LOW REGULARITY SOLUTIONS FOR THE WAVE MAP
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Abstract

A class of weak wave map solutions with initial data in Sobolev space of order
s < 1lisstudied. A non uniqueness result is proved for the case, when the target
manifold is a two dimensional sphere. Using an equivariant wave map ansatz a
family of self - similar solutions is constructed. This construction enables one

to show ill - posedness of the inhomogeneous Cauchy problem for wave maps.

1. INTRODUCTION

Let (M, n) be a pseudoriemannian manifold and (N, ¢g) be a riemannian manifold.
For smooth maps u : M — N we can compute the Lagrangean density L(u) =
Try(u*g), i.e., the trace with respect to the metric 7 of the pullback through u of
the metric g. In local coordinates (z%) on M and (u%) on N we can write
ou® oub
Oxe OzP
where we use the summation convention over repeated indices. A stationary map
for L is called a wave map, M is called the base manifold and N the target man-
ifold. Wave maps arise in different physical theories and are the object of active
investigation (see e.g. [2], [3], [5], [6], [7], [8], [9], [10], [12], [14], [16], [18], [20]; see
also the book [13] and the refences therein).

For simplicity, it is customary to consider the case of a flat Minkowsky M, that
is to say M = R x R™ with metric

n*? = diag[-1,1,...,1].

L(u) = naﬁgab

Even in this situation most of the essential difficulties of the problem are still
present. Notice that, at least in the case of compact manifolds, by Nash’ theorem
it is not restrictive to assume that N is embedded isometrically in some R? with d
larger than the dimension k of N. Writing 9, = 0/02%, 0% = n*#ds, we are thus
interested in the stationary points of the functional

L(u) Z/ Gap (w)0uDpubda® . .. da™.
RxR"™
The corresponding Euler-Lagrange equations are

(1.1) —28a(gab(u)80‘ub) + 00 uf0UP Dy gpe = 0

or equivalently

, 1 ,
gabDUb + acgabaaucaaub - §aagbcaaucaaub =0
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where [0 = —0,0% = 93 — 0? — --- — 02. Writing the second sum in the following
form

1
acgabaaucaaub = 5(8091711 + 8lxgac)aaucaaub
and recalling the definition of the Christoffel symbols

1 .
Fa;bc = 5(8bga,c + 8cga,b - 8agb,c)7 ZLC = gmri;bc
we obtain
gabDub + Fa;bcaaucaaub =0
and finally
(1.2) Ou® 4 T4 (1) Oqu’du’ = 0.

This is the wave map system in local coordinates on IV, which is hyperbolic in the
direction of ¢ = xg. Thus the natural problem for (1.4) is the Cauchy problem,
with initial data at ¢t =0

(1.3) w(0,2) = up(x), u(0,2) = ui(x).

When N is the unit sphere in R? with the metric induced by the Euclidean metric,
if we choose as a chart for the upper (or the lower) half sphere uy > 0 the projection

on (uy,...,uq-1), a direct computation gives I't;(u) = u‘dy; + u'v/u’/(u?)?; the
equations become very symmetrical using the full set of functions (ui,...,uq),
indeed we obtain in a few steps

(1.4) Ou 4 (Jue]? — |Vou*)u =0

subject to the constraint |u| = 1. It is easy to see that if a smooth function

u(t, z) solves (1.4) and moreover satisfies the constraint at ¢t = 0, i.e. |u(0,z)| =1,
u(0, ) - ut(0,z) = 0, then we have |u| = 1 for all t. It is also possible to consider
system (1.4) without geometric constrains, from a purely analytical point of view.
The minimal regularity required of « in order to give a meaning to the nonlinear
term (in distributional sense) is D; ,u € L2 , provided |u| = 1. This can be further
relaxed if we remark that [Ju is parallel to u by the equation, hence we have also

uANDOu=0, lul =1

or equivalently
(1.5) 0w ANuw) = Dy, (ua, Au),
j=1

since u - uy = u - uy, = 0 by the condition |u| = 1. For smooth functions with norm
1, (1.5) and (1.4) are equivalent; moreover, equation (1.5) has a distributional sense
for Du € L{. . only, provided |u| = 1. Thus in the following we shall say that u is
a weak solution of equation (1.4) if Du € L, |u] =1 a.e. and u satisfies (1.5) in
the sense of distributions.

One of the basic open questions of the theory is the well posedness of the Cauchy

problem for (1.4) in two dimensions, i.e. with

u:RxR? —§*CR?.
In this case the local existence of smooth solutions follows by classical arguments,
while global existence meets essential difficulties. The critical space for equation
(1.5) in two dimensions is H!, which is also the energy space; thus an important
question is the well posedness of (1.5) in H*.

The aim of this paper is to investigate the behaviour of (1.4) for solutions of low
regularity, i.e., below the energy space H' x L?, and indeed to show that in general
the problem is not well posed in this situation.

Our first result is the following;:
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NONUNIQUENESS [Theorems 3.1 and 3.2]. It is possible to construct
two weak solutions u,v : R x R? — S? to equation (1.4), continuous
in time with values in H'=¢(Q2) for all ¢ > 0 and all bounded €,
and also L*° with values in the Besov space leyoo, such that u =wv
for t < 0 and uw # v for t > 0. We can construct u, v such that their
Besov norm is arbitrarily small.

Since H' = BiQ, recalling Tataru’s local well posedness result in Bé’l, we may say
that the question of local well posedness in H' is confined in the gap between the
two Besov spaces Bj ., and Bj . In this regard it is necessary to mention Tao’s
result [17] showing that the well posedness holds provided the data are slightly
smoother (H'*™ x H¢) and small in the H' norm. See also the paper [11], where
a model (scalar) equation with the same type of nonlinearity is considered.

Our second result concerns stability of (1.4) in presence of a forcing term, namely
we consider the following Cauchy problem

(1.6) Ou + (Jug|* — |Veul*)u = F(t, z), u:RxR? —§?
(1.7) u(0,2) =0, u(0,2)=0
and we prove the following result:

ILL-POSEDNESS [Theorem 4.1]. Denote by N = (0,0, 1) the North
pole. We can construct a sequence of functions F' = F}, with sup-
port in the forward light cone such that (1.6), (1.7) has a solu-
tion wy with u, — N € C(R; H¢(R?), (¢ = ¢ — 0), such that
ur(0,z) = N, Oyuy(0,X) = 0 for all k. Moreover, for all T > 0 the
H'(R?) norm of u, — N at t = T diverges to +oc while the norm
of Fy, in LP([0,T], L4(R?)) tends to 0 as k — oo, provided p > 1,
q > 2 satisfy

1 2
-+ =>2,
p g
In other words, the solution map

(ug,u1, F) — u(t,x)

between the spaces

(1.8) H'x L? x L’L? — CH*', %+§>2
is not continuous at (N, 0,0). Notice that the “correct” energy space for the forcing
term is L'L?, and p = 1, ¢ = 2 do not satisfy the condition 1/p + 2/q > 2. Thus
also our second result applies only in the low regularity case.

Clearly, well posedness for (1.6) is a more general problem than for the homoge-
neous equation (1.4). At least, we can say that the above result rules out existence
proofs for (1.4) based on contraction methods in the said spaces. Indeed, such
methods would imply that the solution map data — solution is analytic, while the
above result shows that the map is not even locally bounded. We also mention that
even in the homogeneous case and in the critical space it is possible to prove that
the solution map is not smooth, actually not uniformly continuous; for a precise
proof we refer to the forthcoming paper [4].

The plan of the paper is the following: in Section 2 we recall the definition of
equivariant and self-similar solutions, which are necessary for the following con-
structions. The self-similar Ansatz leads to an ODE which is studied in detail in
Appendix A; in particular all the solutions are computed explicitly. Section 3 is
devoted to the non uniqueness result, while the ill posedness of the Cauchy prob-
lem with a forcing term is proved in Section 4. Appendix B collects some technical
lemmas.
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2. EQUIVARIANT AND SELF-SIMILAR SOLUTIONS

When the manifolds have rotational symmetry, two interesting classes of special
solutions arise, the equivariant and the self-similar solutions. The general construc-
tion is standard and can be found in [1], [13], [14].

