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Abstract

Given a hyperbolic surface with geodesic boundary S, the lengths
of a maximal system of disjoint simple geodesic arcs on S that
start and end at 95 perpendicularly are coordinates on the Te-
ichmiiller space 7(S). We express the Weil-Petersson Poisson
structure of 7(.9) in this system of coordinates and we prove that
it limits pointwise to the piecewise-linear Poisson structure de-
fined by Kontsevich on the arc complex of S. At the same time,
we obtain a formula for the first-order variation of the distance
between two closed geodesics under Fenchel-Nielsen deformation.

Introduction

The Teichmiiller space 7 (S) of a compact oriented surface S with
marked points is endowed with a Kéahler metric, first defined by Weil
using Petersson’s pairing of modular forms. By the work of Wolpert
([Wol81], [Wol82] and [Wol85]), the Weil-Petersson Kahler form wyy p
can be neatly rewritten using Fenchel-Nielsen coordinates.

Algebraic geometers became interested in Weil-Petersson volumes of
the moduli space of curves M(S) = 7(5)/T'(S) since Wolpert [Wol83a]
showed that the class of wy p is proportional to the tautological class
k1, previously defined by Mumford [Mum83] in the algebro-geometric
setting and then by Morita [Mor84] in the topological setting. The
reason for this interest relies on the empirical fact that many problems
in enumerative geometry of algebraic curves can be reduced to the in-
tersection theory of the so-called tautological classes (namely, 1) and k)
on the moduli space of curves.

A major breakthrough in the 1980s and early 1990s was the discovery
(due to Harer, Mumford, Penner and Thurston) of a cellularization of
the moduli space of punctured Riemann surfaces, whose cells are indexed
by ribbon graphs (also called fatgraphs), that is finite graphs together
with the datum of a cyclic order of the half-edges incident at each vertex.
To spell it out better, if S is a compact oriented surface with distinct
marked points ¢i,...,¢, € S such that the punctured surface S =
S\ {c1,...,cm} has x(S) < 0, then there is a homeomorphism between
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2 GABRIELE MONDELLO

M(S)xR7 and the piecewise-linear space M™(S) of metrized ribbon
graphs whose fattening is homotopy equivalent to S,

By means of this cellularization, many problems could be attacked
using simplicial methods (for instance, the orbifold Euler characteristic
of M(S) [HZ86] [Pen88] and the virtual homological dimension of
the mapping class group I'(S) [Har86]). A major success was also
Kontsevich’s proof [Kon92] of Witten’s conjecture [Wit91], which says
that the generating series of the intersection numbers of the ¢ classes
on the compactified moduli spaces satisfies the KdV hierarchy of partial
differential equations. One of the key steps in Kontsevich’s proof was to
explicitly rewrite the v classes on each cell of M™(S) in terms of the
affine coordinates, i.e. the lengths of the edges of the graph indexing
the cell.

A different approach to Witten’s conjecture was developed by Mirza-
khani [Mir07], by noticing that the intersection numbers appearing in
the generating series can be better understood as Weil-Petersson vol-
umes of the moduli space of hyperbolic surfaces with geodesic bound-
aries of fixed lengths. Generalizing a remarkable identity of McShane
[McS98] involving lengths of simple closed geodesics, she was able to
unfold the integral over M(S) to an integral over the space of couples
(X,7), where ¥ is a hyperbolic surface with geodesic boundary homo-
topy equivalent to S and v C X is a simple closed geodesic, and then
to relate this space to the moduli spaces of hyperbolic surfaces home-
omorphic to ¥ \ 4. The recursions she obtains are known as Virasoro
equations and (together with string and dilaton equation) are equivalent
to the KdV hierarchy.

In Mirzakhani’s approach, hyperbolic surfaces with boundary play a
key role as the recursion is really built on the process of cutting a surface
along a simple closed geodesic.

Back to the cellularization, there is not just one way to attach a
metrized ribbon graph to a Riemann surface. A first way is due to
Harer-Mumford-Thurston (and is described in [Har86] and [Kon92]))
and uses existence and uniqueness of quadratic differentials with closed
horizontal trajectories on ¥ and double poles of prescribed quadratic
residues at the punctures (see [Str84]). Another way to rephrase it
is the following: given a Riemann surface ¥ with m marked points
c1,-..,Cpn and positive numbers p1, ..., pmy, there exists a unique way to
give a metric g (with conical singularities) to the surface in its conformal
class and to dissect ¥ into pointed polygons (P;,¢;), such that each
(Pi, g p,) is isometric to a semi-infinite flat cylinder of circumference p;
with ¢; at infinity. The boundaries of the polygons describe a ribbon
graph G embedded in S and the lengths of the sides of the polygons
provide local affine coordinates for the cells indexed by the isomorphism
type of G (as unmetrized ribbon graph).
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TRIANGULATED RIEMANN SURFACES WITH BOUNDARY 3

Now, we are going to describe a second way to produce a ribbon
graph out of a punctured surface, which uses hyperbolic geometry and
which is due to Penner [Pen87] and Bowditch-Epstein [BE88]| (see also
[ACGH] for a detailed explanation).

