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ABSTRACT. We introduce the notion of identity component for compact quantum groups, based
on Wang’s definition of connectedness, and that of total disconnectedness. Unlike the classical
case, as a drawback of the generalized Burnside problem, we note that totally disconnected com-
pact matrix quantum groups are in general neither finite nor profinite.

We give necessary and sufficient conditions for normality, in the sense of Wang, of the identity
component and finiteness or profiniteness of the associated quotient, the quantum component
group. Furthermore, we provide examples arising as free products of quantum groups where the
identity component is not normal.

Accomplishing this involves: an analysis of the torsion subcategory of the representation cat-
egory, the construction of two canonical transfinite sequences of subgroups, approximating, re-
spectively, the unique maximal normal connected subgroup and the identity component, induction
theory for tensorC∗-categories, and the introduction of an ascending chain condition on the repre-
sentation ring, called Lie property. The Lie property characterizes Lie groups in the commutative
case and it reduces to group Noetherianity in the cocommutative case. It enjoys aspects of both:
it is weaker than ring Noetherianity, it ensures existence of a generating representation, and is
inherited by quotient quantum groups. We show thatAu(F ) is not of Lie type. We discuss an
example arising from the compact real form ofUq(sl2) for q < 0.
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1. INTRODUCTION

The theory of quantum groups originates in the 1960’s with the work of G. I. Kac [28], who
was motivated by the need of extending duality theories to non-commutative locally compact
groups [15]. Since then, Hopf algebras have been extensively studied both in a purely algebraic
and an operator algebraic setting.

An important breakthrough was accomplished by V. G. Drinfeld and M. Jimbo in the mid
80’s. Strongly motivated by the theory of integrable quantum systems, they constructed natural
new classes of examples as deformation of the universal enveloping algebra of a simple Lie
algebra [13, 14, 27]. Notably, the tensor product of representations remains commutative up to
canonical equivalence, described by a braiding. These examples play an important role also in
low dimensional topology and algebraic quantum field theory.

S. L. Woronowicz initiated an investigation of quantum groups [51] inspired by the Gelfand
transform between commutativeC∗-algebras and locally compact Hausdorff spaces, and by non-
commutative geometry in the sense of A. Connes [12]. In his approach, a quantum group is
described by a non-commutative HopfC∗-algebra. In a series of papers [51, 52, 53], Woronowicz
gave an axiomatization of compact quantum groups admitting a generating finite-dimensional
representation, thecompact matrix quantum groups. A remarkable feature is that existence of
the Haar measure, as well as Peter-Weyl theory for continuous unitary representations, can be
established.

If the algebra product is commutative, a compact matrix quantum group is simply a compact
Lie group. When all irreducible representations of a compact matrix quantum group are one-
dimensional (cocommutative examples), it is then the dual of a finitely generated discrete group:
general compact matrix quantum groups may be regarded as intermediate objects between these
special cases.

Woronowicz obtained important examples by deforming the algebra of continuous functions
on the special unitary groups [51, 53]. These were shown to be related to the examples of Drin-
feld and Jimbo for real parameter values, by duality [43]. New examples, the groupsAu(F )
andAo(F ), were introduced by S. Wang and A. Van Daele [46, 47]. They are not deformation
of classical groups, and play a universal role among compact matrix quantum groups similar,
respectively, to that of the unitary and orthogonal groups in the classical theory. Their represen-
tation theory has been studied by T. Banica [3]. A wealth of new examples has been described
over time, see [5, 6, 7, 49] and references therein.

The influential paper by Baaj and Skandalis [2] led to a broader definition of compact quantum
group. As in the classical theory, a compact quantum group can be approximated by its matrix
quotients [54].

The variety of compact matrix quantum groups is so wide that not much general structure is
known, or is likely to emerge, as compared to the theory of compact Lie groups. This can already
be observed among the cocommutative examples, the trouble being that the full complexity
of finitely generated groups appears. For example, while compact matrix quantum groups are
closed under passage to quantum subgroups, they are not so under formation of quotients, since
these correspond, in the cocommutative case, to subgroups of finitely generated groups, which
are not finitely generated in general.

We aim to introduce additional conditions which restrict the class of compact matrix quantum
groups to a subclass wide enough to include such geometric examples as those arising from
deformations of the classical groups, which can hopefully be treated along the lines of the theory
of compact Lie groups and also benefit from ideas of geometric group theory.

An important topological aspect of Lie groups is connectedness. Compact Lie groups are
almost connected, in the sense that they have finitely many connected components. Woronow-
icz showed that the quantumSU(2) group is connected using differential calculus [51]. In this
respect, we also recall that more than a decade ago, Wang proposed the ambitious project of
developing an appropriate analogue of the Cartan-Weyl theory for connected compact matrix
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quantum groups [48], and that in [50] he introduced the notion of simple compact quantum
group on the basis of connectedness. Wang’s notion of connectedness goes back to L. S. Pon-
tryagin’s characterization of connected locally compact abelian groups via duality theory [40]. A
compact quantum group is called connected if the coefficients of every non-trivial representation
generate an infinite-dimensional Hopf∗-subalgebra. Equivalently, every representation gener-
ates an infinite tensor subcategory with conjugates. Being formulated in representation theoretic
terms, it relies on the group property in a fundamental way. This is the connectedness concept
we shall refer to in this paper.

LetG be a compact quantum group. We start by observing that the set of connected quantum
subgroups ofG is closed under the operation of taking the quantum subgroup generated by an
arbitrary family, so it contains a unique maximal elementG◦: the identity componentof G.
Clearly,G is connected if and only ifG = G◦. If G◦ is the trivial group, we shall say thatG is
totally disconnected.

Obviously,G◦ reduces to the connected component of the identity ifG is a group, while, ifG
is the dual of a discrete groupΓ, it reduces to (the dual of) the universal torsion-free imageΓf
of Γ, as considered by S. D. Brodsky and J. Howie [9]. In that paper the authors give conditions
implying thatΓf is locally indicable, i.e., every non-trivial finitely generated subgroup admits
an epimorphism toZ. The representation ring of a locally indicable group is an integral domain
[25]. Although beyond the specific aims of this paper, we find it quite remarkable that, when in-
terpreted in the framework of quantum groups, the locally indicable groups correspond precisely
to the cocommutative compact quantum groupsG admitting a1-dimensional classical torus as a
quantum subgroup of every matrix quotient ofG.

In this paper we consider the following problems, of a rather different nature: normality of the
identity component in the sense of Wang [46], and finiteness of the non-commutative analogue
of the component groupG◦\G of a compact Lie group. The latter problem splits into two prob-
lems, reducing to the totally disconnected case: deciding whetherG◦\G is totally disconnected
and under what conditions it is still amatrix quantum group, hence in turn involving the more
fundamental problem of finite generation of quotients.

Thus a special case of our problem is that of whether a totally disconnected compact matrix
quantum group is finite, and this has a negative answer, in general. Indeed, one immediately re-
alizes that this includes, for cocommutative quantum groups, the generalized Burnside problem,
i.e., deciding whether a finitely generated torsion group must be finite.

Indeed, if every irreducible representation ofG generates a finite tensor subcategory with con-
jugates (torsion representation) thenG is totally disconnected, by Proposition 4.8. In particular,
cocommutative quantum groups corresponding to torsion groups are totally disconnected.

The Burnside problem was answered in the negative by E. S. Golod and I. R. Shafarevich for
unbounded exponents [20, 21] and by S. I. Adian and P. S. Novikov in the bounded case [32].
Such examples show, by Proposition 4.10, that totally disconnected compact matrix quantum
groups are not evenprofinite (cf. Definition 4.6). Hence the class of quantum groups where
all the irreducible representations are torsion, contains the class of profinite quantum groups as
a proper subclass. In Section 5 we shall see that in fact it does not even exhaust the totally
disconnected compact quantum groups.

Among classes of finitely generated torsion groups which are known to be finite are the abelian
groups, or, more generally, groups with finite conjugacy classes or the nilpotent ones. Therefore,
in the special case of totally disconnected quantum groups, the first class to consider for the
finiteness problem is that for which the tensor product of two representations is commutative up
to equivalence, see also Remark 4.3.

We next describe our main results. The first one concerns normality ofG◦: in Section 5 we
list many necessary and sufficient conditions. WhileG◦ is always normal in the commutative
and cocommutative cases, we provide a class of examples arising as free products of compact
quantum groups whereG◦ is not normal.
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More in detail, our result involves the following aspects. We start with a categorical char-
acterization (Theorem 3.2) of quotient quantum groups by normal subgroups, which relies on
the results of [37]; we refer to the corresponding subcategories asnormal. In the classical case
all tensor subcategories with conjugates are normal, while in the cocommutative case, normal
subcategories correspond to normal subgroups ofΓ, if G = C∗(Γ). We next study thetorsion
subcategoryof the representation category ofG and its relation with the quotient spaceG◦\G.
In the case of Lie groups, it coincides with the representation category of the latter, but already
for cocommutative quantum groups it may be strictly smaller: for example, it may lack tensor
products or direct sums.

However, even adjoining them may not suffice if the torsion subset is not a group. This is
due to the fact that the quotient of a group by the subgroup generated by the torsion subset
may still contain non-trivial torsion elements. An example has been constructed by M. Chiodo
in [11]. From the quantum group viewpoint, this quotient is the dual of a subgroup, although
still disconnected. However, a simple ordinary inductive procedure [11] yields a sequence of
quotients converging to the universal torsion-free quotient of [9].

If G is a compact quantum group, we consider the unique maximal normal connected sub-
groupGn of G. Clearly, there is an inclusionGn ⊂ G◦, which becomes an equality precisely
whenG◦ is normal. We may consider the normal quantum subgroupG1 of G defined by the
requirement that Rep(G1\G) is the smallest normal tensor subcategory of Rep(G) containing all
torsion representations. We extend Chiodo’s construction to compact quantum groups and derive
a canonical, possibly transfinite, normal decreasing sequence,G0 = G ⊃ G1 ⊃ · · · ⊃ Gα ⊃ . . .
of quantum subgroups ofG; we introduce thenormal torsion degreeof G as the smallest ordinal
δ such thatGδ = Gδ+1. If Gn\G is finite, or more generally if all irreducible representations of
Gn\G are torsion, thenG has normal torsion degree≤ 1.

We show that the normal torsion degree ofG coincides with the smallest ordinalδ such that
Gδ is connected, andGδ = Gn (Theorem 5.1). We derive a characterization of normality ofG◦

in terms of the sequenceGα (Corollary 5.2). This characterization is useful to exhibit a class
of free product quantum groups for whichG◦ is not normal (Example 5.2). In these cases, the
tensor subcategoryT1 generated by the torsion subcategory is not normal. However, examples
whereT1 is normal but infinite can be constructed as well. A slight variation of our construction
yields a second, subnormal transfinite sequence approximatingG◦ under certain circumstances
(Theorem 5.2).

A necessary condition for normality ofG◦ and finiteness ofG◦\G is thatRep(G◦\G) equals
the torsion subcategoryRep(G)t, and therefore thatRep(G)t is tensorial, finite and normal.
Theorem 5.4 shows that these conditions are also sufficient. More precisely, if the torsion sub-
category of a compact quantum groupG is tensorial, finite, and normal thenG has normal torsion
degree≤ 1, the identity component is normal andG is almost connected. Our proof relies on
the bimodule construction and induction theory for tensorC∗-categories developed in [38]. In
Corollary 5.3 we derive normality ofG◦ for compact quantum groups whose associated dense
Hopf ∗-algebra is an inductive limit of Hopf∗-subalgebras of quantum groups of the previous
kind. The examples previously discussed clarify that the assumptions of Theorem 5.4 are inde-
pendently needed for normality ofG◦ and torsion degree≤ 1. It is an interesting problem that
of deciding what ordinal values the torsion degree can assume.

While we give simple criterions for normality of a tensor subcategory (Proposition 3.5), our
result reduces the problem of normality of the identity component to that of finiteness and tenso-
riality of the torsion subcategory. As noted before, the first case to consider is that where tensor
product of torsion representations is commutative. In this case, the torsion subcategory is tenso-
rial. We may thus regard this problem as a special case of understanding whether a full tensor
subcategory (with conjugates, subobjects and direct sums) of a finitely generated tensor category
is still finitely generated, which, as mentioned above, is of interest in its own right, whether or
not commutativity of the torsion part is assumed.
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Indeed, full tensor subcategories ofRep(G) are in one-to-one correspondence with quotient
quantum groups ofG and also with subhypergroups of the dual objectĜ. We shall refer to
the subring of the representation ringR(G) generated by a subhypergroup as arepresentation
subring. Hence the problem is one of finite generation of subhypergroups, which we frame
as finite generation of representation subrings. From the geometric viewpoint, it becomes the
problem of identifying a class of compact matrix quantum groups that is stable under taking
quotients.

This leads to Section 6, which also contains main results. We introduce an ascending chain
condition on representation subrings ofR(G). We refer toG, or R(G), as being ofLie type.
The terminology is motivated by the classical case: ifG is a compact group, every quotient
group arises from a normal closed subgroup; the Lie property thus becomes equivalent to the
requirement that every decreasing sequence of normal closed subgroups ofG stabilizes, which
is indeed one of the characterizations of compact Lie groups among compact groups.

By Theorem 6.3, compact quantum groups of Lie type are necessarily compact matrix quan-
tum groups. However, not every compact matrix quantum group is of Lie type. Indeed, in the
cocommutative case, being of Lie type translates into the ascending chain condition on sub-
groups, or, equivalently, to the property that every subgroup is finitely generated: such groups
are called Noetherian. For example, the free group on two generators is not Noetherian. We show
that an analogous result holds for compact quantum groups:Au(F ) is not of Lie type (Theorem
6.4). The Lie property is obviously inherited by representation subrings. It follows that the fam-
ily of compact quantum groups of Lie type is closed under taking quotients. In particular, every
quotient is still a compact matrix quantum group. Equivalently, every full tensor subcategory is
finitely generated.

One may also require that the representation ring of a compact quantum groupG is Noe-
therian; thenG is automatically of Lie type. More precisely, Theorem 6.2 provides a natural
connection between quotient quantum groups ofG and certain ideals of its representation ring
established by the integer dimension function. A natural class of examples are the compact
quantum groups with commutative and finitely generated representation ring. Indeed, being
Noetherian, they are of Lie type.

In general, Noetherianity of the representation ring is stronger than the Lie property (although
it is equivalent in the classical case). An example arising again from discrete groups is due to
S. V. Ivanov [26]. We recall for completeness that almost polycyclic groups have Noetherian
group ring and that Ivanov’s example was motivated by Olshanskii’s example earlier mentioned,
which is also the first known example of a Noetherian group not almost polycyclic [33]. Whether
almost polycyclic groups are the only ones with Noetherian group ring (over a field) is a long-
standing open problem.

