SHARP BOUNDARY CONCENTRATION FOR A
TWO-DIMENSIONAL NONLINEAR NEUMANN PROBLEM

FRANCESCA DE MARCHIS, HABIB FOURTI, ISABELLA TANNI

ABSTRACT. We consider the elliptic equation —Au + v = 0 in a bounded, smooth domain
Q C R? subject to the nonlinear Neumann boundary condition du/dv = |ulP"'u on HQ and
study the asymptotic behavior as the exponent p — +o0o of families of positive solutions u),
satisfying uniform energy bounds. We prove energy quantization and characterize the boundary
concentration. In particular we describe the local asymptotic profile of the solutions around each
concentration point and get sharp convergence results for the L°-norm.

1. INTRODUCTION

Let © be a bounded domain in R? with smooth boundary 9€2. This paper deals with the analysis
of solutions of the boundary value problem

Au=u in Q
u>0 in (1.1)
% =P on 0f)

where v denotes the outer unit normal vector to 92 and p > 1. Two dimensional elliptic equa-
tions with nonlinear Neumann boundary conditions arise in many fields (conformal geometry,
corrosion modelling, etc...) see for instance [3, 7, 10, 11, 12, 13, 24, 25, 26, 28, 29, 30, 38| and in
particular, [8, 9, 21, 36] where problem (1.1) is considered.

Observe that solutions to (1.1) correspond to critical points in H'(Q) of the free energy functional

1 1
E u:—/ Vul? +u?) doe — —— uPt do,
)= 5 [P bty o= [
and by the compact trace and Sobolev embeddings H!(Q) < H%(ﬁﬁ) — LP(0S), one can
derive the existence of at least a solution for any fixed exponent p > 1 by standard variational
methods (see for instance [36]). For multiplicity results for p large enough see Castro ([8]) and
for sign-changing solutions see for instance [28].

This paper is devoted to the study of the asymptotic behavior, as p — 400, of general families
of non-trivial solutions u, to (1.1) under a uniform bound of their energy, namely we assume

p/Q(|Vup|2 + uf,) de — S €R, asp— +oo. (1.2)
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In [36], and later in [9], this analysis has been carried out for the family of least energy solutions.
Note that these solutions satisfy the condition

p/Q(Wup\Q + uf,) dr — 2me, as p — +00,

which is a particular case of (1.2). In [36] it was proved that least energy solutions remain
bounded uniformly in p, and develop one peak on the boundary, whose location is controlled by
the Green’s function G for the Neumann problem

A,G(z,y) = G(z,y) in Q,
9G (1,y) = d,(2) on 99,

vy
y € 0S2. Indeed the concentration point turns out to satisfy V) R(z0) = 0, where 7(x0) denotes
a tangent vector at the point zyp € 9 and the Robin function is defined as R(z) := H(z,x),
where H is the regular part of G:

(1.3)

1 1
H(.Z',y) = G(l‘,y) - ;log ’33' _ y’

(1.4)

Later Castro [9] identified a limit problem by showing that a suitable scaling of the least energy

solutions converges in C}!

L.(R%) to the regular solution

Ult1, t2) = log (M) (1.5)

of the Liouville problem

AU = in R%
U = eV on ORZ (1.6)
Joge €V =27 and sup@U < 4o00.

He also proved that for least energy solutions
luplloo = Ve as p — o0,

as it had been previously conjectured in [36].

Observe that problem (1.1) also admits families of solutions which develop m boundary peaks
as p — oo, for any integer m > 1, as proved in [8] and indeed, recently in [21], it has been proved
that the boundary concentration behavior characterizes any family of solutions to (1.1) which
satisfy the uniform energy bound (1.2) (i.e. not only the least energy ones).

In order to state the results of [21] we define, for a sequence p,, — 400, the blow-up set S of the
sequence ppuy,, , where uy,, solves (1.1), to be the subset

S={z€Q : () €Q, z, = T, with ppuy, (z,) = +o0}. (1.7)
We summarize the results in [21] as follows:

Theorem I. Let (up), be a family of solutions of (1.1) satisfying (1.2). Then there exist
C,c,¢,C > 0 such that
¢ < lupllpooiyy < €, forp>1 (1.8)

¢ < p/ ubdo < C, for p large. (1.9)
onN

Furthermore for any sequence p, — +00, there exists a subsequence (still denoted by p,) such
that the following statements hold true:



(1) There exists an integer m > 1, a finite collection of m distinct points T; € 02, i =
1,...,m, such that the blow-up set S of the sequence ppuy, is given by

S ={Z1,%2,...,Tm}. (1.10)

(2) There exist m positive constants ¢; >0, i =1,...,m, such that

m
* .
pnugz — E ¢idz, in the sense of Radon measures on 0O}

i=1
and
1i_>m Pnlp, = ZciG(.,ii) in CL.(QA\S), LY(Q) and L'(0Q), Vt € [1,+o0), (1.11)
=1

where G is the Green’s function for the Neumann problem (1.3).
(3) The points T;, i =1,...,m, satisfy

CivT(ji)H({f‘Z’, i’z) + Z Chvr(ji)G(i'i, Tp) =0, (1.12)
heti
where T(Z;) is a tangent vector to O at T; and H is the reqular part of G as defined in

(1.4).

This result shows boundary concentration at a finite number of points in & C €2, moreover by
(1.11) and (A.4) it follows that in any compact subset of 2\ S

pup < C, (1.13)

and so
lim u,, =0 in CL.(Q\S). (1.14)

n—-+0o0o

Many questions arise from Theorem I:

e How does u,, behave close to the points ;7

In particular, what is the asymptotic behavior of ||up, ||oc?
e Can one compute the constants ¢; which appear at points (2) and (3 ) in Theorem I?
e What one can say about the total energy of u,,?

Looking at the asymptotic results for least energy solutions ([36, 9]) and at the existence results
of solutions with multiple concentrations points ([8]), it was conjectured in [21] that for general
solutions of (1.1) under the uniform energy assumption (1.2) the constants ¢;’s must be all equal
and that an asymptotic quantization of the energy must occur, more precisely it was conjectured
that:

c; =2mye, for1<i<m, (C1)
Dn / (|Vupn\2 + uzzjn) dr — m - 2me; (C2)
Q
as n — oo, and furthermore that
[ — (C3)

as p — +00.

Here we answer these questions, proving in particular (C1), (C2) and (C3).
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Theorem 1.1. Let (up), be a family of solutions to (1.1) satisfying (1.2) and let p, — +00, as
n — 400, be the subsequence such that the statements in Theorem I hold true. Then

(4)

¢; = lim lim pn/ ubrdr = 2m/e,  for 1 <i <m;
d—=0n—+o00 By (%;)NoQ

(i)

%I_I}(l)nll)n;.loHuanLOO(Bé(jl)mﬁ) = \/é VZ: 17"'7m7

where Bs(Z;) is a ball of center at z; and radius 6 > 0;

. 2., .2 _ .
n11_>1{>10pn/9(|Vupn| +uy, ) dr =m - 2me;

(iv) let & > 0 be such that Bas(Z;) N Bas(Z;) = 0 for i # j and let (yin)n C Bs(Z;) N,
i=1,...,m, be the sequences of local mazima of u,, around x;, namely

Up, (Yin) = ||upn||L°°(Bs(fi)m§)’

. _ . 1y -1
then (Yin)n C OQ, limy sy oo |Yin—2i| = 0 and, setting pi; , = (pnupn (Yin)Pm 1) (—0),
then
Wi () = —20 <upn (W5 (bign + print)) = up, (yi,n)>,
Up,, (Yin)

where byn = Vi(yin), t € T, :={t € R2 : bin + pint € Y;(Q N Bg,(Z;))} and ¥, is
a change of coordinates which flattens ) near T; and R; > 0 is a suitable radius (see
Subsection 2.1).

Then

: R . 1 2
nhj{.lo Wi,n = U m Cloc(R—i-)?

where U is the solution (1.5) of the Liouville problem (1.6).

Theorem 1.1 shows that the conjectures (C1) and (C2) are true, furthermore points (i7) and (iv)
provide information on the solutions close to the concentration points z; for p large, in particular
we identify the same limit profile U around each concentration point. We stress that in [21] only
the existence of a first bubble U was proved, scaling the solution around the sequence of global
maxima, while the behavior around the other concentration points was unknown. Observe that
U is the same profile describing the least energy solutions (for which m = 1, see [9]), and
indeed our theorem, combined with the results in [21] (Theorem I), extends to general families
of solutions the asymptotic results proved in [36, 9] for least energy solutions, thus giving a
complete characterization of the asymptotic behavior for problem (1.1). We remark that the
number m of concentration points coincides with the maximal number k£ of bubbles U which
may appear as limit profiles (for details see Proposition 3.3 and (4.33) in Proposition 4.6).