The uniformization theorem endows every compact or punctured Rie-
mann surface 3 (homotopy equivalent to S) with x(3) < 0 with a hy-
perbolic metric of finite volume, so that its punctures correspond to
cusps. In this case, a decoration of a punctured Riemann surface Yisa
choice of a horoball B; at the i-th puncture for every ¢. If the radii p; of
the horoballs are sufficiently small, then the B;’s are all disjoint and we
can consider the spine of the truncated surface ¥, := ¥\ |J; B;, that is
the locus of points whose distance from the boundary | J; 0B; is realized
by at least two paths. The wanted ribbon graph is given by this spine,
which is a one-dimensional CW-complex embedded in the surface with
geodesic edges. Mimicking what done with quadratic differentials, one
could choose the lengths of the edges of the spine as local coordinates.
This choice works well for a topological treatment, but for geometric
purposes there are more useful options.

A first interesting system of coordinates on the Teichmiiller space of
decorated surfaces 7 (S) xR} (defined by Penner) is given by the lengths
{a;}, where {a;} is a maximal system of arcs on S (see Section 1.7),
ai(f: 8 —3%)=L4f(i)NX,) and f(a;) is understood to be the unique
geodesic representative in its homotopy class. Beside its naturality, the
interest for these coordinates is also due to the following.

Theorem 0.1 ([Pen92|). Let {o;} be a mazimal system of arcs on
the pointed surface S. The Weil-Petersson form w on T(S) pulls back
on T(S) xR to

1
-5 > (da; A day + daj A day, + dag A da)
teH

where H is the set of ideal triangles in S\J; a; and (o, o, o) are the
arcs bounding t, in the cyclic order compatible with the orientation of t.

On top-dimensional cells of M“™(S), the system of arcs dual to the
spine is maximal and so the theorem above expresses the restriction of
the Weil-Petersson form w to maximal cells. This would be enough to
integrate all over M (8) if we knew how to describe top-dimensional
cells in the a;’s.

On the other hand, cells can be easily described in a second remark-
able system of coordinates. Penner’s simplicial coordinates associated
to the spine are the lengths of the horocyclic segments that are projec-
tions of edges of the spine. In these coordinates, cells look like straight
simplices but the lengths of the dual arcs cannot be easily expressed as
functions of their simplicial coordinates.
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To compute intersection numbers on a compactification of M (S),
Kontsevich [Kon92] integrates over simplices of maximal dimension in
Memb(S) even though he used Harer-Mumford-Thurston’s construc-
tion to produce the ribbon graph and the lengths of the edges as local
affine coordinates.

Clearly, these systems of coordinates are very different, but the in-
tegration schemes in [Pen92] and [Kon92] for volumes of M(S) are
the same as described above. The reason of this similarity relies on the
following observation.

Let S be a compact oriented surface with m boundary components.
The moduli space M*(S) of hyperbolic surfaces ¥ homeomorphic to
S together with a choice of a preferred point on each component of
0Y carries a “Weil-Petersson” symplectic structure (see [Wol83b] and
[Gol84]). Strictly related to the boundary length function £ : M*(S) —
R™ is the moment map £2/2 for the natural (S!)™-action on M*(S)
(see [Mir07]), whose quotient is M(S). The symplectic reductions are
exactly the loci M(S)(p1,...,pm) C M(S) of hyperbolic surfaces with
boundaries of length p1,...,pm > 0, endowed with the Weil-Petersson
symplectic form.

By general considerations on the symplectic reduction, one can notice
that the (class of the) “symplectic form” Q = 3" p?1; used by Kontse-
vich represents the normalized limit of the Weil-Petersson form w on
M(S)(p1,--.,0m) as (p1,.-.,pm) diverges. Thus, Kontsevich also com-
puted suitably normalized Weil-Petersson volumes. On the other hand,
decorated surfaces can be thought of as Riemann surfaces with infini-
tesimal boundaries.

In this paper, we define a natural Poisson structure n on the Te-
ichmiiller space of Riemann surfaces with boundary using the doubling
construction. Results of Wolpert [Wol83b] and Goldman [Gol84] im-
ply that the associated bivector field on 7(S) has the form

* ==Y 5 Ny

where the sum ranges over a maximal system of disjoint simple closed
curves, that are not boundary components. As before, the symplectic
leaves of this Poisson structure are the loci 7(S)(p1,...,pm) of sur-
faces with fixed boundary lengths pi,...,pm, endowed with the Weil-
Petersson symplectic structure (in [Gol06] it is shown that this happens
more generally for spaces of representations of 71 (S) inside a Lie group).

REMARK 0.2. As noted by the referee, if ¥ is a compact hyperbolic
surface with no boundary, Wolpert’s formula (*) descends from the more
basic symplectic duality w(9/07¢, —) = dl¢ and from Fenchel-Nielsen
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TRIANGULATED RIEMANN SURFACES WITH BOUNDARY 5

coordinates. It is not clear whether the next theorem can descend from
an analogous “duality” for hyperbolic surfaces with boundary.

