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We study the problem of prescribing the Gaussian curvature on surfaces with conical
singularities in supercritical regimes. Using a Morse-theoretical approach, we prove a
general existence theorem on surfaces with positive genus, with a generic multiplicity

result.

1 Introduction

The study of conformal metrics on surfaces with conical singularities dates back at least
to Picard [30] and has been widely discussed in the last decades (see, e.g. [14, 16-19, 26,
32, 34, 39, 43, 44] and the references cited therein). In this paper, we are concerned with
the construction of conformal metrics with prescribed Gaussian curvature on surfaces
with conical singularities. We refer the reader, in particular, to [43] where a systematic
analysis of this problem was initiated.

The above-mentioned results are the singular analog of the prescribed Gaus-
sian curvature and Nirenberg problems (see [1, 3, 7-9, 28] and the references therein for
further details).

Here, and in the rest of this paper, we denote by S a closed two-dimensional

smooth surface without boundary. A conformal metric g; on S is said to have a conical
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singularity of order « € (—1, 4+00) (or of angle ¥, =27 (1 + «)) at a given point Py € S, if
there exist local coordinates z(P) € 2 ¢ C and ue C%(£2) N C?(£2 \ {Py}) such that z(Py) =0

and

Js(2) = |z** e¥|dz®, ze R,

where gs is the local expression of g;. The information concerning finitely many conical

singularities is encoded in a divisor, which is the formal sum
m
@, =) ajP;, meN, (1.1)
j=1

of the orders of the singularities {«y, ..., oy} times the singular points {Py, ..., Py,}. In
particular, a metric g; on S is said to represent the divisor «,, if it has conical singular-
ities of order «; at point P; for any je{1,..., m}. We will denote by (S, «,,) the singular
surface.

Let K be any Lipschitz function on S. We seek a conformal metric g on (S, «,,)
the Gaussian curvature of which is K.

The Euler characteristic of the singular surface (S, «,,) (see [43]) is defined by

X(S @) =x(S)+ Y _aj,

J=1

where x(S) is the Euler characteristic of S.
The Trudinger constant of the singular surface (S, «,,) (see [15, 43]) is instead
given by

7(S,2,) =242 min min{a;, 0}.
Jjell,...m}

According to the definitions in [43], the singular surface (S, «,,) is said to be

subcritical if x(S, a,,) < T(S, ),
critical if (S, a,,) =7(S, ),

supercritical if x (S, «,,) > 7(S, «,,).

As far as one is interested in proving the existence of at least one conformal
metric on (S, ,,) with prescribed Gaussian curvature, the subcritical case is well under-

stood. This is mainly due to the fact that on subcritical singular surfaces, the problem
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corresponds to minimizing a coercive functional (see [43]). On the contrary, much less is
known concerning critical and supercritical singular surfaces.

We refer the reader to [16, 18, 19, 26, 31, 39, 44], for some positive results in
this direction. In the same spirit of [22], Bartolucci and Tarantello obtained a result
[2, Corollary 6] which, combined with Proposition 1.2, implies that: if (S, «,,) is a super-
critical singular surface with «; >0, je{1,...,m}, x(S) <0 and 47 x(S, «,,) € (87, 167) \
{87 (1 +«j), j=1,..., m}, then any positive Lipschitz continuous function K on S is the
Gaussian curvature of at least one conformal metric on (S, «,,). See also [13] for related
issues.

In this paper, we will obtain a generalization of this result via a Morse-
theoretical approach.

Let

m
Ma,)={neR" |u=8rk+87 Y (1+a,)n;, keNU{0}, meNU{0}, n;€{0.1}
j=1

Our main result is the following.

Theorem 1.1. Let (S, «,,) be a supercritical singular surface with «; >0, je{1,...,m},
x(S) <0and 4mx(S, «,,) ¢ I'(«,,). Then, any positive Lipschitz continuous function K on

S is the Gaussian curvature of at least one conformal metric on (S, «,,). O

We attack this problem by a variational approach as first proposed in [3] and
then pursued by many authors (see, e.g. [1, 16, 28, 43] and the references cited therein).
Proposition 1.2 allows us to reduce the problem to a scalar differential equation on S.
To state it, we need to introduce some notation. Let gy be any smooth conformal metric
on S, Q € S be a given point and G(P, Q) be the solution of (see [1])

1 .
—AoG(P, Q) =8g — g S, G(P, Q)dV,,(P)=0,
s
where 8o denotes the Dirac delta with pole Q, Ay the Laplace-Beltrami operator associ-
ated with go, and |S]| the area of S with respect to the volume form dVy, induced by go.