We stress that from (1.12) and point (i) in Theorem 1.1 we also deduce that the concentration
m-tuple (Z1,...,ZTy) € (02)™ is a critical point of the function ¢, : (0Q)™ — R

(1, wm) = H(wi, ) + > Glai,xp). (1.15)
i=1 i#h
We point out that (1.14) and (i¢)-Theorem 1.1 clearly imply that also conjecture (C3) holds
true:



Corollary 1.2. Let (up), be a family of solutions to (1.1) satisfying (1.2). Then

lim [|uple = Ve (1.16)

p——+o00

It is worth to remark the interesting analogy between the results here obtained for the Neumann
problem (1.1) and those known for the Lane-Emden equation under Dirichlet boundary condition

Au = |ulP~lu in Q
u>0 in Q (1.17)
u=20 on 0f.

The asymptotic behavior as p — +oo of families (uy), of solutions of (1.17), under the assump-
tion that condition (1.2) holds, is well understood after the works [31, 32, 1, 14, 15, 17, 37], and
the results established therein can be tought as the analogs of Theorem I and Theorem 1.1. In
particular it is known that u, stays uniformly bounded and that, up to subsequences, peaks-up
as N points in the domain © ([14]). Furthermore, it is proved ([15, 17, 37]) that (1.16) holds
and that the concentration appears at a critical point of the functional (1.15), now defined on
Q™ where G and H are respectively Green’s and Robin’s functions of —A in 2 under Dirichlet
boundary conditions. Moreover there is quantization of the energy, since

. 2 .2 _
nh_)rrolopn/QﬂVupn] +uy, ) dr = N - 8re,

and limit profiles are identified.

In this work we perform a blow-up analysis for the solutions of problem (1.1) following the
approach developed in [15, 17] in the framework of the Lane-Emden Dirichlet problem (1.17).
Of course one has to be very careful since now we have a boundary concentration phenomenon
due to the Neumann boundary condition, while the concentration for problem (1.17) is in .

We prove Theorem 1.1 by first performing an exhaustion method which provides a construction
of concentration points. This approach relies on the energy bound assumption (1.2) and comes
with pointwise estimates of the solutions and with the description of the local asymptotic profile
U. Similar methods have been exploited for more general 2D Dirichlet problems (see [18, 14]),
also in higher dimension (see for instance [34, 19]). We have adapted the construction to deal
with the Neumann problem, taking advantage also of the results in [21], this part can be found
in Section 3.

Afterwards, in Section 4, we refine the asymptotic analysis, showing that one can actually scale
the solutions around local maxima and deriving the sharp constants and the energy quanti-
zation. These proofs rely on a detailed local blow-up analysis, in particular we use a local
Pohozaev identity (see the proof of Lemma 4.5), pointwise estimates of the rescaled functions
(see Lemma 4.7) and exploit the Green representation formula for the solutions to (1.1) (see the
proof of Proposition 4.8). Finally, at the end of Section 4, we complete the proof of Theorem 1.1.

We have postponed to Appendix A some technical estimates used throughout the paper.



2. NOTATIONS

We list here some notations used throughout the paper. First the coordinates of a point will be
denoted as follows: x = (z',2%) € R2.
Next we denote the open ball centered at a point ¢ = (¢',¢*) € R? and radius » > 0 as

B.(q) :={x € R? : |z —q| < r}. We also define the open half ball as
Bl (q) := Bi(q) N{z e R? : &* > ¢}, (2.1)
its flat boundary as
D.(q) := B.(¢) N {x € R* : 2* = ¢’} (2.2)
and its curved boundary as
S(q):={zxcR? : |z —q|=r, 2*>¢}. (2.3)

Moreover dist(x,082) = infycan |x — y|. We stress that C' will be a positive constant which can
change from line to line.

2.1. Change of coordinates which straightens out 0f) near a point on 0f).

We assume that Q € C?. We fix a point on 92 that we denote by Q € 91, in the following the
change of coordinates defined below will be applied around the points in S = {Z1,..., T} (see
Theorem 1.1) and around limit points of suitable special sequences (see Section 3).

It can be proved that there exist R > 0 and a C? function p : R — R such that, up to reordering
the coordinates and reorienting the axis

QN Br(Q) ={z = (z'.2°) € Br(Q) : 2* > p(z")}
0NN Br(Q) ={z=(2",2°) € Br(Q) : =’ =p(z")}.

Furthermore, up to a suitable translation of the axis we can assume that

Q@ =1(0,0)
so that
p(0) =0
and, up to a suitable rotation of the axis, we can also assume that
p'(0) = 0.
We define the map
y = () (2.4)

defined by

yl — xl
y' =" —p(a")

then W is one-to-one and det(.Jy) = 1. Note that ¥ is a C? function which maps QN Bg(Q) into
a subset of the the half-plane, more precisely

Qo =¥ QNBr(Q) c{y=u"y) 1y >0}
Qg =W (0QN Br(Q)) C {y = (v',v*) :y* =0}
and the point @) = 0 is mapped to the origin.

We define
Up(y) = upy(¥(y)), forally e QouUaiQg (2.5)



2 0%y in Qg

1\ 9y, 1
-0y )ayg + (o' (y")) 322
in 8FQQ

~p
Up

then (see [21])
~ ~ 27
Aup —Up — 29’(91)%

ou 1 1
{ af [F1+P W) = (W) =
Let z;, € Q be a family of points such that @ = lim, z;, and p,, := (pup(:cp)p_1>_ — 0.

Hence for p large x, € Br(Q) and so the point
qp = \I/(ZL'p) € QU (9FQQ

is well defined.
We scale u, around g, setting
zp(t) == = (@) (@p(gp + ppt) = Tp(ap)),  for t € T, WO T,
p\dp
where
Topi={t=(t\6) €R? : g+t € Q) (2.6)
O Top=1{t= (1) eR? : g+ ppt €970} (2.7)
Let us observe that we can choose R > 0 such that
2
Ba(O)n{t : &>-2}cTy, (2.8)
bp Hp
and y
Ba(O)n{t : #=—2ycorr,, (2.9)
Hp Hp
Indeed, let us fix R > 0 so that
BJ,(0) C Qq (and D,5(0) := Byp(0) N {y* = 0} C 97 Qg).
Since g, — 0 (because z, — Q) then, for p large, |g,| < R/2 hence
Bp(ap) N{y* = 0} C Byp(0)" U Dyp(0).
(2.8) and (2.9) follow observing that
2 1< 2
ap + ppt € Br(gp) N{y’ =2 0} < p>_ G
- Hp
The function z, satisfies
2
Lpzp — (1p)?2p = p(pp)?  in BHE(O) n{t: ¢> _ZTZ}
P
2
Nyzp = (1+2) in Ba(0)0{r: =)
62
— A
p—+00

where, since p/(0) = 0 and p” is continuous:
o?
— / ! / 2
Ly = 8 =20y + 1) i = op™ (@ + ipt) 3 + 10 (a1t ) 532
2 .9
ot? p—rtoo v’

and
Np = [=1+ 0 (g + ppt') — [0 (qp + pipt")]?]
Thanks to these convergences one can restrict to consider the case when 92 is flat near @, since

the same arguments adapt to the non-flat case (see for instance [21, 9]).



3. EXHAUSTION OF CONCENTRATION POINTS

Given a family (u,) of solutions of (1.1), for a sequence p, — 400 we define the concentration
set S of Up,, as
S = {zeQ : I(zn)n €Q, z, =z, with pnungl(xn) — o0} C Q. (3.1)
Clearly
SCS={Z1,....,Tm} (COQ), (3.2)
where S is the blow-up set of the sequence ppu,, (see (1.7) for the definition) characterized in
[21] (see Theorem I in the Introduction). Indeed by the definition of S, for any = € S there
exists a sequence x,, € ), x, — x such that
Pt () = +o0,
then clearly
Pnlp, () = 400,
hence, by the definition of S, z € S and (3.2) is proved.
As a consequence, up to reordering the points in S, there exists N < m such that
S={z1,...,Tn}. (3.3)
In this section we will prove the existence of a maximal number k of concentrating sequences

z,, for the set S, satisfying specific properties, in particular we get pointwise estimates and a
description of u, close to the points of §. The main result is contained in Proposition 3.3 below.

We introduce some notation. For [ € N\ {0} families of points (z;,), C Q, i = 1,...,1, such
that
pug_l(xw) — 400 as p — 400, (3.4)
we define the parameters
Wip = (pugfl(xivp))_l (=0, asp— 400), (3.5)
and introduce the following properties:
(P!) For any i,j € {1,...,1}, i # j,

|Zip — Ljp

lim = +o00.
p=roo Hi,p
(PL) For any i € {1,...,1},
lim dist(x; p, 0Y) 0

p——+00 MLP
(PL) For any i = 1,...,1, let Q; € 09 be such that

Qi = limay,,

let W; be the change of coordinates which straightens 02 in a neighborhood of @; of
radius R; > 0, let ¢; , = ¥;(x;,) and let

Zip(t) = w(Tin) <up(\1’z‘_1(%',p + i pt)) — “p(%‘,p)) for t € Ty U Tip, (3.6)
p\Tip
where T; , := T, p, see (2.6)-(2.7) in Section 2 for the notations.
Then

TipUdFT, »RE  and z,(t) — U{t)  in CL.(RZ) as p — +oo, (3.7)



where U is the function in (1.5).
(Pfl) There exists C' > 0 such that

pRLp(x)ug_l(:n) <C
for all p > 1 and all € Q. where Ry, is the function

Rip(x) := min |z — x|, Vo € Q. (3.8)

=1,...,

Remark 3.1. If we assume that there exist | € N\ {0} families of points (z;,), C Q,i=1,...,1
which satisfies (3.4) and such that property (PL) holds true, then it is clear that the concentration
set defined in (3.1) reduces to

p——+0o0

5—{ lim x,,p,z'—1,...,z}.

