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ABSTRACT. A Lie conformal algebra is an algebraic structure that encodes the
singular part of the operator product expansion of chiral fields in conformal
field theory. A Lie pseudoalgebra is a generalization of this structure, for
which the algebra of polynomials k[J] in the indeterminate O is replaced by
the universal enveloping algebra U(?) of a finite-dimensional Lie algebra
over the base field k. The finite (i.e., finitely generated over U(d)) simple
Lie pseudoalgebras were classified in our 2001 paper [BDK]. The complete
list consists of primitive Lie pseudoalgebras of type W, S, H, and K, and of
current Lie pseudoalgebras over them or over simple finite-dimensional Lie
algebras. The present paper is the third in our series on representation theory
of simple Lie pseudoalgebras. In the first paper, we showed that any finite
irreducible module over a primitive Lie pseudoalgebra of type W or S is either
an irreducible tensor module or the image of the differential in a member of the
pseudo de Rham complex. In the second paper, we established a similar result
for primitive Lie pseudoalgebras of type K, with the pseudo de Rham complex
replaced by a certain reduction, called the contact pseudo de Rham complex.
This reduction in the context of contact geometry was discovered by M. Rumin
[Rum]. In the present paper, we show that for primitive Lie pseudoalgebras
of type H, a similar to type K result holds with the contact pseudo de Rham
complex replaced by a suitable complex. However, the type H case in more
involved, since the annihilation algebra is not the corresponding Lie-Cartan
algebra, as in other cases, but an irreducible central extension. When the
action of the center of the annihilation algebra is trivial, this complex is related
to work by M. Eastwood [E] on conformally symplectic geometry, and we call
it conformally symplectic pseudo de Rham complex.
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The present paper is the third in our series of papers on representation theory
of simple Lie pseudoalgebras, the first two of which are [BDK1] and [BDK2]. As in
these papers, we will work over an algebraically closed field k of characteristic 0.
Unless otherwise specified, all vector spaces, linear maps and tensor products will
be considered over k.

Recall that a Lie pseudoalgebra is a (left) module L over a cocommutative Hopf
algebra H, endowed with a pseudobracket

L®L— (H®H)®y L, a® b [axb,
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which is an H-bilinear map of H-modules, satisfying some analogs of the skew-
symmetry and Jacobi identity of a Lie algebra bracket (see [BD], [BDK], or (2.21)
and (2.22) in Section 2.2 of the present paper).

In the case when H = k, this notion coincides with that of a Lie algebra. Fur-
thermore, any Lie algebra g gives rises to a Lie pseudoalgebra Curg = H ® g over
H with pseudobracket

[(1®a)x(10b)]=(1®1)@u [a,b],

extended to the whole Cur g by H-bilinearity.

In the case where H = k[J)], the algebra of polynomials in an indeterminate 9
with the comultiplication A(9) = 9 ® 1+ 1 ® 9, the notion of a Lie pseudoalgebra
coincides with that of a Lie conformal algebra [K]. The main result of [DK] states
that in this case any finite (i.e., finitely generated over H = k[d]) simple Lie pseu-
doalgebra is isomorphic to either Cur g with simple finite-dimensional g, or to the
Virasoro pseudoalgebra Vir = k[9]¢, where

[xl)=(1®0—-0®1) @y L

In [BDK], we generalized this result to the case where H = U(d), where 0 is a
finite-dimensional Lie algebra. The generalization of the Virasoro pseudoalgebra is
the Lie pseudoalgebra W (9) = H ® 0 with the pseudobracket

(I®a)*(12b)]=(1®1)®y (1 [a,b])
+0®1)0y (1®a)—(1®a) @y (1®D).

The main result of [BDK] is that all non-zero subalgebras of the Lie pseudoalge-
bra W () are simple and non-isomorphic, and along with Cur g, where g is a simple
finite-dimensional Lie algebra, they provide a complete list of finitely generated over
H simple Lie pseudoalgebras. Furthermore, in [BDK] we gave a description of all
subalgebras of W (9). Namely, a complete list consists of the “primitive” series: the
special Lie pseudoalgebras S(9, x), the Hamiltonian Lie pseudoalgebras H (9, x,w),
the contact Lie pseudoalgebras K (9,6), and their “current” extensions.

The geometric meaning of the data y,w, and 6 is as follows: y € 0* is a closed
1-form (= trace-form), i.e., (dx)(a Ab) := x([a,b]) = 0; w € A\*0* is a conformally
symplectic form, i.e., it is non-degenerate and

dw+x ANw=0;

finally, & € ?* is a contact 1-form (cf. [BDK2]). This explains why representa-

tion theory of the K and H type Lie pseudoalgebras is intimately related to the

constructions in contact and conformally symplectic geometry of [Rum| and [E].
For every Lie pseudoalgebra L, we have a functor [BDK]

Y- AyL:=Y®yL

that assigns a Lie algebra Ay L to any commutative associative algebra Y equipped
with compatible left and right actions of the Hopf algebra H. The Lie algebra
bracket on Ay L is given by

e @n a,y@u b =Y (2fi)(yg:) ®m ey i [axb] = (i ®g;) @ e

K3 K3
The main tool in the study of Lie pseudoalgebras and their representations is the
annihilation algebra Ax L, where X = H* is the commutative associative algebra
dual to the coalgebra H. In particular, a module over a Lie pseudoalgebra L is the
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same as a “conformal” module over the extended annihilation Lie algebra o x Ax L
(see [BDK1] and Proposition 2.1 below).

Note that X ~ Oy := Kk][[t!, ..., tM]] where M = dim 0. We define a topology on
Oy with a fundamental system of neighborhoods of 0 given by the powers of the
maximal ideal (t!,...,#™). Then the annihilation algebra of the Lie pseudoalgebra
W(0) is isomorphic to the Lie-Cartan algebra Wy of continuous derivations of
O (see [BDK1] and Section 2.5 below). Similar isomorphisms hold for S- and
K-type Lie pseudoalgebras [BDK1], [BDK2]. However the annihilation algebra of
H(0, x,w) is isomorphic to the Lie algebra structure Py on Oy, M = 2N, given
by

N

of Og af 0Og
1.9 =3 (5 g ~ 5w ant )

so that Pys/k1 is isomorphic to the Hamiltonian Lie-Cartan algebra Hsy of vector
fields annihilating the standard symplectic form Zf\;l dt' A dtV1?. This explains
the name and notation H of the corresponding Lie pseudoalgebra. We hope that
the reader will not confuse this H with the Hopf algebra H = U(9).

In [BDK1], we constructed all finite (i.e., finitely generated over H = U(0))
irreducible modules over the Lie pseudoalgebras W (d) and S(0, x). The simplest
non-zero module over W (?) is Q°(d) = H, with the action given by

(f@a)xg=—(f®ga)@pu 1, f,g€ H, a€. (1.1)

A generalization of this construction, called a tensor W (d)-module, is as follows
[BDK1]. First, given a Lie algebra g, define the semidirect sum W(2) x Curg as
a direct sum of H-modules, for which W (d) is a subalgebra and Cur g is an ideal,
with the following pseudobracket between them:

[(f®a)*(g@b)]=—(f®ga) @y (1®b), f,g€H,aco, beg.

Given a finite-dimensional g-module Vj, we construct a representation of the Lie
pseudoalgebra W (0) x Curg in V = H ® Vj by (cf. (1.1)):

(fea)®(geb)*x(hov)=—(f®ht) @y (10v)+ (9@ h) @ (1@ bv), (1.2)
where f,g,h € H,a €0,b € g, v € V. Next, we define an embedding of W (?) in
W(d) x Cur(d & gld) by

100 (100)0 (180)0(10add+Y 08d)), (1.3)

where {9} is a basis of 0 and {e/} is a basis of gld, defined by €l (d) = 50;.
Composing this embedding with the action (1.2) of W(d) x Cur(d® gl0), we obtain
a W(0)-module V = H ® V; for each (0 & gl0)-module V. This module is called a
tensor W (d)-module and is denoted T (V).

The main result of [BDK1] states that any finite irreducible W (9)-module is a
unique quotient of a tensor module 7 (V) for some finite-dimensional irreducible
(0 @ glo)-module Vj. Furthermore, it describes all cases where 7 (V) are not irre-
ducible, and provides an explicit construction of their irreducible quotients, called
the degenerate W (9)-modules. Namely, we prove in [BDK1] that all degenerate
W (d)-modules occur as images of the differential d in the II-twisted pseudo de
Rham complex of W (d)-modules

0-0%0) S 0L % ... 4 qdmog) (1.4)
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Here II is a finite-dimensional irreducible 9-module and Q3%(2) = T(II® A" 0*) is
the space of pseudo n-forms.

In the present paper, we construct all finite irreducible modules over the Hamil-
tonian Lie pseudoalgebra H (D, x,w). This Lie pseudoalgebra is constructed as fol-
lows. Choose a basis {0;}2Y, of 9, and the dual basis {9°}2Y, with respect to the
(non-degenerate) bilinear form w on 9, so that w(9* A d;) = &5. Let

2N ‘ 2N N
r=> 0®d=-> 00d=>Y 10,20, (1.5)
i=1 i=1 ij=1
and define s € 0 by
x(a) = w(s Aa), a €.

Let, as before, H = U(?) and consider the free H-module rank 1, He, equipped
with the pseudobracket given by

[exel=(r+s®1—-1®s) Qg e, (1.6)

and extended to He by bilinearity. This is a simple Lie pseudoalgebra, denoted
by H(9, x,w). There is a unique pseudoalgebra embedding of H (9, x,w) in W(d) =
H ®0, defined by [BDK]

e— —1r+1®s.

We will denote again by e its image in W ().
Let sp0 be the symplectic subalgebra of the Lie algebra gld, defined by the
skewsymmetric bilinear form w. Let {e’} C Endd be the basis of matrix units in

the basis {9;} of 9, and let ¢ = 3, r*¢] be another basis of End 0, where the %
are defined by (1.5). Then the elements

.. 1 .. ..
fi = _5(6” + e, 1<i<j5<2N,

form a basis of sp 0.

It is important to highlight that repeating the same strategy as in primitive
Lie pseudoalgebras of type W, S, K is not straightforward, as in type H there are
several issues that force novel and more irregular behaviour.

e The annihilation algebra P of H (9, x,w) is a graded Lie algebra with a non-
trivial one-dimensional center. The above embedding of H (9, x,w) inside
W (0) does not induce a corresponding embedding of annihilation algebras,
since central elements from P lie in its kernel; as a consequence, a complete
family of tensor modules for H (9, x,w) cannot be obtained by restriction
from tensor modules for W (0), as one will only obtain modules where cen-
tral elements act trivially.

e Constructing tensor modules as induced modules does not yield, as with
primitive pseudoalgebras of other types, a corresponding grading, but only
a filtration. Indeed, even though the annihilation algebra is graded , central
elements lie in degree —2, whereas Schur’s Lemma forces them to act via
scalar multiplication which, if homogeneous, should have degree 0.

e The proof of existence of a unique maximal submodule in degenerate tensor
modules fails, as it relies on a grading. In principle, nonconstant singular
vectors (i.e., of positive degree in the filtration) may generate elements of
lower degree and they indeed do so in explicit examples.
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e Finally, nonconstant singular vectors in degenerate H (9, y,w)-tensor mod-
ules split in multiple isotypical sp 0-components. This hints towards a more
complicated structure of the lattice of their submodules and the possibility,
which indeed occurs, that an irreducible quotient of each tensor module
contains more non-isomorphic sp 9-summands of singular vectors.

All issues, but the last one, disappear if one only focuses on H (9, x,w)-modules
with a trivial action of the center, i.e., when the action of P ~ P,y factors through
‘H ~ Hypn, and the usual strategy may be employed. In such case, writing down
the action of e in a tensor W (d)-module 7 (Vp), where Vj is a 9 @ glo-module,
and suitably twisting by x, we obtain a formula for the H (9, x, w)-module T (Vp) =
H®Vy, where now Vj is a 0@ sp 0-module. Explicitly, we have for v € V, = k®Vy C
T (Vo):

2N 2N
exv=> (h®INRyv—Y (Ok®1)@pg (9" +ad® )
k=1 k=1

" (1.7)
+ ) (0:0;®1) @y fu

t,j=1

where 0; = 0;—x(0;), and ad®? 9 is the image of ad 9¥ +9* @y under the projection
gld — sp0 defined by €9 s —fU.

Theorem 6.1 of the present paper, analogous to those in [BDK1] and [BDK?2], im-
plies that every finite irreducible H (9, x,w)-module, with a trivial action of the cen-
ter of P, is a quotient of the tensor module T (V}), where Vj is a finite-dimensional
irreducible ? @ sp 0-module. We describe all cases where the H(9, x,w)-modules
T (Vo) are not irreducible and give an explicit construction of their irreducible quo-
tients, called degenerate H (9, x,w)-modules.

It turns out that, in analogy with the contact case [BDK2], all of the above
non-trivial degenerate H (9, x,w)-modules appear as images of composition of two
maps (not one as in the contact case) in a certain complex of H (9, x,w)-modules,
which we call the twisted conformally symplectic pseudo de Rham complex. This
complex is constructed in Section 5 by a certain reduction of the pseudo de Rham
complex (1.4) (see Theorem 5.1 and Theorem 10.1). The idea of this construction
is similar to Eastwood’s reduction of the de Rham complex on a conformally sym-
plectic manifold [E]. The structure of the lattice of submodules of members of the
twisted conformally symplectic pseudo de Rham complex requires a detailed study
of singular vectors. This is carried out in Section 8 and 9.

Let us now proceed to the case of H(D,x,w)-modules with a nontrivial action
of central elements in the annihilation algebra P. Since this is a central extension
of the corresponding simple Lie-Cartan algebra Hsy, an important role in rep-
resentation theory of the Lie pseudoalgebra H (0, x,w) is played by the extension
0" = 0 + kc of the Lie algebra 0 by a 1-dimensional abelian ideal ke, with brackets:

[0,c = x(9)e, [01, 0] = [01, D] + w(D1 A Do)c, where 9,01, 0, € 0.

One may easily check that the central elements in P may only act by a nontrivial
scalar when xy = 0 and w = d( is exact. Lie algebras with a non-degenerate exact
2-form are known as Frobenius Lie algebras (the simplest example being the non-
abelian 2-dimensional Lie algebra). The central extension ?’ then splits as a direct
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sum 0¢ @ ke, where 0¢ is a Lie subalgebra isomorphic to ? which is a complement
to the central ideal ke.
In this case, the definition of tensor modules 7 (V) must be modified as follows:

2N 2N

e*U:Z(gk(g)ak) ®HU,Z(5]€®1) Ry (ak+ad5pak)’()
k=1 k=1 18

o ) (1.8)

+ Y (00, @ 1)@y fTv+ (1®1) @p cv,

ij=1

where ¢ € k provides the scalar action of the center of P. Once again Theorem
6.1 shows that every finite irreducible non-trivial H (9,0, d{)-module is a quotient
of T(Vh), where Vj is a finite-dimensional ' @ sp 9-module. The complex of de-
generate H(9,0,d¢)-modules is now constructed by hand, by using the canonical
maps between tensor modules whose existence is due to the presence of nonconstant
singular vectors. The resulting complex is (10.1). The pathological behaviour we
anticipated indeed occurs. Namely:

e cach V(IT', R(m,,)),1 < n < N, contains two maximal submodules;

e cach ImD%,,0 < n < N, contains two distinct non-isomorphic d" @ sp -
summands of singular vectors, hence it is a quotient of two distinct degen-
erate tensor modules.

Somewhat surprisingly, one may show that the whole complex is split exact, and
that each member of the complex decomposes into the direct sum of its maximal
submodules, which are also irreducible: this is a special behaviour of tensor modules
when ¢ # 0, which completely falls apart when ¢ = 0. Thus, every finite irreducible
degenerate H (0,0, d({)-module, which has a nontrivial action as ¢ # 0, arises as
image of one differential in this complex. This complex still lacks a differential
geometrical construction, so that its geometrical meaning is as yet unclear.

Irreducibility of tensor modules, not appearing in the above complexes, is proved
in Section 7 (see Theorem 7.1). The resulting complete non-redundant list of finite
irreducible H (9, x,w)-modules is given in Theorem 11.1.

As a corollary of our results, we obtain a classification and description of all
degenerate irreducible modules over the Hamiltonian Lie—Cartan algebra Psy, along
with the description of the singular vectors. This result when ¢ = 0 was obtained
long ago in [Rud].

2. PRELIMINARIES ON LIE PSEUDOALGEBRAS

In this section, we review some facts and notation that will be used throughout
the paper. For a more detailed treatment, we refer to our previous works [BDK,
BDK1, BDK2].

2.1. Bases and filtrations of H and H*. We will denote by H the universal
enveloping algebra U(d) of the Lie algebra 0. Then H is a Hopf algebra with a
coproduct A, antipode S, and counit € given by:

A@)=0®1+1®0, SO =-0, ) =0, 0ded. (2.1)
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We will use the following notation (cf. [Sw]):

A(h) = ha) @ hiz) = hez) @ hqy (2.2)
(A @id)A(h) = (i @A)A(h) = ha) @ he) @ he)
(S®@id)A(h) = h—1) ® hay, heH.
Then the axioms of antipode and counit can be written as follows:
hi-nhe) = hayh-2) = e(h), (2.5)

e(hy)hz) = hayelhe) = h,
while the fact that A is a homomorphism of algebras translates as:

(f9) ) @ (f9)e = fayga) @ f2)9@), f,g€ H. (2.7)
Egs. (2.5), (2.6) imply the following useful relations:
h(,l)h(g) ® h(g) =1®h= h(l)h(,g) & h(g). (2.8)
Below it will be convenient to work with a basis {91, ...,0an5} of 0 and the dual
basis {z!,..., 22V} of 9*. Denote by cfj the structure constants of 9, so that
2N
05,0]]=> ckok,  i,j=1,...,2N. (2.9)
k=1
Note that H has a basis
o) =9t 9N fiyl - i), T =(i1,...,02n) € Z2V. (2.10)
The canonical increasing filtration of H = U() is given by
F" H = span, {00 | |I| < n}, where |I| =41+ +ian . (2.11)

This filtration does not depend on the choice of basis of 0, and is compatible with
the Hopf algebra structure of H (see, e.g., [BDK, Section 2.2] for more details). We
have: F' H=1{0}, F°H =k, and F' H =k ®d.

The dual X = H* := Homy(H, k) is a commutative associative algebra. We
will identify 9* as a subspace of X by letting (z%,9;) = 1 and (2*,0()) = 0 for all
other basis vectors (2.10). This gives rise to an isomorphism from X to the algebra

Oan = K][t!, ..., t?N]] of formal power series in 2N indeterminates, which sends z*

to t'. The Lie algebra 0 has left and right actions on X by derivations, given by
(Ox, h) = —(x,0h), (2.12)
(0, h) = —(x, h0), odev,zre€X,heH, (2.13)

where 0h and hd are the products in H. These two actions coincide only when 0
is abelian. The difference dx — x0 gives the coadjoint action of @ € 0 on z € X.

Throughout the paper, we will be given a trace-form x € 9*, so that x([9,9']) =0
for all 9,0’ € 0. Then the assignment

0 8=0-x(d), dev, (2.14)

extends to an associative algebra automorphism h — h of H. Note that its inverse
is given in the same way but with —y in place of x.

It is convenient to define another basis of H by applying the bar automorphism,
thus obtaining elements 90). Tt is easily verified that the corresponding bar filtra-
tion on H coincides with {F™ H}. The following results will be useful in the rest of
the paper.
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Lemma 2.1. For any trace-form x € 0* and 0 € 0, we have dx = x0 = —x(9).
In particular,

(re™X)0 = (x0)e~X, (2.15)
d(we™X) = (0x)e™ X, reX, 0en. (2.16)

Proof. The first claim follows from (2.12) and (2.13). Then (2.15) and (2.16) are
derived using that the right and left actions of 0 are derivations of X. ]

Lemma 2.2. (i) The map h+ S(S(h)) is the inverse to the automorphism h v+ h
of H.
(ii) The basis {zre=x} of X is dual to the basis {S(S(01)))} of H.

Proof. (i) The map h +— S(S(h)) is indeed an automorphism, because h — h is an
automorphism and S is an anti-automorphism. It is easy to see that for 0 € 0, we
have S(5(9)) = 0 + x(0), which is the inverse to the map (2.14).