The main application of the Lie property is to the study of the torsion subcategoryRep(G)t

of a compact quantum groupG. Namely, ifG is of Lie type and ifRep(G)t is commutative then
it is automatically tensorial and, more importantly, finite. Combining with Theorem 5.4 shows
that if Rep(G)t is in addition normal, thenG◦ is normal andG is almost connected (Corollary
6.1 and Theorem 6.5).

We would like to mention a remarkable, closely related result of M. Hashimoto, who showed,
with methods of algebraic geometry, that any pure subalgebra of a commutative finitely generated
algebra over a Noetherian ring is finitely generated [24]. Indeed, we note that a representation
subring is a direct summand subalgebra, and is therefore pure.

We conclude the paper with an example arising from the compact real forms of Drinfeld–
Jimbo quantization ofsl2, for real values of the deformation parameter, namelyUq(su2) for
q > 0 andUq(su1,1) for q < 0. With the methods developed in this paper, we compute explicitly
the identity component, we show that it is normal and compute the quantum component group.
While the caseq > 0 is widely known, we shall mostly focus on the caseq < 0. This example
does not arise as a product of the identity component and the component group.
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The paper is organized as follows. Section 2 establishes notation and recalls results that we
shall need. In Section 3 we give a categorical characterization of quotient quantum groups of a
given compact quantum group that arise from quantum subgroups. We refer to the associated
categories as being normal, and we establish the main properties. Section 4 is dedicated to the
introduction of the identity component, the maximal connected normal subgroup and to totally
disconnected compact quantum groups.

In Section 5 we discuss the problem of normality and that of finiteness, profiniteness or total
disconnectedness of the quantum component group. We introduce the above mentioned transfi-
nite sequences approximatingG◦ andGn, and we construct examples whereG◦ is not normal.
In Section 6 we introduce the Lie property of a compact quantum group and we compare it
with Noetherianity of the representation ring and finite generation of the hypergroup. In the last
part of this Section we draw conclusions from the main results of the paper. Finally, as already
mentioned, Section 7 is dedicated to an example.

2. PRELIMINARIES

In this section we fix the notation and recall some results about compact quantum groups,
duality, subgroups, normal subgroups and quotient spaces.

2.1. Compact quantum groups.

Definition 2.1. ([54]) A compact quantum groupG = (Q,∆) is a unitalC∗-algebraQ together
with a coassociative unital∗-homomorphism∆ : Q → Q ⊗ Q, calledcomultiplication, to the
minimalC∗-algebraic tensor product such that(Q⊗ C) ·∆(Q) and(C⊗Q) ·∆(Q) are dense.

LetH be a finite-dimensional Hilbert space, and denote byB(H) the algebra of linear opera-
tors. A representation of a compact quantum groupG = (Q,∆) onH is a unitary elementu of
B(H)⊗Q such that the comultiplication on matrix coefficients

uψ,φ := ψ∗ ⊗ 1 ◦ u ◦ φ⊗ 1, φ, ψ ∈ H,
is given by

∆(uψ,φ) =
∑
k

uψ,ek
⊗ uek,φ,

where(ek) is an orthonormal basis. The matrix coefficientsuer,es associated to a fixed orthonor-
mal basis will be simply denoted byurs.

A remarkable and well known theorem states that the linear spaceQ of coefficients of rep-
resentations ofG is a canonical dense Hopf∗-subalgebra ofQ in the algebraic sense, i.e., it is
equipped with antipode and counit, and the comultiplication takes values in the algebraic tensor
product

∆ : Q → Q� Q.

Most importantly,G admits a unique Haar measure, i.e., a translation invariant stateh on Q,
which is faithful onQ. In particular, the given norm onQ is bounded below by the norm defined
by the Haar measure (reduced norm) and above by the maximalC∗-norm, which is finite [54].

The reduced and maximal norm differ in general. We may completeQ in the reduced or
maximalC∗-norm and obtain a compact quantum group,Gred or Gmax respectively, having the
same representations asG. If the maximal and reduced norm coincide,G is called coamenable.
As the term indicates, this is an amenability property of the representation theory ofG. For
regular multiplicative unitaries, coamenability has been introduced by Baaj and Skandalis [2],
and for compact quantum groups by Banica [4]. See also [8].

For example, letΓ be a discrete group. The groupC∗-algebra,C∗(Γ), is a compact quantum
groupGwith the usual comultiplication extendingγ 7→ γ⊗γ, γ ∈ Γ. Irreducible representations
are one-dimensional with coefficients given by the elements ofΓ, henceQ = CΓ. The Haar
measure is given by evaluation at the identity and is a trace.G is coamenable if and only if
Γ is an amenable group. Moreover, the HopfC∗-algebra of a compact quantum group whose



CONNECTED COMPONENTS OF CMQG AND FINITENESS CONDITIONS 7

irreducible representations are all one-dimensional contains a group algebraCΓ as its canonical
dense Hopf∗-subalgebra.

Further well known examples areSUq(d), which is coamenable [31],Ao(F ), coamenable if
and only ifF has rank2 (a result ascribed to Skandalis in [3]), whileAu(F ) is never coamenable
[3].

If G is a compact quantum group, letRep(G) be the category whose objects are finite-
dimensional representations ofG and whose arrows are defined by

(u, v) := {T ∈ B(Hu, Hv) : T ⊗ 1 ◦ u = v ◦ T ⊗ 1}.
This category has a natural structure of tensorC∗-category with conjugates, subobjects and direct
sums in the sense of [30]. A conjugate representation ofu will be denoted byu and the tensor
product of objects byuv and of arrows byS ⊗ T . The trivial representation is the tensor unit
and will be denoted byι. Every finite-dimensional representation is the direct sum of irreducible
representations, hence the category is semisimple. Ifu is a representation, a conjugate represen-
tationu is characterized by the existence of intertwinersR ∈ (ι, uu), R ∈ (ι, uu) solving the
conjugate equations in the sense of [30]. It follows thatu is unique up to unitary equivalence,u
is a conjugate ofu, bothuu anduu contain the trivial representation, and two-sided Frobenius
reciprocity holds, in the sense that there are natural linear isomorphisms

(2.1) (v, wu) ' (vu, w), (v, uw) ' (uv, w).

In particular, ifu is irreducible,u is irreducible as well and the the spaces of arrows(ι, uu),
(ι, uu) have dimension1.

Example 2.1. If G arises from a discrete groupΓ, tensor product and conjugate inRep(G)
correspond respectively to multiplication and inverse inΓ.

2.2. Tannaka–Krein–Woronowicz duality.

Often, compact quantum groups are described via their representation category. The algebraic
and the categorical approach are explicitly linked by a version of the Tannaka-Krein duality
developed by Woronowicz [53]. Since this dual viewpoint will play a role in our paper, we
briefly recall the necessary formalism.

When considered as an abstract category,Rep(G) does not determineG. For example, the rep-
resentation categories ofSUq(2) andAo(F ) are isomorphic [3] as abstract tensorC∗-categories
for a large class of choices for the matrixF . In order to recoverG, we need to take into account
the embedding functor into the category of Hilbert spaces,

H : Rep(G) → Hilb,

associating with any representationu its Hilbert spaceHu and acting trivially on arrows. Tan-
naka’s duality is the process of recovering the dense Hopf algebra(Q,∆) from (Rep(G), H).
Indeed,Q is linearly isomorphic, as a linear space, to the algebraic direct sum ofHα ⊗ Hα,
whereα labels a complete set of irreducible representations andHα is the Hilbert space ofα.
The Hopf∗-algebra structure ofQ is explicitly determined [53] by the fusion and conjugation
structure of (Rep(G),H).

Abstract tensorC∗-categories do not generally embed into the Hilbert spaces. In fact, those
which do embed, after completion with subobjects and direct sums, are precisely the representa-
tion categories of the compact quantum groups. More precisely, for any given tensorC∗-category
T with conjugates, subobjects and direct sums and an embedding functorF : T → Hilb, there
exists a compact quantum groupG such that (T, F) is isomorphic to(Rep(G), H).

2.3. Quantum subgroups and their quotient spaces.

The notion of quantum subgroup for compact quantum groups is due to Podles [39]. Since in this
paper we adopt a purely algebraic approach, it will be convenient to consider a slight variation,
see also [36], which identifies quantum subgroups with the same representation category. The
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two notions coincide if we focus on coamenable subgroups. More precisely, recall that Podles
defined a compact quantum subgroup ofG = (QG,∆G) to be a compact quantum groupK =
(QK ,∆K) together with a∗-epimorphismπ : QG → QK satisfying∆K ◦π = π⊗π ◦∆G. Here,
π should be thought of as the analogue of the restriction map.

While quantum groups correspond to embedded tensor categories, in the Tannakian formal-
ism, quantum subgroups correspond to inclusions of embedded categories. For any representa-
tion u ∈ Rep(G), we setu �K := 1 ⊗ π ◦ u; this is a representation ofK, referred to as the
restricted representation. Henceπ takesQG into QK , and actuallyπ(QG) = QK sinceπ(QG) is
dense.

In this paper, a compact quantum groupK will be called a subgroup if there is an epimorphism
between the dense Hopf∗-algebrasπ : QG → QK compatible with comultiplications. Any
irreducible representation ofK is a subrepresentation of some restricted representation. The
mapu ∈ Rep(G) → u �K∈ Rep(K) is a tensor∗-functor compatible with the embeddings of
these representation categories intoHilb. Conversely, ifF : T → Hilb is an embedded tensor
C∗-category with subobjects and direct sums andr : Rep(G) → T is a tensor∗-functor such that
the following diagram

Rep(G)

H $$JJJJJJJJJ
r // T

F

��
Hilb

commutes and such that any irreducible ofT is a subobject of somer(u), then there is a compact
quantum subgroupK such that (T, F ) identifies with the pair corresponding toK andr with the
restriction functor. The subgroup is unique up to the choice of the norm completion of the dense
Hopf subalgebra.

LetK = (QK ,∆K) be a compact quantum subgroup ofG = (QG,∆G) defined byπ : QG →
QK . We may consider the right translation ofG byK,

ρ := 1⊗ π ◦∆G : QG → QG ⊗QK ,

which is an action ofK onG, in that it satisfies the relation

ρ⊗ 1 ◦ ρ = 1⊗∆K ◦ ρ.
We may also consider the left translation ofG byK,

λ := π ⊗ 1 ◦∆G : QG → QK ⊗QG,

so that
1⊗ λ ◦ λ = ∆K ⊗ 1 ◦ λ.

This relation means thatθ ◦ λ is an action ofK onG when endowed with the opposite comul-
tiplication θ ◦ ∆K , whereθ denotes the flip. We may thus consider the associated fixed point
algebras

QG/K := {a ∈ QG : ρ(a) = a⊗ 1}, QK\G := {a ∈ QG : λ(a) = 1⊗ a},
which are analogues of the spaces of right and leftK–invariant functions, respectively, and also
the analogue of the space of bi-K-invariant functions:

QK\G/K := QK\G ∩QG/K .

It is well known thatQG/K andQK\G are globally invariant under the translation action ofG,
in the sense that if∆ = ∆G,

∆(QK\G) ⊂ QK\G ⊗QG, ∆(QG/K) ⊂ QG ⊗QG/K .

For example, the first inclusion follows from

λ⊗ 1(∆(a)) = π ⊗ 1⊗ 1 ◦∆⊗ 1 ◦∆(a) = 1⊗∆ ◦ λ(a) = 1⊗∆(a)

for a ∈ QK\G.
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For the space of bi-K-invariant elements,

(2.2) ∆(QK\G/K) ⊂ QK\G ⊗QG/K .

2.4. Normal quantum subgroups.

The notion of normal subgroup for compact quantum groups, as well as the following result,
have been put forth by Wang (see, e.g., [50] and references therein). We shall include a brief
proof.

Proposition 2.1. Let K be a compact quantum subgroup ofG. The following properties are
equivalent,

a) QK\G = QG/K ,
b) ∆(QK\G) ⊂ QK\G ⊗QK\G.
c) If v is an irreducible representation ofG such that the restricted representationv �K

contains non-trivial invariant vectors, thenv �K is a multiple of the trivial representation.

Proof. a)⇒ b) follows from (2.2).
b)⇒ c) If ψ is a non-trivial invariant vector forv �K , and (φi) is an orthonormal basis, all
coefficients

vψ,φi
:= ψ∗ ⊗ 1 ◦ v ◦ φi ⊗ 1

lie in QK\G and

∆(vψ,φi
) =

∑
j

vψ,φj
⊗ vφj ,φi

.

Thenvφj ,φi
must be an element ofQK\G for all j, whence all theφj are invariant vectors under

v �K .
c)⇒ a) follows from the fact that for any compact quantum subgroupK, QK\G is generated as
a Banach space by matrix coefficientsvψ,φ of irreducible representations, whereψ is invariant
for v �K andφ is arbitrary. Similarly,QG/K is generated byvφ′,ψ′, whereψ′ is invariant andφ′ is
arbitrary. �

Definition 2.2. A compact quantum subgroupK of G is normal if it satisfies the equivalent
conditions of Proposition 2.1.

Hence ifK is normal,QK\G becomes a HopfC∗-subalgebra ofQG with respect to the re-
striction of the comultiplication ofG. Moreover,K\G = (QK\G,∆) is a compact quantum
group.

Example 2.2. If G = C∗(Γ) arises from a discrete groupΓ, irreducible representations ofG are
in one-to-one correspondence with elements fromΓ, and are all one dimensional. This implies
that the restriction of any irreducible to a quantum subgroupK is still irreducible, soK arises
from a discrete group as well. In particular, Proposition 2.1c holds, hence any quantum subgroup
ofG is normal. The restriction functor gives rise to a group epimorphism fromΓ onto that group.
If Λ is the kernel, choosing the maximal norm,K = C∗(Λ\Γ) andK\G = C∗(Λ).

3. QUOTIENT QUANTUM GROUPS

The main topic of this section is a non-commutative analogue of the notion of quotient quan-
tum group. In the classical theory, epimorphisms can be equivalently described by closed normal
subgroups, the associated kernels. As in the non-commutative case not every embeddedG-action
is a quotient by a quantum subgroup, we introduce quotient quantum groups without reference
to subgroups. We thus start by recalling the relevant results. Later on, we characterize cases
where quotients are induced by normal quantum subgroups and give sufficient conditions for
their existence.
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3.1. A characterization of quotients by quantum subgroups.

Let G = (Q,∆) be a compact quantum group. An action ofG on a unitalC∗-algebraA is a
unital ∗-homomorphism

η : A→ A⊗Q

satisfyingη⊗1◦η = 1⊗∆◦η and such thatη(A) ·(C⊗Q) is dense. This condition ensures that
the linear subspaceA generated by the spectral subspaces (subspaces which transform like the
irreducible representations ofG under the action) is dense [39]. Moreover,A is a ∗-subalgebra
invariant under the action of the dense Hopf algebra,

η(A) ⊂ A� Q.