Lemma 3.2. If there exists | € N\ {0} such that the properties (P}), (PL) and (PL) hold for
families (z;p)i=1,..1 of points satisfying (3.4), then

!
p/ (IVup|?* + u3) do > 2#204? +0p(1) asp — +oo,
Q i=1
where a; = liminf, o up(xip) (> 1, by (3.4)).

Proof. Let us fix ¢ € {1,...,l}. Since limp_ o 2;p = Q; € 90 and limy_, p1;, = 0, then for
any R > 0 and p sufficiently large Bry, ,(2ip) N 0N is contained in a small ball centered at Q;
where we can straighten the boundary as in Subsection 2.1.

Let us assume w.l.o.g. that QQ; = 0. We claim that

(B Ry, (4ip) N {y* = 0}) C W(Bgy, , (zip) N 09Q), (3.9)
3

where g; , := ¥(x;,). Given ¥ as in (2.4), it follows that ¥~! is a C? function in a neighbourhood
of (0,0) = ¥(Q;) furthermore D¥~1(0,0) = I. Thus

36>0 suchthat [|[DU~!(y)|| <3 Vye BJ(0,0). (3.10)
Since limp 400 ¢ip = Y(Q;) = (0,0), then for p sufficiently large we have

(B Rus, (4ip) N {y* = 0}) C By (0,0).
3

Let y = (y',0) € (BRy,, (¢ip) N {y* = 0}) then y = ¥(x) where
3

e —mipl =[O (y) = (gip)]
< sup [[DUT |y — giyl
BY(0,0)
(3.10)
< Rpgp.

This proves (3.9).
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Let us write, for any R > 0, recalling the definition of u, in (2.5)

'),

wtdo(z) > p / ub (y) do(y)
RHi’p(Ii’p)ﬂaQ ‘lji(BRui’p(Cti,p)maQ)

39 ~p+1
> p / up " (y) do(y)
BR,ui,p (gi,p)N{y?=0}
3
. o+l . 1
= Phip / 2 Uy (Gip+ pipt)dt
B (0)n{t2=— 2L}
3 “P
(3.5) P (g + ot
> Up($i,p)2/ a2 £ Z(,Cj_z’lp 'UZ’p)dtl
BrON{e=-722y  up (Tip)
! :
i t p+1
> up(mi,p)"’/ p <1+z”7’()> dt'. (3.11)
B g (0)n{t2=— 2L} p
3 “P
Thanks to (P}), we have
i = Ul gz, = (1) 259 o0 (3.12)

Thus by (3.11), (3.12) and Fatou’s lemma

lim inf p/ ugﬂ do(z) | > a?/ eV qg'. (3.13)
p—roo Bru, , (€i,p)N0Q Br3(0)N{t>=0}

Moreover by virtue of (P!) it is not hard to see that Bru; ,(%ip) 0 Bry; , (15) = 0 for all i # j.
Hence, in particular, thanks to (3.13)

l
lim inf p/ uP ™ do :c> > a?/ VOt .
p—>+00 ( o0 ¥ (@) Z Br/3(0)n{t2=0}

i=1

At last, since this holds for any R > 0, we get

l
p/ (IVup|? + ) d = p/ ubt do(z) > Za?/ VO dt 4 0(1) = 27720412 + o(1),
Q o0 P OR2

as p — +oo0. ]

Using an exhaustion method, we establish the existence of a maximal number £ of “bubbles” U
appearing about the points of the boundary subset S.

Proposition 3.3. Let (u,) be a family of solutions to (1.1) and assume that (1.2) holds. Then
after passing to a subsequence p, — +o0o as n — oo, there exist an integer k > 1 and k
families of points (x;p,) in Qi=1,...,k such that (PF), (PY), (P§) and (P}) hold. Moreover
given any family points x11p,, it is impossible to extract a new sequence from the previous one
such that (PFT1), (PEY), (PYY) and (PEFT) hold with the sequences (xip,), i = 1,...,k + 1.
Furthermore, there exists N < min{m, k} (where m is the number of points of the set S) such
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that, up to reordering the points T; € S, it holds

g‘—{ lim a:”,,i—l,...,k}—{wl,...,xN}, (3.14)

n——+00
where S is the concentration set defined in (3.1).

Remark 3.4. The point x1,, can be taken to be a maximum point of up,, in Q, hence it belongs
to 0N), see STEP 1 below. The other sequences x;p,, 1 = 2,...,k are instead in 2.
Observe also that the number N of distinct points in S satisfies N < k.

Proof. For simplicity throughtout the proof we will denote any sequence p,, — +00 as n — 400

simply by p.

STEP 1. We show that there exists a family (x1,) of points in Q such that, after passing to a
subsequence (P3) and (P3) hold.

Let us choose 1, be a point in £ where u, achieves its maximum. In [21] it has been proved
that 21, € 9Q and that it satisfies (P3).

STEP 2. We assume that (Pf), (P3) and (P§) hold for some n € N\ {0}. Then we show that
either (P{H), (P8TY) and (Py*Y) hold or (P}) holds, namely there exists C > 0 such that

pRn,p(:U)ug_l(x) <C
for all x € Q, with Ry, ,, defined as in (3.8).

Let n € N\ {0} and assume that (P}), (P3) and (P§) hold while

sup (pRmp(ZL‘)’LLg_l(l')) — 400 as p — +o00. (3.15)
zeQ
We let 41, € © be such that
pRn,p(l‘nH,p)ug_l($n+1,p) = sup (PRn,p(l“)U?_l(if)) . (3.16)
e

By (3.15), (3.16) and since € is bounded it is clear that
pu£_1($n+1,p) — +00 asp— +oo

and

l;gﬁgjup(xn_%p) > 1. (3.17)

We will prove that (PP), (P51) and (P5!) hold with the added sequence (11 )-

Proof of (P"1).
We first claim that
[Tip = Tntip| — 400 as p— +00 (3.18)
Hi,p
foralli=1,...,n and p;y as in (3.5).
Let us assume by contradiction that there exists i € {1,...,n} such that |x;p, —2n41,p|/tip = R

as p — +oo for some R > 0. Then the points x;, and z,41, are close to each other and by
virtue of (P3), they are very close to the boundary of 2. Let us denote ¢;, := V;(z;,) and
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Int1p = Vi(xpi1,p) where U; is the function defined by (2.4) around the boundary point
Qi :=limy o0 T p. Since ; is C%, (|gi,p — Gnt1,p|/ip)p is bounded. Up to subsequence, |g; , —
In+1,p|/1ip — R as p — 400 for some R’ > 0. Thanks to (P§), we get

-1
|Zip — Tnt1pl <up(33n+1,p)>p

lim plz;, — wP Yz = lim
p_H_OOP‘ %P n+17p| D ( n+17p) por-oo Lip Up(CCi,p)

-1 p—
— lim |Zip — Tnt1pl (%(‘I’i (qn+1,p)>>
p—+00 Wip “p(fi,p)

— p—1
|Tip — Tny1pl Zip(Hip (Gnt1p — Gip))
Pip — bl (4

p

1

= lim
p—+00 i p
4R 1 2
IS L (where (t')* + (£*)* = R”),

against (3.15) and (3.16), thus (3.18) holds.
Setting

. -1
Pnt1p 1= [pug 1($n+1’p)] — 0 as p = +o0, (3.19)
by (3.15) and (3.16) we deduce that
Rn,p(xn+1,p)
Hn+1,p
Then (3.18), (3.20) and (P}) imply that (P?!) holds with the added sequence (2,11 ,)-

— 400 as p — +o0. (3.20)

Proof of (Py*1).
Let us prove that for any S > 0

o Sma ) gy
By i1, (@nt1,0)N2 Up(Tnt1,p) (P — DRy p(®n+1,p)

Let @ € Bgp, .y, (Tnt1p) N8, since z,11 satisfies (3.16),
Ry p(x)ub™ () < Rup(@ni1p)uh " (@ng1,p)-
Furthermore |2 — zp41,p| < Spint1,p, thus

Ry p(r) > ‘_minn | Znt1p = Tipl — |2 — Tnt1pl

i=1,...,
2 Rop(@nt1p) = Spint1p-

Then, since for p large by (3.20), Ry, p(Zn+1,p) — Spint1p > 0

_ R (CU +1 ) _
up1x< n,p\*~n+1,p uplxl
D ( ) = Rn,p($n+1,p) _ S/-Ln+1,p D ( n+ 717)
1 _
=1 g Ug l(l'nJrl»P)
N R p(®n+t1,p) Hntl,p

IN

Spnt1,p -1
L+ O(— 2w (@),
( " O(Rn,p(ﬂvnﬂ,p)))up (@ H’p)

thus (3.21) is proved.
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Let us now introduce the rescaled function

p ~ _
Unt1p(t) = ————[Up(Tnt1p + tn+1pt) — Up(Tnt1p)], VE € Qpy1p = MnJlrl,p(Q — Tntlp)-
Up(Tn+1,p) ( )
3.22

Observe that by definition for t € S~2n+1’p N Bgs(0)

up ()
Un1p(t _p<”—1>, (3.23
+ P( ) up(wn-i-l,p) )
where © 1= 11 + finy1pt € Q0 Bsy, .y, (Tny1p), hence by (3.21) and (3.20) it follows that
for any S > 0 one has

lim sup sup Unt1,p < 0. (3.24)
p—+00 §n+1,meS(0)

Next to show (Py 1) we argue by contradiction assuming that lim, oo dist(2,11p, QQ)M;}HJ) +
0. Up to a subsequence two cases may occur:

(1) dist(xnt1,p, 89),11;}&4) — L >0,
(2) dist(xni1,p, 8Q)u;}r1m — +o00.

