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Introduction.

An important question concerning algebraic geometry and differential topology is the so called
def=diff? problem:
Are two complex structures on a closed compact differentiable 2n-manifold deformation of
each other?
In case n = 1 it is a classical result (cf. [E-C] II1.33) that the answer is yes, while in case
n = 2 the above question (Friedman-Morgan conjecture) has a positive answer in some cases,
but it is in general still unsolved. The reader can see the survey article [Do] for a discussion
of recent results about this problem and [Li-W] for the higher dimensional case.
If we restrict to minimal algebraic surfaces of general type the above question can be inter-
preted in terms of properties of the moduli space of surfaces of general type. In fact for a given
oriented smooth four-manifold X the (possibly empty) set M%/f(X) of minimal surfaces of
general type orientedly diffeomorphic to X can be endowed with the structure of a quasipro-
jective variety in such a way that two surfaces S, Sy € M%f/(X) can be deformed the one
in the other if and only if they belong to the same connected component of M¥/f(X).
The main goal of this thesis is to study the general connectedness properties of moduli spaces
of surfaces of general type and to give some general recipes to construct examples of pairs
of “very similar” complex algebraic surfaces with the same underlying topological 4-manifold
such that their complex structures cannot be continuously deformed the one in the other. It
is important to say at this point that our methods belong to the realm of algebraic geometry,
no computation of differentiable invariants is made and it is not clear to us if, in some cases,
our examples may have the same differential structure.
Let S be a minimal surface of general type and let M®°P(S) be the moduli space of surfaces
of general type homeomorphic (by an orientation preserving homeomorphism) to S.
Let ks € H?(S,Z) be the first Chern class of the canonical bundle of S and let 7(S) its
divisibility, i.e.

7(S) = max{r € N| kg = rc for some ¢ € H*(S,Z)}
If 8" € M™P(S) is in the same connected component of S then there exists an orientation
preserving diffeomorphism f:S” — S such that f*(ks) = ks» and r(S) =r(5").

Marco Manetti: Degenerations of Algebraic Surfaces and applications to Moduli prob-

lems.



4 Introduction.

Catanese ([Cad]) was the first to prove that “in general” M®P(S) is not connected, giv-
ing examples of homeomorphic simply connected surfaces with different divisibility . His
examples include the so called simple bihyperelliptic surfaces.

Denote by O(a,b) the line bundle on P! x P! whose sections are bihomogeneous polynomials
of bidegree a,b. A minimal surface of general type is said to be simple bihyperelliptic of type
(a,b)(n,m) if its canonical model is defined in O(a,b) ® O(n, m) by the equations

2= flry)  w’=g(x,y) (%)

where f, g are bihomogeneous polynomials of respective bidegree (2a,2b), (2n,2m).

If a,b,¢,d > 3 then simple bihyperelliptic surfaces of type (a,b), (¢,d) are simply connected
([Cal)).

Catanese also considered the subset ]\Af(a’b)(n’m) of the moduli space of surfaces of general
type M whose members are simple bihyperelliptic surfaces of type (a,b)(n,m) and proved
([Ca3]) that if a > max(2n + 1,b + 2), m > max(2b + 1,n + 2) then ]\Af(a,b)7(n7m) is an
irreducible component of the moduli space. In chapter II of this thesis we make the necessary
computations in order to prove that under the above conditions about a,b,n,m the set

N(a,b),(n,m) 15 open in the moduli space and then it is a connected components.

This result enables us to prove (chapter V) the following

Theorem 1. For every k > 0 there exist simple bihyperelliptic surfaces Si, ..., Sy orientedly
homeomorphic to each other, such that r(S;) = r(S;) and such that they belong to k distinct

connected components of the moduli space.

After Donaldson’s work about polynomial invariants of smooth four manifolds it was clear
that for a large class of simply connected minimal surfaces of general type the divisibility r
is a differential invariant ([F-M-M]) and using this fact Friedman, Morgan and Moishezon
were able to construct the first examples of homeomorphic but nondiffeomorphic surfaces
of general type. Later Salvetti ([Sal]) proved that the number of surfaces of general type
with the same underlying oriented topological 4-manifold but with nonequivalent underlying
differential structures can be arbitrarily large.

Very recently, using a new differential invariant, Witten [Wi] proved in particular that r is a
differential invariant for every simply connected minimal surface of general type.

Moreover, if Witten’s speculations, based on supersymmetric quantum field theory, are cor-
rect, then homeomorphic surfaces with the same divisibility r have the same Donaldson’s
polynomials and therefore to decide whether they have the same differential structure will
probably be one of the most challenging problems in four-dimensional differential topology.

If X is the surface defined in (%), every deformation of X defined by the equations

22 = flz,y) +wolz,y)  w’ =g (x,y)+ 20(z,y) (#)
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where f',¢',$,9 are bihomogeneous polynomials or respective bidegree (2a,20b),(2n,
2m), (2a — n,2b —m), (2n — a,2m — b), is called a natural deformation of X . Assume now
a > 2n,m > 2b, in this case every natural deformation is obtained by deforming the polyno-
mials f, g of the equations (x) in their linear systems since the polynomials ¢, of the above
equations () must be equal to 0. Therefore the canonical models of simple bihyperelliptic
surfaces are stable under small natural deformations and then the openess of ]\Af(a,b)’(n’m),
a > 2n,m > 2b, is equivalent to the surjectivity of the Kodaira-Spencer map of the family
of natural deformations of X for every X asin (%) with at most rational double points as
singularities.

More generally it is possible to extend the notion of natural deformations to every smooth
abelian covering of algebraic varieties ([Cal],[Ca2],[Par],[F-P]) and this notion finds useful
application in the explicit determination of complete families of deformations.

The generalization of the notion of natural deformations to normal abelian coverings presents
in general some difficulty, for example in the case, considered in chapter II, of Z /27 x Z/2Z
Galois covers X — Y with Y smooth and X normal, in order to prove some interesting
results we need the assumption that every irreducible component of the ramification locus
R C X is alocally principal divisor (cf.11.4.2).

In this thesis the theory of natural deformations is also used in the explicit description of the
connected components in the moduli space of some surfaces of general type different from
the ones considered in theorem 1. The first cases we consider are the double coverings of the
projective plane.

As before for every h > 4 we define N(P?,O(h)) C M as the set of surfaces of general type
whose canonical model is a double cover of P? ramified over a plane curve of degree 2h. In
this case the natural deformations are obtained by deforming the branching divisor and are a
complete family (VI.2.9), therefore N(P2 O(h)) is an open irreducible subset of the moduli

space. The following questions becomes natural:
i) Is N(P?,0(h)) closed in M?
ii) Is the closure in M of N(P2,O(h)) a connected component?

A theorem of Horikawa ([B-P-V] VII.10.1) asserts that every minimal surface of general type
with K? = 2 and p, = 3 belongs to N(P?,O(4)) and then for h = 4 the above questions

have positive answer. In chapter VII we shall prove the following

Theorem 2. The subset N = N(P2,O(h)), h >4 is closed in the moduli space if and only

if h is even.
For every h > 4 the closure of N in the moduli space is a connected component.

The main step in the proof of theorem 2 is the classification of degenerate double covers of
the projective plane. By definition a degenerate double cover of P? is a normal projective

surface Y with at most rational double points and ample canonical bundle such that there
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exists a proper flat map f:Y — A with f~1(0) = Yy and f~!(t) = Y; a double cover of P?
for every t # 0.

In general the classification of degenerations is a very difficult problem, fortunately in our
case, using the fact that for every finite group G the subset ME C M of minimal surfaces
of general type admitting a faithful G-action is closed ([Ca2],[F-P]), we shall show that there
exists a nontrivial involution 7 on the degenerate double cover Yy and its quotient Xo = Yy /7
is a normal degeneration of P? with at most quotient singularities.

We are therefore reduced, as a preliminary step, to consider the following problem of inde-
pendent interest.

Classify the normal surfaces Xy admitting a deformation X — A = {t € C|[¢| < 1} such
that X, ~ P? for every t # 0.

If X, is smooth then it is isomorphic to P? and the family is locally trivial. Chapter IV is
devoted to study the case where X is a normal surface. We shall call this case a normal
degeneration of P2.

For every projective arithmetically Cohen-Macaulay surface V it is possible to construct
normal degenerations of V' by taking the intersection of the projective cone of Y with the
hyperplanes of a generic pencil (see chapter IV for details). Taking as V' a Veronese embedding
of P2 we are able to construct examples of normal nonsmooth degenerations of P? which are
cones over projectively normal curves. The natural question which arises (cf. [Bal],[Ba2])
is whether these ”classical” degenerations are the only ones and, if they aren’t, what other
normal surfaces can appear.

We observe that ”classical” degenerations of P? with at most quotient singularities are P2
and Wy =cone over the rational smooth curve of degree 4 in P*.

A quite surprising result we find is the existence of infinitely many examples of normal de-
generations of P2 with at most cyclic quotient singularities. These examples are constructed

using the following theorem (IV.B)

Theorem 3.
1) Let Xy be a normal degeneration of P2 with at most quotient singularities, then the
following properties hold:
a) Xy is projective algebraic.
b) q(Xo) = Pa(Xo) =0 Vn > 1
¢) o(Xo) =1
d) Every singularity of Xo is cyclic of type %(1, na — 1) for some pair of positive integers
a,n with (a,n) =1 ((a,n) is the g.c.d. of a and n)
e) If p1,p2 € Xo and the singularities (Xo,p;) are cyclic of type %(1,711-@1- — 1) then the
n; ’s are not diwvisible by 3, moreover if p1 # py then (ny,ng) =1

f) Xo has at most 3 singular points.
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2) Conversely if a normal surface Xo satisfies a), b), ¢) and d) of 1) then Xy is a degeneration
of P2, in particular e) and f) hold too.

The part f) is a consequence of some more general results about normal projective surfaces
with Picard number o =1 and P_; > 5.

The study of these surfaces is made in chapter III where we prove the following

Theorem 4. Let §:S — X be the minimal resolution of a normal projective surface X with
o(X) =1, Py > 5 and at most rational singularities. Then S is a rational surface and
there exists a birational morphism p:S — Fgq, d > 2 such that the exceptional locus of § is
ezactly the union of 1~ (0s) and the irreducible curves with selfintersection < —2 contained

in the fibres of the composite morphism S—-F;—-P!.

In the statement of theorem 4 F,; denotes the Segre-Hirzebruch surface and o, the section
of p such that 02 = —d. Note in particular that the irregularity of X is 0.

A consequence of theorem 4 is that if the singularities of X are taut (e.g. quotient singulari-
ties) then X is uniquely determined by the combinatorial data of the sequence of blowings-up
composing p and by a combinatorial argument we shall show that if the singularities are cyclic
then X has at most 3 singular points. With the additional information of theorem 3 we shall
moreover prove that for every normal degeneration of P2 with at most quotient singularities
X, then either X is the cone W, over the rational curve of degree 4 in P* or if S is the
minimal resolution of X and p:S — F is as in theorem 4 then d = 7,10. The degenerations
with d = 7 are infinitely many and completely classified (IV.4.3) while in case d = 10 the
situation is more complicated.

As a consequence of our classification of normal degenerations of P? we shall prove that every
degenerate double cover Yy of the projective plane is either a double cover of P2 or it is a
nonflat double cover of the cone Wy with the vertex wg € Wy as an isolated branch point.
This second possibility can appear only if K%,O is divisible by 8 and therefore for h even,
the subset N (P?,O(h)) is closed since the surfaces belonging to N (P2, O(h)) have invariants
K?=2h-3)22(x—-1)=(h—-1)(h-2).

The last step of the proof of theorem 2 follows from the fact (VII.3.5) that every degenerate
double cover of P? has unobstructed deformations. The proof of VIL.3.5 when Yj is a nonflat
double cover of W, will require a quite long computation since in this case the “natural
deformations” are not a complete family.

Much easier is deformation theory for flat double covers of normal surfaces. Let X ——Y be a
flat double cover of normal surfaces, then m,Ox is a locally free Oy -module and there exists
an eigensheaves decomposition m,0x = Oy ® Oy (—L) for a line bundle L — Y, this implies
that X can be embedded in the total space of L as the square root of a section of 2L.

In chapter VI (VI.2.11 and its proof) we prove the following “expected” result

Theorem 5. In the above notation assume:
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i) HY(Oy) =0 and L extends to every deformation of Y . (Note that since by the previous
assumption Y is assumed to be reqular, on every deformation of Y there exists at most
one extension of L ).

i) Exty, (2, —L) =0.

iii) The sections of 2L extend to every deformation of Y (e.g. if HY(Y,2L) =0).

If Y has unobstructed deformations then the same holds for X and every deformations of X
s a flat double cover of a deformation of Y .

Theorem 5 is the starting point for the construction of a large number of examples of connected
components of moduli spaces of surfaces of general type.

For every minimal surface S of general type the set
Ma(S) = {S" € M"P(S)|r(S) = (')}

is a quasiprojective variety and has a finite number of components, denote by §(S) (resp.:
i(S)) the number of connected (resp.: irreducible) components of Mg4(S). Clearly i(S) >
0(S) and with a more accurate computation in theorem 1 it is possible to find simple bihyper-
elliptic surfaces S such that i(S) > C1 K2, §(S5) > Csloglog(K2%) where C;,Cy are absolute
positive constants.

These lower bounds are quite unsatisfactory since simple bihyperelliptic surfaces are very
special surfaces and it is natural to expect much greater values of 6(5) and i(S). In ([Ca5])
Catanese gives some effective upper bounds for the number (S) in terms of K%, the best
of which is i(S) < Cy' oy = K%, C absolute constant, for every regular surface S.
Catanese’s bounds are not very satisfactory and it seems that improvements are possible, in

any case i(S) and 0(S) are in general quite big. In fact in chapter VI we prove:

Theorem 6. For every real number 4 < § < 8 there exists a sequence S, of simply connected
surfaces of general type such that:
a) yn = K ,xn = x(0s,) = 00 as n — 0.

b) lim 2" = 3.

n—oo [I;n
1
¢) 8(S,) > yz B

Theorem 6 is proved by using simple iterated double covers of P2 and P! x P!.

Definition 7. A finite map between normal algebraic surfaces p: X — Y is called a simple
iterated double cover associated to a sequence of line bundles Ly,...,L, € Pic(Y) if the
following conditions hold:

1) There exist n+1 normal surfaces X = Xy, ..., X;, =Y and n flat double covers m;: X;_ 1 —
X; such that p=m, 0....0om.

2) If p;: X; — Y is the composition of 7;’s j > i then we have for every i = 1,...,n the

eigensheaves decomposition 7;,Ox, , = Ox, ® pi(—L;).
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For any sequence L1, ..., L, € Pic(Y') define N(Y, L1, ..., L,,) as the image in the moduli space
of the set of surfaces of general type whose canonical model is a simple iterated double cover
of Y associated to Ly, ..., L, .

In case Y = P2 P! x P! we are able to find sufficient conditions on the sequence L1, ..., L,
in such a way that the set N(Y,Lq,..,L,) has "good” properties; the condition we find are
summarized in the following definition:

Definition 8. A sequence Ly, ..., L, L; = Opiypi(a;,b;) n > 2 of line bundles on P! x P!
is called a good sequence if satisfies the following conditions.

Cl) a;,b; >3 forevery i =1,...,n.

C2) max;; min(2a; — a;,2b; —b;) < 0.

C3) an >by+2, by_y > an—1 +2.

C4) a;,b; are even for i =2,...,n.

C5) For every i <n 2a; — a;y1 > 2,2b; — bipq > 2.

A sequence of line bundles Lq, .., L, € Pic(P?), L; = Op2(l;), is called a good sequence if
satisfies the following 3 conditions:

C6) I; >4 for every i =1,...,n.

C7) l; > 2l;4q forevery i=1,..,n—1.

C8) I, isodd, l; iseven for i =1,...,n — 1.
The main result we prove is:

Theorem 9.For Y = P2 P! x P! let Ly,...,L, be a good sequence in sense of definition 8,
then:
a) N(Y,Ly,...,Ly,) is open in the moduli space and its closure is a nonempty connected
component.
b) N(Y,Lu,...,Ly,) is reduced, irreducible and unirational.
¢) The generic [S] € N(Y, L1,...,L,) has Aut(S) =7/2Z.
d) If My,...,M,, is another good sequence and N(Y,L1,...,L,) = N(Y,My,..., M,,) then
n=m and L; = M; for every i=1,...n.
Moreover in case Y = P! x P! the set N(P! x P!, Ly,...,Ly,) is closed in the moduli space.
The proof of the openess of N(Y,Lq,...,L,) for Lq,...,L, good sequence is an easy con-

sequence of theorem 5. In the understanding of the closure the key results we use is the
following (VI.3.1)

Theorem 10. Let f: X — A = {t € C||t| < 1} be a proper flat family of normal projective
surfaces and let 7: X — X be an involution preserving f. Let m: X — Y = X/7 be the

projection to the quotient and assume that:
i) X, Y: are smooth surfaces for every t # 0.

it) Xo has at most rational double points (RDP) as singularities.
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iii) The divisibility of the canonical class of Y; is even for t #0.
Then Yy has at most RDP’s and the map m: X — Y is flat.

The example of degenerate double covers of P2 shows that the above theorem is false without
the assumption r(Y;) even. The proof of theorem 10 is based on the idea (already used in
[Ca3]) that we can get information about the number and type of singular points of Yy from
the intersection product on Hs(Y:,Z), t # 0. On the same idea is based also the proof of
item e) of theorem 3.

In the proof of theorem 10 this idea is used as follows. Let yo € Y, be a singular point and let
F; C Y; be its Milnor fibre; since in a neighbourhood of yq, Y is the quotient of a smoothing
of a rational double point a classification theorem (VI.3.2) shows that either a) (Yo,y0) is a
rational double point and 7 is flat at yo or b) the canonical class of F} is not 2-divisible in
H%(F}, 7).

Since the canonical class of F; is the image of the canonical class of Y; under the natural
restriction homomorphism H?(Y;,Z) — H?*(Fy,Z) if r(Y;) is even then the situation b) above
cannot appear.

Chapter I is almost completely expository and contains the definitions and the main properties
of rational and quotient singularities.

The main theme of chapter II is the application of deformation theory to the computation of
the Kuranishi family of simple bihyperelliptic surfaces and prove their stability under small
holomorphic deformations (I11.5.2).

Chapter III contains the proofs of some results used in chapters IV and VII. However we
consider these results to be of independent interest (e.g. the above theorem 4) and, with the
exception of section II1.5, the method used are completely elementary.

Chapter IV is completely devoted to the study of normal degenerations of the projective
plane and in section IV.2 are introduced the concepts of Milnor fibre of a smoothing and of
a Q-Gorenstein smoothing of a normal twodimensional singularity.

Chapter V is mainly an exposition of the definition and of the main properties of the moduli
space of surfaces of general type and in the last section we join the results of Chapter II,
[Cal] and [Ca3] in order to prove the stability of simple bihyperelliptic surfaces (of suitable
type) under arbitrary holomorphic deformations and the above theorem 1.

Finally in chapters VI and VII we develop the theory of simple iterated double covers.

The main results of the first six chapters are contained in the papers [Mal], [Ma3], [Ma4] and
[Ma6] while chapter VII contains the yet unpublished contributions of this thesis concerning
coverings of P2.

With respect to the above papers some simplification and improvement in the presentation are
made, moreover with the aim of making this thesis more readable and selfcontained, several

known facts and related results are recalled.
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Notation.

Unless otherwise stated we shall use the following general notation.

1 is the cyclic multiplicative group of complex n-roots of 1.

Given a group G acting on the left on two sets X,Y, a map f: X — Y is said to be G-
equivariant or a G-morphism if f(gx) = gf(x) for every g € G,z € X. A subset A C X is
called G-stable if GA C A, it is called G-fixed if ga =a Vg € G,a € A.

For every topological space X, b;(X) is its i-th Betti number and e(X) its topological
FEuler-Poincaré characteristic.

For a complex algebraic variety X and a rational function f on X we shall write div(f) for
the principal divisor defined by f, Pic(X) for the Picard group of X and Pic’(X) C Pic(X)
for the connected component of 0.

The Picard number o(X) is by definition the rank of the Neron-Severi group
NS(X) =Pic(X)/(algebraic equivalence)

For every sheaf F of Ox modules on X the number h*(F) denotes the dimension of the
complex vector space H!(X,F) and FV = Home, (F,Ox) is the dual sheaf of F.

We shall denote respectively by Q4 and 6x = (Q%)V the sheaf of Kaehler differentials and
tangent vector fields, note that if X is normal then fx is a reflexive sheaf.

For a normal surface X we shall use the following notations:

q(X) = h'(Ox) is the irregularity of X .

py(X) = h*(Ox) is the geometric genus of X .

For every Weil divisor D on X, Ox(D) is the sheaf of rational functions f such that
div(f) + D > 0 (note that Ox (D) is reflexive and Ox (D)"Y = Ox(—D)).

wx = (A*Q%)VY is the canonical sheaf of X .

Kx is the canonical divisor i.e. the Weil divisor, unique up to rational equivalence, such that
wx =O0x(Kx).

For every integer n, wgg) = (W$")VY = Ox(nKx) is the n-canonical sheaf and P,(X) =
ho(wg?)) the n-th plurigenus.

x(Ox) = h°(Ox) — h*(Ox) + h?(Ox) is the algebraic Poincaré characteristic.

A smooth irreducible complete curve E contained in a smooth surface S is called a (-1)-curve

if it is rational and E? = —1, it is called a nodal curve if it is rational and E? = —2.
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[. Quotient Singularities.

1. Generalities about minimal resolutions.

Let (X,p) be a normal two-dimensional singularities, a well known theorem (for a historical
sketch [Lip1]), generalized to higher dimension by Hironaka, says that there exists a resolution
5:(S,E) — (X,p) where S is a smooth complex surface, § is a proper holomorphic map,
E = 6"Y(p) is a reduced curve and § is biholomorphic on S — E. (for proofs see also [La2],
[B-P-V]).
Note that since (X,p) is normal 6,0g = Ox, E is connected and if F = UE; is the
irreducible decomposition then by Grauert-Mumford theorem ([Mu]) the intersection matrix
E;-E; is negative definite.
A resolution (S, E) — (X, p) is minimalif E doesn’t contains (—1)-curves. From Castelnuovo
criterion of decomposition of bimeromorphic maps it follows easily that every normal two-
dimensional singularity has a unique minimal resolution.
A resolution (S, E) — (X,p) is good or global normal crossing if E satisfies the following
conditions:

1) All the irreducible components of E are smooth and intersect transversally.

2) Not more than 2 components pass through any given point.

3) 2 different components intersect at most once.
According to desingularization theorem of curves in surfaces good resolutions always exist
although the minimal resolution is generally not good.
If C;,Cy C E are (—1)-curves then (C; + C3)? < 0 and then C;-Cy < 0. From this we see
easily that there exists a unique resolution (S, E), called the minimal canonical resolution,
which is minimal in the class of resolutions satisfying the above conditions 1) and 2).
We now introduce some invariants of a normal two-dimensional singularity (X, p) with min-
imal canonical resolution d: (S, E) — (X,p). Let E = U | E; be the irreducible decomposi-
tion.
The Dynkin diagram Dx is the weighted dual graph of its minimal canonical resolution. Dx

is a graph whose vertices corresponds to irreducible components F; with associated their

Marco Manetti: Degenerations of Algebraic Surfaces and applications to Moduli prob-

lems.



14 Chapter I.

selfintersection E? and their geometric genus g(F;); the number of edges connecting E; to
E; is the intersection number F;-FE;.

The Dynkin diagram depends only on the topological type of the pair (S, E) minimal canoni-
cal resolution and is an invariant of the germ (X, p), if the singularity is uniquely determined
by Dx then it is called taut.

The genus of the singularity is defined as g(X,p) = h°(R'6,0g). If X is Stein then by
Leray spectral sequence it follows that g(X,p) = h'(Og), in particular since the irregularity
is invariant under blow-up the definition of the genus is independent from the resolution.

It is not difficult to prove (cf. [Ar2] Prop.2) that for every ¢ = (c1,...,¢,) € Z™ there exists a
unique minimal effective divisor Z. =Y a;F; such that Z.E; < ¢; for every i = 1,...,n. The
divisor Z = Zy, 0 € Z™ is called the fundamental cycle. Some important relations between

the fundamental cycle and the genus are discussed in the next section.

2. Rational Singularities

If S is a smooth complex, possibly non compact, surface denote by Kg € Pic(S) the
canonical line bundle and by kg € H?(S,Z) its first Chern class.
If D is a divisor is S with compact support and £ € Pic(.S) the intersection product D-L is
well defined and depends only on the cohomology classes [D] € Ha(S,Z) = H2(S,Z),c1(L) €
H?(S,7Z).
The arithmetic genus of D is by definition

1
pa(D) =1+ §D(D+KS)

For D irreducible curve this definition is the same of the usual arithmetic genus h'(Op)
while for general effective divisor we have p,(D) =1 — x(Op) (this is clear if S is compact
since x(Op) = x(Os) — x(Os(—D)) but can be proved without difficulties also for general
S, cf. [B-P-V] II.11).

Proposition-Definition 2.1. Let (S, E)i>(X,p) be the minimal resolution of a normal
surface singularity. (X,p) is called a Rational singularity if one of the following equivalent
conditions holds:

i) The genus of (X,p) is 0.

ii) For every effective divisor D supported in E, h'(Op) = 0.

i11) For every effective divisor D supported in E, p,(D) <0.

iv) The arithmetic genus of the fundamental cycle is 0.

For a proof we refer to the original paper of Artin ([Ar2]) or to the books ([B-P-V] chapter
I11), ([Ba3)).

Corollary 2.2.The minimal resolution of a rational singularity is good, the irreducible com-
ponents of the exceptional curve are smooth rational and the Dynkin diagram is a weighted

tree.
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Proof. Every irreducible component has arithmetic genus 0 and then is smooth rational. The
other results follows from 2.1.4ii) and formula p,(A + B) = p,(A) + po(B) + A-B — 1 for

every pair of compactly supported divisors A, B. O

Note that we can recognize if a singularity is rational from its Dynkin diagram Dy, in fact
if all components of E are smooth rational then the fundamental cycle and its genus depend

only on Dx .

A rational singularity with fundamental cycle Z is called a rational n-point if —Z2 = n; this

definition is motivated from the following

Theorem 2.3.(Artin [Ar2])Let (S, E)L(X,p) be the minimal resolution of a rational sin-

gularity with fundamental cycle Z. Then:

(i) For every k > 0 §*(M*) = Og(—kZ) where M is the mazimal ideal of the local ring
Ox,p.

(ii) The multiplicity of X at p is —Z2.

(iii) The embedding dimension of X at p is —Z2> +1.

Therefore a simple rational point is smooth and a rational double point (RDP from now on)

is defined in C? by a function of multiplicity 2.

If F is the exceptional curve of a RDP the every component of E has selfintersection —2.
In fact by minimality F;-Kg > 0 for every component FE;. By definition of RDP Kg-Z =

—2—27Z%+p,(Z) =0 and then Kg-E; =0, E? = —2.

Conversely is a trivial consequence of 2.1 that every normal singularity (X,0) whose irre-
ducible components of the exceptional curve of its minimal resolution are nodal curves then

(X,0) is a rational singularity.

In the next table is showed the complete classification (made first by Du Val) of rational

double points.
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Name Canonical equation Dynkin diagram and fundamental cycle
1 1 1
A, 22 = 2% 4yt . . . .
n>1 n vertices
1 2 2 2 1
° ™ ° . ™ °
D, 22 =xy? 277! ]
[ ]
n>4 n vertices
1 2 3 2 1
[ ] [ ] [ ] [ ] [ ]
Es P J
[ ]
2 3 4 3 2 1
[ ] [ ] [} [ ] [ ] [ )
E; 22 = a3 + a3 J
[ )
2 4 6 5 4 3 2
® [ ] [ ] ® [ ] [ ] [ ]
E8 22 — 1‘3 + y5 J
[ ]

Let (S, FE) — (X,p) be the minimal resolution of a rational singularity and assume X Stein
and contractible, then H!(Og) = H?*(Og) = 0 and E is a deformation retract of S, in
particular the exponential sequence on S gives an isomorphism Pic(S) = H?(E,Z).
Therefore a line bundle £ on S is trivial if and only if £-E; = 0 for every irreducible
component of E and for every divisor D C S with D-FE; = 0 for every 7 there exists,
possibly shrinking S, a meromorphic function f such that div(f) = D.

If (X,p) is a RDP then Kg = Og, Kx = Ox. Conversely every rational Gorenstein
singularity is a RDP, in fact there exists a cohomology (with integer coefficient) exact sequence

in the minimal resolution
0—H?(S,0S) = Hy(E) -5 H?(S) = H*(E)-2>H?(0S)—0

where ¢ is the map induced from the intersection form on E. Note that since ¢ is nonde-
generate the group H;(0X) = H?(9S) is finite.

Our assertion is a consequence of the following:

Lemma 2.4.1f p(ks) = 0 then E? = —2 for every irreducible component of E

Proof. Assume p(kg) = 0, then kg is the Chern class of a divisor K supported on E. Let
A, B be the minimal effective divisors such that K = A — B, since 0 < K-A < A%, A must
be 0 and —K effective.
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The arithmetic genus is p,(—K) = 1 and since by assumption the singularity is rational K
must be 0, proving the lemma. O
For later use we recall now some other important properties of rational singularities.

Let 6: S — X be a bimeromorphic map between compact surfaces with S smooth and X
normal, let F = be the exceptional curve.

Assume X with only rational singularities and let £ be a line bundle on S, then there exist
a positive integer n and a divisor D supported on E such that nL + D is the trivial line
bundle on a neighbourhood of E and then there exists a line bundle £’ on X such that
nL + D == §*L'. Moreover the Q-divisor lD is uniquely determined by the intersection
products £-F; and the map §*: NS(X,Q) ﬁ NS(S,Q) is injective. As a consequence we

have:

Proposition 2.5.There exists a natural isomorphism of Q -vector spaces

where the direct sum is taken over all irreducible components E; of E, in particular o(S) =
o(X) +b2(E).
If S is algebraic and £ is ample then it is reasonable to expect that also £ is ample, in fact

this is true ([Arl]) and we have:

Theorem 2.6.(Artin contractibility criterion) Let S — X be a bimeromorphic map with S
projective algebraic and X normal with at most rational singularities, then X is algebraic.
For a proof we refer to ([Arl]). Note that the statement of theorem 2.6 is generally false
without the assumption on the type of singular points (cf [Hal] Example V.5.7.3).

3. Finite group actions on singularities

Let G be a finite group of automorphisms of a complex analytic space X . In [Car] Cartan
proved that the orbit space has a natural structure of analytic space, the main ingredient of

his proof was the following beautiful result nowadays known as ”Cartan’s Lemma”.

Lemma 3.1.(Cartan) Let (X,x) be a germ of complex space with Zariski tangent space T
and let G a finite group of automorphisms of (X, x).

Then there exists a G-embedding (X,z) — (T,0), in particular the induced representation
G — GL(T) s faithful.

As application of this lemma we prove a result that we shall use in the next chapters.

Proposition 3.2.Fvery finite group G of automorphisms of a RDP of type FE; or Eg is

cyclic.
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Proof. The action of G lift to a faithful action on the minimal resolution (S, F) of the RDP,
since the Dynkin diagram has no automorphism G leave fixed every irreducible component
of E.

Let Ey C E be the central component, i.e. the component intersecting the others in three
points, then G acts trivially on Ey and for every p € Ey, G acts on the tangent space 7,5
By Cartan lemma the action of G is faithful in 7,5, trivial on the hyperplane T,Ey C 1,5
and then G is cyclic. O
Actually holds a stronger statement, two finite subgroups of automorphisms of a RDP of type
E; or Eg with the same cardinality are conjugated ([Ca3]).

A Quotient two-dimensional singularity is a singularity isomorphic to (C2,0)/G for a finite
group G C Aut(C2,0). According to Cartan lemma we can assume without loss of generality
G C GL(2,C) and after a linear change of coordinates G C U(2). Every quotient singularity
is rational ([Bri] Satz 1.7) and if G C SU(2) then X = C2/G is a rational double point. In
fact w = dz; Adzs is a G-invariant nowhere vanishing holomorphic two-form in C2— {0} and
since G acts freely on C2 — {0} w € H°(X — {0}, Kx). Thus Ky is the trivial line bundle
on X — {0} and X is Gorenstein.

Conversely every RDP is the quotient of C? by a finite subgroup of SU(2) ([Lo2]). We refer
also to ([E-C] Volume 1, Libro 2, I1.10) for an explicit classification of finite subgroups of
SU(2) based on the homomorphism SU(2) — Aut(P!) and Hurwitz formula and to ([Bri]) for

a complete classification to quotient two-dimensional singularities and their Dynkin diagrams.
Example 3.3. Cyclic singularities.

1
By a cyclic singularity of type —(a,b) we mean the quotient of C? by the action of a diag-
n

onal automorphism with eigenvalues exp(2m’% ), exp(2m‘% ). Since the quotient of C2? by a
complex reflection (i.e. a linear map of finite order leaving a hyperplane pointfixed) is again
smooth it is easy to see that every cyclic singularity is isomorphic to a cyclic singularity of
type %(1,(1) with G.C.D.(a,n) = 1.