We shall say that the action(A, η) is embedded into the translation action, or justembedded, if
it is endowed with an injective∗-homomorphism

α : A → Q

such that∆ ◦ α = α ⊗ 1 ◦ η on A. One necessarily hasα(A) ⊂ Q. Hence, regardingA as a
subalgebra ofQ, it becomes a translation invariant subalgebra,

∆(A) ⊂ A� Q.

Note that this is an algebraic requirement, in that we are not requiring thatA can be embedded
as aC∗-subalgebra ofQ, although this will be automatically satisfied for example if the action
η of G onA is ergodic and coamenable. We shall refrain from giving details of this fact, as it
will not be used in this paper; however, we shall later discuss the special case where(A, η) is
a HopfC∗-algebra, see Propositions 3.1 and 3.2. Quotient spaces by quantum subgroups are
clearly examples of embedded actions.

On the other hand, if(A, η) is an embedded action,A must be generated by the coefficients
uk,ψi

of unitary irreducible spectral representations ofG, where(ψi) is an orthonormal basis and
k varies in a suitable subspaceKu ⊂ Hu whose dimension equals the multiplicity ofu. In fact,

Rep(G) 3 u 7→ Ku ∈ Hilb

extends additively to reducible representations, and one hasTKu ⊂ Kv for T ∈ (u, v), hence
u → Ku becomes a∗-functor [37]. For example, in the case of right quotients(QK\G,∆), with
K a compact quantum subgroup,Ku is the space of invariant vectors for the restriction ofu to
K andψ ∈ Hu. A characterization of quotient spaces by quantum subgroups among general
ergodic actions has been obtained in [37].

We shall need here the following result, essentially proved in [37, Sections 4, 5, 10]. We
sketch a proof as we need a slightly different formulation.

Theorem 3.1. LetG be a compact quantum group and let(A, η) be an embedded action ofG.
There exists a compact quantum subgroupK of G such that(A, η) is isomorphic to the dense
algebraic action ofG onK\G if and only if for each pair of irreducible representationsu, v of
G, the spectral spaces satisfy

(3.1) (1u ⊗Kv ⊗ 1u)R ⊂ Kuvu, R ∈ (ι, uu).

The subgroup is unique up to the choice of the norm completion on the dense Hopf subalgebra
and its representation category is determined by

(3.2) (u �K , v �K) = R
∗ ⊗ 1v ◦ 1u ⊗Kuv,

whereu, v ∈ Rep(G) are irreducible andR ∈ (ι, uu) is non-zero.

Proof. The necessity of the condition is a consequence of the fact thatRep(K) is a tensor cat-
egory and restricting a representation toK defines a tensor functor. Indeed,Ku := (ι, u �K),
hence

(ι, uu) ⊂ (ι, (uu) �K) = (ι, u �K u �K),
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so forR ∈ (ι, uu),

(1u ⊗Kv ⊗ 1u)R ⊂ (ι, u �K v �K u �K) = (ι, (uvu) �K) = Kuvu.

Conversely, if theKu are the spectral spaces of an embedded action ofG then one can use
Frobenius reciprocity to construct the representation category of a quantum subgroup ofK start-
ing with its invariant vectors for the restricted representations. Explicitly, one can show that
for (possibly reducible)u, v ∈ Rep(G), the subspaces ofB(Hu, Hv) given by formula (3.2),
where nowR defines a conjugate foru in Rep(G), form an embedded tensorC∗-category
containingRep(G) as a subcategory. Specifically, condition (3.1), together with the fact that
u ∈ Rep(G) → Ku ∈ Hilb is a functor, play a role in the proof of tensoriality of this category.
Hence this category, after completion with subobjects and direct sums, is the representation cat-
egory of a compact quantum subgroupK of G havingKu as fixed vectors foru �K . �

3.2. Quotient quantum groups.

LetG andL be compact quantum groups with associated HopfC∗-algebrasQG andQL respec-
tively. An injective homomorphismQL → QG of unital HopfC∗-algebras restricts to the dense
subalgebrasQL → QG sinceϕ takes representations ofL to representations ofG. On the other
hand, an injective homomorphism of Hopf∗-subalgebrasϕ : QL → QG may not extend in an
injective way to the completions. For example, we may choose forG the maximal completion of
a given non-coamenable compact quantum group, and forL the reduced completion. However,
lack of coamenability is the only obstruction.

Proposition 3.1. LetG andL be compact quantum groups and letϕ : QL → QG be an injective
∗-homomorphism of the associated dense Hopf∗-subalgebras. IfL is coamenable,ϕ extends to
an isometric homomorphism between the completed HopfC∗-algebras.

Proof. Let us regardQL as a Hopf∗-subalgebra ofQG. The restriction of the Haar measurehG of
G toQL is the Haar measurehL of L, henceL2(G) contains a copy ofL2(L). Moreover, the GNS
representationπhG

restricts to the GNS representationπhL
of QL on that subspace. Therefore for

x ∈ QL, ‖πhL
(x)‖ ≤ ‖πhG

(x)‖. On the other hand, with respect to the maximal norms ofQG

andQL we obviously have‖πhG
(x)‖ ≤ ‖x‖ ≤ ‖x‖Gmax≤ ‖x‖Lmax, where‖ · ‖ is the original norm

of QG. If L is coamenable, the reduced and maximal norms ofQL coincide, so the original norm
of QG restricts to the unique norm ofQL. �

Proposition 3.2. LetL andG be compact quantum groups such that the associated HopfC∗-
algebras are related by an injective inclusion,QL → QG. If G is coamenable thenL is coa-
menable as well.

Proof. By [8, Theorem 2.2], a compact quantum group is coamenable if and only if the Haar
measure is faithful and the counit is norm bounded. On the other hand, the Haar state ofQG

restricts to the Haar state ofQL, and the counit ofQG restricts to the counit ofQL. �

We shall mostly be interested in the case whereG is a given compact quantum group, and
L is the compact quantum group associated to a HopfC∗-subalgebra ofQG obtained by select-
ing a family of representations. In this case, too, there is obviously no problem in extending
uniquely the inclusion map to the completion. We shall adopt the following algebraic notion of
epimorphism.

Definition 3.1. If L andG are compact quantum groups, a non-commutative epimorphismG→
L is an injective∗-homomorphismϕ : QL → QG between the associated dense Hopf∗-algebras
satisfying

∆G ◦ ϕ = ϕ⊗ ϕ ◦∆L.

We shall refer toL as aquotient quantum groupof G.
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In other words, a quotient quantum group is an embedded action which is also a HopfC∗-
algebra. An epimorphismG→ L gives rise to a commutative diagram,

(3.3) Rep(L)

HL %%LLLLLLLLLL
// Rep(G)

HG

��
Hilb

where the top arrow takes the representation(u : Hu → Hu ⊗QL) ∈ Rep(L) to the representa-
tion ϕ̂(u) := 1Hu ⊗ ϕ ◦ u ∈ Rep(G). Note that the range ofu is actually contained inHu ⊗ QL.
An arrowT ∈ (u, v) of Rep(L) is a linear map between the associated Hilbert spaces such that
T ⊗ 1QL

◦ u = v ◦ T . The functorϕ̂ acts trivially on arrows.

Proposition 3.3. LetG be a compact quantum group. The assignment

L 3 ϕ 7→ ϕ̂ ∈ Rep(L)

establishes a bijective correspondence between epimorphismsG → L of compact quantum
groups and full tensor∗-functorsS → Rep(G) of tensorC∗-categories with conjugates, sub-
objects and direct sums.

Proof. The algebraic structure of a compact quantum group is explicitly related to the algebraic
structure of its representation category, and this relation makes the associated functorϕ̂ into a
tensor∗-functor. IfT ∈ (ϕ̂(u), ϕ̂(v)) then

1Hv ⊗ ϕ ◦ T ⊗ 1QL
◦ u = T ⊗ 1QG

◦ 1Hu ⊗ ϕ ◦ u =

T ⊗ 1QG
ϕ̂(u) = ϕ̂(v)T = 1Hv ⊗ ϕ ◦ v ◦ T,

henceT ∈ (u, v) if ϕ is injective, showing that̂ϕ is full. The converse statement is a consequence
of the explicit reconstruction of the Hopf algebra from an embedded category. A full tensor∗-
functorF : Rep(L) → Rep(G) such thatHG ◦ F = HL takes irreducible representations ofL
into irreducible representations ofG. We thus have a mapϕF taking elements of the subspace
Hu ⊗ Hu of QL, with u ∈ Rep(L) irreducible, to itself, regarded as an element ofQG via
the commutative diagram (3.3). This map must preserve the Hopf∗-algebra operations and is
injective since the subspacesHu ⊗Hu are in direct sum. One haŝϕF = F andϕϕ̂ = ϕ.

On the other hand, any full tensor∗-subcategory ofRep(G) with conjugates, is embeddable
into the Hilbert spaces, hence, by duality, it corresponds to a compact quantum group, which is
a quotient ofG. �

Example 3.1. If K is a normal quantum subgroup ofG thenK\G is a quotient quantum group
of G by Proposition 2.1b.

3.3. Subquotients of quantum groups.

If L is a quotient quantum group ofG defined byϕ : QL → QG andK is a quantum subgroup
of G defined byπ : QG → QK , thenπ ◦ ϕ(QL) is a Hopf∗-subalgebra ofQK , and it is not hard
to verify that its norm completion inQK is a compact quantum group, denotedM , which, by
construction, is a quantum subgroup ofL and a quotient quantum group ofK. We shall refer to
M as the image ofK in L.

In the Tannakian formalism, images are described as follows. Considering the full subcat-
egoryT ⊂ Rep(K) whose objects are subobjects of the restricted objects ofL, we obtain a
commutative diagram

Rep(L)

full
��

// T

full
��

Rep(G) // Rep(K)

.
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Since restrictionRep(G) → Rep(K) yields a tensor∗-functor,T is a tensor∗-subcategory with
conjugates, subobjects and direct sums. Hence it corresponds to a compact quantum group,
which coincides withM , the image ofK in L.

3.4. Normal tensor subcategories.

In this section we give a characterization, in terms of the associated inclusionS ⊂ Rep(G), of
quotient quantum groups which can be written as quotients by a normal quantum subgroup. To
this aim, we establish a connection with Theorem 3.1.

We start with a full inclusionS ⊂ T of abstract tensorC∗-categories with conjugates, subob-
jects and direct sums. An irreducible object ofS stays irreducible inT, hence a complete set of
irreducible objects ofT contains a complete set of irreducible objects ofS as a subhypergroup.
Let S⊥ be the full subcategory ofT whose objects are those objects ofT that are disjoint from
all objects ofS. Note thatS⊥ has conjugates, subobjects and direct sums, but generally fails to
be tensorial. We may decompose every objectu of T as

u = uS ⊕ uS⊥ ,

whereuS ∈ S anduS⊥ ∈ S⊥, whereuS is the maximal subobject ofu lying in S. Note that if
u = uS andv = vS⊥ then(u, v) = 0. Therefore any arrowT ∈ (uS ⊕ uS⊥ , vS ⊕ vS⊥) takes a
diagonal form,

T = TS ⊕ TS⊥ ,

with TS ∈ (uS, vS), TS⊥ ∈ (uS⊥ , vS⊥). We may thus consider the functor

S : T → S,

defined byu 7→ uS on objects andT 7→ TS on arrows. This is obviously a∗-functor between
tensorC∗-categories.

Lemma 3.1. If u ∈ S, v ∈ S⊥, thenuv, vu ∈ S⊥.

Proof. Letw ∈ S. By Frobenius reciprocity (2.1), we have

(uv, w) ' (v, uw), (vu, w) ' (v, wu).

However,uw,wu both belong toS asS is a tensor category with conjugates. Hence(uv, w), (vu, w)
are both trivial for every choice ofw, and we conclude thatuv, vu both lie inS⊥. �

By Lemma 3.1, it follows that

(uv)S = uSvS ⊕ (uS⊥vS⊥)S,

(uv)S⊥ = uSvS⊥ ⊕ uS⊥vS ⊕ (uS⊥vS⊥)S⊥ ,

for everyu, v ∈ T. HenceS is not a tensor functor, as(uv)S only containsuSvS as a subobject.
For example, ifu ∈ S⊥, uS = uS = 0 while (uu)S contains the trivial object ofS.

Remark 3.1. It is not difficult to show that the functorS : u → uS is a quasitensor functor in
the sense of [37].

Proposition 3.4. Let S ⊂ Rep(G) be a full tensorC∗-category with conjugates and subobjects
andQL the associated Hopf∗-algebra. For an irreducibleu = (ujs) ∈ Rep(G), the following
conditions are equivalent,

a) 1u ⊗Hv ⊗ 1u ◦R ⊂ H(uvu)S
, R ∈ (ι, uu), v ∈ S irreducible,

b)
∑

i u
∗
ijxui,s ∈ QL, x ∈ QL.

We omit a detailed proof. We just note that this is a consequence of Tannakian reconstruction
of the involution and product formula of the dense Hopf algebra in terms of the Hilbert spaces
of the representations, see Section 2.2.

Definition 3.2. A full tensorC∗-categoryS ⊂ Rep(G) with conjugates and subobjects will be
callednormal if the above equivalent conditions hold for any irreducibleu ∈ S⊥.
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Example 3.2. If Λ ⊂ Γ is an inclusion of discrete groups,C∗(Λ), with its natural comultiplica-
tion, is a quantum quotient ofG = C∗(Γ). HereΛ andΓ−Λ identify, respectively, to the sets of
irreducible objects ofS andS⊥, souS = u if u ∈ Λ anduS = 0 otherwise. Since the product of
irreducible objects is irreducible, the normality condition reduces to the requirement thatΛ is a
normal subgroup ofΓ.

If the subgroupΛ is central inΓ thenΛ is normal. We next discuss a sufficient condition for
normality of a tensor subcategoryS of Rep(G), which may be regarded as a generalization of
this property.

Proposition 3.5. Let S ⊂ Rep(G) be a full tensorC∗-subcategory with conjugates, subobjects
and direct sums,QL the associated quotient quantum subgroup andQ⊥

L the linear subspace of
QG generated by the coefficients of the representations ofS⊥. Consider the following properties,

a) QL andQ⊥
L are in the commutant of each other,

b) for u ∈ S⊥, v ∈ S the permutation operatorϑv,u : Hv ⊗Hu → Hu ⊗Hv is an arrow in
(vu, uv).

c) for u ∈ S⊥, v ∈ S, there is an arrowεv,u ∈ (vu, uv) such that

(εv,u ⊗ 1u)φ⊗R = 1u ⊗ φ⊗ 1u ◦R,
for φ ∈ Hv,R ∈ (ι, uu),

d) uvu ∈ S, u ∈ S⊥, v ∈ S irreducible.

Then a)⇔ b)⇒ c) and any of a), b), c), d) implies thatS is normal.