Case (1). Let us start by the first case. We have zp,11, — Qn41 € 0Q2. We may assume without
loss of generality that the unit outward normal to 9Q at Q11 is —e*. For simplicity we will
also assume that 0 is flat near Q,+1, we point out that all our arguments can be adapted to
the non-flat case considering the change of coordinates which straightens out 02 near Q) y1,
introduced in Section 2.1 (see for instance [9, Theorem 3]). The flatness assumption means that
the function W,,1; in (2.4) is the identity, namely that there exists R := R,4+1 > 0 such that

Q0 B} (Qnst) = Bf(Qust) and 921 9B5(Qnst) = DalQurt).
In particular, for p large one has that z;,, , = dist(zn11p,0(2), so that by assumption

T
Tntly g (3.25)
Hn+1,p
as p — +00.
Let us project 5,41, on the boundary defining the point &;,41,, := (7;,11,,0)(€ 012), and let us
set

. Thg O - A
Snt1p(t) = Unyip <t1,t2 - M) Vt € Qi1p = pinty (= Eni1p)
HFn+1p
(3.22) p .
=" —————[up(@nt1p + Hnt1,pt) — up(Tnt1p)]- (3.26)
Up(Tnt1,p)

We can choose § > 0 such that By (2,41,) C Bf(Qn41), hence

B, (0)CQu, and D_s (0) C i1y

HEn+1,p Hn+1,p

and, by (1.1), the rescaled function s,1, solves the system

2 _ 2 : +
—ASnt1,p + Hig1 pSntl,p = —Hipg1 pP in BT ; (0),
Hn+1,p

Osuity _ (1 snitn)” nD s (0)
ov p |

(3.27)

Hn+1,p
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furthermore for any o > 0, by (3.25), there exists S > 0 such that B;f (0) € Bg(0, -2Le )ﬂﬁnH,p,

? PUn+1,p
then
T3
limsup sup sp41,(t) < limsup sup Vg1 p(t 2 — Zntlp
p——+00 B;f 0 p——+00 ‘"”fz =R /~Ln+1,p
(0) Bs(0, “ni;z )NQnt1,p
(3.24)
< limsup  sup  vp41p(t) < 0. (3.28)

P00 B (0)NQnt1.p

Arguing similarly as in the proof of [9, Lemma 2|, we will prove that for any r > % there exist
C>0,p>1and a € (0,1) such that

”Sn—‘rl,pHcLa(Bj(o)) <C, for any p > p,. (3.29)
We first observe that for any fixed ¢ > 2 and for p sufficiently large

[ ol = o(1) (3.30)
B},(0)
and
/ 1+ 3n+1ap(t) P dO' — 1 / < up(x) >pq dO'
D4, (0) p 19 JDiryiy 1 @) \Up(Tnt1p)
p(g—1)-1
< 2# sup <up(:n)> /ug+1(:ﬁ)d0
up(xn+1,p) ©€Darp, 1, (Ent1,p) Up(xnﬂ,p) 0
< C, (3.31)

where in the last inequality we used (3.17), Darpniy,(Zn41,0) € Berpinir, (Tnt1,p) N for some
constant ¢ > 0 (being r > %), (3.21), (3.20) and the energy bound (1.2), since for a solution wu,,

one has [o,(|Vu,|* +u2) dz = [, bt do.
Let us now consider the solution w, to

5Awp + 1 pWp = —Phni1, i BL(0),

Wp _ (1 + Sn+LP> on D4r(0)’ (332)
v P
wp =0 on Sy, (0).

By (3.30) and (3.31), with ¢ = 2, the existence of such w, € H'(Bj.(0)) is guaranteed by
Lax-Milgram. Furthermore arguing as in [35, Theorem 5.3], we have by (3.30) and (3.31), that

wy € W%"'t’q(BIT(O)) with the uniform bound

Sn+1,p

P
2
prHW%“aq(Bzrr(o)) < C<”M”+1,PPHL'I(BZ;(0)) + H <1 + )

> <C,  (3.33)
L4(D4r(0))
forg>4and 0 <t <2/q.

In particular, by Sobolev embeddings, ||wp|| Lo (B (0)) < C, so we can define the function

ep = wp = n1p 0 o 570y + 1
which solves

{ —App + :“721+1,p90p = M%+l,p(‘|prLO°(BL) +1) in BL(O),

68% =0 on Dy, (0),
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furthermore, since s,,+1, < 1 in B} (0) for p sufficiently large by (3.28), then

©p >0 in B} (0).

We define, for t = (t',¢*) € By, (0), the function
sy | ep(t) if 2 >0
WA@‘{¢Aﬂ—w if 12 <0,

which turns out to be a non-negative weak solution to
2 2 .
—Ap A+ fpg1pP = Nn+1,p(||wPHL0°(BZFT(O)) +1) in By, (0).
Therefore by the Harnack inequality we get for every a > 1

~Q < C . f ~ 2 . 1
(72&40)@p> = <ngo)¢P4_Hﬂn+lm(HuTHL BLo) T )HL%EMAOD>
3r>L+ (3.25) 2
= c <90p(07 ﬂ) + lu721+1,p0>
Hn+1,p
< O (2wl et o + 1+ 1€
< C,

2
where we have used that s,41,(0, z:j:Z) =0 and that ||wp||Loo(B;;(o)) < C. Then

1
lpllLa(Bs, 0)) < C|Bs(0)]a < C  for any p > p, and for any a > 1.
Finally by interior elliptic regularity
8plhwaim @) < (12 1p sl s 0 + Dllzaceson + 12pllozon) <O (3:34)
Being sp41, = wp + ||wp||L<X,(BL(O)) + 1 — ¢}, combining (3.33) and (3.34) we obtain

2
HS”H’pHW%“"?(B; ) <C forg>4,0<t< p and p > py.

At last by the Morrey embedding theorem we get that
“Sn+17p"00»a(33(0)) < C for some a >0
and in turn, by Schauder estimates for the Neumann problem, we get

Sn+1,
[$n+1pll 108y 0)) < € <H = Hn1 Pl oo (3 o) T 11+ #)p”cw(mr(o» + ||5n+1,p\|co,a(3;(o))> <C

for any p > p,, so (3.29) holds true.

By (3.29) and the regularity theory of elliptic equations, we derive that, up to a subsequence,
S$ni1p — U in Clloc(@) as p — 00, (3.35)
where, by (3.27) and (3.28), U satisfies the following problem
AU=0 inRZ
%—g =eV on 8R3L (3.36)
U<0 in R?.



16

Furthermore s,,11,(0, -2) = (, for any p, then by (3.25) it follows that U(0, L) = 0.

7 Hn41,p
Let us now prove that
/ eV < 0. (3.37)
R
Let R > 0, then for any |t'| < R we have
Sn"rlvl)(tl? 0) Sn+17p(t17 0)
1) |1 1 — — 0
(p+ )[0g< A e el

so we can use Fatou’s Lemma and (3.35) to write

R R s 1 Sn+1,p(t110) _Sn+1,p(t170)
w0 01441 log (14
/ eU(tl’O)dtl < / e P P p+1 dt +Op(1)
-R -R

p+1
< / (1 + W) dt' + 0,(1)
Br(0)n{t2=0} p
1,4
< / Ug+ (anrl,p + Iu’nJrl,Pt) dt' + o (1)
< D
Br(0)n{t>=0} u£+1(xn+1,p)
p+1
_1 up' ()
< Hpt1,p / A p+f dz' + op(l)
By sy (Fnt1,p)0{22=0} Up' (Tnt1,p)
p / +1
< ub™H (z)do(x) + op(1)
Up(Tnt1,p)? Joo ” i

(3.17) P " (1.2)
= (1—¢)2 /BQ up” (z)do(x) +0p(1) < C < +o0,
so that e € L!(R2).
Using now (3.36), (3.37) and the classification due to P. Liu [27] (see also [39]), we obtain
§ : 212
Ut',t)=1lo
(o) =los (' = m)? + (¢ +m2)?

where 71 € R and 7y > 0. (3.38)

Remark 3.5. Notice that what we have proven up to now in Case (1) holds true also if
dist(Tp+1.p, 3Q)M;Jlrl’p — L =0,

in particular we get that the rescaled function snt1 defined in (3.26) converges to U (see (3.35)),
which in this case saNtisﬁes the conditions U(0,0) = 0 and U < 0, that imply that n; = 0 and
12 = 2, namely that U = U, where U 1is the function defined in (1.5).