For a given divisor «,,, we define

hy(P) = 47 Zosz(P, P)).

j=1
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Let us also denote by K the (smooth) Gaussian curvature induced by gg. Then we have

the following proposition.

Proposition 1.2. Let «; >0 for j=1,...,m, K a Hélder continuous function on S, and

suppose that x (S, «,,) > 0. The metric

e~hm gu

mgo, with A =47 (S, a,,),
s

g="

is a conformal metric on (S, «,,) with Gaussian curvature K if and only if uis a classical

solution to
2K e fm gt a7 &
— Agu=2Xx — 2Ky — — . in S. 1.2
T 2K e evdy, 07 s JX_;O‘J (12
- O

The proof of Proposition 1.2 is rather standard and is postponed to the Appendix.
By using it, we are reduced to finding a classical solution of (1.2), that is, by standard

elliptic regularity theory, a critical point ue H(S) of
J(w) :J' |Vul? dV, — Alog (J 2K e hm eudVgO), (1.3)
s s

where H(S) ={uec H'(S)| [qu=0} and A satisfies the Gauss-Bonnet constraint

m
A =J 2K e e'dVy, =4mx(S) +4n Zaj =4 x (S, a,,). (1.4)
s ,
Jj=1

By means of Proposition 1.2, Theorem 1.1 will follow immediately from the next
result.

Theorem 1.3. Let S be a closed surface of positive genus, Ky € L*(S) for some s> 1 and
K any positive Lipschitz function on S. Suppose, moreover, that «; >0 for je{1,..., m}.
Then, for any A e (8x, +00) \ I'(«,,), there exists at least one critical point ue H(S)
for J,. O

Remark 1.4. As a consequence of the results in [30] (see also [29]) and in [2], it is

straightforward to verify that our proof of Theorem 1.3 works whenever K is positive
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and Holder continuous in S and Lipschitz continuous in a neighborhood of {Py, ..., P,}.

We conclude that the result of Theorem 1.1 holds also under these assumptions on K. [

We notice that in case «j =0, j € ({1,..., m}, since I'(«,,) = 87N, we come up with
another proof of the existence of solutions for the mean field equation (1.2) (see [5]) for
A€ (8w, +00) \ 87N, previously obtained in [10] and more recently in [23, 35] (see also
[20, 42]). In the same spirit of [24, 35], other positive results concerning the existence of
solutions for (1.2) have been derived in [37]. Other results, in the same direction of [10],
have been recently announced in [11] (see [12]).

Let us observe, in particular, that if x(S,«,,) <0, then (S, «,,) is subcritical.
Therefore, as far as we are concerned with supercriticality, there is no loss of generality
in assuming x (S, «,,) > 0. We also remark that if x (S, «,,,) <0, a set of much more detailed
results concerning the prescribed Gaussian curvature problem are at hand (see [43]).

We are also able to prove the following generic multiplicity result, where M

stands for the space of all C? Riemannian metrics on S equipped with the C2 norm.

Theorem 1.5. Under the hypotheses of Theorem 1.3, with & € (8N, 8(V + 1)x) \ I'(2,,),
and (go, K) in an open and dense subset of M x C%1(S), J, admits at least (N;f"l) =

1
(I{\,’—!“(ng:Tl))!! critical points, where g is the genus of S. |

We prove Theorems 1.3 and 1.5 using a variational and Morse-theoretical
approach, looking at topological changes in the structure of sublevels of J,. For the
regular case (witha; =0, j=1,..., m), it was shown in [36] that for p € (8 Nz, 8(N + 1)7),
N €N, high sublevels have trivial topology, while low sublevels are homotopically equiv-
alent to formal barycenters of S of order N. By this, we mean the family of unit measures
which are supported in at most N points of S.