We recall briefly the equivariant Anzatz. Assume that N is a smooth /-dimensi-
onal rotationally symmetric manifold defined as

N ={(¢,x)0€[0,6"),x €S}
(¢* may be +00), with metric

where dx? is the standard metric on S~!. In the coordinates (5 X1, -+ Xe—1),
denoting by h;; the coefficients of the metric dx?, the only nonzero Christoffel
symbols for (2.1) are

, L4 o
22 T = -d@aohy. T, =S T =

where 7§S are the Christoffel symbols for the metric h;;. The equivariant wave
maps are the maps u satisfying the Ansatz

(2.3) ut,z) = (¢,x),  o=9otr), x=x(),
where (r,w) are the spherical coordinates on R™. Under this assumption, the equa-
tions for y decouple and in fact we obtain that y : S~ — S*~! must be a harmonic
map. For suitable choices of the dimensions n, ¢ (and of x) further simplifications
occur. In the special case £ = n = 2 under consideration here, it is easy to see that
X must be a rotation of degree k = 1,2,3,... of S into itself. With this choice the
equation for ¢ decouples and we obtain

1 k2,
(2.4) btt — Grr — ;d’r + ﬁg (¢)g(¢) = 0.
This is the equivariant wave map equation.

When N is the sphere S?, the above framework corresponds to the standard
choice of coordinates (¢, x) with ¢ € [0,7] and x € S'. Then the metric can be
written

dp? + sin? ¢ dx?,

and equation (2.4) becomes

1 K
(25) (btt - ¢’I"I‘ - ;¢r + ﬁ sm(2¢) =0.
Actually it is more convenient to embed N = S? in R?; with the usual coordinate
system on N

sin ¢ sin x

sin ¢ sin y

cos ¢

where ¢ € [0, 7], x € [0,27], ¢ = 0 corresponding to the north pole and ¢ = 7 to
the south pole of the unit sphere. Then we can express the solution u(¢, z) to (1.4)
as the vector (u1,ug,us) with

ur = sin(t, |z[) - |z[7* Re (21 + iwz)"
uz = sin(t, |z]) - |2[* Im (21 + izo)"
ug = cos ¢(t, |x);

since cos x = cos(kw) = |z|7% Re (z1 + izo)*, sinx = sin(kw) = |z|7% Im (2 +
il‘g)k.
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In order to introduce the self-similar solutions, we recast the equation in the
hyperbolic coordinates

(2.6) p =tz —r? TZC;

t
notice that the inverse transformations are given by
P TP
2.7 t= ——, P
2.7) V1—72 V1-—12

Then we obtain

1 2 Ay
(2.8) 02 — 02 — 0 = 2+ ;ap —

2
where Ay is the Laplace operator on the hyperboloid p = 1
(1—-7%)(27%2 - 1)

(2.9) Ay =(1-71%)%02— Oy
T
In the new coordinates p, 7 the equation (2.4) becomes
2 1 (1—-7%)
2 2 : _

We can now define the self-similar solutions as the solutions which are independent
of p, i.e.,

olt,r) = (7) = w(r):

Under this assumption the first two terms in (2.10) drop, and we obtain immediately
the following equation for ¢ = ¢ (7):

(2.11) (1% — 1)¢" + 7(21% — 1) + k? sin¢p cos ¢ = 0.

Notice that if one could find global smooth solutions to this equation, an immediate
consequence would be a blow up result for the wave map equation (1.4); but this is
not possible, as shown in [13] (while in higher dimensions this idea is correct and
was exploited in [14]). Nevertheless it is possible to utilize the singular (i.e., not in
H?') solutions thus obtained, as we shall do in the following section.

It is not difficult to see that all solutions to (2.11) are analytic and defined for
7 #0,1; in Appendix A we give a complete study of the equation, and we represent
all its solutions using Jacobi’s elliptic functions. In the next sections, in particular,
we shall use the following special solutions:

(i) The function defined as

(2.12)

arcsint for 0 <7<1
Y(7) =
/2 form>1

is a solution to the equation (for 7 # 1) in the case k = 1. Notice that the
only constant solutions are the integer multiples of 7/2, and that the value of the
constant chosen here for 7 > 1 ensures (Hélder) continuity. The fact that (2.12) is
a solution can be verified directly, or can be obtained by setting A = 7/2, k =1 in
the general expression (5.26).

(ii) A more general class of solutions in the case k = 1 is given by the expressions
(6 €]0,1[)

A T
2 arctan {tan &5 —— for 1<7<2
2 = =
1++/1— 7‘2]
(2.13) Y(1) =
am | 6 arctan ——t— 1 for 7> 1.
VT2 -1 3

Here the two-parameter function am (7|m) is the Jacobi amplitude in the case
m > 1; a precise definition is given in Appendix A, here we shall only need to know
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that it is an analytic periodic function of 7, with the property am (0|m) = 0, hence
(2.13) tends to 0 as 7 — oo. Again, we can ensure Holder continuity at 7 = 1
by imposing a suitable condition on the constants A, . In the following section we
shall also need to compute sinv and cos® for ¢ given by (2.13); writing

= tané
TRy
we have
4yt
for 0<7<1
(1+vV1-72)+21FV1-12)
(2.14) siny(7) =
d-sn (arctan ﬁ‘é) for 7> 1.
and
_2) _ A2 _ 2
AR e
— + —
(2.15) cos)(T) = ( ’ raF ™)
dn (arctanﬁ‘é) , for 7>1

(the signs £ are the same as in (2.13), the F are opposite). For the definition and
properties of the elliptic functions sn (7]6), dn (7]6) see Appendix A. These formulas
are proved in Appendix A, see Remark 5.2 and (5.29), (5.30), (5.31).

3. LOW REGULARITY SELF-SIMILAR SOLUTIONS

Our purpose here is to construct weak solutions to the wave map equation (1.4)
from R x R? to S? below critical regularity. As mentioned in the Introduction, it is
convenient to transform the equation in the form of a conservation law

2
(3.1) 0O A u) = 0;(du Au)
j=1
in order to handle weak solutions of very low regularity; indeed if u is a locally
bounded function such that du € L] (R x R?), all the terms in (3.1) have a well-
defined meaning in distribution sense.

Starting from a solution ¢ (7) of (2.11), we can construct a self-similar solution

to the wave map equation by setting

u(t, )
(3.2) u(t,x) = | we(t,z) |,
ug(t, )

with
uy(t,z) = x| 7% Re (w1 + iw2)" sin (¢ (|2] /1))
ug(t, ) = |z[~F Im (21 + iw2)" sin (¢ (||/1))
us(t, x) = cos (¢ (|z]/t)) -

We shall restrict ourselves to the case k = 1 and the special solutions examined in
the preceding section. Our first result is based on the solution (2.13); this means
simply

(3.3) u(t,z) = 1 X
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inside the cone, and

z1/|z
(3.4) u(t,x) = | zo/|z|
0

outside the cone.
Our aim is to prove

Theorem 3.1. The function u(t,z) defined in (3.3), (3.4) is a solution in distri-
bution sense of the wave map equation (3.1). Moreover, given any bounded open
set  C R?, we have

(3.5) ueC(R,H*(Q), Vs<1 and u € L¥(R, 32100(9))

A second solution is the function v(t,x), independent of t, defined as (3.4) every-
where; we have v € C(R, B3 () for any Q, and v = u for t <0, thus the weak
solution to (3.1) is not unique in the spaces (3.5).

Remark 3.1. Actually the solution w is continuous with values in Besov for ¢t > 0
and ¢t < 0, and has a jump at ¢ = 0 only. We also notice that, thanks to the scaling
properties of Besov spaces, the leoo norm of u(¢, z) on the ball B(0,t) is constant
ast | 0, i.e., it concentrates at 0.

Proof. We remark that the first derivatives of u in distribution sense coincide with
the derivatives a.e., which are locally integrable functions on R xR2. This follows at
once by Lemma 6.3 in the Appendix (with obvious choices); indeed, the singularities
of u are concentrated along the positive cone ¢t = |z|, where u is Holder continuous,
and along the line x = 0 for negative ¢, where it is bounded. Thus we can compute
the derivatives wu;, u,, directly by differentiating the above formulas, obtaining
locally integrable functions. A similar remark holds for v.

Outside the positive light cone, i.e. for ¢ < |z| (including negative t) we have
u = v, and an explicit computation gives

(3.6) OuANu= 0w Av =0,
0
(3.7 Op U AU =0, v ANV = 0 )
za/|al?
0
(3.8) O, WA U = 0p, v AU = 0
—z1/laf?

