Groupe de travail Viscosity Solutions

le 16-11-1998 M. Kobylanski Wentzell-Freidlin estimates of non-smooth reflected diffusion processes a PDE method.

(Magdalena KOBYLANSKI and Elisabeth ROUY) • O be a smooth (W^{3,∞}) open bounded subset of IR^d, d the distance to the boundary, n = −Dd the outword normal.

• γ be Lipschitz continuous and s.t. there exists c_0 > 0 such that for all x ∈ ∂O, n(x) · γ(x) ≥ c_0 > 0, • b : IR^+ × IR^d → IR^d and σ : IR^+ × IR^d → IR^{d×m} be Lipschitz continuous with respect to x ∈ IR^d and continuous with respect to t ∈ IR^+.

• W = (W_t) an R^m-valued Wiener process defined on (Ω, F, P) and F_t the associated standard filtration.

We consider the solution (X^{t,x,ε}, k^{t,x,ε}) (X continuous and k BV) of the reflected stochastic differential equation in O

dX^ε_s = b_ε(s, X^ε_s )ds + εσ_ε(s, X^ε_s )dW_s − dk^ε_s , dk^ε_s = 1_{∂O}(X^ε_τ )γ(X^ε_τ )d|k^ε|_s, X^ε_t = x. (1) (We refer to [7] for the existence and to [3] for the uniqueness of such processes.) As ε goes to 0 it converges in probability to the solution (X^{t,x}, k^{t,x}) of the deterministic reflected differential equation dX_s = b(s, X_s)ds − dk_s, dk_s = 1_{∂O}(X_τ )γ(X_τ )d|k|_s, X_t = x, (2) Wentzell-Freidlin estimates give some precision on the rate of this convergence. Indeed, for all Borel subset G of C([0, T ] × O) one has

Λ_{t,x}(G) ≤ lim inf_{ε→0} { −ε^2 ln P[X^{t,x,ε} ∈ G_t] } ≤ lim sup ε→0 { −ε^2 ln P[X^{t,x,ε} ∈ G_t] } ≤ Λ_{t,x}(^oG), (3)

where, Λ_{t,x}(G) = inf_{g∈G} λ_{t,x}(g) and for g ∈ C([t, T ]; O), λ_{t,x}(g) is defined by

λ_{t,x}(g) = inf{ 1 2 ∫_T t |α(s)|^2ds; α ∈ L^2(0, T ) s.t. Y^{t,x,α} = g on [t, T ]}. (4)

and (Y^{t,x,α}, ζ^{t,x,α}) is the solution of the following deterministic reflected dynamic in O dY_s = (b(s, Y_s) − σ(s, Y_s)α(s))ds − dζ^{t,x}_s , dζ_s = 1_{∂O}(Y_s)γ(Y_s)d|ζ|_s, Y_t = x. (5) (thus we generalize the results of Doss Priouret [5] who use probabilistic methods.) A PDE method (starting from Fleming [6], [1] ,[2]) consists in

1. estimate “small probabilities” by the solution u^ε of some partial differential equation, 2. make the logarithmic change v^ε = −ε^2 ln(u^ε), and consider the PDE_ε satisfied by v_ε, 3. let ε to 0 and have v^ε → v the solution of PDE, 4. interpret v in terms of control in order to obtain the action fonctional Λ_{t,x}.

In order to prove (3) we proceed in three steps. (We note B = B(f, r) a ball in C([0, T ] × O))

(I) lim inf_{ε→0} [−ε^2 ln P[X^{t,x,ε} ∈ B]] ≤ Λ_{t,x}(B)

(II) lim sup_{ε→0} [−ε^2 ln P[X^{t,x,ε} ∈ N⋂ i=1 B^c_i ]] ≤ Λ_{t,x}( N⋂ i=1 B^c_i )

(III) it is enough.