Given a hyperbolic surface with geodesic boundary X, we can imme-
diately take its spine and so produce a ribbon graph with no need of
decorations. Clearly, if {a;} is a maximal system of arcs on S, then
the hyperbolic lengths {a;} defined as a;(f : S — 3) = £(f(c)) are
coordinates on 7(S) (Ushijima [Ush99]) and one can check that the
difference a; — a; limits to the a; — a; for all 7, j as the pj’s converge to
zero. More interestingly, Luo [Luo07]| showed that the lengths of the
projections of the edges of the spine to 9S (which we will call “widths”)
are also coordinates, which in fact specialize to simplicial coordinates
for infinitesimal boundary lengths (under a suitable normalization).

Our goal is to rewrite the Weil-Petersson Poisson structure 7 in terms
of the a;’s. Our main result is the following.

Theorem. Let S be a compact oriented surface with m boundary
components C and let o = {a,...,069—63m} be a mazimal system of
arcs of S. The Weil-Petersson Poisson structure on T (S) at [f : S — ¥]
can be written as

1 sinh(pc/2 — do(ys,y5)) O 0
LMDV o R Tt
CeC y;ef(asNC) ¢ J

y;€f(a;NC)
where pc = Lo and dc(yi, y;) s the length of geodesic arc running from
y; to yj along f(C) in the positive direction.

The proof of the theorem above relies on the formula (x) and on the
understanding of how the distance between two geodesics in a surface
R without boundary (we will then take R to be the double of X) varies
at first order, when we perform a Fenchel-Nielsen deformation. Let
us recall that the (right) Fenchel-Nielsen deformation along a simple
closed geodesic € of R is obtained by cutting R along &, letting the left
component slide forward of ¢ and then reglueing the left with the right
part. According to Thurston, it is called “right” because one jumps to
the right when one crosses the fault line. We call 0/07; its associated
vector field on 7 (R).

The following result (which we state in a simplified version, for brevity)
might be interesting on its own: a more complete statement (Theo-
rem 3.7) can be found in Section 3.5. It should be compared to Theo-
rem 3.4 of [Wol83b|.

Theorem. Let R be a hyperbolic surface without boundary and § C R
a stmple geodesic arc running from y; € y1 to yo € 7o that realizes the
distance between the geodesics v1 and s in its homotopy class. Assume
that & does not intersect 0 and that no portion of £ is homotopic to 6.
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Then
i(h) =c|+c
Ote - 2
where ¢; = Z ci(z;) and
z;€6NY;
Sgﬂ(d(yi,l“i))exp[ | 2(y i)l sin(vg,;) if vi is open
CZ(.I‘Z) =
sinh(py/2 = d(y:, ;) sin(vy,) if v is closed

2sinh(p;/2)

where h is the length of 0, p; is the length of ~; (if v; is closed), v; is the
angle of intersection at x; between & and ;. If v; is open, then d(y;,x;)
is the distance with sign between y; and x; along ~;; if v; is closed, then
we set d(yi, x;) € (0,p;).

As suggested by the referee, it seems that the same methods can be
employed to obtain a formula for the second twist derivative. Though
reasonable, the upshot looks quite complicated, so we will not pursue
this calculation here.

As an easy corollary of our main theorem, we obtain that Kontsevich’s
piecewise-linear form 2 on M™(S) that represents the class Y, p?u;
is the pointwise limit (under a suitable normalization) of twice the Weil-
Petersson form 2w, .y on M(S)(p1,...,Pm) as (p1,...,pm) —
+00.

Quite recently, Carfora-Dappiaggi-Gili [CDGO06] have found a dif-
ferent procedure to relate decorated hyperbolic surfaces, “decorated”
flat surfaces with conical points and hyperbolic surfaces with geodesic
boundary components. It would be interesting to understand how it
relates to the constructions that we employ here.

Plan of the paper. Section 1 deals with preliminary results on Rie-
mann surfaces S with boundary, the construction of the real double dS
and intrinsic metrics. We recall the definition of Teichmiiller space 7 (.5)
and Weil-Petersson form, and we establish a link between the Poisson
structure of 7(dS) and that of 7(S). We also recall the definition of
arc complex of a surface with boundary.

In Section 2, we describe the construction of the spine and we illus-
trate the results of Ushijima and Luo, who define two different system
of coordinates on 7 (S) using triangulations of S, and we show how to
decompose 7 () into ideal cells in a I'(.S)-equivariant way. We compare
their theorems to previous results of Penner, who proved the analogous
statements in the case of decorated Riemann surfaces, and we show that
Ushijima and Luo’s coordinates specialize to Penner’s ones.
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TRIANGULATED RIEMANN SURFACES WITH BOUNDARY 7

In Section 3, we review the Fenchel-Nielsen deformation and we use
techniques of Wolpert to compute the first-order variation of the dis-
tance between two geodesics.