Proof. The equivalence of a) and b) follows again from Tannaka duality, and obviously they
imply c). We check normality if c) holds. Ifφ ∈ Hv, andu, v are as required,

1u ⊗ φ⊗ 1u ◦R = (εv,u ⊗ 1u)φ⊗R ⊂ (εv,u ⊗ 1u)Hv ⊗H(uu)S

⊂ (εv,u ⊗ 1u)H(vuu)S
⊂ H(uvu)S

,

where we have used the fact thatu ∈ S⊥, ι ∈ S, thatu 7→ uS is a functor and thatuSvS is
contained in(uv)S. The fact that d) implies normality follows from Proposition 3.4. �

We are now ready to prove the following application of Theorem 3.1 to quotient quantum
groups.

Theorem 3.2.LetL be a quotient quantum group ofG andS = Rep(L) the corresponding sub-
category ofRep(G). There is a normal compact quantum subgroupK ofG such that(QL,∆L)
is isomorphic to the dense Hopf∗-subalgebra ofK\G if and only if S is normal. It is unique
up to the choice of the norm completion on the dense Hopf subalgebra, and its representation
category is determined by

(u �K , v �K) = {R∗ ⊗ 1v ◦ 1u ⊗ φ, φ ∈ H(uv)S
}

whereu, v ∈ Rep(G) are irreducible andR ∈ (ι, uu) is non-zero. In particular,

dim(u �K , v �K) = dimH(uv)S
.

Proof. If we regard the comultiplication ofL as an action ofG of QL, L becomes an embed-
ded action ofG. Moreover, if a quantum subgroupK realizesL as a quotientG-action, then
Proposition 2.1b shows thatK is automatically normal sinceL is a quantum group. We are thus
reduced to apply Theorem 3.1. The spectral functor of this action is the functor

K : Rep(G)
S→ S

H→ Hilb

obtained by composingS with the embedding ofS in the Hilbert spaces, hence in particularKu =
HuS

. We claim that it suffices to verify the required property for irreducible representations
v ∈ S, u ∈ S⊥. Indeed, forv ∈ S⊥, Kv = 0. Moreover, foru, v ∈ S, uvu ∈ S, soKuvu is the
whole Hilbert space and the required property is trivially satisfied. �
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For exampleS = 〈ι〉 — the subcategory ofRep(G) whose only objects are multiples of the
trivial representation — andS = Rep(G) are normal and correspond toK = G and the trivial
subgroup, respectively.

Remark 3.2. Note that any objectv ∈ S restricts to a multiple of the trivial representation since
(ι, v �K) has full dimension, whereas(ι, v �K) = 0 for v ∈ S⊥.

Example 3.3.LetG = SUq(2), and denote byun the (self-conjugate) irreducible representation
of dimensionn + 1. Consider the full subcategoriesS andS⊥ of Rep(G) with subobjects and
direct sums generated by the irreducible representations with even and odd indices respectively.
The Clebsch-Gordan fusion rules show thatS is a tensorC∗-subcategory with conjugates. It is
indeed the category of representations of the quantumSO(3) with a suitable parameter.

Proposition 3.5d holds, henceS is a normal subcategory, and, by Theorem 3.2, there must
exist a normal quantum subgroupK inducing the quotient. Sinceu2

1 ∈ S, by Frobenius reci-
procity (u1 �K , u1 �K) has full dimension, henceu1 �K is direct sum of two one-dimensional
representations,g andg′, which are non-trivial since(ι, u1 �K) = 0. Sinceu2

1 restricts to the
trivial representation,g′ = g−1 andg2 = 1. ThereforeK is the (classical) cyclic group of order
2.

4. THE IDENTITY COMPONENT OF A COMPACT QUANTUM GROUP

In this section we introduce the identity componentG◦ of a compact quantum groupG start-
ing from the notion of connectedness introduced by Wang in [50]. We next introduce totally
disconnected compact quantum groups as those for whichG◦ is trivial, and, looking at examples
arising from discrete groups, we discuss the main novelties with respect to the classical case.

Definition 4.1 ([50]). A compact quantum group isconnectedif the associated HopfC∗-algebra
admits no finite-dimensional unital Hopf∗-subalgebra other than the trivial one.

In the classical case this definition says that the only finite groupΓ for which there is a con-
tinuous epimorphismG → Γ is the trivial group. This is obviously weaker than connectedness,
but it is in fact equivalent since ifG is disconnected, we have a non-trivial compact component
groupG◦\G, which is profinite. Hence it has non-trivial finite quotients. We next consider the
categorical counterpart of connectedness.

4.1. Torsion in tensorC∗-categories.

Definition 4.2. An objectu of a tensorC∗-category with conjugatesT will be called atorsion ob-
ject if the smallest full tensorC∗-subcategoryTu of T with conjugates and subobjects containing
u has finitely many inequivalent irreducible objects.

Proposition 4.1. If u is a torsion object, so is every subobject ofu, the conjugate ofu or any
finite direct sum of objects ofTu.

Definition 4.3. An abstract tensorC∗-categoryT with conjugates and subobjects admitting no
non-trivial irreducible torsion object, will be calledtorsion-free.

Proposition 4.2.A compact quantum groupG is connected if and only ifRep(G) admits no non-
trivial full tensorC∗-subcategory with conjugates and finitely many irreducible representations.
Equivalently,Rep(G) is torsion-free.

Proof. Since the irreducible components of a torsion object are torsion objects, if a category
admits a non-trivial torsion object, then it also admits a non-trivial irreducible torsion object.�

In particular, quantum groups with fusion rules identical (or quasi-equivalent) to those of
connected compact groups are connected.

Examples 4.1.
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a) Finite non-trivial quantum groups are clearly disconnected.
b) If G arises from a discrete groupΓ, the irreducible torsion objects ofRep(G) correspond

to the elements of the torsion subsetΓt of Γ, henceG is connected if and only ifΓ is
torsion–free.

c) The deformation quantum groupsGq obtained from classical compact Lie group, as well
asAo(F ), are connected, as the fusion rules are the same as those of the classical groups.

d) Inspection of the fusion rules [3] ofAu(F ) shows that these quantum groups are con-
nected as well.

Proposition 4.3. LetG be a compact quantum group.

a) If G is connected, any quotient quantum groupL ofG is connected.
b) LetK andL be a quantum subgroup and quotient ofG respectively. IfK is connected,

the image ofK in L is connected.

Proof. a) follows from the fact that the representation category ofL is just a full subcategory of
the representation category ofG.

b) The image ofK in L is a quotient quantum group ofK, hence b) follows from a). �

Proposition 4.4. If T ⊂ U is an inclusion of tensorC∗-categories with conjugates and subob-
jects, then every torsion object ofT is torsion inU.

Proof. If u ∈ T is a torsion object, it generates a tensorC∗-subcategory ofT (full, with conju-
gates, subobjects and direct sums) with a finite set, sayF , of irreducible objects. As an element
of U, every object ofF decomposes into a finite direct sum of inequivalent irreducible rep-
resentations ofU with suitable multiplicities. Hence, as an object ofU, u generates a tensor
C∗-subcategory ofU with finitely many irreducible representations. �

In particular, choosing forRep(G) ⊂ Rep(K) the inclusion given by restricting a representa-
tion ofG to a compact quantum subgroupK, gives the following useful result.

Corollary 4.1. If K is a compact quantum subgroup of a compact quantum groupG, every
torsion representationu of G restricts to a torsion representation ofK. In particular, if u ∈
Rep(G) is torsion andK is connected, thenu �K is a multiple of the trivial representation.

4.2. The identity componentG◦ and the normal counterpart Gn.

Let us identifyRep(G) with a tensorC∗-subcategory ofHilb with subobjects and direct sums,
via the embedding functorH : Rep(G) → Hilb. Consider the subcategoryT◦ ⊂ Hilb with
arrows between the objectsu, v ∈ Rep(G) given by

(u, v)T◦ = ∩K(u �K , v �K),

where the intersection is taken over all the connected compact quantum subgroupsK ofG. T◦ is
clearly a tensor∗-subcategory ofHilb containing in turnRep(G) as a tensor∗-subcategory and
with the same objects. CompletingT◦ under subobjects and direct sums gives the representation
category of a compact quantum subgroupG◦ of G.

Proposition 4.5. G◦ is a connected compact quantum subgroup ofG containing every other
connected compact quantum subgroup ofG.

Proof. Note thatG◦ contains every connected quantum subgroupK as a quantum subgroup by
construction. We are left to show thatG◦ is connected. Letv be an irreducible torsion object
of Rep(G◦) and letu be an irreducible object ofRep(G) such thatv < u �G◦. The orthogonal
projectionEv ∈ (u �G◦ , u �G◦) corresponding tov is an arrow in every(u �K , u �K) and it
corresponds tov �K . Restriction of a torsion object to a quantum subgroup is still torsion, so
v �K is a multiple of the trivial representation ofK sinceK is connected. Hence elements of an
orthonormal basis of the range ofEv lie in every arrow space(ι, v �K) ⊂ (ι, u �K), hence they
lie in (ι, u �G◦). This shows thatv is a multiple of the trivial representation ofG◦. �
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Definition 4.4. We shall refer toG◦ as theidentity componentof G.

Remark 4.1. G = G◦ if and only ifG is connected.

Definition 4.5. If G◦ is the trivial group,G will be calledtotally disconnected.

A connected compact quantum subgroupK of G is a subgroup ofG◦ by construction, hence
there is a commutative diagram

Rep(G◦)

H &&MMMMMMMMMM
// Rep(K)

H

��
Hilb

where the top arrow is the restriction functor. Conversely, if a connected compact quantum
subgroupG′ of G has associated commutative diagrams for each connected quantum subgroup
K of G thenG′ = G◦.

Summarizing,G◦ is the connected quantum subgroup ofG defined by the following universal
property for connected quantum subgroupsK of G,

Rep(G)

��

// Rep(G◦)

yyrrrrrrrrrrr

��

Hilb Rep(K)oo

Remark 4.2. The procedure of passing to the identity component is often implicitly used in
representation theory of quantum groups to rule out certain finite-dimensional representations.
The simplest instance is that ofUq(su2) for 0 < q < 1, where taking the identity component
amounts to focusing on the so-called “typeI representations” — those representations with
positive weights (see, e.g., [10]). We shall discuss this in more detail in the last section, where
we shall also consider the case of negative parameters.

We shall often need the following fact, an easy consequence of Corollary 4.1.

Proposition 4.6. Every torsion object ofRep(G) restricts to a multiple of the trivial representa-
tion ofG◦.

Corollary 4.2. If N is a normal quantum subgroup ofG such thatN andN\G are connected
thenG is connected.

Proof. If u is a torsion representation ofG then it restricts to a multiple of the trivial repre-
sentation onG◦, as well as on every connected quantum subgroup, hence in particular onN .
Thereforeu is actually a representation of the quotient quantum groupN\G which is connected
by assumption, henceu must be a multiple of the trivial representation. �

In the classical theory the converse of Proposition 4.6 holds by profiniteness of the compo-
nent group. The next example shows in particular that this is not always the case in the non-
commutative situation.

Example 4.1.If G = C∗(Γ) is the quantum group associated to the discrete groupΓ, a connected
quantum subgroupK is associated to a torsion-free quotientΛ\Γ by a normal subgroupΛ. The
identity componentG◦ corresponds to the universal torsion-free quotientΛ◦\Γ, whereΛ◦ is the
torsion-free radical ofΓ in the sense of [9], i.e., the intersection of all normal subgroups with
torsion-free quotient.

Note thatΛ◦ contains the torsion subsetΓt. If Γt is a subgroup ofΛ, then it is normal and
Γt\Γ is torsion free, henceΛ◦ = Γt. In this case,G◦ corresponds toΓt\Γ andG◦\G to Γt. In
particular,G◦\G is totally disconnected since(Γt)t = Γt.

In the general case,Λ◦ contains the subgroupN1 generated byΓt, which is normal. An
example has been exhibited of a finitely presented group in [11] for whichN1\Γ is isomorphic
to the cyclic group of order6, so it has torsion. HenceΛ◦ properly containsN1 in general.
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We next introduce the quantum subgroupGn ofGwhose representation category is determined
by

(u �Gn , v �Gn) := ∩N(u �N , v �N),

for u, v ∈ Rep(G), and withN a normal connected quantum subgroup ofG.

Proposition 4.7.Gn is the largest connected, normal quantum subgroup ofG, andGn ⊂ G◦.

Proof. The same arguments as in Proposition 4.5 show thatGn is connected. In particular,Gn ⊂
G◦. If v is irreducible and the arrow space(ι, v �Gn) is not zero then for everyN , (ι, v �N) is
not zero, hence it is full sinceN is normal. Therefore(ι, v �Gn) is full as well, henceGn is
normal. �

Notice thatG◦ = Gn if and only if G◦ is normal. In this case, the quotientG◦\G will be
called thequantum component group. We shall give a description ofG◦ andGn as limits of
certain transfinite sequences defined by torsion in Section 5.

4.3. Totally disconnected quantum groups.

Proposition 4.8. If every irreducible representation ofRep(G) is a torsion object, thenG is
totally disconnected.

Proof. Every irreducible representationv of G◦ is a subrepresentation of the restriction of an
irreducible representation ofG, which is assumed to be torsion, hencev is trivial by Proposition
4.6. This shows thatG◦ is trivial. �

Examples 4.2.
a) Finite quantum groups are clearly totally disconnected.
b) A compact quantum groupG for which the associated HopfC∗-algebraQG is the in-

ductive limit of HopfC∗-algebrasQGn corresponding to totally disconnected quantum
groups, is itself totally disconnected. Indeed, on one handRep(G) is the inductive limit
of the full subcategoriesRep(Gn), and, on the other hand, ifK is a connected quantum
subgroup ofG then the full subcategory ofRep(K) with objects the subobjects of the
restrictions of the objects ofRep(Gn) defines a connected quantum subgroup ofGn so it
must correspond to the trivial group sinceGn is totally disconnected.

In next section we shall show that the converse of Proposition 4.8 does not hold in general.

Definition 4.6. A compact quantum group isprofinite if its Hopf C∗-algebra is the inductive
limit of finite-dimensional HopfC∗-subalgebras. Equivalently,Rep(G) is the inductive limit of
full, finite, tensorC∗-subcategories with conjugates and subobjects.

If G is a profinite quantum group, all of its representations, even reducible ones, are torsion.
In particular, profinite quantum groups are totally disconnected. We next show that this is in fact
a characterization of profiniteness.

Proposition 4.9. A compact quantum group is profinite if and only if every object ofRep(G) is
a torsion object.