To prove (ii), first observe that (z,1) = (xe X, 1) for z € X, since (x,1) is the
constant term of z. Then using (2.12) and (2.16), we find

§f = (xr,0) = (S(0)z1, 1) = ((S(O))zr)e ™, 1)

= (8(0W)) (wre7),1) = (z1e7X, 5(S(0)))),

as claimed. O

We introduce a decreasing filtration of X by letting F,, X = (F" H)' be the
set of elements from X that vanish on F" H. Then F_1 X = X, X/Fy X ~ Kk,
and Fo X/F; X ~ 0*. We define a topology of X by considering {F, X} as a
fundamental system of neighborhoods of 0. We will always consider X with this
topology, while H and 0 are endowed with the discrete topology. Then X is linearly
compact (see [BDK, Chapter 6]), and both the multiplication in X and the left and
right actions of 0 on it are continuous.

2.2. Lie pseudoalgebras and their modules. Recall from [BDK, Chapter 3]
that a pseudobracket on a left H-module L is an H-bilinear map

LL—-(H®H)®g L, a®bw— [ax}], (2.17)

where we use the comultiplication A: H — H @ H to define (H ® H) @ L. We
extend the pseudobracket (2.17) to maps (H®? @y L) ® L — H®? @y L and
L® (H®?®y L) — H® @y L by letting:

[(h®p a)*b] = Z(h@ 1) (A®id)(g:) ®m i » (2.18)
[ax (h®mb)] = Z (1®h) (id®A)(g) @ ¢, (2.19)

where h € H®2, a,b € L, and

[a*b] = Z i Qn ¢ with ¢; € H®?, ¢; € L. (2.20)
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A Lie pseudoalgebra is a left H-module equipped with a pseudobracket satisfying
the following skew-commutativity and Jacobi identity axioms:

[bxal = —(oc @y id) [a*b], (2.21)
[[axb]*c]=lax[bxc]] — ((6 ®id) @ id) [b* [a x ]] . (2.22)

Here, 0: H @ H — H ® H is the permutation of factors, and the compositions
[[a *b] * c], [a*[b*c]] are defined using (2.18), (2.19).

Example 2.1. For a Lie algebra g, the current Lie pseudoalgebra Cur g = H®g has
an action of H by left multiplication on the first tensor factor and a pseudobracket

[(f@a)x(g@b)]=(f®g)@n (1®a,b]), (2.23)
for f,g € H and a,b € g.

A module over a Lie pseudoalgebra L is a left H-module V' together with an
H-bilinear map

LoV s HoH) @yV, a®uvrs axv (2.24)
that satisfies (a,b€ L, v e V):
[axb]*xv=ax(bxv)— ((c ®id) @ id) (b* (a *v)). (2.25)

An L-module V' will be called finite if it is finitely generated as an H-module, and
is called trivial if axv =0 for all @ € L,v € V, i.e., when the pseudoaction of L on
V is trivial. The zero L-module is the set {0}.

Example 2.2. For any module Vj over a Lie algebra g, we have the Cur g-module
V = H ® Vj, with the action given by
(g@b)x (h®@v)=(g®h)®u (1®bv), (2.26)
for g,h € H, b€ g and v € V.
Let U and V be two L-modules. A map 8: U — V is a homomorphism of
L-modules if 3 is H-linear and satisfies
(id®id) @y B)(a*u) = ax* B(u), aeL,uel. (2.27)

A subspace W C V is an L-submodule if it is an H-submodule and L x W C
(H® H)®y W, where L « W is the linear span of all elements a * w with a € L
and w € W. A submodule W C V is called proper if W # V. An L-module V
is irreducible (or simple) if it does not contain any non-zero proper L-submodules
and LxV #£{0}.

Remark 2.1. (i) Let V be a module over a Lie pseudoalgebra L and W be an
H-submodule of V. By [BDK2, Lemma 2.3], for each a € L, v € V, we can write

axv= 2(3(1)®1)®HU}, v EV,
Iez3N

where the elements v} are uniquely determined by a and v. Then W C V is an
L-submodule iff it has the property that all v7 € W whenever v € W.
(ii) Similarly, for each a € L, v € V, we can write uniquely

axv= Z(1®3(1))®HU’I’, v eV,
Iez3™

and W is an L-submodule iff v} € W whenever v € W.
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2.3. Twisting of representations. Let L be a Lie pseudoalgebra, and II be a
finite-dimensional 9-module. In [BDKI, Section 4.2], we introduced a covariant
functor Ty from the category of finite L-modules to itself. We review it in the
case when all the L-modules are free as H-modules, which will be sufficient for our
purposes.

For a finite L-module V = H ® V,, which is free over H, we choose a k-basis
{vi} of Vp, and write the action of L on V in the form

ax(1@v) =Y (fi; ®g;) @m (1®v)) (2.28)

J

where a € L, f;j,9;; € H. Then the twisting of V' by II is the L-module T (V) =
H®II® Vy, where H acts by a left multiplication on the first factor and
a*x(l1Quev) = Z (fi; ® gij(l)) o (1® Gij(—g)u @ v;) (2.29)
J

for a € L, v € II. By [BDKI, Proposition 4.2], Ti1(V') is an L-module and the
action of L on it is independent of the choice of basis of V.

Given another L-module V' = H ® Vjj and a homomorphism 8: V — V', we can
write

BA@v)=> hy@vy,  hij€H, (2.30)
J

where {v}} is a fixed k-basis of Vj. Then we have a homomorphism of L-modules
Tu(B): Tu(V) — T (V'), defined by

TH(B)(1®U®U1‘) = Z hij(l) ®hij(_2)u®v;. (2.31)
J

Moreover, T11(8) is independent of the choice of bases [BDK1, Proposition 4.2].
We showed in [BDK2, Proposition 3.1] that the functor Ty is exact on free H-

modules, i.e., if V By B4 v s a short exact sequence of finite free H-modules,

then the sequence Tr(V) @), T (V') ELIGRN T (V") is exact. Another useful
property of Tyy is that the image of Tr(8) has a finite codimension in T (V’),
whenever the image of 8: V — V' has a finite codimension.

2.4. Annihilation algebras of Lie pseudoalgebras. For a Lie pseudoalgebra
L, welet L =A(L) =X ®y L, where as before X = H*. We define a Lie bracket
on L by the formula (cf. [BDK, Eq. (7.2)]):

[z @m a,y@u bl =Y (@f)(yg:) @m ci, if [axb =Y (fi®g)@mci. (2.32)
Then £ is a Lie algebra, called the annihilation algebra of L (see [BDK, Section 7.1]).
There is an obvious left action of H on L given by

hzx®pa)=hx®ga, heH,zeX,a€eL; (2.33)

in particular, the Lie algebra ? acts on £ by derivations. The semidirect sum
£ =0 x L is called the extended annihilation algebra.

When L is finite, we can define a filtration on £ as follows (see [BDK, Section 7.4]
for more details). We fix a finite-dimensional vector subspace Lo of L such that
L = HLy, and set

F.L={2®pacl|zecF, X, ac Lo}, n>-—1. (2.34)
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The subspaces F,, £ constitute a decreasing filtration of £, satisfying
[Fm L,Fn L] CFppgn—e L, WF,L)CF,1L, (2.35)

where / is an integer depending only on the choice of Ly. Notice that this filtra-
tion of £ depends on the choice of Ly, but the induced topology does not [BDK,
Lemma 7.2]. With this topology, £ becomes a linearly-compact Lie algebra (see
[BDK]). We set L,, = F,1¢ L, so that [L,,, L] C Litn. In particular, Ly is a Lie
algebra.

We also define a decreasing filtration of L by letting F_1 L= EN, F.L =F,L
for n > 0, and we set Zn =Foie L. An L-module V is called conformal if every
v € V is annihilated by some L,; in other words, if V is a topological L-module
when endowed with the discrete topology. The next two results from [BDK] play a
crucial role in our study of representations (see [BDK], Propositions 9.1 and 14.2,
and Lemma 14.4).

Proposition 2.1. A~ny module V' over the Lie pseudoalgebra L has a natural struc-
ture of a conformal L-module, given by the action of 0 on V and by

(xr®ga)-v= Z (x,8(figi(—1))) Gizyvi, if axv= Z (fi ®gi) ®m v; (2.36)
forae L, x € X, v e V. Conversely, any conformal L-module V has a natural
structure of an L-module, given by

a*xv= Z (5(8(1))691) @u ((x; @ a) - v) . (2.37)

N
Iezy
Moreover, V is irreducible as an L-module iff it is irreducible as an L-module.

Remark 2.2. In the proof of (2.37), one only uses that {9)} and {x;} are dual
bases of H and H*. Then using Lemma 2.2(ii) also gives

a*v= Z (5(3(1)) ® 1) Rn ((fE]e_X ®py a) -U) . (2.38)
Iez®

Lemma 2.3. Let L be a finite Lie pseudoalgebra and V be a finite L-module. For
n>-—1—14, let

ker, V={veV|L,v=0}
so that, for example, ker_1_,V =ker V and V = Jker,, V. Then all vector spaces
ker,, V/ker V are finite dimensional. In particular, if kerV = {0}, then every
vector v € V' is contained in a finite-dimensional subspace invariant under Lg.

2.5. W(9) and its annihilation algebra. One of the most important Lie pseudo-
algebras is W(0) = H ® 0, with the Lie pseudobracket (see [BDK, Section 8.1]):

[(f®a)x(g@b)]=(f®g)®u (1®[a,b])
—(f@ga)@n (100)+ (fo®g)@n (1©a),
for f,g € H, a,b € 0. The formula
(f®a)xh=—(f®@ha)@n1 (2.40)

defines the structure of a W (0)-module on H.
We denote the annihilation algebra of W (2) by

W=AWE)=Xoy(Hed)~Xe0. (2.41)

(2.39)
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The Lie bracket in W is given by (z,y € X, a,b € 0):
[t®a,y®b =2y [a,b —x(ya) @b+ (zb)y ®a. (2.42)
The extended annihilation algebra of W (2) is W = d x W, where
[0,x®a]l =0x®a, 0,a€0, zeX. (2.43)
The Lie algebra W has a decreasing filtration
W,=F,W=F,X®0, n>-1, (2.44)

satisfying W_; = W and [W;, W;] C W,4,. Note that W/ Wy ~ k ® 0 ~ d and
Wo/W1 ~0* ®0.

Lemma 2.4 ([BDK1]). The map from Wy /Wi to d ® 0* ~ gl0, defined by
x®a mod W) — —a® (z mod Fy X), re€FyX, a€,

is a Lie algebra isomorphism. Under this isomorphism, the adjoint action of
Wo /Wi on W/W, coincides with the standard action of gld on 0.

The action (2.40) of W (9) on H induces a corresponding action of the annihila-
tion algebra W on X given by

(x ®@a)y = —z(ya), z,y € X, a €. (2.45)

Since ? acts on X by continuous derivations, the Lie algebra W acts on X by
continuous derivations. The isomorphism X =~ Oy induces a Lie algebra homo-
morphism ¢ from W to Wan = Der Oz, the Lie algebra of continuous derivations
of the algebra Oan = k[[t!, ..., t2V]]. In fact, ¢ is an isomorphism compatible with
the filtrations (see [BDK1, Proposition 3.1]). We recall that the canonical filtration
of the Lie—Cartan algebra Wsy is given explicitly by

2N,
FpWaon = {; fi%

where F, Oay is the (p + 1)-st power of the maximal ideal (t!,...,#*) of Oay.

It is well known that all continuous derivations of the Lie algebra W5y are inner
(see e.g. [BDK, Proposition 6.4(i)]). Hence, the same is true for W. Since every
non-zero d € 0 acts as a non-zero continuous derivation of W by (2.43), we obtain
an injective Lie algebra homomorphism 7: 9 < W such that the elements

d:=0—~0)eW  (0€0d) (2.47)

Ji€FOan ), pz-1, (2.46)

centralize WW. The set dofall dis a subalgebra of W, which is isomorphic to ?
under the map 9 +— 9 (see [BDK1, Proposition 3.2]). Moreover, by [BDK1, Lemma
3.3],

0=0+1®0—add mod Wy, 9e0, (2.48)

where ad 0 is understood as an element of gld ~ Wy /W; via Lemma 2.4.

3. PRIMITIVE LIE PSEUDOALGEBRAS OF TYPE H

In this section, we introduce the main objects of our study: the Lie pseudoal-
gebra H (D, x,w) and its annihilation Lie algebra (see [BDK, Chapter 8]). We also
review the unique embedding of H (9, y,w) into the Lie pseudoalgebra W (9) and
the induced homomorphism of annihilation algebras.
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3.1. Symplectic Lie algebra. Let w € 0* Ad* be a nondegenerate skew-symmetric
2-form, so that

WA Aw#0, dimd = 2N. (3.1)
~——
N

We set w;; = w(9d; A 9;) and denote by (r*) the inverse matrix to (w;;):
2N
> rtwg; =61, dj=1,...,2N. (3.2)
k=1

We identify End 9 with 0®0* so that the elementary matrix eg € End 0 is identified
with the element 9; ® 7 € 0 ® 0*, where ¢! (9;) = §,0;. Notice that (0 ® z)(9') =
(x,0")0, and the composition (0 ® x) o (0 ® z') equals (z,0)0 @ x’. We will raise
indices using the matrix (r*/) and lower them using (w;;). In particular,

2N
eV =0 @l = Zrikei , (3.3)
k=1
where
0= 1%k,  w(@ N =10} (3.4)
k=1
Conversely, we have
2N 4
8k = Zwkjaj . (35)
j=1

Denote by sp 0 = sp(0,w) the Lie algebra of all A € gld such that A-w =0, i.e.,
w(Aai/\aj)+w(8i/\A8j) =0, i,j=1,...,2N . (3.6)

The Lie algebra sp 0 is isomorphic to sp,n and, in particular, is simple. It is easy
to see that the elements

fii = _5(614 +edty = fit 1<i<j<2N (3.7)

form a basis of sp 0. We will denote by R(\) the irreducible sp 9-module with highest
weight A, and by 7, the fundamental weights of spd. For example, R(my) ~ 0 is
the vector representation. We set R(m) = k and R(w,) = {0} if n <0 or n > N.

Example 3.1. Let us choose the basis of d to be symplectic, i.e.,
w0 NOiyn) =1=—w(0iyn ND;), w(0;N0;)=0 for |i—jl#N. (3.8)
Then we have:
O =—0iyn, 0N =9, 1<i<N, (3.9)
which implies

e = el y, NI =¢l 1<i<N,1<j<2N. (3.10)
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3.2. Definition of H(d, x,w). Let again y € 0* be a trace form and w € 9* AD* be
a nondegenerate skew-symmetric 2-form on 9. From now on we will assume that w
and x satisfy the equation

(w([al,az] Aag) — x(ar) w(ag A ag)) + cyclic =0, ai,as,a3 €0, (3.11)

where “cyclic” here and further means applying the two non-trivial cyclic permu-
tations to the indices 1,2,3. We fix a basis {01, ...,0an} of 0 as in Section 2.1, and
let

2N 2N 2N

r=>Y 10 =) 6,00 =-Y 00 (3.12)
ij=1 i=1 i=1

(cf. (3.4)). Notice that r is skew-symmetric and independent of the choice of basis.

We define s € 0 by the property

x(a) = (tsw)(a) =w(sAa), a€n. (3.13)

Then (3.11) and x([0,9]) = 0 are equivalent to the following system of equations
for r and s (see [BDK, Lemma 8.5]):

[r,A(s)] =0, (3.14)
([r12,713] + 71283) + cyclic =0, (3.15)

where we use the standard notation 715 =r®1, s3 = 1®1® s, etc. It follows from
[BDK, Lemma 8.7] that

[exel]=(r+s®1-1®s)Q@pe (3.16)

extends to a Lie pseudoalgebra bracket on He. The obtained Lie pseudoalgebra is
denoted H (9, x,w). There is an injective homomorphism of Lie pseudoalgebras

v H, x,w) = W(0), e——r1+1®s, (3.17)

where W(0) = H®0 is from Section 2.5 (see [BDK, Lemma 8.3]). Moreover, this is

the unique non-trivial homomorphism from H (9, x,w) to W(9), by [BDK, Theorem

13.7]. From now on, we will often identify H (9, x,w) with its image in W ().
Note that, by (3.4) and (3.13), we have

2N . 2N ]
s =2 X000 = =3 x(0)0. (3.18)

This allows us to rewrite (3.16) in the form

2N 2N
[exe] = Z T’ij(a@éj) ®H6:Z((§i®5i) Xm e, (3.19)
ij=1 i=1

where 0 is given by (2.14). Thus,
2N 2N
e)=—r+1@s=-Y ;00 =) I®0;. (3.20)
i=1 i=1
Observe also that x(s) =w(sAs) =0 and so 5 = s.
Let us consider the element
2N 2N

p= % > ri[0;,05] = %Z [0;,0'] €0 (3.21)

i,j=1 i=1
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and the linear function
d=—X+lw=1p_swED. (3.22)
Here ¢,w € 9* is defined by (¢, w)(a) = w(pAa) for a € 9, and we used that x = t,w.

Remark 3.1. By [BDK, Remark 8.5], the above embedding (3.17) realizes H (9, x,w)
as a subalgebra of the Lie pseudoalgebra S(0,¢) C W (0). Note that for N =1, we
have H(0, x,w) = S(0,¢) = S(0, —x + trad); see [BDK, Example 8.1].

In order to explain why ¢ is a trace form on 0, we will find another expression
for it, which will be useful in the sequel.

Lemma 3.1. With the above notation (3.21), (3.22), we have ¢ = —Nx + trad.
In particular, ¢ is a trace form on 0.

Proof. First observe that, by (3.4), for any linear operator A on 0, we have

2N 2N
trAd=> wAd AD)=-> w(Ad; NO').
i=1 i=1
Then, using (3.4), (3.11), (3.13) and (3.18), we find for a € 0:
2N
2w(pNa) = Zw([@i, d' A a)
i=1

2N
= > (019, 90 + (a9 7.57)
=1

2N
+ Z(X(ai)w(ai Aa) + x(0)w(a A d;) + x(a)w(d; A ai))
i=1
=2trada + 2w(s Aa) —2Nx(a)
=2trada+ (2 — 2N)x(a).
Therefore, 1w = (1 — N)x + trad, as claimed. O

3.3. Annihilation algebra of H(?,x,w). We will denote by P the annihilation
algebra of the Lie pseudoalgebra H (9, x,w) (see Section 2.4 and [BDK, Section 7.1]).
By definition, we have

P=AH®,x,w)=X@yg HO,x,w) = X @y He, (3.23)

which sometimes will be identified with X via the map z ® g he — xh. The Lie
bracket on P is given by (cf. (2.32), (3.19)):

2N 2N
[z,y] = Z i (20;)(yd;) = Z(x@)(zﬁi), 2,y €X. (3.24)

We define a decreasing filtration on P by
Pn:FnP:FnJrlX@HG’:FnJrlX, TLZ—?, (325)

which is obtained as in Section 2.4 by choosing Ly = ke. The canonical injection ¢
of the subalgebra H (0, x,w) in W () induces a Lie algebra homomorphism ¢, : P —
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W, which is given explicitly by (cf. (3.20)):
*72x51®3":2z5i®3i, reEX~P. (3.26)

We will also denote by L« the corresponding Lie algebra homomorphism of extended
annihilation algebras P — W, defined by (3.26) and by ¢, () = 8 for d € 0.

The map ¢4 is not injective, contrary to what happens with primitive Lie pseu-
doalgebras of all other types.

Lemma 3.2. The map t.: P — W has a 1-dimensional kernel, which is spanned
over k by e X =e X ®py e and is contained in the center of P.

Proof. Using (3.26) and (2.15), we obtain ¢, (ze %) = >, (20")e X @ ;. This is
zero if and only if 29 = 0 for all 4, which only happens when z lies in k C X. The
fact that e™X is central in P follows immediately from (3.24) and (2.15). O

From now on, we will denote by #H := ¢.(P) the image of P in W. It has two
filtrations, induced by the filtrations of P and of W, which coincide due to the next
lemma.

Lemma 3.3. The filtrations of P and W are compatible, i.e.,
Hy = 1:(Pp) = t:(P)N W,y , n>-2.
Moreover, [P, Pn] C Pmin for all m,n € Z.