The standard torus action on C2

A, y) = Az, py) ApeCt zyeC

commute with every diagonal linear endomorphism of C? and then induces a faithful action

on the quotient X = C?/H where

H:{(S 2) " =1} G.C.D.(n,a) =1

of the group G = (C*)?/H ~ (C*)2.
In particular there exists a direct system of commuting faithful actions of the groups up X pg

on the minimal resolution (5, F) — (X,0) for all pairs of positive integers h, k.
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It is clear that every irreducible component of FE is invariant and reasoning as in the proof of
proposition 3.2 we see that every component of £ must intersect the others at most twice.
Then the Dynkin diagram Dx is a string and there exists, apart the components of FE,
exactly two closed irreducible invariant curves Cp, C; intersecting transversally E. The dual
weighted graph of EUCy U C] is

b

(¢
Co E,

—by
[ ) O
E, C1

Let m:C? — X be the projection, the only invariant irreducible curves on X are the image

of the coordinate axis and then, up to permutation of indices
Cy = strict transform of 7({y = 0}) Cy = strict transform of 7({x = 0})

According to the above description of the H -action on C? we have n = min{i > 0|z* € Ox},

a = min{i > Olyz"~* € Ox} and by general properties of rational singularities
n=min{: > 0|3Z,supp Z C E, (iC1 + Z)-E; =0 Vj}
a=min{i > 0|3Z,supp Z C E,((n —1)C1 + Z+ Cy)-E; =0V}

Resolving these systems of linear equations we get the familiar expression

1

n
— = [b1,..., 0] = b1 —
a

by —

4. Taut singularities

We recall that a singularity (X,z) with Dynkin diagram Dx is taut if for every singular-
ity (Y,y) such that Dy = Dx there exists an isomorphism (Y,y) ~ (X, z), in particular
every automorphism of the Dynkin diagram of a taut singularity is induced by an analytic
automorphism of the singular point.

Since smooth curves of fixed genus g > 0 have nontrivial moduli every irreducible exceptional
curve of the minimal canonical resolution of a taut singularity is rational. The converse is
false, in fact there exist rational singularities that are not taut ([Bri]).

In some particular case it is very easy to decide if a singularity is taut.

Example . Cones over rational projectively normal curves.

Let X C A™*! be the affine cone over the rational curve of degree n in P™. The affine

coordinate ring of X is

Ax = EBkZ()HO(OEn (kn)) = (C[xg,mgflxl, ey 7]
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Note that Ax is the pu,-invariant subring of Clzg,x1] where € € u,, acts by scalar multipli-
cation and then (X,0) is the cyclic singularity of type —(1,1).

n
An explicit description of its minimal resolution is (Opi(—n), E)i>(X ,0) where for every

integer r
Opi(r) = (C* = {0}) xC/ ~ (lo,11,v) ~ (Mg, A1, \"v) A€ C*

is the total space of the line bundle of degree r over P! and the morphism § is described in

terms of the weighted homogeneous coordinates by
§(loy i, v) = (180, 15y, .., 1T0)

Let (S,E) — (Y,y) be a resolution of a normal surface singularity such that F = P!,
E? = —n. This singularity is rational and, possibly shrinking S, there exists a line bundle
L-"5S such that L-E = —1 and FE is the divisor of a section e of the line bundle L®™.
Let S C L be the smooth surface defined by the equation 2" = e, z € H°(L,7*L) is the
tautological section, and let B = div(z) C S. B is a smooth rational curve with B2 = —1
and then in a neighbourhood of B § = Opi(—1) is the blow up of C2.
S is the quotient of S by a cyclic group of order n acting trivially on B, applying Cartan
lemma on C? we find that, up to conjugation with a holomorphic automorphism, this action
must be

e(lo, l1,w) = (lg, 11, €w) €' =1, (lo,l1,w) € Op1(—1)

and then S is isomorphic to Op:(—n).

Using similar ideas and some powerful results of Mumford [Mu] about the local fundamental
group of a normal surface singularities, Brieskorn [Bri] proved that every quotient singularity
is taut while Tyurina [Ty1] proved, by studying the obstruction to lifting automorphisms of
infinitesimal neighbourhoods of the exceptional curve, that every rational double or triple
point is taut.

Finally Laufer [Lal], extending Tyurina’s method, gave a complete classification of the Dynkin

diagrams of taut singularities.

5. Projection formulas

Let (S, E)-"+(X,0) be a resolution of a normal surface singularity and denote by Ei, ..., E,
the irreducible components of E and by i:U = X — {0} — X the inclusion.

For every locally free sheaf F on S there exists an exact sequence
0— . F i, Fy—Hy(S, F)— H°(R'7,.F)

where H} (S, F) is the direct limit of Extg(Oy,F) = H(Y, Oy (Y)®F) over all the effective
divisors Y supported on E (cf. [Ha2] 2.8).
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The cokernel of « is naturally isomorphic to H{lo} (m«F) and the sheaf m,F is reflexive if
and only if « is an isomorphism. It is a well known fact (cf. [B-W]) that if 7 is the minimal
resolution then 7.0g = fx although in many cases (e.g. rational double points) the group
HL(S,0s) is different from 0.

Proposition 5.1. In the previous notation if L is a line bundle on S such that for every
effective divisor Y with support in E there exists a component E; CY with (Y +L£)-E; <0
then Hy(S,L) =0 and m.L is reflevive.

Proof. Assume that H°(Z,0z(Z + L)) # 0 for some effective divisor supported on E end let
Y minimal with this property. Then we may write Y = Z + E; with (Y + £)-E; < 0 and

taking global sections associated to the exact sequence
0—0z(Z + L)—0Oy (Y + L)—Og, (Y + £L)—0

we get a contradiction. O

For every real number a we denote by [a] its integral part, i.e. the greatest integer < a.

Corollary 5.2.([Sa2] 1.2) In the previous notation let L be a line bundle on S and let
ai,...,ar be rational numbers such that for every i = 1,..,r E;-(L+ > a;E;) = 0. Then
T (L + Y [a;]E;) is reflexive.

Proof. Let Y be an effective divisor supported on E and assume that E(Y+£L+> [a;]E;) > 0
for every irreducible component F; C Y, we shall show that this gives a contradiction.

Without loss of generality we can assume that the irreducible components of Y are exactly
Ei,...,Es, s <r. Considering the effective Q-divisor D =Y — >, (a; — [a;])E;, we have

0<D-(Y+L+ ) [a]E:)=D-(L+Y a;E;))+D-(D=> (a;— [a])E;) <0 0O

i>s
Corollary 5.3. Let (S, E)—~(X,0) be the minimal resolution of a normal surface singular-
ity, then for every integer n <0, m,Os(nKg) = Ox(nKx).

Proof. Since 7 is minimal Kg-F; > 0 for every irreducible component and then for n < 0,

Y- (Y +nKg) <Y? <0 for every effective divisor Y supported in E. ]

Corollary 5.4. Let (S, E)-"+(X,0) be the minimal resolution of a rational surface singu-
larity, then m.Og(Ks) = Ox(Kx).

Proof. Let Y be an effective divisor supported on F, since the singularity is rational the
arithmetic genus of Y is <0 and then Y-(Y + Kg) < 0. O
A similar result holds for the sheaf of differentials, more precisely we have

Theorem 5.5.(Pinkham-Wahl) Let (S, E)—=(X,0) be the minimal resolution of a rational
surface singularity, then m. Q% = i.Q} is reflezive and the dimension of Hp(S,Qk) equals

the number of irreducible components of E.
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For the proof we refer to ([Pil] Appendice). O
Let X be a compact normal surface, we denote by Div(X) the group of Weil divisors on X
and by Div(X,Q) the Q-vector space Div(X) ® Q.

Let S—2+X be a resolution and F = UF; the irreducible decomposition of the exceptional
locus of 6. We define a linear map §*: Div(X,Q) — Div(S,Q) by setting, for D irreducible

0" (D) =671 D)+ ) il [§°(D)] =5 (D) + ) _[wi]E;

where §71(D) is the strict transform of D by & and «; are rational numbers uniquely
determined by the conditions 0*(D)-E; = 0 Vi; then we extend ¢* by linearity. For any
two Q-divisors D, F the intersection number D-F' is defined to be the rational number
0*(D)-6*(F) (cf. [Mu] pag. 17).

According to projection formula 5.2 §,O0g([0*(D)]) = Ox(D) and then by Leray spectral
sequence x(Ox (D)) = x(Os([6*(D)])) + h*(R'6.0s([6*(D)])).-

Writing 6*(D) = [6*(D)] + D', Ky = 0*Kx + F we have by Riemann-Roch

X(Os((5* (D)) = X(Ox) ~ W(R'5.05) + 3 D-(D — Kx) + s D'-(D' + F)

If p1,...,ps are the singular points of X we may write the above formula as

1 S
x(0x(D)) = x(Ox) + §D'(D - Kx)+ ZC(X’D,pi)
i=1
where ¢(X, D, p;) is a local contribution depending only by the pair germ (X, D) at the
point p;. Note that if D is principal at p; then ¢(X,D,p;) =0 and for every divisor D the

absolute value of ¢(X, D,p;) is bounded by a constant depending only from the singularity
(X,p;) (cf. [K-S] 2.19).
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II. Normal bidouble covers and their deformations.

In this chapter we discuss some topics about deformations of complex spaces and analytic
singularities, we assume the reader is familiar with the main results of deformation theory as
reported, for example, in the introduction of Palamodov article [Pa].

In the first part we recall some general theorems, particular attention is given to Brieskorn-
Tyurina theory of simultaneous resolution of rational double points.

In the second part we study deformations of normal surfaces Y with a G-action, where
G is the group generated by two commuting involutions such that the quotient Y/G is
smooth. In particular we study a particular class of deformations of the projection map
7Y — Y/G called natural deformations and we determine when they induce a complete
family of deformations of Y.

Finally we apply these results to proving the stability under small deformations of simple

bihyperelliptic surfaces of type (a,b)(n,m) with a > 2n, m > 2b.

1. Some remarks on deformation theory.

We recall that every compact complex space X (resp. isolated singularity (X,0)) has a
semiuniversal deformation (sometimes called effective versal or minimal versal), denote by
Def(X) (resp. Def(X,0)) its base space.

A deformation of X parametrized by Spec(A) where A is a local Artinian C-algebra is called
an infinitesimal deformation, a deformation parametrized by D = Spec(Cle] = C[t]/(t?)),
e =t mod(t?), is called a first order deformation. The set of first order deformations is
usually denoted by T%(X) has a natural structure of complex vector space ([Sch]). If X
has a semiuniversal deformation X — Def(X) then every first order deformation is induced
by a unique map D — Def(X) and then there exists an isomorphism of vector spaces
THX) =ToDef(X).

The study of infinitesimal deformations is considerably easier than the study of convergent
ones, in fact, to give a deformation of X over the spectrum of A local Artinian is the same
to give a sheaf on X of flat analytic A-algebras F such that F ® 4 C = Ox and we can use

the usual tools of cohomology theory.

Marco Manetti: Degenerations of Algebraic Surfaces and applications to Moduli prob-
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Fortunately in some cases we can obtain results on the convergent deformations by infinites-

imal computations. We now discuss three typical examples of this situation.

A. The Kodaira-Spencer map.

Let X-2>S be a deformation of X , every morphism D — S induces a first order deformation
of X and then it is defined a linear map KS(f):ToS — T*(X) which is functorial in S,
ie. if X'455" is a deformation and f is induced from f’ by a morphism ¢:S — S’ then
KS(f)=KS(f")odg. If f'is the semiuniversal deformation then K S(f’) is an isomorphism

and by implicit function theorem we get

Lemma 1.1.If S is smooth, KS(f) is surjective and X has a semiuniversal deformation

then Def(X) is isomorphic to an open subset of T (X).

If S is not smooth the understanding of the Kodaira-Spencer map is not sufficient to describe
Def(X), in this case it is necessary to study the general infinitesimal deformations.
Let C be the category of local Artinian C-algebras, from now on by a functor of Artin rings

we shall mean a covariant functor F' from C to the category of sets with a distinguished point
* such that F'(C) = x.

Examples of functors of Artin rings are the deformation functor Defx for any complex space
X

Defx(A) = { isomorphism classes of deformations of X over Spec(A)}

and the representation functor hp for any local C-algebra T'. A € C
hT(A) = Homc,alg (T, A)

A morphism ¢: F' — G between functors of Artin rings is called smooth if for every surjection

A’ — A in C the natural map
F(A') = F(A) xga) G(A)

is surjective. A functor F' is smooth if for every surjection A" — A in C the map F(4') —
F(A) is surjective.

Example .([Sch]) 1) If R — S is a homomorphism of local analytic algebras then the induced
morphism hg — hpr is smooth if and only if S is a convergent power series ring over R.

2) If X - Def(X) is a versal deformation of X and S = Op.f(x),0 then the induced map
hs — Defx is smooth.

In the category C there exist fiber products and for every functor of Artin rings F' and every

morphisms A — C, B — C in C it is defined a natural map

7’]:F(A X B) — F(A) XF(C) F(B)
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Definition . The functor F' has a good deformation theory if satisfies the following two
conditions:

H1: 7 is surjective whenever B — C' is surjective.

H2: 7 is bijective when C'=C and B = CJ[e].

Both the representation and deformation functors have a good deformation theory ([Sch]).
Note that if F' satisfies H2 then the set tp = F(Cl[e]) has a natural structure of vector space
and every morphism of functors u: F' — G satisfying H2 induces a linear map du:tp — tg.
tr is called the tangent space to F' and du the differential of w.

For every small extension in C, e € A
0—Ce—A-2B—0
there exists an isomorphism
AxcCldSAxg A pla,ao+be) = (a,a + be)

where ag € C is the valuation of a € A at the closed point and for every functor of Artin

rings F' with good deformation theory, p’ induces a surjective map
F(A) x tp " P)F(A) % p() F(A) (1.2)
Proposition 1.3. Let F—>G, G—=H be morphisms of functors of Artin rings:
1) If u,v are smooth then the composition vu is smooth.
2) If vu is smooth and u is surjective then v is smooth.

3) If vu is smooth, F,G have good deformation theory and du:tp — tg is surjective then u

and v are smooth.

Proof. The proof is completely formal and is an easy consequence of the definition of smooth-
ness and (1.2). Is left to the reader. Note that if H is the trivial functor then 3) is the formal
analog of (1.1). o

B. Criteria for the existence of universal deformations.

We recall here only a simple sufficient condition for the existence of a universal deformation
of a compact complex space X, for some stronger results we refer to ([Wav]).

Let X’LDef(X) be the semiuniversal deformation of X and let S = Opcs(x),0, it is clear
that f is universal if and only if the induced map of functors hg—— Defx is an isomorphism,

in ([Sch]) it is proved the following

Theorem 1.4. The map hg — Defx is bijective if and only if for every small extension

A-L5B and every deformation X4 of X over Spec(A) the restriction map

Aut(Xa) — Aut(X A X gpec(a) SpecB)
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18 surjective.
Since the kernel of the above map between automorphism groups is always isomorphic to
H%(0x) ® ker(p) it follows by induction that if H%(fx) = 0 then every infinitesimal defor-

mation of X has no automorphism and from theorem 1.4 follows immediately

Corollary 1.5. If H%(0x) =0 (e.g. Aut(X) is finite ) then X has a universal deformation.
Clearly this condition is not necessary for the existence of a universal family (Example.

Elliptic curves).

C. Globalization of deformations.

Let X be a compact complex space with a finite number of singular points p, ..., p,. Every
deformation of X induces by restriction deformations of the singularities (X,p1),.., (X, pn)

and then it is defined a germ of holomorphic function
voon
Def(X)— xI_, Def(X,pi)

In this situation denote by S = Opeyrx), B = Oxpef(x,p;) and by ¥*: R — S the algebra

homomorphism induced by V.

Definition . The morphism U is called smooth if S is a convergent power series ring over
R, ie. if U* is the composition of two homomorphisms R—i>R{zl, ...,zT}LS where 7 is
the natural inclusion and j is an isomorphism, or equivalently if the induced morphism of
functors hSLhR is smooth.

Note that a smooth morphism is in particular surjective, thus if in our situation ¥ is smooth
then every deformation of the singular points of X can be globalized. We consider smoothness
instead of surjectivity because smoothness can be checked formally.

There exists a commutative diagram of functors of Artin rings

hs — Defx

v |

hr — xDefxp)
with the horizontal morphisms smooth. According to proposition 1.2 v is smooth if and only
if ¢ is smooth.

We shall see next that the obstructions of ¢ to be smooth are in H?(0x).

A similar situation is the following, X € P™ is a projective variety and let [X] € Hilb™ be
the point representing X in the Hilbert scheme. Then it is defined a germ of holomorphic
map U: (Hilb", [X]) — (Def(X),0) and reasoning as in the previous case we see that U is
smooth if and only if the morphism of functors Defx /p» — Defx is smooth where Defx /pn

is the functor of infinitesimal embedded deformations of X in P".

2. Geometric interpretation of first order deformations.



Normal bidouble covers and their deformations. 27

For every singularity (X,0) C (C™,0) defined by the ideal Ix C O,, Ix = (f1,..., fr) there
exists an isomorphism of vector spaces between H°(Nx) = Hom(Ix/I%,0Ox) and T*(X/C")
the space of first order embedded deformations.
We briefly recall here how this isomorphism is defined (for details [Ar3], [Laz]).

T'(X/C™) is the set of ideals J C O,le] € = 0 satisfying the condition
(2.1) J is flat over Cle] and J ®¢[q C = Ix.
Using a flatness criterion we see that (2.1) is equivalent to the existence of g1, .., g, € O,, such
that

(i) fi+eg; i=1,..,r generate J.

(ii) For every relation > 7;f; =0 we have > r;g; € Ix.
Moreover if the g;’s satisfy (i) and (ii) and h; € O, then J is generated by f; + eh; if and
only if g; — h; € Ix for every i =1,..,r.
Thus to every ideal J = (f;+e€g;) we associate the map ¢: Ix/I% — Ox ¢(fi) = gimod(Ix).
The natural morphism of functors Defx cn — Def(x oy is smooth ([Ar3] pag. 4), in partic-
ular the linear map 7T (X/C")-=T'(X,0) is surjective and, with the above identification,

there exists an exact sequence
Derc(Ox, Ox)—s Derc(On, Ox)“Homo  (Ix /1%, Ox )T (X)—0

If X is reduced the cokernel of dV is naturally isomorphic to Ext}ox (0%, Ox), if we think
Ext! as the space of extensions of modules the morphism
Homoe,, (Ix /1%, Ox)L/)Ethf)X (04, Ox) is defined as follows:

Given ¢:Ix/I% — Ox there exists a commutative diagram with exact rows

Ix/I2 -5 al.eox — QL —0
£ | [
Ox % E — Q% —0
where F is the push-out of ¢ and d. The kernel of « is supported in the singular locus of X
and then since Ox is torsion free « is injective and the second row is the extension v/(¢).
Note that if ¢(f;) = ¢g; mod(Ix) and Z C C*x D is defined by fi(21, .., 2n)+€g:(21, .., 2,) =0

i=1,..,r then
Oxldz1, ..., dzy, de]

(df; + gide)
is exactly the push out of ¢ and d, and the isomorphism T'(X,0) = Ext}, (Q%,0x) is

Q} ®0, Ox =

given by associating to every first order deformation Z — D of X the isomorphism class of

the extension ( exact sequence of differentials associated to the inclusion X C Z)
0—0x—0y ® Ox—0%—0 (2.2)

The same isomorphism T (X) = Extj (2, Ox) holds for every reduced complex space X
(cf. [F1]). This follows essentially from the fact that (2.2) is well defined and that for any
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open covering X = UU; to give a first order deformation of X (resp.: an extension of Q% ) is
the same to give first order deformations of U; (resp.: extensions of Qllji ) and isomorphisms

in the intersections U;; satisfying the cocycle condition.

In other words there exists an exact commutative diagram with vertical isomorphisms

0 — HYfy) “ T(X) T, HO(T})

|| |

0 — HY9x) — Exty (Q4,0x) — HO(Extl (9%,0x))

The second row is the Ext spectral sequence, the image of ltriv is the set of locally trivial
deformations of X, 74 is the sheaf of local deformations (cf. also [Pa]) and r is the natural

restriction map.

Example 2.3. If (X,0) = {f(z1,...,2,) =0} f € O, is an isolated hypersurface singularity
then T (X,0) = Ox/Jac(f) where Jac(f) is the ideal generated by all partial derivatives of
I

Thus if ¢1,...,9, € O, induce a basis of Ox/Jac(f) then the singularity X cCrxCr
defined by f+ > a;g; = 0 is the semiuniversal deformation of X .

3. Simultaneous resolution of rational double points

Probably the best way to begin this section is to recalling the famous Atiyah construction.
The affine variety V' C C* of equation xy + 22 =2 can be considered as a flat family V; of
surfaces such that V; is smooth for ¢ # 0 and Vj has an ordinary double point.

Let Iy, l; be homogeneous coordinates on P! and consider Y € C* x P! defined by equations
lo(z+t) =l loy=1l;(z—1)

The projection on the first factor gives a surjective map Y — V and it is easily verified that
for every t, Y; — V; is the minimal resolution of singularities. In particular in Yy there is a
(—2)-curve which doesn’t appear in the other fibres.

We shall say that a family X;, ¢t € T, i.e. a flat map f: X — T, of normal surfaces admits
a simultaneous resolution if there exists a complex space Y and a proper map Y — X such
that the composition ¥ — T is flat and Y; — X; is the minimal resolution of singularities
for every t € T'.

Note that if 77 — T is a holomorphic map and X — T admits a simultaneous resolution
then the induced family X xp T — T' admits too. Therefore from Atiyah construction it
follows that if (X,0) — (C¢,0) is a deformation of the RDP of type A; then the induced
deformation (X’,0) — (Cs,0), t = s%, admits a simultaneous resolution.

This result has been generalized by Brieskorn and Tyurina [Ty2] to all rational double points

and by O. Riemenschneider to cyclic singularities, the main result they proved is:
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Theorem 3.1.(Brieskorn-Tyurina-Riemenschneider) Let X — T be a flat family of normal
surfaces each one with a finite number of singular points which are rational double points or
cyclic triple points and such that the restriction UpSing(Xy) — T is proper.

Then for every p € T there exists a neighbourhood p € U C T and a finite surjective map

U'" — U such that the induced family X' — U’ admits a simultaneous resolution.
Proof. See [Ty2], [Rie] pag. 234. O

We note that the change of base is unavoidable, for example it is possible to prove that if
(X,0) — (S,0) is a deformation of a rational double point (Xy,0) admitting simultaneous
resolution then the Kodaira-Spencer map TpS — T (X, 0) is zero ([B-W] 1.15).
Brieskorn-Tyurina results on simultaneous resolutions find useful application in deformation
theory of surfaces of general type.

Given a smooth minimal surface of general type S its canonical ring is by definition
R=®,50R(n) = &> H (KZ™)

After Bombieri work ([Bom)]) it is known that R is a finitely generated C-algebra and the sur-
face X = Proj(R) is called the canonical model of S. Moreover if SLXH C P(HY(KE™))
is the m-canonical map then for every n > 5, X,, ~ X is a normal projective surface with at
most rational double points and f,, is the minimal resolution of singularities.

We can generalize this result to every deformation S4 — Spec(A) over the spectrum of a

local Artinian C-algebra A. It is defined the relative canonical ring
Ry = EBnEORA(n) = @nZOHO(Kﬁn)

where Ka = Kg, /Spec(a) = /\2 Q}GA/SPEC(A) is the relative canonical line bundle. Then we

have

Lemma 3.2. R4 is a finitely generated A-algebra.

Proof. We first note that for every n the A-module R4(n) is finite since the map Sy —
Spec(A) is proper and it is sufficient to prove that the subalgebra Ry = @,x1Ra(n) is
finitely generated.

Since HY(K§™) = 0 for n > 1 ([B-P-V] VIL5.5) it is easy to see that there exist homogeneous
elements f1,..., fxv € R/, such that their restriction to S generate R’ = @,,+1R(n). Denoting
by Sa4 C R4 the subalgebra generated by fi,..., fy we want to prove that Sy = R/,.

By induction on the length of A we can assume that Sp = R for every small extension
0—Ce—A—B—0
By flatness there exists for every n an exact sequence of sheaves

0—eK{"—K{"—K3"—0
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and an isomorphism eK§" ~ K&" commuting with the multiplication K%”LEKE’" and
the restriction map K%" — K?".

Taking global sections for n > 1 we get
0—€RA(n)—Ra(n)—=Rp(n)

Since p(Sa(n)) = Rp(n) we have eR4(n) = eRp(n) = eSa(n) C Sa(n) and then Sa(n) =
Ra(n). a
The relative canonical model X4 — Spec(A) is then defined as Proja(Ra). From the
proof of lemma 3.2 it follows moreover that if fo,..., fy € Ra(n) restrict to a basis of R(n)
then they generate the free (by Nakayama) A-module R4(n) and for n sufficiently large the

relative canonical model is the image of the map S A(fOL’{N)PX .

Lemma 3.3.The relative canonical model X 4 is flat over T = Spec(A).

Proof. We consider X4 as the image of the map f = (fo,..., fn) for a given basis of the
A-module R4(n) n >> 0 and denote by U; = {z € S|f;(x) # 0}.

Since H°(U;,0g,) is A-flat (immediate consequence of the Cech cochain resolution over a
finite affine cover of U;, (cf. also [Wa4] 0.4)) then also the sheaf f,Og, is A-flat and it
is enough to prove that the natural map Ox,—— f.Os, is surjective. In fact if H, is the
kernel of o then the A-flatness of f.Og, implies that H4 ® 4 C = 0 and then H4 = 0 by
Nakayama.

We know that f.Ogs = Ox and then the functions % generate the C-algebra H°(U;, Og).
X has at most rational singularities and by Leray specfcral sequence H*(U;, Og) = 0, working

exactly as in the proof of lemma 3.2 it follows that % generate H(U;, Og,). ad

The relative canonical model defines a morphism of functors of Artin rings 3: Defs — Defx

which is exactly the blow-down morphism of ([B-W] 2.3) defined by the property f.Os, =
Ox, .

The morphism 3 extends to convergent deformations, in fact given a deformation S o1 of
S over a germ of complex space (T,0) and an integer n > 5 the sheaf f*K:?;lT is locally
free ([B-S] 3.3.9) and a system of free generators of it gives (possibly shrinking T) a map
S —TxPN.

The flatness of the image X C T x P follows from infinitesimal flatness (lemma 3.3) and Th.
22.3 of [Mat1].

Thus the map g is induced by a unique holomorphic map §: Def(S) — Def(X). From
Brieskorn-Tyurina results on simultaneous resolution it follows that [ is a finite surjective
map.

The blow down map can be defined also in the following situation ([B-W]). Let V' be a normal
projective surface and let {V;} ¢ = 1,..,n be affine open subset of V' such that every V;

contain exactly a singular point p; which is a rational double point.
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If f: X — V is the minimal resolution of py,...,p, and X; = f~(V;) there exists blow down
maps (:Defx — Defy, Bi: Defx, — Defy, with d3; = 0 and a commutative diagram

Defx — XxDefx,
lﬁ erﬁi
Defy — x De fy,

where r is the natural restriction map. The main result ([B-W] 2.6) is

Theorem 3.4. In the notation above Defx is the fiber product of Defy and xDefx,. In
particular T*(X) =® T*(X;) ® kerdr and Defx is smooth if and only if v is smooth.

A first consequence z)f theorem 3.4 is that for every minimal surface of general type S with
singular canonical model X the blow-down morphism (: Def(S) — Def(X) is not an iso-

morphism.

4. Normal bidouble covers of surfaces and their natural deformations

For every point ¢ in an algebraic variety X denote by M, x the maximal ideal of the local
ring of functions and by T, x = (M, x/M? x )" the Zariski tangent space at q.
Let X be a smooth algebraic surface and let m:Y — X be a Galois covering with group
G = (Z)27)? = {1,01,02,03}. We assume that Y is a normal surface.
Let R; be the divisorial part of Fiz(o;) = {p € Y|oi(p) = p} and D; = n(R;). By purity of
branch locus the Weil divisor R = Ry U Ry U R3 is the set of points where 7 is branched.
Since Y is normal the direct image sheaf 7,0y is locally free and we have a character
decomposition

1.0y = Ox & (©:0x(—L;))

where Lj, Lo, L3 are line bundle on X and Ox & Ox(—L;) is the o;-invariant subsheaf of
Y™ Oy .
We have (cf. [Cal] §2)

where = means rational equivalence. If V is the vector bundle Li & Ly ¢ L3 with fibres
coordinates w1, ws, w3, then we can realize Y in V as the zero locus of the ideal sheaf
Iy C Oy generated by the six equations

’wiz — LTk = 0 .o
{wkxk —wyw; =0 (5,5, k} = {1,2,3} (4.1)

where z; € H*(Ox(D;)) is a section defining D;.

All these facts are proved in [Cal], Catanese suppose that Y is a smooth surface but his
proof is also valid in our more general situation. It’s moreover easy to see that Y is smooth
if and only if the curves D; are smooth and the divisor D = D; U Dy U D3 has only ordinary

double points as singularities (cf. also [Par]).
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G acts on the fibres of V' in the following way:
0; - W; — W, Wj; — —W; Wk — —Wg

and R; is the subset of Y defined by z; = w; = wy = 0.

Proposition 4.2.In the notation above are equivalent:
a) DiNDyN D3 =10
b) R; is a Cartier divisor for every i
¢) dimT,y <4 for every €Y

d) Y is locally complete intersection in V.

Proof. a)=d) If g€ Y, p=m(q) and zr(p) # 0 then Y is locally defined by

W;W;
W = —
Ty
2 _ .
wj
T, = —
Tk

a = b), The ideal of R; is generated by (w;, wg, ;) and if, for example ¢ € R; xx(m(q)) # 0
then from (4.3) it follows that the ideal or R; is generated in ¥ by w;.

b) = ¢) If ¢ € R then dimT,y = 2. Suppose ¢ € R, and dimT,y = 5, then w;, w; are
linearly independent in Tq\f v and the ideal (wj,ws,z;) cannot be principal at g.

c)=a) If €Y and z1(q) = z2(q) = z3(¢) = 0 then all the equation that define Y are in
MZ, hence Tyy =T,y

d) = a) Take a point ¢ € Y such that x;(¢) = 0 ¢ = 1,2,3 and let’s suppose Iy, =
(f1, f2, f3), this will lead to a contradiction. Since the ideal of Y at ¢ is contained in M?,
(here M = M, v), the vector subspace of M?/M? generated by Iy, has dimension at most
equal to three, but it easy to see that the six equations (4.1) are linearly independent in
M?/M3. ]
Since in the applications we are principally interested to the case where Y has at most rational
double points, from now on we always assume that D1 N Dy N D3 = ().

Let Ny = (Iy /1) be the normal sheaf and let p;: Oy — Og, be the projection map.

Theorem 4.4. If DyNDyN D3 = () then there exists a commutative diagram of Oy -modules

[ T

with exact rows and columns.

W]V == W]V
0 — O — o0y -5 Ny = T — 0 (4.5)
H |# v ||
0 — O % w0y L @0p(xD) L TP — 0

: %
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The proof of theorem 4.4 will be a consequence of the following two lemmas. We first note
that 0y = Der(Oy,Oy),m*0x = Der(n~'Ox,0Oy) and « is defined in the obvious way.
Moreover « is an injective map because 7 is a finite morphism.

If w1, us are local coordinates on X we set

0 0 0

It’s clear that 7*V = ker ¢. The upper row is a standard exact sequence [Ar3].

Lemma 4.6. There exists a commutative diagram

Oy ® Oy s HomOy Iy /I20y = Ny
|¢ |# (4.7)
™0x = De'f‘(ﬂ'_lox, Oy) i HomOyﬂ*Ox(—Di)ORi = ORi(TF*Di)

Proof. For every a € Der(n'Ox,Oy) and f € Ox(—D;) we define 3;(a)(f) = pi(a(f)) and
then we extend by Oy -linearity. (§ is a well defined map and (; o« = 0 since 7#*D; = 2R; .
Let 7 € Oy be a local equation of R;, if f € Ox(—D;) then f € Iy + (r?) and we can write
f=a+br? with a € Iy . For v € Ny we then define ¢;(v)(f) = p;(v(a)).

If s is another local equation of R; and f = ¢+ ds? then p;(v(a —¢)) = 0. In fact we have
s = hr+e with e € Iy and a — ¢ = ds® — br?> = r(dh®r + 2dhe — br) + de?, since Iy is a
prime ideal necessarily dh?r + 2dhe — br € Iy and then p;(v(a —c)) = 0.

In order to showing that (4.7) commutes it suffices to note that, if for example zy # 0, then
2

w; is a local equation of R; and ;(v)(z;) = pi(v(x; — x—])) Thus
k

Yi(=—)(z;)=0 h=1,2,3

Uil @) =Pl G) = Bl ) h=1.2

Define 8 = ®;06;, v = & .

Lemma 4.8. ¢ is a surjective map and kertp = n(ker ), in particular kery C ker pn and
we can define vy as in (4.5).

Proof. By lemma 4.6 n(ker ¢) C ker.
2

w
If ¥(v) =0 and zy # 0 then locally Iy /I% is a free Oy -module generated by (z; — —L),

w? Wi w2 2 o
;- L — ZJ.M i——j: hl i__]: zh
(x; o ), (wy, o ). Moreover v(x o ) =wjh;,v(z o ) = wih;
if we set 9 P
h‘l’k hxk
I ? J
v v 2 6wj 2 8’[1)1'
then v/ (z; — —2) = 0,v'(x; — —) =0, v'(wy, — wlw]) = hy then v/ — hy—— =0. ]

T Tk Tk awk
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Y is locally complete intersection in V', therefore there is an exact sequence
0—1Iy /[Z—Q @ Oy —03 —0 (4.9)

If we apply the functor Hom we get the upper row of (4.5), if we apply Hom we get the
exact sequence
0 H(n) 110 !
H (9\/ ® Oy) —'H (Ny)—>TY

If we apply the left exact functor H to (1.3) we see that ker HO () C ImH°(n) = ker k and
there exist a map e: HO(®;0r, (7*D;)) — T (Y) such that eo HO(¢)) = k.