In Section 4, we establish our main result and write the Weil-Petersson
Poisson structure in the coordinates {a; = /4, } for every maximal sys-
tem of arcs {o;} on S, using Wolpert’s formula and the result of Sec-
tion 3. As a corollary, we deduce that Kontsevich’s PL representative
for € is the pointwise limit of the Weil-Petersson form, when the bound-
ary components become infinitely large. We also check that our result
agrees with Penner’s computations for decorated surfaces.

Appendix A collects a few formulae of elementary hyperbolic trigonom-
etry, that are used in the rest of the paper.

Acknowledgements. I would like to thank Enrico Arbarello, William
Goldman, Curtis McMullen, Tomasz Mrowka, Robert Penner and Scott
Wolpert for useful discussions. In particular, I thank Francesco Bon-
sante for suggesting to me to use Wolpert’s techniques in the proof of
Theorem 3.3 and for many fruitful conversations. Finally, I am grateful
to an anonymous referee for carefully reading this paper and for helpful
remarks and comments.

1. Riemann surfaces with boundary

1.1. Double of a surface with boundary. A compact surface with
nodes and boundary is a compact Hausdorff topological space R with
countable basis that is locally homeomorphic either to C, or to {z €
C|Im(z) > 0} or to {(z,w) € C?|zw = 0}. Points of R that have
a neighbourhood of the first type are said smooth; in the second case,
points on the real line are said to belong to the boundary; in the third
case, the point {z = w = 0} is called a node. We will always assume
that OR is homeomorphic to a disjoint union of b copies of S', that R
is connected (unless differently specified) and that R is always endowed
with the unique differentiable structure away from the nodes.

The (arithmetic) genus of such a connected surface is g = 14 (v —x —
b)/2, where x is the Euler characteristic, b is the number of boundary
components and and v is the number of nodes.

Consider a compact oriented surface X of genus g with boundary
circles C1,...,C, (endowed with the orientation induced by ¥) and let
C1,--.,Cn € 2 be distinct smooth marked points. We will also write )y
for the punctured surface ¥\ {c1,...,cm}.

Call X’ the oriented surface obtained from X switching the orienta-
tion and similarly denote by C1,...,C) its boundary components and
..., c, its marked points. In general, for every point x € ¥ call 2’
the corresponding point in X'.
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8 GABRIELE MONDELLO

The double of ¥ is the compact oriented surface d3 of arithmetic genus
2g + (n + m) — 1 without boundary obtained from ¥ LI ¥’ identifying
x ~ ! for every x € 90X U{cy,...,cn}. Clearly, d¥ is connected if
n+m > 0 and it has nodes if m > 0. Call ¢ : ¥ < d¥ and // : ¥/ — d¥
the natural inclusions.

The surface d¥ has a natural orientation-reversing involution ¢ which
exchanges «(X) with //(X') and fixes t({c1, ..., ¢n}) and ((OX) pointwise.

Suppose now that d> has a complex-analytic structure J, meaning
that the nodes of d¥ have a neighbourhood biholomorphic to {(z,w) €
C?|lzw =0, |2| < e, |w| < e}. We say that J is compatible with the
involution ¢ if the homeomorphism o : d¥ — dX is anti-holomorphic,
or in other words o*J = —J. This implies that ¢(0X) is a totally real
submanifold (and the ¢(c;)’s are real points) of (d¥,.J). Conversely,
an atlas of charts on ¥, which are holomorphic on £° := ¥\ 0¥ and
map the boundary of ¥ to R C C and the marked points to 0 € C,
is the restriction through ¢ of a complex structure on d> compatible
with o. In this case, we will say that (X,:*J) is a Riemann surface with
boundary and we will denote it just by 2 when the complex structure is
understood.

A morphism between Riemann surfaces with boundary is a contin-

uous application 1 — 3o that maps 0¥ to 0¥, in a real-analytic
way and that restricts to a holomorphic map 7 — 33 on the interior,
preserving the marked points. Equivalently, it is the restriction of a
holomorphic map between the doubles d¥; — d9 that commutes with
the o-involutions.
1.2. Metrics on a Riemann surface with boundary. We can as-
sociate two natural metrics to a smooth Riemann surface 3 of genus g
with n boundary components and m marked points, if x(3) < 0 (which
actually coincide if n = 0).

This is a consequence of the uniformization theorem, which says that
the universal cover of a Riemann surface is biholomorphic either to
the Riemann sphere CP', or to the complex plane C or to the upper
half-plane H. The crucial fact is that H has a complete Hermitean
metrics of constant curvature (the hyperbolic metric y~2dz dz) that is
preserved by all analytic automorphisms. Similarly, the Fubini-Study
metric on CP! is complete, of constant positive curvature and invariant
under automorphisms that preserve the real line RP'. The flat metric
dz dz on C is canonically defined up to rescaling. We call these metrics
standard. ‘

Back to ¥, the first natural metric is defined considering ¥° as an open

Riemann surface: excluding the case ¥ = CP?, the universal cover ¥° is
isomorphic to C if (g,n,m) = (0,0, 1), (0,0,2),(1,0,0), and to H other-
wise. In the last case, the covering map 30 - 3° determines a holonomy
representation p : m(3°) — Aut(X°) = Iso(X°), uniquely defined up to
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TRIANGULATED RIEMANN SURFACES WITH BOUNDARY 9

inner automorphisms of Aut(3°). The standard Hermitean metric on

° descends to a complete Hermitean metric on %°/Im(p) = %°.