We remark that U is a radial and decreasing function with respect to the point (m, —n2). We
have R R

which contradicts the fact that U <0.

This rules out Case (1), namely the possibility that dist(zp1,p,082) ,u;ilm — L >0.

Case (2). In the sequel we will prove that the second case i.e. dist(x,1,p, GQ)u;in — 400
can not occur too. Let vy11, be the rescaled function defined in (3.22). By (1.1), vp41, solves

2 2 0
—AUnp1p + b1 pUntlp = —Hpi1pP 0 Qngrp.
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Since for any R > 0, Br(0) C ﬁn+17p for p large enough, it follows that §~2n+17p converges to the
whole plane R2.
Furthermore, from (3.17), (3.19) and the uniform bound (1.8) we get

+ 1Pl < Cin Qi p, (3.39)

namely vy, are functions with uniformly bounded laplacian in Bg(0), moreover vy, 11,(0) = 0.
Let us decompose

|Avn+1,p| < |,U31+1,pvn+1,l’

Unt1p =@p+¢¥p in Qn—&-l,p N Br(0),
with =A@, = —Avpy1, in Qyy1,NBr(0) and ¥, = v,11, in a@nﬂ,meR(o)). Using (3.39) by

standard elliptic theory, we see that ¢, is uniformly bounded in €, ,NBg(0). The function 1, is
harmonic in §~2n+17pﬂB r(0) and bounded from above by (3.24). By the Harnack inequality, either
tp is uniformly bounded in Bg(0), or it tends to —oo on each compact set of Br(0). The second
alternative cannot happen because, by definition, ¢,(0) = vp41,(0) — ©p(0) = —pp(0) > —C.
Hence vp41, is uniformly bounded in Br(0) for all R > 0. After passing to a subsequence,
standard elliptic theory implies that vy41, is bounded in C? (R?). Thus

Unt1p — V in O (R?) as p — oo, (3.40)

where V € C'!(R?) is a harmonic function satisfying V(0) = 0 and V < 0 by (3.24).
So by a Liouville type theorem
vV =0. (3.41)
Let now Q41 = le Zn+1,p- By (3.2) and (3.19) it follows that Q, 41 € S C 052, where S is the
p—00

concentration set in (1.7). In order to simplify the exposition, we will assume in the sequel that
01} is flat near the point Q,41. This flatness assumption means that there exists Ry > 0 such
that

QN Bf (Qui1) = Bf, (Qni1) and Dry(Qni1) C 99
We also assume that near QQ,11, 92 is contained in the hyperplane x> = 0 and the unit outward
normal to 0 at Q41 is (—e?) where ¢? is the second element of the canonical basis of R?.
W.l.o.g. we can also assume that

Bro(@n+1) NS ={Qn+1}- (3.42)
Now, inspired by Guo-Liu [24] (see page 750), we define the function
W, (x) = M /_ W+ (5,0))ds, V€ By (Qua),

where 0 < 59 < Ry/4. We have

Au (@ (24 (5,0)) = (p+ D (x4 (5,0)) Agtty (& + (5,0))
+(p+ 1)pu}";*1 (x+(5,0)) |[Vaup (z + (s, 0))]2
(p+ 1) up (z 4 (s,0)) Aguy (z + (s,0))
(p+1) uﬁ“ (z + (s,0))
0 Vze B;;O(Qnﬂ) U S2s, (Qn+1) and Vs € [—so, So)-

V

Hence W), is a subharmonic function in B;so(QnH)-
By (1.13) and (3.42), for p large,

1 R
‘up(y” < Cl;)v Vy S S230(Qn+1),
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thus
W, — 0 uniformly in Sos, (Qn+1)- (3.43)
Furthermore for each y € Dag, we have
p . (1.2),(3.17)
Wy(y) < / uPt(z) do(x < O (3.44
ol up(Tnt1p) Joo P ) ) )
Combining (3.43) with (3.44) and using the maximum principle we get
Wy(x) < C for all x € B;;O(Qnﬂ). (3.45)
On the other hand, we have for k£ > C' and p sufficiently large
p %0 1
W, (xn = / uPT (2, + (5,0))ds
p( +1,p) u}%(xn—i—l,p) e D ( +1,p ( ))

(3.19) P kpiny1,p .
> P / Wl @1 + (5,0))ds
up(xn‘f‘Lp) 7k#n+l,p

k
D Hn+1,p / p+1
> U Tnt1p + Hnt1,p(t,0))dt
U%(ajn—i—l,p) . D ( n+1,p n+ P( ))

> /k (“p($n+1,p + fnt1,p(t, 0))>p+1 dt
—k

Up(Tnt1,p)
k p+l
e P
k
(3.40) / V04t 1 o(1) “2Y 2k + o(1) > 3C,
—k

which is in contradiction with (3.45).
Hence, we have proved that Case (2) cannot occur.
So, up to a subsequence,

. . -1 _
pli)rglo dzst(rxn+1,p, 8Q)Nn+1,p =0

and (P5T1) holds with the added points (,,41,)-
Proof of (P§*1).
Since (P;H) holds, by Remark 3.5, assuming the flatness of 92 near @1, we have that

Sn+1p = U in Cl%c(ﬂ)

where U is the limit function in (1.5).
By the definition of s,,41, (see (3.26)), since 23,1 ,/tn+1p — 0, we conclude that also

. 1
Unt1p — U in Cloc(Ri),

where vy,41, are the rescaled functions introduced in (3.22).

In the flat case this proves that (P5"!) holds with the added points (x,1,), since the rescaled
function 2,11, in (3.6) coincide with the rescaled functions vy,1,. The non-flat case can be
obtained in the same way (see [9, Theorem 3]), thus STEP 2. is proved.

STEP 3. We complete the proof of Proposition 3.3.
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From STEP 1. we have that (P{), (P3) and (Pi) hold. Then, by STEP 2., either (P}) holds
or (P?), (P2) and (P32) hold. In the first case the assertion is proved with k = 1. In the second
case we go on and proceed with the same alternative until we reach a number k£ € N\ {0} for
which (PF), (P§), (P¥) and (P}) hold up to a sequence. Note that this is possible because the
solutions u, satisfy (1.2) and Lemma 3.2 holds and hence the maximal number k of families of

points for which (PF), (P¥), (P%) hold must be finite.

Moreover, given any other family of points x4, it is impossible to extract a new sequence from
it such that (PFTY), (P51, (PET!) and (PF) hold together with the points (w)i=1, kt1-
Indeed if (PF*!) was verified then

| Tkt1,p — Tip
Hi+1,p

but this would contradict (PF).

— 400  asp— +oo, foranyie{l,...,k},

Finally let us recall that by Remark 3.1

§—{ lim xi,p,i—L...,k}

p——+o0

hence (3.14) follows from (3.3).

4. REFINED ANALYSIS

We know that the solutions of (1.1) satisfy Theorem I in the Introduction. In particular, for a
sequence of positive solutions u,,, , the blow-up set S of p,u,, is a discrete subset of 02

S={Z1,...,Tm} C OQ

(see (1.7) for the definition of S and (1)-Theorem I for its characterization).
Moreover we have seen in Proposition 3.3 that, up to reordering the points z;, the concentration
set S of uy,,, defined in (3.1), satisfies

S={z1,...,zn}, with N < min{m,k},

where k is the maximal number of bubbles U in Proposition 3.3.

Thanks to the local analysis developed in the previous section, we can actually deduce the
following.

Proposition 4.1.

S=8 and so in particular m = N < k.
Proof. It is enough to show that S C S , namely that m < N. Let us assume by contradiction that
Zm € S\ S. Since Z,, € S, by definition there exists z,, € Q, z,, — Zp, such that pyu,, (z,) —

+00. Since Ty, ¢ S then there exist r > 0 such that B, (Zm) N S = () and that definitively
Ty € Bp(Z) NQ =: K. Next we show that (PF), which holds by Proposition 3.3, implies that

max py |y, | < C, (4.1)
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thus reaching a contradiction.
Let 0 := dist(K,S)/2 > 0. For y € K we have

upn@) = [ Clay)? do(r) = [ Glay)ut (z) do(x), (4.2)

00 v o0
where G(.,.) is the Green function satisfying (1.3). We split the integral over 9f2 into two parts,
the integral over Bs(y) N 0N and the integral over 00 \ Bs(y).
On the one hand, if z € Bs(y) we get d(z,8) > & > 0 and so Ry p, (x) > ¢ > 0 for n large. From
(PY) we derive
ugz_l(x) < pc;, Va € Bs(y).