Corollary 4.10. If H'(7*0x) = 0 then € is surjective.

Proof. If F = ker~y then there exists a commutative diagram with exact rows and columns

[ T

HO(m*0x) — HO(F) — HY0y) —H(r*0x)

HO(rox) T8O H°<eaio£<w*Di>> - T%) (4.11)
s — mo

H'(r'0x) — Hllm — H?(lew

where the right column is the first part of the cotangent spectral sequence. The conclusion

follows by chasing through the diagram. a
We note that 7,.Og, = Op, ® Op,(—L;) and

H(6,0R,(7*D;)) = &(H*(Op,(D;)) ® H*(Op, (D; — L;)))

moreover H(m*0x) = H'(0x) ® (®:H' (0x(—L;))).
More generally we can include the map € into an exact sequence of cohomology groups, this
can be done as follows. One first prove that /X = ®;OR,(—R;), then one consider the

exact sequence
0—71* Q% —Qy — @; Or, (—R;)—0 (4.12)

(recall that m*Q% islocally free and (7*Q% )Y = n*0x ). Applying the functor Home,. (—, Oy )l
we get a long exact sequence

0—H(0y)—H(1*0x)— @; Extp, (O, (—R;), Oy )—Ty —H (7" 0x)— ... (4.13)
Since R; is a Cartier divisor its local equation is a regular element of Oy, using local com-
mutative algebra ([Matl] §18 lemma 2) we have for every i > 0

0 ifi>0

gty (Or,(~Ri), Oy) = Extp, (O, (~Ri), Or,(Ry)) = { Op (*D;) ifi=0
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and (4.13) becomes
HO(m*0x)— @; H*(Og, (7" D;))-=THY)-ZHY (1 0x ) — ©; H(Og, (7*D;))  (4.14)

Let Def(V/Y) be the space of embedded deformations of Y in V. It’s well known that the
natural map k: Def(V/Y) — Def(Y) is holomorphic and its differential is k: HO(Ny) —
THY).

In a neighbourhood of 0 is defined an analytic map
& H =@, (H(Ox(D;)) ® H(Ox(Di — Ly))) — Defy(Y)
where £(y;, ;) is the surface in V' defined by:

w? = (z; +y; +v50;) Tk + Y + Vewk) (4.15)
W;wWy = wi(:z:i +y; + ’Ylwl)

Definition . We shall call the deformation of Y defined in (4.15) a natural deformation.

Lemma 4.16. Let d&:®,(H°(Ox(D;)) ® H*(Ox(D; — L;))) — H°(Ny) be the differential
of £&. Then H°(¢) o d¢ = o where

0:®i(H°(Ox(D;)) @ H°(Ox (D; — L;))) — @i(H*(Op,(D;)) & H°(Op,(D; — L))

is the restriction map.

The proof is a straightforward verification and it is left to the reader.

If H'(Oy) =0 then H'(Ox) = H'(Ox(—L;)) = 0 and p is surjective, the kernel of ¢ has
dimension h°(7*0x) — h%(7*fy) and since the parameter space H of natural deformations

is smooth we have finally

Proposition 4.17.If H*(Oy) = HY(1*0x) = 0 then ko df = e o HO(¢)) o dé = €0 g is
surjective, the map ko & is smooth and Def(Y') is smooth of dimension
Y (h°(Ox (D)) + h*(Ox (Di = Li)) = 1) = hO(x*x) + h°(By )

K3

We remark that if the minimal resolution of Y is of general type then the group of automor-
phisms of Y is finite [Mat2] and H°(6y) = 0.

Remark. . If H(7*0x) # 0 (this is true in particular if H'(6x) # 0) then in general € is
not surjective; in this case it may be useful to know Ime = ker 0. An exact sequence where

o appears is the following due to Ziv Ran [Ran]
T T X)) @ TH(Y) TS Extl (Qk, Oy ) ——T2— . ..

where T is the space of first order deformation of the map m and Ext] (4, Oy) is defined
as the limit of the spectral sequence EJ" ™" = Ext, (L™ Pr*QY,Oy). It is clear that in
our case Ext}(Q%,0y) = H"(1*0x) and o(z) = o’(0, ).



36 Chapter II.
5. Stability of simple bihyperelliptic surfaces

In this section we apply the computation of §4 to a particular class of surfaces.
Denote X = P! x P! and let Ox(a,b) be the line bundle on X whose sections are bihomo-
geneous polynomials of bidegree a,b. A minimal surface of general type is said to be simple
bihyperelliptic of type (a,b)(n,m) if its canonical model is defined in Ox(a,b) & Ox(n,m)
by the equation

2= fle,y)  w' =g,y (5.1)

where f, g are bihomogeneous polynomials of respective bidegree (2a,2b), (2n,2m).
Let S be a simple bihyperelliptic surface of type (a,b)(n,m) with a,b,n,m > 3 and let
0:S — 'Y be the pluricanonical map onto its canonical model Y. Let (5.1) be the equation

of Y.

In Y we have the following exact sequence (cf. (4.11)):
0—H' (y)—T"(Y)—H(T}) 2 H?(6y)

where o0b is the obstruction to globalize a first order deformation of the singular points of Y.

As a consequence of Proposition 4.17 we have the following.

Theorem 5.2.In the notation above Def(Y) is smooth. Def(S) is smooth if and only if
ob=0.

Proof. Let m:Y — X = P! x P! be the projection, then
7.0y = Ox ® Ox(—a,—b) ® Ox(—n,—m) ® Ox(—a —n,—b—m)

HX:OX(ZO)@O)(((LQ) 7T*7T*9X:(9X®7T*Oy

Since a,b,n,m > 3 we have h'(Oy) = h!(7*0x) = 0 and by Proposition 4.17 Def(Y) is
smooth.

Denote by Ly (resp.: Dy ) the functor of local (resp.: global) deformations of Y, since Y has
a finite number of singular points which are R.D.P.’s Ly is smooth with finite dimensional
tangent space H°(7y). Since Def(Y) is smooth, the natural map ®: Dy — Ly is smooth
if and only if its differential T\ — H(7}) is surjective. According to 3.4 the smoothness of
Def(S) is equivalent to the smoothness of ®. |

Note that since we have a surjective map H — T (Y'), the kernel of ob is exactly the subspace

of H°(Ty}) generated by the natural deformations of Y .
Theorem 5.3. Simple bihyperelliptic surfaces of type (a,b)(n,m) are stable under small
deformations for a > 2n,m > 2b.

Proof. Let F:S — A be a flat family over the complex disk with Sy = F~!(0) simple
bihyperelliptic of type (a,b)(n,m).
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Let F’:)Y — A be the corresponding family of canonical models, then Y is a normal bidouble
cover of X = P! x P! with, in the notation of §4, L; = Ox(n,m), Ly = Ox(a,b), L3 =
Ox(a+n,b+m), x1=f, za=g, v3=1.

Then, for a,b,n,m > 3, the surface Y, satisfies the hypothesis of Proposition 4.17 and we
can assume, possibly shrinking A, that F’ is a natural deformation of Yj.

The natural deformations of Yy are defined in Ox(a,b) & Ox(n,m) by

{22 = f'(z,y) + we(z,y)
w? = g'(x,y) + 2¢(x,y)
where f' € H°(Ox(2a,2b)), ¢ € H(Ox(2n,2m)), ¢ € H*(Ox(2a —n,2b —m)), ¢ €
H(Ox(2n —a,2m —b)). If a > 2n, m > 2b then ¢ =1 =0 and the lemma is proved. 0O

Example 5.4. Suppose a > 2n, m > 2b and let (5.1) be the equations of Y. Denote
D, = div(f), Dy = div(g) and suppose moreover that Sing(D;) N D; =0, {i,j} ={1,2}
and let p € D be a singular point.

Then 7 !(p) contains exactly two singular points q1,¢s of Y and there exists an involution
o € G such that o(q1) = ¢g2. o extends to every natural deformation, in particular every
global deformation of Y gives by restriction isomorphic local deformations of (Y, q1) and
(Y,q2) and ® cannot be smooth.

More generally one can prove that if 0ob = 0 then the group G must act trivially on the vector

space H°(7y) and this is possible only if D; and Ds are both smooth divisors.
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III. Normal surfaces with anticanonical divisors.

A normal projective surface X has an anticanonical divisor if —Kx is linearly equivalent to
a nontrivial effective Weil divisor.

Every smooth rational surface S # P? is obtained from a Segre-Hirzebruch surface after a
finite sequence of blowings up u: S — F; and since P_; decrease (if # 0) after a blow up at
a generic point, smooth rational surfaces with anticanonical divisors and large Picard number
can be considered quite “special”.

After a computation of some cohomology groups in the Segre-Hirzebruch surfaces we shall see
in section 2 that the condition P_; > 5 gives strong constraint on the map p. This is used
in the proof of the main result of this section (Theorem 4.4) which is a classification theorem

for normal projective surfaces with o =1, P_; > 5 and at most rational singularities.

1. Tangent and cotangent vector fields on a Segre-Hirzebruch surface

We consider the following description of the Segre-Hirzebruch surface F,, ¢ > 0 (cf. [Bel,[Hal]
V.2, [B-P-V] V.4).

F, = (C? - {0}) x (C* — {0})/ ~
where (lo,l1,to,t1) ~ (Mo, Al1, N pto, uty) for any A\, u € C*.

From now on by the standard torus action on F, we shall mean the faithful (C*)? action

given by

((C*)2 = (5777) (l07l1at0at1) - (ZOagllantoﬂfl)

F, is covered by four affine planes C? ~ U, ; = {l;t; # 0} which are invariant for the
standard torus action. In this affine covering we define local coordinates according to the

following table

Table 1.1.

Marco Manetti: Degenerations of Algebraic Surfaces and applications to Moduli prob-

lems.
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Uo 1 z:% 5:;7(;8
Uo,o z:% s’:%
Ui, ZI:%) y/:%
Ui z’:i—? y:tj_?‘{

We shall call z,s principal affine coordinates and Up; principal affine subset. The other

pairs of affine coordinates are related to s,z by

2=zt s =51 y=sz ¢ Yy =5 120=y
The map F, — P, (lo,l1,t0,t1) — (lo,l1) represents the Segre-Hirzebruch surface as a
rational geometrically ruled surface where oo, = {t; = 0} is the unique section with negative
selfintersection o2, = —q, 09 = {tx = 0} is a section with 03 = ¢ and f = {l; = 0} is a
fibre. It is well known (cf. [Be]) that og, f are a basis of Pic(IF,), the canonical divisor is
linearly equivalent to —og — 0o, —2f and the rational function y gives a rational equivalence
O ~ 09 —qf.
Our description of F, is particularly useful for explicit computations of cohomology groups,

for later use we prove here the following

Lemma 1.2. For every p,q >0, r >0 h°(F,, Q' (poo + r0s)) = qp* — 1.

Proof. H°(Q'(pog + ros)) is the vector space of rational cotangent vector fields having at
most poles of order p and r along oy and o4 respectively. The standard torus action induces

an eigenspaces decomposition

HY(Q' (poo +710%)) = © May
a,beZ

where w € M, if and only if in the open set Uy ; we have
w = ozmbz“*lsbdz + ﬂmbzasb*lds

for some complex numbers oy b, Ba,b -

The same w is written in Up o as
_1 b —b—1
W= g p2" s dz — Bapz®s ds'

and in Ul,l
— 14-gb — b —
W= —(ap + qBap)? TPV 4 B2 T YNy

Note that oo NUp1 = {s = 0}, 00c NUp1 = 0, oo NUpo = 0, 0ac NUpp = {s’ = 0},
ooNU 1 ={y=0} and 0oc NU; 1 = 0.
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From the above local description of w it follows immediately that w # 0 = b < 0 and then
there exists an isomorphism H®(Q!(pog + ros)) = H°(Q (poy)).
By reflexivity every section of Q!(pog) on Up1 UUp,oUU; 1 extends to a unique section on

F, and then the following set of rational cotangent vector fields

20 1gbdz a>1l, 0>b>—-p, a+1+¢gb<0

205" 1ds a>0, —1>b>1—p, a+bg<0

—qz2 1 sbdz 4+ 295" lds  —1>b>1—p, a+bg=0
are gp? — 1 bihomogeneous sections of Q!(pog) and an easy calculation that we omit shows
that they are a basis. O
With a similar, but easier, proof it is possible to prove the following well known fact ([Ko2],
[Ca6])
Lemma 1.3. A bihomogeneous basis of H(F,,0) is given in the open set Uy by

9,9 .0 0
0z’ "0z 9z 0Os
@ — 0<a<

* 9s ==
Corollary 1.4. For every p,q,7 >0, h*(F,,0) = q—1, h' (F,, Q' (poo)) =1 and h*(F,,0) =
h2(F,, QY (poo)) = b1 (F,, QY (poo +1f)) =0.
Proof. By Hodge decomposition and Serre duality h°(Q') = h%(0(K)) = 0, h%(Q!) =0 and
since both —K and pog are effective divisors also h?(6) and h?(Q!(pog)) vanish.
By Riemann-Roch and previous lemmas we then get h'(f) = ¢ — 1 and h'(Q'(poy)) = 1.

For every p,r > 0 it follows from standard exact sequences
hH(Q (poo +1f)) < BHQ (o0 + f)) = Q1 (00 + f)) —q
and using the same method used in the proof of lemma 1.2 we easily see that 2% 's~!dz,
0<a<gq-—1isa basis of H'(Q! (oo + f)) and the above r.h.s. is 0. ]
We end this section by recalling the vanishing theorem of line bundles on Segre-Hirzebruch
surfaces.
Proposition 1.5. In the surface Fy q¢ > 0 we have:
(i) H%aoo+bf) #0 if and only if a >0, aq+b>0.
(i) The linear system |aco+bf| contains a reduced divisor if and only if either a > 0,b > —q
ora=0,b>0.
(iii) H'(aco +bf) =0 if and only if either a=—1 or a>0,b> —1 or a < -2,b<q—1.

(iv) For every pair of positive integers p,r the natural map

H°(poo) ® H(rog) — H°((p+7)00)
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is surjective, in particular the image of F, by the complete linear system |og| is projec-
tively normal.

(v) P_1(F,) = max(9,q+6).

Proof. (i) and (ii) are clear since |oq|, |f| are base point free and oo, € |09 — ¢ f].

By Serre duality it is sufficient to study the vanishing of h' only for a > —1.

Using standard exact sequences and induction on |b| we have for every integer b
h*(—oo +bf) = h'(—00) =0
and if b > —1, by induction on a > 0 we have
ht(aoo +bf) < h'(—0o +bf) =0

If a >0 and b < —2 then we can write aog + bf = 0o + D where by (i) and Serre duality
h?(D) = 0, thus

ht(aoo + bf) > K1 (O, (aco + bf) = K1 (Op1 (b)) > 0

Ooo

In the principal affine coordinates z,s a bihomogeneous basis of H®(pog) is given by the
monomials s7%2% with 0 <a < p, 0 <b < agq, (iv) follows immediately.

For every ¢ > 0 we have —K = 0¢+ 04 +2f and K? = 8. If ¢ < 3 by (iii) and Serre duality
HY(—K) = H*(-K) =0 and P_; =9 by Riemann-Roch. If ¢ > 3 then —K -0, < 0 and
P_1=h%0og+2f)=q+6. O

2. Curves with negative self intersection in a rational surface

Let S be a smooth rational surface, then S does not contain any irreducible curve with
negative self intersection if and only if § = P?,P! x P'. From now on, by abuse of notation
we shall denote by a rational surface a rational surface different from P2, P! x P!,

Let S be such a rational surface, then there exists an integer d > 1 and a birational morphism
w:S — Fg such that p is an isomorphism in a neighbourhood of the section 0., with self
intersection —d (cf. for example [Be]) and by abuse of notation we denote by o also its
inverse image 11~ '(0). We note that p is the composition of o(S) — 2 blowings-up.

Let p: S — P! be the fibration obtained by composing ;1 with the natural projection m:Fy —
PL.

In order to simplify the presentation of next proofs we introduce some technical notation.

() In the situation above let r = o(S) — 2, let h be the number of degenerate fibres of p

and let e be the number of (—1)-curves contained in the fibres of p. We note that e > h
and r = Z(bg( f) — 1) where the summation is made over all degenerate fibres f of p.

Definition . In the notation above, a smooth irreducible curve C' C S is said to be p-

transversal or simply transversal if C-f > 0 where f is a fibre of p.
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Theorem 2.1. Let S be a rational surface, u:S — Fgq a birational morphism which is an
isomorphism in a neighbourhood of oo and C C S a transversal curve # 0o, .

A) If h°(=Kg) + min{d,3} > 8 then C* > —1.

B) If h%(0s) > 4 then C? > 0.

Since p is a composition of blowings up the first thing to do is to understand the behavior

of tangent and anticanonical sheaves under blow up.

Lemma 2.2. Let X be a smooth surface, x € X and XLX the blowing up of X at x.
Then R f.05 = R f.Ox(—Ky) =0 and there exist two exact sequences of sheaves on X

0—f.05(—K3)—Ox(—Kx)— N T, X—0

0— fi0 g —0x —T, X—0

Proof. 1t is possible to give an elementary proof using local coordinates at x (cf. [Ca6] Lemma
9.22) but we prefer to give here a shorter proof that makes use of Leray spectral sequence.

Let M C Ox be the ideal sheaf of the point # and let E = f~!(x) be the exceptional
curve, since E? < 0 we have HO(NE/X) = 0 and then every tangent vector field s on a
neighbourhood of FE is tangent to E at every point p € E, in particular it is well defined its

direct image f.s € H°(M0x) and there exists an exact sequence
0—fi0g—0x—V—0

where V' is a complex vector space of dimension > 2.

Thus by Leray spectral sequence x(fx) = x(05) + dimV + dim R' .6 and applying this
formula to X = P2, X =F; we get dimV + dimR'f.6; =10 —8 = 2.

The proof of the analog results for —K is similar and it is omitted. a

Note in particular that the vector space H’(—K ) (resp. H°(f)) is naturally isomorphic
to the space of sections of the anticanonical sheaf (resp. tangent sheaf) of X which vanish

at x and h2(f) is a birational invariant of smooth surfaces.

Corollary 2.3. Let S be a rational surface: if, in the notation above, h®(—Kg)+min{d,3} >

9 and C € S is a transversal curve # o+, then C? > 0.
Proof. The proof follows by considering the blowing up of S at a point of C'. a

Theorem 2.1 cannot be improved. Let in fact Sy (d > 1) be a surface obtained by blowing
up the surface Fy at d + 1 generic points py, ..., ps. These points lie on a section o9 C Fy
such that 02 = d, let C' C S; be the strict transform of og: clearly C2 = —1, and, recalling

that
9 1<d<3

ho(—KFd)={d+6 d>3
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it follows that h°(—Kg) + min{d, 3} = 8.
Similar examples show that also the inequality h®(fx) > 4 is the best possible (cf. Remark

4.5). Note moreover that the two conditions on P_; and h°(f) are independent.

Lemma 2.4. In the previous notation let S be a rational surface and let f be a generic fibre
of p.
Then h°(—Ks — f — 000) > h%(—Kgs) + min{d,3} — 5.

Proof. We have two exact sequences of sheaves

1) 0—0s(—Kg — 000)—0s(—Kg)—0O,_ (—Kg)—0

2) 0—05(—Ks — f — 000)—035(—Kg — 0c ) —0f(—Kg — 056 )—0

By the genus formula —Kg -0, =2+ 02, =2 —d, thus h°(O,_(—Kgs)) = 3 — min{d, 3}.
The proof follows by considering cohomology exact sequences associated to 1) and 2). O
Proof of theorem 2.1.A) If S =F, we already know that o, is the only curve with negative
self intersection, so we can assume that p has at least a degenerate fibre fy.

If A is the irreducible component of f; which intersects o, then we have an exact sequence
0—0s(=Ks — f =00 = A)—0s(~Ks — 00 — [)—0u4(~Ks — 0c — [)—0

By the genus formula (—~Kg — f — 05)-A =2+ A% —1 < 0 and by lemma 2.4 h%(—Kg — f —
oo — A) > 2.
Let C C S be a transversal curve different from o, with C? < —2; for every D € | — Kg —

f— 000 — A| we have
DC<2+4C*—f-C—00C—AC<0

thus D = C + E for some effective divisor F.

Moreover E-f = E-0,, = 0, in fact, by genus formula D-f =1, D-o0, = 0 and by hypothesis
C-f >0, C # 0. Therefore F is contained in the exceptional locus of p but this is not
possible because dim |D| = dim |[E| > 1. O

Remark. 2.5. Looking at the proof of theorem 2.1 we note that if there exists a degenerate fibre
fo such that the irreducible component A which intersects oo, has self intersection A% < —2
then theorem 2.1.A) holds under the less restrictive assumption h°(—Kg) + min{d, 3} > 7.
We also note that the condition A2 < —2 holds in particular if fy contains exactly one
(=1)-curve. In fact if

S — S LS, 2 ALE,

is the decomposition of p where w1, .., u; are exactly the blowings up lying over p(fo)\oso

then the unique (—1)-curve must be the exceptional curve of ;.
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Proof of Theorem 2.1.B). As before we can assume that S is not a Segre-Hirzebruch surface.
We first note that since o2, < 0, every section of fg is tangent to oo, and then there exists
an exact sequence

0—H(0s(~000))—H"(05)—H"(0,..)

The map v cannot be surjective, otherwise, in the set up of lemma 1.3, H%(s) must con-
0

tain three sections z“a— + pa(s,z)a— a = 0,1,2, p, polynomials but, according to 2.2,
z S

this is clearly impossible since pu:S — F4 is not an isomorphism. In particular h%(fs) <

h%(0s(—0s)) + 2. Note that H(0s(—04)) is contained in HO(fp,(—0w)) which is gener-

ated by S%’Zig for i =0,..,d

Assume now that C' C S is an irreducible transversal curve with negative selfintersection, as

before every tangent vector field on S is tangent to C' and since 95 can be tangent to C' only
s

in a finite set of points it follows that (s — Zavz’)ag € H°(05(—0s)) only if (s — 3 a;z?)
s
vanishes on p(C) and then h?(0s(—0s)) <1, h%(fs) < 3. m]

Lemma 2.6. In the same notation of lemma 2.4, if h°(—Ks) + min{d,3} > 6 then there
exists at most one transversal curve C # ooo with C? < —2. If such a curve exists then
C-f=1.

Proof. By lemma 2.4 h°(—=Kg — f —0o) > 1, consider D € | — Kg — f — 0. By the genus
formula

DC<24C*—C-f—C00<0

thus D = C' + B where B is an effective divisor. We note that B-f = 0 and thus C is the
only component of D such that C-f =D-f=1. O

3. The weight of a rational surface

Let p: X — B a holomorphic map from a surface X to a smooth curve B. We shall say
that p is a rational fibration with section (r.f.w.s. for short) if:

1) The generic fibre of p is a smooth rational curve.

2) It’s given a section s: B — X .

Without loss of generality we can obviously assume that B C X and s is the embedding of
B in X.

Definition . A r.f.w.s. p: X — B is minimal if every fibre contains no (—1)-curves disjoint
from B.

Proposition 3.1. In a minimal r.fw.s p: X — B every fibre is smooth rational.

Proof. The proof is essentially the same as Lemma II1.8 of [Be]. O

Definition . The weight w(S) of a rational surface S # P? is the greatest integer n such

that there exists a birational morphism p:S — F,,.
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We note that w(S) < h'(br, ) +1 < h'(0s)+1.

Let C be the set of irreducible curves C' C S such that there exists a smooth rational curve
fcS with f2=0,C-f=1.

Theorem 3.2. In the notation above w(S) = max{—C?| C € C}.

Proof. < is trivial.

Conversely let C' € C such that C? < 0, we have to show that —C? < w(S). Let f be
a smooth rational curve such that f2 = 0, f-C = 1, then it’s very easy to prove that the
linear system |f| is a base point free pencil. The associated morphism p: S — P! is a rational
fibration with section C'.

The conclusion follows from proposition 3.1 by considering the surface S’ obtained by con-

tracting all (—1)-curves contained in the degenerate fibres of p which are disjoint from C'.
O

4. Normal projective surfaces with p=1, P_; >5

We first observe that in this case, since X is normal projective, P,(X) = 0 for every n > 0.

Lemma 4.1.(Sakai) Let X be a normal projective surface with o(X) =1, Pp,(X) =0 for
every n > 0. Then ¢(X)=0.

Proof. A proof of this lemma follows from the results of [Sal] §4, for the reader’s convenience
we write here a direct proof. Let :Y — X be the minimal resolution of X ; since for every
integer n the sheaf Ox(nKx) is reflexive we have P,(Y) < P,(X). In particular all the
positive plurigenera of Y vanish and, by Enriques criterion, Y is a ruled surface.

By Serre duality H?(Ox) = 0 and by the Leray spectral sequence we get ¢(Y) = ¢(X)+h(X)
where, by definition, h(X) = h°(R'5,.Oy). Let’s assume h(X) < ¢(Y) and let p:Y — B be
the canonical ruled fibration onto a smooth curve B of genus g = q(Y).

If D is an irreducible component of the exceptional divisor of § then, by a general result (cf.
[B-P-V] p. 74), g(D) < h(X) and thus p is constant on D. We can thus factorize p to a
ruled fibration p’: X — B, but this is impossible by the assumption o(X) =1. a

Theorem 4.2.(Badescu) Let X be a normal projective surface such that ¢(X) = P,(X) =0
for every n >0 and let 5:Y — X be its minimal resolution. Then either

1) The singularities of X are rational and Y is a rational surface, or

2) Y is a ruled surface of irreqularity ¢ > 0, X has precisely one non-rational singularity x
of geometric genus q, the fibre of & over x is composed by a section of the canonical ruled
fibration p:Y — B and (possibly) by components of the degenerate fibres of p, the fibre of ¢
over a rational singularity of X is contained in a degenerate fibre of p.

Proof. [Bal] Th. 2.3. O

Our goal is to give a structure theorem for surfaces X belonging to class 1) of Theorem 4.2

under the more restrictive assumption that o(X) =1, P_1(X) > 5.
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Definition . A normal projective surface X # P2 belongs to class (A) if:

Al) o(X)=1, P,(X)=0 ¥n>1 and X has at most rational singularities.

A2) If 6: S — X is the minimal resolution then S is a rational surface of weight d > 2.

A3) There exists a birational morphism u:.S — F4 such that the irreducible curves contracted

! and the components with self intersection < —2 of degenerate

by § are exactly pu~
fibres of p = mo u: S — P!,
Let’s denote, for every normal projective surface X with minimal resolution §:Y — X, by

$(X) the number of singular points of X and by b(X) = mg)(({bg(é_l(m))}
T

Proposition 4.3. If X belongs to class (A) then:
1) s(X) < b(X)
2) X has at most one non cyclic singularity.

3) If every singularity of X is cyclic then s(X) < 3.

Proof. Let D C S be the exceptional divisor of 4, since the singularities of X are rational
0(S) = 1+ b2(D) (cf. 1.2.5), this forces every degenerate fibre of p to contain exactly one
(—1)-curve, in fact by easy considerations about ¢ we have, in the notation (%) of section 2,
7+ h =by(D\0s ) + e and then e = h. In particular the components of degenerate fibres
which intersect o, belong to D.

It’s easy to see that if fj is a degenerate fibre, E C fy the (—1)-curve and A C fy the com-
ponent intersecting o, then m has at most two connected component and the possible
component that doesn’t contain A is a string.

Thus it holds s(X) < h+ 1 < b(X) and, if (X,z) is a noncyclic singularity, then 6=!(z)
must be the connected component D’ of D which contains o, . This prove 1) and 2).

3) follows from the fact that D’ is a string if and only if h < 2. O

We are now able to prove the following

Theorem 4.4. Let X be a normal projective surface with o(X) =1, P_1(X) > 5 with at

most rational singularities. Then X belongs to class (A).

Proof. Let §:S — X be the minimal resolution and let D C S be the exceptional curve of
d. S is a rational surface of weight d > 1 and, according to 1.5.3 P_;(S) = P_;(X) > 5.
We first note that, by lemma 2.6, for every u:S — F; there exists at most one transversal
curve C C D different from 0., and then e < h+1.

We first show by contradiction that d > 2. In fact if we assume d =1 and u: S — Fy is
a birational morphism then o(S) = 1 + be(D) and there exists a transversal curve C' C D,
C # 04 with C? < —2. By lemma 2.6 C-f = 1 and by theorem 3.2, d > —C? > 2.

If P_1(S) + min{d,3} > 8 then for every birational morphism u:S — F4 the curves on S
with self intersection < —2 are 0., and some components of degenerate fibres. In this case
the conclusion follows from easy considerations about the Picard number of S. This proves

the theorem if d > 3 or P_; > 6.
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It remains to consider the case d = 2, P_1(S) = 5. If, for some u: S — Fy, S contains a
degenerate fibre fy such that A% < —2, where A C f; is the irreducible component which
intersects o, (e.g. if e < 2h), then the proof follows by remark 2.4.

The remaining case is the following: d = 2, P_1(S) = 5, for every birational morphism
u:S — o the composite fibration p = m o u has only one degenerate fibre fy, e = 2 and
A? = —1 where A C fy is the component which intersects oo,. We prove that this case
doesn’t occur.

Let p: S — Fy be a fixed morphism and write p as a composition of blowings-up

S = 8,158, 1.8 LS, = Fy

We note that P_1(S) = P_1(F2) —4 thus r > 4. Let p; € S;_1 be the base point of the blow
up W;. p; is exactly the image of the critical set of the composite map S — S;_1. If i < j
let E; C S be the strict transform of the exceptional curve of ;. We have E? = —1 and
E? < -2 on S if i <r, in particular p; € E;_1\A Vi > 1.

Let’s consider the surface Y obtained by contracting the curve o, in Fo, It is a well known
fact that Y C P? is the cone over a smooth conic in P2.

We can consider the point ps € E1\A as a tangent vector v € T, Y, let ¢:Y — — — — P!
be the projection of centre the projective line L generated by v. Observe that L does not
contain the vertex of Y and then the generic fibre of 1 is a smooth hyperplane section of Y.
By elimination of indeterminacy we get a fibration So — Es which has 0., UAUFE; as unique
degenerate fibre and then a fibration 7:.S — FEs. The inclusion of E5 in S gives a section
for 7, in particular E3 > —w(S) which implies E5 = —2.

By hypothesis 7 has at most one degenerate fibre, then p3 € E1 N Eo, in particular E3 = —2
in S5 and py € E3\Fy otherwise E2 < —2 in S, therefore E3 is the component of the

degenerate fibre that intersects Eo and E3 < —2 contrary to the assumption. ]

Remark. 4.5. It’s no difficult to construct a normal projective surface X with o =1, P_; =4,
h°(@x) = 3 and with three rational double points of type As, hence by proposition 4.3 X
doesn’t belong to class A. (One of the simplest examples is obtained by fixing a section
o9 C Fs and two distinct fibres fy, fi C F2 and performing 2 blowings up over the point
00N fo and 3 blowings up over ogN f1 in such a way that the inverse image of oqgU0o .U foU f1

contain exactly 3 (-1)-curves and 6 nodal curves).

5. Deformations of normal surfaces with anticanonical divisor.

For any algebraic algebraic variety X C P™ there exists a map of deformation functors

Hilb% 2. De fx where Hilb% is the functor of embedded deformations of X in P".

Lemma 5.1. In the above notation, if h'(Ox (1)) = h?(Ox) =0 then ¢ is smooth.
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Proof. Let 0—Ce—B—A—0 be a small extension of local Artinian C-algebras and let
f: Xp — Spec B be a deformation of X. According to the flatness of f we have an exact
sequence on X

0—eOx—0x,—0x,—0

where X4 = f~'SpecA C Xp. Assume that X4 C P is an embedded deformation and let
L4 = Ox,(1) be the hyperplane line bundle.

The obstruction to extend L 4 to aline bundle L — Xp liesin HZ(OX). In fact let X = UU;
be an affine covering of X where L4 trivialize and let g;; its cocycle. Let g;; € T'(U;, (’)}B)
be a 1-cochain extending g¢;; such that g;;g;; = 1 for every 1, .

Then for every %, j,k GijGjugri = 1 + €05, and is easy to see that ;55 is a 2-cocycle and its
cohomology class § € H?(Ox) is independent from the choice of g;;’s.

d is exactly the obstruction to get Lp, in fact if §;j5 = hij + hji + hi; then §;;(1 — ehy;) is
a cocycle defining the line bundle Lp. Note that in general Lp depends from the choice of
hij but if H'(Ox) = 0 then it is possible to prove that, up to isomorphism, Lp is unique.

Lp is f-flat and there exists an exact sequence
0—eOx(1)—Lp—0Ox,(1)=Ls—0

and since H'(Ox (1)) = 0 the n + 1 homogeneous coordinates of P% lift to n + 1 sections
of Lp and a standard computation shows that the linear system generated is f-very ample
and define a closed embedding Xp C P%. a
In case X smooth lemma 5.1 is a particular case of Horikawa costability theorem ([Ho]III).
This theorem asserts that if Y is a smooth variety, X is a smooth subvariety with ideal
sheaf Ix C Oy and H*(Y,Ixfy) = 0 then every deformation of X can be embedded in a
deformation of Y. In the situation of 5.1 the vanishing of H?(P", Ix0p:) follows from Euler
exact sequence and every deformations of the projective space is trivial.

Assume now that X has a finite number of singular points z1, ..., z,, we have then

Lemma 5.2. If H?(0x) = 0 then the restriction morphism of functors
®: Defx — Xj_1Defx ,

s smooth. In particular every deformation of the singular points can be globalized.