The second natural metric on ¥ is obtained by restricting the stan-
dard metric on the double d¥ via the inclusion ¢. The universal cover
of (each connected component of) the smooth locus d¥g,, of d¥ is iso-
morphic to H if (g,n +m) # (0,0), (0,1), (0,2), (1,0). In these cases, ¥
inherits a complete Hermitean metric of curvature —1 with totally geo-
desic boundary 9%, which is called the intrinsic metric. Under a suitable
normalization (which fixes the curvature or the area), it is uniquely de-
termined by the isomorphism class of Y. Both metrics acquire cusps at
the marked points.

1.3. The extended Teichmiiller space. Fix a compact oriented smooth
surface S of genus g with boundary components C1, ..., C, and let X be
a smooth Riemann surface, possibly with boundary and marked points.
An S-marking of ¥ is a smooth map f : S — ¥ that may contract
boundary components to marked points such that fi,; : S°© — 3° is an
orientation-preserving diffeomorphism.

The extended Teichmiiller space of S is the space T (S) the space of
equivalence classes of S-marked Riemann surfaces

7(S) :={f : § — ¥ |% Riemann surface}/ ~

where f : S — ¥ is an S-marking and the equivalence relation ~
identifies f and f’: S — ¥/ if and only if there exists an isomorphisms
of Riemann surfaces h : ¥ — ¥/ such that (f],,)"1 o ho fin is isotopic
to the identity. The Teichmiiller space 7(S) c T(S) is the locus of
those class of markings f : S — X which do not shrink any boundary
component to a point.

There are several ways to put a topology on T(S) For instance,
we have seen in Section 1.2 that a complex structure on ¥ determines
and is determined by a complete hyperbolic metric on ¥ with totally
geodesic boundary. The universal cover of 3° has a developing map
into H and so a holonomy map m(3°) — PSLyR is induced. Pulling
it back through the marking f;,; : S° — 3°, we get a global injection

(originally due to Fricke)
7 (§)————— Hom(m (S), PSLoR) /PSLyR

which is independent of the choices made: thus, we can endow 7(S)
with the subspace topology.

Hence, the Teichmiiller space of S can be thought of as the space of
complete hyperbolic metrics on S with totally geodesic boundary (up
to isotopy). Points in 7(S)\ 7(S) correspond to S-marked hyperbolic
surfaces in which some boundary components of .S are collapsed to cusps
of 3.
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Thus, we have a natural boundary-lengths map
L T(9) R0
[f 8 = 9l — (e (f79), - Le, (79))
If we call 7(S)(p1, . . . , pp) the submanifold £~ (py, ..., pn), then 7(S) =

T(S)(RY).

Define the mapping class group T'(S) as moDiff { (5), that is the group
of orientation-preserving diffeomorphisms of S that send each boundary
component to itself, up to isotopy.

The group I'(S) acts properly and discontinuously on 7'(S): its quo-
tient M(S) := T(S)/T(S) is the extended moduli space of Riemann
surfaces with boundary. The moduli space itself M(S) = 7T (S5)/T(S) C

M(S) is naturally an orbifold.
1.4. Deformation theory of Riemann surfaces with boundary.

Let S be a smooth compact Riemann surface with boundary and x(5) <
0,and let [f : S — %] € T(S). We want to understand the deformations
of ¥ as a Riemann surface with boundary (and possibly cusps). We refer
to [DM69], [Ber74| and [Ber75] for a more detailed treatment of the
case of surfaces with nodes.

A first way to approach the problem is to pass to its double dX.
Suppose first that > has no cusps and so d¥ is smooth.

The space of first-order deformations of complex structure on the
surfaces d¥ can be identified to the complex vector space H(dX) of
harmonic Beltrami differentials. If ¢ is the hyperbolic metric on dX
and Q(dY)) is the space of holomorphic quadratic differentials on d%
(i.e. holomorphic sections of (T)®?), then the elements of H(dX) are
(0, 1)-forms g with values in the tangent bundle of ¥ which are harmonic
with respect to g, so that they can be written as u = /g, for a suitable
¢ € Q(d¥). Thus, H(dX) can be identified to the dual of Q(d¥).

To construct complex-analytic charts of 7(dS) (or of M(dS)), one
can use a method mostly due to Grothendieck and whose details can
be found in [AC] and in [ACGH]. It relies on the fact that smooth
compact Riemann surfaces, with negative Euler characteristic, can be
embedded through the tricanonical linear system in a complex projective
space. Thus, all holomorphic families of such curves can be pulled back
from a smooth open subset V of a Hilbert scheme and a semi-universal
deformation D(dY) of d¥ (which means that the Kodaira-Spencer map
is an isomorphism at every point of D(dX)) can be obtained just taking
a suitable slice of V. After restricting the family over a ball, D(dX) gives
an complex-analytic orbifold chart for [dX] € M(dS) and (choosing a
smooth trivialization of the family) an honest chart for a neighbourhood
of any [f : dS — dX] € T(dS).