Proof. This follows from (2.44), (3.24)—(3.26) and the facts that (F,,y; X)0 C F, X
and (F,, X)(Fp X) C Frppnt1 X. O

By Lemma 3.2, there is a central extension of Lie algebras
0 ke X P H 0. (3.27)

Composing the isomorphism ¢: W — Wsy with the homomorphism ¢,: P — W,

one obtains a Lie algebra homomorphism P — Wan with kernel ke™X. Its image

does not necessarily coincide with the Lie—Cartan algebra Hon C Whn of Hamil-

tonian vector fields, but it does up to a change of variables, as we will see below.
Let us review the definition of Hon and its irreducible central extension Psp.

We have P,y = Osn with the Lie bracket

~0f g Of dg

3751 OtNTi N+ gri [,9 € Oan (3.28)

[fvg] -

(which is known as the Poisson bracket). There is a homomorphism Poy — Wan
given by
af o af o
f Z@tz OtN+i B atN-i-iﬁ’
whose image is Hon and whose kernel is k. Note that Hyy consists of all vector
fields from Wy annihilating the standard symplectic form Zi\; dtt A dtV T,

(3.29)

Proposition 3.1. There ezists a ring automorphism ¢ of Osn, which induces a
Lie algebra automorphism ¢ of Wapn, such that the image of H in Wan under the
isomorphism @: W — Wan coincides with ¥(Hay). Furthermore, 1 is compatible
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with the filtrations, and it induces the identity map on the associated graded algebras,
i.e.,

(¢ —id) F, Wony CFpra Way,  p>—1.

Proof. The same as that of [BDK1, Proposition 3.6] and [BDK2, Proposition 4.1].
O

As a consequence of Proposition 3.1, H ~ Hoy and P ~ P,y. In the following,
we will need certain explicit elements of H.

Lemma 3.4. The Lie algebra homomorphism t.: P — W identifies the following
elements:
(i) e X@ger0,
(ii) 2Fe X @y ers e X @ OF — Z cfjxj67X ® 9" mod W,
1<i<j<2N
(iii) 2'2’e X @y e — 2fY mod Wj.

Proof. The proof is straightforward, using (3.26). Note that f¥ € gld are under-
stood via the identification gld ~ Wy/W; (see Lemma 2.4). O
Corollary 3.1. We have a Lie algebra isomorphism Ho/Hi ~ sp 0.

Proof. The composition Hog — Wy — Wy/W; is injective on the linear span of

elements x'z7 @y e, which generate a subalgebra isomorphic to sp . O

For future use, we introduce the following linear operators on @ (1 < k < 2N):

2N
1 o1
ad™ 0" ;= ad 0" 4+ 0" @ x + 5 E et — §X(8k)l, (3.30)

ij=1

where I denotes the identity operator and as before we identify 9 ® 9* ~ End0d.
Recall also that ¥ are given by (3.3), f¥ by (3.7), and cfj are the structure
constants of 0 given by (2.9). The notation ad®® is explained by the next lemma
(note that it differs from the notation used in [BDK2]).

Lemma 3.5. For every k=1,...,2N, we have ad®® 0% € spd. Moreover, ad®* 9F
is the image of add* + 0% ® x under the projection w: gld — spd defined by
n(el) = —fi.

Proof. Denoting the operator (3.30) by A, we see that

2N
1 1 ;
A0; = [0%,0;] + x(9,)0" — Sx ()0 + 5 Y el
i=1



IRREDUCIBLE MODULES OVER FINITE SIMPLE LIE PSEUDOALGEBRAS III 19

Then, using (3.4) and (3.11), we get:
w(AOj A Og) +w(0; N Ady)

k
¢l

= (0¥, 03] 1 0e) + X(05)(0" 1 90) — ()0 1 00) +

+w(@; A (0%, 04]) + x(0)w(D; A OF) %X(ak) (05 A ) — ~e

2
= w([0g, 0;] N O*) + c’Zj
2N
= Z cpw (9 A o) + cfj
i=1
=0.
Therefore, A € spd. Note that 7 is indeed a projection, since w(f¥) = f¥. To
finish the proof, we need to show that 7(A —ad 9% —9* @ x) = 0. By (3.5), we have

2N 2N
I:Z&@)xi = Z wije’",
i=1 ij=1
which implies 7(I) = 0, because m(e*) = m(e’?) while w;; = —wj;. For the same
reason,
2N
W(Z ci—“jeij) =0,
ij=1
thus completing the proof. O

Extending (3.30) by linearity, we obtain a linear map ad®”: 9 — sp 0, which does
not depend on the choice of basis.

3.4. The normalizers Ny and Np. Recall the filtration (3.25) of the annihilation
algebra P of the Lie pseudoalgebra H (0, x,w). Our next goal is to compute the
normalizer of Py inside the extended annihilation algebra P. The first step will be
to find the normalizer of o = t.(Po) in H =0 x H C W.

It is well known that every continuous derivation of the Lie algebra Hspy is the
sum of an inner derivation and a scalar multiple of ad E/, where

E:= Zﬁ% € Fo Wy (3.31)

is the Euler vector field (see e.g. [BDK, Proposition 6.4(i)]). Due to Proposition
3.1, the normalizer of H in W coincides with H + k&, where

E=p MW(E)eW,. (3.32)
Moreover, ¢(E) = E mod F; Wy, and by [BDK1, (3.16)],
2N
e N (BE)=-) 2'®9; mod W, (3.33)
i=1

Therefore, the image of £ in Wy /Wy ~ gld is the identity operator I (see Lemma
2.4).

Every non-zero 0 € 0 acts as a non-zero continuous derivation of H; hence, we get
an injective Lie algebra homomorphism ~y: 0 < H +k& such that d=0- ~v(0) e W
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centralizes . Since the centralizer of H in W is trivial, the elements d coincide
with those constructed from the Lie algebra W (see (2.47)). As before, the map
9+ 0 is a Lie algebra isomorphism from d onto a subalgebra_ ?of W. If we add a
suitable scalar multiple of 8 to 8 we will obtain a unique 9 € H such that 5—9 € H
and the adjoint action of 9 on H is a scalar multiple of £. The next lemma will
allow us to find & explicitly.

Lemma 3.6. Forall k=1,...,2N, we have:
ok =9k — %X(a’“)e + 1 (zFe X @ e) — ad®? OF + Z cfjfij mod Wy,
1<i<j<2N
where we use the notation (2.9), (3.7) and (3.30).
Proof. Start with (2.48):
I =0"+190" —add® mod W .
From Lemma 3.4, we know that

(e X @pe) = e X @0k - Z cfjxje X® 0" mod W,

1<i<j<2N
=1®d" -y - Z cfj;vj@)@i mod W; .

1<i<j<2N
By Lemma 2.4, x ® o mod W is identified with —0F®x € 0®0* ~ gld, and
27 ® 9" mod W; with —0' ® 7 = —e% € gld. Hence,

1@0F = . (sFe X @pe)— 0" @y — Z cfjeij mod Wy ,
1<i<j<2N
which gives
ok = ok —add* 4 1, (zFe X @ e) —* @ x — Z cfjeij mod W; .
1<i<j<2N

Using the definition of ad®® in (3.30), we rewrite the right-hand side as

41 (zFe X @pe)—ad®™® ok — Z ”+ Z kel — —x(0")I mod W .

1<i<j<2N 4,5=1
The proof then follows from the identity
S Y dye - o)
i,j=1 1<i<j<2N

the definition (3.7) of f¥, and the fact that £ mod W identifies with I € gld. O

Corollary 3.2. The above Lie algebra homomorphism ~: 0 — H + k& satisfies

v(ﬁ)f%x(a)ee}[, den.

Proof. Using 4(8) = & — 8 and spd ~ Ho/H1 ~ (Ho + W1)/ W1, it follows from
Lemma 3.6 that

1
~v(0) — 5){(8)5 EH+W:.
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As the projection of £ to Wyh/W; =~ gld does not belong to spd, we see that
(H+Wi)N(H+kE) =H. O

As a consequence of Corollary 3.2,
~ ~ 1 -
6:3+§x(3)5€3+HC'H, 0en. (3.34)

Since § — 9 is Lie algebra isomorphism and  is a trace-form, it follows that 9 — d
is a Lie algebra isomorphism from 0 onto a subalgebra 0 of H. The Lie algebra o

normalizes every H,, as so does £ and [0, H] = {0}.

Remark 3.2. Recall that H(9, x,w) C S(9, ¢), where ¢ = —Nx +trad (see Remark
3.1 and Lemma 3.1). Our elements O coincide with those for S(9,¢) defined in
[BDK1, (3.29)], if we replace there x by ¢ and N by 2N = dim?d.

Now we can determine the normalizers of Hg in H and of Po in P.

Proposition 3.2. For n > 0, the normalizer N3 of H, inside H coincides with
0 x Ho and is independent of n. There is a decomposition as a direct sum of vector
spaces H =0 Ny.

Proof. Both Hy and 9 normalize H,. If we denote by N3 the subspace ? + Ho
x Ho, then we obtain a direct sum of vector spaces H=00 Ny. Since H,
O(H,) C Hpq for all 0 # 9 € 0, we see that no element outside Nz is contained
in the normalizer of H,, in 7-[, thus proving the statement.

HO I

O

Recall that the Lie algebra homomorphism ¢, : P - H has a kernel ke™*, which
is the center of P. Hence, ¢ 1(d) is a subalgebra of P, as 0 is a subalgebra of H.
Since Py is stabilized by ¢;1(0), we have the semidirect sum

Np =17 WNy) =171 @) x Py (3.35)

Proposition 3.3. For n > 0, the normalizer of P, inside P coincides with Np
and is independent of n. There is a decomposition as a direct sum of vector spaces

P=0dNp.

Proof. Since it is a Lie algebra homomorphism, ¢, sends elements of P normalizing
P, to elements of H normalizing H,,. Therefore, the normalizer of P,, inside P is
contained in ¢ 1 (Nyy) = Np.

We already know that [Py, P,] C Pn. Moreover, from [0,P,] C P,_1 and
[P,P,] C Pn_1 we deduce [1;'(d),Py] C Pn_1. Since [0,H,] C Hn, we also
obtain [1;1(d), P,] C P + ke™X. However, e"X & P, for m > —1, which implies
[L71(2), Pn] C Py if n > 0. Finally, the fact that P =0 @ Np is clear. O

Lemma 3.7. The Lie algebra Lgl(ﬁ) is an abelian extension of 20 by the ideal
ke™X of character x with cocycle w. This means that in 171 (0):

0,6 = y(@)e X, [0,0]=[0,0]+w@Nd)ex, 8,8 cv. (3.36)

Proof. Let us identify elements d €9 C H with their unique liftings to 9 x P_; C P.
By (2.16), we have in P:

[0,e7X] = d(e™) = x(9)e™.
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Since d — 9 € H and [H,e X] = 0, we get [g,e’x] = x(9)e™X. By (3.34) and
Lemma 3.6,

[0%,07] € [0° + 2'e ™ + Py, & + xle X + Py.
We are only interested in the coefficient of e™X in this bracket, as we already know
the result in H = ¢,’P. The only terms giving contributions in ke™X are:

0, aleX], [0t ], [ale X ale Y],

and the coefficients of e™X can be found by taking images in X/Fo X ~ k. All
three are easy to compute. For instance, using again (2.16), we obtain

[0, 27 X] = 9" (zleX) = (827 + x(8")2! e~ X
=927 mod Fo X = —r¥ mod Fy X,

by (3.4) and (2.12). Similarly, using (3.24), (2.15) and (2.13),
2N

[ze X, 2le™X] = Z((xiefx)ék)) ((z7e7X)0")
k=1
2N '
= (2'0k) (a7 0F)e X
k=1
=7Y mod FyX.
Adding all contributions, we obtain
07, 57] = 77X modDd,
which gives
[81', 6]] = wije_x mod 5
after lowering indices. O

3.5. Finite dimensional irreducible representations of L;l(ﬁ). We will later
parametrize irreducible representations of H (9, x,w) (also) in terms of irreducible
representations of the abelian extension ' := +;}(9). In this section we briefly

recall what finite-dimensional irreducible representations of ?’ look like.

Lemma 3.8. Let V' be a finite-dimensional irreducible representation of 0. Then
e~ X acts trivially on V unless x = 0 and w is a 2-coboundary.

Proof. First of all, e™X spans an abelian ideal of ?’, hence it lies in the radical. By
the Cartan-Jacobson theorem, e~ must then act via scalar multiplication by some
element \ € k on each finite-dimensional irreducible representation of ?’.

In conclusion, the only possibility for e™X to act nontrivially on V' happens when
x = 0 and w is a 2-coboundary. (I

When w is a 2-coboundary, we may find a unique 1-form ¢ of 0 such that d{ = w.
Then elements 0 + ((9)e™X,0 € 0, span a Lie subalgebra ¢ C 0’ isomorphic to ?
which provides a splitting o' = ke™X @ 0.

Proposition 3.4. Let V' be a finite-dimensional irreducible representation of 0.
Then:

e cither V is obtained by lifting to ' an irreducible representation of 0 =~
0'/ke™X, in which case e”X acts trivially on V;
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e or x = 0,w = d(, so that o' splits as a direct sum of Lie algebras 0’ =
k1 ®©0¢, and V is obtained from an irreducible representation of 9¢ ~d by
supplementing it with a (possibly nontrivial) scalar action of the center k1.

4. TENSOR MODULES FOR H (9, x,w)

In our classification of irreducible finite W (9)-modules [BDK1], a crucial role was
played by the so-called tensor modules. In this section, by restricting them to the
subalgebra H (0, x,w) of W(0), we obtain the notion of tensor H (9, x,w)-modules.

4.1. Tensor modules for W (). Let us review the construction of tensor modules
for W(0) from [BDK1]. First, given a Lie algebra g, we define the semidirect sum
W(d) x Curg as a direct sum as H-modules, for which W (0) is a subalgebra and
Cur g is an ideal, with the following pseudobracket between them:

[(f@a)x(g@b)] =—(f®ga)®ou 1©0b),

for f,g € H, a € 0, b € g (see Example 2.1 and Section 2.5). For any finite-
dimensional g-module Vj, we construct a representation of W(d) x Curg in V =
H ® Vy by

(feae(geb)rv=—(f@aRgu+(ge1l) @b, (4.1)

where f,g € H,a €0, b € g, v € V. For convenience, in (4.1), we identify v € V;
with its image 1®@v € k® Vy C V. The action on Vj is then extended to the whole
V by H-linearity. Note that (4.1) combines the usual action of Curg on V from
Example 2.2 with the W (0)-action on H given by (2.40).

Next, we define an embedding of W () in W () x Cur(d @ gld) by

100 (120)0 (100) 0 (1eaddi+Y_ 0 @d)). (4.2)

Composing this embedding with the action (4.1) of W (9) x Curg for g =0 @ gl?,
we obtain a W (d)-module V- = H®V, for each (0@ gl?)-module V. This module is
called a tensor W (d)-module and is denoted T (Vp). Explicitly, the action of W (0)
on T (Vp) is given by [BDK1, Eq. (4.30)]:

1®d)+v=>1@1) @y (add)v+ > (9;®1)®y elv
j (4.3)
—(1®0)gv+(1®1)y (0; -v),

for v € V. Here we denoted by 0; - v € V| the action of 9; € 0 on v € Vj, which
should be distinguished from the element 9; ® vy € V.

If IT is a finite-dimensional 0-module and U is a finite-dimensional gl9-module,
their exterior tensor product IIKU is defined as the (9@ gl0)-module II® U, where
0 acts on the first factor and gld acts on the second one. In this case, the tensor
module T(ITX U) will also be denoted as T (II, U). Notice that

TILU) =Tu(Tk,U)), (4.4)

where Tiy is the twisting functor from Section 2.3. More generally, given two 0-
modules II, IT and a gl9d-module U, we have

Tn(TALU)) =TI I,U). (4.5)
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4.2. Restriction of tensor modules from W (2) to H(9, x,w). We will identify
H(d, x,w) as a subalgebra of W (?) via the embedding (3.17). Then H(?, x,w) = He
where e € W () is given by (3.20). In view of (4.2), we introduce the H-linear map
(but not a homomorphism of Lie pseudoalgebras) 7: W (9) — Cur gld given by
2N
T(h®d;) =h®add;+» hd;@el, heH. (4.6)
j=1
Then the image of e under the map (4.2) is e @ (e @ 7(e)), where the first e is
considered an element of W(9) = H ® 0, while the second e is in Curd = H ® 0.
Recall also the notation 0 = 9 — x(9) and the linear map ad®”: 0 — spd defined
by (3.30). Then we have the following analog of [BDK2, Lemma 5.1].

Lemma 4.1. We have
2N

1 _ 3
— (i sp 0. Z
7(e) = (id®ad®®)(e) + §S®I+i;1818j ® f4
N (4.7)
:—Zak®(adspak+ X)) + Zaa ® 1.
k=1 4,j=1
Proof. First note that, by (3.3), (3.4) and (4.6),
2N
T(h®d)=h®add' + Y hd;@e?, heH.
j=1

Applying this to (3.20), we find

2N 2N
7'(6) = _Z(i ®ad8’ — Z 51'8]' ®€ij

i=1 i,j=1
2N j2N 2N

= — Zéz ® (ad(’)’ + ZX(@j)@ij) — Z glgj ® e
i=1 j=1 4,j=1
. J J

==Y h@(add +0"ax) - > 0,0;®e.
k=1 t,j=1

Now we write

2N Ny 12N__ N 12N__ -
—Zaiaj@@ewz—iZaiaj@@ew—izfajai@eﬂ

ij=1 ij=1 ij=1
2N
1 _ 3
528-@-@@” Zaa ®e 42 Z ] @ et
=1 zj 1 ZJ 1
2N 2N
_ 1 o
=2 090 —5 ) [B.0]ee
= ij=1

0.
Since the map (2.14
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Finally, from (3.18), we obtain (id®x)(e) = § = s. Plugging all of these in the
above formula for 7(e), we derive (4.7). O

As a consequence, we obtain the image of e under the map (4.2). Then, by (4.1),
the action of e on a tensor W (d)-module T (Vp) is given explicitly by:

2N 2N
_ _ 1
cxv=> (hod)egv— (hol) @y (8’“ + ad®? OF + ix(a’“)f) v
k=1 k=1 48)
2N e N ( ’
+ > (30, 1) @y [Iv,
1,7=1

forveVo=ke Vo C T (V).

Remark 4.1. We already know that the unique inclusion H (9, x,w) < W(?) in-
duces a non-injective homomorphism of the corresponding annihilation algebras, its
kernel being spanned over k by the central element e=X € P. Consequently, every
module obtained from a W (d)-tensor module by restricting it to H (9, x,w) neces-
sarily exhibits a trivial action of e™X. One may provide an alternate construction
which allows for nonzero scalar actions of the centre of P as follows.

Assume that x = 0,w = d¢. Set H' = U(®'), X’ = (H')*, where o' = 171(9)
as before. Recall that we may construct, as in [BDK, Remark 8.23], a Lie pseu-
doalgebra K (?’,0) = H'e’, whose annihilation algebra we denote by K. Then the
canonical projection of Lie algebras m : 9" — 9’ /ke ~ d induces corresponding al-
gebra homomorphisms 7, : H' — H and 7* : X — X’ so that the map 7 : P — K
defined as

Pox@uers n'(r) g ¢ €K

is an injective Lie algebra homomorphism. As both the left and the right action
of 9y = ¢ = e X are trivial on 7*(X), one obtains that all Fourier coefficients
7*(x) @+ Jpe’ vanish, and that the semidirect product 9’ X P induced from the
extended annihilation algebra o’ x K projects to 0 x P.

Due to the correspondence between representations of a Lie pseudoalgebra and
conformal representations of the corresponding (extended) annihilation algebra,
one may consider tensor modules for K(?’,6), introduced in [BDK2], and restrict
the action of K to the subalgebra P. One thus obtains a representation 7" of the
semidirect product ?’ x P, and it is not difficult to check that T'/9yT then admits
an action of d x P, thus yielding a representation of H(9,y,w) with a possibly
nontrivial action of e™X € P.