These formulas hold on the whole space R x R? for the second solution wv.
To check that v is a solution of (3.1) we may proceed directly; indeed, we have

to check that
Xro X1
Op, |—— Op, | —=| =0
{ |ac|2]+ Lx]

in distribution sense, and this follows from the identities
T
Oy, x| = =L
=17 =
(notice that these functions are locally integrable).
To check that u is a solution, it is simpler to express the equation in spherical
coordinates:

1 1
(3.9) Op(ug Au) — Or(ur ANu) — =ty ANt — —50,(9pu A u) = 0.
r r



8 PIERO D’ANCONA AND VLADIMIR GEORGIEV

Outside the light cone we have
u = (cosw, sinw, 0),
while inside it

1
u= E(T cosw, rsinw, \/t2 — r2).

We can write the wedge products in a global form valid everywhere: writing for
brevity

—sinw
Z(w)= | cosw
0
and
1 .
—— ifr <t,
(3.10) w(t,r) = Vi2-r? -
0 otherwise
we find after some computations
(3.11) ug Au = gw(tw) - Z,
(3.12) ur Au=—w(t,r) - Z,
while
(3.13) Ou(OpuNu) = A,uNu = t%\/t27r2'Z.
Thus, to check that u is a solution we must show that
W 1 12 —r2
3.14 Oy— + Oy —w— ————xkg =0
(3.14) e towt r 2 XK

in distribution sense, where x g is the characteristic function of the future light
cone K. Given any test function ¢, we must show that

2 _ 22
/ <1w¢ 56 — wdyp— H¢> rdrdt = 0.
K T t

rt2

This amounts to say that, writing
K= {(tr) it =7 +e),

the limit of the same integral over K¢ tends to zero when € — 0. We integrate by
parts, the integrals over K¢ cancel since the solution is smooth in K¢ and the terms
on the boundary ¢t = r + ¢ give (keeping into account the fact that the components
vy and v, of the normal unit vector are opposite)

/8K€ (1 — ;) rwodS = /0 . i Erw(r +e,r)p(r+¢e,7r)dr — 0.

It remains now to show that the solutions belong to the stated spaces. For the
solution v this follows directly from Lemma 6.1 in Appendix B, and the remark
that the H*® norms for s < 1 are controlled by the Besov norm Bj .

Consider now the solution u; for ¢ < 0 it coincides with v, hence the same
argument applies and we obtain the Besov-valued continuity on (—oc,0]. We now
consider the case ¢ > 0. We know by Lemma 6.1 in Appendix B that x/|z| is
locally in B = B%VOO, and this implies that also the function

Ty
Xry — —
||
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is locally in B since x; is smooth. Then also the function

o(z) = z1 _I%I for || <1,
0 for |z| > 1

is in B locally, since g(z) is Lipschitz continuous at |z| = 1. But g(z) is compactly
supported, hence g € B%’OO(R?) globally. Recalling that the homogeneous norm
B} (R?) is invariant for the scaling z — x/t, we obtain that the function g(z/t)
is continuous on [0, 40c) with values in Bj . (R?). This implies immediately that

x
(3.15) uy = Ell +g(x/t)

is continuous on [0, 4+00) with values in Bj , (Q) for any bounded open Q. wuy is
identical. As to ugz, we only have to remark that

(3.16) us(t,x) = N /t)

where A(z) is the function defined in Lemma 6.2 in Appendix B, which belongs to
Bj .(R?), and argue as before.

Continuity with values in H*® for t # 0 follows, since the norm of Bé’oo is stronger.
Continuity also at ¢ = 0 follows from (3.15) and (3.16) since the scaling properties
of H? for s < 1 imply that

g/l asrz)y — 0 as t — 0.
0

The situation does not improve if we consider small solutions. Indeed, we can
construct two different weak solutions depending on a parameter § which are small
and coincide for ¢ < 0.

The first solution is the self-similar solution obtained using the functions (2.13)
with the plus sign; recalling (2.14), (2.15), we have inside the light cones (i.e. for
=] < [t])
2y

T+t + (L= ))& = 2P

(3.17) uj(t,x) =

for j =1,2, and

(3.18) us(t, ) = 1=t + 1+ - [z]>.
) (1+72)t+(1_72)m7
Py

here v = tan § is a small parameter. On the other hand, outside the cones, i.e. for
|z| > |t|, we have

T 4
3.19 u; = —~§sn arctani’é .
( ) J |x| ( /|x|2 — 2 )
for j =1,2, and
t

(3.20) uz = dn | arctan 7’5 .

VP =P
Fixed ¢ small, we choose 7 such that

2y

(3.21) 52 =4 -sn(mw/2/0)

to ensure continuity; recall that for § < 1

|sn (s]6)| <1, ‘;sn (s|6)’ <1
s
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while
V1—1462 <dn(s]d) <1, ’jsdn(sw)‘ <.

so the function w(t, z) thus constructed takes its values in a é-neighborhood of the
North pole (0,0,1).

The second solution v(t,x) coincides with w(¢, x) for negative ¢ and outside the
forward light cone; inside it, i.e., for ¢ > |z|, we define it using again (2.13) but
we choose now the minus sign; in a more explicit form we obtain (see again (2.14),
(2.15))

2’}/1‘j
L+t = (1 =)/t — |z

(3.22) vi(t,x) =
for j =1,2, and

v xTr) = (1
(3.23) 3(t, 7) (1+72)t — (1 —~2)/12 — |22

(compare with (3.17), (3.18)).

Remark 3.2. Notice that the solution u(t,x) takes its values in a d-neighborhood
of the North pole (0,0, 1); on the other hand, the second solution v(¢, x) covers the
entire sphere, and for ¢ > 0, = 0 we have v(¢,0) = (0,0, —1), the South pole.

Then we have:

Theorem 3.2. Consider the function u(t,x) defined by (3.17), (3.18) for |z| < |t
and by (3.19), (3.20) for |x| > |t|. Moreover, consider the function v(t,z) defined
as u(t, ) fort < |z| and by (3.22), (3.23) inside the future light cone t > |z|. Then
both u(t,z) and v(t,x) are weak solutions of the wave map equation (3.1), and have
the same regularity properties (3.5). Moreover, for any bounded 2 C R? and t < 0
fixed we have

(3.24) [u(t,) = Nlisy__(0) = llv(t,-) = Nllpy @) =0() as ¥ —0
where N denotes the North pole N = (0,0,1).

Proof. The regularity of u,v is proved as before, and we obtain as above the con-
tinuity with values in Besov space for ¢ > 0 and for ¢ < 0, with a jump in ¢t =0 (u
is actually continuous with values in Besov also at ¢t = 0). Also the estimate (3.24)
follows by a simple argument.

To prove that u, v solve (3.1) we begin as above by applying Lemma 6.3 in the
Appendix. The singularity of u and v is concentrated on the light cones K = {|t| =
|z|}. Choosing a ball €2 near a point of the cone different from the origin, and setting
f=wu, h(t,z) = u(|z|, ), we see that assumption (6.14) of the Lemma is satisfied,
using the Holder continuity of w near the point; thus the distributional derivative of
uon (RxR?)\ (0,0) coincides with the derivative a.e.. Now we can apply again the
Lemma choosing K = the origin, and in this case assumption (6.14) follows from
the fact that u is bounded near the origin. In conclusion, the first distributional
derivative of u on R x R? coincides with its derivative a.e.. The argument for v is
identical.

