‘J§7

Let J be the number satisfying {(J+1)7+7x/2} /(=D < ¢ < (Jr4nr/2) "/ (h=1),
Hence, there exist C' and C’ > 0 such that

(34) Co i < J<Cloth,
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Thus by (33) and (34) we get

J
,uQU<— <Co
(£220) (J7r+7r/2h1 g

Changing 20 into o, we find that p(Q,) < Co® for a < 1/h.

Ol g—1+1/h

1
+ Z aj—hSC’ahloga L

==

Check of the condition (3). Let {v,} be the sequence satisfying

1
(35) A(y)=0 and a; >v; > ——— >34 forany j=1,2, -
G+ 7/2) 7
We remark that there exists ¢ > 0 such that ¢ < sin? 1/7;771 < 1 for any j =
1,2,---. Thus by (34) and (35) we get

ML+l e o | {Esin® (s
fo S5 2
0, = s (77=1)

T\ Q20 A1 — Ag i 2t" sin

hanh(_1 h{_1
7; sin (Vf_1> 7] sin (—)

2h 2h 1
Y; sin (h—l)

J
— = 1 1 -3 7
2 Z_: o h . sin” (—1 ) o sin® (—1 ) Z o
= st () o’ (5
J Clg—1+1/h 1
< C E logvy; +CJlogo™! < C E log = 4+ Co "1/ jog o™t
° : J
Jj=1

< Co 71+1/h10g0_71.

Changing 20 into o, we find that fo e, ‘|>\)\1|+‘>\2 2l gt <Cobforb>1—1/h.
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