Proof. This results is very similar to the above costability theorem, a proof in the same
spirit of Horikawa proof is given in ([Wal] Prop 6.4). Here we give a proof that use general
obstruction theory.

Let T*(X), 7% be respectively the global and local cohomology of the cotangent complex of
X ([Pa]), the groups T%(X) are related with the sheaves 7;: by the spectral sequence

EYY = HP(TY) = TPH9(X)
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For i > 1 the sheaf 73 is supported on {z1,...,x,}, this implies that the natural map

ri: TH(X) — HO(Ti) is surjective for i = 1 and injective for i = 2.

In fact H¥(T¢) =0 for 4,7 > 1 and, since 7% = 0x, by assumption it follows H%(7) = 0.
The smoothness of ® now follows by a standard criterion. O

If X belongs to class A then all the morphisms considered before are smooth, more generally

we have

Proposition 5.3. Let X C P be a normal projective surface with q(X) = py(X) = 0,
P_1(X) > 0 with at most rational singularities. Then H?(0x) = H'(Ox(1)) =0.
Proof. The minimal resolution §: S — X is a rational surface, in particular p,(S) = ¢(S) =

H°(Q}) = 0. Let C C X be a smooth hyperplane section, then C-Kx < 0 and from exact

cohomology sequence associated to
0—Ox—0x(1)—0Oc(1)—0

we get immediately H!'(Ox (1)) = 0.
Assume that H?(0x)" = Hom(fx, Kx) # 0 then, since both § and K are reflexive sheaves,
Hom(0x, Kx) = Hom(0y, Kyy) where U C X is the open set of regular points. Moreover

Ky is an invertible sheaf and the composition bilinear map
HOID(QU, KU) X HOIH(KU, OU) — HOIH(QU, OU)

is nonzero, thus Hom (0, Oy) # 0. This is a contradiction since, according to Theorem 1.5.5,
Hom(0y, Oy) = H(Q};) = H°(Q}) = 0. ]

Example 5.4. Deformations of the surface F4 with the negative self-intersection curve s

blow down.

Let f:F4 — Wy the blowing down of the curve o, then f.Og,(0p) is a very ample line
bundle and the associate complete linear system gives an isomorphism between Wj and the

projective cone over the smooth rational curve of degree 4 in P*.

Denoting by o, ..., z5 the homogeneous coordinates of P° the equation of Wy is rank(A4) < 1

A (xl xy a3 w4>
To XT3 T4 Ty
Since hl(Ow,) = h*(Ow,) = q(Wo) = 0, P_1(Wy) = P_1(F4) = 10 we can apply the above

results and we get an isomorphism

where A is the matrix

Def(W()) = Def(Wo, U)())

where wg = (1,0,0,0,0,0) is the vertex of the cone, moreover every deformation of Wy can

be obtained as an embedded deformation in P°.
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The semiuniversal deformation Wy — Def(Wy) of Wy is well understood (cf. for example
[Rie] Satz 13 or [Ar3] pag. 77-78) and can be described in the following way:

The complex germ Def(W,) is reduced and can be represented in (C*,0) as the union of
the line Ty = {t2 = t3 = t4 = 0} and the hyperplane T» = {t; = 0}.

Let W C PS be the projective cone over the Veronese surface V' C P5 and let {H;} be a
generic pencil of hyperplanes in P® with the vertex wy of W belonging to Hy, then the
family of projective surfaces Wy = W N H, is flat and then it is a deformation of the surface
W N Hg=cone over the generic hyperplane section of V'=W/}. This is precisely the component
Ty of Def(Wy), note that for ¢t 20 W N H; is the Veronese surface.

If t € Ty then the corresponding deformation is given by rank(A;) < 1 where A, is the

matrix
A— T X2 z3 T4
T — lfQCL‘O r3 — tgl'() Ty — t4.’1?0 Is

The restriction Wg — Ty = C3 admits a simultaneous resolution SLWO — T5. S is
the union of two copies Uy, U; = C x P! x T, with coordinates ug, (vo,wo),ta,t3,t4 (resp.

uq, (v1,w1), ta, t3,t4) with the patching isomorphism {ug # 0} ~ {u; # 0} given by
wouy =1 wy =wyg v = ugvo + (tgug + t3ug + tqug)wo
The resolution map F: S — Wy C P5 x T is given by (Fo, ..., F5,ta,t3,t4) where
Fy = wy = wy =9 = u‘llvl - (t4u:f + t3U% + toug )wy

Fy = ugvg + towg = u:{’vl — (t4u% + t3u1)w1, F3 = ug’Uo + (tQU,O + t3)11)0 = u%vl — (t4u1)w1
F4 = ug’l}o + (tgug + tg'LLO + t4)w0 = U111 F5 = UEL)’UO + (tzug + tgug + t4u0)w0 =1

We note incidentally that S — T is the semiuniversal deformation of the surface Fy (cf
[Ca6] §6) and a direct computation (cf. [Ca2] §1, [Ko2] pag.72) shows that the surface S; is
isomorphic to Fy for ¢t # 0, A =3 — tat; = 0 and to Fg =P x P! for A # 0.



Degenerations of the complex projective plane. 51

IV. Degenerations of the complex projective plane.

For the reasons explained in the general introduction we are interested to investigate the
structure of normal projective degenerations of rational surfaces, especially the case when the
fibres have at most quotient singularities.

This chapter is devoted to a deep study of normal degenerations of P2, to be more precise
we study the proper flat analytic maps f: X — A where X is a reduced locally irreducible
complex space of dimension three, A C C is an open disk centered at 0, X; = f~1(¢) is
isomorphic to P2 for ¢t # 0 and X{ is a normal surface.

For simplicity we study only the local structure of degenerations of P2, this means that
we consider the map f equivalent to every degeneration obtained from f by shrinking A.
Note that since A is smooth of dimension 1 the flatness of f is a consequence of the local
irreducibility of X .

From now on, by abuse of language we shall say that a normal surface Xy is a degeneration
of P2 if, in the above notation, it is the central fibre of f.

It is a classical result ([H-K]) the fact that, in the above situation, if Xy is smooth then
it is the projective plane and in fact holds the stronger result that every compact complex
surface with finite fundamental group and second Betti number by = 1 is the projective plane
([B-P-V] V.1.1).

If we admits Xy normal then the above result fails to be true, for example the cone over the
rational curve of degree 4 in P* deforms to both P? and P! x P! (IIL5.4).

This example of degeneration is only a particular case of a wider class of degenerations
obtained by a classical construction called “sweeping out the cone with hyperplane sections”.
More generally let S C P™ be a smooth surface and let P»~' C P™ be a hyperplane. Let’s
suppose that the curve Y = SNP"~! is projectively normal (this is true if Y is generic and
S is arithmetically Cohen-Macaulay) and let C(S,v) C P*"*! be the projective cone over S
with vertex v € PPTH1\P™.

Let {H;};cp1 be the pencil of hyperplanes of P"*! which contain P"~! and set X; =
H, N C(S,v). This defines a flat projective family of surfaces.

If v € Hy then X; ~ S for every t # 0 and Xj is the cone over Y.

Marco Manetti: Degenerations of Algebraic Surfaces and applications to Moduli prob-

lems.
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3
M , be the image of P? by the Veronese embedding

For every n > 0 let S, c PNV, N =
of degree n?. Since the generic hyperplane section of S,, is projectively normal we can operate
the previous construction and we get a set B = {Xj,} of normal degenerations of P2.
(n—l)z(n—2) and

degree n? in PP3"=2 In particular the surfaces Xg; and X o are the only ones in B with

The normal surface X, is the cone over a smooth curve of genus p =

at most quotient singularities.

The first question we ask is whether the only normal degenerations of P2 are those of the
set B, here we show that the answer is no, in fact even assuming X, with at most cyclic
quotient singularity we will describe infinitely many examples of degenerations.

However the possibility for a normal surface to deform to the projective plane induces several

restrictions on its geometry, our first result is the following (Th. 1.3):

Theorem A. If Xy is a normal degeneration of P2 then X, is a projective surface with
Q(Xo) =1 and Pfl(Xo) > 10.
Therefore if Xy has at most rational singularities we may apply the results proved in chapter

II1, especially prop. II1.4.3, moreover in this case it is possible to prove also the stronger

Theorem B. 1) Let Xo be a normal degeneration of P2 with at most quotient singularities,
then the following properties hold:
a) Xo is projective algebraic.
b) ¢(Xo) = Pu(Xo) =0 ¥n>1
¢) o(Xo) =1
d) Every singularity of Xo is cyclic of type %(1, na — 1) for some pair of positive integers
a,n with (a,n) =1 ((a,n) is the g.c.d. of a and n)
e) If p1,p2 € Xo and the singularities (Xo,p;) are cyclic of type %(Lniai — 1) then the
n; ’s are not divisible by 3, moreover if p1 # pay then (ny,ng) = 1
f) Xo has at most & singular points.
2) Conversely if a normal surface Xo satisfies a), b), ¢) and d) of 1) then Xy is a degeneration
of P2, in particular e) and f) hold too.

Theorem C. Let Xy be a normal degeneration of P2 :

(i) If Xo has at most rational singularities then it has at most 4 singular points.

(ii) If Xo has at most quotient singularities then its weight can assume only the values 4,7
or 10.

The only degeneration of weight 4 is the ”classical” cone over the rational curve of degree 4
in P%. Here we prove that there are infinitely many degenerations of weight 7 and we give a
complete explicit classification of these (Cor. 4.3).

We prove that there are also infinitely many degenerations of weight 10, but in this case an

explicit classification, although possible, is more complicated.
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1. Preliminaries

Throughout this chapter by a surface we shall always mean a two dimensional irreducible
reduced compact complex space with at most a finite number of isolated singularities and,
unless otherwise stated, normal as local ringed space. By algebraic surface we shall always
mean a projective algebraic surface.

We shall say that a map f:Y; — Y5 of complex spaces is projective if there exists a closed
embedding i: Y7 — Y5 X P™ such that f is the composition of ¢ with the projection on the
first factor.

Let’s consider now a normal surface Xy, by a smoothing of Xy we shall mean a proper flat
map f: X — A smooth over A* = A—{0} where: X is a three dimensional reduced complex
space, A is a small open disk in C centered at 0 and Xy is isomorphic to f=1(0).

Under this setting if t € A we set X; = f~1(t). Since we are interested in the local properties
of smoothings, from now on, all the assertions concerning f and X will be considered up to

possible shrinking of A.

Lemma 1.1. Let f: X — A be a smoothing of a normal surface Xo. For every t € A, let
Pic(X)-"%Pic(X;) be the natural restriction map.
If ¢(Xo) = pg(Xo) =0 then ro is bijective and 7, is injective for every t € A.
Proof. By a general fact of topology of complex spaces (cf. for example [B-P-V] Th. 1.8.8)
X is a homotopic retract of X, in particular, the restriction map H?(X,Z) — H?*(Xq,Z) is
an isomorphism.
By using semicontinuity we get, for every ¢t € A ¢(X¢) = py(X:) = 0 (It is not necessary here
to shrink A because ¢ and p, are topological invariants of the underlying oriented manifold).
The base change theorem gives R'f,Ox = R%2f,Ox = 0 and by the Leray spectral sequence
we get, since A is Stein, H(Ox) = H?(Ox) = 0.
Now the respective exponential sequences on X and X, give a commutative diagram

Pic(X) — H?*(X,Z)

s

Pic(Xy) — H?*(Xo,2)
Since the horizontal maps are isomorphisms 7y is also an isomorphism.
If £ € Pic(X) and we denote by A C A the set of ¢ for which £; = L ® Oy, is the trivial
sheaf, then the first part of this proof shows that A is open, furthermore since f is proper

we have
A= {t|h0([,t) > 1, ho(ﬁfl) >1}

that is a closed set by semicontinuity. a

Remark. . In general it is not true that r; is bijective for ¢ # 0.
In the same situation of Lemma 1.1, if moreover X is algebraic, then we shall show in

the course of the proof of the next proposition that if Ly is a very ample sheaf on Xy with
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H'(Ly) = 0 (such sheaf always exists), then the unique extension £ on X is relatively f-very

ample and the morphism f is projective.

Proposition 1.2. Let Xo C P™ be a normal surface with anticanonical divisor and let
f: X — A be a smoothing of Xg .-
If ¢(Xo) = pg(Xo) = 0 then there exists a closed embedding X—5P" x A such that f s

induced by the projection on the second factor.

Proof. This lemma is a consequence of lemma III.5.1, but it is instructive to give a direct
proof that doesn’t rely on the existence of the Kuranishi family and Hilbert scheme.

Let C' C Xy be a smooth hyperplane section not intersecting the singular locus of X, and
set Lo = Ox,(C).

We have H'(Ly) = 0, in fact there is an exact sequence
0—H'(Ox,)—H" (Lo)—H"(Oc(C))

and by Serre duality and adjunction formula H'(O¢(C)) = H°(Oc¢(Kx,)) = 0 because
Kx,-C <0.

Let £ be an invertible sheaf on X which extends L£j, we have then an exact sequence
0—L(—Xg)—L—Lyi—0

since Xy is linearly equivalent to 0 as a Cartier divisor we have L£(—Xg) ~ £ as Ox-
module. In particular £(—Xy) ® Ox, ~ Lo and by semicontinuity, base change and Leray
spectral sequence we get, eventually shrinking A, H'(L(—Xo)) = 0 and the restriction map
HO(L)-*H"(Lo) is surjective.

Let Vo € H%(Ly) be the (n + 1)-dimensional vector space generated by the homogeneous
coordinates of P" and let V C H°(L) be a subspace isomorphic to V, via «.

By further shrinking A, the linear system |V| is base point free and we can define i: X —
P x A i(z) = (vo(x), ..., vn(z), f(z)) where v, ..., v, is a basis of V. It’s easy to see that i

gives the desired embedding. o

After this preparatory material we now are going to study more closely normal degenerations
of P2.

Definition . We shall say that a normal surface Xy is a (normal) degeneration of P? if there
exists a smoothing f: X — A of Xy such that X; ~ P? for every t € A*.

Xo will be called a projective degeneration if in addition the map f can be chosen to be
projective.

The main result of this section is the following:

Theorem 1.3. Let X, be a normal degeneration of P2.

Then Xo is a projective degeneration with q(Xo) = P,(Xo) =0 Vn>1, P_1(Xg) > 10 and
o(Xo)=1.
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Proof. Let f: X — A be a smoothing of Xy with X; ~ P? for every t € A*. Since Xy is
normal, the space X is normal and Cohen Macaulay, denote by wx its canonical sheaf and
by wg?) the double dual of w}e}".

By the adjunction formula we have wgyo) = (wg?) ®@ Ox,)VV, wgg) = wg?) ® Ox, Vt #0.

Since wgg) is reflexive it is flat over A and semicontinuity gives

hO(Xo, 0 @ Ox,) > WX w)) = (P2, nkp2 )

Moreover, wgg) is locally free on the regular locus of X and X, is Cartier, this implies (cf.
for example [E-V] Lemma 2.1) that w%) ®O0x, C wgglo), in particular

Pa(Xo) = h°(Xo,w§)) > h°(Xo,w§’ © Ox,) > Pu(P?)  Vnel

If n >0 we have P_,(Xq) > P_,(P?) = <3n2+ 2> . This proves that X is Moishezon, i.e.
a(Xo) =2, and —Kx, is an effective Weil divisor.

Since P_,(Xo) > 1 ¥n >0 and wg;)) is the reflexive extension of a nontrivial invertible sheaf,
by compactness it follows that P,(X) = 0, by Serre duality ([B-S] Chapitre 7) py(Xo) =
P (Xo) =0 and by the invariance of x(Ox,) ¢(Xo) = 0.

Since by Brenton’s criterion of projectivity ([Bre]) every normal Moishezon surface with p, =
0 is algebraic, using Prop. 1.2 we prove that X is a projective degeneration.

The statement o(Xp) = 1 follows from Lemma 1.1 (9(Xo) < o(X;) = 1) and by the alge-
braicity of Xj. a

Remark. . A different proof of Theorem 1.3 which doesn’t make use of Serre duality can be
given by observing that b;(Xp) = 0 ([G-S] Cor 3.1) and that for every normal Moishezon
surface Y the group Pic?(Y) is a torus (Appendix IV), hence ¢(Xo) = 0 and by the invariance
of x, pg(Xo) =0.

We refer to the paper of Badescu ([Bal]) for some general results about normal projective
surfaces Y with ¢(Y) = P,(Y) = 0 Vn > 1. In [Bal] the author also gives a complete

classification of normal projective Gorenstein degenerations of P2.

Corollary 1.4. Under the same hypothesis of Theorem 1.3 there exists an integer n > 0

such that w%) is an invertible sheaf, in particular K% = K%, =9.

Proof. Let £ be a non trivial invertible sheaf on X . Then there exists an integer n indepen-
dent of ¢ such that for every t € A*, L; is the sheaf associated to the divisor nH; where Hy
denotes the line divisor on X; ~ P2.

Therefore F = (wg?) ® L£73) is a reflexive sheaf with trivial restriction on X, for every
t # 0. We claim that F is the trivial sheaf, in fact by the Leray spectral sequence and
Cartan’s theorem A there exists a nonzero section s of F, the divisor (s) must be a discrete

collection of fibres of f, hence a Cartier divisor and the claim follows from Lemma 1.1.
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wx
(wg?))z =n’K%, = 9n?. g

According to intersection theory of invertible sheaves we have n’K%, = Xo-( (n))2 = X;-

In general K? is not invariant under normal degenerations (example I11.5.4) but is only upper

semicontinuous. In fact we have already seen that for every integer n X(wg&)) > X(wgz ) and

according to Riemann-Roch formula for Weil divisors (I.5, [K-S]) we have K% > K%, .
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2. The Milnor fibre of a Q-Gorenstein smoothing of a two dimensional quotient

singularity and applications to degenerations of P?

We start by recalling the notion of a smoothing of an irreducible isolated singularity (Vj,0)
and of its associated Milnor fibre.

A smoothing of (V5,0) is a flat map f:V — A where V is a reduced complex space and
A C C is a small open disk centered at 0, such that (f~1(0),0) ~ (Vo,0) and for every
t € A* the fibre V; = f~1(t) is nonsingular.

Suppose (Vp,0) is embedded in (C¥,0): then there exists an embedding of (V,0) in (CV x
A,0) such that the map f is induced by the projection on the second factor CV x A — A.
We fix now some further notation: if r > 0 we denote by B, = {z € C¥| ||z|| < r} and
let S, = 0B,. We shall say that S, is a Milnor sphere for V; if for every 0 < r’ < r the
sphere S, intersects Vj transversally: a basic result ([Mi] Cor 2.9) asserts that every isolated
embedded singularity admits a Milnor sphere.

Let S, be a Milnor sphere for V4, then (shrinking A if necessary) we can assume that S, x A

intersects V; transversally V¢ € A. In this situation we set
X=VnN(B,xA) Xy =V,nX K;=0X,=V;N (S, x A)

By Ehresmann’s fibration theorem we have 0X = Uiea K; ~ Ko XA and the map f: X\ X, —
A* is a locally trivial C* fibre bundle with fibre F' diffeomorphic to X; for ¢ # 0.We call
F (resp. F ) the Milnor fibre (resp. compact Milnor fibre) of the smoothing f.

The basic theory about Milnor fibre ([Lo2]) shows that the diffeomorphism class of F' is
independent of the embedding of V': in particular topological invariants of F' are invariants
of the smoothing.

Let n be the dimension of (Vp,0), since F' is Stein, it has the homotopy type of a n-
dimensional CW complex. Considering homology and cohomology we have H;(F,Z) =0 for
i>mn and H,(F,Z) is a finitely generated free abelian group.

Definition . The integer u = rank H, (F,Z) is called the Milnor number of the smoothing.
The Lefschetz and Poincaré duality theorems give the following isomorphisms (in every ring
of coefficients)

HY(F) = Hopn_o(F) = H(F ,0F)

C

Using real coefficients the cup product induces a perfect pairing
H"(F)x H"(F,0F)—-H>"(F ,0F) =R

which composed with the natural map H"(F,0F) — H"(F) gives a symmetric bilinear
form

H"(F,0F) x H"(F,0F)-%R
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and we can write g = po + 4 + p— where pg (resp.: g4, pu—) is the number of zero (resp.:
positive,negative) eigenvalues of q.

Let’s consider now the case n = 2; by using Morse theory we see that F is obtained from
OF up to homotopy by attaching a finite number of cells of dimension > 2. This implies that
the inclusion OF C F induces a surjection of the respective fundamental groups, moreover it
is rather easy to prove, using the exact homotopy sequence of the fibration f: X\Xy — A*,

that the inclusion F C X — {0} induces an isomorphism on m;’s (cf. [L-W] Lemma 5.1).

Definition 2.1. Let Vj be a Stein representative of the surface singularity (V5,0) and
let m:Z — V, be a resolution. The geometric genus of (Vp,0) is the integer ¢(V,0) =
h'(Oz) — 6(Vo) where 6(Vo) = h%(m.0Oz/Oy,). For normal singularities § = 0 and this
definition of genus is the same given in section I.1.

An important result of Steenbrink ([St2] Th. 2.24) is the following: given a smoothing of a
two dimensional isolated surface singularity (Vp,0) we have o+ pus+ = 2¢9(Vp,0), in particular
if the singularity is rational, that is, normal with geometric genus 0, then p = p_ .

We conclude this brief review by describing the homotopy type and the intersection form ¢
of the Milnor fibre of a smoothing of a rational double point (Vp,0). This is easy, in fact by
Brieskorn-Tyurina’s result on simultaneous resolution the Milnor fibre is diffeomorphic to a
neighbourhood of the exceptional curve in the minimal resolution of (V4,0), thus if V4 is a
rational double point of type A,, D, or E, then the Milnor fibre has the homotopy type of
a bouquet of r spheres.

We now introduce the notion of a Q-Gorenstein singularity.

Definition 2.2. Let (Y,0) be a normal Cohen Macaulay singularity with canonical divisor
Ky . We shall say that (Y,0) is Q-Gorenstein of index n if there exists some nonzero integer
n' such that the divisor n’Ky is principal and n is the smallest positive integer with this
property.

Example . Let (X,0) be a Q-Gorenstein singularity of dimension n and index r and let
(X,0)-"+(Y,0) be the quotient of X by a finite group G acting freely in the complement of
an analytic closed subset of codimension > 2.

In this situation for every integer s (7*Oy (sKy))VY = Ox(sKx) and then sKy is principal
only if s is a multiple of 7. Similarly if r|s, Oy (sKy) = (1.Ox(sKx))¢ and then Ky is
Q-Cartier if and only if there exists for some s = rd an invertible G-invariant section of
Ox(sKx).

Fixing an isomorphism Ox(rKx) ~ Ox we have an Ox morphism Ox(rKx) — C which
maps every section w in its evaluation in 0. There exists then a character det”: G — C* such
that (gw)(0) = det”(g)(w(0)) for every section w of Ox(rKx).

We claim that (Y,0) is Q-Gorenstein and index(Y) = index(X)order(det”), in fact since
the property of being normal and Cohen-Macaulay is stable under finite group quotient it is

sufficient to show that Ky is Q-Cartier.
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Taking a section w of Ox(rKx) such that w(0) # 0 we consider the new section w =
2 _gec det”(g)~L(gw), clearly w(0) # 0 and for every g € G gw = det"(g)w and if d is the
order of det” then w? is G-invariant and then drKy is principal. Conversely if w’ = fw”,
f € O% is G-invariant then, since gf(0) = f(0), h must be a multiple of d.

Let now (X, O)L((C,O) be a Q-Gorenstein smoothing of index n of a quotient surface
singularity (Xo,0) (i.e. a smoothing with (X,0) Q-Gorenstein of index n).

Using Mori’s theorem on terminal three dimensional singularities Kollar and Shepherd Barron

have proved ([K-S] Prop. 3.10) the following:

Theorem 2.3. In the notation above, if n = 1 then (Xo,0) is a rational double point, if

n > 1 then (X,0) is analytically isomorphic to the quotient (Y,0)/G where:
a) (Y,0) C (C*,0) is an isolated hypersurface singularity defined by

F:uv—l—yd"—t(p(u,v,y,t) =0

for some d >0 and ¢ € C{u,v,y,t}.
b) G ~ p, = {multiplicative group of n'" roots of 1} acts linearly on C* in the following
way
fn 3 & (u, 0,9, 1) — (Eu, €10, %y, )
for some integer a with (a,n) =1, moreover ¢ is invariant for this action.
¢) The projection w: (Y,0) — (C,0) on the t-axis defines a smoothing of the rational double
point of type Agn—1 (Yp,0). G acts, locally around 0, freely on Y — {0} and 7' is obtained
from w by passing to the quotient.

1

In the notation of Theorem 2.3 (Xy,0) is a cyclic singularity of type P(l, dna — 1) (cf.
n

[Wal] Ex.5.9.1).

Remark. . A tedious but easy calculation shows that we can assume ¢ to be a polynomial in
y™ of degree < d with coefficients in C{t}.
There are other proofs of Th. 2.3 (cf. [Ma2], [L-W]) but the presentation of the result given
in [K-S] is the most convenient for our use.

We are now able to study more closely the Milnor fibre of such smoothings.

Proposition 2.4. Let F be the Milnor fibre of a Q-Gorenstein smoothing (X,0) — (C,0)
of a cyclic singularity (Xo,0) of type (1,dna — 1) with (n,a) =1, then:
i) bo(F) =d—1, m(F) =17y,

it) T (OF) = Zgn2

iit) The torsion subgroup of the Picard group Pic(F) of F is cyclic of order n and it is

dn?

generated by the canonical bundle Kp .

Proof. 1) From Theorem 2.3 it follows that F' has an unramified connected covering F’ of

degree n which has the homotopy type of a bouquet of dn—1 spheres S?, hence 71 (F) = Z,,,
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b1(F) =0 and e(F) = 1+ ba(F) where e denotes the topological Euler characteristic. Since
ne(F) =e(F') =1+ by(F'") = dn it follows the equality by(F)=d — 1.

ii) It follows from the fact that OF is diffeomorphic to the link of the cyclic singularity
(X07 O) .

iii) Since F' is Stein, from the exponential sequence we get
TorsPic(F) = TorsH?*(F) = TorsH,(F) = 7,

According to Theorem 2.3 the index of (X,0) is n, which means that Kx_go belongs to
Pic(X — {0}) and has order exactly n.

We claim that the natural restriction map a: TorsPic(X — {0})—TorsPic(F) is an isomor-
phism: the proof will follow from the claim and the adjunction formula.

(X,0) is Cohen Macaulay, local cohomology theory implies H'(X — {0}, Ox_{0y) = 0 and

by the exponential exact sequence
TorsPic(X —{0}) = TorsH*(X — {0},Z) = 71 (X — {0}) = m(F) = Z,

Thus the claim can be proved either by using arguments of algebraic topology or in the
following manner.
In the notation of Theorem 2.3 and of the proof of i) we have a commutative diagram

F' c Y-{0}

D p

F c X-{0}
where p and p are unramified cyclic coverings. We have two canonical eigensheaves decom-
positions

D« OF» ZZQEH Li POy _{0} Zig‘%n L;

where £;, £; are the eigensheaves associated to the character i: g, — C*. Obviously alLl;) =
L; and since F' is connected we have £; # L; if i # j, thus TorsPic(F) = {Li}iez,. O

Remark. . We observe that in the situation of Prop. 2.4 we can show that the intersection
form on Hy(F) = H2(F) is negative definite without making use of Steenbrink’s formula.
In fact if p*: H2(F) — HZ(F') is induced from the proper mapping p: F' — F, then for any
pair a,b of elements of H2(F) we have (p*a)-(p*b) = na-b.

We now are going to apply these results to investigate normal degenerations of the projective
plane.

As before, let Xy be a normal surface and let f: X — A be a smoothing of Xy with generic
fibre isomorphic to P?2. We note that the three dimensional space X is Cohen-Macaulay
since every point of X belongs to a normal irreducible Cartier divisor (the fiber).

In section 1 we have seen that X is algebraic and that X is a QQ-Gorenstein complex space.
Let {p1,...,ps} be the singular points of Xy and let F; be the Milnor fibre of the smoothing
f of the singularity (Xo,p;).
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Let F' C X; be the disjoint union of the F;’s; then the natural homomorphism
1
iv: Hy(F,7) =& Hy(F;, Z)— Hy(P?,Z)

is an isometry, in particular if bo(F) = p— + po + g4 ; then we must have p— =0 and py < 1.

Proposition 2.5. In the notation above, if (Xo,p;) is a rational singularity, then by(F;) =0

and p; 1s a singular point of X .

Proof. By Steenbrink’s formula the intersection product in Hy(F;) is negative definite, thus
bo(F;) = 0. Since a smoothing of an isolated hypersurface singularity (V,0) has Milnor
number equal to 0 if and only if 0 is a regular point of V' ([Mi] Th. 7.1), p; cannot be a
regular point of X . O

If the singularities of X are quotient then we get more information on their structure and

number.

Theorem 2.6. In the above notation let 0 < r < s be an integer such that the singularities
(Xo,pi) are quotient singularities for i =1,...,r. If 1 <i# j <r then:
1) The singularity (Xo,y;) is cyclic of type %(1, n;a; —1) for some pairs of relatively prime
positive integers n; > a; > 1. ’
2) n; is not divisible by 3.

3) n; and n; are relatively prime.
Proof. 1) Trivial consequence of Th. 2.3 and Props. 2.4, 2.5.
2) Since F; is an open subset of P? we have K, = Kp2 | F, = —3H| F, where H C P2 is
the line. By Prop 2.4 Kp, generates Pic(F;) = Z,, and thus necessarily (n;,3) = 1.

3) For every i = 1,...,7 let’s denote by N; the closed set P2\ F; and for every 1 <i; < ... <
ig <7r Niyiw = Niy N NN;, . We first prove the following lemma

Lemma 2.7. Let’s consider integral homology; for every 1 <iy < ... <1 <1 we have:
1) Hy(Niy,....i,) = 0
2) Ho(Nyy,. i) =17
3) The inclusion Ny, . ; C P2 induces an injection of the respective Hy’s and the cokernel

has order exactly equal to the product of n;js (j=1,.,k).

Proof. The proof of 2) and the equivalence of 1) and 3) follow easily, by excision and Prop. 2.5,
from the homology long exact sequence of the pair (P2, N;, ;). We prove 1) by induction
on k.

If £ >0 we have N;, .

gives

=Ny, U FT,V and N; . ;. N FT,C = 0F;,. Mayer Vietoris

k—1

Hy(Niy iy )——H1(0F;, ) —H1(F;,) © Hi(Nyy i, )—0

and the thesis follows from Prop 2.4. ]
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Let’s go back to proof of Theorem 2.6, the Mayer Vietoris homology exact sequence of the
couple (N;, N;) gives

Hy(N;) ® Hy(Nj)—=Hs(P?)—Hy(N; ;) =0

the map a:Z ® Z — Z is given by a(a,b) = n;a — n;b and it is surjective if and only if

(ni,nj):l. O

3. The minimal good resolution of a two dimensional cyclic quotient singularity

and degenerations of P? with quotient singularities.

Assume that the normal surface Xy is a degenerations of P2 with at most quotient singu-
larities, according to theorem 1.3 Xj belongs to the class (A) introduced in chapter IIT and
then it is possible to describe its minimal resolution in a purely combinatorial way, for this
we need first to well understand the Dynkin diagram of the cyclic singularities described in
theorem 2.6.

We recall that a singularity is cyclic if and only if its Dynkin diagram is a string, i.e. of type

° ° e
—b1 —ba —b,

If we set for every by, ..., b, integers > 2

[Brseeesby] = by — -
by —

where n > ¢ > 0 are integers such that (n,q) = 1, then the corresponding cyclic singularity
1
is of type —(1,q).
n
Note that if 0 < ¢’ <n and g¢’ =1 (mod n) then [by,...,b1] = ﬁ/ according to the obvious
q

isomorphism holding between the respective cyclic singularities of type H(l’ q), %(1, q).
Let’s define A to be the set of the symbols [by, ..., b,] where the b;’s are integers > 2. There
is an obvious bijection of A with the set of oriented Dynkin strings and, via the above partial
fractions, with the set of rational numbers > 1.

For every d > 0 let T; C A be the following set of rational numbers

= n,a 1mtegers ,n a n,a) =
d n 1 ) g ) ) )

1
(1,dna—

The following theorem is very useful in order to detect a cyclic singularity of type 2
n

1) with (n,a) =1 from its minimal resolution

Theorem 3.1. With the above conventions:



Degenerations of the complex projective plane. 63

i) e € T, and e A (d > 2vertices) € Ty
i1) If . . o c Ty then also
—b2 —b._1 —b,
[ [ s [ ] [ ]
—b,  —br_1 —ba —b1
[ ] [} e [ o—@
—bi1—1 —b2 —br._1 —b, —2

belong to T, .

iii) Every element of Ty is obtained starting from the one described in i) and iterating the

steps described in ii).
iv) If 0 ) o c Ty then > b; =3r+2—d.
b1 —bz —br—1  —br

Proof. (cf. [Wa2] 2.8.2)

i) If n = 2 then a = 1 and the Dynkin strings corresponding to the numbers are

2d — 1
exactly those described.

ii) We have already seen that

2 2

dm
dm(m —a) —1

dm
I b, by, by] =
dma — 1 [ 1 ) ] — [ 1]

therefore T, is closed under orientation reversing. A little computation gives

dm? d(m + a)?
Oy by = by 41, b2 = AT AT
dma — 1 iy by] b+ ] d(m+a)a —1

which prove ii).