Proof. If every object ofRep(G) is torsion, then the direct sum of any finite family of repre-
sentations is a torsion object, hence the full tensor∗-subcategory with conjugates and subobjects
generated by this family contains only finitely many irreducible representations. On the other
hand,Rep(G) is inductive limit of these finite subcategories. The last statement is a consequence
of Examples 4.2a, b. �

Every compact totally disconnected (classical) group is profinite, and indeed finite if it is a Lie
group. We next see that there are totally disconnected compact matrix quantum groups which are
not profinite. By Propositions 4.8 and 4.9, it suffices to exhibit an example admitting non-torsion
reducible representations and such that all irreducible ones are torsion.
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As already mentioned in the introduction, the main point is that there is a connection with the
generalized Burnside problem in classical group theory. This problem asks whether any torsion
finitely generated group is finite, and was answered in the negative by Golod and Shafarevich
[20, 21]. Adian and Novikov proved that the Burnside problem with bounded exponents has a
negative answer as well [32].

Proposition 4.10. Let Γ be a counterexample to the generalized Burnside problem, i.e., an infi-
nite, finitely generated, discrete group such that every element has finite order. ThenG = C∗(Γ)
is a totally disconnected compact matrix quantum group with non-torsion representations, hence
it is not profinite.

Proof. As irreducible representations ofC∗(Γ) correspond to group elements, they are all torsion
objects, henceG is totally disconnected by Proposition 4.8. The Grothendieck semiring ofC∗(Γ)
identifies withNΓ.

If S is a subset ofNΓ, consider the setE(S) of group elements appearing in the linear combi-
nations of the elements ofS. To show existence of non-torsion representations, it suffices to find
an elementA of NΓ such that, settingSA := {An, n = 0, 1, 2, . . . }, the associated setE(SA) is
infinite. If g1, . . . , gN is a set of generators ofΓ, andA := g1 + · · · + gN , we haveE(SA) = Γ.
Finally, note thatA is a unitary representation ofC∗(Γ) with coefficients{g1, . . . , gN}, hence
C∗(Γ) is a compact matrix quantum group. �

Remark 4.3. Most of the counterexamples to the Burnside problem are highly non-commutative.
Olshankii constructed the first non-amenable example [34] providing at the same time the first ex-
ample to the problem of von Neumann of whether there exist non-amenable groups without non-
abelian free subgroups. Adian proved that the free Burnside groupsB(m,n) are non-amenable
for large odd exponentsn andm > 1 [1]. Recently, the groups of Golod and Shafarevich were
shown to be non-amenable as well [16].

However, amenability does not suffice to yield finiteness. An example of intermediate growth,
hence amenable, has been constructed by Grigorchuk [22], thus answering negatively to Milnor’s
problem of whether the growth of a group must be either polynomial or exponential.

On the other hand, by a well known result of Gromov [23], any finitely generated group of
polynomial growth is almost nilpotent. These classes of groups do have finite torsion subgroups.
Therefore, the first class of quantum groups for a positive answer is that for which the tensor
product of two representations is commutative up to equivalence. This topic will be considered
more extensively in Section 6.

5. NORMALITY OF G◦ AND PROFINITENESS OFG◦\G

If G is a compact group, the connected component of the identityG◦ is a closed normal
subgroup and one can thus form thecomponent groupG◦\G, of which it is desirable to have a
non-commutative analogue. The aim of this section is to give necessary and sufficient conditions
for the normality, in the sense of Wang, of the identity component of a compact quantum group.
This shall involve an analysis of the torsion subcategory ofRep(G). We give examples whereG◦

is not normal. We shall also give conditions guaranteeing that the associated quantum component
group is finite or profinite.

5.1. The torsion subcategory.

Definition 5.1. Let T be a tensorC∗-category with conjugates, subobjects and direct sums.
The full subcategoryTt, whose objects are the torsion objects ofT, will be called thetorsion
subcategoryof T.

Note thatTt may fail to be a tensor category, in that tensor products of (even irreducible)
torsion objects may fail to be torsion. For example, letT be the representation category of the
compact quantum group arising from a discrete groupΓ. The set of irreducible torsion objects
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of T corresponds to the setΓt of torsion elements ofΓ, and this is not a subgroup, in general. An
example is provided by the infinite dihedral group.

Moreover, as we have seen from the examples related to the Burnside problem, direct sums of
torsion representations of compact quantum groups may result in a non-torsion representation,
and this may happen even if tensor products of irreducible objects ofTt are torsion, since in
those examples every element has finite order. On the other hand, we remark that closure under
direct sums is stronger than closure under tensor products.

Proposition 5.1. The torsion subcategoryTt is aC∗-category with conjugates and subobjects.
If finite direct sums of irreducible torsion objects are torsion thenTt also has tensor products
and direct sums.

Proof. By Proposition 4.1,Tt is aC∗-category with conjugates and subobjects. Moreover, every
torsion object is a direct sum of irreducible subobjects, which are torsion, hence finite direct
sums of torsion objects are torsion. Moreover, the tensor product of two torsion objects is a
subobject of the tensor square of the direct sum, hence it is torsion. �

For example, for the categories associated with discrete groups, we are restricting attention
to those groupsΓ for which every finite set of torsion elements generates a finite group. In
particular,Γt is a group. The following are sufficient conditions.

Proposition 5.2. Assume that either
a) the objects ofTt commute up to equivalence, or
b) Tt has finitely many inequivalent irreducible representations and is closed under finite

tensor products of them.
ThenTt is a tensorC∗-category with conjugates, subobjects and direct sums.

Proof. a) Letu andv be torsion objects ofT and letFu andFv be the finite sets of irreducible
representations appearing in the full tensorC∗-subcategories generated byu andv respectively.
By the commutativity assumption, the full tensor subcategory with conjugates generated byuv
has, as objects, the set of all(uv)n(v u)m ' unumvnvm, m,n = 0, 1, 2, . . . , which decompose
as a direct sum of elements inFuFv, which is a finite set of possibly reducible objects, in turn
decomposing into direct sums of finitely many irreducible objects. This shows thatuv is a torsion
object. Similarly, the full tensor subcategory generated byu ⊕ v has, as objects, the set of all
(u ⊕ v)n(u ⊕ v)m which are direct sums of objects of the formurusvn−rvm−s, whose addenda
still lie in FuFv. b) is immediate. �

Remark 5.1. The commutativity requirement of a) can be weakened to the requirement thatuv
andvu are quasi-equivalent (i.e., are supported on the same set of irreducible representations)
for any pair of torsion objectsu, v.

5.2. A normal sequence approximatingGn and examples.

In the remainder of this section we assume, unless otherwise stated, that all tensor subcategories
of the representation category of a given compact quantum group, are full, with conjugates,
subobjects and direct sums.

LetG be a compact quantum group. We construct a possibly transfinite decreasing sequence
of normal quantum subgroups ofG, havingGn as a limit group. We use it to derive a characteri-
zation of normality ofG◦. We also exhibit a class of examples for whichG◦ is not normal.

First of all, notice that every full tensor subcategory ofRep(G) with conjugates, subobjects
and direct sums is uniquely determined by the set of its objects1. This is a unital subsemigroup
of the set of objects ofRep(G) closed under the same operations. Conversely, any subsemigroup
with these properties corresponds to a full tensor subcategory ofRep(G) with the required struc-
ture. As a consequence, we can consider unions and intersections of arbitrary families of such
subcategories, and the result will be normal if in addition each element of the family is normal.

1We are implicitly assuming, as in [19], that all objects belong to a given universe.
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We recursively define by transfinite induction a family of normal tensor subcategoriesNα of
Rep(G), indexed by ordinals, and a corresponding family of subgroupsGα ⊂ G, as follows. Set
N0 = 〈ι〉,G0 = G; if β = α+ 1 is a successor ordinal, andGα is defined, letNβ be the smallest
normal tensor subcategory ofRep(G) containing all the irreducible representationsv ∈ Rep(G)
such thatv �Gα contains a torsion representation ofGα. If insteadβ is a limit ordinal, andGα is
defined for allα < β, we setNβ := ∪α<βNα. In both cases, we setGβ to be the normal quantum
subgroup ofG such that

Nβ = Rep(Gβ\G).

For instance,N1 is the smallest normal tensor subcategory ofRep(G) containingRep(G)t,
i.e., the class of objects ofN1 is the intersection of the class of objects of all normal tensor
subcategories ofRep(G) containingRep(G)t. Since the torsion subcategoryRep(G)t is not
tensorial, and we have no reason to believe that it is normal,N1 will be in general strictly larger
thanRep(G)t.

Notice thatNα ⊂ Nα+1, as all irreducible objects lying inNα = Rep(Gα\G) have a trivial
restriction toGα, and are therefore torsion inRep(Gα); similarly, Nβ, whenβ is a limit ordinal,
is by definition larger than allNα, α < β. We may conclude thatNα ⊂ Nβ, and consequently
Gα ⊃ Gβ, wheneverα < β.

Note thatGδ = Gδ+1 if and only if Nδ = Nδ+1, and, if this is the case, the sequences stabilize,
i.e.,Gα = Gδ andNα = Nδ for α ≥ δ. On the other hand,Nα, and henceGα, must stabilize for
cardinality considerations.

Definition 5.2. The smallest ordinalδ such thatGδ = Gδ+1 will be called thenormal torsion
degreeof G.

For example, if the HopfC∗-algebraQG is separable then the normal torsion degree ofG is a
countable ordinal. The following motivating example shows that the normal torsion degree of a
cocommutative quantum groupG = C∗(Γ) cannot exceed the first infinite ordinal, regardless of
the cardinality ofΓ.

Example 5.1. If G = C∗(Γ), our construction reduces to the following construction of [11]. Set
N1 = 〈Γt〉 and letNr, r > 1, be the (normal) subgroup generated by elementsg ∈ Γ for which
gn ∈ Nr−1 for somen > 0. ThenNr is the normal subcategory associated toNr.

It is easy to see that∪r≥1Nr is a normal subgroup ofΓ contained in the torsion-free radical
Λ◦ as defined in [9]; also see Example 4.1 above. Moreover, it is easy to check that∪Nr\Γ is
torsion free, hence∪Nr = Λ◦, so∪rNr = Rep(G◦\G). HenceG◦ = Gω is determined by the
limit of the sequence.

If we apply the construction ofΛ◦ to Λ◦ itself, we obtainΛ◦ again, sinceΓ and Λ◦ have
the same torsion part. HenceG◦\G is totally disconnected also in the case whereΓt is not a
subgroup.

As a generalization of the cocommutative case, we next relate the sequenceGα to the normal
identity componentGn.

Lemma 5.1. For each ordinalα, Nα ⊂ Rep(Gn\G), henceGn ⊂ Gα.

Proof. Every torsion representation ofG is trivial onG◦, and hence also onGn. We therefore
have an inclusion of full subcategories ofRep(G),

Rep(G)t ⊂ Rep(Gn\G).

Hence
Rep(G1\G) = N1 ⊂ Rep(Gn\G),

sinceRep(Gn\G) is normal. As before, we obtainGn ⊂ G1. An inclusionGn ⊂ Gα implies that
if v is an irreducible ofG such thatv �Gα contains a torsion representation ofGα thenv �Gn has
invariant vectors sinceGn is connected. But thenv ∈ Rep(Gn\G) by normality ofGn. Hence,
Nα+1 ⊂ Rep(Gn\G) implying Gn ⊂ Gα+1. If α is a limit ordinal and ifGn ⊂ Gβ for β < α,
thenNα = ∪β<αNβ ⊂ Rep(Gn\G), henceGn ⊂ Gα. �
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We next identify the limit of the sequenceGα.

Theorem 5.1. Let G be a compact quantum group. The normal torsion degree ofG is the
smallest ordinalδ such thatGδ is connected, andGδ = Gn.

Proof. We know thatGn ⊂ Gα for all ordinalsα. If someGα is connected thenGα = Gn since
Gn contains every normal connected quantum subgroup ofG. Therefore the sequences stabilize
for β ≥ α.

Conversely, let us assume thatG has normal torsion degreeδ. We show thatGδ is connected.
Let v be an irreducible ofG such thatv �Gδ

contains a torsion representation ofGδ. Then
v ∈ Nδ+1 = Nδ = Rep(Gδ\G). Hence,v �Gδ

is a multiple of the trivial representation. This
shows thatRep(Gδ) is torsion free, i.e.,Gδ is connected, or equivalentlyGδ ⊂ Gn. �

Corollary 5.1. If G◦ is normal and ifG has normal torsion degreeδ thenGδ = G◦ andNδ =
Rep(G◦\G).

Corollary 5.2. LetG be a compact quantum group. ThenG◦ is normal if and only if, for every
ordinal α, all representations ofNα restrict to some multiple of the trivial representation ofG◦.

Proof. If the statement holds for all ordinals, it certainly holds for the normal torsion degreeδ.
Therefore, all representations ofNδ restrict to some multiple of the trivial representation ofG◦.
We argue that there are moreG◦-invariant vectors thanGn-invariant vectors in the irreducible
representations ofG, by normality ofGn. It follows thatG◦ ⊂ Gn, hence equality holds. The
converse follows from Lemma 5.1. �

We shall use this characterization of normality to exhibit a class of examples whereG◦ is not
normal inG andRep(G)t is tensorial but not normal inRep(G).

Example 5.2.LetG◦ be a connected compact quantum group with no non-trivial representation
of dimension1 (e.g. a simple Lie group) and letΓ be a discrete group with a non-trivial element
γ of finite order. Consider the cocommutative compact quantum groupF associated toΓ and
form the free product quantum groupG = G◦ ∗F in the sense of [46]. We show that the identity
component ofG is not normal. By the universality property of free product quantum groups,
G◦ is a quantum subgroup ofG, connected by assumption, hence a subgroup of the identity
component ofG. Let nowu be a non-trivial irreducible representation ofG◦. Thenuγu is a
non-trivial irreducible representation ofG, by [46, Theorem 3.10]. Hence, ifS is any tensor
subcategory ofRep(G) then either(uγu)S = uγu or (uγu)S = 0. If in addition S is normal
and containsRep(G)t then the former holds, by Proposition 3.4 a. Henceuγu is an object ofS,
and therefore ofN1. But the restriction ofuγu toG◦ is uu, sinceγ is a torsion one-dimensional
representation andG◦ is connected, and this is not a multiple of the trivial representation, thus
contradicting Corollary 5.2. Note that the irreducible torsion representations ofG arise precisely
from the torsion elements ofΓ. In particular, the torsion subcategory ofG is tensorial ifΓt is a
subgroup, but it is not a normal subcategory. We next show that ifΓ is a torsion group,G◦ is
the identity component ofG. It suffices to verify that any connected quantum subgroupK of G
is in fact a subgroup ofG◦. Now,G◦ is also a quotient quantum group ofG, hence the defining
epimorphismπ : QG → QK can be restricted to the Hopf subalgebraπ◦ : QG◦ → QK . By
connectedness ofK, π acts trivially onΓ, henceπ◦ is an epimorphism as well. Sinceπ factors
throughQG → QG◦ → QK ,K is in fact a subgroup ofG◦.

We shall later need the following fact.