4.3. Tensor modules for H (0, x,w). For any trace form ¢ on 9, the corresponding
1-dimensional 9-module k,, is spanned by an element 1, such that 9 -1, = ¢(9)1,
for 0 € 0. Similarly, for any 9-module II, we may form the tensor product 0-module
IL, := II1®k,, which is isomorphic to II as a vector space, but is endowed with the
action

- (u®ly)=((0+¢(9) u) ®1,, d€co, uell. (4.9)
This observation implies that, by changing the action of 9 on a (0@ gld)-module Vj,

we can eliminate the term 3x(0%)I in (4.8). Furthermore, note that both ad®® 9*
and f% lie in the subalgebra spd C gld. This motivates the following definition.
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Definition 4.1. Let Vj be a finite-dimensional representation of o’ @ sp 0. Then
the tensor module T (Vy, \) over H(9, x,w) is defined as T(Vp,A) = H ® Vp with
the action:

2N 2N
exv=> (@) @gv—> (G 1)@y (O +ad® ") v+ (101) @y co
k=1 k=1
2N o B
+ > (@0 @)@y fv,  veVo=kaVyCT(V).
i,j=1

(4.10)

For Vo = II' X U, where IT is a finite-dimensional d’-module and U is a finite-
dimensional sp 9-module, we will write 7 (V) = T(II',U). When V5 =IIKU is a
0®sp 0-module, we will abuse the notation and set 7 (Vp) = T(IL, U) := T (7*11, U),
where 7*I1 is viewed as a 0’-module via composition with the canonical projection
m:0 =0 /ke~0.

As usual, the action of H(0,x,w) = He on T(V}) is determined uniquely from
(4.10) and H-linearity. Notice that when the action of ¢ € 9 is trivial and II'
gets identified with 7*II as above, (4.10) coincides with the expression from (4.8),
thus showing that 7(Vp) is indeed an H (D, x,w)-module. One may in principle
use Remark 4.1 to generalize this fact to nontrivial actions of ¢; we will instead
postpone this to Section 6, where it will be derived in terms of singular vectors.
Using (4.8)—(4.10), we obtain the next proposition.

Proposition 4.1. Let I be a finite-dimensional 0-module, and U be a finite-
dimensional gld-module, which is also an spd-module by restriction. Suppose that
I € glo acts as kid on U for some k € k. Then the restriction of the tensor W(0)-
module T (I1,U) to the subalgebra H (0, x,w) is isomorphic to the tensor H(0, x,w)-
module T (Il /2, U).

5. TENSOR MODULES OF DE RHAM TYPE

The main goal of this section is to define an important complex of H (D, x,w)-
modules, called the conformally symplectic pseudo de Rham complex. We start by
reviewing the pseudo de Rham complex of W (9)-modules from [BDK, BDK1].

5.1. Forms with constant coefficients. Consider the cohomology complex of
the Lie algebra 0 with trivial coefficients:

0 Q0 o, ot do, do, 2N dimd = 2N, (5.1)

where Q" = A" 0*. Set @ = A*0* = @2V, Q" and Q" = {0} if n < 0 or n > 2N.

n=0
We will think of the elements of Q™ as skew-symmetric n-forms, i.e., linear maps

from A" 0 to k. The differential dy is given by the formula (o € Q", a; € 0):
(doO&)(Cﬁ VANCERIVAN an+1)
=S (-D*a(la,a Aar A AT A NG A ANagsr), w1, 52)
i<j
and dga = 0 if o € Q° = k. Here, as usual, a hat over a term means that it is
omitted in the wedge product. Recall also that the wedge product of two forms



IRREDUCIBLE MODULES OVER FINITE SIMPLE LIE PSEUDOALGEBRAS III 27

a € Q" and € OF is defined by:

(anB)(ar A--+ ANanyp)
1

= W Z (Sgl’lﬂ') Oz(aﬂ.(l) VANCERWA aﬁ(n)) ﬁ(aﬂ(nJrl) VACIERIVAN aﬂ,(n+p)) s

(5.3)
7\'€Sn+p

where S;,;, denotes the symmetric group on n + p letters and sgn is the sign of
the permutation 7.

The wedge product (5.3) makes Q a Z,-graded associative commutative super-
algebra with parity p(a) =n mod 2Z for a € Q™

aANB=(-1)PPBEBAq,  (aAB)Ay=aA(BAY). (5.4)
The differential dg is an odd derivation of 2 :
do(a A B) = doa A B+ (=1)P@a Adof. (5.5)

For a € 0, we have operators t,: Q7 — Q™! defined by
(ta@)(ar A+ ANap—1) =alaNag A+ ANanp—1), a; €0, (5.6)

which are also odd derivations of €2. For A € gld, denote by A- its action on Q:

(A-a)(ar A Nan) =Y (=1)'a(Aa; Aay A= AGi A=+ Aay). (5.7)
i=1

Then A- is an even derivation of Q:
A-(anB)=A-a)AB+an(A ). (5.8)

As before, let us fix a 1-form y € Q! = 2* and a nondegenerate 2-form w €
02 = 0* A0*. Then equation (3.11) and the condition that x is a trace form are
equivalent to:

dox =0, dow +xAw=0. (5.9)

Consider the operator ¥ of wedge multiplication with w, i.e., ¥(a) = w A « for
a € Q. Denote by I C Q" the image of ¥|gn—2 and by J® C Q" the kernel of
¥|on. Since w is nondegenerate, we have:

I" =QF for k>N+1, J*={0} for n< N —1. (5.10)

In particular, ¥ gives an isomorphism QV~! — QN+ More generally, U™ gives
an isomorphism QV-™ — QN*+™ for 0 < m < N. By [BDK2, Lemma 6.1], the
composition

JNFm y QN+m Z, QN=m _, QN=m /[N-m (5.11)
is an isomorphism for 0 < m < N.
By definition, A-w = 0 for A € spd. Hence, by (5.8), A- commutes with V.

This implies that I™ and J" are sp9-modules and (5.11) is an isomorphism of
sp 0-modules. In fact, one has isomorphisms of sp 9-modules

Qum~ J*N""~ R(r,), 0<n<N, (5.12)

where R(m,) denotes the n-th fundamental representation of spd and R(m) = k
(see, e.g., [FH, Lecture 17]).
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5.2. Pseudo de Rham complex. Recall from [BDK] the spaces of pseudoforms

2N
') =HoQ", Q)=He2=P" (). (5.13)

n=0
These are free H-modules, where H acts by left multiplication on the first factor.

We will often identify n-pseudoforms a € Q7(d) with k-linear maps from A" ?* to
H. The differential d: Q™(d) — Q"*1(d) is given by (o € Q"(0), a; €0):

(da)(ay A+ A anyr)

_Z Dt a(fas,a) Aag A NG A= ANGj A+ Adny1)

< (5.14)
+Z afay A NG A Napp)a; € H - if n> 1,
(da)(al):—ozcn €H if ac0%0)=H.
Notice that d is H-linear and d? = 0. The sequence
000 500 S L a2V 1) L 0N() (5.15)

is called the pseudo de Rham complez. By [BDK, Remark 8.1], the n-th cohomology
of the complex (©2(9),d) is trivial for n # 2N = dimd and is 1-dimensional for
n = 2N. Hence, the sequence (5.15) is exact. We extend the wedge product in 2
to a product in Q(0) by setting

(fea)n(gep)=(fg)@(aAp), B, fgeH. (5.16)
Then, by [BDK2, Lemma 6.3], we have:
d(aAp)=doa A+ (-1)"andg, aeQ”, Be0. (5.17)

In [BDK, BDKI1], we introduced a W (d)-module structure on each Q"(?), so
that the map d is a module homomorphism. Furthermore, 2" (2) is a tensor W ()-
module, namely Q"(0) = T (k, Q") (see Section 4.1). Explicitly, if we identify the
elements of H®? @z Q"(0) ~ H®? @ Q" with k-linear maps from A" 0* to H®2
the action of W (0d) on Q7 () is given by:

((f®a)*a)(a1/\-~-/\an):—a(al/\~-~/\an)(f®a)

+ alaNar AN Na; A Nay) (fa; ®1
Z 1 ) (fai 1) 19

+Z alla,a] Aar A NG A Aay) (f@1) € HE?,

forn>1, f®aeW(®) and o € Q" =k ® Q" C Q*(0). For n = 0, the action of
W (0) on QY(d) = H coincides with the action (2.40).

5.3. Conformally symplectic pseudo de Rham complex for xy = 0. In this
subsection, we will assume that y = 0. The general case will be considered in the
next subsection. Let us extend ¥ by H-linearity to a homomorphism of H-modules
U: Q"(0) = Q" 2(d). Then the image of U|gn-2(p) is I"(0) = H@I"™ C Q"(0), and
the kernel of W|gn(y) is J*(0) = H® J" C Q"(0). By (5.11), we have isomorphisms
JNFTmM() ~ QN=™(2) /TN =™(d) for all 0 < m < N.
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It follows from (5.17) and (5.9) with x = 0 that d¥ = Wd. Therefore, the
complex (5.15) induces complexes

0—0°0)/I°0) % Q' @)/I'(0) & - % V@)1V (0) (5.19)
and
JN@) L N ) & L 2N ) 0. (5.20)
Lemma 5.1. The sequences (5.19) and
JN@) L gV ) & L N2y & 2Ny N >3,

are exact. The cohomology of the complex (5.20) is finite dimensional.

Proof. To show exactness at the term Q"(9)/I™(0) in (5.19) for 0 < n < N —1, take
a € Q"(0) such that da € I"T1(d). This means da = ¥3 for some 8 € Q" 1(0).
Then 0 = d?a = d¥B = W¥dj3; hence, d3 = 0, because ¥ is injective on Q"(d)
for n < N — 1. By the exactness of (5.15), 3 = dy for some v € Q"72(d). Then
d(a — ¥) = ¥ — Wdy = 0, which implies o — ¥y = dp for some p € Q"~1(0).
Therefore, a + I"(d) = d(p + I"~1(d)) is a coboundary.

To prove exactness at the term J"(d) in (5.20) for N +1 < n < 2N — 2,
take o € J"(d) such that da = 0. Then o = dj for some 8 € Q"71(d), by the
exactness of (5.15). We have d¥8 = ¥dS = Yo = 0. Hence, U3 = dv for some
v € Q(0), since U3 € Q" TH(d) with n +1 < 2N — 1 and (5.15) is exact. Since
U maps 2" 2(0) onto Q*(d) for n > N + 1, we can find p € Q"~2(d) such that
Up =+~. Then ¥(8 —dp) = VS8 —d¥p = V3 — dy = 0. We have found an element
B —dp € J"1(d) such that d(8 — dp) = a. This completes the proof of exactness.

The finite-dimensionality of the cohomology of (5.20) follows from the fact that
dim Q2N (2)/dQ*N 1 (0) = 1. O

Now we will construct a map d®: QN (0)/IV(d) — JV(d), analogous to Rumin’s
map from [Rum] and [BDK2]. Take any o € QV(d). Since the restriction of ¥
gives an isomorphism QV=1(2) — QN *1(d), we can write da = ¥ for a unique
B € Q¥-1(d). Then we have 0 = d?a = Wdj; hence, df € JV(d). We let
d®a = dB. To show that d® is well defined, we need to check that d®« = 0 when
a € IV(0). Indeed, if @ = Uy for some v € QV=2(d), then da = ¥dy, which
implies 8 = dy and df = 0. Connecting (5.19) and (5.20), we obtain a sequence

R
0= Q°0)/1°0) S - L aN)/No) S TN S - S PN R),  (5.21)
which we will call the conformally symplectic pseudo de Rham complex for x = 0.
(Since for xy = 0 the form w is symplectic, one could also call this the symplectic
pseudo de Rham complex.)

Proposition 5.1. The sequence (5.21) is a complex, which is exact at all terms
except J2N71(d) and J*N(d). The map d® is defined as follows: take any repre-
sentative o € QN (0) and write da = ¥3; then dRa = dp.

Proof. We have already shown that d® is well defined. Next, it is clear by con-
struction that d®d = 0 and dd® = 0. Due to Lemma 5.1, it remains only to check
exactness at the terms QY (2)/IV () and JV(2), the latter only for N > 2.
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Let a € QY (d) be such that d®a = 0. Then d = d®a = 0; hence, 3 = dry for
some v € QV=2(d) by the exactness of (5.15). Then da = ¥3 = d¥ implies that
a — Wy = dp for some p € QV~1(d). Therefore, a + IV (0) = d(p + IV ~1(0)).

Now suppose that N > 2 and o € JV (0) satisfies da = 0. Then o = d3 for some
B € QN~1(d), again by the exactness of (5.15). We have d¥3 = Ua = 0. Since
U3 e QVNFTLd) and N +1 < 2N — 1, there is v € Q¥ () such that ¥3 = dy. Then
dR~y = dpB = a, as desired. (I

Recall that, by [BDK1], Q™ (d) = T (k, Q") is a tensor W (d)-module (see Section
4.1). Since I € gld acts on Q" as —nid, Proposition 4.1 tells us that, considered
as an H (0, x,w)-module, Q2"(9) is isomorphic to the tensor module 7 (k_, /2, 2").
Then its quotient 2"(0)/I™(d) and submodule J™(d) are also tensor H (9, x,w)-
modules, because Q™(0)/1"(d) = H ® (Q"/I") and J"(?) = H ® J". From (5.12),
we obtain isomorphisms of H (0, x, w)-modules:

Q"(0)/1"(0) ~ T (k—ny/2, R(mn)) , (5.22)
J2N7n(a) = T(k—(QN—n)X/Za R(ﬂ—n))a 0<n<N. (523)

Furthermore, the differential d in (5.15) is a homomorphism of W (?)-modules.
Hence, d in (5.21) is a homomorphism of H (9, x,w)-modules. We will prove in the
next subsection that d? is a homomorphism too, and will generalize all these results
to the case x # 0.

5.4. Twisted conformally symplectic pseudo de Rham complex. Now let
us consider the general case, i.e., x is not necessarily 0. When x # 0, the maps d
and ¥ no longer commute. Accordingly, we will modify the definition of ¥ using
the twisting functors from Section 2.3.

Fix a finite-dimensional 9-module II. Applying the twisting functor 711 to the
pseudo de Rham complex (5.15), we obtain the exact complex

00— Q%0) 2 0L ) & ... 40, 02V (7)) (5.24)
where
dn=Tu(d),  QB0) =Ta(2"(0) = Ho Mo Q. (5.25)

As before, H acts on Qf(d) by left multiplication on the first factor. As a W(?)-
module, QF%(0) = T (II, Q") is a tensor module.

Recall that k, = k1, where 0 -1, = x(9)1, for 0 € d, and II,, denotes the
9-module II ® k,,. We introduce H-linear maps

\IJX:QH(O)%QEEZ(D), houa—huel,® WwWAa), (5.26)

where h € H, u € 11, a € Q™. We claim that these maps are compatible with the
differentials.

Lemma 5.2. With the above notation (5.26), we have ¥, dyg = dm, ¥, .

Proof. By H-linearity, it is enough to show that both sides of the desired identity
are equal when applied to 1 @ u ® a € QF(9) for u € II, o € Q™. Furthermore, we
will assume that o = 15,3 for some B € Q"' and 1 < i < 2N, as such elements
span Q™. Note that, by [BDK1, Lemma 5.1],
2N
da €Y @ (ef - B)+k@ Q" Cc Q" (2). (5.27)
k=1
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Then from the definition (2.31) of T11, we obtain

dn(l®@u®a) =o012(u® da) — Zl@) (O - u) @ (ef - ),

where 012: [I® H® Q" — H QI ® Q™ is the transposition of the first two factors.
(This equation can also be derived from [BDK1, Lemma 5.3].) Hence,
U dn(l®u® a)
2N
=0o((u®1) ® (wAda) =Y 1@ (O -u) @1, @ (wA (ef - ),
k=1

where now o12: I, ® H ® Q" — H @ II,, @ Q™.
On the other hand,

UV (loua)=10u®l, ®wAa),
and by (5.9), (5.17), we have
dlwAha)=dwAha+wAda=—xAwAa+wAda. (5.28)
This and (5.27) imply
2N

dlwAha)e Zak(@(‘*}/\e? '5)+k®Q"+3 C Qn+3(0).
k=1

Using again (2.31) and (5.28), we get
dp, (1®u®l, ® (wAa))

=0o12((u®1,) @d(w A ) Zl®8k L) ® (wA (ef - 8))

2N
=0o(u® 1)@ wAda) = > 18 O -u) @1, ® (WA (cf - B))
k=1

2N

_012((u®1x)®(x/\W/\04))—Zl@u@(@k-1X)®(w/\(ef~6)).
k=1

In order to finish the proof of the lemma, we need to show that the last two
terms in the right-hand side cancel. In other words, we claim that

> x(Ok)ef - B=—xA(o,8), BeQ.

Indeed, evaluating either side on 9;, A--- A0, ., gives
n+1 e
Z(_DtX(ajt) B9 A Ojy No-- NOj, N+ N\ 6jn+1) )
t=1
by using (5.3), (5.6) and (5.7). O

Lemma 5.3. The maps ¥, : Q}(d) — Qﬁl‘z(b), defined by (5.26), are homomor-
phisms of H (0, x,w)-modules.
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Proof. By H-linearity, it is enough to show that ¥, commutes with the action of
eon 1®u® a, where u € I, a € Q™ and e € H(d, x,w) C W(0) is the generator
(3.20). Since QF () = T(IL, Q™) = T (V) is a tensor W (d)-module, the action of e
on it is given by (4.8) forv=u® a € Vo =IIK Q™.

We have:
I a=-na, I-(wha)=—=-(n+2)(wAa), aeqQ",
0-(u®ly) =0 uv)®l,+xQuel,, 0ed, uell,

and, by (5.8),

A-(wha)=(A-whatwA(A-a)=wA (4A-a), Aespd.
Plugging these into (4.8), we get:

ex (Uy(loua) - (([doid) @y Uy)(ex (1®u® a))
=ex(10u®ly®@wAa)) - (([deid) @g ¥y)(ex (1@ u® )

2N
== (h®1)@n (X(ak) + %x(a’“)(—m) (1wl ®(wAaw)
=0 .k:I
Therefore, ¥, is an H (D, x,w)-module homomorphism. O
Notice that the kernel of ¥, : Qf () — Qﬁiz(b) is
Ji@) =Tn(J"0)=HeIIle J" C Q;(®), (5.29)

and the image of U_, : Qﬁ;z(b) — QF(0) is

In(®) =Tu(I"(d)) =HeoIx I" C Q). (5.30)
As a consequence of Lemmas 5.2 and 5.3, we obtain complexes of H (9, x, w)-modules
0= Q{(E)/IH(0) 5 21 En)/Ih(@) 5 - T OY @)/IY () (5.31)

and
JN (0) 2y N+ () . Al 2N (g (5.32)

Note that (5.31) and (5.32) are obtained from the complexes of H (9, x,w)-modules
(5.19) and (5.20) by applying the twisting functor T1. Due to (5.22) and (5.23),
these are tensor modules:

A ()/T4(0) = T(Iny 2, R(mn) (5.33)
TN TM0) = T an—nyys2, R(ma)), 0<n<N. (5.34)
In the next lemma, we construct a twisted analog of Rumin’s map d&.
Lemma 5.4. There is a well-defined H (D, x,w)-module homomorphism
afy: @)/ ) = I (@),

such that d% dn =0 and dp_, df-} =0.
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Proof. Pick any o € QF (d). Since ¥ gives an isomorphism QY =1 ~ QN*1 we can
write dipa = ¥, 3 for a unique 8 € ngxl (0). By Lemma 5.2, we have

0= (dn)’a=dn¥,8 = V,dn_ B,
which means that dija := dp_ 3 € Jﬁvix(b). To show that df is well defined,
we need to check that dRa = 0 when a € I} (9). Indeed, if « = ¥,y for some
v E ngf(o), then
dpa =dpV,y = ¥,dn_, 7.

Hence, we can take 8 = dp_, v, and we get d%a =dn_, B=0.
The map d¥ is a homomorphism of H (9, Y, w)-modules, because it is a compo-
sition of homomorphisms:

~1
df = dn_, (\IJX|Q§_1@)) drr . (5.35)
Finally, the identities df} dy = 0 and dy_ df}f = 0 are obvious. 0

Using Lemma 5.4, we can connect the complexes (5.31) and (5.32) to obtain the
twisted conformally symplectic pseudo de Rham complex:

di dz ay
0 — Qx(0)/In(0) == Q' (on) /I (0) = -+ = Qg (0) /I (0)
dR dg+1 dg+2 d12_IN (5'36)
G 0) =5 FY T E) = 2N (),
where we decorated the differentials with superscripts that will turn out to be
convenient later.

Lemma 5.5. The twisted conformally symplectic pseudo de Rham complex (5.36)
is exact at all terms except for Jﬁ]f;I(D) and Jﬁjyx (0).