Here we use a related argument: even if we do not completely characterize the
topology of low sublevels, we are still able to retrieve some partial information. In par-
ticular, we embed a bouquet of circles, B%, in S which does not intersect the singular
points, and we construct a global projection of S onto B?. The latter map induces a
projection from the barycenters of S onto those of B? and we show that the latter set
embeds nontrivially into arbitrarily low sublevels of J,. More precisely, we prove that
low sublevels are noncontractible, yielding Theorem 1.3 and that their Betti numbers
are comparable to those of the barycenters of the bouquet, which gives Theorem 1.5.

The paper is organized as follows. In Section 2, we recall some preliminary facts

regarding some analytical issues (improved Moser-Trudinger inequalities, compactness
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results) and some topological ones (notions in algebraic topology and Morse theory).
Finally in Section 3, we prove our main theorems analyzing the topology of sublevels of

J,, in terms of the barycenters of B?, the Betti numbers of which are computed explicitly.

1.1 Notation
For Pe S and Q€ S, let us denote by dy(P, Q) the geodesic distance induced by gy and

for any couple of sets w; € Sand w; € S,

dist(an y a)z) = P inf d()(P, O)

cw;, Qewy

For a metric space X and for NV € N, we define the following family of probability

measures, known in literature as formal barycenters of X of order N:
N N
Xy=1) 8 t€l0,1],) =1l xeX. (1.5)
i=1 i=1

In the rest of this paper, we will denote by [- the Lebesgue integral with respect to the

volume form induced by go.

2 Preliminaries

We divide this section into an analytical part and a topological one.

2.1 Analytical preliminaries

We will need the following lemmas whose proofs can be found in [23, Lemma 3.2]. This

kind of “distribution of mass” analysis was introduced in [16].
Lemma 2.1. For any integer £ > 1, let w;, wy, ..., w,41 be open sets in S satisfying
dist(w;, wj) =09 >0 Vi#],

for some op > 0. For any y, € (0, HLI), and for any &, > 0, there exist C = C (S, £, o9, &0, Y0)
such that
[sIVul?

—_ (2.1)
167 (¢ + 1) — &

logJ e“<C +
s
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for any ue H(S) satisfying

et .

J =y Vje{l,....+1} O
w Jse

Using this result and a covering lemma, one can then characterize the concen-

tration properties of the functions in H(S) with low energy (see [23, Lemma 3.4]).

Lemma 2.2. Assuming N>1 and X € (87N, 87 (IV+ 1)), the following property holds.
For any ¢ > 0 and any r > 0, there exists a large positive constant L = L(e, r) such that for

every ue€ H(s) with J,(w) <—L, there exist N points {p1.u, P2.u, - --» Pv.u} C S such that

el
J — <& (2.2)

S\vazl B (piw) J.S et
O

Lemma 2.2 implies that the unit measure je—zu resembles a finite linear combina-

S
tion of Dirac deltas with at most N elements: one is then induced to consider the family
of formal barycenters of S of order N (see the Notation). These considerations can be

made rigorous in the sense specified by the following result.

Lemma 2.3. If A € (8Nx, 8(N + 1)) with N > 1, then there exists a continuous projec-
tiOIllI/Z{J)LS—L}—)SN. ([l

This is exactly the map ¥ defined in Lemma 4.9 of [23]. On the other hand, for
what concerns the embedding of the space of formal barycenters Sy, into arbitrarily low
sublevels, the statement of Proposition 5.1 in [23], cannot be applied as it stands to the
singular case. To state the adapted version, we need to introduce the following family of
test functions.