Remark 5.2. Let G be a compact quantum group with normalG◦ and normal torsion degree
δ. If Nδ = Rep(G) thenGδ, and therefore alsoG◦, is the trivial group, henceG is totally
disconnected.

The quantum groups with normal identity component and profinite quantum component group
have normal torsion degree≤ 1. They have the simplest sequences,Nr = Rep(G)t for all r ≥ 1.
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Proposition 5.3. If the identity componentG◦ of a compact quantum groupG is normal then
Rep(G)t = Rep(G◦\G) if and only ifG◦\G is profinite. In this case,

a) Rep(G)t has tensor products and direct sums, moreover it is the inductive limit of full
finite tensor∗-subcategories ofRep(G) with conjugates and subobjects,

b) Rep(G)t is a normal subcategory ofRep(G).

Proof. The stated characterization follows easily from Proposition 4.9. �

More generally, if all irreducible representations ofGn\G are torsion thenG still has normal
torsion degree≤ 1.

Example 5.3. The example of [11] recalled in Example 4.1, has normal torsion degree2. In
detail, for allg ∈ Γ, g6 ∈ N1, henceN2 = Γ = Nr for all r ≥ 2. Therefore

Rep(G)t ⊂ N1 ⊂ N2 = Rep(G).

Both inclusions are strict. In particular,G◦ is the trivial group, i.e.G is totally disconnected.
However, not all irreducible representations are torsion.

Remark 5.3. A combination of Examples 5.2 and 5.3 gives a compact quantum group such that
the tensor category generated by the torsion subcategory is normal, of torsion degree> 1, hence
infinite, and non-normal identity component.

5.3. A subnormal sequence approximatingG◦.

We propose a variant of the methods of the previous subsection, yielding a second transfinite
decreasing family of quantum subgroups ofG— denoted byKα, whereα is an ordinal — which
is more suitable to approximateG◦ if normality of the latter is not known.

Define recursivelyM0 := 〈ι〉, G0 = G; if β = α + 1 is a successor ordinal andKα ⊂ G is
defined, setMβ to be the smallest normal tensor subcategory ofRep(Kα) containingRep(Kα)

t,
and letKβ be the normal quantum subgroup ofKα such that

Mβ = Rep(Kβ\Kα).

In particular,K1 = G1. If β is a limit ordinal, andKα ⊂ G is defined forα < β, letKβ be the
compact quantum group with representation category determined by

(u �Kβ
, v �Kβ

) = ∪α<β(u �Kα , v �Kα),

for u, v ∈ Rep(G). By construction, forα < β, the inclusionRep(Kα) ⊂ Rep(Kβ) is compati-
ble with the embedding into the Hilbert spaces, henceKα ⊃ Kβ. We see thatKδ = Kδ+1 if and
only if Kδ is connected, and thenKα = Kδ for all α > δ.

Proposition 5.4. Any decreasing sequence of quantum subgroups ofG indexed by the ordinals
stabilizes.

Proof. Let J be a set of the same cardinality, that we may assume infinite, as that of a complete
set(uj) of inequivalent irreducible representations ofG. By Tannaka–Krein duality and Frobe-
nius reciprocity, a quantum subgroupK of G is uniquely determined by the specification of the
subspace ofK–invariant vectors in the Hilbert spaceHj of uj, which we regard as a vector sub-
space ofV := Πj∈JHj. The given sequence therefore corresponds to an increasing sequence of
subspaces ofV , which stabilizes if the cardinality of the corresponding ordinal strictly exceeds
that ofJ . �

Definition 5.3. The smallest ordinalδ such thatKδ = Kδ+1 will be called thetorsion degreeof
G.

Theorem 5.2.Assume that for each ordinalα, the smallest tensor subcategoryTα+1 ⊂ Rep(Kα)
containingRep(Kα)

t is already normal. Then for every ordinal,G◦ ⊂ Kα andKα stabilizes to
G◦. If in additionG has torsion degree1, thenG◦ is normal,Rep(G◦\G) = T1 andG◦\G is
totally disconnected.
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Proof. Since every torsion representation ofG is trivial onG◦ by Proposition 4.6, so is every rep-
resentation ofT1 = Rep(K1\G). On the other hand, an irreducible representation ofRep(K1\G)
is precisely an irreducible representation ofG restricting to a multiple of the trivial representa-
tion onK1. Taking into account Proposition 2.1c forK1, G◦ has more invariant vectors than
K1 in the spaces of irreducible representations ofG, so by (3.2),Rep(K1) ⊂ Rep(G◦), hence
G◦ ⊂ K1.

On the other hand, ifK is an intermediate compact quantum subgroup ofG, G◦ ⊂ K ⊂ G,
thenK◦ = G◦. Hence, applying the first part to an inclusionG◦ ⊂ Kα givesG◦ ⊂ Kα+1. Letα
be a limit ordinal and assume thatG◦ ⊂ Kβ for β < α. Then for every irreducible representation
u of G, the space of vectors inHu invariant underKα coincides with that of vectors invariant
under all the restrictions toKβ. These are also invariant under the restriction toG◦, hence
G◦ ⊂ Kα. We thus see thatG◦ is a subgroup of the limit of the sequence. On the other hand,
this limit group is connected, hence it coincides withG◦.

If G has torsion degree1 thenK1 = G◦. Furthermore,G◦\G has the same torsion subcategory
asG, and the same categoryT1 = Rep(G◦\G), obviously normal inRep(G◦\G), and with nor-
mal torsion degree1. By the first part of the statement applied toG◦\G, the identity component
of G◦\G is normal, and by Remark 5.2,G◦\G is totally disconnected. �

A slight variation of the proof of the previous theorem also shows the following result.

Theorem 5.3.LetG be a compact quantum group such thatG◦ is normal. Then the decreasing
familyKα stabilizes toG◦.

It is an interesting problem that of determining the ordinal numbers that can arise as (normal)
torsion degrees of compact quantum groups.

5.4. Normality of G◦ and profiniteness ofG◦\G.

We next give a characterization, motivated by the theory of Lie groups, of compact quantum
groups with normalG◦ and finiteG◦\G. This amounts to show that the (normal) torsion degree
is ≤ 1 andG◦ is normal. The examples discussed in Subsection 5.2 show that the properties
involved in our characterization are independent. The proof relies on the induction theory for
tensorC∗-categories developed in [37].

Let us first assume thatRep(G)t is a tensor subcategory with direct sums. We may apply the
construction of Section 3.4 and associate a∗-functor

t : Rep(G) → Rep(G)t

taking the representationu to the maximal torsion subrepresentationut. The complementary
subrepresentation will be denoteduf , and referred to as the free part ofu, and one may decom-
poseuv in torsion and free part, as done in Section 3.4. We shall callu torsion or free ifu = ut
or u = uf respectively.

Theorem 5.4.LetG be a compact quantum group. Then the following are equivalent,

a) G◦ is normal inG andG◦\G is finite,
b) Rep(G)t is tensorial, finite and normal.

In this case,G has normal torsion degree≤ 1. Moreover,

c) Rep(G◦\G) = Rep(G)t,
d) Rep(G◦) is determined by

(u �G◦ , v �G◦) = {R∗ ⊗ 1v ◦ 1u ⊗ φ, φ ∈ H(uv)t},

whereu, v are irreducible representations ofG andR ∈ (ι, uu) is non-zero.

Proof. a)⇒ b) follows from Proposition 5.3. b)⇒ a) SinceRep(G)t is a normal tensor sub-
category ofRep(G), it is the representation category ofG1\G. Moreover, properties c) and d)
in the statement hold withG1 in place ofG◦, by Theorem 3.2. By Theorem 5.2,G◦ ⊂ G1.



CONNECTED COMPONENTS OF CMQG AND FINITENESS CONDITIONS 25

We are left to show thatG1 is connected. To this aim, note that by d) applied toG1, for every
irreducible torsion representationu of G, the arrow space(ι, u �G1) has full dimension, hence
u �G1 is a multiple of the trivial representation. We are left to show that every irreducible free
representation ofG after restriction toG1 is still free. We shall apply the theory of induction
(and use notation) of [38] to the tensor categoriesA = Rep(G), M = Rep(G1), the embedding
functorτ = H of Rep(G) and the restriction functorµ : v ∈ Rep(G) → v �G1∈ Rep(G1).

By [38, Theorem 6.2], for each representationu ofG there is a Hilbert bimodule representation
Ind(µu) ofG on a canonical HilbertG-bimoduleHu over the coefficientC∗-algebraC = QG1\G.
By [38, Theorem 6.4], the functorµu → Ind(µu) is faithful, tensorial and full. Hence it suffices
to show that Ind(µu) is a free object ifu is a free irreducible representation ofG. If v is an
irreducible representation ofG, the space of thev-isotypic component of theG–bimoduleHu is
(µv, µu)⊗Hv, withG acting trivially on(µv, µu). Hence no torsionv ∈ Ĝ can be spectral since
otherwise0 6= (µv, µu) = (dim(v)ι, µu) and this would implyµu = dim(u)ι sinceG1 is normal,
which in turn would implydimHu = dim(ι, u �G1) = dimHut and henceu = ut.

Let X be a non-zero torsion HilbertG-submodule ofHu. By [38, Theorem 6.3],Hu is lin-
early isomorphic toHu ⊗ QG1\G andG1\G is finite, henceHu, and therefore alsoX, is a
finite-dimensional vector space. It follows that the setX̂ of inequivalent irreducible spectral rep-
resentations ofG arising from the full tensor∗-subcategory with conjugates and subobjects of the
category of HilbertG-bimodules generated byX is finite. From the formula of tensor products
and conjugates of theHu, according to [38, Sections 7.3 and 7.4], we see thatX̂ must contain all
the irreducible representations ofG lying in the tensor category with conjugates generated by the
spectral representations ofX. Therefore all spectral representations ofX are torsion, but this is
impossible sinceHu has no torsion spectral representation ofG, and the proof is complete. �

Corollary 5.3. LetG be a compact quantum group such thatQG = lim−→QLn, where for each
n ∈ N, Ln is a quotient quantum group with the property thatRep(Ln)

t is tensorial, finite and
normal in Rep(Ln). ThenG◦ is normal andG◦\G is profinite. In particular,G has normal
torsion degree≤ 1. Moreover,

QG◦ = lim−→Q(Ln)◦ ,

QG◦\G = lim−→Q(Ln)◦\Ln .

Proof. By the previous theorem,(Ln)◦ is normal inLn, (Ln)
◦\Ln is finite andRep(Ln)

t =
Rep((Ln)

◦\Ln), for all n. SinceRep(G) = ∪n Rep(Ln) as full tensor subcategories then
Rep(G)t = ∪n Rep(Ln)

t. In particular,Rep(G)t is a tensor subcategory ofRep(G) with direct
sums. Normality ofRep(Ln)

t in Rep(Ln) for all n implies normality ofRep(G)t in Rep(G).
HenceG1 ⊃ G◦ by Theorem 5.2. Moreover,

Rep(G)t = Rep(G1\G) = ∪n Rep((Ln)
◦\Ln). (5.1)

The formula of intertwiners ofRep((Ln)
◦) between restrictions of representationsu, v ∈ Ln to

(Ln)
◦ shows that the intertwiners do not change if we regardu, v as objects ofLn+1 and we re-

strict them to(Ln+1)
◦. Therefore there is a natural inclusion of full subcategoriesRep((Ln)

◦) ⊂
Rep((Ln+1)

◦). SinceRep(G1) is determined byRep(G)t through a similar formula,(5.1) im-
plies

Rep(G1) = ∪n Rep((Ln)
◦).

In particular,Rep(G1) is torsion free, henceG1 is connected implying in turnG1 = G◦.
�

We do not know whether normality ofG◦ implies normality of the identity component of
G◦\G in general. A positive answer would imply thatG◦\G is totally disconnected, by Remark
5.2.
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6. NOETHERIANITY AND FINITENESS OF REPRESENTATION RINGS

The aim of this section is to formulate properties of a geometric nature on compact quantum
groups that ensure an analogue of the classical property that quotients of Lie groups by closed
normal subgroups are Lie groups. More precisely, we aim to restrict the class of compact matrix
quantum groups to a subclass which is closed under the passage to quotient quantum groups.

In what follows,R = R(G) will be the Grothendieck ring of (finite-dimensional) representa-
tions of a compact quantum groupG. We start observing that quotient quantum groups ofG are
in one-to-one correspondence with certain subrings ofR, and we next turn our attention to them.

Definition 6.1. A unital subringA ⊂ R is asub-representation ring, denotedA < R(G), if it is
closed under taking duals and subobjects; in other words,A < R if and only if its elements are
precisely theZ-linear combinations of the irreducible elements ofR contained inA.

Remark 6.1. Let Irr(R) denote the set of all irreducible elements of the representation ring
R. If A < R, thenIrr(A) ⊂ Irr(R). Sub-representation rings ofR are in one-to-one corre-
spondence with full tensor subcategories (with conjugates, subobjects and direct sums) of the
categoryRep(G), and are uniquely determined by their set of irreducible objects.

If X ⊂ Irr(R), we denote by〈X〉 the intersection of all sub-representation rings ofR con-
tainingX; this is again a sub-representation ring ofR.

Definition 6.2. LetG be a compact quantum group,R its Grothendieck ring of representations.
Then:

• R is finitely generatedif it is finitely generated as aZ-algebra.
• R is Noetherianif it is a Noetherian ring.
• R is of Lie typeif all increasing sequences

A1 < A2 < · · · < An . . .

of sub-representation rings stabilize.
• R has a generating representationif there exists a finite subsetX ⊂ Irr(R) such that
X ⊂ A < R impliesA = R.

We will say thatG is of Lie type wheneverR is of Lie type. Clearly,G is a compact matrix
quantum group if and only ifR has a generating representation.

Remark 6.2.
• The ringR is endowed with an antiautomorphism which associates with every represen-

tationv its conjugate representationv. In particular,R is isomorphic to its opposite ring
Rop. As a consequence,R is left Noetherian if and only if it is right Noetherian.

• If R is of Lie type andA < R, thenA is also trivially of Lie type.
• The Grothendieck ringR(G) of a compact quantum groupG certainly contains strictly

more information than its ring structure. Indeed, representation rings of the classical
Lie groupsSU(2) andSO(3) are both ring-isomorphic to the ringZ[u]; however, they
are not isomorphic as representation rings, as the former contains a non-trivial sub-
representation ring, whereas the latter does not.

Proposition 6.1. Let A < R. Then the injectionA ↪→ R splits as a homomorphism ofA-
bimodules.

Proof. Let U ⊂ R be theZ-submodule generated byIrr(R) \ Irr(A). ThenR decomposes into
A⊕ U as aZ-module, andU is anA-bisubmodule ofB by Lemma 3.1. �

Theorem 6.1.LetA < R. If R is Noetherian, thenA is also Noetherian.