€ Ty, if n =2 then by i) there is nothing to prove.

d 2
Suppose n > 2, by possibly considering d(—n)l
n(n —a) —

iii) Induction on n. Let us fix T

n .
we can assume a < ) and setting

m =n — a, according to ii) we can write

dn? d(m + a)?
= =[Mb1+1,...,b,,2
dna—1 d(m+a)a—1 i1, br2]
where dm?
m
bi,...,b.] =
[br - br] dma — 1
This proves the induction step.
iv) Trivial. O

Let 6:(S,E) — (X,0) be a resolution of a rational singularity with exceptional locus E.
Writing Kz = 0*Kx + F where F is a Q-divisor supported on F, we can consider the
rational number 3 = by(E) + F2.

Since after a blowing up of S at a point in E the second Betti number by(FE) increases by 1
and F?2 decreases by 1 it follows that 3 is an invariant of the singularity.

For a cyclic singularity of type %(1, q) g = [b1,...,b;] a linear algebra computation shows

that (cf [L-W] Prop 5.9)

2
7T+2+§:27b q+Q+
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n
In particular if — € T, then
q

B=r+1+> (2-b)

i=1
and by using Theorem 3.1.iv) we get readily that this invariant is d — 1. Let as before X
be a surface with at most quotient singularities which is a degeneration of P2, denote by
0: S — Xy its minimal resolution of singularities and let p: S — F,,, 2 < w =weight of X
be a birational morphism and let p: S — P! be the composition of p with the canonical
fibration F,, — P!.

Theorem 3.2. In the notation above if s is the number of singular points of Xo and h is

the number of degenerate fibres of p then h <2, s<h+1 and w=4+ 3h.

Proof. The two inequalities follows from Prop. I11.4.3 since the singularities of X are cyclic
quotient, we now prove the relation w =4 4 3h.

Let fo C S be a degenerate fibre of p and let E be the (unique) (—1)-curve contained in fy.
Since m must be a disjoint union of strings, the dual intersection graph of f, must be

one of the following two (the white circle denotes the irreducible component which intersects

Ooo )
1 e Py .
g S e
_.1 7:1 LIRS _OCk Cl = ... :Ck‘:2
(2) |
o . ° ° ° .. ° r,s >0
—ai —Qs —2—k 7b1 7b1‘

In both cases the relation ) a; + > b; = 3(s +r) — 2 holds.
In case 1), since by Th. 3.1.iv) > b, =3r+ 1, > a; must be equal to 3s — 3.
In case 2), by 3.1.iv) it follows that k =0, in fact if £k > 0 then k& would satisfy the relation
2k =3 c¢; =3k +1. Therefore k=0 and > a; +2+ > b; =3(s+r+1)—3.
In every case d satisfies the relation d —3 — 3h = 1. O
For every a = [ai,...,a,] € A we define its length to be the integer I(a) = Y[ a; —r — 1: we
observe that [(a) > 0 and equality holds if and only if a = [2].
We have 4 injective maps of A into itself defined below; if a = [ay, ..., a,] we set

dia = [ay,...,ar + 1]

doa = [aq, ..., ar, 2]

s1a = [2,a1, ..., ar]

sea = a1 +1,...,a,]
If h € {1,2}; then from Theorem 3.1 it follows that dpspa € T, if and only if a € T}.
Given any a € A of length [ there exists exactly one sequence i1, ...,4; with values in the set
{1,2} such that a = d;, ...d;,[2]; we then set a’ = s;, ...s;[2].
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The mapping a — a’ has the following geometric meaning. Let S be a smooth compact
surface and let D be a global normal crossing divisor on S whose component are smooth

rational curves with the following weighted dual graph

[ — ..
—:11 —:15 —1 —.bl —.br (*)

where a;,b; are integers > 2.

Let E be the (—1)-curve contained in D. We have two different types of blowing up of S
with base point p € E.

Type (a). This is the case if the base point p of the blowing up is a smooth point of D. The
strict transform of D has the same properties of D with weighted dual graph

Y . ® ° Y .. °
—a; —as —2 —b —b,

Type (b). This is the case if the base point p belong also to another component of D. The
global transform of D has thus one of the following dual graphs.

—a1 —as —2 -1 —b1—1 —b,

Y e e — o o o B
—aq —as—1 -1 -2 —b —b,

It’s very easy to see that if a = [ai,...,as] and b = [by,...,b.], then o’ = b if and only if
the string (*) is the global transform, by a finite sequence of blowings up of type (b), of the

strin .
g—z -1 -2

Lemma 3.3. For every a € A and h € {1,2} we have:
1) (dpa) = spa’
2) (spa) = dpd
3) " =a
Proof. 1) follows immediately from the definition of a’. We prove 2) and 3) by induction on
I(a); if I(a) = 0 the proof follows by a direct inspection.
Let’s suppose I(a) > 0; then we have a = dyc for some k = 1,2 and ¢ € A with I(¢) =(a)—1.

Since s, commutes with di, we have, by the induction hypothesis
(spa) = (dgspe) = sk(spe) = dpspc = dpa
a’ = (dre)" = (spc’) = dpc’ =dre=a ]

Remark. . If T} = {da'|a € T}, then a similar theorem to Theorem 3.1 holds for the sets T}.
It is enough to exchange i) with
i) e— o —oc T

-2 —d-1 -2

4
while ii) and iii) remain unchanged. Since [2,d + 1,2] = ﬁ, from a calculation similar

dn

dna + 1

2

to that of the proof of Theorem 3.1.ii), it follows that T = { 0 <a<mn,(a,n)=1}.
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If a = [a1,...,as] and b= [by,...,b,] we define

[a,b] = [a1,...,as,b1, ..., by] axb=lay,..,as+1,b1,...,b;]

Corollary 3.4. If a,b € A, then:

1) (axb) =bxd

2) axbxa €Ty <beTy

3) ax[b,2,V] €Ty =ax*xa*xb,2,V xa|=ax*[axb,2, (axb)] Ty

4) bV eT) and axbeT) = axb xa €Ty and axaxbxad =ax(axb xd') €Ty
Proof. We first prove 1) and 2) by induction on I(a).
If a = [2] then (a*b) = (s251b) =dadib) =0 xa’, axbxa’ =dasadisibe Ty < beT.
If a = spc then, by the induction hypothesis, (a *b)’ = (spcxb) =dpb' « =V xad’,
axbxa =spdpcxbxc €Ty < beT).

3) and 4) are trivial consequences of 1) and 2). o

4. Examples of normal degenerations of P2

In the introduction we have seen how to construct a countable family {Xo .} of degenerations
of P? obtained by sweeping out the cone of the general Veronese surfaces with hyperplane
sections.

In this section we give further examples of degenerations of P? with at most quotient singu-
larities, this gives a negative answer to our first question.

Unfortunately in our examples it is very difficult to give explicitly the family f: X — A: we

shall use the following theorem.

Theorem 4.1. Let Xy be a normal projective surface. Suppose the following conditions are
satisfied:

1) q(Xo) = py(Xo) =0

2) P_1(Xo) > 0.

3) o(Xo) =1

4) Xo has at most cyclic singularities of type %(Lna -1), (n,a)=1.
Then Xq is a normal projective degeneration of P2.
Proof. Every singularity of Xy admits a Q-Gorenstein smoothing, therefore, according to the
globalization result of section IIL.5 there exists a projective Q-Gorenstein smoothing X — A
of Xy. Semicontinuity gives ¢(X;) = P,(X;) =0 Vn > 0, and X; is a rational surface.
Let D be the exceptional divisor of §, we have o(S) = o(Xo) + b2(D) = 1 + ba(D). From
Noether’s formula follows that K% = 10 — o(S) = 9 — ba(D) and remembering that the
invariant 3 of our singularities is 0 we get K2 . =9.
Since X is Q-Gorenstein K?Q =9 for every ¢t and the only rational surface satisfying this

is the projective plane. O
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The surface X obtained from F,4 by contracting the section o, satisfies the hypothesis of
Theorem 4.1 and thus it is a normal degeneration of P?. We note that this surface is exactly
the surface X2 of the collection B (i.e. the cone over the rational curve of degree 4 in P*).
By Theorem 3.2 it follows that this surface is the only degeneration of P? with at most
quotient singularities and weight 4.

We now try to find normal degeneration of P? with quotient singularities and weight 7. For

this we first operate two quadratic transforms of [F; such that the string oo, + f becomes

()

We now proceed by iterating blowings up of type (b) and possibly one, the last, of type (a)
with respect to (x) and its transforms.

Let p: S — F; be the composition of these blowings up and let D C u~!(0s + f) be the
union of the irreducible components with self-intersection < —1.

It’s easy to see that P_1(S) > 0, if fact —Kp, = 204 + 9f and by using adjunction formula
we are able to write —Kg as an effective divisor.

If D is a disjoint union of strings € 77, then the surface Xy given by S contracting D satisfies
the hypothesis of Theorem 4.1. In fact, by the Leray spectral sequence ¢(Xo) = py(Xo) =0
and since P_1(S) < P_1(Xp) it follows that —Kx, is effective.

We note that from Theorem 3.2 and its proof it follows that every degeneration of P2 with
at most quotient singularities and weight 7 arises in this way.

Given any b = [by,...,b.] € A there exists a (unique) finite sequence of blowings up of type

(b) such that the global transform of () becomes

_.7 7.bl . 7.br :1 7.011 . 70015 (**)
If [7,b1,...,b.] and [aq,...,as] = b belong to T then we can contract the corresponding

curves and we obtain a surface Xy with two cyclic singularities.

After a blowing up of type (a) with respect to (#x) the strict transform becomes

o ) . o 7Y [ ] o [ ]
-7 —b —b. -2 —a1 —as

Thus if [7,b,2,b'] € Ty then, by contraction, we obtain a surface Xy with one cyclic singu-
larity.

By using the combinatorics developed in the previous section we can write:

Proposition 4.2. Given a b € A, if [6] xb,b' € Ty (resp.: [6] x [b,2,b'] € Ty ) then there
ezists a smooth rational surface S of weight 7, which is the minimal resolution of a normal
projective degeneration of P2 with two cyclic singularities of respective types [6]*b, b’ (resp.:

one cyclic singularity of type [6] * [b,2,V'] ).
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Given a b € A satisfying Prop. 4.2 we can find readily infinitely many others: in fact if
[6] %b,b' € Ty (vesp.: [6] % [b,2,V'] € T}), then b= [6] xbx[6]' (resp.: b= [6] xb) has, by Cor.
3.4, the same properties.

Four examples are the following ones

[ ]
1) |
[} [ ] [} [ ]
-7 —2 -2 -2
L . 1
Xo has a cyclic singularity of type %(1, 4).
-1
[ ]
2) |
[} [ ] [} [ ] [} [ ] [}
-7 -5 -2 -2 —2 -2 -2
1
Xo has a cyclic singularity of type 1—32(1, 25).
3) S R

4) . o+ & o & & o o s o o

1 1
1—32(1, 25) and one of type %(1,4).

As a consequence of these examples and Prop. 4.2 we have

Xy has a cyclic singularity of type

Corollary 4.3. Let (n;,a;),(m;,b;) be the two sequences in Z? defined as follows:

<n07a0) = (5a 1) (m07 b()) = (27 1)
aip1 =14 biv1 =m;
Nit1 = TN; — a; Mmiy1 = Tm; — by

Then for every i € N there exist four normal degenerations of P? with the following singu-
larities respectively:

1
1) A cyclic singularity of type —(1,n:a; —1).
n4

K2

1
2) A cyclic singularity of type —5 (1, m;b; —1).
m;
1
8) Two cyclic singularities of respective types — (1,n3a; — 1), —5(1,m;b; —1).
n m=

K3 3

1 1
4) Two cyclic singularities of respective types F(l,niai -1, mT(l,mi_HbiH —1).
i i1

Moreover every degeneration of P? with at most quotient singularities and of weight 7 is one

of these.

Proof. The first part follows from the above considerations and by observing that if b =
n’ (Tn —q)*

71, th h 6] xbx[6)] = ——F—

nq—le 1, then we have [6] * b * [6] Tn—gn=1

. For the second part one can use
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an induction argument. We prove this result only for surfaces Xy with one singular point z,
the case where Xy has two singular points, being similar, is left to the reader.

By Theorem 3.2 there exists a b € A such that the Dynkin diagram of (Xo,z) is [6]*[b,2,b].
Let’s suppose b # [2], [5], if we prove that b = [6] ¢ for some ¢ € A, then the conclusion will
follow by induction.

We first note that if n,m > 2 and [n] * a *x [m]’ € T} for some a € A then n = m (apply
3.1.ili) ). We have three subcases:

i) b= [n], n > 2: then [6] % [b,2,b'] = [6] x [n — 1] * [n + 1)’ and by the previous remark
n+1=6.

ii) b=[2,c], c € A: by Theorem 3.1.iii) this case cannot appear.

ili) b=[n]*c, n>2, c € A: then [6]*[b,2,b'] = [6][b,2,¢] x[n]" and n =6 as required. O
Ezercise. Prove directly that G.C.D.(n;,m;) = G.C.D.(n;,m;+1) = 1 for every i > 0.
(Hint: first prove that n;,m; are not divisible by 3 and then compute the vector product
(ni, ai) A (mg, b;)).

By a similar construction we are able to describe some examples of minimal resolution of
a normal degeneration of P2 by starting from the string oo + f1 + f2 C F1o and iterating
blowings up. From Cor. 3.4 it follows that given such an example we can readily find infinitely

many others.

Example. The following string can be obtained from oo by iterating a sequence of

14 blowings up.

*——0 —0 —90 —0  — 0 — 90— 90 90 06 0 0 o o o o o
—4 —1 —2 -2 —2 —10 —2 -2 —2 -2 -2 -5 —1 —2 —2 -2 -7

Contracting all the components with self-intersection < —1 we obtain a normal degeneration
1 1 1

of P? with three cyclic singularities of respective types Z(L 1), %(1, 4), ﬁ(l’ 29-21 —1).

5. Proof of theorems B and C.

Suppose first X is a degeneration of P? with at most quotient singularities. The properties
a),...,f) are exactly those stated in the Theorems 1.3, 2.4 and 3.2.

Suppose now a), b), ¢) and d) hold, in order to apply Theorem 4.1 we have only to show that
P_1(Xp) > 0.

Let YLXO be the minimal resolution; the discussion made in the proof of Theorem 4.1
shows that Y is a rational surface and Kg(o =0.

By the Serre duality theorem and the Riemann-Roch formula for Weil divisors on normal

surfaces we get

P_1(Xo) = P-1(Xo) + Pa(Xo) = X(~Kx,) = x(Ox,) + KX, + > c(Xo,pi)

i=1
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where p1,...,ps are the singular points of Xy and, Vi, ¢(Xo,p;) € Q is a local analytic
invariant of the normal surface singularity (Xo,p;). The proof will follow immediately from
the following assertion.

Assertion. If a two dimensional normal surface singularity (Xo,0) admits a Q-Gorenstein
smoothing (X,0) — (C,0) then ¢(Xo,0) > 0.

This assertion is perhaps trivial for the experts, but we prove it here for completeness. Ac-
cording to Looijenga globalization theorem ([Lol] Appendix) there exists a compact complex
surface Vy with distinguished point 0 € Vj, a reduced three dimensional complex space V
and a proper flat map F:V — A such that F~1(0) ~ Vg, (Vo,0) =~ (Xo,0), (V,0) ~ (X,0)
and F is smooth in V — {0}. In particular V is Q-Gorenstein.

We have

X(=Kv,) = x(=Kv ® Oy,) = x(=Kv,) = x(Ov;) + K}, = x(Oy,) + K7,
On the other hand the Riemann-Roch formula in Vj gives
X(_KVO) = X(OVO) + K‘2/0 + C(‘/Oa 0)

Since ¢(Vp,0) = ¢(Xop,0) > 0 the assertion is proved. O

Let f: X — A be a projective degeneration of P? and assume that X has at most rational
singularities. Let x1,...,z5 € X be its singular points. We note that f is a smoothing of
each (X, ;). Denote by D C [[;_, Def(Xo,z;) the product of smoothing components which
contain f and write H = ¢~ 'D where ¢ is the natural map Def(X,) — [[;_, Def(Xo,z;).
By lemma II1.5.2 ¢ is smooth and then H is an irreducible germ, since D is, moreover
the projective plane is rigid and then every smooth surface corresponding to a point of H
is isomorphic to P2. In particular for every k < s if X} is the surface obtained from X
by smoothing only the singularities (Xg, ;) for i = 1,...,k then X¥ is a normal projective
degeneration of P2.

The proof of theorem C is now easy, in fact since Xy belongs to class (A) it has at most one
noncyclic singularity say at z; and the surface X} is then a degeneration of P? with at most
quotient singularities.

Actually we don’t know any example of degeneration of P? with some rational nonquotient
singularity. The rational singularities which can appear in a normal degeneration of P? are
those admitting a Q-Gorenstein smoothing with Milnor number 0 and there exist a lot of
singularities with this property apart those described in 2.3.

Jonathan Wahl gives infinitely many examples ([Wal] 5.9.2, [Wa5]) of rational quasi-homogeneous]j
taut surface singularities admitting a Q-Gorenstein smoothing with Milnor number equal to

0, the simplest of which has Dynkin diagram

5.1) |
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Let now X be a normal projective surface with at most rational singularities, o =1, P_1 > 5
containing the above singularity 5.1. Then according to I111.4.4 X, belong to class A, its
minimal resolution is a rational surface of weight 4 and X, contains three rational double
points of type As, in particular Xy cannot be a degeneration of P2.

More generally, using the computation of the invariant § for the singularities of the class Tj
and theorem II1.4.4, it is easy to see that the same conclusion holds for the other singularities
in ([Wal] 5.9.2).
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Appendix IV. The Picard Variety of a Moishezon Surface

In this appendix we prove the following result used in the alternative proof of theorem IV.1.3.

Theorem Al. Let X be a normal irreducible complex surface of algebraic dimension 2, then
Pic’(X) is an abelian variety.

Let S—>X be the minimal resolution of singularities with exceptional reduced divisor D,
then a(S) = 2 and since S is smooth it is projective ([B-P-V] Cor. IV.5.5), in particular
Pic’(S) is an abelian variety. Our strategy of proof is to show that Pic”(X) is isomorphic to
a compact complex Lie subgroup of the Picard variety of S.

We begin with some preliminary results; let C' C S be a (possibly non reduced) curve, the

exponential sequences on S and C give a commutative diagram

HY(S,2) -5 HYOg) -= Pic%S) — 0

la lﬁc lv

HY(C,Z) - HY(0¢) — Pic®(C) — 0

Lemma A2. In the above notation e(ker B¢) is a compact complex Lie subgroup of PicO(S).
Proof. Denote by ' = i(H*(C,Z)) C HY(O¢), A = i(H'(S,Z)) c H'(Os), E = Imfc,
I'=TNE, Wy =ker B¢, K=ker v, W =e 1(K).

According to ([B-P-V] Prop. 11.2.1), T is a closed discrete subgroup of H'(O¢) and Pic’(C)
is Hausdorff, in particular K is a compact subgroup of Pic’(S).

We claim that e(W}) is precisely the maximal connected subgroup Ky of K, in fact there
exists a (non canonical) isomorphism of topological groups W = Wy @ IV and Wy is the
path-connected component of W containing 0. K, is path-connected and e is a covering
map, in particular by homotopy lifting property it follows easily that e(Wy) = K. a

The Leray’s spectral sequence applied to 7 gives an exact sequence
0—HY (Ox)—HY(0g)H(R'%,05)

where p is the projective limits of the natural restriction maps B,p: H'(Og) — H*(Onp).
Note that since H!(Og) is finite dimensional ker p = ker 8,p for n sufficiently large.
Proof of theorem A1. Since X is normal 7,0g = Ox and 7,0§ = O% therefore we have a

commutative exact diagram

0 — HI(OX) — HI(OS) L R17T*OS

| L

0 — Pi®(X) =~ Pic’(S)

b

and by lemma A2 7*(Pic’(X)) = e(ker p) is a compact subgroup of Pic’(S). O
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V. General properties of moduli space of surfaces of general

type.

Here we introduce the moduli space of surfaces of general type whose existence as quasipro-
jective variety was proved in 1976 by Gieseker and we list some properties of it. Then we
introduce the problem of the connectedness of the moduli space of surfaces with fixed topolog-
ical type and we shall show that the families of natural deformations of simple bihyperelliptic

surfaces give examples of connected components.

1. What is the moduli space?

We shall say that two smooth surfaces S;, S2 are deformation each other in the large if there
exists a proper flat family of smooth surfaces f: X — C where C' is an irreducible smooth
curve and there exists two fibres of f respectively isomorphic to S1, S2. Deformation in the
large is a relation in the set of isomorphism classes of smooth surfaces and the equivalence
relation generated is called deformation equivalence and will be denoted by i<

Let X — Y be a flat family of surfaces over an irreducible quasiprojective variety Y , then
any two fibres of it are deformation equivalent, in fact by taking restriction to hyperplane
sections we can assume that Y is a connected curve and then by transitivity we may reduce
to the case where Y is an irreducible curve. Taking if necessary the normalization of Y we
get a family over a smooth curve.

There are several properties of smooth surfaces which are invariant under deformation equiv-
alence, here we list the most important ones.

a) By Ehresmann fibration theorem two deformation equivalent surfaces have the same differ-
ential structure, in particular all the topological and differential invariants of the underlying
oriented 4-manifold are invariants under . We recall that for a complex algebraic surface

S the invariants Kg, Xx(Og) are topological invariants, more precisely
2x(05) =1 —b1(S) + by, K2 =12x(0s) —e(S) =by —b_ +8x(0Os)

where e(S) is the topological Euler-Poincaré characteristic and by,b_ are respectively the

number of positive and negative eigenvalues of the intersection form on Hz(S,Q).

Marco Manetti: Degenerations of Algebraic Surfaces and applications to Moduli prob-

lems.
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b) If Sldfng then S; and S; have the same Kodaira dimension. In fact holds the fol-
lowing stronger results proved by litaka as a (non trivial) consequence of Enriques-Kodaira

classification of surfaces:

Theorem 1.1.([Ii]) The positive plurigenera of a smooth compact complex surfaces are in-
variant under arbitrary holomorphic deformations.

The deformations of Segre-Hirzebruch surfaces F, (cf. [Ko2], [Ca6]) give examples where the
negative plurigenera are not preserved.

The point b) is also a consequence of point a) and the fact that the Kodaira dimension
is a differential invariant of smooth algebraic surfaces (this is the well known Van de Ven
conjecture, proved recently by V.Pidstrigach and A.Tyurin using Donaldson theory and then
simplified by C.Okonek and A.Teleman by using Seiberg-Witten invariants).

c) If Sldf/fSQ and S7 is minimal of general type then also Sy is minimal of general type.
This follows from Iitaka theorem because a surface of general type is minimal if and only if
P, = xy + K?. The same result can be proved directly by using Kodaira theorem on stability
of submanifolds [Kol] (which is another essential tool used in the proof of Iitaka theorem).
Let f: X — C be a smooth family of surfaces over a smooth irreducible curve C and let
A C C the set of points whose fibres are minimal of general type. Since a surface S is
minimal of general type if and only if K% > 0, x(Og) > 0, H'(2K) = H?*(2K) = 0 by
semicontinuity the set A is open. Let p a point in the closure of A, by semicontinuity of
plurigenera S, = f~!(p) is of general type and the proof is complete if we prove that it is
minimal.

Assume S, not minimal and let E C S, be a (-1)-curve, according to Kodaira stability
theorem there exists a small open disk D C C centered at p and a smooth subvariety
W C X such that W N f=1(q) is a (-1)-curve in f~1(q) for every ¢ € D, taking ¢ € DN A
we get a contradiction.

Note that without the assumption that the fibres of f are of general type it is false that
A is closed, consider for example the deformation of the Segre-Hirzebruch surface F3 which
deforms to the blow up of P? at a point.

d) If S is a minimal surface of general type then K% > 0, in particular the canonical class
ks = c1(Ks) = —c1(S) does not belong to the torsion subgroup of H?(S,Z) and then it is
well defined its divisibility

r(S) = max{r € N|r~'¢,(S) € H*(S,7)}

This is obviously a deformation invariant.

The definition of </ generalize in a natural way to the class of normal projective surfaces
with at most rational double points. According to Brieskorn-Tyurina simultaneous resolution
if two surfaces X, Xo with at most RDP’s are deformation equivalent the same holds for

their minimal resolutions.
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From now on, in order to avoid heavy notation, we shall call C-model every algebraic surface

which is the canonical model of a minimal surface of general type. Let P be a set of properties
L . . . . d . .

of projective surfaces with at most RDP’s which are invariant under fevf, an algebraic variety

M(P) is called a coarse moduli space for C-models satisfying P if has the following properties:

M1) There exists a bijection between the set of closed points of M(P) and the set of iso-

morphism classes of C-models satisfying P.

M2) It is defined for every flat family f: X — T of C-models satisfying P a map p(f):T —
M(P) such that for every closed point ¢ € T', u(f)(t) is the closed point of M(P) corre-
sponding to the isomorphism class of f~1(¢). Moreover the maps p must be compatible with
base change, i.e. if a flat family f: X’ — T’ is induced from f by a morphism ¢: 7" — T
then u(f') = u(f) o .

M3) If N(P) is another algebraic variety which satisfy M1 and M2 with maps v: T — N (P)
then there exists a unique morphism of algebraic varieties ®: M(P) — N (P) such that for
every family f: X — T v(f) =P o pu(f).

It is clear that is a coarse moduli space exists then it is unique up to isomorphism, note that
properties M3 is necessary in order to have unicity, in fact if M satisfy M1, M2 then the
same is true for every product of M with a fat point.

The main result about the existence of coarse moduli space for surfaces is
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Theorem 1.2.(Gieseker [Gil])

a) For any pair x,y of positive integers there exists a (possibly empty) quasiprojective variety
My which is a coarse moduli space for canonical models X of surfaces of general type with
X(Ox) =z, K% =y.

b) Two minimal surfaces of general type are deformation equivalent if and only if the iso-
morphism classes of their canonical models belongs to the same connected component of the
moduli space.

Two surfaces of general type are birational if and only if they have the same canonical model,
so roughly speaking, the moduli space M = U, , M, ., classify surfaces of general type up
to birational equivalence and the space M is usually called the moduli space of surfaces of
general type.

The reason of considering canonical model instead of minimal models for the construction of
M is essentially technical and it will be clear in the next section. The statement 1.2.5) follows
from the construction of the moduli space and not from its general functorial properties. In
the next section we explain (without details) the construction of M and from this we deduce
b) and the local analytic structure of M, .

Therefore the problem to determine if two surfaces are deformation equivalent is reduced to

the (usually easier) problem to determine the connected components of moduli space.

2. Outline of the construction of the moduli space of surfaces of general type and

its local analytic structure.

In this section we consider only C-models with fixed numerical invariant y, K2, this implies
that all C-models have the same plurigenera P, = x + %n(n —1)K? for every n > 2.
A n-framed C-model is the data of a C-model S together with a complete nondegenerate
embedding v: S — PP»~! such that w§" = v*O(1). The general theory of pluricanonical
maps tell us that for n > 5 every C-model has a n — framing.
Note that the group SL(P,,C), n > 5, acts via the projection SL — PGL in the set of
n-framed C-model and the orbits of this action are the isomorphism classes of C-models.
There exists a natural concept of family of framed C-models, this is a consequence of the
existence of the relative dualizing sheaf for a morphism.
More generally let f: X — Y be a flat family of normal surfaces and let U C X be the
(scheme theoretic) open subvariety of points where the map f is smooth. Then it is defined
the relative dualizing sheaf wy,y on X satisfying the following conditions ([Lip2] §3, [Wa2]
1.3):

(i) wx/y is a coherent f-flat Ox-module.

(ii) If &:U — X is the open immersion then wx/y = in(\° Q%}/Y) where Qllj/y is the locally

free sheaf of relative differentials.
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(iii) The relative dualizing sheaf has the base change property, i.e. for every morphism Y’ —
Y if m X' = X xy Y’ — X is the projection then wx/ )y = m*wx/y .
(iv) If the fibres of f are Gorenstein (e.g. if f is a family of C-models) then wx/y is locally

free.

Definition . A family of n-framed C-models is the data of a family f: X — Y of C-models
with a closed embedding v: X — Y x PP ~1 such that f is the composition of v with the
projection in the first factor and v*O(1) = w?}’]y.

Note that this is a good definition of families, in fact if Y/ — Y is a morphism then, since
the relative dualizing sheaf commutes with base change, the pull-back of the embedding v
gives an induced structure of n-framed family on the fiber product X xy Y’. In particular it

makes sense the definition of universal family.

Proposition 2.1.(Tankeev [Ta]) For n sufficiently large there exists an universal family
Zn C Hp x PP=1 of n-framed C-models with H, quasiprojective variety.

Idea of proof. It is sufficient to take H,, the locally closed subscheme of the Hilbert scheme of
irreducible nondegenerate surfaces S with at most RDP as singularities, Og(nKg) = Og(1)

1
and Hilbert polynomial h(d) = x(Og(dnKgs)) = x(Os) + Edn(dn ~1)K2. |

From the construction of the Hilbert scheme follows that there exists an embedding H,, C PV
as a quasiprojective variety and the natural action of G = SL(P,,C) on H, is induced by a

linear action of PV (cf. [Gil]).

The bulk of Gieseker paper [Gil] is devoted to prove the following proposition (written in the
language of geometric invariant theory ([Gi2],[Ne]))

Proposition 2.2. In the notation above for n sufficiently large H,, is contained in the set
of G-stable points of PN and then there exists the geometric quotient H, /G = M which is a
quasiprojective variety.

For reader convenience we recall here the properties which characterize geometric quotients.
Let H be an algebraic variety with a regular action of a linear algebraic group G. A geometric

quotient is the data of an algebraic variety M and a surjective G-invariant affine morphism
¢: H — M such that:

1) Every fibre of ¢ contains exactly one G-orbit.

2) M is a categorical quotient, this means that for every G-invariant morphism ¢: H — N
there exists an unique morphism 1: M — N such that ¥ =no¢.

3) For every open set U C M there exists an isomorphism

¢*:T(U,0pm) — T(¢7'(U), On)®

4) If W C H is a closed G-invariant subset then ¢(W) is closed.



78 Chapter V.

Let M = H,/G the quotient as in proposition 2.2 and let f: X — Y be a family of C-
models, since on every fibre X, of f the group H'(nK x,) vanishes, by semicontinuity and
base change there exists an open covering Y = UU; and a structure of n-framed family on
every restriction X — U;. H,, is universal and then there exists maps p;: U; — H,, inducing
these families. Clearly their compositions with the projection map H, — M can be glued
and we obtain finally a map pu:Y — M. From this and from the general properties of
geometric quotients it follows that M = H,, /G is a coarse moduli space for canonical models
of surfaces of general type with fixed invariants.

Since for every regular action the dimension of the orbits is a lower semicontinuos function
the fibres of the projection morphism ¢: H, — M are irreducible of constant dimension. In
particular a closed subset V' C M is irreducible if and only if ¢=1(V) is irreducible. If Sy, So
are canonical models of surfaces of general type belonging to the same irreducible component
of M then there exists an irreducible component V' of H,, such that S;,Ss are isomorphic
to two fibres of the restriction to V' of the universal family Z, — H, and then they are
deformation equivalent.

Let [X] € H, corresponding to a framed C-model X C PF»~1  the universal n-framed
family Z,, — H,, induces a holomorphic map between germ of complex spaces h: (H,, [X]) —
(Def(X),0).

Lemma 2.3. The above map h is smooth and h='(0) is the germ of the G -orbit of [X].

Proof. (sketch) Let X4 — Spec(A) be an infinitesimal deformation of X and let p: A — B
be a small extension of local Artinian C-algebras.

Since H'(w{™) = 0 every section of W?ég/spec(B) extends to a section of w%Z/SPGC(A), ex-
tending the basis that gives the n-framing we can extend the framing to X 4.

Thus h is smooth and since there exists a factorization (H,, [X])LDef(X) — M, h=1(0)
is contained in the G-orbit. Conversely it follows from the definition of the G-action on H,,
that the restriction of the universal family Z,, — H, to every G-orbit is a locally trivial
family of C-models and then A~1(0) contains the germ of the G-orbit. O

The stabilizer Stab([X]) C PGL(P,) of [X] € H,, is naturally isomorphic to the group of
automorphisms of X and if T C H,, is the image of a section of h then the induced action
of Stab([X]) on T is compatible with the natural action of Aut(X) on the base space of the
Kuranishi family Def(X), thus we have the following

Corollary 2.4. Let X be the canonical model of a surface of general type, then the germ of
M at [X] is analytically isomorphic to the quotient Def(X)/Aut(X).

If S is a minimal surface of general type with canonical model X then the blow-down
morphism defined in Chapter II, Def(S) — Def(X) is compatible with the actions of
Aut(X) = Aut(S) and then it is defined a natural map Def(S)/Aut(S) — M. This map
is finite but from Burns and Wahl result (I1.3.4) in some cases (e.g. Kg not ample and

Aut(S) = 0) it is not an isomorphism.
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Note that if X is a framed C-model with ¢(X) = 0 then locally at [X], H, is an open
subscheme of the Hilbert scheme of PP»~1. In fact in this case if X4 C PP»~! x Spec(A) is
an infinitesimal embedded deformation of X then there exists at most one extension on X 4
of the line bundle Ox (1) = w§™ (cf. 1I1.5.1) and then Oy, (1) = w;@;Z/Spec(A)'

In next chapters we need to compute the closure of some subsets of the moduli space M.
The valuative criterion ([Hal] pag 101, [Ne] pag 7) gives:

Let N C M be a locally closed subvariety and let Xy be a C-model. Then [Xo] belong to the
closure of N if and only if there exists a flat family of C-models f: X — A = {t € C||t| < ¢}
such that [Xi] € N for every t #0.