For § > 0 small, consider a smooth non-decreasing cut-off function x;: R"™ — R

satisfying the following properties

xs(®) =1t, for t € [0, 8]
xs(t) =28 fort> 2§
xs(t) €168, 28], fortels, 28]

T1TOZ ‘2T Aleniga-4 uo edaajoligig ‘alouadns aewlIoN Bjonas e 610" s[eunolploxo uiwi woly papeojumoq


http://imrn.oxfordjournals.org/

8 D. Bartolucci et al.

Then given o € Sy, 0 =Y 1 t:8x (r, t=1) and > 0, we define ¢, , : S— R by

N
Puo () =log» 1 ( - — log(m), (2.3)
i=1

2
1+ uzxf(di(y)))

where we have set
di(y) =do(y, x), X;, YES. (2.4)

We point out that, since the distance is a Lipschitz function, ¢, ,(y) is also Lipschitz in
v, and hence it belongs to H'(S). Let us denote by @, , the normalized functions ¢, , —
Pu.o € H(S).

By using Lemma 2.2 and by arguing as in [24] we obtain the following result.

Proposition 2.4. Suppose A € (8Nn, 8(N + 1)7) with N>1. Let ¢,, be the functions
defined above and let K be a compact subset of S\ {Py, ..., Py}. Then,

ghuo 5 )
IT —o and Ji(¢,,)— —oo uniformlyforoceKy asu— oo, (2.5)
S "o
where K, denotes the set of formal barycenters of order N supported in K. O

We will need some compactness properties for (1.2), relying on the following
result (see [2]).

Theorem 2.5 ([2]). Let K be a positive Lipschitz function on S and let A=K e ", Let ;
solve (1.2) with @; >0, pje S, and A =X, A; > X Suppose that fsfze”i dV, <C, for some

fixed C; > 0. Then along a subsequence u;,, one of the following alternatives hold:

(i) u;, is uniformly bounded from above on S;
(ii) maxs(w, — log fs he*x) - +o0o and there exists a finite blow-up set ¥ =
{q1,....q} C Ssuch that

(a) foranyse{l,..., 1}, there exist x; — gs such that u;, (x}) - +oo and y;, —
—oo uniformly on the compact sets of S\ X,

(b) )\‘ik% — le=1 Bséq, in the sense of measures, with g =8xn for g; #
{p1, ..., Pn}, or B3 =8n(1 + «j) if g, = pj for some j={1,..., m}. In par-
ticular, one has that

rerl(a,,). O
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From the above result, we obtain immediately the following corollary.

Corollary 2.6. Suppose we are in the above situation and that A ¢ I'(«,,). Then the solu-
tions of (1.2) stay uniformly bounded in C?(S). |

Corollary 2.6 is a compactness criterion useful to bypass the Palais—Smale con-
dition, which is not known for the functional J,. This corollary, combined with the argu-
ments in [33] (proved for the regular case, but adapting in a straightforward way to the

singular one) allows to prove the next alternative.

Lemma 2.7. If A ¢ I'(«,,) and if J, has no critical levels inside some interval [a, b], then

{J, <a}is a deformation retract of {J, <b}. O

Remark 2.8. As far as we are concerned with the approach presented in this paper,
it seems not easy to remove the hypothesis on the positivity of K. The difficulties are
inherited by the lack of concentration-compactness-quantization results (in the same
spirit of [2, 4, 29]) for solutions of (1.2) with K possibly changing sign or even just non-
negative. Actually, our analysis relies heavily on Theorem 2.5 (see also results in [4, 29])
where this hypothesis is required (see [38] for related issues in the regular case).

However, the necessary condition imposed by the Gauss-Bonnet constraint (1.4)
just reads

J 2Ke et =4ny(S, a,,),
s

so that, in principle, there should be no obstructions (as in the regular and subcritical
cases [28, 43]) in finding conformal metrics on supercritical singular surfaces of positive

genus with Gaussian curvature just assumed to be positive somewhere. O

This remark motivates the following question: Is it true that any Lipschitz con-
tinuous function on S can be realized as the Gaussian curvature of a conformal metric

on a supercritical surface satisfying the hypotheses of Theorem 1.1?

2.2 Topological and Morse-theoretical preliminaries

This section is devoted to collect some classical and more recent results concerning
the topological structure of the sublevels of J, and of Morse functionals. We will also
give a short review of basic notions of algebraic topology needed to get the multiplicity

estimate.
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Throughout, the sign >~ will refer to homotopy equivalences, while = will refer to
homeomorphisms between topological spaces or isomorphisms between groups. Given
a pair of spaces (X, A), we will denote by H;(X, A) the relative gth homology group with
coefficient in Z and by Hy(X):= Hy(X, ) the reduced homology with coefficient in Z,
where x € X. Finally, if X, Y, are two topological spaces and f: X — Y is a continuous
function, we will denote by f.: Hy(X) — Hy(Y), for g € N, the pushforward induced by f.