Hence
Pn

n—1
/ G(x,y)ubr (z) do(x) < C <1> ’ Glay) do(z) < & (4.3)
Bs(y)NoQ Pn o0 Pn
where we have used the fact that G(.,y) is integrable on 02 which follows from Lemma A.1 in
the Appendix.
On the other hand if z € 9\ B;s(y) then G(z,y) < C by using (A.4) since |z —y| > § > 0.
Thus we get

(19) ¢x
/ G(z,y)ubr (v )deCK/ ubr(r)dr < —. (4.4)
O\ B; (y) Gle! Pn
Combining (4.2) with (4.3) and (4.4) we deduce (4.1).

O

We conclude the subsection with a result which will be of help in computing the constants ¢;
which appear in (1.13) and (1.12).

Lemma 4.2. Let p, — 400, as n — 400 and ¢; > 0 be as in Theorem I, then

c; = lim hmpn/ ubrdr , i=1,...,m.
6—0n—o0 Bs(z;)No0

Proof. We retrace the proof of (1.13) in order to characterize the constants ¢;. Let us observe
that, since the points Z;’s are isolated, there exists 0 > 0 such that Bas(Z;) N Bas(Z;) = 0. Then
by the Green representation formula for each x € Q\ S we have

pup,(z) = p | G(z,y)ubr(y)do(y)
BQ

- pnz / o G o) + b /8 G,y (y) do(y)

O\Ui Bs(Z;)

. /B o G ) do ) o),

=

where in the last equality we have used that p,u,, is bounded on compact sets of 2\ S and the
fact that [, G(z,y) do(y) < C (from Lemma A.1 in the Appendix).

Furthermore by the continuity of G(z,-) in Q\ {z} and by (1.9) we obtain, up to a subsequence,
that

m

lim puu,, () = g ¢iG(x, ;) where ¢; :=lim lim p / ubm dx.
Dn ) yLi)s 1 - n D
n——+o00 i1 d—0n—o0 By(%;)NoQ
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O
4.1. Scaling around local maxima.
Let @), € Q,i=1,...,k, be the maximal number of concentrating sequences in Proposition
3.3. W.l.o.g. we can relabel them and assume for the first m sequences that
Tjp, = L5, Vi=1,....m and S={Z1, To, ..., Tm} (4.5)
In order to simplify the exposition, we will assume in the sequel that 0 is flat near z; for all j =
1,...,m. This flatness assumption means that there exists ; > 0 such that
an BE], () = B;z_j (z;) and Dg,(z;) C 0, for all j =1,...,m, (4.6)

and moreover ¥; = Id. Since the Z;’s are distinct, it follows that there exists r € (0, minj—1, ., R;/4)
such that

B} (z)) N B} (z;) =0, Bf (z;) CQ, forall {,j=1,...,m,{# j. (4.7)
Lemma 4.3. Let m € N\ {0} be as in (4.5) and let r > 0 be as in (4.7). Let us define
Yjn € B;(a’:j),j =1,...,m, such that

Up, (Yjn) = _max_up, (). (4.8)
B3, (z;)
Then, for any j =1,...,m and as n — oco:
() 1
Ejm i= [pnugz_l(yj,n)] — 0. (4.9)
(i)
Yjin — T; and y;n, € 082 for n large. (4.10)
(ii4)
’yi,n - yj,n| . . .
=2 s 4o foranyi=1,...,m,i# j.
6-77”
(iv) Defining:
p Q -y,
Wi (y) =~ (Up, (Yjon + €jnY) = Up, Yjn))s Y € Yy 1= ——7, (4.11)
upn (y],n) 6‘]'7”
then
. Al 2
nh_}nolo wjn =U in Cj, . (RY) (4.12)

with U as in (1.5).
(v)

lim inf pn/ ubr (z) do(z) > 2.

n—=20 Up, (Yjn) J D, (y;.0)
Remark 4.4. (i) is the analogue of (3.4)-(3.5) for the families of points yjn, j=1,...,m.
(73i) and (iv) are respectively properties (P") and (P§*) introduced in Section 3. Moreover by
(i) we get

lirginf Up, (Yjn) > 1 (4.13)

and by (ii) we also deduce property (P3*) and that for any § € (0,2r) there exists ns € N such
that

Yin € Ds(Z;),  forn > ns. (4.14)
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Proof. (i):let z; € S = S by Proposition 4.1 then there exists a sequence z, — Z; such that

pnug’;_l () = 400 asn — oo. Hence z,, € B,.(Z;) for n large and the assertion follows observing
that by definition w,, (yjn) > up, (zn).

(3): Assume by contradiction that y;,, does not converge to Z;, then up to a subsequence (that
we still denote by ;) yjn — T such that (2r >) [z; — 2| > § > 0. But then by (1.13) in
Theorem I

Putty, (Yjn) = Y ¢ G(T,%;) + 0n(1) = O(1). (4.15)
j=1

Moreover, since Z; € S, there exists a sequence x,, € Q such that z,, — zj and ppup, (Tn) — +o00.
Hence z,, € B,(z;) for n large and by definition w,, (yjn) > up, (z5), which is in contradiction
with (4.15), as a consequence Yim —> Tj.

Recall that y;,, satisfies (4.8) and Auy,, = u,, > 0 in By, (Z;). If by contradiction y;, € B, (z;),
then Auyp, (yj.,) < 0, which is impossible. Hence y;,, € 9B (Z;) = Do, (Z;) U S2(Z;). Since
Yjn —> Tj € 0N, we obtain y;, € Do,(Z;) C 0N for n large.

(#4i): Just observing that by construction |y; , — y;p| > 4r if ¢ # j.

(iv): Observe that (i) and () imply that for any R > 0 there exists ng € N such that

BE(O) c BY,, (333—3/],p> C Qjy, for n>ng. (4.16)
€jn €j7n

Ej,TL
Indeed for n large y;,, € D,(Z;) by (i7) and and Re;,, < r by (7). As a consequence B;{FE], (Yyjn) C
B3 (z;) C Q for n large, which gives (4.16) by scaling back.

From (4.16) and the arbitrariness of R we deduce that the set €;, — R? as n — co. (4.12) is
n+1)'

then obtained similarly as in the proof of Proposition 3.3-(P
(v): using (4.14) we have that y;, € D,(Z;) for large n and so B/ (y;») C Bs,.(Z;) C Q for
n large, namely, by scaling

B, (0) C Qjn, for n large (4.17)

Ejvn
By scaling and passing to the limit as n — +o0, by (i), (iv) and Fatou’s Lemma one has
lim inf Pn Pn d — liminf 1 wj,n(y) P d
iminf ——— ubr(z)do(r) = limin + == o(y)
Dr(yjn) D_r_(0)

n—00 upn (yjan) n—ro0 Pn

€j,mn

/ VW do(y) = 27
OR2

which gives (v). O

v
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Lemma 4.5. Let r > 0 be as in (4.7) and y;, for j =1,...,m be the local mazima of u,, as
in (4.8). Let us define
Bin = p"/ wr(@)do(z), forj=1,...,m. (4.18)
Up, (Yj,n) J Dy (ysn)
Then
ngn}roo Bjn = 27. (4.19)

Proof. Fix j € {1,...,m}. By Lemma 4.3-(v) we already know that

liminf 3;,, > 2,

n—-+o0o

so we have to prove only the opposite inequality:

limsup 3, < 2. (4.20)
n—-+4o0o
For 6 € (0,7) by (4.7)
B (z;) C Q (4.21)
and we define
Pn
ajn(6) = / ubr(x) do(x). (4.22)
! Upy, (yj7n) Ds(zj) P
In order to prove (4.20) it is sufficient to show that
lim lim sup oy, () < 27 (4.23)

0—0 n—4o0

since (4.20) will follow observing that

Pn

By = ay(8) + /
J / upn (y]’pn) Dr(yj,n)\D6(3_3j)

ubr () do(r) = o n(6) + on(1), (4.24)

where the second term goes to zero as n — oo because y;,, € D2,(Z;). Indeed D, (y;n)\ Ds(Z;) C
D3,.(z;) \ Ds(z;) C 02\ S and we know that for any compact subset of 92\ S the limit (1.13)
holds and liminf, o up, (yjn) > 1 by (4.13).