Proof. Recall that the twisting functor T1; preserves exactness. Hence, the com-
plexes (5.24) and (5.31) are exact, while (5.32) is exact at all terms except the last
two (cf. Lemma 5.1). The rest of the proof is the same as in Proposition 5.1. O

We summarize the above results in the following theorem.

Theorem 5.1. For every finite-dimensional 0-module 11, we have a complex of
tensor H (9, x,w)-modules

0 = T(IIL, R(mo)) 2 T(I_y o, R(m)) s - S T(Iyy o, R(7n))

dE dy !
—5 T (v42)x /2 R(n)) —= T (- (v43)x/2: R(TN-1)) (5.37)
dN+2 a2y

m_ T x
— Ty . T(H—(2N+2)X/27 R(ﬂ-o)) - O’

where dR is given by (5.35). The complex (5.37) is evact at all terms except for
the last two, and its cohomology is finite dimensional.

Proof. The only remaining statement is the finite-dimensionality of the cohomology.
This follows from the fact that the cohomology of the complex (5.20) is finite
dimensional and the twisting functor 77 preserves this property (see Section 2.3).

O
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6. SINGULAR VECTORS AND TENSOR MODULES

6.1. Conformal representations of P. Due to Proposition 2.1, any H (9, x,w)-
module has a natural structure of a conformal ﬁ—module, and vice versa. If V is
an irreducible non-trivial H (9, x,w)-module, then each element v € V' lies in some
ker, V', as from Lemma 2.3, which is finite-dimensional and stabilized by the action
of Np. As usual, one has

Proposition 6.1. The subalgebra P1 C Np acts trivially on every irreducible
finite-dimensional conformal Np-module. Irreducible finite-dimensional conformal
Np-modules are in one-to-one correspondence with irreducible finite-dimensional
modules over the Lie algebra Np /Py = (171 Q) x Po)/P1 ~ 0 @ spo.

Proof. Similar to the proof of [BDK1, Proposition 3.4]. |
6.2. Singular vectors.

Definition 6.1. A singular vector in V is an element v € V such that P; - v = 0.
The space of singular vectors in V' will be denoted by sing V', and is stabilized by
the action of Mp, as it normalizes P;. Then

Psing: 0" & ¢spd — gl(sing V)

will indicate the representation obtained from the ANp-action on singV = ker; V'
via the isomorphism Np/P; ~ 0’ ¢ sp 0, so that

y 1 ..
psing (f*7)v = i(xlxj Ry e)v, v EsingV , (6.1)

whereas 0’ is generated over k by elements 5, 0 €0, and ¢ := e X as in the proof
of Lemma 3.7.

A vector v € V is singular if and only if
exveE(FPHok) oy V, (6.2)

or equivalently
exve (k@F*H) oy V. (6.3)

Proposition 6.2. Let V be a finite non-zero H (9, x,w)-module. Then the vector
space sing V' is non-zero and the space singV/ker V is finite dimensional.

Proof. Finite dimensionality of ker,, V/ker V for all n was stated in Lemma 2.3
above.

In order to prove the other claim, we may assume without loss of generality that
ker V' = {0}. As the P-module V is conformal, then ker,, V' is non-zero for some
n > 0. Note that ker,, V is killed by P, so it is preserved by its normalizer Np.
Choose now an irreducible Np-submodule U C ker, V. As U is finite dimensional,
Proposition 6.1 shows that the action of P; on U is trivial, so that U C singV. O

Lemma 6.1. Let f: M — N be a homomorphism of H(0,x,w)-modules. Then
f(sing M) C sing N.

Proof. The proof is obvious, since f commutes with the action of P;. O

Lemma 6.2. Let f: M — N be a homomorphism of H(0,x,w)-modules. If U C
sing M is an irreducible 0 @ sp 0-submodule, then either U C ker f or f|y is an
isomorphism.
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Proof. Follows from Schur’s Lemma and the fact that f|y is a homomorphism of
Np /Pi-modules. O

Remark 6.1. The above lemma applies whenever M is a tensor module, as such
modules are generated in degree zero. See Section 6.4 below for the definition of
the degree.

We would like to give a description of the pseudoaction of H (9, x,w) on singular
vectors in terms of pyn,. However, when using Proposition 2.1, it is better to
express (2.37) in terms of Fourier coefficients of the form (z'e=X) ®y e. In order to
do so, we need the following result.

Proposition 6.3. If v € singV, then the action of H(0,x,w) on v is given by

e*v = Z (51»@ ®1) Q@ psing(fij)v
ij=1
2N (6.4)
— Z (8k ® 1) R (psing(ak + ad®? 8k)v - 8’“0)
k=1
+ (1®1) ®H psing(c)v.

Proof. As Py acts trivially on singular vectors, Remark 2.2 shows that the action
of e on a singular vector v is given by the following expression

exv = Z (S(Taj)@l) Rp (xixjefx(g)He),v
1<i<j<2N

2N
S EC RN EE e

2N

+3° SO 1) @n (3 X @p e)w
k=1

+ (SA)@1) @y (e X @y €).0.

This rewrites as

exv = Z (0;0; 1) @p (z'27 @5 €).v
1<i<j<2N

2N ) 1
+Y @ non (6P one)
1=1

2N )
—Z (O ®1)@p (zFe X @y e)w
k=1

+ (1®1)®g (e *X®@pe)v,
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where we used that z’xz/e™X coincides with xz'z’ up to higher degree terms. We
may use Lemma 3.6 to express the third summand on the right-hand side as
2N

Z O ®1)@p (zFe X @y e)w

S
1

= (O ®1) @p (Psing(ak +ad®™ 9%)v — kv — Z cfjpsing(fij)v>

1<i<j<2N

~
Il
-

Now we rewrite the first summand in the right-hand side using (6.1) and the fact
that 20;0; = (0;0; + 0;0;) — [0;, 0]. Then the first two summands together yield

2N 2N

Z (525J Y 1) QH (psing(fij)v) - Z(gk Y 1) QH Z ijpsing(fij)v'
ij=1 k=1 1<i<j<2N
The two summations over ¢ < j then cancel each other, giving (6.4). [

Corollary 6.1. Let V be an H(0,x,w)-module and let R be a ¥’ & sp 0-submodule
of singV. Denote by HR the H-submodule of V generated by R. Then HR is a
H(0, x,w)-submodule of V. In particular, if V is irreducible and R is non-zero,
then V = HR.

Proof. By (6.4), we have H(0, x,w) * R C (H ® H) ® g HR. Then H-bilinearity
implies that HR is a H(?, x,w)-submodule of V. O

6.3. More tensor modules. Let R be a finite-dimensional ?’ & sp 9-module, with
the action denoted as pr. Let V = H ® R be the free H-module generated by R,
where H acts by a left multiplication on the first factor. Mimicking (6.4), we define
a pseudoaction

exv=> (9;,0;®1)@u (1 pr(f’))
i,j=1
2N (6.5)
> (k@ 1)@ (1© pr(0* +ad™ 0¥ ) — 0 @ v)
k=1
+  (el)ew (1®pr(v), vER,

and then extend it by H-bilinearity to a map *: H@,x,w)®V - (H® H) @y V.

Lemma 6.3. Let R be a finite-dimensional d @ sp0-module with an action pg.
Then formula (6.5) defines a structure of a H(0, x,w)-module on V= H® R. We
have k ® R C sing V' and

psmg(A) (1@ 1) = 1® pr(A)u, AE€dHspd, ueR. (6.6)

Proof. It can be showed by means of a lengthy but straightforward computation.
Alternatively, the identification ?' @ sp 0 = Np/P; makes R into a conformal Np-
module with a trivial Pi-action. As P=0 @ Np as vector spaces, then the induced
module Indf/p R is isomorphic to U(?) ® R = H ® R. The H-module structure
is then given by multiplication on the first factor, whereas the Np/Pi-action on
k ® R is as given in (6.6). Thus we have built a conformal P-module — i.e., a
H(0, x,w)-module — structure on H ® R. O
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Definition 6.2. (i) Let R be a finite-dimensional 3’ @ sp d-module with an action
pr. Then the H(0, x,w)-module H ® R, with the action of H (D, x,w) given by
(6.5), will be denoted as V(R).

(ii) Let R =II'KU, where IT' is a finite-dimensional d’-module and U is a finite-
dimensional sp ?-module. Then the module V(R) will also be denoted as V(II',U).

(iii) As before, when R = II X U, where II is a finite-dimensional d-module
and U is a finite-dimensional spd-module, we will abuse the notation and write
V(R) = V(L U) := V(7*IL,U), where 7*II is the 2’-module obtained by lifting the
0-action on II to ?’ via composing with the canonical projection 7 : 9" — ' /ke ~ 0.

It is possible to translate Definitions 4.1 and 6.2 into one another.

Proposition 6.4. Let R = II' KU be a finite-dimensional o' @ sp d-module and
m:0 — ' /ke =0 denote the canonical projection. Then V(II',U) = T (1.4, U)
and T(I',U) = V(. ,,U), where ¢ = —Nx +trad and 7*¢ = ¢ o7 is the
corresponding trace form on 0'.

Proof. The two claims are clearly equivalent, so it suffices to prove the latter. Take
the definition of 7 (II',U) given in (4.10) and rewrite the first summand in the
right-hand side as follows

2N 2N 2N

(@) opv=> (Os®@1) @y v—> (00" +x(0*) ®1) @y v.
One has
2N o 2N L 2N B
D k@ +x@") @) @gv=>Y (" @) @gv—> (0e1)m x(0*).
k=1 k=1 k=1

One may one use (3.21) to rewrite the first summand as

2N 2N
Z(ékék ®1l)@guv= Z(ék ® 1) @p t,w()v
k=1 k=1
so that
2N 2N 2N
@) ogv=> (@) @ndv-> (0 e1) @y ¢(0*)0.
k=1 k=1 k=1

Now (4.10) rewrites as

e*xv = Z (5¢5j®1)®H(1®fij'v)

ij=1

> (Or@1)@n (1@ (0" +ad®*)-v—¢(0*) @ v — 0" @)
k=1
+ (1®1)®yc-v,

for all v € R. O

The following statements are analogous to those proved in [BDK, BDK1, BDK2].
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Theorem 6.1. Let V be an irreducible finite H(,x,w)-module, and R be an
irreducible 0’ @ sp0-submodule of singV. Then V is a homomorphic image of
V(R). In particular, every irreducible finite H (D, x,w)-module is a quotient of a
tensor module.

Proof. By (6.4) and (6.5) the canonical projection V(R) = H @ R — HR is a
homomorphism of H (9, x,w)-modules. However, HR =V by Corollary 6.1. O

We will now investigate how reducibility of a tensor module depends on existence
of non-constant singular vectors. The picture is more involved than with primitive
Lie pseudoalgebras of the other types.

Lemma 6.4. If R is an irreducible representation of o' @ sp0, then any non-zero
proper H(0, x,w)-submodule M of V(R) = H ® R satisfies M N F° V(R) = {0}.

Proof. Both M and k ® R are 0’ @ sp 0-stable, and the same is true of their inter-
section. The claim now follows from irreducibility of R. O

Corollary 6.2. If R is an irreducible o @ sp d-module and sing V(R) = F° V(R),
then the H (0, x,w)-module V(R) is irreducible.

Proof. Assume there is a non-zero proper submodule M. Then M must contain
some non-zero singular vector. However, M Nsing V(R) = {0} by Lemma 6.4. O

A converse to Corollary 6.2 only holds for those tensor modules V(R) in which
the P-action factors through H ~ P /ke. Recall that P is graded by the eigenspace
decomposition of ad £, which also provides a grading for P as € commutes with
elements 5, 0 € 0. If p,, denotes the graded summand of eigenvalue n, then one has
the semidirect sum decomposition of Lie algebras

Np =0 K H p; (6.8)

Jj=0

and the decomposition of vector spaces

P=p_1®Np. (6.9)

Notice that p_; is not a subalgebra, as the Lie bracket of suitably chosen elements

yields a nonzero multiple of the central element ¢ = e™X € p_5, which may act
nontrivially on R.

However, if the action of c is trivial on R then the P-action factors through #,

and we may repeat the above argument with the Lie algebra H so as to obtain H =

h_1 ®Ny. Then h_; is a graded (abelian) Lie algebra and its universal enveloping

algebra is a symmetric algebra generated in degree —1. Then V(R) = Indj{[/H R is
isomorphic to S(h-1) ® R, which can be endowed with a —Z-grading by setting
elements from R to have degree zero, and elements from h_; to have degree —i.
A vector v € V(R) is then homogeneous if it has a single graded component with
respect to the above grading. Since Ny /H; may be identified with the degree
0 part e ho ~ D @ sp0, its action on singular vectors will map homogeneous
vectors to homogeneous vectors of the same degree, thus showing that homogeneous
components of singular vectors are singular vectors.

The above argument, used in the case where ¢ € p_5 acts nontrivially on R, shows
that V(R) is only —Z,-filtered, but certainly not graded, as the central element,
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which has degree —2, acts via a nonzero scalar multiplication so preserving the
degree of vectors in the representation.

Remark 6.2. Let V be an irreducible H (9, x,w)-module on which the P-action
factors through H. As & stabilizes H; and commutes with b, isotypic components
of sing V' are stabilized by the action of £. In particular, if an isotypic component
of sing V' is a single 0 & sp d-irreducible summand, then £ acts as multiplication
by a scalar, and this summand is homogeneous. We will later see that in the
framework of H (9, x,w)-tensor modules there is a single exception to homogeneity
of irreducible summands in sing V', which happens when y = 0.

Proposition 6.5. Let R be an irreducible ?' @ sp 0-module on which ¢ € ¥ acts
trivially. Then every noncostant homogeneous singular vector in V(R) is contained
in a non-zero proper submodule. In particular, V(R) is irreducible if and only if
sing V(R) = F* V(R).

Proof. Every non-constant homogeneous singular vector s is of negative degree
d < 0. Then U(H)s = S(h_1)s is a non-zero H(d, x,w)-submodule of V(R) lying
in degrees < d, and intersects R trivially, as R lies in degree zero. O

6.4. Filtration of tensor modules. H (9, y,w)-tensor modules possess a filtration
induced by the canonical increasing filtration {F" H}. We may in fact define

F'V(R)=F"H® R, n=-10,.... (6.10)

As usual, F"'V(R) = {0} and F* V(R) = k ® R, and elements lying in F" V(R) \
F" ' V(R) are called vectors of degree n.

The associated graded space is defined accordingly, and we have isomorphisms
of vector spaces

gr" V(R) ~S"0® R, (6.11)

where S™0 is the n-th symmetric power of the vector space 0. Note that we can
make 0 into an sp 9-module via the inclusion spo C gld. Then 0 is an irreducible
sp 0-module. In a similar way S™0 will be understood as an sp 0-module.

Lemma 6.5. For every p,n > 0, we have:

2-FPVY(R) = FPFT V(R), (6.12)
Np -FPY(R) C FP V(R), (6.13)
P-FPVY(R) C FPT V(R), (6.14)
P, -FPV(R) C F*""V(R). (6.15)

Proof. The proof of (6.12)-(6.14) is the same as in the case of W () (see [BDKI,
Lemma 6.3]). Similarly, (6.15) follows using (6.14) and the fact that [0, P,,] C Pr—1,
[0,P1] C Py C Np. (I

As a consequence of Lemma 6.5, we see that both Np and its quotient Np /Py ~
0’ @ sp 0 act on each space gr? V(R).

Lemma 6.6. The action of ' and Py/P1 ~ sp0 on the space gr’? V(R) ~ SPOQ R
satisfies

(feuw) = 12 (pr(@)u+Ex@)u), (6.16)
(fou)=Af@u+ f®pr(A)u, (6.17)

= Q)
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for A€ spo, fe SPO, u€R.

Proof. One only needs to pay attention to the fact that, by (3.34), the action of d
on 0 is given by scalar multiplication by x(9)/2. O

Corollary 6.3. Let II',U be irreducible representations of 0',sp0 respectively.
There is an isomorphism of ' @ Py /Py >~ 0 @ sp 0-modules

g? V(IT',U) ~ 11, .., , B (ST U).
In particular, when the action of P factors through the quotient H and II' = 7*1I,
one has
grp V(Ha U) = l_[;l?)(/2 X (SPD & U)v
whereas, when the action of ¢ € 0" on Il' is nontrivial (whence x vanishes) one has
gr? V(II',U) ~ ' K (SPo @ U).
Proof. Follows immediately by Lemma 6.6. O

Remark 6.3. Notice that when x # 0 one has
P
FPVILU) ~ @y 2 B (S0 U),
i=0

by complete reducibility of the sp d-action, as each gr! V(II,U),0 < i < p, sits in
distinct isotypical components.

Remark 6.4. We will later use the fact that all H(?, x,w)-linear homomorphisms
showing up in the twisted conformally symplectic pseudo de Rham complexes, with
the exception of dff, map constant singular vectors to vectors of degree 1. This is
due to the very definition of such maps, and the fact that the differential homo-
morphisms in the pseudo de Rham complex for W () satisfy the same property.

7. IRREDUCIBILITY OF TENSOR MODULES

We have seen that all irreducible finite representations of H(9,y,w) arise as
quotients of some special H (9, x,w)-modules called tensor modules. A classification
of irreducible H (9, x,w)-modules will then follow from a description of irreducible
quotients of tensor modules.

7.1. Coefficients of elements and submodules. Throughout this section, R
will be an irreducible ?’ @ sp 9-module, with the action denoted by pg, and V(R)
the corresponding tensor module introduced in Definition 6.2. First, let us rewrite
the expression (6.5) for the pseudoaction of e on singular vectors in a tensor module
in a different fashion. Let

2N
Y(u) = Z 2:0; @ pr(f7)u.
i,j=1
Then we have:
2N
ex(1@u)=(11) @y (Yu) =Y o pr(d*)u)
k=1 (7.1)

+ terms in (1® H) @y (0@ (k+ pr(sp?d))u
+k® (k+pr(spd+0'))u).
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On the other hand, if v € sing V(R), then (6.4) implies

2N

exv = Z (1® 0;0;) ®u pr(f?)v

i,j=1
+ terms in (1@ F' H) @y V(R).

Lemma 7.1. If v=>3,0Y) @ vy, then

exv = Z(l ® 3(1)) ®@n Y(vr)
7 (7.3)

+ terms in (1@ 0V H) @y (F' H® (k + pr(spd+0'))vr).
In particular, the coefficient multiplying 1® 89 equals 1 (v;) modulo F* V(R).
Proof. This follows from (7.1). O

Recall that every element v of V(R) can be uniquely expressed in the form
v = Z o @ ;.
I

Definition 7.1. The non-zero elements vy in the above expression are called co-
efficients of v € V(R). For a submodule M C V(R), we denote by coeff M the
subspace of R spanned over k by all coefficients of elements from M.

Lemma 7.2. Let R be an irreducible o' @ sp0o-module. Then, for any non-zero
proper H(0, x,w)-submodule M of V(R), we have coeff M = R.

Proof. Pick a non-zero element v = ), 0) @ vy contained in M. Then Lemma
7.1 shows that M contains an element congruent to (v;) modulo F!' V(R), thus
coefficients of ¥ (vy) all lie in coeff M for all I. This proves that pr(sp0) coeff M C
coeff M. Similarly, one can write

exv = Z(l ® 0D @u (Y(vr) — Za’f ® (pr(9")vr))

+ terms in (10 dVH) @y (0@ pr(spd + k))vr (7.4)

+k ® (k+ pr(spo +0"))vy),

showing that pr(0%)v; € coeff M for all I, k =1,...,2N. Thus, pr(d’) coeff M C
coeff M, as the central element ¢ acts via multiplication by a scalar. Then coeff M
is a non-zero ¥’ @ sp 0-submodule of R. Irreducibility of R now gives coeff M = R
as soon as M # 0. O

Corollary 7.1. Let M be a non-zero proper H (9, x,w)-submodule of V(R). Then
for every u € R there is some element in M coinciding with 1y (u) modulo F* V(R).

Proof. As coeff M = R, it is enough to prove the statement for coefficients of
elements lying in M. In order to do so, pick v € M and proceed as in Lemma 7.1.
As M is a H(d,x,w)-submodule of V(R), the coefficient multiplying 1 @ ) still
lies in M, and equals 1 (v;) modulo F! V(R). O

The following irreducibility criterion is proved as in [BDK2, Section 7.2].
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Theorem 7.1. Let R = II' ¥ U be an irreducible o' @& spo-module. If U 1is
neither trivial nor isomorphic to one of the fundamental representations R(mw;),
i=1,...,N, then the H(0, x,w)-tensor module V(II,U) is irreducible.