Since the functional J, stays uniformly bounded on the solutions of (1.2) (by
Corollary 2.6), the deformation Lemma 2.7 can be used to prove that it is possible
to retract the whole Hilbert space H(S) onto a high sublevel {J, <b}, b>>0 (see [36,
Corollary 2.8], for the regular case: also for this issue, only minor changes are required).
More precisely one has the following.

Proposition 2.9. If A ¢ I'(«,,) and if b is sufficiently large positive, the sublevel {J, < b}

is a deformation retract of H(S) and hence is contractible.
We recall next a classical result in Morse theory: Morse inequalities.

Theorem 2.10 (see, e.g. [6, Theorem 4.3]). Let M be a Hilbert manifold and f € C?(M; R)
be a Morse function (i.e., all critical points are nondegenerate) satisfying the (PS)-

condition. Let a, b (a < b) be regular values for f and

Cq(a, b) := #{critical points of f in {a< f<b} with index g},

Bq(a, b) : =rank(H,({ f < b}, { f < a})).

Then

n n
> (=)™ 9C(a.b) = Y (—1)"By(a.b). n=0,1,2,... (strong inequalities),
q=0 q=0

Cq(a,b)>Bq(a,b), g=0,1,2,... (weak inequalities). O

As already remarked in [21], the (PS)-condition can be replaced by the request
that appropriate deformation lemmas hold true for f. In particular, a flow defined by
Malchiodi [36] allows us to adapt to J; the classical deformations lemmas [6, Lemma 3.2
and Theorem 3.2] needed so that Theorem 2.10 can be applied for M= H(S) and f=J,,

under the further assumption that all the critical points of J, are nondegenerate.
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To sum up, if J;, is a Morse functional and a and b are regular values for J,,
then the weak and the strong inequalities are verified. For the regular case, De Marchis
showed [21] that it is possible to apply a transversality result due to Saut and Temam
[41] which guarantees that generically all the critical points of the Euler functional are
nondegenerate. In fact, exactly the same procedure allows us to obtain the following
statement (see the proof of [21, Theorem 1.5] for details).

Proposition 2.11. For A ¢ I'(«,,) and for (go, K) in an open and dense subset of M x

c%1(S), J, is a Morse functional. O

Let now recall some well-known definitions in algebraic topology.

Join. The join of two spaces X and Y is the space of all segments “joining points” in X to

points in Y. It is denoted by X * Y and is the identification space
X+xYV:=Xx[0,11xY/(x,0,y)~x,0,9),.x,1,p~(x1,¥) Vx,XcX, Vy, yeV.

Wedge sum. Given spaces X and Y with chosen points xp € X and y € Y, then the wedge
sum X V Y is the quotient of the disjoint union X II ¥ obtained by identifying x; and y; to
a single point. If {xp} (resp. {w}) is a closed subspace of X (resp. Y), that is, a deformation
retract of some neighborhood in X (resp. Y), then I:Iq(X\/ = fIq(X) b ﬁq(Y), provided

that the wedge sum is formed at basepoints x and y.

Smash product. Inside a product space X x Y, there are copies of X and Y, namely X x
{vo} and {xp} x Y for points xy € X and y € Y, respectively. These two copies of X and Y in
X x Y intersect only at the point (xp, yo), so their union can be identified with the wedge
sum X V Y. The smash product X A Y is then defined to be the quotient X x Y/ X v Y. For

example, S" A S™ = S,

Suspension. The k-fold (unreduced) suspension of X is defined to be S¥! x X, while
the k-fold reduced suspension is the smash product S*¥ A X. A useful property of the
reduced suspension is that, for any g, n>0, I:Iq(X) = I:IqM(S” A X). It is crucial to note
that reduced and unreduced constructions are homotopically equivalent constructions
for the spaces we will deal with. In the following, we will often use the latter property