Proof. Let I ⊂ A be a left ideal. ThenRI is a left ideal ofR. If R = A ⊕ U is a direct sum
decomposition of (left)A-modules, thenRI = AI ⊕ UI. Now, AI = I ⊂ A asI is a left
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A-module and1 ∈ A; moreoverUI ⊂ U as, by Proposition 6.1,U is a rightA-submodule. This
implies thatRI ∩ A = I, hence ifI ( I ′ are left ideals ofA, thenRI ( RI ′.

SayA is not left Noetherian. Then there exists an infinite ascending sequence of proper
inclusions

I1 ⊂ I2 ⊂ · · · ⊂ In ⊂ . . .

among left ideals ofA. This yields an infinite ascending sequence of proper inclusions

RI1 ⊂ RI2 ⊂ · · · ⊂ RIn ⊂ . . .

of left ideals ofR. Noetherianity ofR leads now to a contradiction. �

Remark 6.3. Notice that both summands in the above decompositionRI = I ⊕ UI are left
A-submodules, as, by Proposition 6.1,A(UI) = (AU)I ⊂ UI. We will not need this fact.

The mapdim : R → Z is a homomorphism of rings, henceXA = ker dim |A is a two-sided
ideal ofA. ThenIA = RXA is a left ideal ofR.

Lemma 6.1. One hasIrr(A) = {u ∈ Irr(R) |u − dimu ∈ IA}. In particular, the assignment
A 7→ IA is injective.

Proof. We know thatR decomposes into the direct sum ofA-submodulesA⊕U , and correspond-
ingly IA = XA⊕UXA. Letu ∈ Irr(R) satisfyu−dimu ∈ IA, and assumeu ∈ Irr(R)\ Irr(A).
Thenu ∈ U , hence(− dimu) + u is the unique expression ofu − dimu as sum of an element
from A and an element fromU . As u − dimu ∈ IA, then− dimu belongs toIA ∩ A = XA,
which forcesdimu = 0, a contradiction. �

Theorem 6.2. If R is Noetherian thenR is of Lie type.

Proof. Let
A1 < A2 < · · · < An < . . .

be an infinite ascending sequence of proper inclusions of sub-representation rings ofR. Then

IA1 ⊂ IA2 ⊂ · · · ⊂ IAn ⊂ . . .

is an infinite ascending sequence of proper inclusions of right ideals ofR. However,R is right
Noetherian, and we get a contradiction. �

Theorem 6.3. If R is of Lie type thenR has a generating representation. Equivalently, every
compact quantum group of Lie type is a compact matrix quantum group.

Proof. Set Y0 = ∅, and define inductivelyAi = 〈Yi〉, Yi+1 = Yi ∪ {ui+1}, whereui+1 ∈
Irr(R) \ Irr(Ai). Then

A0 < A1 < A2 < · · · < An < . . .

does not stabilize, hence there must existN such thatIrr(R) \ Irr(AN) = ∅. This forcesR =
〈u1, . . . , uN〉. �

Remark 6.4. Assume we have a ring homomorphismd : R → Q which takes non-zero values
on irreducible representations. ThenXd

A = ker d|A is a two-sided ideal ofA, andIdA = RXd
A is

a left ideal ofR. The proof of Lemma 6.1 may be adapted to prove that the assignmentA 7→ IdA
is injective. Indeed,

Irr(A) = {u ∈ Irr(R) | su− r ∈ IA for some non-zeror, s ∈ Z satisfyingd(u) = r/s}.
A similar argument applies whenK is a number field,OK its ring of algebraic integers,RK =
OK ⊗Z R, AK = OK ⊗Z A, and we are given a ring homomorphismd : R → K which is
non-zero on irreducible representations.

This may be applied towards hypergroups possessing a dimension function taking values in
a number fieldK and not necessarily associated to compact quantum groups. Indeed, if the
fusion ring is Noetherian, then it stays Noetherian after we tensor it by the finitely generatedZ-
algebraOK . Then adapting Lemma 6.1 and Theorem 6.2 shows that the hypergroup satisfies the
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ascending chain condition on sub-hypergroups, and contains a generating representation. This
should be compared with the well known result by Etingof, Nikshych and Ostrik who proved
that any complex-valued homomorphism of the Grothendieck ring of a fusion category (with
finitely many inequivalent irreducible representations) takes values inQ(ζ), with ζ some root of
unity. In particular, the Jones index of a subfactor with finite depth is a cyclotomic integer [17,
Theorem 8.51].

Declare a property (*) to behereditarywhenever

R has property (*), A < R =⇒ A has property (*).

Then being of Lie type is trivially a hereditary property, and Theorem 6.1 shows that Noetheri-
anity is also hereditary. In the commutative case, being finitely generated implies Noetherianity,
and a result of Hashimoto shows that being finitely generated is also a hereditary property [24],
cf. Subsection 6.1.

Hereditary properties of Grothendieck rings of representations of a compact quantum group
G are inherited by all quotients ofG. Therefore all quotients of a compact quantum group of Lie
type are still of Lie type, and the same holds for the property of having a Noetherian representa-
tion ring, whereas this certainly fails for the property of being a compact matrix quantum group,
already in the cocommutative case: indeed, not every subgroup of a finitely generated group is
finitely generated.

Remark 6.5. In the classical case, ifG is a compact topological group, andR is its representation
ring, thenG is a Lie group if and only ifR is Noetherian. Indeed, if it is not a Lie group, then
it has an infinite strictly increasing sequence of quotients, which is equivalent toR having an
infinite strictly increasing sequence of sub-representation rings. Vice-versa, ifG is a compact
connected Lie group, then we may find a finite cover ofG isomorphic to a direct productK×T ,
whereK is a simply connected compact Lie group, andT is a torus. Then it is easy to show that
the representation ring ofK × T equalsR = Z[u1, . . . , ur, χ

±1
1 , . . . , χ±1

d ], wherer is the rank
of K, u1, . . . , ur are the fundamental representations ofK, andd is the dimension ofT . AsR
is Noetherian, then all of its sub-representation rings, including that ofG, are too. In the case
whereG is a general compact Lie group, Segal showed thatR(G) is a finitely generated ring. In
particular, being commutative, it is still Noetherian [45]. We conclude that Noetherianity, being
of Lie type, possessing a generating representation and being finitely generated, are equivalent
requirements in the classical setting.

A compact quantum group with representation ring isomorphic to that of a compact Lie group
is of Lie type. In particular, deformations of the classical groups as well asAo(F ) are of Lie
type.

Example 6.1. If G is a cocommutative quantum group associated to the discrete groupΓ,R(G)
reduces to the group ringZΓ. Correspondingly, the Lie property becomes the requirement thatΓ
is a Noetherian group, i.e. that it satisfies the ascending chain condition on subgroups. Equiva-
lently, every subgroup is finitely generated. The previous results generalize properties known for
group rings (see, e.g., [44]) to representation rings of compact quantum groups. The examples
known in the literature recalled in the Introduction distinguish the various properties.

In analogy with the fact that the free groups are not Noetherian, we show the following fact.

Theorem 6.4.The quantum groupsAu(F ) are not of Lie type.

Proof. For a positive integerd, letAd be the sub-representation ring ofR(Au(F )) generated by
ι and{urur, r = 1, . . . , d}. This is clearly an increasing sequence of sub-representation rings.
We show thatAd is strictly increasing.

Banica [3] showed that the irreducible representations ofAu(F )) are labeled by the elements
of the free unital semigroupN ∗ N with the following fusion rules. The semigroup product and
the representation tensor product will be denoted byxy andx ⊗ y respectively. Letu andu be
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the generators ofN ∗ N. One has:xu ⊗ uy = xuuy + x ⊗ y, xu ⊗ uy = xu2y, and similar
relations with the roles ofu andu exchanged. It follows that forp, q, r ≥ 1, the irreducible
subrepresentations ofupuq ⊗ urur are of the following form.a1) For r ≥ q, upuq−jur−jur for
j = 0, . . . q − 1 and, in addition,a1,1) for r > q, up+r−qur; a1,2,1) r = q, p > r, up−jur−j,
j = 0, . . . , r−1, up−r a1,2,2) for r = q, p ≤ r, up−jur−j, j = 0, . . . , p−1 and in additiona1,2,2,1)
for r = q, p < r, ur−p; a1,2,2,2) r = q, p = r, uu; a2) r < q, upuq−jur−jur, j = 0, . . . , r − 1,
upuq.

For a word of the formup1uq1 . . . upkuqk , with pi, qi ≥ 1, we refer tok as its length. An in-
ductive argument onn shows that the irreducible subrepresentations of a tensor productur1ur1⊗
· · · ⊗ urnurn, 1 ≤ rj ≤ d, if not trivial, are wordsup1uq1 . . . upkuqk of length 1 ≤ k ≤ n
satisfying

∑
j pj =

∑
j qj. In particular, casea1,2,2,1) does not arise fork = 1. It follows

that {urur, 1 ≤ r ≤ d} are all the words of length1 obtained in this way. In particular,
ud+1ud+1 ∈ Ad+1 − Ad. �

Remark 6.6. Both in the commutative and in the cocommutative case, the property of being
of Lie type is preserved by passing to quantum subgroups. This fact does not hold for general
compact quantum groups, even if the representation ring of the larger group is isomorphic to that
of a compact Lie group (hence commutative and finitely generated). For example, the quantum
groupG = Ao(n) of Wang admits, as a subgroup, the cocommutative quantum group associated
to the free productZ/(2) ∗ · · · ∗ Z/(2) of n copies of the cyclic group of order2, see [46]. This
group is not Noetherian forn ≥ 3 since it contains the free groupF2.

6.1. Conclusions.

Theorem 5.4 leaves us with the problem of deciding under what conditions the torsion subcat-
egoryRep(G)t associated to a compact quantum groupG is tensorial, finite and normal. A
relevant part of the problem is that of finding general conditions onG ensuring tensoriality and
finiteness ofRep(G)t. As observed in the Introduction, the cocommutative examples lead to
consider the case whereRep(G)t is commutative as a first class of examples.

Corollary 6.1. Let G be a compact quantum group of Lie type. Then any quotient quantum
group is a compact matrix quantum group. In particular, if torsion representations commute (up
to equivalence) thenRep(G)t is tensorial and finite.

Proof. The first statement follows from Theorem 6.3 and the fact that the Lie property is hered-
itary. If Rep(G)t is commutative then it is tensorial, or, more precisely, it corresponds to a quo-
tient quantum group, by Propositions 3.3 and 5.2. Hence it admits a generating representation
by the previous part, and therefore it must be finite by commutativity.

�

We note that if the Lie property is not assumed, finiteness of the torsion part fails even assum-
ing that torsion representations are central. Indeed, Remeslennikov has constructed examples of
finitely generated discrete groupsΓ such that the centerZ(Γ) contains an infinite torsion group
with finite exponent [41, 42]. Even stronger results have been obtained by Ould Houcine who
proved, among other things, that every countable abelian group is a subgroup of the centre of
some finitely presented group [35].

We next combine the main results of the last two sections.

Theorem 6.5. Let G be a compact quantum group of Lie type with commutative and normal
torsion subcategoryRep(G)t. ThenG has normal torsion degree≤ 1, G◦ is a normal quantum
subgroup andG◦\G is finite. Furthermore,Rep(G◦\G) identifies withRep(G)t.

In practice, an important class of compact quantum groupsG of Lie type with commuta-
tive torsion subcategory, is that for whichR(G) is commutative and finitely generated (as a
ring). A stronger commutativity requirement involving torsion representations, or other suffi-
cient conditions that are quite easy to verify in specific examples, ensure normality ofRep(G)t,
by Proposition 3.5.
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We conclude this section with a couple of related results for more general rings. We first notice
a relation between hypergroup finite generation and ring finite generation for the Grothendieck
ring associated to a general tensorC∗-category. We omit the easy proof.

Proposition 6.2. LetT be a tensorC∗-category with conjugates, subobjects and direct sums. If
the Grothendieck ringR(T) is finitely generated as a ring, then the hypergroupT̂ of equivalence
classes of irreducible objects ofT is finitely generated as well. In other words,T has a generating
object.

We next recall that Hashimoto proved the following result on finite generation of certain sub-
rings of commutative rings with methods of algebraic geometry.

Theorem 6.6([24]). LetZ be a Noetherian commutative ring and letA ⊂ R be an inclusion
of commutativeZ–algebras such thatR is finitely generated overZ andA is a pure. ThenA is
finitely generated overZ.

A subringA of a commutative ringR is called a direct summand if there is anA–linear map
E : R → A such thatE(a) = a, a ∈ A. A direct summand subring is pure, i.e. for any
A–moduleM , the mapm ∈M → m⊗ I ∈M ⊗A R is injective.

This result follows the work of Fogarty [18], which, in turn, has its roots in the classical
problem of finite generation of rings of invariants under a group action. Notably, unlike classical
invariant theory, these results on finite generation do not reduce to the graded case.

7. AN EXAMPLE: ̂Uq(su1,1) FOR NEGATIVE VALUES OFq

Our aim in this section is to show that the compact real forms ofUq(sl2), for q ∈ R, q 6= 0,
q 6= ±1, are not connected and that the identity component and the quantum component group
can be computed with the methods developed in this paper. While the caseq > 0 is widely
known, we shall mostly focus on the caseq < 0.

Recall [13, 14, 27] that the Drinfeld-Jimbo quantum groupUq(sl2), is the Hopf algebra gener-
ated by elementsE, F ,K and relations

KK−1 = K−1K = 1, KEK−1 = qE, KFK−1 = q−1F,

[E,F ] =
K2 −K−2

q − q−1

with comultiplication∆, antipodeS and counitε given by

∆(K) = K ⊗K, ∆(E) = E ⊗K−1 +K ⊗ E, ∆(F ) = F ⊗K−1 +K ⊗ F,

S(K) = K−1, S(E) = −q−1E, S(F ) = −qF, ε(K) = 1, ε(E) = ε(F ) = 0.

Representation theory ofUq(sl2) is well known. There are4 inequivalent irreducible repre-
sentations for each dimension,π(w,n) := ιw ⊗ πn, whereιw are1-dimensional representations,

ιw : E → 0, F → 0; K → w,

with w ∈ {±1,±i}, and

πn(E)vr = [n− r + 1]vr−1, πn(F )vr = [r + 1]vr+1,

πn(K)vr = tn−2rvr,

on a linear basisv0, . . . , vn where nowt is a fixed square root ofq and[k] := qk−q−k

q−q−1 = q2k−1
qk−1(q2−1)

.
Tensor product of representations is naturally defined by means of the comultiplication. It is well
known that the tensor products of theπn’s commute up to canonical invertible intertwiners, the
braiding operators, and thatπn⊗ πm decomposes according to the Clebsch-Gordan fusion rules.
Hence{ιw} is the set of irreducible torsion representations, and they form a finite tensor category
corresponding toZ/(4). The following simple observation will play a role later.
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Remark 7.1. A direct computation shows that the permutation operators establish equivalence
betweenι±1 ⊗ πw,n andπw,n ⊗ ι±1.