Notice that the converse certainly holds if the P-action factors through H: in
this case, if U is either trivial or a fundamental representation, then V(II,U) =
V(r*I,U) = V(II', U) appears in a twisted conformally symplectic pseudo de Rham
complex (see Theorem 5.1) and it is reducible, as the image or the kernel of each
differential provides a non-trivial submodule.

Our final goal is to extend this fact to tensor modules in which ¢ acts nontrivially
and to provide a complete classification of submodules. All this will be accomplished
in next section by providing a description of all singular vectors.

8. COMPUTATION OF SINGULAR VECTORS

Proposition 8.1. Let v € V(R) be a singular vector contained in a non-zero proper
H(0, x,w)-submodule M, and assume that the sp d-action on R is non-trivial. Then
v is of degree at most two.

Proof. Write v = >, 0) @ v;. Then Lemma 7.1, together with (7.2), show that
¥(vr) = 0 whenever |I| > 2. As the spd-action on R is non-trivial, from (v;) =0
follows vy = 0. [l

Our next step is to describe singular vectors and submodules contained in tensor
modules of the form V(II',U), where U = R(mw;) for some i = 0,..., N and II' is
an irreducible ?’-module. Our final result states that when the P-action factors
through H, then such a module contains singular vectors if and only if it is a twist
of a module contained in the conformally symplectic pseudo de Rham complex, and
that in such cases singular vectors are described in terms of the differential maps.
The case where the action of P does not factor through H can then also be deduced
easily.

The case U ~ k is of a somewhat different flavor, so we treat it separately.

8.1. Singular vectors in V(II', k). First, we find all singular vectors in V(II', k).
Lemma 8.1. A vector in V(II', k) is singular if and only if it lies in F* V(IT', k).
Proof. Let us first prove sing V(II, k) ¢ F' V(II', k). The spd-action is trivial, so

(7.1) can be rewritten as

2N
ex(1@u) =Y (0 ®1)®y (0" ©u—1® pr(0*)u)
k=1
+(1®1)®y 1® pr(c)u,

(8.1)

and also as
ex(l®u) = _Z(1®8k)®H (OF @u—1® pr(dF)u)
P (8.2)
+ terms in (1® 1) @y F V(IT', k).
Let v = 3,09 @ vy be a singular vector in V(IT', k), and assume there is some

I, [I| > 1, such that vy # 0. If n is the maximal value of |I| for such I, choose
among all I = (i1,...,ion) with |[I| = n, one with the highest value of i;. Then
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the coefficient multiplying 1 ® 010 in e * v equals &' ® v; — 1 ® pr(0")vr. As v
is singular, this must vanish if |I| > 1, a contradiction with v; # 0.

The reverse inclusion sing V(II', k) D F* V(IT', k) is now easy. If v € F* V(IT', k),
plugging it into (8.1) and left-straightening the resulting expression only yields
terms in (F? H @ k) @ g V(IT', k). O

Proposition 8.2. The H(d, x,w)-module V(R) = V(II', k) is reducible if and only
if the action of c € 0" on I’ is trivial.

Proof. Let M be a non-zero proper submodule of V(II'; k). We know M that
must contain non-constant singular vectors and that gr! V(II', k) ~ II/ /2 X is
0’ @ sp 0-irreducible. Thus, for every choice of 9 € 0,u € 1 ® R, M must contain
some element whose degree one term is 0 ® u.

Consequently, as M C V(IT', k) is an H-submodule, M must be of finite codimen-
sion in V(IT', k), hence V(II', k) /M is a torsion H-module. However, the action of a
pseudoalgebra on torsion elements is trivial, so exV(II', k) = exM C (HQH)®@g M.
Direct inspection of (8.1) now shows that 1 ® pr(c)u belongs to M for all u € U.
Then, if the action of w is non-trivial, M must contain non-zero constant vectors,
which is a contradiction.

If instead the action of ¢ is trivial, then vectors 9 @ u — 1 ® pr(9d)u, where 9 € 0,
u € R, all belong to M, and they indeed span over H a proper H (9, x,w)-submodule
of V(IT', k). O

Remark 8.1. Proposition 8.2 shows, by providing a counterexample, that requiring
¢ € 0’ to act trivially on R in Proposition 6.5 is a mandatory hypothesis.

8.2. Non-trivial submodules of V(II' k). We are only interested in the case
where the action of ¢ € ?’ on IT' is trivial, as we have seen that V(IT', k) is otherwise
irreducible. We thus focus on tensor modules V(IL k) := V(#*II, k) = V(IT', k),
where II is a 9-module, see Definition 6.2(iii).

First of all, recall that

OF (0) = JEV(0) = T(M-ny, k) = V(I ny—4, k),
O 1 0) = TV TH0) = T an—1)y/2: R(m1)) = V(IL_ 25 _1)x/2- 6, R(T1)),
so that
V(ILk) ~ JF\ | (0) = OFY |, (0),
V(L 2, R(m)) =~ JEN " (0) = Q3! (2).

Ony+¢ R ¥ SN

Recall (cf. [BDK]) that the image of the de Rham differential dr ., ,: Q3% ' () —

Hnx+e
QY <+, (9) is @ maximal H-submodule which has finite codimension as a k-vector

subspace. This means that the image of the map

dazy V(I /2, R(m1)) = V(I k),

HPFSUNE
is a maximal H (D, x,w)-submodule of V(II, k), of finite k-codimension. Notice
that dZHIZJrNX F° V(I1, )2, R(m1)) is a 9 @ spd-submodule of sing V(I1, k) which has
a non-zero projection of gr' V(IL k) ~ II, » X R(m), so that it coincides with
the (0 @ spd)-stable complement of F®V(IL, k) in sing V(II, k), which is uniquely
determined as it coincides with the R(m)-isotypical component of F* V(II, k).
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Proposition 8.3. The unique non-zero proper H (0, x,w)—submodule of V(II, k) is

ImdZNy .
b+ Nx

Proof. We have proved in the previous section that
sing V(I k) = F! V(I1, k) ~ FO V(IT, k) @ gr' V(I1, k)

is a direct sum of two non-isomorphic homogeneous irreducible 0 & sp d-submodules.
If M c V(I,k) is a non-zero proper submodule, then it must contain non-zero
homogeneous singular vectors, which cannot be constant. Thus it contains all of
dzN  F°V(Il, /2, R(m)), which spans Imd#Y  over H. Thus M contains the

ot N p+nx
maximal submodule Im d%f;’ﬂv , hence it coincides with it. g
X

We will now separately classify singular vectors of degree one and two in tensor
modules of the form V(IT', R(m,)), forn=1,..., N.

8.3. Singular vectors of degree one in V(II',R(7,)),1 < n < N. We will
proceed as follows: we will first treat the case V(II', R(m,,)), where the action of
¢ € 0’ is trivial; we will then show that the description of singular vectors of degree
one stays unchanged when the action of ¢ is via multiplication by a non-zero scalar.

8.3.1. Singular vectors of degree one, graded case. Our setting is the following: II
and U are irreducible representations of d and sp 0 respectively, R = 7*IIX U is a
0’ @ spd module and V = V(R) = V(II,U), as in Definition 6.2(iii), is a reducible
H (0, x,w) tensor module. Furthermore, U = R(m,) for some 1 < n < N. We are
also given a non-zero proper submodule M C V. We first look for singular vectors
of degree one, i.e., of the form

2N
S:Zai@@siﬂ@s
=1

that are contained in M.

Lemma 8.2. A non-zero singular vector of degree one contained in M C V is
uniquely determined by its degree one part.

Proof. If s and s’ are two such vectors agreeing in degree one, then s — s’ is a
singular vector contained in M N (k ® R) = {0}. O

Proposition 8.4. Let s, s’ be non-zero singular vectors of degree one contained in
(possibly distinct) non-zero proper submodules M, M’ of a tensor module V(R) =
V(I1, R(m,,)) as above. If s =5s" mod F*V(R), then s and s' coincide.

Proof. We already know that each element in the irreducible d @ sp d-submodule
F’V(R) ~ I X R(x,) is a singular vector. Moreover, gr' V(R) decomposes in the
direct sum of (at most) three irreducible components isomorphic to II, /oK R(m, 1),
I, /2 ® R(mp41), and 11, )9 ¥ R(m, + m1), respectively. As no such representation,
viewed as an sp d-module, has a non-zero R(m,)-isotypical component, gr! V(R)
splits off canonically and uniquely as a (homogeneous) complement of F* V(R) in
F'V(R). If a singular vector s € F* V(R) has a non-zero projection to gr! V(R)
and is not contained in this canonical complement, then each H (9, x,w)-submodule
of V(R) containing s will also contain constant singular vectors, and will fail to be
proper. ([
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Recall that there are H(9, x,w)-module isomorphisms
O (0)/111(0) = T (M2, R(mn)) = V(H_y_ny/2, B(mn)),
JEN T 0) = T an—nyy/2: R(n)) = V(I g_ 2n—n)x/2: R(m0)),

so that

VL R(mn)) = Qo @O/ = T ()

The conformally symplectic pseudo de Rham differentials

n . n—1 n—1 n n
i /IR @) = @)/, L),

2N—n . 72N—n—1 2N —n
dH¢+<2an)x/2' JH¢+(2N=n)x/2 () = JH¢+<2N—n>x/2 (0),

that we denote as in (5.36), (5.37), then identify to corresponding H (9, x, w)-tensor
module homomorphisms

Moot Yo, R(mn1)) = V(IL R(my)),  n=1,...,N,
dﬁfj);(’;hw : V(L 9, R(mny1)) = VL, R(my,)), n=0,...,N—1.

We similarly obtain an H (9, x,w)-module homomorphism

di V(IL,, R(rn)) — VL, R(7x)).

Hpy(N42)x/2 "

Theorem 8.1. One has:

sing ' V(IT, R(r,.)) = FOV(IL, R(m,)) + dit,,, FOV(TL 2, R(mp-1))

N—n 0
+ dﬁwmﬂw FOV(IL, o, R(mns1)), 1<n<N\,

and
sing F' V(II, R(rn)) = FOV(IL, R(rn)) +df,, , FO V(T 2, R(mn 1))

Proof. By the proof of Proposition 8.4, the d @ sp d-submodule F! V(II, R(,)) is
isomorphic to the direct sum

FOV(L R(my,)) @ 2 M R(mp—1) & My K R(mpi1) @ 10 B R(m, + ),

where non-zero vectors in the last three summands have degree one.

The sp 9-module R(7,,+m1) satisfies the irreducibility criterion stated in Theorem
7.1, and its dimension is larger than dim R(7w,). We can therefore proceed as in
[BDK1, Lemma 7.8] to conclude that no singular vectors of degree one will have a
non-zero projection to this summand.

However, by exactness of the conformally symplectic pseudo de Rham complex,
the differentials df} n > 1, map F° V(I 2, R(mp—1)) to non-zero (otherwise

o+nx/2’
* would vanish) non-constant (otherwise df; would be surjective) ir-
$tnx/2 $tnx/2
reducible 9 @ sp 0-summands of singular vectors, isomorphic to IT, /o & R(m,_1),

2N—n
Hgpy@N—n)x/2°

F'V(IT, R(7,)), due to Remark 6.4. Now Proposition 8.4 shows that those are
the only singular vectors of degree one, up to costant elements. ([

and a similar argument applies to d These summand must lie in
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8.3.2. Singular vectors of degree one, non-graded case. Our setting is now the fol-
lowing: we have a H (9, x,w)-tensor module V(II', R(7,)),1 < n < N, on which
¢ € 0 acts nontrivially; here n is fixed once and for all. Consequently, x = 0,
w=d¢, and ' — as a central extension of 9 — may be trivialized as ' = 9¢ @ ke,
where 0 is spanned by elements d; := d + ((9),0 € 0. Then II’ is isomorphic to
II X ky, where II is the restriction of II’ to 8¢, and k) is the 1-dimensional repre-
sentation of the abelian Lie algebra kc on which ¢ acts via multiplication by A\. We
may rewrite (6.5) as follows

2N
exv=> (8:0;®1)®u (1@ pr(f)v)
i,j=1
2N (8.3)
=Y (Or@1) @ (1© pr(0f +ad™ ) — 0* @ v)
k=1
HL+1) 1)y (13 M), v € R,
where £ := 3", ((0)0.
We now identify all IIKk as vector spaces, and consequently all V(IIKky, R(m,,))
) :

with each other. Notice that V(IT X kg, R(7,)) is nothing but V(II, R(m,)
V(r*1, R(m,,)).

Proposition 8.5. Let V = V(II K ky, R(r,)). The intersection singV NF'V is
independent of \.

Proof. We show that each singular vector of degree at most one in V(IIKkq, R(7,,))
is also a singular vector in V(IIXky, R(7,,)), as the converse is completely analogous.
The first two terms in the right-hand side of (8.3) describe e * v when A = 0.
Assume s is a singular vector of degree one for V(II X ko, R(m,)). We need to
compute e * s in V(I K ky, R(r,)) and check that it lies in (F? H @ H) @y V.
However, the contribution in e * s from the first two summands in the right-hand
side of (8.3) belongs to (F?H ® H) ®y V as s is a singular vector for the A\ = 0
case; furthermore, the third summand left-straightens to (F2 H®H)®pgV because
s is of degree one. O

8.4. Singular vectors of degree two. Throughout this section, we will focus on
an H (9, x,w)-tensor module of the form V(R) = V(II', R(w,)),n =1,..., N. Recall
the definition of ¥ (u) given in Section 7.1. Then, if

2N 2N
S = Z 8¢8j®81j+zak®8k+1®8
ij=1 k=1
is a vector of degree two lying in sing V(R), one has:
Lemma 8.3. f*%(S) = ¢(s*) mod F'V(R).
Proof. Use (7.1) to compute e * .S and compare it with (7.2). O

As we are assuming S to be of degree two, some s¥ must be non-zero. Then
() is also non-zero, as the action of spd on R is non-trivial, hence f(S) =
¥(s) mod F!'V(R) is non-zero.

This shows, in one shot, that the action of spd on each singular vector S of
degree two is non-trivial, and that for some 0 # u € R there exists a singular vector
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coinciding with 9 (u) modulo F* V(R), as the sp d-action preserves singular vectors,
hence f%(9) is singular too.

Lemma 8.4. If u € R, let ¢(u) denote a singular vector, if there exists one,
coinciding with ¢(u) mod F'V(R). Then f?(¢(u)) and (¢ (u)) are also singular
vectors, which coincide, respectively, with Y(f*?(u)) and ¥(0.u + x(0)u) modulo
F'V(R).

Proof. The claims follow from Lemma 8.3 and Lemma 6.6, along with the definition

of ¥ (u). |

Lemma 8.5. For every u € R there exists some singular vector ¢(u) coinciding
with () modulo F* V(R). The corresponding map ¢ : R — gr> V(R) is a linear
homomorphism and satisfies:

FoP(d(u) = ¢(f*% (w)), (8:4)
FoP(S) = d(s*?), (85)
9.0(u) = ¢(0.u + x(d)u), (8.6)
c.o(u) = ¢(c.u) (8.7)

Thus, ¢ is a well defined injective homomorphism which commutes with the sp0-
action.

Proof. The space of elements u € R for which we can locate a singular vector equal
to 9 (u) modulo F' V(R) is non-zero and 9’ @ sp d-stable. By irreducibility of R, it
must be all of R. Injectivity follows from (8.5), whereas the other properties have
already been proved. ([

Corollary 8.1. The space of singular vectors of degree two does not contain trivial
5P 0-summands.

Proof. If S is a homogeneous singular vector of degree two lying in a trivial sum-
mand, then 0 = f*%(S) = ¢(s%%) for all a, 3. But ¢ is injective, hence s*? = 0, a
contradiction with .S being of degree two, hence S = 0. O

We are now ready to classify singular vectors of degree two. As before, we will
first proceed with tensor modules on which the action of ¢ € ?’ is trivial, and then
extend our results to the general case.

8.4.1. Singular vectors of degree two, graded case. Our setting is now as follows:
IT is a 9-module, and V(II, R(m,,)) := V(«*IL, R(w,)) = V(II', R(m,,)) denotes the
H (9, x,w)-tensor module as in Definition 6.2(iii).

Proposition 8.6. Non-zero singular vectors of degree two in V(II, R(w,,)) project
to a unique 0 & sp 0-irreducible summand in gr® V(IL, R(m,)), which is isomorphic

- n 2N —n+1
to 1L, W R(my). Moreover, the homomorphism dyy, T (on 22

tively FO V(IL,, R(,)) to an irreducible summand of singular vectors of degree two
in V(IT, R(7y,)).

In particular, the space of non-zero homogeneous singular vectors of degree two
in V(II, R(m,)) coincides with df} dzN—n+l FO V(I R(my,)).

Hopnx/2 Mgt 2N —n+t2)x/2

maps injec-
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Proof. The first claim is clear.

As for the second one, an H (D, x,w)-homomorphism maps singular vectors to
singular vectors, and its restriction to an irreducible ? @ sp 0-summand is either 0
or an isomorphism. Recall that, by exactness of the conformally symplectic pseudo

de Rham complex, d7 n—l equals 0, and ker d% = Im d»! .
PIEX Ay 4y 2 MMy 2 €4 ) Mytnx/2 Hopnx/2

Now, djp? must be injective on dZ" "1 FOV(L,, R(m,)). If it were
$+nx/2 $+(2N —n+2)x/2
not, this homogeneous summand of degree 1 singular vectors would have to lie

. . n—1 3 1 i n—1
in the image of dn¢+nx/2, hence it would be obtained by applying dH¢+nx/2 to

constant singular vectors. However dﬁ;inx/z FOV(IT,,, R(m,_2)) is isomorphic to
I, X R(mp,—2) as 0 & spo-module, yielding a contradiction. We conclude that

My /o IQI]Z;Z;LM)X/Q F° V(I1,,, R(r,,)) is a homogeneous summand of degree 2
singular vectors, which is 9 & sp d-isomorphic to II,, K R(m,). O

Remark 8.2. Note that if y = 0 a proper submodule M of a tensor module V(R)
can in principle contain non homogeneous singular vectors of degree two. Indeed,
homogeneous singular vectors of degree zero and two span in such a case isomorphic
0@ sp 0-submodules of V(R), so that suitable linear combinations will yield possibly
non homogeneous singular vectors.

We will see below that singular vectors of degree two contained in a proper
submodule are always homogenous. We will show this by constructing, when y = 0,
non-homogeneous automorphisms of reducible tensor modules.

8.4.2. Singular vectors of degree two, non-graded case. Our setting is as above in
Section 8.3.2 and we identify, again, all V(II X ky, R(m,,)) with each other.

Proposition 8.7. Let S = }_,,0,0; ® f(u) + 3,0k ®s* +1®s. Then S
is singular in V(II K ko, R(7,)) if and only if Sy := S 4+ A\ ® u is singular in
V =VIIXky, R(m,)).

Proof. Proceed as in Proposition 8.5. The only two terms that do not obviously lie
in (F2H ® H) ®y V cancel with each other modulo (F?H ® H) @y V. O

If W C V(R) is a subset of singular vectors of degree two, it makes sense to
denote by W), the set of all Sy, where S € W.

8.5. Classification of singular vectors. As a result of the above discussion, we
obtain the following classification of singular vectors.

Theorem 8.2. Let V =V(II',U) be a tensor module over H(d, x,w), where II'RKU
is an irreducible 0’ @ sp 0-module in which ¢ € V' acts via multiplication by X € k.
When X # 0, denote by I1 the unique d-module such that I’ ~ 11Kk as ' = 0 Dke-
modules; when A = 0, set II to satisfy II' = 7*11.

e IfU ~ R(mg) =k, then
singV =F'V =F'Vady F VI, R(m));
e if U~ R(m,),l <n <N, then
singV =F'V @ df L FOV(IL o, R(mn-1))

Hgptnx/

N—
@ d2n¢+<ZN,,L)X/2 F V(I /2, R(mni1))

e ( n d2N7n+1 FO V(HX,R(TFTL)))/\;

Mgtnx/2 gy (2N —nt2)x/2
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e if U ~ R(mwy) then
singV =F'V @ df FOV(I, /2, R(mn-1))

Hoptnx/2

& (A, o0 oy FO VL B(TN)))

Hg 4 (N+2)x/2
o singV =F°V in all other cases.