Thus it is sufficient to prove that for any test function ¢ the following identity
holds:

1 1
/[@ut/\u—(brur/\u—l—qbu,,/\u+2qbuww/\u rdrdwdt =0
r r
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and an analogous one for v(¢,z). Now w is a function of the form

coswsiny(r/t)
u(t,z) = u(t,rcosw,rsinw) = | sinwsiny(r/t)
cos (r/t)
and this gives, writing
—sinw
Z(w) = cosw
0

the identities

T T 1 r
up Au = Z(w)t—zw' (¥> . U Au= —Z(w)zz// (;) , Upw Au = Z(w)sini cosp.
It is not restrictive to consider test functions of the form ¢(t,7)¢(t, w). We are thus
reduced to prove that

(3.25) U/[;¢/(Z)¢,+1¢/(Z)-<¢r+i¢>4-;a¢ﬂn@¢ﬂrdrﬁ::m

recall that 1(s) is smooth for s # +1 and v¢’(s) means the derivative a.e.
Introduce now the sets
Ae = A{t] = [z] + €},
whose boundary is made of the two cones
OF A, = {*t = |z| + &},
and
Be = {[z] < [t| + ¢},
whose boundary is made of the two sets
OB, ={t=|z| —¢, t >0}, 0" B.={-t=|z|—¢, t <0}

Identity (3.25) will follow if we prove that the integral restricted to A.UB. converges
to 0 as e — 0. On A, U B the functions are smooth, hence we can integrate by
parts and the integrals on the interior cancel (since ¥ solves the self-similar ODE
away from the singularity). Only the boundary terms remain, i.e. we must prove
that

(3.26) /{M %[ yt+u,}¢¢ds C/ sz ( )¢(r+6,7‘)dr—>0,

with a similar relation on 9~ A,, and

(3.27) A 7[#q+miw¢d9 /OOHs th>¢a¢+smrao

+p. t

with a similar relation on 9~ B.. To prove (3.26), (3.27) it is sufficient to recall that
1) satisfies in all cases the condition

721 — 72)9' (1)? — sinep? = const.
whence the estimate, valid for any 7 # £1,

< —C
S ——s

() 2ot

,(t+e t2
o ()| <

This implies

which gives (3.26), and
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which gives (3.27). The proof for v is identical. 0

4. ILL POSEDNESS OF THE CAUCHY PROBLEM
This section is devoted to the proof of the following ill-posedness result:

Theorem 4.1. There exists a sequence
hi(t,z) € L (R; L*(R?))
such that:
(i) the Cauchy problem

(4.1) bt — Ad + s12n|($2|<215) = hy(t, @),
(4.2) $(0,2) =0,  4(0,2) =0

has a solution ¢y (t,z) € C(R; HT¢(R?)) N CY(R; H*(R?)), where ¢ = (k) | 0 as

k — oo; moreover, both ¢y(t,z) and hi(t,x) are supported inside the forward light

cone t > |z|, and we have the additional smoothness ¢y, - x;/|x| € C(R; H'T¢(R?));
(ii) for any T > 0 and all p,q with

1 2
(4.3) —t->2
p q
we have, as k — 00,
(4.4) 1k Lo (-1 7); 20 R2)) = O,
while
(45) ||vm¢k(T7)HL2(R2) — 0Q, ||8t¢k;(T,-)HL2(R2) — OQ.

Remark 4.1. Tt is not difficult to obtain from this theorem an analogous result for
the general wave map equation (1.4). Indeed, set u = u®) = (uy,uy, u3) with

Uy :ﬂsinqbk, uQ:Esinqﬁk, Uz = COS Py,
|| ||

with ¢y as in Theorem 4.1. Since ¢, satisfy (4.1), we obtain exactly as in the proof
of Theorems 3.1, 3.2 that u(*) is a weak solution of the equation

Ou + (Jug|* — |Vul*)u = Fy,

with
% cos ¢
Fi = hyg - ﬁ COS(b
—sin ¢
In particular we see that
(4.6) | Fr| = [h]

and this implies

1 Ek | o ((-7,71;L9R2)) — 0
as for hy. Notice that when ¢ vanishes, u = (0,0, 1) (the North pole), while it is
immediate to see that d;u(0,x) = 0. Moreover we have easily

(4.7) 10eult, )22y = 10:0(E, )| L2 (m2),

(4.8) IVoult, Mez@ey = Vo (t, )2z + |z o, )|l 2wz
and these relations imply that, for any 7" > 0
[00u(T, M 2rzy = 00, [[Vou(T, )| L2rz) — o0
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In conclusion, we need only check that u*) € C(R, H'*5(R?)). We recall that
H'*%(R?) is an algebra. Thus it is standard to see that cos¢ — 1, sin¢ and in
general g(¢) for g smooth are continuous with values in H'*¢(R?) since ¢ is. To
prove that u; =sin¢ - z;/|z| for j = 1,2 are also smooth we write it as a product

= |x‘¢~g(¢)

with g(s) = 9% analytic; since g(¢), z;¢/|z| are in CH'*¢ (see part (i) of the
Theorem) the proof is concluded.

T
s = —L
J

Proof. We start from the family of self-similar solution constructed in Section 3
(see (2.13))

T
4.9 T,7) = 2arctan | ——F—— | .
(1.9) w(r,7) (=)
Inside the future light cone
K={(tw) : t>[al}
the function (r/t,~) satisfies the equation
sin(2¢)
O
v+ 2r2
Notice that if we want to prolong ¥ (r.t,~y) as a (weak) solution outside K we must
resort to the functions given by (2.13) for 7 > 1; but here we shall not need this

second formula.
An alternative form which will be useful in the following is

(4.10) ¥(7,7) = arcsin (a(1,7)), a(1,7y)

=0.

_ 2vT
1+924+(1—-92)vV1—712

(obtained through the identity 2arctans = arcsin(2s(1 + s?)~lref)). Moreover,
the derivative of ¥ is given by

(.11) p(r,7) =

2y 1
VI=72 14424+ (1—-2)V1-72
We list here a few consequences of these definitions which will be useful in the
following. From (4.9), (4.11) we have immediately

(4.12) %’YT <P(r,y) <297 vr,y e [0,1],

g 9 2y
4.13 —L < Z(r,) < vr, € [0,1].
(4.13) i St s = Vel

To express the behaviour near 7 = 1 more precisely we can also write (4.11) as
2y 1 272 1—~2

TP VI 1414+ (- 2V

and integrating (4.14) from 7 to 1 we obtain

(4.15) P(1,7) = 1(r,7) =

where the remainder

(@19)  plr)

T [arcsin 1 — arcsin T — R(7,7)]
Y

_ [ (1-9%)ds
R(T"Y)_/T 1+72+(1—'72)m

satisfies trivially for all 7,y € [0,1]
(4.16) 0<R(r,7)<(1-7).
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Moreover, integrating the elementary identity
1 1 1 n 1-—5s
VI—s2 V2V1-s V2y1+s(V2+V1+5s)

from 7 to 1 we get

arcsin 1 — arcsinT = V2v/1 — 7 + (1), 0<r(r)< %(1 —7)%/2,
In conclusion,
2
(4.17) $(1,9) = ¥(r,7) = 15 [V2VI =7 = Ra(r,7)]

142
where
(418)  Ri(m,y) =R(1,7) —r(r), O0<Ri(r,7)<(1—7) VYv,7€l0,1].

Now, fix an integer N (which in the end will be taken equal to 2; but it is easier
to follow the method in the general form), let v1,...,vn €]0,1[ be small positive
parameters to be chosen and consider a linear combination of these solutions

N
(4.19) U(r) = pj-(r,7;)
j=1

where the real coefficients 11; will be precised in the following. Here we impose the
condition on y;

N

(4.20) T(1) =0, ie. Zuj arctany; = 0.
j=1
Notice that this implies using (4.17), (4.18)
(4.21) U(r) = 1”17;2 [—2\@\/1 — 7+ Ra(r, %)}
J
and in particular
(4.22) 1T (7)] < 6y/1 — 2 % .
J

Then given small positive parameters A, B €]0,1[ to be chosen we define the ap-
proximate solution as

(1 —-1)Bw t K
0 (t,r) ¢ K.
We are using here the hyperbolic coordinates

pz‘/tQ—TQ, T:f

inside K, thus we can also write

N
ot r) = (t=r) B +r) B e/t ).

j=1
First of all, we check that
(4.24) ¢ € O(R; H'*(R?)) N CH(R; HE(R?)) Y0 <e< A.