for replacing, in some results of [27], the unreduced suspension by the reduced one.
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Reduced symmetric product. We denote by S_Pk(X) the kth reduced symmetric product
which is the symmetric smash product X* /&, where X® is the k-fold smash product
of X with itself and &y is the permutation group. We set ﬁO(X) = S% A theorem by
Dold [25, Theorem 7.2] implies that the homology of reduced symmetric products only
depends on the homology of the underlying space. Moreover, it has been proved that
S_Pk(X VY)= \/HS:,CS_Pr(X) A SP°(Y); finally, in the case of the 2-sphere, S_Pk(Sz) x~ g%k
(see [27, Theorem 1.3 and Corollary 4.3]).

3 Proof of the Theorems

We first make the following claim, the proof of which follows from Propositions 3.1
and 3.2.

Claim. For A e (8nN,87(N + 1))\ I'(«,,), choosing L sufficiently large positive, one has
that

ﬂzzv—l(L,—mz(N*g‘l)_M O

g—1 )  Nig-1!"~

Once the claim is proved, the conclusion of Theorem 1.3 follows from Lemma 2.7.
To prove Theorem 1.5, it is instead sufficient to apply Proposition 2.11 and Theorem 2.10

(using the observations after it) with a=—L and b= L.

Proposition 3.1. There exists L >0 sufficiently large such that, for any geN,
Bq(L, —L) > B4(By,), where By, is the space of formal barycenters on a bouquet of g circles,
with g the genus of S. 0

We recall that a space B? is a bouquet of g circles if B = U?:l A;, with A; home-
omorphic to S* and 4; N Aj ={P}, and P is called the center of the bouquet. In the above
statement, B4(By,) stands for the gth Betti number of By, namely the rank of H,(By).

Proof. Proposition 2.9 implies that {J; <L} is contractible (for L sufficiently large).

Thus, from the exactness of the homology sequence

o= Hy({Jh < —LY) = Hy({h <L) — Hy({Jh <L}, {J < —L) = Hy (S < =LY — - -
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Fig. 1. BY embedded in ©(S) and their projections.

we derive that

Hy ({5 <L}, {Jh <L) =H,({J,<—-L}),q>0,

Hy({J, <L},{J.<—L})=0.

Now to obtain the thesis, it suffices to construct j: By — {J <—L} and f:{J, <—L}—
B}, such that fo j is homotopically equivalent to the Id ps. In fact, if this is true, we
have that

fioJi=1dp )

which implies that rank(H,({J, < —L})) > rank(Hy(By)) = Bq(By)-

In order to build these maps, we will regard B? as an appropriate subset of S:
let us understand how.

Since any two differentiable, compact, orientable surfaces with the same genus
are homeomorphic, we can consider an embedding ® from S to R3 (with coordinates z;,
7y, and z3) such that in any hole passes a line parallel to the z;-axis and moreover such
that the projection on the plane {z; = 0} is a circle with g rounds holes as in Figure 1. Let
us denote by = the map projecting R® onto the plane {z; = 0}.

In ®(S\ {P1,..., Py}, it is clearly possible to find a bouquet of circles, B9, veri-
fying:

* D is an homeomorphism,

e w(B%isa bouquet having a hole of @ (®(S)) in each loop,
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e w(BHYNw(P,...,Pp})=0.

Then there exists a retraction r: w (@ (S)) — w (BY).
Let us set BY := ®~1(B%), which is again a bouquet with g loops.

We are, at last, in a position to define the desired maps.

jiBy— {Ji <—L},

N (3.1)
o= Z t,-ébi(bi € BY) — Ouos
i=1
fild <-L) -2 Sy — BY,
N (3.2)

N
U= (W= 8> Y 680 1on toromeo ).

i=1 1=1

The fact that fo j is homotopically equivalent to the identity on By, follows easily from

Proposition 2.3 and the uniform continuity of ¥ on Bj. |
Proposition 3.2. Boy_1(By) = (¥ g*f;l) = (AI\,’!T;:II))!I. O

Proof. Theorems 1.1 and 1.3 in [27] imply that for any g >0,
H,(B%) = H,,,(SP" (S' A BY)).