Remark 8.3. It is not difficult to show that singular vectors of degree two may

also be obtained as d7fY " dpt? F° V(I1,,, R(r,)) in the tensor module
preN-mx/2 Hotmaaxs .

VI, R(7,)),1 <n < N, and as d%¢+(N+2)X/2 F' VI, R(ry)) in V(IL, R(7w)).

This shows that df} dzN—n+t and d7Y " dptt (resp.
otnx/2 Mot 2N—nt2)x/2 o+E@N-n)x/2 U+ (nt2)x/2
N dN+1

nd d&
Hpynx/z o (N42)x/2 ot (Nt2)x/2
scalar.

) coincide up to multiplication by a non-zero

9. SUBMODULES OF TENSOR MODULES, GRADED CASE

In this section we will show that the only non-zero proper submodules of tensor
modules appearing in a twisted conformally symplectic pseudo de Rham complex
are either the image of a differential or the sum/intersection of two such images.
Notice that the action of P on all such modules factors through #, so that it makes
sense to talk of homogeneous singular vectors. Throughout this section, II is an
irreducible finite-dimensional d-module and V(II,U) denotes the H (D, x,w)-tensor
module V(7*II, U).

9.1. Automorphisms of tensor modules. Let f: V — V be a homomorphism
of tensor modules. Then f maps constant vectors in V', which are singular, to
sing V. If f is non-zero, then f|poy must be an isomorphism. This is typically
possible only when f is a multiple of the identity. However, the case of reducible
tensor modules over H (9, x,w) is a remarkable exception, when x = 0.

Theorem 9.1. Let V = V(II, R(w,)), 1 <n < N, be an H(9,0,w)-module. Then
each H(9,0,w)-endomorphism of V' is of the form fu,p = aidy —|—Bd’ﬁ¢d12-ﬁ_"+l for
some choice of o, B € k. The endomorphism fup is invertible if and only if o # 0.

Proof. The maps idy and dﬁd)d%ﬁ_"ﬂ are commuting H (0,0, w)-endomorphisms,
and so are their linear combinations. As idy is invertible and dﬁ¢d2H]Z g
nilpotent, the invertibility claim follows.

As for showing that an H (0,0, w)-homomorphism f : V — V is necessarily of
this form, notice that if f is non-zero, then it must map F°V ~ II X R(m,) to an
irreducible 0 @ sp 0-component of sing V. However, since x = 0, the constant and
the degree two summands are isomorphic.

Composing f with projections to components of degree zero and two yields
0@ sp 0-homomorphisms that must be scalar multiples of id and 0* by irreducibility

of FOV and Schur’s Lemma. O

When x # 0, the irreducible 0 @ sp 0-summands of sing V' are pairwise non-
isomorphic, hence homogeneous. When x = 0, however, non-homogeneous singular
vectors only occur in some fug3 F°V, where a and 8 are both non-zero. In this
case, as V is spanned over H by its constant singular vectors, V' = f(V) is also
H-spanned by fus FOV, so that if M C V is an H(9,0,w)-submodule containing
fap FOV,a # 0, then M = V. This proves the following claim
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Proposition 9.1. Every proper submodule of a tensor module V(II, R(my,)),1 <
n < N, contains the homogenous components of all of its singular vectors.

9.2. Classification of submodules of tensor modules. Throughout this sec-
tion, we will make repeated use of the standard homomorphism theorem in the
following form: if f: M — N is a morphism of modules, and My C M is a sub-
module, then

f(My) ~ (Mo + ker )/ ker f ~ My/(My Nker f).
Lemma 9.1. If1 <n < N, then

ing Im dy
Smg dn¢+nx/2

=dr LFOV(TL 0, R(m,—1)) ©d

T Mgy

dzN—n+l FOV(I,, R(7,)).

n
Hgtnx/2 Myt @N—nt2)x/2

Proof. We know that
sing V(IL, j, R(mp—1)) D FO V(I /2, R(mn_1)) ® A "1 FOV(I0, R(my,)).

Myt (2N —nt2)x/2
Applying d’ﬁ¢+nx/2 to both sides and using Lemma 6.1 one obtains

sing Im df
Hginy/2
n 0 n 2N —n+1 0
D dH¢+nx/2 F° V(I 2, R(mn—1)) © dH¢+nx/2dH¢+(2N7n+z)x/z F V(I R(my,)).

In order to show that the above inclusion is indeed an equality, recall Theorem 8.2
and observe that Im dﬁ¢+nx/2 is a proper submodule of V(II, R(m,)), so it cannot

contain constant singular vectors. Moreover, when n < N, Imd} cannot

Mytnx/2
. 12N— 0 o ; +1

contain dH<¢>+(ZN—n)x/2 F"V(IL, )2, R(mp41)) as this is not killed by dﬁ¢+nx/2. O
Lemma 9.2. If0<n < N, then

: 2N—n

sing Im de)+(2N7n)x/2

__ 312N-—n 0 n 2N—n+1 0

= dH¢+(2N—n)x/2 F* V(L )2, R(mpy1)) © dH<ﬁ+nx/2qu§+(2N—n+2)X/2 FY V1L, R(my)).
Proof. Similar, using Remark 8.3. O
Lemma 9.3. If0 <n < N, then

: n 2N —n+1 _n 2N —n+1 0
sing Im dH¢+nx/2dH¢+(2N7n+2)x/2 o dH¢+nx/2dH¢+(2N—n+2)x/2 F V(HX’ R(mn))-

Proof. The homomorphism df} %N —ntl
b+nx/2 é+(2N —n+2)x/2

[ 2N-n+1 can only contain elements of degree

is homogeneous of degree two,

so the subspace sing Im d

Hgppnx/2 Mgt (2N —n+t2)x/2
> 2. As df dZHN —ntl is non-zero, constant vectors are mapped non
- Lotnx/2 Mot (2N—nt2)x/2
trivially to singular vectors of degree two. O
n 2N —n+1

Proposition 9.2. Imd is irreducible for every 0 <n < N.

Hp4nx/2 Mgt @N—n+2)x/2

n 2N —n+1 _ an 2N —n+1 L
Proof. AsIm dH¢+nx/2dH¢+(2an+2>x/2 o dH¢+nx/2dH¢+<2N—n+2>x/2V(HX’ R(mn)), it is

n 2N —n+1 0 . ;
T2 U (o )2 F" V(I R(,,)), which by previous lemma
is an irreducible 0 @ sp 0-summand containing all singular vectors. A non-zero sub-

H-spanned by d

module of Im dfj QHN —ntl must then contain all of its singular vectors,
dtnx/2 pt(2N—n+2)x/2

which H-span it. O

Corollary 9.1. ImdR} is irreducible.

Myt (N+2)x/2
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Proof. As d& coincides with d an+t up to a non-zero mul-
S SH(N+2)x/2 #+Nx/2 Uopni2)x/2
tiplicative constant, it follows from Proposition 9.2. O

Proposition 9.3. If0 <n < N, then

(1) Imd} NImdZV " is mazimal in Im df; ;
2 P+nx/2

Hg4nx/ Uy 2n—n)x/2
(2) Imdy, NImdy " is mazimal in Tm A" " ;
dnx/2 B+ (2N —n)x/2 N et eN=mx/2
3) Imd¥ is maximal in Im d}P Imds ™" :
(3) Hytnx/2 Hopnx/2 + Hpt@N-—n)x/2’
(4) Tmdg¥—" is mazimal in Im d}, +ImdZV " .
¢+(2N—n)x/2 P+nx/2 ¢+(2N—n)x/2
Proof. One has
2N—n n 2N—n
Imd Imd NImd =
H¢+<2N—n)x/2/( W tnx/2 H¢+<2N—n)x/2)
Imd2N—" Imdp} Im dp
( dH¢+(2N—n)x/2 + dH¢+nx/2 )/ dH¢+nx/2’

by standard homomorphism properties. Moreover

1 2N—n
Imd?"
Hg4nx/2 Mgt (2N —n)x/2
1 n 2N—n
=drt Imd Imd
H¢+n></2( Hptnx/2 + H¢+(2N—n>x/2)’

and this equals

(Imdf,, , +Imdgl " )/ ker dH!

g 1nx Myt (2N—n)x/2 Hgtnx/2

_ n 2N—n n

= (Im dH¢+nx/2 +Im dn¢+<2N—n)x/2)/Im g tnx/2’
By Proposition 9.2, Im dﬁ“ 2HN n is irreducible, hence so are all the

d+nx/2 Het(2N-—n)x/2
above quotients, proving (2) and (3); (1) and (4) are proved similarly. O
R

Theorem 9.2. V(II, R(7,)) 2 Im df, .., 2mdy,, ., arethe only non-zero

submodules of V(II, R(mn)).
Proof. First of all,

ImdR = kerd¥ ! ker dR

_ N
Myt (Nt2)x/2 Myt nx/2? Hppnx/2 Im dH¢+Nx/2

by exactness of the conformally symplectic pseudo de Rham complex. The sub-
module Im d%¢+(N+2)X/2 is irreducible by Corollary 9.1 and is therefore minimal in
V(II, R(ty)). Similarly, d& V(II, R(my)) is irreducible.

is maximal in V(II, R(7x)). Indeed

Hpyny/2

We show now that Im dngvx/z

V(L R(ry))/ ImdY = V(L R(ry))/ kerdy,, . =~ Imdp

Hopynx/2 Myt nyy2?

which is irreducible.

Finally, ImdRE is a submodule of Imdi} as df equals
Y il II I
S+(N+2)x/2 B+ Nx/2 +(N+2)x/2
N g +1 up to a non-zero multiplicative constant; it is indeed maximal
et Nx/2 ¢+ (N+2)x/2
since
N R
Im dH4>+Nx/2/Im dH¢+<N+2>x/2
~ AN+1 N
- dn¢+Nx/2 dH¢+Nx/2
N—-1 N+2
=d d v R(mn_
oy ore Moy a2V (2 B(TN-1)),
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R . We have proved so far that the submodule
¢+ (N+2)x/2

R =1 N N+1
= Imd
Hot(N+2)x/2 Hpyny/2 Mot (N+2)x/2

mal, and that Im d} is maximal inside Im d&Y .
SH(N+2)x/2 $+Nx/2

Every proper submodule contains non-constant homogeneous singular vectors,

and is therefore contained in Im dﬁHN P If it furthermore contains singular vec-
X
N

tors of degree one, then it coincides with Im dH¢+NX/2’
singular vectors of degree one. If instead it does not contain singular vectors of

N41
d
Hoptnx/2

Imd¥ is maximal, that Imd
Mgt nx/2

as ker = Imd

is mini-

as this is generated by its

degree one, then it lies between ImdR and Imdy , and must then
.. . . L e R (N+2)x/2 $+Nx/2
coincide with the latter by maximality. ]

Lemma 9.4. The submodule

dN—t V(IL, )9, R(mn_2)) +dy V(IL, )2, R(ny)) C V(IL, R(mn_1))

Hor(N-1)x/2 Mo (N+1)x/2

is maximal and

N-1 N+2
dH¢+<N71)x/2dH¢+(N+3>x/2V(HX’ R(my-1))
N-1 N+1
= dH¢+(N—1)X/2V(HX/2’ R(TFN_Q))) N dHL(N+1)X/2V(HX/2’ R(?TN))

Proof. By Theorem 9.2 we know that the quotient

N N-1 N+2
Im dH¢+Nx/2 /dn¢+<N—1)x/2dn¢+<N+3>x/2V(HX’ R(my-1))
is irreducible. However this equals

N N N-1 N+1
Im dH¢+Nx/2 /dH¢>+N></2 (Im ngbJr(N—l)x/Z +Im dH¢+(N+1)X/2)

= V(I 2, R(rn-1))/(Imdfy * + ImdN+! ),

Myt (N—1)x/2 Mg (N+1)x/2
thus proving the first claim. Notice now that
N-1 N+2 N+1 N
Imd d =Imd
g v-1yx/2 Lot (n43)x/2 Wy (nanyx/z Mor(N+1)x/2

abv—1t N ImdYy+!

Ty (v 1)y /2 Ty vy 2 and that the quotient

is contained in Im
(tmajy! A Imdd ! ) /tmaj ! dN+2
G+(N—1)x/2 $+(N+1)x/2 ¢+ (N—1)x/2 Mo (N43)x/2
injects inside

N+1 N+1 N
Im Im
dH¢>+(N+1)></2/ Myt (N+1)x/2 o+ (N+1)x/2

=V(IL, /2, R(mn—2))/(Im dfY

Ho(N+1)x/2
=V(ILy /2, R(mn—2))/Tmdyy, , s

which is irreducible. Therefore

+ ker d ! )

ot (Nt1)x/2

Imdy ! NImdy ™ =TImdy ! af+2 :
B+(N=1)x/2 B+ (N+1)x/2 ¢+ (N=1)x/2 Hg(N+3)x/2
since
Imdjy ! NImdy ™ # Imdy ! .
P+(N=1)x/2 B+(N+1)x/2 B+ (N+1)x/2
(]
Proposition 9.4. If 1 <n < N, then Imdfj + Im d%N”L is maximal
] d+nx/2 ¢+(2N—n)x/2
in V(II, R(m,)), and
Im n 2N —n+1 — Im n Im 2N—n .
dH¢+nx/2dH¢+(2N—n+2)x/2 deH—nx/? N dH¢+(2N—n)X/2
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Proof. By induction on N — n, the basis of induction being Lemma 9.4.
The quotient
V(L R(7,))/(Im d% +Imd?N—"

Mgt nx/2 H¢+(2N—n)x/2)

is isomorphic to

art V(I R(wy,))/ Imdit™t  @zhv—n

Hgpnx/2 Hgpinx/2 Mgt (2N —n)x/2
which equals

Imdrt? Im dPH! Imd2N¥—"-1
H¢+nx/2/( Oyt nx/2 n gt (2N—n—2)x/2

by inductive hypothesis. However this is irreducible by Proposition 9.3.
As for the second claim, notice that

n 2N —n+1 I n 2N—n
ImdH¢+nx/2dH¢+(2N—n+2)x/2 = mdn¢+nx/2 n Imdn¢+(2N—n>x/2

is irreducible by Proposition 9.2, and is therefore minimal. Now proceed as in
previous lemma: the quotient

n 2N—n n 2N—n+1
(Im dH¢+nx/2 NIm dH¢+<2an)x/2 )/ Im dH¢+nx/2 dH¢+(2N—n+2)x/2

injects inside
Im d2N7’rL 2N—n d’n+1
H¢+(2N—n)></2/ Hgpp@Nn—n)x/2 Uot(n+2)x/2

= V(Hx/27R(7Tn+1))/(Imd”+1 _’_ImdQanfl )’

Myt (nt2)x/2 Ut 2N—n)x/2

,NImdfy "

which is irreducible by inductive hypothesis. Thus Im dH¢+ Ty (on— /2

n 2N —n—+1
Hgpnx/2 Mgt @an—n+t2)x/2’

Im dfy NImdZ " =TImd3" " :
P+nx/2 d+(2N—n)x/2 d+(2N—n)x/2

nx/

equals Im otherwise

whence

Imd?N—" c Imd

n
gt (2N —n)x/2 Hgpnx/2?

a contradiction. O

Corollary 9.2. Im dﬁqﬂrw/2 N Im d%[JZ;(ZN%)X/Q is the only non-zero submodule of

both Im df} and ImdfY " .
¢+nx/2 ¢+(2N—n)x/2

Proof. We have seen in Lemma 9.1 and Lemma 9.2 that the only non-constant
homogeneous singular vectors in both modules are contained in

dr d2N7n+1 FO V(HX, R(ﬂ-n)))y

Mptnx/2 Ty p(2N—nt2)x/2

which H-span Imd}, dzN—n+l =Imdy NImdZ " :
d+nx/2 ¢+ (2N —n+2)x/2 . Totnx/2 p+(2N—n)x/2
Any proper submodule must then contain this submodule, which is however
maximal in both Im df and Im d2HN -n by Proposition 9.3. (]
p+nx/2 ¢+(2N—n)x/2

Corollary 9.3. If M is a proper submodule of V(II, R(wy,)) strictly containing

either Im df; or TmdgY —" then necessarily
¢+nx/2 ¢+ (2N —n)x/2

M =TImd}

Im 2N—n
Hgpnx/2 + d

Hpt@N—n)x/2°
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Proof. Let us treat the case M 2 Im dZH]Z:ngn)X/z’ the other case being totally
analogous. Submodules lying between ImdZ¥ " and V(II, R(m,)) are in

] Mgt (2N —n)x/2
one-to-one correspondence with submodules of

V(I R(my,))/ Im d2N =" ~ A2V Y(TDL R(wy,))

Hpy@n—n)x/2 = et@N-n)x/2

so that we may use Corollary 9.2 to show that there is a single possibility for M,

which must be Im d% + Imd2v—r" ) O
Myt nx/2 Mgt 2n—n)x/2

Proposition 9.5. A proper non-zero submodule of V(II, R(m,,)) either contains, or

s contained in, either Imdy or TmdZN =" .
s+nx/2 $+(@N=n)x/2

Proof. Assume by contradiction that there is a submodule M which neither con-
tains nor is contained in the above two submodules; in particular, M intersects

both modules in Im dfj dzN—n+1 Then M + Imdy, (vesp. M +

Hgpynx/2 Mgt 2N—nt2)x/2” +nx/2
n )). However

2N—n
Hopnx/2 d

Hot(2N—n)x/2

=V(II,R(m,)) = M + ImdZ¥ "

Mgt (2N—n)x/2

ImdZ¥ =" strictly contains Imd (resp. Im

Hot2N—n)x/2

M +Imd

n
Hgtnx/2

cannot both hold. If so, then

M/Tm dﬁ¢+nx/2dQHJZ:g}—:iwz)x/z = M/(M N Im dﬁ“’*'ﬂx/z)
~ (M +Imdg,, )/Imdfy,, (9.1)
~ V(II, R(my,))/ Im di, .. e
and similarly
M/ Im dﬁ¢+nx/2d%1]::gztn+z>x/2 - M/<M NIm d%]Z;ZN—nmm)
= (M +Im dzH]Z;(ZN—wax/z)/ Im d%IZJ:(ZN—w,)x/a (9‘2)
~ V(II, R(m,))/ Im dﬁﬁ;ﬁmmm
This would force
Ayl VUL R(,)) = V(IL R(r,))/ Imdfy,,
~ VY(IL, R(7,,))/ Im dzn]Z;ZN_W2 (9.3)
~ Imdf "+t

gt 2N—n)x/2’

which yields an easy contradiction by comparing the structure of singular vectors.
Let us thus assume that

= Imd},
dH¢+nx

M +1Imd L, +Imdg "

n
ytnx/2 HoptN—n)x/2’

as the other case is done similarly. Then

n+1 M _ I n+1 2N—n
=Imd .
Hgpnx/2 Hpinx/2 et 2N —n)x/2
However, kerd?™! N M is a submodule of Imd% N M, which contains
) Hgpnx/2 Hgtnx/2 ’
Im df N ImdZ " . Since M does not contain Im df , it must
b+nx/2 b+ (2N —n)x/2 bnx/2
equal Im df; N Im d%[N n .
btnx/2 ¢+ (2N —n)x/2
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Then
M/(Tm d}. NImdZY " )=
Hptnx/2 Hpt2N—n)x/2
M/(kerdi™  AM)~ditt M =TImdptt  dZVn
d+nx/2 Pp+nx/2 Pp+nx/2 ¢+(2N—n)x/2 (9 4)

~ Imd?N—" ker d7H1 Imd2N—" '

H¢+(2N—n)x/2/( g4 nx/2 N H¢+(2N7n)x/2)
_ 2N —n n 2N —n
= Im dH¢+(2N—n)X/2 /(Im de)MX/2 N Im dnw(mw)x/2 ),

dQN—’rL

thus showing M = Imdp
$+EN-n)x/2

, a contradiction. O

Results of this section may be now summarized as follows:

Theorem 9.3. Let V = V(II,U) be a tensor module over H(D, x,w), where Il and
U are finite-dimensional irreducible representations of 0 and sp0, respectively. A
complete list of H(0, x,w)-submodules of V is as follows:

e VoImd3Y DO0ifU ~k;

o+ nx
eV > Imdﬁ¢+w/2 + Imd%]Z;(ZN—n)x/z - Imdﬁwnx/f QHIZJ:(ZN—n)xm
Imdg,, ,NImdf 7" 50 U=~R(m),1<n<N;
e VolImdy,  Olmdy, . D0ifU=R(ry);

e V D0 in all other cases.