It is easy to prove, by arguments similar to those outlined in Lemma 6.2 of the
Appendix, that the function

¢(1,r) = (L=n) TP+ Y uj(r, ;)
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(continued as 0 for 7 > 1) belongs to H!T¢(R?) for any ¢ < A+ B (and € < 1),
provided condition (4.20) holds; indeed, (4.20) implies that

Do ugb(r) = VI=r2(C+ O(V1-12))

hence near r =1

B(L7) = (L= )R+ O(V/1= 7)),
The computations of Lemma 6.2 refer to the special case A = B = 0. Now,
introducing the scaling operators
Syv(x) = v(Ax),

we can write for ¢t > 0

(4.25) o(t 1) =481 (1, 7).
We recall the well known property (s € R)

__\s—n/2
)y = A

HSAUHHs(Rn HUHHS(R")'

Moreover, we remark that for v € H®(R™)
A — Syv is continuous : {\ # 0} — H*(R");

this is clear for s = 0, v € C§° by uniform convergence, follows by density for any
v € L2, and this implies the general result through the isomorphism H S(R™) ~
L2(|€|>*d€). Thus we see that t — ¢(t,r), ie., t — tzASl/tgb(l,r), is continuous
from {t # 0} to H'*¢, for any ¢ < A+ B, ¢ < 1. It only remains to prove continuity
as t — 0; since ¢ = 0 for t < 0, this amounts to prove that

o(ts M e = A& - (1oL, )2 + 5L, )| jgrse) — 0
which is true for £ < 2A (we have used the properties of the scaling operator S ;).
In conclusion, ¢ € CH*¢ provided ¢ < min{1,2A4, A + B}.
The proof of the second part of (4.24) is analogous.
We must also check that for j = 1,2
Ly

(4.26) ¢ € O(R; H'T*(R?));

||

by the same rescaling as above, we need only verify that at t = 1

—L(1,7) € H'(R?).

|z

We already know that ¢(1,7) € H'*¢(R?), and since z;/|z| is smooth away from 0,

by a cutoff argument we must only prove (4.26) near = 0. This is obvious since

by the explicit expression of ¢ we see that ¢(1,7) = r - ¢(r) with ¢ € C> near 0.
We now estimate from below the H' norm of ¢. Recall that in the following

0 <r <1 since for r > 1 we have defined ¢(1,7) as 0. By the definition

o(1,r) = (L —r)E L+ )0 (r),
we have, using (4.11),
(4.27) op(l,r)y=T+1II

where
I=—[24r + B(1+7)](1 — )47 11 =) Pu(r)

and

- 21457j
II = 1—T2A1/21—T)B 7 .
( ) ( Zl+7§+(1—7§) 1—1r2
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Recalling (4.22), we can bound the first term from above by
1] < 12(A+ B)(1=r)A 72 " uyly

and this gives
1][z2 < 6(A+B)A™2 Y " |
Using again (as in (4.14)) the identity
1 1 1—~2 V1—1r2
142+ (12112 1472 14721442+ (1—2)VI_ 2
we can split the second term as

(4.28)

II =11, + 11,
where 1y
I =2(1 — A2 — )BT L1
1=2(1-7r%) (1-r) 142
and
A B Hj 1795
I =—2(1—r)A(1—-n)"Y" s

L+ + (1 =)VI—r21+7;
an elementary computation gives
1ol <2 |yl
provided A,v; €]0, 1], while

H5;

II > —(A+B)" Y2
11| 2 ( +B)~ 142

In conclusion, we have proved that

M55
L+77

(4.29)  lo(1,-)

1 A+B
”Hl 2 2\/m - Z“L]h@ 22|/1‘J|

Finally, to estimate from below the norm of ¢(t, 7") it is sufficient to recall that for
t>0

o, e = 241, ) g

by the scaling properties of H L(R?). A similar estimate from below holds for
[0e¢(t, )| z2-

We now show that the function ¢ constructed above is a weak solution of the
wave map equation with an appropriate forcing term. First of all, we define a
function g(¢,7) as follows: g = 0 outside the future light cone K, while inside K

(p=Vt2—r2, 7 =r/t)
_ 2 sin(24(r /¢, %))
(4.30)  g(t,r) = [0, 0?21 = 1) BIW(r/t) — p*A(1 - 7) Z 1 52 )

Notice that inside K we have trivially
06 =0 (p*2(1 = 1) Y uyeb(r, 7)) = g(t.7);

our aim is to show that (J¢ = ¢ in distribution sense on R x R2.
Since g € L, (R x R?), we must show that, for any test function x(,z),

/ (p0Ox — gx) dtdz = 0.
Introducing the shifted cone
Ke={(t,z) : t = |a|+¢}
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this is equivalent to show that

/ (¢0Ox — gx) dtdz — 0

as € — 0, since g, ¢ vanish outside K. On K. we can integrate by parts and use the
identity (¢ = g, hence only boundary terms remain and we are left to show that

Lo e Zovosxc @it on)

dr — 0.
||

t=r+e

The first group of terms is bounded by
C/ lp(r +&,7)|rdr
Q

(€ = support of x) and this quantity tends to 0 since
lp(r +&,7)] = eMB(2r + ) (r 4 ) B|¥] < Ce?(2r + o)A

Thus we only have to show that

(4.31) / X - (th + ¢7')|t:r+e dx — 0.
Recalling that
o(t,r) = t*Ao(1,7/t)

we have easily

¢T<t’ T) = tQA_1¢T(1’ T/t)

and
Gu(t, 1) + ot r) = 24t p(t, 1) + 71t — 1) (t, 1),
whence "
€
(D + D )liepye = m¢(r +e,7)+ m%(r +e,7).
The first term is easy to control, since ¢ = p?4(1 — 7)BW¥ and ¥ is bounded:
24 (2r+¢)P gA+B
=24cAtB T T 1§ < CA
T+E¢(r+e,7‘) € (r+5)1+B| | < e
and of course
€A+B
/ rdr — 0.
o’ +e€

The second term is more difficult. Since
br(t,m) = —[24r + B(t + 1))t — )ALt 4+ 1) A PO (r/t)+
+(t = )ATB(t + )M B0, W (r /1),

we have

¢r(r+e,7) = —[2(A+ B)r + Be]

5A+B_1(2T _|_€)A—1 v ( r ) N

(r+¢)B r+e
A+B(9 A
L€ (2r+¢) ow (7).
(r+¢e)B+1 r+e

using |¥| < C and |0, ¥(7)| < C(1 — 72)~1/2 (see (4.13)) we obtain
\¢r(7“+577°)| S C€A+B_1(T+E)A_B + CEA+B_1/2(7“ +€)A—B—1/2

which implies
|60 (r +2,7)| < CeA7H(r + )4,
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Multiplying by e(r 4+ ¢)~! and integrating on the support of x we thus obtain

/ o+ )|¢r(7“+€ ,r)|rdr < C’/ 7“+5)A_1] rdr < Ce? =0

and this proves our claim.
We can rewrite the equation U¢ = g as follows:

(4.32) O + sn;?f) = h(t,r)
where h(t,r) is defined as 0 outside K while, inside K,
(4.33)

) = D A0 = P atr )+ 20 gy _ gy, S
We shall now estimate the LP LY norm of h(t,r). To this end we split it as

h =hy + ho

with

(4.34) hy = (O, p*4(1 — 7)5](r/t)
and

(4.35) hy — su;iigi)) 3 Z Jsm 21/12:2/15 ’yj))

Notice that hq, hy are locally integrable functions.
Consider h; first. Using the hyperbolic coordinates p = vt2 — r2, 7 = r/t, inside
the future light cone K the commutator can be written

[D7p2A(1 - T)A] =X+ Cl(pv T) + 02(p77-)7
where X is the vector field

0
(4.36) X =4Ap* 711 - T)Ba—p +2Bp*A2(1 — )B4 T)Q—T
while ¢y, co are the functions
(4.37) c1(p,7) = [2A(2A + 1) — 2B(2B — 1)]p**72(1 — 1)B,
(4.38) ca(p,7) = Bp* 21— )BT BB +5+(B—1)r — 771
Applying X to ¥ which is a function of 7 only, and using formula (4.14) we get
XU =7T+11I
where
7= 2BP2A72(1 _ T)B+1/2(1 4 7)3/2 Z 2057,
1+77
and
A 1-97 20157
IT==2Bp*" (1 —7)PM (147> —- L

T+9] 142+ (1 —2)VI—7%
Moreover recalling (4.21) we have
aV=IIT+1V

where

IIT = —4V32[A(2A + 1) — B(2B — 1)]p*72(1 — 7)B+1/2}" 1“1”2
75

and
V] = ey - Z|U]%R1| <12(A+ B)p 24 %( B+1Z|NJ|’YJ
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Now we have
hy =T+1T+1I1+4+1V 4 coV¥;
the sum I + IIT using (4.17) gives

I+11T =

4p°A72(1 — ) BH1/2 % [BOL+7)*2 — (A4 +1) - BB -1)V3].