Moreover,πw,n = ιw ⊗ πn is equivalent toπn ⊗ ιw also forw = ±i (although not through the
permutation operator), therefore all the representations commute up to equivalence.

Recall thatUq(su2) andUq(su1,1) are the Hopf∗-algebras derived fromUq(sl2) with the fol-
lowing involutions, respectively [10, 29],

E∗ = F, K∗ = K, Uq(su2),

E∗ = −F, K∗ = K, Uq(su1,1).

One can derive compact quantum groups in two different ways.

CaseUq(su2), q > 0

It is well known that in this caseUq(su2) has plenty non-trivial finite-dimensional∗-representations
on Hilbert spaces, whileUq(su1,1) has none. We need the following results on representation the-
ory of Uq(su2). For more details, see [43]. The category of finite-dimensional∗-representations
of Uq(su2) on f.d. Hilbert spaces is an embedded tensorC∗-category with conjugates. Hence it

corresponds to a compact quantum group,G = Ûq(su2). Among the1-dimensional represen-
tations, onlyι±1 are∗-representations. In particular,ι−1 generatesRep(G)t, which is a tensor
category isomorphic to the category corresponding toZ/(2). The following is a complete set of
irreducible∗-representations with positive weights, on an orthonormal basis(ψ0, . . . , ψn),

un(E)ψr =
√

[n− r + 1][r]ψr−1, un(F )ψr =
√

[r + 1][n− r]ψr+1,

un(K)ψr = (
√
q)n−2rψr.

G admits two irreducible representations for each dimension,ι±1 ⊗ un. Theun’s generate a
torsion–free full tensorC∗-subcategory. These yield, via Tannaka–Krein duality, the compact
quantum groupSUq(2) of Woronowicz. The process of restricting attention to the representations
with positive weights can thus be interpreted as the passage to the identity component. Indeed,
every irreducible ofRep(G) is determined by a pair constituted by an irreducible ofRep(SUq(2))
and one ofZ/(2), hence we may reconstruct the original quantum group as the product of the
identity component and the component group,

Ûq(su2) = SUq(2)× Z/(2).

From this perspective, the next example is more interesting.

CaseUq(su1,1), q < 0

As in the previous example,ι±1 are still the1–dimensional∗-representations. The following fact
may be known. We include a proof as we do not have a reference.

Proposition 7.1. For q < 0, Uq(su2) has no finite-dimensional∗-representation on a Hilbert
space.Uq(su1,1) admits two inequivalent irreducible Hilbert space∗-representations for each
dimension≥ 0. They are given as follows on an orthonormal basis(ψ0, . . . , ψn).
For n odd,

u±n(E)ψr = ±i
√

[n− r + 1][r]ψr−1, u±n(F )ψr = ±i
√

[r + 1][n− r]ψr+1,

u±n(K)ψr = ∓(−1)
n−1

2
−r(

√
|q|)n−2rψr.

For n even,

u±n(E)ψr = ±(−1)r
√
−[n− r + 1][r]ψr−1, u±n(F )ψr = ±(−1)r

√
−[r + 1][n− r]ψr+1,

u±n(K)ψr = ±(−1)
n
2
−r(

√
|q|)n−2rψr.
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Proof. We may assumen > 0. Note that the sign of[k] depends on the parity ofk and thatt is
pure imaginary. Moreover, forr < n,

π(w,n)(EF )vr = w2 (q2(r+1) − 1)(q2(n−r) − 1)

qn−1(q2 − 1)2
vr.

Let us equip the spaceVw,n of πw,n with an arbitrary Hilbert space structure. By polar decom-
position of invertible operators on Hilbert spaces,π(w,n) is equivalent to a∗-representation of
eitherUq(su2) or Uq(su1,1) if and only if there is a positive invertible operatorT on Vw,n such
thatX → Tπw,n(X)T−1 is a ∗-representation of the corresponding∗-algebra. Let us assume
that this is the case. SinceK is self-adjoint in both algebras, so isTπw,n(K)T−1, therefore
πw,n(K) has real eigenvalues. On the other hand, ifn is odd,tn−2r is pure imaginary. Therefore
w = ±i. By the above formula,πw,n(EF ) has negative eigenvalues, henceTπw,n(EF )T−1 is
a negative operator. This is in agreement withEF = −EE∗ in Uq(su1,1) but in contrast with
Uq(su2) where insteadEF = EE∗. If n is even,tn−2r is now real, hencew = ±1, soπw,n(EF )
has negative eigenvalues, again in agreement withUq(su1,1) and in contrast withUq(su2). In
particular,Uq(su2) has no finite-dimensional∗-representations.

We now show that bothπ(±i,odd) andπ(±1,even) are indeed equivalent to∗-representations of
Uq(su1,1) on a Hilbert space. We introduce an inner product in the representation space making
{vr} into an orthonormal basis,{ψr}. SinceE∗ = −F and the image ofK is diagonal, it
suffices to find an invertible diagonal matrixT = diag(t1, . . . , tn+1) with complex entries such
that(Tπ(E)T−1)∗ = −Tπ(F )T−1, whereπ is eitherπ(±i,odd) or π(±1,even). We are thus reduced
to solveπ(E)∗T ∗T = −T ∗Tπ(F ). Explicitly, we needw[n− r+ 1]|tr|2 = −w[r]|tr+1|2, where
w takes the allowed values according to the parity ofn. Specifically, forn odd,w = −w and
[n− r + 1] and[r] have the same sign, hence we may solve inductively and find positive entries
t1 = 1, t2 =

√
[n][1]−1, t3 =

√
[n][n− 1]([1][2])−1, . . . , giving the desired∗-representation

u±n. If n is even,w = w and[n − r + 1] and[r] have now opposite sign, and we may still find
positive entriest1 = 1, t2 =

√
−[n][1]−1, t3 =

√
(−[n])(−[n− 1])([1][2])−1, . . . , giving again

the stated∗-representationu±n. �

Remark 7.2. The main difference with the example of the previous subsection is that forn
odd,u±n is (not unitarily) equivalent toι±i ⊗ πn. However, neitherι±i nor πn are equivalent
to ∗-representations. This phenomenon does not occur in the even case, asu±n is equivalent to
ι±1 ⊗ πn.

Fusion rules of irreducible representations ofUq(su1,1).

We write down the fusion rules of irreducible∗-representations on Hilbert spaces. They may be
easily derived from the Clebsch–Gordan rules for the representationsπn of Uq(sl2) and the fact
that as representations, for a suitablew, u±n ' ιw ⊗ πn ' πn ⊗ ιw.

In the following, the sums involve terms with either even or odd indices and we assumem,
n ≥ 0. We omit relations that can be obtained commuting the factors.

Form, n odd,
unum ' u−|n−m| + · · ·+ u−(n+m) ' u−nu−m,

unu−m ' u|n−m| + · · ·+ un+m ' u−num,

m, n even,
unum ' u|n−m| + · · ·+ un+m ' u−nu−m,

unu−m ' u−|n−m| + · · ·+ u−(n+m) ' u−num,

n odd,m even,
unum ' u|n−m| + · · ·+ un+m ' u−nu−m,

u−num ' u−|n−m| + · · ·+ u−(n+m) ' unu−m.
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The fourth and last line in particular imply

ι−1un ' u−n ' unι−1.

The associated compact quantum group̂Uq(su1,1).

Finite direct sums of irreducible Hilbert space∗-representations ofUq(su1,1) form an em-
bedded tensorC∗-category with subobjects and direct sums. We claim that this category has
conjugates. It suffices to show that every irreducible has a conjugate.

If u is a conjugate ofu, thenι < uu. The fusion rules show that forn odd,ι < u−nun and for
n evenι < u2

n, both inclusions have multiplicity1. We need to show that indeedu−n or un is a
conjugate ofun if n is odd or even respectively. We start with the casen = ±1, the other cases
will easily follow from Theorem 7.1.

Proposition 7.2. Setu := u1 andu := u−1. Up to scalars, with respect to the orthonormal basis
{ψ0, ψ1} of the Hilbert space ofu andu, the arrowsR ∈ (ι, uu) andR ∈ (ι, uu) are given by

R = ψ0 ⊗ ψ1 − |q|ψ1 ⊗ ψ0 = R.

In particular,u is a conjugate ofu.

Proof. The proof proceeds by straightforward computations. We writeR(1) :=
∑1

0 ai,jψi ⊗
ψj, and the intertwining relationsRι(X) = u ⊗ u(∆(X))R. ForX = E, the left hand side
annihilates, and the relation givesa1,1 = 0, a1,0 = −a0,1|q|. ForX = F , one obtains in addition
a0,0 = 0. The relation forX = K now follows automatically. To determineR we may use
u−1(X) = −u(X) for X = E, F ,K. �

Remark 7.3. Although the formula forR andR reminds of the canonical generator of the rep-
resentation category ofSU|q|(2), hereu is not self-conjugate, asu2 6> ι.

Theorem 7.1. The category of finite direct sums of irreducible∗-representations ofUq(su1,1)
on Hilbert spaces is generated, as a tensorC∗-category with subobjects and direct sums, by
the objectsι−1, u = u1 and a pair of arrowsR ∈ (ι, uu), R ∈ (ι, uu) solving the conjugate
equations, whereu := ι−1u. In particular, this category has conjugates.

Proof. LetT denote the smallest tensor∗-subcategory with subobjects and direct sums containing
objectsu, ι−1 and arrowsR, R. Sinceu andι−1 have conjugates inT, so doesT. The space
of arrows inT between two objects will be denoted(u, v)T. We need to show thatT contains a
complete set of irreducible representations. Sinceu−n ' ι−1un, it suffices to show thatun ∈ T

for n ≥ 2. Sinceuu = ι+u2 in Rep(G), and0 6= R ∈ (ι, uu)T, u2 is the subobject ofuu defined
by the projection orthogonal to the range ofR. Henceu2 ∈ T and the decomposition holds in
T. This implies(u2, uu)T 6= 0. On the other hand, the conjugate equations ofu induce a linear
isomorphism, Frobenius reciprocity,T ∈ (u2, uu)T → R

∗ ⊗ 1u ◦ 1u ⊗ T ∈ (uu2, u)T. Hence
(uu2, u)T 6= 0 as well. Butuu2 = u + u3, hence, as before,u3 ∈ T. Iteratively, we obtain: Ifn
is odd andun ∈ T, sinceuun−1 = un−2 + un in T, then0 6= (un, uun−1)T ' (uun, un−1)T. But
uun = un−1 + un+1 in Rep(G), henceun+1, as well as the decomposition, are inT. If n is even
andun ∈ T, uun−1 = un−2 + un, which similarly implies0 6= (un, uun−1)T ' (uun, un−1)T.
Now uun = un−1 + un+1 henceun+1 ∈ T. �

We can now apply Tannaka–Krein–Woronowicz duality.

Corollary 7.1. There is a compact quantum group,̂Uq(su1,1), with this representation category.

Remark 7.4. The proof of Theorem 7.1 shows that every irreducibleu±n admits a polynomial

expression inu andι−1 in the commutative ringR( ̂Uq(su1,1). In particular,R( ̂Uq(su1,1) is Noe-
therian.
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The identity component and the component group of̂Uq(su1,1).

We next identify the identity component and the quantum component group. We shall need
the well known variant ofUq(sl2), that we shall denote byUq(sl2)e. This is the Hopf algebra
generated byE, F ,K and relations

KK−1 = K−1K = 1, KEK−1 = q2E, KFK−1 = q−2F,

[E,F ] =
K −K−1

q − q−1

with comultiplication∆, antipodeS and counitε given by

∆(K) = K ⊗K, ∆(E) = E ⊗ I +K ⊗ E, ∆(F ) = F ⊗K−1 + I ⊗ F,

S(K) = K−1, S(E) = −K−1E, S(F ) = −FK, ε(K) = 1, ε(E) = ε(F ) = 0.

This Hopf algebra has two∗-involutions making it into a Hopf∗-algebra,

E∗ = FK, F ∗ = K−1E, K∗ = K, Uq(su2)
e,

E∗ = −FK, F ∗ = −K−1E K∗ = K, Uq(su1,1)
e.

There is a canonical isomorphism of Hopf∗-algebras

U−q(su1,1)
e→ Uq(su1,1)

e,

E → E, F → −F, K → K.

Remark 7.5. For q < 0, Uq(su1,1) andU−q(su2) are not isomorphic as Hopf∗-algebras, as ifn
is odd,u2

n 6> ι hence, unlike the irreducible representations ofU−q(su2), it is not self-conjugate.

Theorem 7.2.SetG = ̂Uq(su1,1), q < 0. ThenG◦ is a normal quantum subgroup isomorphic to
SU|q|(2) andG◦\G ' Z/(2).

Proof. Rep(G)t is tensorial and generated byι−1. Moreover, by Remark 7.1 and Prop. 3.5 b)
it is normal. Hence by Theorem 5.4,G◦ is a normal quantum subgroup andG◦\G ' Z/(2).
To complete the proof, we need to show thatG◦ = SU|q|(2), or, in other words, thatG admits
SU|q|(2) as a quantum subgroup and that every connected quantum subgroup ofG is a subgroup
of SU|q|(2). It is well known thatUq(su1,1) naturally containsUq(su1,1)

eas the Hopf∗-subalgebra
generated byE ′ = KE, F ′ = FK−1 andK ′ = K2. We can thus consider the tensor∗-
category with subobjects and direct sums generated by the restrictions of the Hilbert space∗-
representations ofUq(su1,1) to Uq(su1,1)

e. We obtain all the Hilbert space∗-representations of
Uq(su1,1)

ewith positive weights onK ′. This is an embedded tensorC∗-category with conjugates,
hence it corresponds to a compact quantum groupG′. The restriction functor givesG′ as a
quantum subgroup ofG. On the other hand,Uq(su1,1)

e is canonically isomorphic toU|q|(su2)
e.

By [43], G′ is naturally isomorphic toSU|q|(2). If C is a connected quantum subgroup ofG
thenι−1 restricts to the trivial representation ofC. This holds in particular forC = SU|q|(2).
Taking into account the explicit form of the generators ofRep(G) given in Prop. 7.2, we see that
the restriction functorRep(G) → Rep(SU|q|(2)) takesR andR to the canonical generator of
Rep(SU|q|(2)), and this holds also ifSU|q|(2) is replaced byC. HenceC is a quantum subgroup
of SU|q|(2). �

Remark 7.6. The identification ofG◦ in the proof emphasizes the role of the inclusion

U|q|(su2)
e⊂ Uq(su1,1).

Alternatively, we may apply part d) of Theorem 5.4, together with Prop. 7.2 and an explicit
computation of the torsion vectors of tensor powers ofu.
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Remark 7.7. SinceRep( ̂Uq(su1,1)) is generated byu andu, which are irreducible and free,

unlike the example of the previous subsection,̂Uq(su1,1) is not the product of the identity com-
ponent and the component group.
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