10. SUBMODULES OF TENSOR MODULES, NON-GRADED CASE

Throughout this section, x = 0,w = d(, so that o' = 9¢ @ ke. Let IT’ be a finite-
dimensional irreducible ?’-module. We have already seen that sing V(II', R(7y,)) N
F!'V(IT', R(w,)) contains canonical irreducible d @ sp d-summands isomorphic to
Il' X R(mp,—1) and II' X R(7,+1). Recall that V(IU', R(7,,)) was constructed as an
induced module, so that we may use its universal property in order to construct
H(2,0,d¢)-module homomorphisms

Dy - VU, R(m,—1)) — VI, R(my)), n=1,...,N,
D= V(I R(mpy1)) — V(IU, R(m,)),  n=0,...,N—1,

that are, by Schur’s Lemma, only determined up to multiplication by a nonzero
scalar. Notice that when the ?’-module II’ factors through a 9-module II, i.e., when
c acts trivially and IT" = 7*II, then one has D}}, = d7l_l[¢7 Df{,vfn = dznjzfn, up to the
above undetermined scalar multiple. However, throughout the rest of this section,
c will act via multiplication by a scalar 0 # X € k.

We also set DIQT],V+1 = D%, = 0. Then Dﬁ,ﬂDﬁ, =0,forall0<n<N-1
as sing V(II', R(mp41)) contains no 9 @ sp d-irreducible summand isomorphic to
II' X R(mp,—1). Similarly, DY "' D2V=" = 0, for all 0 <n < N — 1. Recall that

sing VT, R(m,)) NFY VAT, R(x,)) = FOV(I', R(7,,)) @ D FO VAT, R(m,_1))
® Dlz'lj/\’in FO V(HI7 R(TrnJrl))v
when 1 < n < N—1, whereas in the case n = N, the last direct summand is missing.
Notice that when 1 < n < N, sing V(II', R(m,,)) also contains an irreducible d’@®sp -
summand isomorphic to I’ R(m,,) in degree two, which is however not canonically
determined as any complement to F* V(II', R(7,)) in the II' ® R(m,)-isotypical
component of sing V(I', R(m,)) will do. Recall also that, as A # 0, we have no
well-defined grading to chose a homogeneous canonical complement. However, we
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denote by Sy the space of singular vectors of degree two as constructed in Section
8.4.2 from homogeneous singular vectors.

Before computing the structure of singular vectors in the H(9,0,d¢)-modules
Im D/, Im D%{V ~"_ we need some preliminary results.

Lemma 10.1. Let M C V(IU', U) be a proper H(9,0,d()-submodule. If M contains
a vector v € F* VI, U), then v is singular-

Proof. We know by (6.15) that Py F' V(I', U) = 0. If v is not singular, then Pjv
contains a non-zero constant vector, which must lie in M. This yields a contradic-
tion as proper submodules do not contain non-zero constant vectors. ([l

Remark 10.1. The above lemma follows from the general fact that a vector of
minimal degree in a proper submodule is always singular. However, we do not need
this generality.

Lemma 10.2. Let 1 <n < N—1. The tensor product of sp d-modules S(d)@ R(r,)
decomposes as

R(dm + 7)) @ R((d— D)y + 7ne1) @ R((d — )71 + mpg1) @ R((d — 2)m1 + 7).
Similarly, S*(0) ® R(rxn) decomposes as
R(dm +7n) ® R(d— 1)my +7n_1) ® R((d — 2)m1 + 7N)).
Proof. See, e.g, the reference tables at the end of [OV]. O

Recall that the quotient Py/P; acts on the space of singular vectors. However,
the Lie subalgebra spd ~ py C Py is a section of this quotient. It acts on each
H(2,0,d¢)-module and extends the sp d-action on singular vectors. As x = 0, and
we are disregarding the ?’-action, we have already seen that the spd-action on
grd V(I', U) is isomorphic to II' ® (S% ® U), where we endow II' with a trivial
0-action. Every homomorphism of H(9,0,d¢)-modules is also an pg ~ sp d-module
homomorphism.

Proposition 10.1. Let M C V(II',U) be a proper H(0,0,d¢)-submodule. If M
contains a vector v € F2V(I',U) such that v = ¢(u) mod F' V(II',U); then v is
singular.

Proof. We may assume without loss of generality that the action of spd on U
is non-trivial. Then chose 1 < n < N so that U ~ R(m,). The vector v lies in
F' VT, R(m,))+ S, which is a pg ~ sp d-submodule of V(II', R(r,,)) isomorphic to
II'®(R(m,)® (R(mp—1)®R(Tpa1)DR(m1+7,))®R(m,)), where we set R(my11) =0
if n = N. As M is a pg-submodule of V(II', R(m,,)), it must also contain the
projection of v to the R(m + 7, )-isotypical component, which only contains vectors
of degree one that are non singular. By previous Lemma, this projection must
vanish, hence v lies in the sum of the other components, which only contain singular
vectors. (I

Lemma 10.3. When 1 < n < N, the sp0-module sing Im D}, decomposes as the
direct sum of D}, FOV(IU', R(m,—1)) and an irreducible summand of singular vectors
of degree two.

Similarly, when 1 < n < N — 1, the spd-module singIm DEY ™"
the direct sum of D" FOV(IU', R(rp41)) and an irreducible summand of singular
vectors of degree two.

decomposes as
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Proof. We will only prove the first statement, as the other one is completely anal-
ogous. The map D}, : V(II', R(m,—1)) — V(II', R(m,)) is a homomorphism of
H(0,0,d¢)-modules, so it commutes with the action of py. We already know that

sing VT, R(m,)) = FOV(IT', R(w,,)) ® D FOV(IT, R(mp,—1))
® DI FO VAT, R(7n41)) @ Sh,

where the first summand in the right-hand side is F® V(II', R(m,,)), the next two
summands are singular vectors of degree one, and the last summand consists of sin-
gular vectors of degree two as constructed in Section 8.4.2 starting from homogenous
vectors.

The third summand does not lie in Im D}/, as by Lemma 10.2 the irreducible rep-
resentation R(m, 1) does not show up as a direct summand in any S ® R(m,_1).
In particular, Im D}}, is a proper submodule of V(II', R(w,)), hence it does not
contain constant vectors either. However, it contains D%, F* V(IU, R(m,_1)), i.e.,
the second summand, by construction.

If I'XU is an irreducible representation of 0’ @ sp 0, and the action of spd is not
trivial, we have seen in Corollary 7.1 that every submodule M C V(II',U) contains
a vector coinciding with v(u) modulo F* V(I', U), which must be singular due to
Proposition 10.1. Thus Im Df}, contains an irreducible sp 9-summand of degree two
singular vectors. (I

Proposition 10.2. For each 1 <n < N — 1, the H(9,0,d¢)-module V(II', R(m,))
decomposes as the direct sum of Im Dfj, and Im D%IJ,\P”. Moreover, Im Dy, is an

irreducible H(9,0,d()-module for all1 <n < N.

Proof. Let us treat the case n = 1 first. We already know from Proposition 8.2 that
V(IT', k) is an irreducible H (9,0, d¢)-module. As DY, is non-zero, it is injective by
irreducibility of V(II', k), and its image is then isomorphic to V(II', k), hence it is
irreducible.

The intersection Im DY, NTm DZY is an H(, 0, d()-submodule of Im DY,, which
is irreducible, and comparing singular vectors shows that Im DY, is not contained
in Im D). Thus the intersection is trivial. As for the sum Im DY, + Im DY, it
contains two irreducible summands of singular vectors of the degree two, which must
be distinct as we already know the intersection to be trivial. Then Im DY, +Im DY
contains constant vectors in V(II', k), hence it coincides with V(II', k).

Let us now proceed by induction on n > 1. Assume we know that V(II', R(m,,)) =
Im Df}, & Im D%II,V_"; then applying Dﬁfl, we obtain

Im DI = DEFYW(T, R(r,,)) = DL DEN""W(IT, R(mn11)).-

We know that each tensor module is generated by its constant singular vectors, and
the same is true of the image of a tensor module via a H (9,0, d{)-homomorphism.
Consequently, Im Dﬁfl is spanned over H by Dﬁfl FOV(I', R(x,)), but also by
DEF DY FOV(IT, R(mp41)), as they are the two 0’ @ sp d-irreducible summands
of sing Tm D!, As every H (9,0, d¢)-submodule of Im Djvf! must contain non-zero
singular vectors, this shows that Im Dﬁfl
it is irreducible.

Once we know that Im Dﬁfl is H(9,0,d({)-irreducible, and n + 1 # N, then we

may argue as in the case n = 1 that Im Dﬁj’l N Im D%],V_"_l = 0 by irreducibility

has no proper non-zero submodules, i.e.,
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of Im D! and V(IU, R(7,41)) = Im D5 +Tm DZY~"7! because it contains non-
zero constant vectors. In other words, V(I', R(m,11)) = Im D! @ Tm D2 "1,
(]

Proposition 10.3. For each 0 < n < N — 2, the H(2,0,d¢)-module Tm DEY ™" is
irreducible.

Proof. The case n = 0 is immediate, as Im DY = V(II, k).
Ifn > 0, we know that Im DEY ™" = DN ""V(II', R(m,41)) = D& ~"(Im D@
Im DEY~"~1). Thus

Im DY ™" = DV ""W(IU, R(m,11)) = DAY " DEFYW(IT, R(m,)).

Then we may argue, as in the proof of the previous proposition, that Im DI2I],V s
H-linearly generated by each of the two ' @ sp d-irreducible summands of singular
vectors it contains. Thus, it is irreducible. ([l

We have seen above that Im DY, € V(II', R(ry)) is irreducible, and we know
that its singular vectors contain a degree two summand. Let n : V(II', R(wy)) —
VT, R(my)) the H (2,0, d¢)-homomorphism mapping nontrivially F® V(IT', R(7x))
to this summand. Then Im7n is contained in Im DY, and coincides with it by
irreducibility of Im D§,. In particular, n is not injective, as it is not injective on
sing V(II', R(7w)).

Then kern is a proper H(9,0,d¢)-submodule of V(II', R(7y)), which cannot
contain constant vectors.

Lemma 10.4. The H(0,0,d()-submodule kern C V(II', R(wn)) does not contain
singular vectors of degree one.

Proof. As nis an H(9,0,d¢)-homomorphism, it commutes with the action of pg ~
sp 0, which provides a section of Py /Py in Py. We have seen that gré V(IT', R(ry)) ~
I’ ® (S%(0) ® R(nn)) as sp0-modules, where Il is considered as trivial. However,

Sd(a) X R(ﬂ'N) ~ R(dﬂ'l + 7TN) D R((d — 1)7‘(’1 —|—7TN_1) D R((d — 2)7‘(1 —+ 7TN)

contains an irreducible summand isomorphic to R(my_1) only when d = 1, and this
summand corresponds to singular vectors of degree one in V(I', R(my)).

We know that singular vectors of degree one in V(II', R(wy)) lie in the image
of n; however, they can only be the image via 1 of singular vectors of degree one,
which therefore do not lie in ker 7. (]

As kern is a proper submodule of V(II'; R(7y)), it must contain nontrivial singu-
lar vectors, that can only have degree two. We will denote by DE, the H(9,0,d()-
endomorphism of V(II', R(wy)) which maps constant singular vectors to the sum-
mand of degree two singular vectors contained in kern. Notice that when A = 0,
DE, coincides with dﬁ(ﬁ, as usual up to a nonzero multiplicative constant.

Proposition 10.4. The image of D : V(IU', R(ry)) — V(IU, R(ry)) is irre-
ducible. Moreover,

(1) VU, R(nn)) = Im D&, & Im DY, ;

(2) ker D = Im DY, ;

(3) Tm DY, ~ Im DY ;

(4) Tm DT is H(9,0,d¢)-irreducible.
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Proof. The image of DE, is contained in kern, so also singIm DE, C singkery.
As singkern is 9" @ sp o-irreducible, the same holds for singIm D& . However,
Im DE, = DEVIU, R(ry)) is spanned over H by DE FOV(IT', R(my)) so it is
certainly irreducible, as any submodule must contain nontrivial singular vectors,
hence all of D, F® V(I', R(ry)). Let us take care of the remaining claims.

(1) The direct sum decomposition clearly holds once we know that the inter-
section is trivial, as the sum must then contain non-zero constant vectors.
However, as sing Im D&, does not contain singular vectors of degree one,
Im DE, N TIm DF, # 0 would imply Im D&, C Im DY,, which is impossible
as Im DY, is irreducible.

(2) AsIm DY, and Im DE, are non-isomorphic H (9,0, d¢)-irreducibles, and the
image of DE, is (tautologically) isomorphic to Im D&, then D, must map
Im DY, to 0.

(3) As V(I', R(mn)) = Im D&, & Im DY, is the direct sum of two irreducible
summands, the non-zero image of DY, : V(I', R(ny)) — V(IT', R(7n_1))
is isomorphic to either one of the summands or to their sum. However, we
know that sing Im Dﬁf,ﬂ has exactly two 0’ @ sp 0-irreducible summands,
therefore Im DIJTV,+1 is necessarily isomorphic to Im D,.

(4) Follows from irreducibility of Im DJ,.

O

We are ready to summarize the results of this Section in the following statement.

Theorem 10.1. Let I' denote a finite-dimensional irreducible d'-module with a
nontrivial action of ¢ € 0'. Then the complex of H(0,0,d()-modules
DL, D3 DX
0 — VAT, R(mo)) —= VAT, R(my)) — -+ =5 V(IT', R(7n))
R N+1
P (I, Riny ) =2 V(IT, R(mx—1)) (10.1)
DII_\III+2 2N

.. V(I R(m)) = 0,

is exact and Tm D)~ ~ Tm D! is irreducible for all n, as well as Tm Df,. One
has V(IT', R(7,,)) = Im D, & Tm DZY ™ when 0 <n < N — 1 and V(IT', R(ry)) =
Im DfY, & Im DE, .

Proof. Exactness whenever DE, is not involved follows from the fact that Im DJ™
is irreducible, hence ker Dfj, is maximal and contains Im D7j,. The isomorphism
Im D%J,V " ~Im Dﬁfl follows from the fact that Dﬁfl acts trivially on Im D7}, and
faithfully on Im DIQTJ,V ~". Everything else has already been proved. ]

11. CLASSIFICATION OF FINITE TRREDUCIBLE MODULES OVER H (0, y,w)

Theorem 11.1. A complete list of non-trivial pairwise non-isomorphic irreducible
finite H(0,x,w)-modules is as follows:

o tensor modules V(IU',U) where II' K U is a finite-dimensional irreducible
0’ @ sp0-module and U is not isomorphic to any R(m,), 0 <n < N;

o Imdf %N_"H ,1 < n < N, where Il is a finite-dimensional
¢tnx/2 Hot(aN—nt2)x/2

irreducible 0-module;
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e ImDJ},,1 <n <N, where Il' is a finite-dimensional irreducible d'-module
with a non-trivial action of ¢ €V';

o Im D, where IU is a finite-dimensional irreducible 0'-module with a non-
trivial action of ¢ € 0';

Proof. Trreducible H (0, x,w)-modules are all obtained as quotients of a tensor mod-
ule V(IT', U), where II'KU is a finite-dimensional irreducible ?’ @sp 0 representation,
by a maximal submodule. If U is not isomorphic to any R(m,),0 < n < N, then
Theorem 7.1 shows that there are no non-zero submodules; the last two sections
compute maximal submodules in all other cases. Indeed, when ¢ acts nontrivially
on II', the description of irreducible modules follows from Theorem 10.1.

When c¢ acts trivially on IT', then II' = 7*II for some ?-module IT, where 7 : o' —
0’ /ke ~ 0 denotes the canonical projection. Henceforth, we will use the notation
introduced in Definition 6.2(iii).

Thus the unique maximal submodule of V(II, R(7,)),1 < n < N, is M =

Imdy + Imd3¥ " , which clearly lies in the kernel of the homomor-
¢+nx/2 ¢+ (2N —n)x/2
phisms
n 2N —n+1 2N—n n+1
Mgpnx/2 Mgt 2N —nt2)x/2’ Wyt 2n—nyx/2 Mot (nt2)x/2

which map V(II,, R(m,)) to V(II, R(my,)) and coincide up to multiplication by a
non-zero scalar.
As the above maps are non-zero, their kernel must coincide with M, hence

Imd} dzN—n+l ~ V(IL, R(m,)) /M

Hetnx/2 etan—nt2)x/2

is the unique irreducible quotient of V(II, R(7,,)).

As for V(II, R(mn)), its unique maximal submodule is M = Im dgMN o> Which
lies in the kernel of the non-zero map d%¢+(w+2)x/2 :V(II, R(rn)) — VI, R(7N)),

so that

Imdg,, ., .. = VL R(1N)) /M

is the unique irreducible quotient of V(II, R(7x)).

Finally, the only proper non-zero submodule of V(II, k) is Im d%]LNX, which is of
finite k-codimension. Its 0 @ sp 0-irreducible quotient is thus a torsion H-module,
which is thence endowed with a trivial pseudoaction. ([

As representations of the Lie pseudoalgebra H(9,y,w) are in one-to-one cor-
respondence with conformal (in the sense of the definition given in Section 2.4)
representations of its extended annihilation algebra 0 x P, one may use the above
results to deduce a classification of irreducible (topological, discrete) Pyy-modules
and of singular vectors in Verma modules induced from irreducible sp, 5 represen-
tations as follows.

Let 2 be a 2N-dimensional Lie algebra endowed with a Frobenius structure
w = d¢; for instance, one may choose 0 to be the direct sum of N copies of
the non-abelian 2-dimensional Lie algebra. The extended annihilation algebra of
H(0,0,d¢) = 2 x P decomposes as a direct sum of Lie algebras 0¢ @ P. Indeed,
as x = 0, elements d act on P by inner derivations, and as w = d(, the central
extension yielding 9’ may be trivialized to 9’ = 9¢ 4+ ke. Let U be a representation
of sp0. Using sp 0 ~ Py/P1, we endow U with an action of Py and extend it to Np
by letting 9¢ act trivially on U and c act via multiplication by a scalar A € k. Then

the induced module IIldK[P is isomorphic to the tensor module V(ky, U), where kj
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denotes the 1-dimensional ?’-module where ¢ acts as A and d¢ acts trivially. Notice
that elements in 0¢ act trivially on all of V(ky,U), so that the submodule lattice of
V(ky,U) as a H(0,0,d¢)-module only depends on its structure as a representation
of P. Also, when A = 0, the action of P factors through its quotient .

We thus recover an old result of Rudakov as claim (i) and (44) of the following
proposition.

Proposition 11.1 ([Rud]).

(i) Every nonconstant homogeneous singular vector in the H-module V =
V(k,U) has degree one or two. The space S of such singular vectors is
an sp 0-module and the quotient of V' by the H-submodule generated by S
is an irreducible H-module. All singular vectors of degree one are listed in
cases (a), (b) below, while all singular vectors of degree two are listed in
case (c):
(a) U = R(mp), S=R(mpt1), 0<p<N-1
(b) U = R(mp), S =R(mp-1), 1<p<N.
(c) U= R(mp), S=R(m), 1<p<N.

(11) If the spo-module U is infinite-dimensional irreducible, then V(k,U) does
not contain non-constant singular vectors.

(i4i) If a H-module V(k,U) is not irreducible, then its unique irreducible quotient
s isomorphic to the topological dual of the kernel of the differential of a
member of the Eastwood complex over formal power series.

The next proposition deals with conformal representations of P ~ P,y with
non-trivial action of the center.

Proposition 11.2.

(i) Let 0 # X € k. FEvery nonconstant homogeneous singular vector in the
P-module V = V(ky,U) lies in F2V(ky,U). The space S of such singular
vectors is an sp 0-module and each nonconstant sp 0-irreducible summand
lying in F* V(ky, U) generates an irreducible P-module. The description of
the subspaces of singular vectors it the same as in Proposition 11.1 (i)

(i) If the spo-module U is infinite-dimensional irreducible, then V(ky,U) does
not contain non-constant singular vectors.

(#ii) If a P-module V(ky,U) is not irreducible, then it decomposes as a direct
sum of its two irreducible submodules.
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