This term is quite dangerous, i.e. is not in L'L? unless we impose the condition
(4.39) A=B

which ensures that the quantity in square brackets vanishes at 7 = 1. With (4.39)
we get immediately

(4.40) [T+ I1T] < 164p>472(1 = 7)PF32 3 " ||y

The remaining terms are quite easy to handle. We have already estimated IV, for
IT we have directly

(111 <8Bp* (1 — 7)P+1 > " sl
and for co ¥ we have, recalling estimate (4.12),
|2 @] < 12Bp*4 2 (1= 1) " |y
Summing up, we proved that (A = B)

|| < 644p*A72(1 = )P0 sl

or equivalently
[ha] < 64A(E — 1) Bt 4+ 1) AP gy
Since for T' > 0, and for all p, ¢ > 0 such that

1 2
(4.41) A=—+--22>0
p q
we have
T&-‘r)\
[t —r)2 B+ T)A71t7371HLT’([O,T],L'I(t>r)) B
24
3+
P
we obtain
24 2A _1/17
(442) ||h1HLP([7T,T];L‘I) S 64T P +/\A |:p + )\:| Z |/1/J|’yj
Consider now hg, given by
sin(2¢) 24 ( sin(24(7,7;))
he = 22 Z Hj ) )
We can certainly write
1 cos(f
5 8in(2s) = s+ s°ro(s),  Iro(s)| = | 12( I

where ro(s) is an entire function; thus

in(2 2A 1— B 3
SH;(T;?) _Pp (T2 7) \I,Jrﬂro((b)

Hence recalling that U = > p;¢(7,;) we can split ho as
hog =1+ 11
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where
(443) I=2p20 —7)B 3" iy |2arctan ( —— ) - L sin(24(7, 7))
' 2’ . 1+v1-72) 2 "
and
3
(4.44) IT = Zoro(¢).

2
r
To estimate the quantity I we notice the following identity:

1. B o 1=+ (A+)VI-T
§sm(2¢(7,'y)) = o m_ 27T[1+72 + (1 =421 =722

this implies, by direct computation,

827' <2 arctan <1+\X—_772> - %Sin(?z/;(T7 7))) =

167373
VI=r2 14924+ (1-2)V1-12 ?
Integrating (3.25) from 0 to 7 we obtain easily

1 .
(4.46) 0 < 2arctan (W) — —sin(2¢(7, 7)) < 329373,

1+ V1 — 72 2

and plugging this into (4.43) we obtain

64 4
11 250401 = 1)Pr 3 sl

As to the remainder, we can use the inequality | (7,)| < 2v7 to obtain

3
07 < 8084 (1 = 773 |37 gy | < SNTOA(L = 1) B g

and this implies

(4.45) —

1
11 S 8NS5 24 (1= )27 3 iy P

In conclusion
1
lho| = |1 + 11| < 64N372/)2A(1 = )P | + P

since

1
T—QpQA(l — 1) B = (t - rATB (¢ + T)At_B_3r
and, for T" > 0,
T%-‘r)\
It = )B4+ )2 P73 ooy, Lagesm) < 27—
e
P

where A > 0 is given by (4.41), we have proved that

24 2A —i/p 3
(447)  [halli(rayon < 128NPT%+ [pm] S (gl + s Ps™

In conclusion, by (4.42) and (4.47) we find
(4.48)
24 2A _1/10
1hll o, ry0y) < 128N°T % [p + A} D lmhy [A+ 23+ |y )] -

We are now ready to choose the parameters. Given a small parameter a > 0 we
shall express all the other quantities in terms of it. First of all we take

(4.49) v; = tan(a - j), i=12,...
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so that the condition (4.20) on p; becomes

N
> mii=0;
j=1

clearly it is sufficient to take
(4.50) N =2, 1 =2, po = —1.

Notice that
2,

L+77
Then estimate (4.29) gives for t > 0
(4.51) (T, )| g > TAA?(2sin(a/2) — sin(a)) > CTAA™Y245,
Since we want this quantity to be unbounded as a — 0, we must choose
A = g0+6

for some ¢ > 0. Then estimate (4.48) gives

= sin(aj/2).

2q5+9 —1/p
hllprpe < OT%+)‘ 4 + A a’.
Il
p

This quantity tends to 0 as @ — 0 when A > 0, i.e., when condition (4.3) holds.
This concludes the proof of our theorem.
O

5. APPENDIX A: THE SELF-SIMILAR ODE

This section is devoted to a complete study of the equation
(5.1) (1% — )" + 7(27% — 1) + k*sin¢p costp = 0.

which governs the profile of self-similar solutions ¢(¢,7) = 1 (r/t) to equation (2.5).
Here k£ > 1 is any integer.

We can express all the solutions to (5.1) in an explicit form using Jacobi elliptic
functions. These functions are usually introduced as doubly periodic meromorphic
functions with suitable additional properties; but the standard definition is only
given for restricted values the parameters, hence from our standpoint it is both too
general and too restrictive. For convenience of the reader, we construct them from
scratch in a very short but complete way.

Remark 5.1. JACOBI ELLIPTIC FUNCTIONS ON R. Consider the system of ODEs
for the functions f,g,h: R — R

(5.2) f'=gh

(5.3) g'=—hf

(5.4) B = —m?fg

where m is a fixed real number, subject to the initial conditions
(5.5) f(0)=0, g¢g(0)=1, h(0)=1.

It is clear that the system admits a unique C! solution (f, g, k) which is in fact real
analytic and can be prolonged on the whole R using the first integrals of the system

(5.6) P4g>=1, m*fP+r>=1, m*¢*-h*=1
which follow at once from the equations. The standard notation for these functions
is

f=su(tjm), g=cn(tm), h=dn(tm).
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Notice that in the literature the parameter m is usually restricted to the range
[0, 1], which is not sufficient for our purposes. It is clear by the definition that

sn (tlm) =sn (t| —m), cn(tjm)=cn(t|—m), dn(t|m)=dn(t|—m).

Squaring the equations and using the conservation laws (5.6), we obtain immedi-
ately

(5.7) F2=0- 0 -mr),
(5.8) g% =(1-g*)(1—m?+m?g?),
(5.9) h? = —(1—h%)(1—m?— h?).

From (5.7)-(5.9) it is immediate to obtain several properties of the elliptic functions.
Consider first the case |m| < 1. Then sn (¢m) and cn (¢|m) are periodic with
period 4K (m), where

w/2 d
(5.10) K(m) = / °
0 1—m?2sin’s
is called the complete integral of the first species. The couple (sn (¢t|m), cn (t|m))
has a behaviour similar to the couple (sin, cos), i.e., they oscillate between +1, and
indeed we have in the special case m =0

sn (¢|0) =sint, cn(t|0) = cost.
Moreover the zeroes of sn (t|m) are t = 2jK(m) and those of cn (¢|m) are (25 +
1)K(m), j € Z. On the other hand, the function dn (¢|m) has period 2K (m) and
oscillates between the values 1 and +/1 —m?, thus it is strictly positive (and is

identically 1 when m = 0). A fundamental property connecting elliptic functions
with elliptic integrals is the following: for fixed |m| < 1,

@ d
(5.11) if /0 m:ﬁ then sina =sn(8|m), cosa = cn(Gm).

This follows from (5.7), (5.8) through the change of variables f — sin f, g — cosg.
When |m| > 1 the behaviour changes. The function sn (¢|m) oscillates between
+1/m, and indeed we have the formula

1
(5.12) sn (tjm) = —sn (mt|/m=1)

m
from which we see that the period is 4K (m~1)m~! and the zeroes 2j K (m~!)m~1.
The functions cn (¢Jm) and dn (¢t|m) exchange with each other according to the
formulas

(5.13) cn (tjm) = dn (mt|m™1), dn (t|m) = cn (mt|m™1)

so that, for |m| > 1, cn (t|m) is strictly positive, oscillates between 1 and /1 — m~2
and has period 2K (m~!)m~!, while dn (¢|m) oscillates between 41 and has period
4K (m~)ym=1L.

When |m| = 1 we have simply

(514)  sn (1) = tanht = &~ en(tl) = dn(t)1) = —— =
’ n et 4et] N "~ cosht et4et’

We finally introduce the fourth Jacobi function called the amplitude and con-
nected to the above through the relations

(5.15) sn (t|m) = sin(am (¢|m)), cn (tjm) = cos(am (t|m)).
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When |m| < 1 we can compute for |t| < K(m) (i.e., between the first zeroes of cn)

t
(5.16) am (t|m) = arctan M
cn (tm)
Actually am (¢|m) extends as an analytic function for all ¢ € R; indeed, by (5.11)
we have immediately

(5.17) if / ¥ 3 then a—am(Bm) (m|<1)
0 1 —m?2sin®s

which means that am (¢|m) is the inverse function of the integral to the right,
regarded as a function of a. This equivalent definition of am (¢|m) is meaningful
for any ¢, provided |m| < 1.