This criterion is used in the proof ([Ca2] theorem 1.8) that for every finite group G the subset
ME C M of minimal surfaces admitting a faithful regular G-action is a closed subvariety of

M. A similar result we shall need is the following:

Lemma 2.5. Let f: X — A be a flat family of C-models, G a finite group and for every
t£0 let g1: G — Aut(X:) be a given faithful action.

If for every t # 0 there exists an open neighbourhood U > t and a regular G -action on
Xy — U preserving fibres and inducing on every t € U the representation g, then after a
possible change of base ALLA there exists a reqular G -action on X preserving fibres and
inducing the given G -action on every X;, t #0.

Moreover the quotient family X/G — A is also flat.

Proof. (sketch) The minimal resolution of X; is a surface of general type, in particular the
group Aut(X;) is finite for every t € A ([Mat2],[An]). By a monodromy argument it follows
that after a possible change of base there exists a regular G-action on f: X* — A* = A—{0}
inducing the desired G-action in the fibres and the same argument used in the proof of ([Ca2]
1.8, [F-P] 4.4) shows that this action extends to X . The flatness is a consequence of the local
irreducibility of X and the flatness criteria for moduli over one-dimensional local regular

rings ([Mat1] Exercise 11.8). O

3. Digression: Obstructed deformations and everywhere nonreduced moduli spaces.|j

A question that had been unsolved for a long time was if every minimal model of surfaces of
general type has a smooth complete family of deformations, in fact all the simplest surfaces
(e.g. complete intersection, smooth ramified coverings), have this property and for a long
time nobody was able to find any example of obstructed deformations.

The first examples of surfaces of general type with obstructed deformations were found inde-
pendently by Burns-Wahl ([B-W]), Kas ([Kas]) and Horikawa ([Ho]). We have already seen
the methods of Burns and Wahl and we have used it in Th. I1.5.2 and example I1.5.4.
Catanese [CaT7] also used the results of [B-W] for giving several examples and some general
recipe to construct minimal surfaces of general type S with singular canonical model X and

everywhere nonreduced Kuranishi family. Catanese method requires that the canonical model
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X has unobstructed global deformations and then, although Def(S) is nowhere smooth, the
moduli space M is locally reduced and irreducible at S.

The examples of Horikawa are obtained in a completely different way as a consequence of
some stability and costability theorems for deformations of holomorphic maps. One of the
most interesting is the following (cf. [Ho]III,[Ca6]):

Example 3.1.(Horikawa-Mumford) Let F' C P? be a smooth cubic surface, let C C F be a
smooth curve linearly equivalent to 4H + 2F where H is the hyperplane section and FE is a
straight line contained in F and let X — P3 be the blowing up of P3 with centre C'. Let S be
a very ample smooth divisor on X such that H!(0x(—S)) = H?(0x(-S)) = H'(Ox(S)) = 0.
Note that if S is sufficiently ample and general then Kg is very ample by adjunction formula,
S is simply connected by Lefschetz theorem and Awut(S) = 0. In particular Def(S) is
analytically isomorphic to the moduli space M at the point [S].

Horikawa ([Ho] III §10) claimed and proved that Def(S) is obstructed but is easy to see that

Def(X) is everywhere nonreduced. This follows from the following two lemmas:

Lemma 3.2. In the notation of example 3.1, Def(X) is everywhere nonreduced.

Proof. See [Ca6] §9. O

Lemma 3.3. Let X be a smooth complex projective variety of dimension > 3 with H'(Ox) =
H?(Ox) =0 and let S be a very ample smooth divisor such that H' (x(—S)) = H?(0x(-S)) =}
HY(Ox(S))=0.

Then there exists a noncanonical isomorphism of germs of complex spaces
(Def(S),0) ~ (Def(X) x Coker(1),0)

where v is the natural map : H*(X,0x) — HY(S, Ngx).

Proof. (cf. [Ch]) Assume X embedded in P¥ by the complete linear system |S| and let
V C H°Ox(S)) be a small neighbourhood of a section defining S, for every v € V let
H, C PV the corresponding hyperplane.

Let HilbY be the germ of the Hilbert scheme of PV at the point X, then we have a smooth
family of deformations of the pair (S, X) with base HilbY x V given by S C X x V where
X — Hilb% is the universal family and for ¢ € Hilb%,v eV Sy =X:NH,.

Denote now by Defs x the functor of deformation of the pair S C X, Defs x has a good
deformation theory and its tangent space is isomorphic to H!(6x(—log S)). We have natural

maps of functors of Artin rings
HilbY x V-LsDefs x> Defx

Defs x . Defs

We claim that both f, g, h are smooth morphisms. The smoothness of i follows from the
vanishing of H?(0x(—S9)) and Horikawa costability theorem ([Ho] I11.8.3,[Ran]). According
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to Lemma ITI.5.1 the composition gf is smooth and then the smoothness of f, g is equivalent

to the surjectivity of df. We have an exact sequence
HO(0x)~"~H"(O5(S))—H" (6x (~l0gS))- - H' (6)—0

and the surjectivity of df follows from the surjectivity of the maps TjxH ilbY — H'(0x)
and H°(Ox(S)) — H°(Os(9)).

From the exact sequence
H' (0 (=S))—H" (6x (~logS)) = H' (65)—H(6x (~S5))

it follows that dh is an isomorphism and then the proof follows from general properties of

smooth functors. O

The general philosophy of the previous two lemmas is the following: Given a smooth curve C
in a projective space P™ define X¢ as the blown up of P™ with centre C', the proof of lemma
3.2 suggests that the map C — X¢ induces a smooth morphism from the Hilbert scheme
of P" at C' to the Kuranishi family of X, while lemma 3.3 can be generalized to complete
intersections in X¢ of n — 2 sufficiently ample divisors. We then obtain regular surfaces of
general type with ample canonical bundle and with Kuranishi family stably isomorphic to the
Hilbert scheme of a curve in a projective space. The “converse map”, from deformations of
regular surfaces to embedded deformations of curves has been recently explored by B.Fantechi
and R.Pardini ([F-P2]).

Corollary 3.4. There exist everywhere singular irreducible components of the moduli space of
surfaces of general type whose general member is a simply connected surface with very ample
canonical bundle.

In [Ch] Chang gives examples of threefolds X in P5 with H'(Ox) = H?*(Ox) = 0 and

obstructed deformations.

4. Deformation equivalent types of homeomorphic surfaces.

One of the first consequences of Gieseker theorem is that for every pair of positive integer x,y
there exists a finite number §(z,y) (=number of connected components of the quasiprojective
variety M, ) of deformation equivalence classes of minimal surfaces of general type with
invariants K2 =y, x = x. (More precisely, it is not necessary to assume Gieseker theorem
in order to prove the finiteness of deformation equivalent types, but only the projectivity of
the Hilbert schemes and Bombieri’s results about pluricanonical maps.)

Contrary to the case of curves, where the genus classify completely the deformation equiva-
lence classes, in the case of surfaces the number d(x,y) is in general bigger than 1, in fact
it is rather easy to show the existence of surfaces with the same invariants K2,y but with

different homotopy groups. Therefore a more appropriate question is:
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Given two homeomorphic minimal surfaces of general type, are they deformation equivalent?
The first difficulty here is to determine when two surfaces are homeomorphic, in the case of
simply connected surfaces this can be easily done by using Freedman results on the topology
of four-manifolds.

For every simply connected compact oriented topological four-manifolds X the group H?(X,Z)}}
is free of finite rank and the intersection product ¢: H?(X,Z) x H*(X,Z) — Z is a symmetric

unimodular bilinear form.

Theorem 4.1.(Freedman [Fre] 1.5+addendum) Let X1, Xo be two simply connected compact
oriented smooth four-manifolds and let f*: H*(X9,Z) — H?*(X1,Z) be an isometry with
respect the intersection forms, then there exists a homeomorphism f:X; — Xo preserving
orientation and inducing f*.

For every symmetric bilinear form ¢:Z" x Z™ — 7Z its rank and its signature are defined
respectively as the rank and the signature of the extended form ggr: R™ x R™ — R. We shall
say that the parity of ¢ is even if g(z,x) € 2Z for every = € Z™, odd otherwise. A classical

results (Eichler’s theorem) states

Proposition 4.2.([Se] p.92,[Wall]) Two unimodular indefinite symmetric bilinear forms de-
fined over the integers are isometric if and only if they have the same rank, signature and
parity.

For definite forms this is not true but in the geometric case this doesn’t give any problem, in

fact we have:

Theorem 4.3.(Donaldson, [D-K]| 1.3.1) If the intersection form of a simply connected ori-
ented compact smooth four-manifold X is definite positive then the intersection form q is

represented by the identity matriz in some basis of H*(X,7).

Theorem 4.4.(Kodaira-Yau, see [B-P-V]) The projective plane is the only simply connected
compact complex surface with definite intersection product.

Moreover if S is a simply connected algebraic surface then the (mod 2) reduction of kg €
H?(S,Z) is exactly the Wu class ([M-S]) and then ¢(ks,z) = q(z,z) (mod 2) and then if
ks # 0 the parity of ¢ is equal to the parity of r(S5).

By Noether formula and index theorem K % and x(Og) determine the rank and the signature

of gg, putting together all these fact we finally have

Corollary 4.5. Two simply connected minimal surfaces of general type are orientedly home-
omorphic if and only if they have the same K2,y and the same parity of r =divisibility of the
canonical class.

Fixing a minimal surface of general type S we define M*P(S) (resp.: M¥/F(S)) as the set
of minimal surfaces of general type homeomorphic (resp.: diffeomorphic) to S, we put on
MP(S), M¥/F(S) the topology induced in the natural way by the moduli space M.
Question: Is the space M'P(S) (resp.: M%/f(S)) connected?
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Theorem 4.6.(Catanese [Cad]) The number of connected components of M(S) can be arbi-
trarily large.

The idea of proof is elementary, since the divisibility (S) of the canonical class is invariant
under deformations it is sufficient to find, for every k£ > 0, k distinct homeomorphic minimal
surfaces of general type S, ..., S with different r(S;).

Catanese takes as S; simple bihyperelliptic surfaces (Chapt. II), since such surfaces can be
considered as a composition of two double covers its invariants can be easily computed using
the following two facts about double coverings.

Let S—-X be a double cover of smooth surfaces, denote by R C S the ramification divisor
and by D C X the branching divisor. Note that R and D are both smooth.

Proposition 4.7. If X is simply connected, D*> > 0 and there erists a divisor Dy € |D)|
which intersect transversally D then w1 (X — D) is an abelian group generated by a small loop
around D and S is simply connected.

This is a well known fact, for a proof see [Cal].

Proposition 4.8.([Cad]|) The natural map 7*: NS(X) — NS(S) is injective. If H1(S,Z) =0
then the image of ©* is a primitive subgroup, in particular if R = 7*L then r(S) is the
divisibility of Kx + L in NS(X).

Therefore for a simple bihyperelliptic surface S of type (a,b)(n,m) a,b,n,m > 3 we have
1
KZ=8(a+n—2)(b+m—2) x((’)s):§K§~+ab—|—nm

r(S)=G.C.D.(a+n—-2b+m—2) (4.9)

and theorem 4.6 is proved whenever we find k solutions a;, b;, n;, m; of an equation K2 =constant,J]
X =constant, r =constant (mod2) giving k distinct integer values of r (see [Cad] for details).
A very little in known about the space M¥7f(S) because of the lack of simple criteria to
determine whether two algebraic surfaces are diffeomorphic or not.

Conjecture. (Friedman-Morgan [F-M]) For every S minimal, M%f/(S) is connected.

Very recently E. Witten ([Wi]), using new differential invariants of smooth four-manifolds,
proved that if f:.S57——.S5 is a diffeomorphism of simply connected minimal surfaces of general
type then f*(ks,) = kg, , in particular the divisibility r is a differential invariant. This
result previously conjectured ([Cad], [F-M]) was known to be true since 1988 for a large class
of surfaces (e.g. complete intersections) and using this Friedman, Morgan and Moishezon
([F-M-M]) proved that in general M¥//(S) £ M!™P(S). Later Salvetti ([Sall],[Sal2]) using
the same ideas but different examples proved that the number of homeomorphic algebraic
surfaces of general type with different differentiable structures can be arbitrarily large.

In general, given a unimodular quadratic form of rank b and signature o over an integral

lattice A, a primitive vector v € A is called of characteristic type if v-z = 2% (mod 2) for
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every = € A, otherwise it is called of ordinary type. Note that if the quadratic form is even
than every primitive vector is of ordinary type.

A theorem of Wall ([Wall]) states that if b—|o| > 4 then the group of isometric automorphism
of A acts transitively on the set of primitive vectors of fixed norm and type. If A = H?(S,Z),
S simply connected compact complex surface, the condition b — |o| > 4 is equivalent to
x(Og) > 1 and the primitive root of kg is characteristic if and only if »(S) is an odd integer.
In conclusion there exists a homeomorphism f:S — S’ between simply connected algebraic
surfaces with y > 1 matching up the canonical classes if and only if S,S’ have the same
invariants K2, y,r.

Define My4(S) = {[S] € M™P(S)|r(S) = r(S’), S minimal }, it is natural to ask if Mg4(9)
is connected and if its elements carry the same underlying differential structure. At this time
(november 1995) the second question is still unsolved, in spite of the recent deep developments
in the theory of four manifolds. In the next sections of this thesis we shall see that the first

question has in general a negative answer.

5. Simple bihyperelliptic surfaces and examples of connected components of mod-

uli space.

In chapter II, §5, we considered a particular class of surfaces called simple bihyperellitic
surfaces. We recall here its definition:
Denote X = P! x P! and let Ox(a,b) be the line bundle on X whose sections are bihomo-
geneous polynomials of bidegree a,b. A minimal surface of general type is said to be simple
bihyperelliptic of type (a,b)(n,m) if its canonical model is defined in Ox(a,b) & Ox(n,m)
by the equation

2 =flz,y)  w=g(z,y) (5.1)

where f,g are bihomogeneous polynomials of respective bidegree (2a,2b), (2n,2m).

If a,b,n,m > 3 simple bihyperelliptic surfaces are simply connected and its invariants are
1
K?=8(a+n—2)(b+m—2) X(OS):§K2+ab+nm

r(S)=G.C.D.(a+n—2b+m—2) (5.2)

If @ > 2n, m > 2b denote by N = N(a,b)(n,m) the subset of moduli space M of simple
bihyperelliptic surfaces of type (a, b)(n,m). According the stability theorem proved in chapter

II and local structure of moduli space we have

Proposition 5.3. For a > 2n, m > 2b the subset N is open in the moduli space M and
dim N = 4y — TK?+2(a+b+n+m)—6.
If N C N is the subset of surfaces with smooth canonical model then clearly IV is open in N

and from 5.1 it follows immediately that it is a dense subset of N in the analytic topology of
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M. Therefore if for suitable values of a,b,n,m the closure N of N in M is contained in
N , then N is open and closed in M and then it is a connected component of moduli space.

The subset N has been studied by Catanese ([Ca3]), he proved

Theorem 5.4. If a > 2n,m > 2b then the space N is contained in the set of surfaces
which are minimal resolution of surfaces X with at most RDP that are bidouble cover of a

Segre-Hirzebruch surface Fop with

k < max( n

)

a—1"m-1

Theorem 5.5. If a > max(2n + 1,b + 2), m > max(2b+ 1,n + 2) then ]\Af(a’b)(n’m) is a
connected component of moduli space.

We don’t sketch here the proof of theorem 5.4 because the main ideas are used in the next
chapters to study the closure of some other subsets of M.

Note that the components N are irreducible and then is not too difficult to find criteria
for distinguish two of then, for example by looking at their dimension. However for the

components N we have the following beautiful result:

Proposition 5.6.([Cal]) If a > 2n,m > 2b,n > 3,b > 3 and N(a,b)(n,m) = ]\Af(c’d)(nq) then
the 4-uple (c,d,p,q) is one of the following:

(a,b,n,m) (b,a,m,n) (n,m,a,b) (m,n,b,a)

Roughly speaking proposition 5.6 says that if a smooth surface S is defined in two ways as
in 5.1 then these ways are obtained one from the other by changing the role of z and y or
the role of z and w.

Catanese’s proof is given by observing that the numbers a,b,n, m are uniquely determined
up the above four permutations by the six numbers o;(a,b,n,m), i = 1,...,6 where o1, ...,04
are the symmetric functions, o5 = an + bn and o¢ = am + bn.

Then it is possible to recover the values of o; from the geometry of the canonical map
¢: S — PPs—1 of the generic surface [S] € N(a,b)(n,m) , for example 4o is exactly the number
of points of inflection of ¢.

Note that the deformation invariance of the inflectionary points of the canonical map is a
very special feature of simple bihyperelliptic surfaces and is false for general surfaces with
very ample canonical bundle.

We are now able to construct examples of distinct connected components of the space M4(S).

Example 5.7. Let S, S2 be two simple bihyperelliptic surfaces of respective types (13,4), (6, 13)J}
and (14,5)(5,12). Then these surfaces are homeomorphic, r(S1) = r(S2) = 1 and they belong
to different connected components of M.

The strategy used in example 5.7 is clear, we look for a pair of simple bihyperelliptic surfaces

of respective types (a,b)(n,m) and (a+1,b+1)(n—1,m —1). Such surfaces have the same
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invariants K2,y and r if and only if n4+m = a + b+ 2. It is then easy to construct infinite
example of surfaces S where Mg4(S) has at least 2 connected components.
In order two prove that the number of connected components is unbounded we need the

following lemma proved in the appendix of [Cal]

Lemma 5.8.(Bombieri) Let 1 > ¢ > 375 bea fized real number, M a positive integer and
let usv; = M be k distinct factorizations of M such that cv/M < u; <v; < ¢ 'WVM.
Then there exist positive integers R, S, N and k distinct pairs of integer (z;,w;) such that:

wizi—2(ui+vi):N, zi +4 < 2Rv; < 3z; — 2, w; +4 < 2S8u; < 3w; — 2

Theorem 5.9. For every k > 0 there exist simple bihyperelliptic surfaces Si, ..., Sy orientedly
homeomorphic, with r(S;) = r(S;) and any two of them are not deformation equivalent of

each other.

Proof. We have to find large positive integers K2, x(Og),r(S) such that (5.1) with the in-
equalities a > max(2n 4+ 1,b 4+ 2), m > max(2b + 1,n + 2) has at least k distinct solu-
tions. Fix 1 > ¢ > max{272,373} and let u;,v; = M be k distinct factorizations with

G.C.D.(us,v;) = 1 such that cv/M < u; < v; < ¢ 'vVM. (We can take for example an

2
3 > 2k and M = pips....pap, where p1 < pa < .... < pgp are prime
numbers such that pf > cph, ).

integer h such that

Let R, S, N,w;, 2z be as in lemma 5.8 and let S; be a simple bihyperelliptic surface of type
(ai, b;)(n;, m;) where a; = 2RSu; + Rw; +1,b; = 2RSv;—Sz;+1,n; = 2RSu; — Rw;+1,m; =
2RSv; + Sz; + 1.

A computation shows that for every i = 1,...k K3 = 128R*S*M, x(Os,) = 24R*S*M —
2RSN +2, r(S;) =4RS and a; > max{2n; + 1,b+ 2}, m; > max{2b; + 1,n; + 2}.

This surfaces belong to the same M, but they are in distinct connected components by

theorem 5.5. 0
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VI. Iterated double covers and connected components of

moduli spaces.

In the previous chapters we defined for every minimal surface of general type S the subset
of moduli space My(S) = {[S"] € M*P(S)|r(S") =r(S)}.

Using simple bihyperelliptic surfaces and a numerical lemma we proved that the number 6(5)
of connected components of M,4(S) can be arbitrarily large, here we prove that ”in general”

0 takes quite big values, more precisely we have

Theorem A. For every real number 4 < 8 < 8 there exists a sequence S, of simply connected
surfaces of general type such that:
a) yn = K% ,xn = x(0s,) — 00 as n — 0.

b) lim 2 = 3.

n—co T,
¢) 6(Sy) > yi v

We note that the lower bound we achieve is considerably greater of the previous bounds and

in particular we prove the impossibility of a polynomial upper bound of §. Theorem A relies

on the explicit description of the connected components in the moduli space of a wide class

of surfaces of general type whose Chern numbers spread in all the region 502 < cf < 2¢o.

Definition B. A finite map between normal algebraic surfaces p: X — Y is called a simple
iterated double cover associated to a sequence of line bundles Ly, ...,L, € Pic(Y) if the
following conditions hold:

1) There exist n+1 normal surfaces X = Xy, ..., X;, =Y and n flat double covers m;: X;_; —
X; such that p=m, 0....0om.

2) If p;: X; — Y is the composition of 7;’s j > i then we have for every ¢ = 1,...,n the
eigensheaves decomposition 7. Ox, , = Ox, ®pi(—L;).

For any sequence Ly, ..., L, € Pic(P* x P1) define N(P* x P!, Ly, ..., L,) as the image in the
moduli space of the set of surfaces of general type whose canonical model is a simple iterated
double cover of P! x P! associated to Lq,...,L,.

The main theme of this chapter is to determine sufficient conditions on the sequence Ly, ..., L,
in such a way that the set N(P! x P L;,..,L,) has "good” properties; the condition we find

are summarized in the following definition:

Marco Manetti: Degenerations of Algebraic Surfaces and applications to Moduli prob-

lems.
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Definition C. A sequence Ly, ..., L,, L; = Opiypi(a;,b;) n > 2 of line bundles on P! x P!
is called a good sequence if satisfies the following conditions.

Cl) a;,b; >3 forevery i =1,...,n.

C2) max;; min(2a; — a;,2b; —b;) < 0.

C3) an >by+2, by_1 > an—1+2.

C4) a;,b; are even for i =2,...,n.

C5) For every i <n 2a; — a;41 > 2,2b; — bjp1 > 2.

The main result we prove is:(Th.’s 4.1, 4.2 and 4.7)

Theorem D.Let Ly, ..., L, be a good sequence in sense of definition C, then:

a) N(P* x P! Ly,...,L,) is a nonempty connected component of the moduli space.

b) N(PLxP! Ly,...,Ly,) is reduced, irreducible and unirational. (for a) and b) the condition
C5 is not necessary).

c¢) The generic [S] € N(P* x P! Ly, ..., L,) is a surface with ample canonical bundle and
Aut(S) =7/27.

d) If My, ..., M,, is another good sequence and N(P1xP! L, ...,L,) = N(P*xPL, My, ..., M,

then n =m and L; = M; for everyi=1,...,n.

Simple iterated double covers of P! x P! associated to good sequences are simply connected
(because of C1, according to [Cal] Th. 1.8) and by two of them are homeomorphic if and
only if they have the same invariants K2, y and 7 mod2.

It is clear that the proof of theorem A reduces to counting the number of good sequences
giving the same invariants K2, x and 7.
Theorem D gives us some new interesting examples of homeomorphic but not deformation

equivalent surfaces of general type.

Example E.Two deformation not equivalent surfaces Sy, S2 homeomorphic with the same
divisibility which are double covers of the same surface Sy

Define So—=P! x P! a simple iterated double cover associated to L = Op1yp1(8,12), Ly =
Op1 «p1(8,4); by adjunction formula Kg, = p*Op1xp:1(14,14).

Let a # b be integer > 17 and let Dy € |p*Op1xp1(2a,2b)|, D2 € [p*Op1«p1 (2, 2a)| be two
smooth divisors, the double cover S7,S2 of Sy with branching divisors Dy, Do respectively
have the required properties. Note that D? = D3, Kg,-D1 = Kg,-D2 and Dy, Dy have the
same genus.

It is worth to mention here another interesting fact (Cor. 4.8), if
X = Xo"5X1—.. 75X, =P x P!

is a simple iterated double cover associated to a good sequence then the surfaces X; and the

map 7 (and then by induction X; and m; for all ¢ = 1,..,n) are uniquely determined by
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X . In fact, assume for simplicity that [X] € N(Lq,..,L,,) is generic, then by Theorem D.c)
X has only a nontrivial automorphism 7 and then X; is the quotient X/7.

Using the same idea we prove D.d) as a consequence of D.a), D.b) and D.c).

Every simple iterated double cover X associated to Li,.., L, € Pic(Y) can be embedded in
the total space of the vector bundle V =L, & ... & L,y e.g. in the case n = 2 the
equations of X are

2; = f1 + 2201, 23 =fo

with z; € H(V, p*L;) the tautological section, f; € H°(Y,2L;) and g; € H*(Y,2L; — L).
Thus simple iterated double covers are naturally parametrized by a Zariski open subset of a
finite dimensional vector space and then the proof of the openess of N(P! x P! Ly, ..., L,)
reduces to showing the surjectivity of a Kodaira-Spencer map.

In order to prove the closure of N(P! x P! Ly,...,L,) in the moduli space we must show
that for every l-parameter family of simple iterated double covers degenerate to a surface of
general type X then [Xo] € N(P! x P!, Ly,...,Ly,).

Here the main trouble is to prove that the flatness of all covering maps is preserved under
specialization. The section 3 is devoted to prove this fact under some special and at a first
sight very strange assumption (e.g. C4). The key result is the classification of involutions
acting on smoothings of rational double points (Prop. 3.2), from this it follows that if a family
of smooth double covers X; — Y;, t € A* degenerate to a nonflat double cover Xy — Y, and
X has at most rational double points then Y has at least one cyclic singularity at yo and the
Milnor fibre F; of the smoothing (Y, y0) — (A, 0) has the canonical class in H?(F;,Z) not
divisible by 2. In particular if (Y}) is even then the inclusion F; C Y; gives a contradiction.

The proof of D.c) (§4) use a degeneration argument.
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1. Preliminaries and conventions

Let f: X — Y be a morphism between complex algebraic varieties. If F is an Ox-module
and G is an Oy -module the natural sheaf morphisms G — f.f*G, f*f.F — F induce
isomorphisms

fiHomOx f*GF ~ HomOyGf.F and Homo, (f*G,F) = Homop, (G, f-F) (cf.[Hal] pag.
110).

Lemma 1.1.In the notation above assume F,G coherent:
a) If f is flat (i.e. f* is an exact functor ) then there exists a convergent spectral sequence

of vector spaces
EY? =Exth, (G,RIf.F) = Ext}yI(f*G,F)

b) If [ is finite then there exists a convergent spectral sequence of Oy -modules
EYY = f.Exth, (LYf*G.F) = Eathy (G, f.F)
c) If f is finite flat then for every i > 0 we have

Ext(, (f*G,F) = Extl, (G, f.F) filatly (f*G,F) = Extly (G, f.F)

Proof. a) Let Z be an injective Ox -module, from the exactness of the functor f* and formula
Home, (f*G,Z) = Home, (G, f.Z) it follows that the direct image f.Z is an injective Oy -
module.

The functor F — Homoe, (f*G,F) is the composition F — f.F — Home,, (G, f«F) and the
sequence in a) is the Grothendieck spectral sequence associated to this composition.

b) The proof is similar to a), we only recall that since f is finite f. is an exact functor from
coherent sheaves on X to coherent sheaves on Y and the £xt’s can be computed applying
the contravariant Hom to locally free resolutions. (cf. [Hal] I11.6.5).

¢) is an obvious consequence of a) and b). o

Remark. . The condition f flat in the point 1.1.a) cannot be deleted, in fact if ¢: A — B is
a morphism of commutative rings, M an A-module and N a B-module then there exists a

spectral sequence (composition of —® B and Hompg(—, N))
ES? = Exth,(Tory (M, B),N) = Exti"(M,N).

In particular ¢ is flat if and only if every injective B-module is an injective A-module.
Throughout all this paper by a tower of height n we shall mean the data of n+ 1 irreducible
algebraic varieties of the same dimension Xy, ..., X,, and n finite flat morphisms =m;: X; 1 —

X;. A tower is smooth (resp.: normal) if every X; is smooth (resp.: normal).
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A deformation of the tower (X;,m;) parametrized by a germ of complex space (S5,0) is a

commutative diagram

XOLX1*>...—>X,L—>O
XQLXl—)...—)XNn—)S

such that for every ¢ =0, ...,n the induced diagram

X, — 0
|
X, — S

is a deformation of X; parametrized by S. Note that for tower of height 1 this is the usual
definition of deformations of maps ([Ran]).

Denote by Def(X;,m;) the functor of isomorphism classes of deformations of the tower
(X;,m) and, for j =0,...n, by r;: Def(X;,m;) — Def(X;) the induced morphism of func-
tors.

Let now m: X — Y Dbe a finite flat map between irreducible reduced algebraic varieties, by

Lemma 1.1 we have an isomorphism
®: Exty (770, Ox)—>Exty, (Q), m.0x)

and the natural maps 70, — Q% Oy — 7.Ox induce maps of Ext groups
Exty, (U, 0x) -5 Exty, (7704, Ox)
}p
Exth, (QL,0y) -5 Exth, (QL,70x)
where if e € Exty, (9}, Oy) is the isomorphism class of the extension
0—0Oy—F —>Q%, —0
then ®~!f3(e) is the isomorphism class of the extension

0—Ox =10y —>7T*E—>7T*Q%/ —0

The maps « and ®~!3 have an interesting interpretation in terms of obstruction to deforming
the map .

We recall that if Z is a reduced variety and T} is the vector space of deformations of Z over
the double point D = Spec(C[t]/(t?)) there exists an isomorphism T} = Extg, (2%, 07z)

which to the deformation Z C Z — D associates the extension

0—’02—>le ®OZ—>le—>0
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If T} is the space of first order deformations of the map 7 then there exists a commutative

diagram ;
T} 5 TL =Extp (0, 0x)
[~ I
—1

TL = Exth, (QL,0y) 4 Bxth, (7°0L,0x)

where ry and ry are the natural forgetting maps. In fact if X .Y is a deformation of 7
over the double point then by standard flatness criterion ([Matl] Th. 22.3) it’s easy to see
that 7 is flat and the relation arx (7) = ®~!8ry () follows from the following commutative

diagram
0 — Ox=70y — 7~T*Q%~/®0X — W*Q%/ — 0

|| | |
0 — Ox — Q;®0x — Qﬁ( — 0
Sometimes, especially in §2, if (5,0) is a germ of complex vector space we consider (S,0)
as a covariant functor from the category of local artinian C-algebras to the category of sets

defined in the following way:
(S,0)(A) = {morphisms ¢: (Spec A,0) — (S,0)}

where 0 € Spec A is the closed point.

2. Deformations of iterated double covers.

From now on by a surface we mean a complex projective surface. Let X be a normal surface

and let m: X — Y be the quotient of X by an involution 7.

Lemma 2.1.In the above notation the following conditions are equivalent:

i) 7 is flat.

ii) There exists a line bundle m: L —Y and a section f € H°(Y,2L) such that the pair X,
is isomorphic to the subvariety of L defined by the equation 2> = f, z € H(L,n*L) is
the tautological section, and the involution obtained by multiplication for -1 in the fibres
of L.

it1) The fized subvariety R = Fiz (1) is a Cartier divisor.

Moreover if X is smooth then m is flat if and only if Y is smooth.

Proof. The proof is standard, we give a sketch.

i) = 1) If 7 is flat then the group G = {1,7} acts on the rank 2 locally free sheaf 7,Ox
and yields a character decomposition 7,.0Ox = Oy ® Oy (—L) for some L € Pic(Y). X
depends only by the Oy algebra structure of 7,Ox which is uniquely determined by a map
f:Oy(—2L) — Oy, f € H(Y,2L).

i1) = 411) is clear since R is the divisor of a section of 7*L.

1) = i) Let p be a fixed point of 7, then G acts on the local C-algebra B = Ox ,. Let
A = B% be the subring of invariant functions and let I be the ideal of R, by definition I is
the ideal of B generated by 7f — f, all f € B.
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If I is a principal ideal, it is easy to see using Nakayama lemma that there exists a generator
h of I such that 7h = —h and then B is a free A-module generated by 1, h.

If X is smooth, by i) < i) it follows that 7 is flat if and only if 7 has not isolated fixed
point, i.e. if and only if YV is smooth. (note that if Y is smooth then 7 is always flat). O
In this section we investigate the deformations of X under the hypothesis of 7© to be flat.
Consider thus X C L-"-Y defined by the equation 22 = f(y). Denote D = div(f) C Y,
R=div(z) C X.

Note that 7*D = 2R and X is normal if and only if Y is normal and D is reduced. If Ky,
Ky are the Weil canonical divisors of X and Y respectively we have the adjunction formula
Kx = nm*Ky + R, this follows from the usual Hurwitz formula for smooth varieties and from
the reflexivity of canonical sheaves on normal varieties. In particular if Y is Gorenstein then
also X is Gorenstein (cf. [Matl] 23.4).

Let X be the variety defined in L x H°(Y, D) by

X ={(z,y.h)| 2> = f(y) + h(y)}

clearly X is a double flat cover of Y x H%(Y, D) hence the second projection X — H°(Y, D)
is flat and defines a map of functors Nat,: (H°(Y, D),0) — Def(X).

Definition 2.2. The image of the map Nat, is called the set of natural deformations of X

associated to .

Proposition 2.3.In the above notation let X —>Y — H bea deformation of the map w
parametrized by a smooth germ (H,0) and let rx:(H,0) — Def(X), ry:(H,0) — Def(Y)
be the induced maps. Assume:

i) Ty 1is smooth.

it) The image of rx contains the natural deformations.

iii) Exty, (Q%,—L) =0, H(Oy) = 0.
Then dim Ty = dim Ty + h°(Oy (D)) + h°(0x) — h°(0y) — h°(0y (—L)) — 1 and the map rx
s smooth.

We prove this proposition after some lemmas.

Lemma 2.4.There exists an exact sequence of Ox -modules
0—71* 0y — QY —Or(~R)—0 (1)

Proof. Let i: X — L be the inclusion as in lemma 2.1, since L——Y is locally a product there
exists an obvious inclusion of sheaves 7710}, C i~1Q}! | tensoring with the flat module Ox
we get an injection 7*Q3,—Q} ® Ox.