Because ¢ acts on D(dX) as an antiholomorphic involution, then the
first-order deformations of complex structure on dS compatible with
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TRIANGULATED RIEMANN SURFACES WITH BOUNDARY 11

the o-involution are parametrized by the real subspace H(dX)?, dual to
Q(dX)? (which can be identified to the real vector space of holomorphic
quadratic differentials on ¥, whose restriction to 0% is real).

If ¥ has k cusps, then d3 has k nodes vy, .. ., v, and the semi-universal
deformation D(dY) (and so the orbifold chart for M(dS) around [dX)])
can still be constructed slicing the Hilbert scheme of curves embedded
using the third power of their dualizing line bundle.

If S — D(dY) is the tautological family, one can find an open subset
U; C § with local analytic coordinates z;, w; such that the deformation
of the node v; looks like {z;w; = t;}, where {t1,...,tx,s1,...,Sn} are a
system of coordinates at [dX] on D(dY).

The smooth divisor N; = {t; = 0} C D(dX) parametrizes those
deformations of d¥ in which the node v; survives. Call N = ﬂlej\/l

As a consequence, the space of first-order deformations of d¥ is given
by

0 —— TysN ——= TysD(dX) —= Ny/p(as) —= 0

Tg =

H(dX) ck

where in this case H(d) is the space of harmonic Beltrami differentials
on d¥ that vanish at the nodes and C* is spanned by the 9/0t;’s.
Consequently, the space of first-order deformations of 3 is given by

0——=H(dX) —=TxD(X) —= R ——0

where R¥ = (C¥)?. However, only the directions that project to (R>g)¥ C
R* (corresponding to ty,...,t; > 0) belong to the tangent cone. In fact,
being interested in the deformations of d3 that preserve the symmetry
o, we can choose w; = Z;, and so t; = z;w; = |z|? > 0.

From a different perspective (using harmonic maps), it follows from
[Wol91] that the tangent cone to 7 (S) at [f : S — ¥] can be parametrized
by the space Q(X) of quadratic differentials, which are holomorphic on
3, real along the boundary components and that look like (%5272 +
a_1z~ ' 4+ ...)dz? at the cusps, with a_s < 0.

Both approaches show that 7(S) can be made into a real-analytic
smooth variety with corners.

From a global point of view, the Teichmiiller space 7 (S) has a natural
embedding D : 7(S) — 7T (dS) onto the real-analytic submanifold of
dS-marked Riemann surfaces that carry an anti-holomorphic involution
isotopic to o.

REMARK 1.1. The inclusion above can be extended to an embed-
ding D : T(S) < 7T (dS), where T (which contains 7T) is the Deligne-
Mumford bordification of 7. We will not deal with 7: for further
details, see also [Loo95] or [ACGH].
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12 GABRIELE MONDELLO

1.5. The Weil-Petersson form. Let S be a smooth compact Rie-
mann surface with boundary with x = x(5) < 0 and consider the
universal family 7 : & — 7T(S) over the Teichmiiller space of S. The
fibers of m are S-marked surfaces endowed with a metric of constant
negative curvature —1, that is the vertical tangent bundle T over § is
endowed with a Hermitean metric g.

DEFINITION 1.2. The Weil-Petersson bivector field on T(S) at [f :
S — (3, 9)] is given by

wmw:mA%

for every p,9 € Q(X) = T[*}}’Z:(S)
Clearly, we can also easily define the Weil-Petersson 2-form wg on
T(S)at[f:S— (X,9)] (i.e. where ¥ acquires no cusps) as

ws(p,v) :=Im/ B - g
3
for p,v € H(X) =TT (S).

REMARK 1.3. The divergence occurring when ¥ acquires cusps, that
is when d¥ acquires nodes, was first shown by Masur ([Mas76]) using
local coordinates due to Earle and Marden. As one can notice below,
the Weil-Petersson form is smooth in Fenchel-Nielsen coordinates. Thus,
the differentiable structure of M, ,, underlying the complex-analytic one
is different from the Fenchel-Nielsen differentiable structure; a phenom-
enon that was investigated more deeply by Wolpert ([Wol85]).

There is another way to describe the Weil-Petersson form on 7 (S). A
pair of pants decomposition of S determines Fenchel-Nielsen coordinates
... ,Egg,3+n € Ry, 7m,... y T3g—3+n € R and also p; = gCi > 0 for
every boundary component C; of S.

Theorem 1.4 ([Wol83b], [Gol84]). The Weil-Petersson 2-form can

be written as
3g—3+n

wg = Z dl; A dr;
=1

onT (S), with respect to any pair of pants decomposition.

REMARK 1.5. Literally, Wolpert proved Theorem 1.4 for closed Rie-
mann surfaces, but an inspection of his paper [Wol83b| shows that the
statement holds also for Riemann surfaces with boundary.