When |m| > 1 we can use for all ¢ definition (5.16), since cn (¢|m) is strictly
positive then; thus am (t|m) is 4K (m~1)/m~! periodic and oscillates between the
values 4 arctan[(m? — 1)~/2]. Notice that also in this case am (t/m) inverts the
elliptic integral as in (5.17), but only on a finite interval:

(5.18)
“« d

if / B —— B then a=am(Blm) (jm|>1,|a| < arcsin(|m|™'))
o V1I—m?sin’s

The zeroes of am (t|m) are the same of sn (¢|m), that is to say 2jK(m~1)ym=1.

When |m| =1 we have

t

= 2arctan € .
et +1

(5.19) am (¢|1) = 2arctan(e’) —

e

We are now ready to prove the

Proposition 5.1. Consider the equation
(5.20) (1% = D" 4+ 7(27% — 1)9 4 k?sinep costp = 0.

(i) If ¥ is a solution, also jm £ are solutions, j € Z. (Thus it is sufficient to
study the solutions in the range [0,7/2]). The only constant solutions are given by
b(r) = /2.

(ii) If () is a C* solution near a point T9 €]0, 1], then 1 can be extended to an
analytic function on the whole interval 10,1[. Moreover, the limits

/\:11%1111#(7'), /,L:li%rlnﬁ'(T)\/l — 72

exist and characterize uniquely the solution . Indeed, for A €]0,7/2[ and any u, or
for X\ =0,7/2 and p # 0 (the excluded cases correspond to the constant solutions),
we can represent (T) as follows:

(5.21)
W(r) = g —am <(1 +qo)'/? {ql +sgnp - k-arctanh /1 — 72} (1+ qo)_1/2>
where
2 /2
I .2 ds
(5.22) qo = — —sin® A, @1 = / _—
k2 A Vqo +sin® s

and sgn . must be replaced by —1 when p = 0.
(iii) If (1) is a C! solution near a point 7o > 1, then 1) can be extended to an
analytic function on the whole interval |1, 00[. Moreover, the limits

T T / 2
/\_171?11@0(7), u—lTlgl%/J(T) -1



24 PIERO D’ANCONA AND VLADIMIR GEORGIEV

exist and characterize uniquely the solution . Indeed, for A\ €]0,7/2[ and any p, or
for A\=0,7/2 and p # 0 (the excluded cases correspond to the constant solutions),

we can represent (T) as follows:
—1/2
do / )

(5.23) (1) = am (q(l)/2 [ql +sgnp - k-arctan /72 — 1]

where

Il 2 g ds
(5.24) Qo = —= +sin” )\, Q= / _—_
k2 0 vqgo—sin®s

and sgn . must be replaced by —1 when p = 0.

Remark 5.2. Before sketching the proof, we single out a few solutions with special
properties that are used in the paper.

(a) For 7 €]0,1[, most of the solutions given by (5.21) have a nasty behaviour
near 0, indeed arctanh is unbounded near 1 and am (¢|/m) either has a linear growth
(Im] < 1) or oscillates (|m| > 1). The only good solutions are obtained when go = 0,
i.e., with the choice
(5.25)

/2 A
A €]0,7/2], u=xksin) = qo =0, q1:/ :—logtang;
A

sin s

recalling (5.19) and the identities

1+vV1—72 1
exp(arctanh /1 — 72) = ¥, g — arctan xz = arctan —

T x
we obtain
(5.26) () = 2arctan [tan A (”
2 \1+V1-72

where + = sgn u. It is useful to compute also

. 2 Tk A\
(5.27) siny(7) = 1=V :PYQQ:FM)M 7 = tan o,
and

V/ 2\k 2 /T 2\k
(5.28) cosw(r):(1i L= =y (1FVI-7) , *y:tané,
(VI +2(1F VI - 7o) 2
where + = sgnp (and F = —sgn p).
(b) The solutions for 7 > 1 have a nice behaviour, and in particular they are
monotone; we shall be interested in small solutions with the property ¢ — 0 as
T — 00. Actually we have:

for any fixed ¥ > 1 and small § > 0 we can find (unique) A, u
such that gy = 6% and the solution given by (5.23) tends to 0 as
7T — +4o00. The solution is monotone decreasing for odd k and
monotone increasing for even k. In particular, for kK = 1 we can
choose ¢q; = /2 and the solution is given by

1

5 )

\/72171‘6)

(5.29) Y(T) = am <5 arctan

T2 -1

so that, recalling formulas (5.13),

(5.30) siny(7) =6 - sn (arctan
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1
5.31 cost(7) = dn | arctan 7’5 ,
(5.31) 6(r) = dn (arcton ———|s)
Indeed, since gp < 1, the amplitude function in (5.23) has a periodic behaviour,
with zeroes in the points 2jK(qé/2)qé/2. Recall that

ds

/2 ds arcsin \/qo
- __J .
0 V1 —qpsin” s 0 vV qo — sin” s

K(gy?

while

A ds
n=|
0 v/ qo—sin”s

Notice that ¢; < K(qcl)/Q) for small A, p since

A < arcsin \/gp = arcsin y/sin® A + p2/k2;

more precisely, if we keep qg fixed and change the value of A, i, we see that ¢; takes

all the values from 0 (when A = 0) to K(qé/Q) (when p = 0). Moreover, K(m)
is a strictly increasing function for 0 < m < 1, with K(m) | n/2 as m | 0 and
K(m) 1 oo as m T 1. Now the solution (5.23) tends to 0 as 7 — oo provided the

argument s of am (s|q, 1 2) approaches one of the zeroes, i.e., provided we can find
j € Z such that

m .
(5.32) Qtsgup-ky = 2K (/%)

If £ > 0 is odd, we can write K = —2j + 1 for a negative integer j and choosing
i < 0 condition (5.32) becomes

v . s 1/2
0 =5+ 2] (g—K(qo/ ))-

The right hand side is slightly less than 7/2 for small go, and keeping the value of
qo fixed we can find A, u such that the condition is satisfied (since ¢; ranges from 0

to K(qé/2) > m/2). Thus our claim is proved for odd k. A similar argument holds
for even k (we choose now 25 = k and p > 0).

Proof. The claims of part (i) are self-evident. We now prove (ii). It is clear that 1)
defined near 7y €]0, 1] is analytic; if we multiply the equation by ¢’ we obtain the
identity
[7’2(1 — 72 ()% — k? sin? 1/1]/ =0,
ie.,
721 — 729/ (1)? — k* sin® ¢ = const.
A first consequence is that we can extend the solution of (5.20) % on the whole

interval 0, 1] since ¢’ must be bounded on any compact subinterval. Moreover,
setting g(v/1 — 72) = (1), we see that the function g(s) satisfies the differential

equation
g (V1= 72)2 — k?sin? g(\/1 — 72) = const.
ie.,
(1 —5%)2¢'(5)% — k%sin® g(s) = const.
Thus we see that g(s) is an analytic function near s = 0, and this implies that both
(1) = g(v1—=72) and V1 — 72¢/(1) = —7¢'(v/1 — 72) have a limit as 7 | 1, as

claimed. Defining A, u, qo, ¢1 as in the statement, we can write

721 — 729/ (1)? — k*sin® ¢ = qok?
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or equivalently
WP R
o ts?y (-7

and hence

Y'(7) _ k

=+
@ Fsm )P i

where + = sgn . To solve this we set x = —1 + 7/2 and obtain

X'(7) .k
(@0 +1—sin® )12 " 7v/T 72
We can now integrate between 7 and 1; for 7 close enough to 1, recalling (5.17),
we obtain immediately that (5.21) holds in a left neighborhood of 1 and hence on
10, 1[ by analyticity.
The proof of part (iii) is analogous. d

6. APPENDIX B: SOME TECHNICAL LEMMAS

We recall the standard definitions

lully @2y = llullz> +S}EIIZD?Hﬂllm(2j—1gs|s2f+l>7
J

and, for any open set (2,
lullpy (o) = inf{llurllpy ey : wr € B (B2, ui|g = u}

Of course Bj () can be defined as the space of restrictions to € of functions
in ||lul|py _(rey, which in turn are the temperate distributions for which the above

norm is defined and finite. For details see [19], §4.2.1.