The sheaf Qi Iy is clearly locally free and it is the Op dual of the sheaf of vertical vector

fields and therefore it is naturally isomorphic to 7*(—L).
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We have the following first and second exact sequences of differentials
0—71* 0y —0L ® OX—>QlL/Y ®O0x =O0x(—R)—0

0—Ox(—7*D) = Ox(—X)—Q} ® Ox—0L —0 (2)
and (1) is obtained by applying the snake lemma to

0 — Ox(-mD) — Aeo0ox — QY — 0

| |

Ox(-L) == Ox(-L)

The proof of 2.4 shows also that there exists a commutative diagram with exact rows

0 — Ox(-X) — QU e0x — 93% — 0

H | |

0 — Ox(-X) — Ox(-R) — Ogr(-R) — 0
If we apply Home, (—, Ox) to the above diagram we get the commutative square

Homoy (Ox(—X),0x) -  Exth_(2%,0x)
|| e
Homo, (Ox(-X),0x) - Exty (Or(—R),Ox)

Lemma 2.5.In the notation above, if H'(Oy) = 0 then the image of € is the vector space

of first order natural deformations.
Proof. We know that ¢ is the natural map from first order embedded deformations of X in

L to T% (cf. [Ar3]) and then the set of first order natural deformations is the image of the

composite map
H°(Oy (D)) > H(Ox (7* D)) = Homo, (Ox (—X), Ox) Tk

Thus in order to prove the lemma it’s enough to show that v o 7* is surjective.

Since R is a locally principal divisor in the normal surface X we have (cf. 11.4.13, 11.4.14)
ExtéX(OR(fR),OX) = HY%(Ogr(2R)) and, since 7.0 = Op, we also have H°(Or(2R)) =
H°(Op(D)) and the restriction map H°(Oy (D)) — H°(Op(D)) is surjective if H(Oy) = 0.
O

Proof of proposition 2.3 We have a commutative diagram

ToH % Exth, (2%, Ox)
Jo~ |
]

Ext}gy (0, 0y) — Extéx (7", Ox)

By lemma 1.1 and hypothesis iii) the map ®~!3 is bijective. The kernel of « is the set of

natural deformations and by ii) is contained in the image of drx . It is now trivial to observe
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that dry surjective implies drx surjective and since H is smooth this is sufficient to prove
that rx is smooth and dim 7% = dim 7} + dim I'me. ]
If X has the universal deformation then Prop. 2.3 remains true without assuming H smooth.
In fact, the condition 2.3.iii) implies that the trivial involution 7 acts trivialy on the universal
deformation of X (cf. [F-P]) and then it is defined in a natural way a morphism of functors
Defx — Defy. The conclusion now follows by I1.1.3 and the surjectivity of drx .
Definition 2.6.

a) A normal tower (X, m;) of height n is said to be simple if for every i, m: X; 1 — X, is
a flat double cover and there exist line bundles L, ..., L,, € Pic(X,,) such that 7;.Ox, , =
Ox, ® pf(—L;) where p; is the composition of m;’s j > i.

b) If (X;,m;, L;) is a simple tower we call the surface X = Xy a simple iterated double cover
of Y associated to L, ..., L, € Pic(Y) and the involution 7: X — X such that X/7 = X3
the trivial involution.

Clearly the trivial involution depends on the simple tower and in general X does not determine
T.

It is important to observe that if (X;, 7;, L;) is a smooth simple tower and Pic(X,) is without
torsion then the maps p}:Pic(X,) — Pic(X;) are injective and the line bundles L,..., L,

are uniquely determined by the maps 71, ..., T, .

Theorem 2.7. Let (X;,m;, L;) be a simple tower of height n and let (H,0) be a smooth
germ parametrizing a deformation of the tower. Denote X = X,,Y = X,, and let r;: (H,0) —
Def(X;) be the induced maps. Assume:

i) H'(Oy)=0.

it) rn:(H,0) — Def(Y) is smooth.
i1i) The natural deformations of mi+1: X; — X;41 are contained in the image of r;.

iv) For every sequence 1 < j1 < jo < ..<jn<m, h>0
h
Exto, (5, Y L) =0  H'(YV,Y —L;)=0
s=1

v) For every i € {2,...,n} and for every subset {j1,...,5n} C {1,...,s —1,i+1,...,n} with
h>0 and j; < i

h
HO(Y,2L; = > L;,)=0
s=1

Then ro: H — Def(X) is smooth.

Note. If H(L;) # 0 for every i then the condition v) is equivalent to
vi) for every j <i H°(Y,2L; — L;) =0.

Proof. Induction on n, for n =1 is just proposition 2.3.

Assuming the theorem true for towers of height n — 1 it suffices to prove that conditions
i),...,v) hold for the surface Z = X,,_; and the line bundles M; =7n%L; i =1,...,n— 1.
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The only nontrivial condition to check is the part of iv) concerning Ext’s. Let RC Z, D CY
be respectively the ramification and branching divisors of .

Applying Home, (—, Zgzl —M;,) to the exact sequence

0—7r 0, — Q) —Op(—R)—0

we get
h h h
=Y —L;,) =EBxty, (Or(-R), Y —M;,) — Exty, (2, > -
s=1 s=1 s=1
h h
—Exty, (104 Z —M;,) = Extp, (), ) —L;,) @ Exty, (4, Y —Lj, — L)
s=1 s=1
and the vector space on the left belong to the exact sequence
h h h
Y —L;))—H(Op(2L, = Y —L;,))—H"(Op(d>_ ~L;,))
s=1 s=1 s=1

Corollary 2.8.Let Y be a rigid (i.e. Ty = 0) normal surface and let X be a simple iterated
double cover of Y associated to Ly, ..., L, € Pic(Y). If conditions i), iv) and v) of theorem
2.7 are satisfied then Def(X) is smooth.

Proof. X is the top of a simple tower (X;,m;, L;) of height n thus according to theorem 2.7
it’s enough to show the existence of a smooth family of deformations of the tower satisfying
conditions 2.7.il) and 2.7.iii).

By lemma 2.1 applied n times we can embed X in the vector bundle V =L & ...® L,y
by the equations

2 _ -
z=f i=1,..,n

where z;:V — p*L; tautological section and f; € H°(X;, p;2L;) where X; is the surface in
Liy1 @ ...® L, of equations ij = fj, 7 > 1 and 7; is the restriction to X;_; of the natural
projection L; & ...& L, — L;11 & ... ® L, . Note that there exists a natural identification of

vector spaces

H(X;,p;2L;) = & & 2jy 2y HO(Y,20; — Lj, — ... — Lj,)
h=0 {j1,....5n } C{i+1,...,n}

Take H = é HO(X;,pi2L;) and the map H — Def(X;,m;) is given by
i=1

(hiy ooy hn) — X' = {22 = fi + s} (*)

Clearly H — Def(Y) = 0 is smooth and the image of r; contains the natural deformations

of each ;. O
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The deformations of X defined by the equation (x) are called natural deformations of X
associated to the simple tower (X, m;, L;). Note that the trivial involution 7:2z1 — —z; ex-
tends to every natural deformation of the tower, therefore if the family of natural deformation

is complete (e.g. Cor. 2.8) then 7 acts trivially on T% .

Example 2.9. If Y = P? and deg L; = a; then the hypotheses of Cor. 2.8 are satisfied if
for every i a; > 4 and a; > 2a;41.

As in the introduction define N(P! x P!, Ly, ..., L,) the subset of moduli space of surfaces of
general type whose canonical model is a simple iterated double cover of P! x P! associated
to L1,.., L, and by Ng(P* x P1 L;,..,L,) the subset of N(P! x P! L;,...,L,) of surfaces

whose canonical model is nonsingular, it is clear that Ny is an open subset of N.

Corollary 2.10.If Y = P! x P!, L, = Opiypi(a;,b;) with a;,b; > 3 and for every j < i
Min(2a; — aj,2b; —bj) < 0 then N(P' x P, Lq,...,L,) and No(P' x P!, Ly,...,L,) are open
subsets of the moduli space M.

Proof. Take [S] € N(P! x P!, Ly, ..., L,) and let (X;,m;, L;) be a tower with bottom P! x P!
and top the canonical model X of S.

It is easy to show that Ly, ..., L, satisfy the conditions of corollary 2.8 and then we have a
surjective map of germs of complex spaces (H,0) — (Def(X),0) — (M,[S]) where H is
the parameter space of natural deformations associated to the tower. The thesis now follows
immediately since by explicit construction of natural deformations the image of (H,0) is

contained in (N (P! x P!, Ly, .., L,),[S]). O

The next result will be used in chapter VII.

Corollary 2.11. Let X—Y be a simple iterated double cover associated to a sequence
Ly,...,L, € Pic(Y). Assume that Y and Lq,..,L, satisfy conditions 2.7.i), 2.7.iv), 2.7.v)
and assume moreover that:

(a) Def(Y) is smooth.

(b) Ly,.., L, extends to a complete deformation of Y .

(c) For every 0 <i<ji1 <..<jhn<n, h>0

h
H'(Y,2L; = > L;,)=0
s=1

then Def(X) is smooth.

Proof. Let (X;,m;, L;) be a simple tower with Xg = X, X,, =Y, X,,_1 = Z. We already
proved that the surface Z and the line bundles My, ..., M,,_1, M; = X L; satisfy 2.7.i), iv)
and v). By induction on n it is sufficient to prove that they satisfy (a), (b) and (c).

Let Y —Def(Y) be the Kuranishi family of ¥ and let L; € Pic(Y) be the extension of ;.
Since H'(Y,2L,) = 0 by semicontinuity and base change theorems there exists a subspace

V C H(Y,2L,) such that the natural restriction V—HO(Y,2L,,) is an isomorphism.
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Consider then the flat double cover Z—»Y x V defined by equation
zz =v(y) yeY, veV
By construction the flat maps

75V x V—Def(Y) x V

are a deformation of the double cover Z%Y and satisfy the hypotheses of 2.3. Therefore
Def(Z) is smooth and it is clear that M; = #*L; extends M; to a complete family. The
verification of (c) is easy. O
Note that if Ly, ..., L, satisfies the hypotheses of Corollary 2.10 then in general they don’t
satisfy the condition 2.11.c and then 2.11 cannot used in the proof of 2.10.

3. Degenerations of iterated double covers.

Let f: X — A ={t € C|[t| < 1} be a proper flat family of normal projective surfaces and
let 7: X — X be an involution preserving f. Let m: X — Y = X/7 be the projection to
quotient and assume that m;: X; — Y; is flat for every ¢ # 0.

In general my: Xg — Yj is not flat, this section is almost entirely devoted to prove the following

theorem which gives a sufficient condition for the map my to be flat.

Theorem 3.1.In the above situation suppose that:

i) X, Y are smooth surfaces for t # 0.

it) Xo has at most rational double points (RDP) as singularities.
iii) The divisibility of the canonical class of Y; is even for t #0.
Then Yy has at most RDP’s and the map m: X — Y is flat.

Since flatness is a local property we need to investigate quotient of smoothing of RDP.

Proposition 3.2.Let f:(X,0) — (C,0) be a smoothing of a rational double point Xy and
let f':(Y,0) — A be the quotient of (X,0) by an involution T preserving f.
Suppose that (Y,0) is a smoothing of the normal singularity Yo and let Fy C Y; be the
associated Milnor fibre. Then either one of the following possibilities holds:

i) Yy is a RDP and the quotient projection m:(X,0) — (Y,0) is flat.

it) Yo is cyclic of type 2d—:—1(1’ 2d —1) and the intersection form on Ho(Fy, [) is odd and

negative definite.

i(1,2d—1), the torsion

4d
subgroup of H?*(Fy, [) has order 2 and is generated by the canonical class.

i) [’ is a Q-Gorenstein smoothing of the cyclic singularity of type

Proof of Theorem 3.1. Tt’s enough to prove that the map Y — A cannot be locally of type
i) or iii) described in prop 3.2. Let p € Y be a singular point: (Y,p) cannot be of type ii)
above since the inclusion F; C Y; induces an isometry Hy(Fy, [) — Ha(Y;, [) with respect

the intersection forms and the intersection form of Y; is even by Wu’s formula.
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If (Y,p) is of type iii) above and if r: H*(Y;, [) — H?(F}, [) is the natural restriction then
r(c1(Ky)) generates the torsion subgroup of H?(F) which is [ /2 [ but this gives a contra-
diction since ¢1(Kx) is 2-divisible. O
We point out that, according to IV.2.6, the cyclic singularity of type %(17 1) is the unique
singularity described in the statement of 3.2 which can appear in a normal degeneration of
the complex projective plane.

The proof of 3.1 shows that the condition r(Y};) even is essential in order to have Y, with at
most rational double points. In fact in chapter VII we shall construct examples of degeneratins
where the divisibility r(Y;) is odd and Y has singularities of type 3.2.iii).

Our strategy of proof of proposition 3.2 divides in two steps. The first step is the classification
of all conjugacy classes of involutions acting on a RDP; this computation is already done by

Catanese and the result is illustrated in the next two tables.

Table 1. Equations of RDP’s in C3.

Fg 2243+ =0

E, 2 +ayP+2%)=0

Fg 2242349yt =0

Dy, n >4 2 +zy?+2"2)=0

A, 224224+ y" =0 or w4yt =0
smooth z=0

Table 2. ([Ca3] Th. 2.1) Conjugacy classes of involutions acting on the RDP’s defined as in

table 1.
a) y— -y Eg, Dy, Azpy1
b) Y= —Y, 2 — —z smooth, Eg, Dy, Aopi1
9] (u,v,) = (~u, v, ~y) Ao
d) T— —T, 2 — —2 A,
e) (u,v,9) = (—u, —v, —y) Aopi
) z— —z all RDP’s

Corollary 3.3.Let X — Y be a flat double cover of normal surfaces.

If X is smooth then Y is smooth.

If X has at most RDP’s then Y has at most RDP’s.

Proof. According to table 2 the only involutions whose fixed locus is a Cartier divisor are
exactly of types a) and f). a
The second step in the proof of proposition 3.2 is to give a (very rough) classification of the
smoothing of the involutions of table 2 according to the following definition.

Definition 3.4.Let (X(,0) be a singularity and gg € Aut(Xp,0). A smoothing of gg is
the data of a smoothing (X, O)L((C,O) of (Xo,0) and an automorphism ¢ of (X,0) pre-
serving the map ¢ such that go is the restriction of g to Xy and the quotient (Y,0) =
(X/g,0)—(C, 0) is a smoothing of (Xo/go)-
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The following Cartan-type Lemma will be very useful for our purposes.

Lemma 3.5.Let (X, O)L((C,O) be a morphism of germs of analytic singularities and let
G C Aut(X,0) be a finite subgroup preserving t.

Assume the group G acts linearly on a finite dimensional C -vector space V' and let i,: (Xo,0) —f}
(V,0) be a G-embedding, then there exists a G-embedding i: (X,0) — (V x C,0) extending

i, and such that t = poi where p is the projection on the second factor.

Moreover if t is flat and f1(2),..., fx(z) are the equations of v Xy in V such that g(f;) =
xi(9)fi for characters xi, ..., xr then we can choose equations F;(z,t) of i(X) in V xC such
that F;(z,0) = fi(2) and gF; = xi(g)F for every i,g.

Proof. Let m,mg be respectively the maximal ideals of Ox,Ox,. According to classical
Cartan Lemma ([Car]) if V' C V is the Zariski tangent space of (io(Xp),0) then there exists
a G-equivariant analytic automorphism a of (V,0) such that a(ig(Xp)) is contained in V’
and then we can assume without loss of generality that V is G-isomorphic to (mg/m2)Y,
the Zariski tangent space of X, at 0.

If 21,...,2, is a basis of VV and let if:C{z1,...,2,} — Ox, be the induced surjective G-
equivariant morphism of algebras, the germs of function ig(2;), ¢ = 1,...,n are a basis of
mo/mé.

The ideal I = m? + (t) C m is clearly G-stable and since G is finite there exists a G-
stable vector space H C m such that m = I & H. The restriction of the natural projection
Ox — Ox, to H induces a G-isomorphism H =~ mg/m2 and then there exists a G-lifting
of if, say n*:C{z1,...,2n} — Ox.

It is now easy to prove that the map i: (X,0) — (V x C,0) associate to the local homomor-
phism of analytic algebras i*: C{z1, ..., zp,t} — Ox *(t) =t, i*(z;) = n*(z;) is the desired
embedding.

Let now f; be as in the statement, then using the linear reductivity of G we can find functions
F; € C{z1,...,zn,t} in the ideal Ix of i(X) such that F;(z,0) = fi(z) and gF; = x:(9)F;.
The flatness of ¢ implies that the F;’s generate Ix (cf. I1.2.1). o

Lemma 3.6.The involutions of types b) and d) are not smoothable.
Proof. There are several cases to investigate, here we made only a particular case for illus-
trating the idea, for the other cases the proof is similar.

Let Xo = D,, and 7 involution of type b) and assume that the action of 7 extends to a
smoothing (X,0)—(C,0). By lemma 3.5 we can assume that (X,0) is defined in C* by the

equation

2 +a(y? +2"2) + tp(z,y,2,t) =0

7(x,y,2,t) = (x,—y, —2,t) and @ is T-invariant.
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The fixed locus of 7 is the germ of curve of equation 2"~ ! + tp(x,0,0,t) contained in the
plane y = z = 0 and then for |t| << 1 7 has a finite number of fixed points on X; and then
the quotient X;/7 is singular. O

Lemma 3.7.Let (X, O)L((C,O) be a smoothing of a RDP and let T be an involution of
(X,0) preserving t. If T| X, 18 of type a) or f) then Xo/7 is a RDP and the projection to
(Y,0) = (X/7,0) is flat.

Proof. In case a) by lemma 3.5 we can assume (X,0) C (C%,0) defined by the equation
fla,y?,2) + to(z,y?, 2,t) = 0
and 7(z,y, 2z,t) = (x,—y, z,t). Thus the equation of (Y,0) is
f(z,8,2) +to(x,s,2,t) =0

and (X,0) is defined in (Y x C,,0) by the equation y? = s. The case of involution of case

f) is similar. o

Proof of Proposition 3.2. By lemma 3.6 the restriction of 7 to Xy can be only of type
a),c),e),f). In cases a) and f) by lemma 3.7 the situation 3.2.i) holds.
The quotient Y of the rational double point As, by the involution of type ¢) is the cyclic

1
singularity of type T 1(1, 2n — 1) ([Ca3] Th. 2.4) and its dynkin diagram is
n
———+o ... —e n vertices
-3 -2 —2

Thus the selfintersection of the fundamental cycle is —3 and then it is also a rational triple
point. According to I1.3.1 every smoothing of Y admits after base change simultaneous
resolution and then its Milnor fibre is diffeomorphic to its minimal resolution.

In case e) (Y,0) is a smoothing of a cyclic singularity of type i(l, 2d — 1) ([Ca3] Th. 2.5).
Since Y — {0} is smooth 7 must act freely on X — {0} and then Y is Q-Gorenstein of order
2. The statement about the Milnor fibre is proved in IV.2.4. O

Lemma 3.8.Let X — A be a proper flat family of normal irreducible surfaces and let L be
a line bundle on X .

If £L; = L® Ox, is trivial for every t # 0 then Lg is trivial. If moreover h'(Ox,) =0 and
Xy 1s smooth for t #0 then L is trivial.

Proof. The first part follows from semicontinuity since h°(Lo) >0 and h°(Ly') > 0.

If h'(Ox,) = 0 then by semicontinuity and base change H!(Ox) = 0. According to ([B-P-V]
1.8.8) X, is a deformation retract of some open neighbourhood, therefore if X} is smooth for
t # 0 then the restriction map H?(X, [) — H?(Xy, [) is bijective. From the exponential
sequences it follows that the restriction map Pic(X) — Pic(Xy) is injective (cf. IV.1.1). O
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Corollary 3.9.In the situation of the beginning of §3 assume that X; is smooth for t # 0,
Xo has at most RDP’s and Y; = Pt x P for t #0.
If for t # 0 m.Ox, = Oy, ® Oy,(a,b) with a # b (this condition is independent of the

particular isomorphism from Y; to P x P1) then Yy is a Segre-Hirzebruch surface Foy .

Proof. By theorem 3.1 Yy has at most RDP’s and the map m: X — Y is a flat double cover
and we have m,0x = Oy @ L, L line bundle.

If Yy is smooth then it is well known that it is a surface Fop for some k > 0. If Yy is singular
its minimal resolution of singularities is Fy (this follows from Brieskorn-Tyurina theory on
simultaneous resolution) and Yj is the irreducible singular quadric in P? whose Picard group
is generated by the hyperplane section Oy, (1).

But if £y =n-Oy,(1) then £; = Oy, (n,n) contrary to the assumption. o

Theorem 3.10.Let f: X — A be a proper flat map from a normal 3-dimensional complex
space X to the unit disk such that:

1) Xo has at most rational double points as singularities.

2) f: X* — A* = A —{0} is a family of iterated smooth double covers of P x P associated
to line bundles L1, ..., L, € Pic(P* x P1).

3) L; = Opiyp1(a;,b;) with a;,b; >3, ay, > b, +2 and a;,b; even for i=2,...n.

Then if f':Z — A is the relative canonical model of X there exists a factorization of f'
7Y — A such that w is finite flat, m: Zy — Y, is an iterated flat double cover for every
t, Y, =P xP! for t #0 and Yy = Fyy.

Proof. Induction on n. Case m = 1. The action of the involution 7 on X* extends to
a biregular action on Z (cf. [Ca2] Th. 1.8) and taking quotient we have a factorization
7Y = Z/7—A where Y; = P! x P! for t # 0. The thesis follows from corollary 3.9.
Case n > 1. As in case n = 1 there exists an involution acting on Z preserving fibres and a
factorization

ZILV = Z/r—A

where for t # 0 V; is a smooth iterated double cover of P! x P! associated to line bundles
Lo, ..., L,. By adjunction formula the divisibility of the canonical class of V; is even and by
Th. 3.1 m; is flat and Vj has at most rational double points.

By induction we have then a factorization
7V W ISY —A

where W is the relative canonical model of V'. Then we complete the proof by proving that
0 is an isomorphism.
By normality of Vy and W the fibres of § are connected. Assume that there exists an

irreducible curve C C Vj contracted by ¢ and let D C Zy be the strict transform of C'.
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Since m; is flat we have 1.0z = Oy & M for a line bundle M such that for ¢ # 0
My = §*ny L. Bylemma 3.8 if £ is the line bundle on Y such that £; = Ly then M = §*n3L
and C-M = 0.

Using adjunction formula Kz, = =7 (Ky, + My) and D-Kz, = 0 which is impossible since
Kz

, is ample. 0O

Proposition 3.11.1n the same hypotheses of Th. 3.10 if in addition n > 2 and 2b,_1 > b,+2

then YO = ng with
Gn—1 2an—1 — Qn

bp1—1"2by_1 — b, — 2
In particular if by_1 > an_1 + 2 then Yy = Pt x PL.

k < maa(

)

Proof. Without loss of generality we can assume n =2 and k > 0.

Let 0o, F be the standard basis of Pic(Fax) (02 =2k, F? =0,F-09 = 1) and let 0, C Fa
be the ”section to infinity” (i.e. the unique effective divisor linearly equivalent to og — 2kF").
We recall that for an effective divisor D ~ aoy + bF if b < —2k then 20, C D and in
particular D is not reduced.

In our situation we have 2 line bundles L1, Ly on Fo, such that Zj is isomorphic to a surface
in Ly & Ly defined by the equations

2= f feH'2Ly)
w?= g+zh g€ HY2L)) he HO(2L, — L)

Since L; deform to the line bundle Opiyp1(a;,b;) we have

(1) L1 bldo + (a1 - blk)F or (2) L1 a10g9 + (bl — alk)F
L2 = bQJO + (a2 — ka)F L2 = a900 + (bg — azk)F

Since ag > by + 2 and the divisor of f is reduced holds necessarily possibility (1). Moreover

since 204 is not contained in both the divisors of ¢ and h we have

2((11 — blk) Z —2k or (20,1 — a2) — (2b1 — bg)kﬁ Z —2k

4. Automorphisms of iterated double covers.

Theorem 4.1.Let Ly, ..., L, be fized line bundles on P x P*. L; = Opxpi(a;,b;). If n>2,
a;,b; >3, a;,b; even for i >2, ap >by+2, by_1 > an_1+2 and

max min(2a; — a;,2b; —b;) <0
1<

then N(P*x P Ly,...,L,) is a connected component of the moduli space M , irreducible and

unirational.
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Proof. By Cor. 2.10 it’s enough to prove that N (P! x P, Ly, ..., L,) contains the closure of
No(P! x Pt Ly, ...,L,) in M, but this is a consequence of Th. 3.10 and Prop. 3.11. O

Here we study the group of automorphisms of the generic element of the irreducible component
N(P! x P!, Ly,...,L,). Clearly if [S] € N(P! x P!, Ly,...,L,) then there exists at least one
involution acting on the canonical model of X and then Awt(S) always contain a subgroup

of order 2. Our main result is the following.

Theorem 4.2.If L1,..., L, is a good sequence (in sense of definition C) of line bundles on
P! x P! then there exists a nonempty Zariski open subset U C N(P' x P Ly, ...,L,) such
that for every [S] € U Aut(S) has order exactly 2.

We prove this theorem later on, after some preparatory material. The first lemma is the

particular case n = 1 of theorem 4.2.

Lemma 4.3. If a,b > 3 then for generic f € H°(P' x P!, (2a,2b)) the only nontrivial

automorphism of the surface S of equation 2> = f is the involution T:2 — —z.

Proof. For generic f the divisor D = div(f) is a smooth curve and does not exist any
nontrivial automorphism h of P! x P! such that h(D) = D.

The divisor R = div(z) C S is the set of critical points of the canonical map and then for
every g € Aut(S) g(R) = R. This implies that for every p € R g~ '7g(p) = p and since the
stabiliser of R is cyclic (Easy consequence of Cartan lemma, cf. [Cal] Prop. 1.1) g lrg = 7.

Thus ¢ induces the identity on S/7 and then g =1d or g = 7. O

Lemma 4.4. Let S be a surface of general type and assume that its canonical model X has
at least one rational double point of type E7 or Eg at a point p.

Then there exists at most one involution T of X such that 7(p) = p.

Proof. Let G C Aut(X) = Aut(S) be the subgroup generated by the involutions leaving p
fixed, since Aut(S) is finite ([Mat2]) G is finite and by (1.3.2) G is cyclic. O

Lemma 4.5. Let X — Y be a double cover with X canonical model of a surface of general
type and Y smooth.
If X has at least one rational double point of type E; or Eg then every automorphism of X

commutes with the trivial involution 7.

Proof. Let {p1,...,ps} be the (nonempty) set of singular points of X which are RDP of type
FE; or Eg. Since Y is smooth pq, ..., ps belong to the fixed locus of 7 and therefore for every
g € Aut(X) and every i = 1,...,s g '7g(p;) = p;. The conclusion now follows from lemma

44 gr =171g. O

Lemma 4.6. If L1, ..., L, is a good sequence of line bundles on P* x P! then there exists an

iterated flat double cover

pX—X —...— X, =P xP!
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associated to Li,...,L, such that X1 is smooth and X has exactly 2" 2 rational double
points of type Eg.
Moreover the branching divisor D1 C X1 of p1: X — X3y is not invariant for the trivial

involution of po: X1 — Xo.

Proof. We look for a surface X of equations

22 = f1 + 22l
z5 = fo

with f; € HO(P' x P1,2L;) and hy € H(P' x P!, 2L, — Ly).

We first fix fa, ..., fn such that the divisors D; = div(f;) and the surface X; = {22 = fii > 1}
are smooth.

Take u € Dy — U;soD; and 1 € HY(P! x P, (1,1)) such that E = div(l) is the tangent line
of Dy at u and fix hy = I’k with k(u) # 0.

We now claim that for generic fi; € HY(M3Opiyp1(2L1)) (here M, C Opiyp1 is the ideal

sheaf of {u}) the surface X has the required properties.
> fi
Ox3

By Bertini theorem for generic f; the surface X is smooth outside p~!(u) and #0

where x,y are local coordinates of P! x P! at w such that y = f».

If v € p~!(u) then z,y are local coordinates of X5 at v and the local equation of X is

{ 212 = fi(z,y) + z2(ay® + h(z,y))
22 =Y

with a # 0 and h € M3. We can rewrite the equation as
7 = a’e(x, 22) + 2225 1 (22) + w25 02(22) + 2503(22)

with €(0,0) # 0 and ¢3(0) # 0. By the computation of ([B-P-V] pag. 63-64) it follows that
this is the equation of a rational double point of type Ej. O

Proof of Theorem 4.2 We prove the theorem by induction on n. The case n = 1 is proved
in Lemma 4.3 thus we can assume that there exists a nonempty Zariski open subset V C
N(Ls,...,Ly) such that for [S] €V Aut(S)= [/2].

For every finite group G define

N¢ ={[S] € N(Ly, .., L,)|G is isomorphic to a subgroup of Aut(S)}

By ([Ca2] Th. 1.8) N¢ is closed in N = N(Li,...,L,) and since K2 is constant on N,
N% =0 if ord(G) >> 0 ([An],[Cor]). Clearly U is the complement of the union of N¢’s for
ord(G) > 2, so we only need to show that U # ().
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For a fixed integer m > 5 and for every group G we may write ([Ca2] proof of Th. 1.8) N¢
as a finite union of closed subset N%¢ where o belong to a (finite) set of representatives of
isomorphism classes of faithful representation G C GL(P,,(S),C) and N2 is the intersec-
tion of N with the image of the natural map H¢ — M where H? is the Hilbert scheme of
the p-invariant m-canonical images of surfaces of general type in PPm—1,

Assume that for some G,p, N9¢ = N and let X — Z = X/7 — A be a family of flat
iterated double cover of P! x P! with X, as in lemma 4.6 and Z; € V C N(Ls,...,L,) for
t#0.

After a possible base change ALA the group G acts on X preserving fibres (cf. V.2.5, [F-
P]). Our goal is to prove that the only possible nontrivial element of G is the trivial involution
7, we first note that we can assume without loss of generality that 7 € G.

Let g # 1 be a fixed element of G and consider ¢ = ¢~ '7g7 € G, according to 4.5 ¢ is the
trivial automorphism in Xy and since G acts faithfully on every fibre we have g7 = 7¢ in
G. Thus ¢ induces an automorphism ¢’ on Z preserving fibres and then by the inductive
hypothesis either ¢ = 1,9 = 7 or ¢’ = 7/, where 7 is the trivial involution of Z. Since
~" preserves ov every fibre the fixed locus of 7 the second possibility cannot occur and then

g:T~ I:I

Corollary 4.7. Let Ly, ..., Ly, M, ..., M,, be two good sequences of line bundles on P! x P!
with Ly, .., L, good and My, .., M,, satisfying conditions C1,C2.

If N(Ly,....,L,) N N(My, ..., My,) # 0 then n = m and L; = f*M; for every i and some
f € Aut(P! x P1).

Proof. By Cor. 2.10 and Th. 4.1 N(My,..,M,,) is an open subset of N(L4,...,L,). By
Theorem 4.2 applied to the good sequence L, ..., L, there exists an iterated smooth double

cover

pX X —....— X, =P xP!

with [X] € N(Mj, ..., M;,) such that for every i <n Aut(X;) = {1,7} and X;41 = X;/7;.
Since X; is of general type for every ¢ < n we must have n = m.
Moreover we have already seen that the sequence L; is uniquely determined by the maps

m;: X;_1 — X; and then up to automorphisms L; = M; for every 1. O

Corollary 4.8. Let X be a simple iterated double cover of P! x P! associated to a good

sequence with at most rational double points. Then X determines the trivial involution 7.

Proof. Let v: Aut(X) — Aut(T%) be the homomorphism induced by the natural action of
Aut(X) in the space of first order deformations and denote G = ker v. Since 7 € G it’s
enough to prove that G = Z/2Z.

Aut(X) is finite and then there exists the universal deformation of X ([Sch] 3.12) f: X —

(S,0). Moreover there exist a natural action of Aut(X) on the germ (S5,0) and we have

(M, [X]) = (5,0)/Aut(X).
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By Cartan lemma G acts trivially on (S,0) and then the action of G on X extends to an

action on every fibre of f, the thesis follows from theorem 4.2. O

5. Invariants and a lower bound for the number of connected components.

We begin with a general formula for the computation of Chern numbers of simple iterated
double covers, for this it is convenient to introduce for every algebraic surface S its index
Is = K% — 8x(0Os).

Lemma 5.1. Let p: X — Y be a smooth simple iterated double cover associated to a sequence
Lq,...,L, € Pic(Y). Then:

(a) K% =2"(Ky + 332, Li)?

(b) Ix =2"(Iy — 33}, L)

Proof. (a) is a simple application of Hurwitz formula, we left the details to the reader, we
prove (b) by induction on n being the formula trivially true for n = 0.

Assume n > 0 and consider a factorization
p X5z Ly

with ¢ simple iterated double cover associated to Lo, ..., L, and m.Ox = Oz ® Oz(—q*L).
Thus

1
K% =2(Kz+q"'L1)*>  x(Ox)=x(0z) + x(—q¢"L1) = 2x(Oz) + 3¢ Li(Kz +q L)

and then Ix = 2I7 — 2(q*Ly)? = 217 — 2"L3. a
For a smooth simple iterated double cover p: X — P! x P! associated to the sequence
Li,....L, L;=0(a;,b;) with a;,b; > 3 we have:

m(X) =0 ([Cal] Th.1.8).