In the rest of the proof we show (4.23).
Let us consider the local Pohozaev identity for problem (1.1) in the set By (z;):

1
2 = 2, .2 _
U dx:/ —(z —z;,v)(|Vup, | +u, ) —(x — %3, Vuy,, do(x), 4.25
/BM R S e (AR p) S do(z),  (425)

where v is the outer unitary normal vector to 833“ (Z;) in x. Recalling that we have assumed
that 0Q is flat near z; (see (4.6)), then we have v = —e* on Ds(Z;), so that (x — Z;,v) = 0 and
(x —z;, Vu) = (x — fi)l% for each x € Ds(Z;). Furthermore on S5(Z;) we have v = *=* and

x — Z;, Vu) = 02%. Hence from (4.25) and by integrating by part we get
ov

1 +1 2 J 2 2 Oup, ?
ubr ™ do = uy, dr — \Vup, | +uy —2( —— do
Pn+ 1 Jps(a) B (7:) 2 Jss(z) v

1
1 Z;+06

NS
+ (x—xz) .
pntl], |
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Multiplying the last equation by p? we obtain

2
by / prn+1 5/ 2 Y 2
— ubr ™ do > —— |pnVuy,, |“do — = (Pnup, ) do
pn+1 Ds(T;) b 2 Ss(Z:) " P 2 Ss(Z:) "
Ti+0
Ou, \2 ubrtt ]
) <p pn> do + p2 r— 7\ Pn
Sé(jl) n 81/ n ( ’L) pn+1 jlié
= T +T5+T5+Ty. (426)

Next we analyze the behavior of the four terms in the right hand side.

Recall that, by (1.11), ppup, — >5%, ¢;G (-, 7;) in CL (B (z;)\ {Zi}). Moreover, using Lemma
A.3, for 6 € (0,r) we have

Z c;G(x,%;) = ;Z log
j=1

+0(1), Y ¢VG(z,z)= —2 0

Jj=1

+0(1) (4.27)

o | — 32

1
‘l’—i’i’

for each z € B (#;) \ {Z;}. By the uniform convergence of the derivative of p,uy,, on compact
sets combined with (4.27), passing to the limit we have

o 4] Ci T—Z 2 c?
7= —/ PV, |2 do —> —/ <—Z_’ + 0(1)> do(z) = -5 4+ 0(5)
2 s e 2 g@ \ T le -l 2m
T: 0 / (p Vdo — 0 / <Ci log ! + O(l)>2 do(z) = O(6%log? d)
h=—— nUp, ) do —— = - o(z) =
2 Jss(a) . n00 2 Jos(a) \ T | — i
2 ) - 2 2
Ty =6 ( nﬁum) do —s & <—CM”(2"”)> + 0(1)> do(z) = <+ 0(5)
SHED) o e JSs () T |r =il i
and also
2pn 1 (1.13)
Ty < o+ 15||Pnu§n ||L°°(6D5(a‘ci)) 0,(1)O(6)
So by (4.26) and recalling the definition of «;
(4.22)
i@ 05 Z i) o [ an@)do@) 2 pa [ @) dota)
D5 (Z:) Ds(2:)
(426) (2
> 5+ 0(0) +ou(1), (4.28)
but by Lemma 4.2, (4.21) and (4.22)
ci %Lr%nlirgopn /D,;(zi)up" dx %%7}1—{20 @i (0)up,, (Yin)- (4.29)
Combining (4.28) and (4.29) we get (4.23). O

Lemma 4.5 immediately implies the following result.

Proposition 4.6. Let r > 0 be as in (4.7) and let y;,, for j =1,...,m, be the local mazima
of up, as in (4.8), where m is the number of points in the concentration set S. Let us consider
a subsequence of p, (which we still denote by py,) such that

mj = Hm up, () = lim lim {lup, || e 5, 500 (4.30)
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1s well defined for 7 =1,...,m. Then one has

Cj = 27 - ms; (4.31)
m
: 2., .2 _ 2.
nh_g)lopn/Q (IVup, |” + upn) de = 27T.22mj’ (4.32)
]:
and
m =k, (4.33)

where ¢;’s are the constant in Theorem I and k € N\ {0} is the mazimal number of bubbles given
by Proposition 3.3.

Proof. Observe that, by (1.8), m; is well defined for a suitable subsequence of p,, and, furthermore

1 <mj<ooforany j=1,...,m, by (4.13).

(4.31) follows from some argument already used in the proof of Lemma 4.5 (see (4.22), (4.24)),
indeed we have

L ; (422) .. . (4.24) .
¢j = lim lim p, /D 6(@)%]371(35) do(z) =" lim lim ojn(d)up, (Yjn) =" Hm Bjnup, (yjn) = 2m-m;,
where the last equality follows from Lemma 4.5.
Next we prove (4.32). Observe that
2, .2 _ pnt+1
pn/ (IVup, [ +ug ) de = pn/ ubn " do
Q o0
m
= an / uﬁZ“ do + py, / ugzﬂ do
j=1 r(Z; O\UTL, D (Z;)
(1.13)
= an / ubrt do + 0,(1). (4.34)
j=1 (T
Moreover
pn/ ugz"'l do = pn/ ugz"'l do + onp(1), (4.35)
Dr(Z;5) Dy (yjn)
since for n large enough D:(Z;) C Dz (yjn) C Dr(Z;) so that
pn/ uﬁz“ do < pn/ ugzﬂ do '2Y op(1).
Dy (2;)\Dz (yj,n) {z€D:(Z;), 5<|z—T;|<r}
Let us consider the remaining term in the right hand side of (4.35) and prove that
lim py, / wbrtl do =21 - m3. (4.36)
n—oo Dg (yj,n)
On the one side, since the families of points y;., j = 1,...,m, satisfy properties (P"), (P3")

and (P3") introduced in Section 3 (see Remark 4.4), similarly as in the proof of Lemma 3.2,
using (4.30), we obtain that

n—oo

lim infpn/ ugz‘H do > 27 - m? (4.37)
Dy (yjn)
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On the other side, since By (y;,) C By.(Z;) C Q for n large,
2

y
D

so Lemma 4.5 implies that

(4.18)
ugz'i‘l do < Up,, (yj,n) pn/ ugz do = Up,, (ijn)2ﬁj,na

(yj,n) Dr(yj,n)

”
2

lim suppn/ ugzﬂ do < 2m - 'mj2 (4.38)
n—0o0 D%(yj,n)

(4.36) then follows by combining (4.37) and (4.38). Finally (4.34), (4.35) and (4.36) imply (4.32).

Next we show that the points y;,, j =1,...,m, also satisfy property (PJ*), namely that there
exists C' > 0 such that

PR p, (2)ubn " (2) <C Vz e (4.39)

where Ry, p, (%) := minj—1,__m [ — yjn|. Arguing by contradiction we suppose that

sup (pnRin.p, (CU)ugZ_l(ﬂ?)) — 400 asn — +00
zeQ

and let ypm11,n € Q be such that

PnBmp, (ym—&-l,n)ugzil(ym-i-l,n) = sup (anmmn (ﬂf)ugﬁfl(ﬂﬁ)) . (4.40)

e
By (4.40) and since € is bounded it is clear that

pnungl(ymﬂ,n) — 400 asn — +oo.

Taking the sequences of local maxima y;, for j = 1,...,m and the added sequence ¥, 1,
similarly as in the proof of Proposition 3.3, we then get that (P;"1), (Py**!) and (P§*™!) hold.
Applying now Lemma 3.2 for the families of points (y; ,)i=1,...m+1 and using (4.30) we obtain

2 .2 o 2 SN C
pn/Q(\Vupn| +uy, ) do > QWZmi+2wmm+1+on(1) > QWZmi+27r+on(1) as n — 400,

i—1 i=1
thus
m
lim pn/ |V, [* + ugn dx > 2”277%2
(9] X
=1

n—oo

which contradicts (4.32) concluding the proof of (P}").
At last in order to derive (4.33), let us consider k families of points x1,,22p,,- .- Tkp, € £ as
in the statement of Proposition 3.3. By virtue of Proposition 4.1

S=1{z1, ..., imt=1{ lim w4, 1ic{l,... k}}.

n—-+0oo
Given ¢ € {1,...,k}, let j € {1,...,m} be such that lim, 4 %;p, = Z;. Next, recalling that
{Y1,n:Y2,m, - - Ym,n} satisfy (P") and applying (4.39) at z;,, we get

~ (4.7)4(4.8) _
p‘wi:pn - y]:”‘ugz 1(xi,Pn) = pRm»pn (xlvpn)ugz 1(xi»pn) < C.

So in particular, up to a subsequence

Yjm — Tip,

<C.

Hi,pr,
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As a consequence, up to a subsequence, since y;, € 0f) and w; ), satisfies (775), there exists

t;; € OR% such that
R .
tigm = P
Hi,pr,

v (4.8), (3.6) and (3.7)
DPn
Up, (Tip,

Thus, by (1.5) fi,j =0, then

0< )(Upn (Yjn) — Upn (Tip,)) = Zip, (tijn) — U(fi,j) <0.

Win = Zipnl _ (1), (4.41)
Hi,pp,

In conclusion, let us suppose by contradiction that k& > m, then there exists

i,0e{l,...,k}, i#¥¢, such that lim x;p, = lim x4, =z; forsomejec {1,...,m}.

n—-+o00 " n—)—}—oo

In addition w.l.o.g. let us assume that up to a subsequence pi; p,, > firp, -
By (4.41)

’xi,pn B J"Z7Pn| < |xiapn — y],n| 4 |$e:pn — yj,n‘

Fipn B Hi,pp, Hi,pp,
|:L1ia n _y,’ﬂ| |x€: n _yyn‘
< P SRy EoPn SIR— o,(1),
Hi,pp M£7pn
which is a contradiction against property (P¥) for z1,, , 72, - Thpn - O

Next we give a decay estimate for the rescaled functions w;, which will be fundamental to
compute the constants m;’s.