Lemma 6.1. The function
x

0()

belongs locally to the Besov space Bj ., i.e., it belongs to By . (Q) for any bounded
open set Q C R2.

e

Proof. By the definition of Bj (), it is sufficient to show that ¢(x)0(x) is in
Bj (R?) for any cutoff function ¢ € CZ°(R™). First of all we recall that the
Fourier transform of the L>(R?) function #(z) can be expressed as

f(¢) = P.V.% = liH)lXE%, Xe(&) =1 for |¢| > ¢, 0 elsewhere
where P.V. (meaning principal value) is exactly defined as the limit in distribution
sense at the right hand side (see e.g. [15], p.164 ff.). Thus we are led to estimate

the quantities

> n
—n)—d

L2(29-1<|g|<29+T)
uniformly with respect to e. We split the integral as follows

> n
de-nihdn= [+ —pL@+1©.
Inl>e Inl 12pnize iz
The first part can be handled by the standard trick

~ N S
L= /me(f W /1>lnl>€w<s ) = DO
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since 17 has average 0 on the sphere. We recall now that zZ is rapidly decreasing and
hence satisfies

(6.1) Vo)l + [ < On(m) ™, ()* =1+’
for any N; thus by Taylor’s formula, if |n| < 1,

(D& —m) = DO < sup V(e —m)| - Inl < (&) N In)
0<0<1
where C'y is independent of €. This gives

L.(6)] < Cxle) ™™ / inl~Ldn < Cw ()N

[n|<1

whence, choosing N = 3,
(6.2) el p2(2i-1< e <241) < Co277

with Cy independent of e.
We now estimate IT(£), which corresponds to the integration on |n| > 1. When
|€] <1 it is sufficient to remark that for any N

(e —n)| < Clp)™™N

and this gives immediately
(6.3) 11l z2g1<1) < C-
It remains to consider the L? norm of I1(£) when [£] ~ 27, j > 0. We can split 11

as
> n > n
m©= [ de-nant [ de =m0+ 1
Inl<le|/2 ul Inl>I¢l/2 ]
When || < [€]/2 we have
[E—ml <CE—n V<o)
which implies
(6.4) ITD| L2 251 <jg)<2it1y < C27;
on the other hand, when |n| > |£|/2, we have directly

L)) < ¢ / [0(€ — n)ldn < Clé|2
and this gives

(65) ||II2HL2(2]'—1S‘§|§23‘+1) S 027‘]
In conclusion, by (6.2), (6.4), (6.5) we obtain

-~ n
—n)—d

L2(27-1<[€]<27H)

whence the result follows. O

For our second Lemma we need an alternative expression of the Besov norm (see
e.g. [15], §2.5.1): given 6 > 0, which may be chosen arbitrarily,

||U||321W(R2) ~ ||ul|2 + sup |h|71||A%LuHL2(R2).
' |h|<o

Here A? is the second difference operator
AL f(x) = f(z +2h) = 2f(x + h) + f(x),
while the first difference operator is simply

ALf(@) = fla+h) = f(z).
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Lemma 6.2. Consider the function on R?

Ma) = /1= |22 for|z| <1, 0 elsewhere,.

Then, given any f(s,r) € C*(RT x R?) with bounded derivatives, the composition
f(A(z),z) belongs locally to the Besov space By ., i.e., it belongs to B3 . () for
any bounded open set Q C R%. In particular, (z) itself belongs to Bj . (R?).

Proof. Choose any cutoff function 1 (z), and define

g9(x) = ¢(@)f (V1 - |z[* z).

We need a suitable estimate for A?g(z). Notice that, given any C? function ®(y)
on RY and any locally bounded function v : R® — R¥, the following formulas hold:

ALP(Y(2)) = (a, Ap(2))
where a = a(y(z + h),~(z)), for a suitable C! vector valued function a(y, z), and
AL (y(2)) = (a, ARy(2)) + (A1 ALy (@ + h), Apy(2)) + (A2A)7(2), Ay (@),

where a = a(y(z + h),y(z)), 4; = A;j(y(z + 2h),y(z + h),7(z)), for a(y,2),
A;(y, z,p) continuous functions of their arguments (vector- and matrix- valued re-
spectively). If we apply these formulas to g(z), since x, h run on a compact set we
get

(6.6) |ALg(x)] < ClARA(2)]
and
(6.7) |A%g(x)] < CIAFA(@)| + CIALA()|* + CIALA(z + h)|?

with C independent of x,h. We are thus reduced to estimate the differences of
A(z). For a fixed || < 1/4, we split R? in the three domains |z| > 1 + 3|A|,
1+ 3|h] > |z| > 1 —3|h| and |z| < 1 — 3|A|. In the first one we have simply

(6.8) AjA(z) = AjA(z + h) = A7 A (z) = 0.
In the region 1+ 3|h| > |z| > 1 — 3|h| we have directly
[ARA@)] < 6IRIY2, (MA@ +B) < TIRM2 AR ()] < 16]A[Y2

and since the measure of the region is 127|h| we obtain for some constant indepen-
dent of h

(6.9) ||ALA()] + [ALA(z + A ) S Clhl.

)| HL2(1+3|h|>|m\>173\h|

(6.10) AR L2143 > 2| >1-31n) < C|h].

In the last region |z| < 1 — 3]h| some more computation is needed; notice that here

Az) = /1 — |z|2. We have
2
% -
A}L\/l—|m|2:_ A" +2x-h

V1=[zP+ /12 +hP

ALV = 2] < 20n]'?;

|ALYVT = |z + h[2| < 2|h[/?

is analogous. Thus we have

1) [|AhvT=T2P| + |akvT— e AP||

and this implies

the inequality

< C|h|

L2(|z|<1-3]|h]|)
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with C independent of h. In a similar way, some elementary algebra gives
|h? 3|h|2 |h|2+2x h
m mo

6.12 A2\ /1—z2 =
(6.12) 3 || m1 pp——

2z

where we have introduced the quantities
— VI= P+ I [e + P,
ma = /1 — |22+ /1 — |z + 22,
m3 = /1 — |z +2h|2 + /1 — |z + h|2.

Since |z| < 1—3|h|, we have my > 2|h|'/2, my > 2|h|'/2, and this allows to estimate
the first two terms in (6.12) as follows:

I _ g Inl®

mq m

On the other hand, || < 1 — 3|h| implies
2z + h|* < |z? + |=|® + 2|h)? + 4|z| - |h| < |22+ 1

< 2|32,

whence
22z +h|*>1— |z
and this implies
mg > %\/1 — |=|?,

while it is obvious that

m1 > /1 —1z|2, me>+/1-|z|%
These inequalities give for the third term in (6.12)
|h|?> +2z - h 12|h|?
mi-ma-mz| (1 - |z[?)3/2
Summing up, we have obtained on the region |z| < 1 — 3|h| the inequality

12/ 2
2 /712 3/2 Al

‘23& h

and integrating with respect to z we obtain

(6.13) HA \/W‘ L2(|z|<1-3|h|) < Clhl

with C independent of h. In conclusion, (6.8), (6.9), (6.10), (6.11), (6.13) combined
with (6.7) give

A gllz2 w2y < C|h|
and this implies the thesis. O

The last lemma is useful to check whether the distributional derivative of a
piecewise smooth function coincides with its derivative a.e.:

Lemma 6.3. Let Q CR™ be an open set and K C R™ be a closed set, and denote
by K. = {z: d(z, K) < €} the e-neighborhood of K. Let f € L] () be a function,
differentiable a.e. on Q\ K with differential V f. Assume that

(i) Vf is in L, (2\ K) and coincides with the distributional derivative of f on
O\ K;

(i) there exists a smooth function h(x) defined on a neighborhood of K such that
for any compact set B C 2

1
(6.14) lim — |f — h|dz = 0.
e|l0 € K.NB
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Then the distributional derivative of f coincides with the function g € Li _(Q)
defined as Vf on Q\ K and Vh on K.

If in addition K has measure 0, then the distributional derivative and the deriv-
ative a.e. of f on Q) coincide.

Proof. Let p. be a sequence of standard mollifiers with support in B(0,¢) and set
Pe = pe * X2e
where yo. is the characteristic function of the set K5.. Notice that
¢ =1lon K.,  supp¢. C Ku;

moreover, on any compact set B we have the pointwise estimate

B
Vel = (Vp) # xael < C2)

Now fix any test function ¢ with support in 2; we can write

- / [Véda = / IV — 6o))dr — / (f — ) V]ooeldz — / WV [66.)dx =
=I.+1II.+1I1I..

By (i) we have immediately

I, = /Vf[¢(1 — ¢c)]dx — godz

O\K

as € — 0. Moreover we can write
C
1< S [ i hde o
€ JK,.NB

where B is the support of ¢; we have used the pointwise estimate and assumption
(ii). Finally, we have

111, = /thﬁqzﬁgda: — / Vhodx = / godx
K K
and summing up we obtain the thesis. The last claim follows immediately. O
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