Proof of (I)

1. We set T = {(t, x)s.t.|f(t) − x| < r} and we remark that u^ε(t, x) = P{X^{t,x,ε}_s ∈ B} = inf_{θ∈ΘT} IE1_T (θ, X^{t,x,ε}_θ ). In view of the exponential change of variable we approximate 1_T +e^{−A/ε2} from upon in the following way : Let χ_{δ,A} be an approximation of A1_T c from above then ϕ^ε_{δ,A} = e^{(−χδ,A/ε2)} converges to 1_T + e^{−A/ε2} from upon as ε, δ → 0.

We set u^ε_{δ,A} = inf_{θ∈ΘT} IEϕ^ε_{δ,A}(θ, X^{t,x,ε}_θ ). This function is the solution of the following obstacle problem

max(− ∂u ∂t − ε^2 2 Tr[σ_εσ^T_ε D^2u] − b_ε · Du, u − ψ^{δ,A}_ε ) = 0, ∂u ∂γ = 0, u(T ) = ψ^{δ,A}_ε (T ). 2. we set v^ε_{δ,A} = −ε^2 ln u^ε_{δ,A}. It is the solution of

min(− ∂v ∂t − ε^2 2 Tr[σ_εσ^T_ε D^2u] + 1 2 |σ^εDv|^2 − b_ε · Dv, v − χ^{δ,A}) = 0, ∂v ∂γ = 0, v(T ) = χ^{δ,A}(T ). 3. we proove (Theorem 1) that there is a strong comparison result for viscosity solutions of equation

min(− ∂v ∂t + 1 2 |σDv|^2 − b · Dv, v − χ^{δ,A}) = 0, ∂v ∂γ = 0, v(T ) = χ^{δ,A}(T ). and therefore (v^ε_{δ,A})_ε converges to v_{δ,A} the solution of the above equation.

4. we proove (Theorem 2) the existence and continuity of the flow (Y^{t,x,α}, z^{t,x,α}) defined by equation (5) as well as the convergence of (Y^{t,x,αε} )_ε to Y^{t,x,α} if (α^ε)_ε to α weakly in L^2. Thus we have the following representation v_{δ,A}(t, x) = inf_{α∈L2(0,T )} sup_{t≤θ≤T} ∫_θ t |α_s|^2ds + χ_{δ,A}(Y^{t,x,α}_θ ) and we show that the limit when δ goes to 0 of the right-hand side of the above equation is equal to Λ_{t,x}(B) ∧ A. Therefore

lim inf ε→0 [−ε^2u^ε(t, x) ∧ A ≤ lim inf_{ε→0} [−ε^2(u^ε(t, x) + e^{−A/ε2} ) ≤ Λ_{t,x}(B) ∧ A.

References

[1] Barles, G: Solutions de viscosité des équations de Hamilton-Jacobi, Mathématiques et applications 17, Springer (1994).

[2] Barles, G. & Blanc, A.P.: Large deviations estimates for the exit probabilities of a diffusion process through some vanishing parts of the boundary, Adv. in Diff. Equations, Vol. 2, N^∘ 1, (1997) pp 39–84.

[3] G. Barles & P.-L. Lions, Remarques sur les problèmes de réflexion oblique, C.R. Acad. Sci. Paris, t.

320, Série I (1995) pp. 69-74.

[4] Barles G. & Perthame B. (1988) Comparison Principle for Dirichlet type Hamilton-Jacobi equations and singular perturbations of degenerated elliptic equations, Appl. Math. and Opt., vol. 21, pp 21-44.

[5] H. Doss & P. Priouret, Petites perturbations de systèmes dynamiques avec réflexion, Séminaire de Probabilités XVII, Lecture Notes in Math. 986, Springer, Berlin.

[6] W.H Fleming: Exit probabilities and optimal stochastic control. Applied Math. and Opt. 4 (1978), pp 329-346.

[7] P.-L. Lions & A.S. Sznitman, Stochastic differential equations with reflecting boundary conditions, Comm. Pure and Appl. Math. 37 (1984) pp. 511-537.

[8] S.R.S. Varadhan: Large deviations and applications. SIAM, 1984.