In [Gol84|, Goldman defines the Weil-Petersson symplectic form on
the representation variety of a closed surface. The same definition and
treatment can be extended to the representation variety of nonclosed
surfaces with or without prescribed holonomy along the boundary com-
ponents (see, for instance, [Gol06]).
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As a consequence, if S is a closed surface, then (7 (S),ws) is a sym-
plectic manifold. If S has n boundary components, then wg is degener-
ate on 7 (S), but (7(S)(p1,...,pn),ws) is a symplectic manifold for all
P1s---,pn = 0.

1.6. Double of a Riemann surface and Weil-Petersson Poisson
structure. Consider a smooth compact hyperbolic Riemann surface S
of genus ¢g with boundary components C,...,C, and let dS be its
double.

It follows directly from the definition that the embedding D : 7 (S) —
7 (dS) induced by the doubling construction is Lagrangian. Hence, we
relate the Weil-Petersson structures on 7 (S) and 7 (dS) in a different
way.

There is a natural map =, : 7(dS) — 7(5) induced by the inclu-
sion ¢ : S < dS that associates to [f : dS — (R, g)] the S-marked
hyperbolic subsurface of R with geodesic boundary isotopic to f(¢(.5)).

Call T7(dS) () the restriction of the tangent bundle of 7 (dS)
through D.

DEFINITION 1.6. Set 7g := (7, )« <nds‘7(5)>’ where 145 is the Weil-

Petersson bivector field on 7 (dS) and (7). : TT(dS)‘T(S) — TT(S).

Proposition 1.7. The bivector field fjs coincides with ng on T (S)
and we can extend fg to T(S) by setting it equal to ng, so that they
define a Poisson structure on T (S), whose symplectic leaves are the

fibers of L :T(S) — RZ,.

Proof. The bivector 7jg defines a Poisson structure on 7 (.S) because it
is obtained pushing 749 forward and 7,9 defined a Poisson structure on
7(dS). The equality ns = njs follows from Wolpert’s work [Wol83b].

To verify this second claim, pick a pair of pants decomposition for S.
On 7 (dS) we have Fenchel-Nielsen coordinates ¢;,7;, ¢;, 7/ for 1 < i <
3g — 3+ n plus (p;,7;), where p; = {,(c;) and 7; is the twist parameter
of «(Cj). By Theorem 1.4 we have

39—3+n
0 0 0 0 0 0
P (aeﬂa—n‘a—eﬁa—f;)‘?@%

=1

because switching orientation changes the sign of the twist. Hence
3g—3+n

(s V== 3 2l
P\ ")) T & o o

which is vertical with respect to £ and whose restriction to each fiber of
L is dual to the Weil-Petersson form according to Theorem 1.4. q.e.d.
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1.7. The complex of arcs. Let S be a smooth compact Riemann sur-
face with boundary components C1, ..., C},, and marked points cy, ..., ¢y,.
Assume n +m > 0.

An arc on S is an embedded unoriented path with endpoints in
0S U{ci,...,cn}, which is homotopically nontrivial relatively to 95 U
{c1,...,em}. A k-system of arcs is a set of k arcs that are allowed to
intersect only at the marked points of S, and which are pairwise nonho-
motopic (relatively to 0S U {ci1,...,cn}). We will always consider arcs
and systems of arcs up to isotopy of systems of arcs.

DEFINITION 1.8. The complex of arcs A(S) of S is the simplicial
complex, whose k-simplices are (k + 1)-systems of arcs on S. Maximal
simplices of A(S) are called triangulations.

The complex of arcs was introduced by Harer in [Har86] (see also
[Lo095]).

A systems of arcs a = {ag,..., o} € A(S) fills if S\ J;a; is a
disjoint union of discs; a quasi-fills if S\|J; a; is a disjoint union of discs,
pointed discs and annuli that retract onto a boundary component. Call
A°(S) C A(S) the subset of systems that quasi-fill and 2., (S) C A(S)
the subset of those that do not: 2, (.5) is a subcomplex of (.S). Write
|20°(S)| for |A(S)] \ |Aeo(S)|, which is open and dense inside |[2((S)].

Also, define |A°(S)|r := |A°(S)| x R4. The space of ribbon graphs
MemP(S) mentioned in the introduction is homeomorphic to |A°(S)|g /T'(S):
given a system of arcs a that quasi-fills, we can construct a ribbon graph
embedded in S by drawing edges transversely to the arcs of a. In this
duality, the weight of an arc corresponds to the length of its dual edge
in the ribbon graph.

REMARK 1.9. If 3 is a hyperbolic surface, by an arc a on ¥ we will
usually mean the unique geodesic arc in the isotopy class of o that meets
0. perpendicularly, unless differently specified.

2. Triangulations and spines

Let S be a compact hyperbolic Riemann surface with nonempty
boundary. For every arc a on S, we have the length function ¢, :
T(S) — (0,400] that associates to [f : S — (X, g)] the length of the

arc f(a).
DEFINITION 2.1. The s-length of the arc « is s(a) = cosh(44/2).

REMARK 2.2. The definition above is due to Ushijima [Ush99] up to
a factor v/2.