K% =213 a; —2)(3 b — 2).

x(Ox)=1+h(Kx)=1+57_, i<neip (@i + ot ag, = Dby, + ..+ b5, — 1),

r(X) = max{r € Njr~l¢;(X) € H3(X,Z) = G.C.D.(3_a; — 2,5 b; — 2) ([Cad]).

Remark. 5.2. If a; = a =constant then K?,x and 7 depend only on n,a and T = >_b;. In
fact, according to 5.1, we have:

K? = 2" (na — 2)(T - 2)

r=G.C.D.(na—2,T —2)
2
X=—4+ 2" 2qT
Proof of Theorem A. We keep the notation used in the statement of theorem A. We first set

T, = 8-3™ and we choose a sequence of integers d,, such that
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i) 6<d, <n?.
8 d
ii) nll)néo Vn’y: 7= 7 1 where 7, = o i 5
Let ¢, be the cardinality of the set

Q. = { good sequences Ly, ..., L,| L; = Opiyp1(6,b;), Zbi =T,}
i=1

The second step is to choose for every n an iterated smooth double cover X,——P! x P!
associated to an element of @, .
By adjunction formula, corollary 4.7 and Remark 5.2 we have:

Kx, = 1*Opiyp1 (6n —2,T,, —2).

(X)) > qn.

lim o, =1 where «a, = &QX")
n— oo KX

The last step is to define S,, as a smogth double cover of X,, associated to the line bundle
M, = 7 Opiyp1(dp,n(T, — 2)). It is clear that for every (Li,...,L,) € @, the sequence
M,,Lq,...,L, is good and the invariant of S,, are independent of the particular choice of
Ly,....,L,.

In fact an easy calculation shows

Yn = Kg'n = 2(1 + 'Yn)(l + n)K.?(n

8z, _ 8x(0s,) 0 ey
Yn Yn (1+7n)(1+n)
Therefore we have 6(S,) > ¢, and lim In 3.

Ty
Claim. q, > 33(n=1?*,

Proof of Claim. We have an injective map ¢: P, — @,, where
P, = {(027 .-.,Cn) S Nn71| Cp = 2,02 < 3“,01‘ > 2Ci+1}

and ¢(ca,...,cn) = (L1,..,L,) where L, = Opiyp1(6,2¢;) for every ¢ > 2 and
Ly = Opixp1 (6,15 =23 ;50 ¢i) -
If p, is the cardinality of P, we have p, =1 and for n > 3

Gn > Pn > 3n—1pn71 > gn=1)+(n-2)+..+2 _ 3%n(n—1)—1 > 3%@_1)2

O

Note that y, < Cn36"~! where C' > 0 is a constant independent on n and since logz6 < 5/3
we have for n >> 0, y, < 35(=1) and then

25 1083 yn £ logyn
0(Sn) = an 2>y 7" > yR
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VII. Simple iterated double covers of the projective plane.

In the previous chapter we gave the definition of simple iterated double cover and we proved
some general facts about them. Here we want specialize to iterated double covers of P? and
give other examples of connected components of moduli space of surfaces of general type.
Given Ly, ..., L, € Pic(P?) define N = N(P?, Ly, ..., L,) C M as the subset of surfaces whose
canonical model is a simple iterated double cover of P? associated to the sequence of line
bundles Ly, ..., L,. We already know that, denoting by [; the degree of L, if for every 1,
l; >4 and I; > 2l;1; then N(P? Ly,...,L,) is open in the moduli space M (VI.2.9).

Since r(P?) is odd we cannot apply Theorem VI.3.1 in the proof of the closure of N, in fact
we shall see that in general (but not always) the set N is not closed in M. However, in
view of prop VI.3.2 it is reasonable, at least for some special values of I;, to give a complete
classification of surfaces belonging in the closure of V.

In the case n = 1 the situation is well summarized in the statement of the following theorem

which strongly relies on the classification of degenerations of P? made in chapter IV.

Theorem A. The subset N = N(P2,O(h)), h > 4 is a connected component of moduli space
if and only if h is even.

If h is odd then the closure of N in the moduli space is a connected component.

For a general simple iterated double cover Xy — X; — ... — X, = P2, n > 2, associated
to Lq, ..., L,, keeping in mind the proofs of previous chapter, it is reasonable to expect that
the easiest situation to study is when the divisibility of the canonical classes of Xy, ..., X;,_1
is even, we give thus the following:

Definition B. A sequence of line bundles L, ..., L,, L; = Opz(l;), is called a good sequence
if satisfies the following 3 conditions:

Bl1) I; >4 for every i =1,...,n.

B2) I; > 2l;4q forevery i =1,...,n — 1.

B3) 1, isodd, I; is even for i =1,...,n — 1.

A good simple iterated double cover of P? is, by definition, a simple iterated double cover
associated to a good sequence.

The main result we prove is the following

Marco Manetti: Degenerations of Algebraic Surfaces and applications to Moduli prob-

lems.
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Theorem C. Let Ly, ..., L, € Pic(P?) be a good sequence of line bundles and let X be the
canonical model of a surface belonging to the closure of N(P?, Ly, ..., Ly,), then:

(i) X is either a simple iterated double cover of P? or X is singular, X is a simple iterated
double cover of Y where Y is a nonflat double cover of the cone over the nondegenerate
rational curve of degree 4 in P*.

(ii) The Kuranishi family of X is smooth and the closure of N(P? Ly, ..., Ly,) is a connected

component of moduli space.

Using the same proofs (with some inessential changes) used in section V1.4 we can prove easily
that for the generic minimal surface S belonging to N(P?, L1, ..., L,,) the canonical bundle is
ample and the only nontrivial automorphism of ' is the trivial involution, thus the sequence

L, ..., L, is uniquely determined by S and then we have the following

Corollary D. Two good simple iterated double cover of P? are deformation equivalent if and
only if they are associated to the same good sequence.
In section 5 we shall see how, using only good simple iterated double covers of P2, it is

possible to prove a lower bound of type & > (K?2)¢los K for a positive constant c.

1. Degenerations of double covers of the projective plane

Throughout all this chapter we denote by Wy C P5 the projective cone over the nondegen-

erate rational curve of degree 4 in P* and by wy € Wy its singular point.

Lemma-Definition 1.1. Let ¢ C Wy C P® be a generic hyperplane section. Then o is a
generator of Pic(Wy) =Z.

If W — A is a deformation of Wy such that W, = P? for every t # 0 every line bundle on
Wy extends to a line bundle on W and if L is a line bundle on W such that Ly = ao then
Ly = Op2(2a) for t#0.

Proof. Let X = IF4L>W0 be the minimal resolution, since ¢ doesn’t contain the vertex wg
of the cone, y~!(o) is the section og. The singularity at wq is rational and then Pic(Wj)
is identified with the set of line bundle Lo on X such that Lg-0. = 0. Since q(Wp) =
pg(Wo) = 0 the restriction Pic(W) — Pic(Wjp) is an isomorphism by IV.1.1. After a possible
restriction of the family W — A to an open disk 0 € A’ C A of smaller radius we can assume
W embedded in P® x A (cf. IV.1.2) and the restriction of Ops(a) to Wy, t # 0, is a very

ample line bundle with selfintersection 4a?. The conclusion is now trivial. O

Lemma 1.2. Let f:Y — A be a proper flat family of normal surfaces such that for every
t#0 Y; is a smooth surface and Yy has at most R.D.P.’s as singularities.
Let :Y — Y be an involution preserving f such that Y;/T = P2 for every t # 0. Then

either:

(i) Yo/T =P2, or
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(i) Yo/T = Wy. The double cover Yo——Wy is branched exactly over the vertex wy € Wy
and over a divisor D' ~ (2a — 1) with wg & D'. For t #0, Y, — Y;/T = P? is branched
over D} ~ O(4a —2) and r(Y;) is even.

Proof. Yy/7 is a normal degeneration of P? with at most singular points of the three types
described in proposition VI.3.2 and therefore according to the results of chapter IV either
Yo/T =P% or Yo/T=W.

Assume Yy/T = Wy, then, since (Wy,wp) is not a rational double point, yo = 7~ *(wp) is a
fixed point of the involution 7.

According to Proposition VI.3.2 and its proof, the singularity (Yp,yo) is a simple node defined
by the equation 23 + 2%+ 2% = 0 and 7(z;) = —1;, in particular yg is an isolated fixed point
of the involution.

Let SLYO be the resolution of the node (Yy,y0) and let E = 6~!(yg) C S be the corre-
sponding nodal curve. The action of 7 can be lifted to an action on S (cf. the example in
1.4) and it is easy to see that S/7 =X =TF,.

Moreover the flat double cover m: S — Fy is branched over D = o0, UD’, 050N D' = ( and
since this divisor must be 2-divisible in NS(Fy), D’ ~ (2a—1)oy and %(aoo UD") = aoo—2f
where f denote the fibre of Fy.

The study of surfaces Y as before plays an important role in our proof of theorem C, we give

the following

Definition 1.3. Let a > 3 be an integer and let S-"5F, be the double cover associated
to L = aoy — 2f branched over the disjoint union of o and a divisor D' ~ (2a — 1)og
with at most simple singularities ([B-P-V] IL.8). E = 7~ !(04) is a nodal curve, taking its
contraction §: 5 — Yy we get a surface with at most rational double points as singularities
which is a double cover of the cone W,. We shall call Yy a degenerate double cover of P2.
The number a determines K}Q,0 = 8(a — 2)? and will be called the discrete building data of
Yp.

Theorem 1.4. The set N = N(P2,0(h)), h >4 is a connected component of moduli space

if h is even. If h is odd then the set N — N is contained in the set of degenerate double
h+1

—

Proof. According to VI.2.9 N is open in the moduli space and if Ny denotes the subspace of

covers of P2 with discrete building data a =

surfaces with smooth canonical model then Ny and N have the same closure in the moduli
space.

If [So] € Ny then by valuative criterion there exists a deformation of Sy f:S — A with
[S:] € Ny for every t # 0 and an involution 7 acting on the relative canonical model Y — A

such that Y;/7 = P2 for every t # 0. The thesis follows from lemma 1.2. ]

2. Vanishing theorems for degenerate double covers of P? and deformations locally

trivial at the vertex.
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Throughout this section a is a fixed integer > 3. Let X be the Segre-Hirzebruch surface
F, and let S—X be the double cover ramified over D = oo, U D’ with D’ reduced divisor
linearly equivalent to (2a — 1)og. We assume that S has at most rational double points as
singularities and let R C S be the ramification divisor.

We have 7,05 = Ox ®Ox (—L) where L = acg—2f and E = 7~ !(04) is a nodal curve, i.e.
a smooth rational curve with selfintersection £? = —2. Denote by §: S — Y{ the contraction
of F, Yy is a surface with at most rational double points and ample canonical bundle. We
shall call §(EF) = yo the vertex of the degenerate double cover Yj.

By abuse of notation we denote with the same letter o the line bundles oy € Pic(X),
m*ag € Pic(S) and d.m*0g € Pic(Yy). By Hurwitz formula Kg = 7*(Kx + L) = (a — 2)0.
Lemma 2.1. H'(Yy,po) =0 for every integer p.

Proof. According to Leray spectral sequence we have
H'(Yo,po) = H'(S,po) = H'(X,po) & H'(X, (p — a)o + 2f)
and the thesis follows from proposition II1.1.5.ii). O

Lemma 2.2. For every smooth curve C contained in a smooth surface S, HL(QL) # 0.

Proof. For any locally free sheaf F on S there exists an inclusion H*(F ® O¢(C)) C HL(F)
(this is proved in [B-W] 1.5 for the tangent sheaf but the same proof works for any locally free
sheaf, cf. also I.5) and according to the exact sequence of differentials H°(O¢) ¢ H(Q} ®
0c(C)). 0

Lemma 2.3. If p > 2a then h*(S,Q5(Ks +po)) <1.

Proof. We consider the exact sequence on S (VI.2.4)
0—7* (% (Kx + L + po))—Qs(Ks + po)—Or(1* (Kx + po))—0

where R C S is the ramification divisor.

Using the results of section I11.1, we get for p > 2a
W (Op (Kx +po)) < h' (X, (p = 2)o +2f) + h*(X, Kx + (p— 20)0 + 4f) =0
W (m*Qx (Kx + L+ po)) = W' (Qx (Kx + L + po)) + h' (Qx (Kx +po)) = 1
and the proof follows from the equality h'(Ogr(r*(Kx + po))) = h1(Op(Kx + po)). O

Theorem 2.4. In the notation above Ext%/o(ﬂ%/o, —po) =0 for every p > 2a.

Proof. Yy is a Gorenstein surface, in particular Ky, + po is a Cartier divisor and by Serre
duality ([Hal] pag. 243)

Exty, (QY,, —po)" = Exty, (2, (Ky, + po), Ky, ) H (4, (Ky, + po))
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We use the following exact sequence of sheaves on Y, ([Kas],[Pi2])
0—Qy, —6.025—C,,—0

where for every open subset E C U C S and every w € H(U,Q}), a(w) = 0 if and only
if the holomorphic two-form dw vanishes in E. It is immediate to observe that Q%,O, being
locally generated by closed 1-form, is contained in the kernel of «; the converse inclusion
requires some computation ([Kas] p. 55). Note moreover that, according to 1.5.5, the sheaf
5.8y is reflexive and then the exactness of the above sequence is equivalent to the equality
H{lyo}(YO,Q%/O) =C.

Twisting the above exact sequence by Ky, + po = 0.(Kg + po) we get

0—0Q3 (Ky, + po)—08.05(Kg + po)—-C,,—0
Our first step is to prove that, for p > 2a, H'(Qy, (Ky, + po)) = H'(6.Q5(Ks + po)), i.e.
that « is surjective on the global sections. Actually holds the following stronger result

Lemma 2.5. In the above notation if p > 2 then the composition of H°() with the pullback
map 7 : HO(QY (Kx + po)) — HY(QL(Ks + po)) is surjective.

Proof. Let s,z be the principal affine coordinates on X = F4 (cf. III.1) and consider w =
s 2dz(dz N ds) € HY(QY (Kx + po)).

In the open set Upo C X with coordinates z,s’, w = dz(ds' Adz), 0e = {s' = 0} and locally
S is the double cover of X defined by equation ¢2 = s’ and then 7*w = 2£dz(d€ A dz).
Now dé Adz extends to a holomorphic invertible section of Kg in a neighbourhood of E and

then, up to nonzero scalar multiplication, a(n*w) = «a(&dz) # 0 since d({dz) =dé Ndz. O

The Leray spectral sequence gives an exact sequence
0—H" (3. Q5(Ks + po))—H" (Q5(Ks + po))——H°(R'6,Q5(Ks + po))

and if r # 0 then by lemma 2.3 the proof is complete.

For any open set E C U C S there exists an exact sequence
0—H(U, QL (Ks + po))—HO(U — B, Q%(Ks + po)) -

L HL(QL(Ks + po) "L HY (U, QL (Ks + po))

On the open set V = §(U) C Y, according to 1.5.5, the coherent sheaf 0,Q%L(Kg + po) is
reflexive, in particular the above map § is an isomorphism and the map ry is injective.

Since H(Q5(Ks + po)) = Hp(Q}) # 0 the above inclusion factors as
Hp () € H'(8,Q5(Ks + po))—-H' (U, Q5(Ks +po))

and then r =limry # 0. ]
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As in the previous chapters we shall call natural deformations of S the deformations obtained
by deforming the branch divisor D = g, U D’ ~ 2a0 — 4f. Since 0., is a fixed part of the
linear system |D| the natural deformations are parametrized by H°(X, (2a — 1)o).

The singularity (Yp,yo) is rational and therefore, as in chapter II, it is possible to define
the blow-down morphism (: Defs—Defy,. It is clear that every (infinitesimal) natural
deformation of S is trivial in a neighbourhood of E and its blow-down is a deformation of
Yy locally trivial at yo.

Therefore, taking first order deformations, we get a commutative diagram

H(X, (20— 1)o) X% T}

| l

T'LT(Yo,y0) — Ty,

Where (3 is the blow-down map described in chapter II and T*LT(Yy,yo) is the kernel of
the natural restriction map T%,o — T(lyO o) Note that the natural deformations never give a

complete family of deformations of .S, since the nontrivial contribution of the nodal curve F
to the space T& ([B-W)).

Theorem 2.6. The above map o is surjective and the blow down of the family of natural
deformations of S is a complete family of deformations of Yy, locally trivial at the vertez,

with smooth base space.

Proof. According to the results of VI.2 there exists an exact sequence
H°(Op(n*D))—>Extg(Q4, 0s)-H (0x) @ H' (0x(—L))

and the image of ¢ is the set of first order natural deformations. Given an open subset V' C X

the inclusion 7*Q% — QL induces a commutative diagram

EXt}g(Q}g, Os) a— EXt,}r71(V) (Q}rfl(V)’ Oﬂ,—l(v))

H'(0x) ® H'(0x(—-L)) -5  H'(0y)® H'(6y(-L))

Lemma 2.7. In the above set up, if 0o C V, then the map vy is injective.

Proof. 1t is clearly sufficient to prove that the two natural maps
Y1 H1(9X) - Hl(HX ® Ogm) Y2 H1<ex(—L)) — Hl(ex(—L) ® Oo-x)

are isomorphisms.

Note first that h!(0x ® O, ) =3, h'(Ox(—L)®0O,_ ) = 1 and by corollary I11.1.4 h!(fx) =
3, h1(0x(—L)) = h1(Q% ((a — 2)o0)) =1, h?(0x(—0x)) = h°(Q% (=00 — 2f)) = 0.

Thus 7, is surjective and then it is an isomorphism, in order to show that 7, is surjective we
prove that the natural map H?(0x(—L—0s)) — H?(0x(—L)) or its Serre dual H°(Q4 ((a—
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2)ag)) — H°(Q% ((a — 2)0g + 0s)) is an isomorphism but this is exactly the result of lemma
III.1.2. O

Returning to the proof of theorem 2.6 we note that the open sets 7=%(V), 0o, C V are a
fundamental system of neighbourhoods of E. Thus from lemma 2.7 it follows that for every

open subset U C S with E C U, the kernel of the natural map
o: Ext5 (%, O5) — Exty; (L, Op)

is contained in the set of first order natural deformations kero = I'me.

We now apply this fact to a smooth open subset E C U such that 6(U) is an affine open
neighbourhood of yo. According to the Cartesian diagram (cf. Chapter II)

T8 = HYU,0p)

It [

1 1
TYo TYo Y0

we have B(ker a) = kerr = T1LT(Yy, yo) and since o = 3o € the first part of the theorem is
proved.

For the second part we introduce the functor of Artin rings LT (Y, yo) of deformations of Yj
which are locally trivial at the point yq.

More generally for every complex space Z with isolated singularities and for every finite
subset {z1,...,2,} C Z we can define the functor D of deformations of Z which are locally
trivial at the points z1,...,2z,. This functor has been studied by several authors, in [G-K] it
is proved that:

i) D satisfies the Schlessinger conditions H1,H2 and H3.

ii) There exists a closed analytic subgerm (possibly nonreduced) V' of Def(Z) such that the
restriction of the semiuniversal deformation of Z to V is a complete family of deformations
locally trivial at zq,..., 2, .

iii) The Zariski tangent space of V is the kernel of the differential of the natural morphism
Def(Z) — IDef(Z, z;).

Applying these results to the functor LT(Yp,yo) we conclude the proof. a

3. The Kuranishi family of a degenerate double cover.

Let Yy——W, be a degenerate double cover of P? ramified over the union of the vertex wg
and a divisor D’ ~ (2a — 1)o with a > 3. Here we construct explicitly a smooth complete
family of deformations of Yj, this will imply in particular that the moduli space at Yy is
locally irreducible and then the closure on the moduli space of the set N(P2 O(h)) is a
connected component for every h > 4.

The idea is to describe deformations of Yy as canonical coverings of suitable deformations of

the cone Wy and then prove that they give a complete family.
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We first recall some well known facts about cyclic coverings associated to Q-Cartier divisors.
For every normal complex space X we denote by M x the sheaf of meromorphic functions on
X and for every analytic Weil divisor D C X we denote by Ox (D) the reflexive subsheaf of
M x of meromorphic functions f such that div(f)+D > 0. We keep this explicit description
of Ox (D) throughout all this section.

Let L be a Weil divisor on a normal irreducible variety X such that nL is Cartier and let
s € H°(X,nL) be a meromorphic function such that the divisor D = div(s) + nL is reduced
and is contained in the set of points where L is Cartier.

The multiplication by s gives a morphism of Ox-modules Ox(—nL) — Ox and we may

define in a natural way a coherent analytic reflexive Ox -algebra (cf. [Reid] 3.6, [E-V] 1.4)
n—1 n—1 .
A(L,s) =@ A =& Ox(-il)

If (X,z) is a normal analytic singularity, its local analytic class group is by definition the
quotient of the free Abelian group generated by the germs of analytic Weil divisors modulo
the subgroup of principal divisors. For a twodimensional rational singularity it is a finite

group naturally isomorphic to the first homology group of the link of X ([Bri]).

Lemma 3.1. Let n,L,s, D be as above, if x & D then the local analytic O, -algebra A, (L, s)
depends, up to isomorphism, only by the class of L in the local analytic class group of the
analytic singularity (X, x).

Proof. Let n,L',s’, D’ be another set of data with z ¢ D’ and assume L — L’ principal at

2. This means that there exists an analytic open neighbourhood U of z and a meromorphic
function f on U such that L = L' + div(f) and div(s)y = —nL, div(s')jy = —nL'.

Therefore s~'s’ f~" is an invertible holomorphic function on U and, possibly shrinking U, it
admits a n-th root g. Thus s’ = s(fg)" and the multiplication map (fg)*: Oy (—iL')— Oy (—iL)}}

gives the required isomorphism. O

On the algebra A acts the cyclic group .,
tn X A; 3 (&,h) — f_ih € A;

and then the finite map
Z = Specanx (A(L,s))——X

is a cyclic covering of normal varieties (Specan ([Fi] 1.14) is the analytic spectrum, if X is
projective then by GAGA principles is the same of the usual algebraic spectrum ([Hal] II,
Ex. 5.17)).

According to lemma 3.1 if « & div(s) + nL the germ of the covering over the point x is

independent from s.

Corollary 3.2. In the above set-up assume X compact and let T be a sufficiently small

analytic open neighbourhood of s in H°(X,nL).
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Let Zp—5X x T be the cyclic covering of degree n associated to the Weil divisor L x T and
multiplication given by s(z,t) =t(x), te€T.

If X—S is a flat map such that the composition Z—X—S is flat then also the compo-
sition Zp—X x T—S x T is flat.

Proof. Let U C X be the open subset where L is Cartier, if T is sufficiently small then
s¢(x) = 0 for some t € T implies that © € U. Therefore if © ¢ U then by lemma 3.1
the germ of Zp over (z,s) is locally isomorphic to Z x T'. On the other hand the map
U xT—S x T is flat and the restriction of the algebra A over U x T is locally free and

then the restriction of m over U x T is a flat map. O

Therefore, in case S = point, we have a morphism from deformations of s to deformations
of Z. Consider for example the hypersurface Z C P? x C of equation 2129 — 23 = t23, t € C
and the involution 7: Z — Z, 7(t, 20, 21, 22, 23) = (t, 20, —21, —22, —23) .

Let t: Z — C be the projection on the coordinate ¢ and let Z; the projective subvariety of Z
of points with fixed ¢. It is immediate to observe that Z; is a smooth quadric for ¢ # 0, Z,
is the cone over a nonsingular conic and ¢ gives the semiuniversal deformation of the isolated
singularity (Zy, (1,0,0,0,0)).

The quotient Z/7 is the variety W C P® x C defined by the equation

X1 Ty x3+txg
(3.3) rank Ty T3 T4 <1
T3 +trg x4 x5

where $0:Z[2), I :Z%, To = 2123, 1L'3:Z§7 T4 = 2223, $5:Z%.

The quotient family W—C, (z,t) — t is a deformation of W, and is exactly the degen-
eration of P? obtained by sweeping out the cone over the Veronese surface V C P®. To see
this let C'(V,v) C P% be the projective cone over the image of the map P2 — P5  z; = u3,

To = UgU1, T3 = UT, Ty = UilUs, Ty = U3, Tg = UgUz — us. It is defined by the equation

x1 To T3+ Te
(3.4) rank T T3 T4 <1
T3+ Tg T4 T5

V' is the intersection of C(V,v) with the hyperplane 2y = 0 and the vertex v is the point of
homogeneous coordinates (1,0,0,0,0,0,0).

Let H, C PY, t € C be the hyperplane of equation zg —txg = 0, then H,NV =V N{zg = 0}
is a smooth hyperplane section and the surface W; = C(V,v) N H; is exactly the surface
defined in (3.3).

Let H C W be the Weil divisor defined by the equation x5 = x3 = 4 = 0. Then Ow (—H) is
the ideal sheaf of H and 2H is the hyperplane section 3 = 0 of W . In fact the closed subset
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{x1 = x3 = x5 = 0} has codimension 3 in W and then it is sufficient to prove the equality
2H = div(x3) on its complement. An easy computation then shows that on every affine
subset W N {z; # 0} i =1,3,5 holds the ideals equality (z2z; ', 23z, ! 2t2; )2 = (232, ).
Note that 7,0z = Ow & @OW(fH ) and then there exists an isomorphism of Oy -algebras
.0z = Ow & Ow(—H )Zgwhere the algebra structure in the right side is induced by the
multiplication morphism ?: Ow (—2H)—Ow .

Let now Yo—%W, C P° be3a fixed degenerate double cover, then, according to I11.1.5, Wy is
projectively normal in P® and then there exists a section sg € H°(P5, O(2a — 1)) such that
7o is ramified over wy and over the divisor of the restriction of sg to Wy.

Let T be a small open neighbourhood of sy and consider the double covers
Yr = Specanw x7(Ow x1 © Owx7(—(2a —1)H x T)))—W x T

where the algebra structure is induced by the section s(z,t) = si(x) sy € T,x € W. This
makes sense since 2H x T is a Cartier divisor linearly equivalent to {s(z,t) = 0}.
By previous results (3.1, 3.2) it follows that:

(i) The map Yr—T is a deformation of the space
Y = Specanw (Ow & Ow (—(2a — 1)H)))

with the algebra structure induced by sg.
(ii) Over the vertex wp the space Y is isomorphic to the above space Z and then the
composition Y—W —C gives a complete deformation of the node (Yp, o).

It is now easy to prove the following

Theorem 3.5. In the above notation the composition
[ Yr—WxT—CxT

is a smooth complete family of deformations of Yy .

Proof. We need to prove that f~1(0,s0) = Yy and that the Kodaira-Spencer map of the
family is surjective.

By definition f~1(0, s¢) = Specw, (Ow, ®(Ow (—(2a—1)H)®@Oyw, )) while from the definition
and the normality of Yy we have Yy = Specw, (Ow, @ Ow,(—L)) where L = aoc—2l, | C Wy
is a line through wy .

Note that all lines through wq are linearly equivalent, L is linearly equivalent to (4a — 2)I,
the intersection Hy = H N Wy is the union the two lines I = {z; = 29 = 23 = 24 = 0},
lo = {x5 = x2 = 3 = x4 = 0} and then the natural map Ow (nH) ® Ow, 'LL»(’)WO(in) is an
isomorphism over Wy — {wg} for every integer n.

In a neighbourhood of the vertex wy, since the sheaf Oy (nH) is reflexive on W and invertible

for n even, according to ([E-V] 2.1, cf. also the proof of IV.1.3) the map j, is injective for
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every n and an isomorphism for n even, moreover the ideal of Hy C Wy is generated
by $2$61,$3xal,x4$61 and then j_; is also surjective. Tensoring with the line bundle
Ow (2pH), p € Z, we get the surjectivity of j, for every integer n. In particular since j1_o4
is an isomorphism Yy is a fibre of f.

By (ii) the composition of the Kodaira-Spencer map of f with the natural map
TY(Yy) =T (Yo, yo) is surjective, therefore it is sufficient to prove that Yz contains every de-
formation locally trivial at the vertex. But this is an immediate consequence of Theorem 2.6
and the surjectivity of the map H°(P°, O(2a—1)) — H°(Wy, (2a—1)o) = H°(Fy4, (2a—1)0).
O

Corollary 3.6. Every degenerate double cover deforms to a smooth double cover of P2, in

particular for h odd > 5 the subset N(P?,O(h)) is not closed in the moduli space.

Corollary 3.7. The line bundle o of Yy can be extended to every deformation of Yp.

Proof. The pull back of the hyperplane section 2H to Y7 is an extension of o to a complete
family. a

Proof of theorem A: the case h even follows from 1.4. If h is odd then N is open and
irreducible in the moduli space but, according to 3.6, it is not closed in the moduli space.
Again by 1.4 and 3.5 the moduli space at every point of N is locally irreducible and then
N is open. O

4. Proof of theorem C.

For n =1 theorem C is an immediate consequence of theorems 1.4 and 3.5, for n > 2 part

(i) is a consequence of the following

Proposition 4.1. Let Ly, ..., L, € Pic(P?) be a good sequence (def. B), L; = O(l;) and let
Xo be the canonical model of a surface belonging to the closure of N(P?, Ly, ..., L,). Then
either X 1is a simple iterated double cover of P? associated to Li,...,L, or there exists a

such that Xy is a
L
simple iterated double cover of Yy associated to the sequence My, ..., M,_1, M; = éo.

Proof. The proof is similar to the proof of VI.3.10 and then we give only a sketch. Let
f: X—A be a deformation of Xy such that for t # 0 X; is a simple iterated double cover

of P2 associated to L1, ..., Ly,.

degenerate double cover Yy of P? of discrete building data a =

We now prove by induction on n that, up to base change, there exists a factorization
i xLy-LA

where g is a deformation of a (possibly degenerated) double cover Yy of the projective plane

with Y;, t # 0, smooth double cover associated to L, and p is a simple iterated double
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cover of Y associated to ]\Zfl, ...,Mn,l with M; the unique extension of M; to Y (if Yy is

not degenerate we set M; = gjL;.

This is trivially true if n =1, if n > 1 we consider the action of the trivial involution 7 on

X and, by induction we get a factorization of f
X7 = X)7-5 Z o 25V -5 A

with 7 flat double cover (since r(Z;) is even) and p, g as before.

Now working exactly as in the proof of VI.3.10 we prove that § is an isomorphism and
mOx = Oz EBp*Oz(—Ml). O

Part (ii) of theorem C follows from

Proposition 4.2. Let Y, be a degenerate double cover of P2 of degree a > 3 and let L, ..., Ly,
be line bundle on Y with L; = p;0, p; > 2pi+1,Pn > 2a.
Then every simple iterated double cover of Y associated to L, ..., L, has unobstructed de-

formations.

Proof. According to 2.1, 2.4, 3.5 and 3.7 the surface Y, and the line bundles Ly, ..., L, satisfy
the hypotheses of corollary VI.2.11. a

5. Numerical examples.

In this section we want to find examples, using simple iterated double covers, of surfaces
belonging to different connected components of the same M, with self-intersection of the
canonical class as small as possible. Unfortunately even in this cases our surfaces will have
the topological Euler characteristic of the order of thousands and then any attempt to find
global handle decomposition or to apply Kirby calculus seems quite prohibitive.

Since K? and the index are algebraic functions on the parameters of the branching divisor
it is natural to expect that, in order to find examples, we need at least 3 parameters, i.e. we

must consider 4-fold covers of P! x P! and 8-fold covers of P2.

Example 5.1. Let X, X’ be simple iterated double covers of P! x P! associated respectively
to the sequences Ly = O(6,9), Lo = O(6,4) and L] = O(6,10), L, = 0(6,3). X, X’ have
the same invariants K2 = 880, I = —624, c; = (K? —3I)/2 = 1376, r = 1 and according to
corollary VI.4.7 X is not deformation equivalent to X’.

Example 5.2. If X is a simple iterated double cover of P? associated to a sequence L; =

O(l;) then according to VI.5.1 the invariants K%, Ix and r(X) depends only by >"I; and
Sz

For n = 3 we can consider the pairs of sequences

L =3T—-24,1,=T,15=5 1,=37-221,=T—-6,1,=9
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Then Y1, = S0, S22 = U7 and Ly = O(ly), L, = O(l}) are good sequences for every
even number T > 26.
For T = 26 the associated simple iterated double covers have K2 = 53792, I = —28928,

co = 70288, 1 = 82.

Example 5.3. Let X — P2, Y — P! x P! be simple iterated double covers associated
to Ly = O(26),Ls = O(12), Ly = O(5) and L; = 0(20,40), Ly = O(22,2). A calculation
shows that X and Y belong to the same M, and it is not difficult to see that X,Y are not
deformation equivalent.

In fact the equation of a generic Y is

2= f+wh  fe HOO(40,80)), h € HO(O(18,78))
w?= g g € H°(O(44,4))

with f, g, h generic and the same arguments used in section VI.4 show that the unique auto-
morphism of Y is the trivial involution z — —z and its quotient is the surface Y; = {w? = g}.
Since the invariants of Y7 are different from the invariants of elements of N (P2, Lo, L3), Y
cannot belong to N (P2, Ly, Ly, L3).

Although is not easy to find explicitly simple iterated double covers of P? with the same
invariants it is not difficult to see that, using these surfaces, we can prove again a lower
bound for the number of connected components of type § > (K?2)clog K? with ¢ positive
constant.

In fact for n sufficiently big if ¢, is the number of of sequences Iy, ...,I,, such that > I, =
T, =83"+3, 1, >5 odd, [; even for i <n and I; > 2l;; then loggq, > an? for a positive
constant a independent on n.

For every one of the above ¢, sequences its quadratic sum Y7 is smaller than T2 and then
there exists at least g, /T2 good sequences giving simple iterated double covers with the same
invariants K2 = 2"T2 and I =2"(1 — >_?). An easy computation gives the required lower
bound of 4.
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