Now notice that S' A B¢ has the same homology of \/?:1 S%; hence, since the reduced
symmetric product of a space only depends on its homology, it follows that for any
q=0,
~ ~ ——N
H,((B%)y) = Hg41(SP (S' A BY))
=Hy [SPT |/ S
j=1

= [property of the reduced symmetric product]

g
= [ A\SPUS
j=1

M4 Ang=N
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= [property of the homology of the wedge sum]

12

g
D Her | \GPSY | 257" (5% = 51

m+-+ng=N j=1
75, q=@2N -1,
= P Hps= (3.3)
T+t ng=N 0, otherwise.
Here s = (Ng_gil) counts the number of tuples (n. ..., ny) such that 3°%_, n; = N. The proof
is thereby complete. n
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Appendix

In this section, we prove Proposition 1.2.

Proof of Proposition 1.2. It is well known [28, 43] that g =e?”g, is a conformal metric

on (S, «,,) with Gaussian curvature K if and only if

—Aow=Ke* — Ky, in S\ {Pi,..., Pn}

1 J o =
— | Ke*"=x(S) + o, (A.1)
27 S ; ]

w(rj(z)) =ajloglz—zj|+0(1), zeB.(zf), jel,...,m,

where 7; is a set of local (complex) isothermal coordinates around zj:nj‘l(Pj) (as
induced by the gy partition of unity construction) and r > 0, a suitably chosen positive

small enough number. Let us define

w(P)=w(P)+ 21 Y _a;G(P. P)). (A.2)
j=1
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Then w is a distributional solution of the equation

2 m
—Aow:Ke*hmeZW—Ko—éE @; inS\{Py....,Pn). (A.3)
—
which also satisfies
1 m
—hm p2w _ § .
ZJ'SKG ew—X(S)+ aj, (A.4)

j=1

and

m
w(m;(2) =ajlog|z— zj| + 27 ZaeG(nj(z), me(2)) +0(1), zeB.(z), jel,...,m.
=1

However, it is also well known [1] that
1
G(P, Pj) = o log (d(P, P;)) + 0(1), PP

where dy(-, -) is the geodesic distance defined by go. In particular, it is not too difficult to
verify that
1
G(nj(2),mj(z) = - loglz—zj|+0(1), zx~z, (A.5)

and we readily conclude that
w(nj(2)) =0(1), zeB.(z), jel,...,m.

By standard elliptic theory, this condition implies that w is a distributional solution for
(A.3) on S. In particular, by using (A.5) and the explicit expression of h,,, we see that e "»
is Holder continuous in S, and the standard elliptic regularity theory shows that w is a
classical solution for (A.3).

At this point, we conclude that if u= 2w, then uis a classical solution for
— Aqu=2Ke " e*—2Kg— — Y o, inS, (A.6)

and then setting

m
r=4ar [ xS+ a;].
j=1

T1TOZ ‘2T Aleniga-4 uo edaajoligig ‘alouadns aewlIoN Bjonas e 610" s[eunolploxo uiwi woly papeojumoq


http://imrn.oxfordjournals.org/

Supercritical Conformal Metrics 17

and by using (A.4) we conclude that uis a classical solution for (1.2). Therefore, if

g~hm gu

2w —hy AU
=e =e e =A—
g 90 9o [ 2K e ou

90
is a conformal metric on (S, «,,,) with Gaussian curvature K, then uis a classical solution
for (1.2).

On the other hand, if uis a classical solution for (1.2), then (1.4) holds. Thus, we

can define w by

2w=u+ logi —log (J 2K e hm e”),
s

and come up with a classical solution for (A.3) on all S. At this point, we can use (A.2) to

define w and conclude that

g~hm gu

— a—hm 2w 2w
)"J‘SZKe_hmeugo—e €""gdo=¢€""Jo

is a conformal metric on (S, «,,) with Gaussian curvature K. [ |
Remark A.1. We remark that if «; € (—1,0) for some i € I C{1,..., m}, then the state-
ment of Proposition 1.2 still holds but for the condition of u being a classical solution,
which should be replaced by ue C2(S\ {Uie Pi}) N CO(S). O
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