Lemma 4.7. For any v € (0,2) there exists Ry > 1 and ny € N such that

wjn(2) < (2 - )10g 7] +C,, Yi=1,...k (4.42)
for some 57 > 0 provided R, < |z] < stn’ z€D_r (0) and n > n,.
As a consequence "
W@\ _f 1 for || < R,
0<(1+—22=) < 4.43
N < Dn > B { C’Y|z\21—~/ for R'y < ‘Z| < 5]% ( )

Proof. Arguing similarly as in the proof of [15, Lemma 4.4] one can deduce a crucial pointwise
estimate for wj ,, namely it can be proved that for any € > 0, there exist B, > 1 and n. € N
such that

wjm(y)g(% )log’ ‘+C’E, Vi=1,...,m
for some C; > 0, provided 2R. < |y| < —, y € D_r_(0) and n > ne..
(4.42) then follows by Lemma 4.5. Fmally (4 43)isa dlrect consequence of (4.42) (see for instance
the proof of [17, Lemma 2.1] which can be easily adapted to this case). O

Proposition 4.8.

m; =+e, Vi=1....m
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Proof. From (1.9)

c< pn/ ub” (x)do(r) < C
o0

hence, by the properties of the Green function G,

/ Gy 2l (z) do(z) < Cp W () do(z)
8Q\D2T(§2j) 8Q\D2T(i‘j)
< [ @@ =0) (14
o0 DPn

and similarly, observing that (4.10) implies that for n large enough the points y;, € D, 2(Z;)
and that D, /5(%;) C Dy(yjn) C D2r(7;), also

/ Gl ey (@) dole) < [ Gy, 2y () do(a)
Doy (Z5)\Dr(yj,n) {z€D2r(Z;), 5<|z—T;|<2r}
1
§Cr/ uP (2) do(z) = O(—). 4.45
s g b (x) do(x) (pn) (4.45)

Using the previous estimates and the Green representation formula, we then get

tp,, (Yjn) = - G (Yjn, x)ub (7) do()

- / Gy )l () dor(z) + / Gy )l () dor ()
DQT(CEJ') BQ\D2T(jj)

(4.44)—(4.45) / G (Yjn, v)upr (x) do(x) + on(1)
Dy (yj,n)

(410 Upy (Ysn) / G(Yjns Yjn + €jn2) (1 + w]’"(z)> do(z) + on(1)
Pn D_r (0) Pn
€j,mn
(14 Upn (Yjm) / H(Yjns Yjn + Ejin?) (1 + wj’”(z>> do(2)
Ej’n
enllan) [ g (1 i wm(z)) do(2)
TPn D_r_(0) Pn
€j,p
_ Up, (Yjn) 10g(gj,n) / (1 + W)Pn do(z) + on(1)
TPn D_r (0) Pn
Ej,n

Since H satisfies (A.3) in the Appendix, by (4.9) and (4.10) we get

Hm  H(yjn, Yjn + €jnz) = H(Zj,7;), for any z € ORY,

n—-+o0o

so by (4.30), the convergence (4.12) and the uniform bounds in (4.43) we can apply the dominated
convergence theorem, and since the function z +— 1/|2|>77 is integrable in {z € 9R?, |z| > R}
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choosing v € (0,1) we deduce

Pn
. win(2z
im  up, (Yjn) /D " H(Yjn,Yjn + €jn2) <1 + ]()> do(z)

p——+00 Dn
Ejyn
(4.12) ij(fjJrj)/ '@ do(2) 2 2mm;H (25, 7).
ORZ.
from which
. ] pn
A, = “pn(yﬂn)/ H(Yjin: Yjin + n?) <1 - W) do(z) =on(1). (447
P Jp . (0 Pn
E]”n

For the second term in (4.46) we apply again the dominated convergence theorem, using (4.43)
and observing now that the function z + log|2|/|2|?>7" is integrable in {z € ORZ, |z| > R,}
and that z — log |z| is integrable in {z € OR%, |z| < R,}. Hence we get

) Pn
lim upn(yj,n)/ log | z| (1 + W) do(z) = mj/ log |z|eV ) do(2) < 400

€jm

and this implies that

B, = _W/ log |#| (1 + wj’n(z)> do(z) = on(1). (4.48)
TPn D_r (0) Dn

€j,mn

Finally for the last term in (4.46) let us observe that by the definition of ¢;,, in (4.9)

logejn = —(pn — 1) logup, (Yjn) — 10g Pn, (4.49)
again by the dominated convergence theorem it follows
Cn = _ upn (y]7n) log(€p7n) / <1 + wjvn(z) )Pn dO'(Z)
TPn D_r (0) Pn
Ej,’!l
= Ura(bin)log(Sin) [, o)+ o)
TPn IORZ
— _upn (y], ) Og(SJ: )(271' + On(l))
TPn
(4.49) pn—1 log pn
2 ) | P g () + 52| (24 00 1), (4.50)

Substituting (4.47), (4.48) and (4.50) into (4.46) we get

Pn—1 logp
e (Yson) =t (3] ["p log uy, (450) + ] (2 4+ 0n(1)) + 0n(1),

n Dn

passing to the limit as n — +oo and using (4.30) we conclude that

logm; = 3
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4.2. The proof of Theorem 1.1.

The statements of Theorem 1.1 have been proved in the various propositions obtained so far. In
particular (i) is a consequence of Lemma 4.2, (4.31) and Proposition 4.8. (7i) derives from (4.30)
and Proposition 4.8. The energy limit (74i) follows from (4.32) in Proposition 4.6, combined with
Proposition 4.8. The statement (7v) is contained in Lemma 4.3 in the flat case, and can be easily
extended to the non-flat case, similarly as in [21, 9], see Subsection 2.1.

APPENDIX A. SOME PROPERTIES OF THE GREEN FUNCTION

Let y € 092 and let G(z,y) be the Green function satisfying the Neumann problem (1.3). First
note that G > 0 and by the classical strong maximum principle, for each y € 9Q G(.,y) cannot
attain its minimum in . Also, by the Hopf lemma if G(z,y) = 0 for some z, y € 9Q, = # y
then the normal derivative g—i(x, y) is negative, which is impossible. Therefore, for each y € 92
we have

G(-,y) > 0in Q. (A.1)
By a compactness argument we can find a constant ¢ > 0 such that G(z,y) > ¢ for all y € 9Q
and all z € Q.

Lemma A.1. There exists a positive constant Cq such that
0<G(z,y) <Cy(|loglz —y||+1) for each x € Q\ {y} and y € ON.
Proof. By (1.4), we have

1
G(z,y) = —log

Ep + H(z,y) (A.2)

L is the singular part of G and H(z,y) is the regular part of G. The function

where %log =
H(.,y) satisfies

1
z — vy
on Of).

in Q

1
—AgH(z,y) + H(z,y) = ——log ‘
oH _ 1 —yv(@)
01/x(x’y)_7r |ZL'—y|2
Arguing as in [38] (see pages 834 and 835), we have
z H(z,y) € CY(Q), y— H(z,y) € CH(09Q,CH7(Q)) and V. H € C(Q x 0Q)  (A.3)
for any v € (0,1). The desired result follows from (A.1), (A.2) and (A.3). O

As consequence of Lemma A.1, we have the following result.

Lemma A.2. There exist Cy,Cs > 0 such that:
G(z,y) <Cs V]z—yl>d>0, (A.4)

Co
|z -y

Proof. 1t is easy to see that (A.4) is a consequence of Lemma A.1.
By (A.2) we have

|V.G(x,y)| < Ve {y} (A.5)

1 _
V.G(a,y) = ————2 4V, H(z,y) (A.6)

|z —yP?
for each z € Q \ {y}. Hence (A.5) follows from (A.6) and (A.3). O
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Let x1,...,z, be n distinct points in 9 and let r be some positive small constant such that
B.(x;) N Bp(z;) =forall 1 <i# j <n.

Lemma A.3. Let 1 < i < n and let (¢cj)1<j<n be n real numbers. For each x € By(x;) N Q\{x;},
we have

C; T — Xy

+0(1) and chVG(a:,a;j):—

Jj=1

+0(1).

T g]x—xi| T |z — 4]

Z c;G(z,z;) = S
j=1

Proof. Using Lemma A.2, for each x € B, (x;) N1 Q\ {x;} we have

chG(:E,xj) =¢;G(z,x;) +O(1) and chVG(aj,:L’j) = VG(x,z;) + O(1).
j=1

J=1

Furthermore G(z, ;) satisfies (A.2) and (A.6), so that, by the regularity of H in (A.3) we obtain
the desired result. O
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