As a triangulation of a hyperbolic surface produces a dissection into
hyperbolic hexagons with geodesic edges and right angles, we have the
following.
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Proposition 2.3 ([Ush99]). Let S be a compact hyperbolic Riemann
surface with boundary. Fiz a triangulation o = {o, ..., a6g—6+3n} Of
S. The map s(a) : T(S) — Rig_6+3n is a real-analytic diffeomorphism.

Every S-marked hyperbolic surface (X, g) has a preferred system of
arcs, that is actually a triangulation for most surfaces. It can be equiv-
alently obtained using the convex hull construction [Ush99] (following
[Pen87|, [EP88| and [Ko0j92]) or using the spine [BE88]. We follow
this second way.

2.1. Spine of a Riemann surface with boundary. Let 3 be a com-
pact hyperbolic Riemann surface with nonempty boundary, and possibly
cusps.

We define the valence v(u) of a point w € ¥ which is not a cusp as the
number of shortest geodesics joining u to 0% that realize the distance
d(u,0%). Clearly v(u) > 1 (the constant geodesic being allowed).

To define the valence of a cusp ¢, consider a geodesic v ending in c.
Fix a small embedded horoball B at ¢ and define the reduced length
65 of 7 as the length of the truncated geodesic v\ B. The shortest
geodesics ending at ¢ are the nonconstant geodesics joining ¢ with 93,
which minimize ¢Z. Different choices of B change the reduced length
by a constant term, so that shortest geodesics ending at a cusp are
well-defined. Thus, we can say that the valence v(c) of a cusp c is the
number of shortest geodesics ending at c.

C

Define the loci N := {u € ¥|v(u) = 2} and V := {u € ¥|v(u) >
3} U{cusps}. Notice that N is a finite disjoint union N = [ . Efup Pe Of
simple open geodesic arcs (edges) and V' is a finite collection of points
(vertices).

DEFINITION 2.4. The spine Sp(X) of ¥ is the 1-dimensional CW-
complex embedded in ¥ given by V U N.

Let e € Ef;y, be an edge of the spine of X. Pick any point u € 3. and
let 71 and 79 be the two shortest geodesics that join v with 0%. The
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isotopy class of the unoriented arc with support v; U 7 is called dual
to B.. We will denote by . the geodesic arc dual to . that meets the
boundary perpendicularly.

Pick B C ¥ a small embedded horoball at the cusp c¢ such that
BNV = {c} and call sectors of the cusp ¢ the connected components
of B\ Sp(¥). Clearly, sectors of ¢ bijectively correspond to shortest
geodesics ending in ¢. Let E, be the set of sectors of all cusps in 3.
For every e € E, call a, the corresponding shortest geodesic.

Thus, we can attach to ¥ a preferred system of arcs Sp*(X) :=
Sp}in(X) USPL,(X) € A(X), where Sp};, := {ae | e € Efin} and Spy, ==
{ac|e € Ex}. Call E := Eyiy, U E, and notice that ¥\ U,cp ae is a
disjoint union of discs, so that Sp*(X) really belongs to 2°(X). Also,
Y\ Uee Epun Qe is a disjoint union of discs and pointed discs, so that

Sp}:, (%) belongs to 2A°(X) too.

Figure 1. a, is the shortest geodesic outgoing from the
unique sector of the cusp c.

2.2. Spine of a truncated surface. Let X be a compact hyperbolic
surface with boundary circles C1,...C), and cusps cy,...,cp. Fix p =
(p1,--.,pm) & vector of nonnegative real numbers.

For small € > 0 let ¥, be the truncated surface obtained from X by
removing the open horoball of radius ep; at the i-th cusp (which will be
disjoint for € small enough).

On X, there are well-defined boundary distance and valence function.
Define Sp(X.,) to be the spine of .

Lemma 2.5. The closure of lim._,q Sp(ZaE) 15 a 1-dimensional CW-
complex embedded in 3, which actually coincides with the spine Sp(X).

Proof. In fact, for every point « € X which is not a cusp the restriction
of the boundary distance function d(—, 0%.p) : ., — R to a fixed small
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neighbourhood of u stabilizes as € — 0 and coincides with the restriction
of d(—,0%) : ¥ — R U {oo}. So that the valence function v, also
stabilizes. As Sp(X2.p) is a 1-dimensional CW-complex for positive ¢,
the same holds for the limit. Thus, in this case, the limit is independent
of the choice of p. q.e.d.

We attach X, the system of arcs dual to the spine Sp*(¥.p) €
A°(Xp). For e small, Sp*(3p) coincides with Sp*(¥), so they define
the same arc system in 2°(X,) = A°(X).

2.3. Spine of a decorated surface. Let > be a hyperbolic surface
with cusps c1,..., ¢y, and no boundary circles. Choose a nonzero vec-
tor of nonnegative numbers p = (p1,...,pn) and denote by X, the
truncated surface. -

As the geodesics that realize the minimum distance from the bound-
ary meet the horocycles perpendicularly, it is easy to see that d(u, 0%.p) =
d(u, 0%.p) +log(e’ [e) for every u € X.,NE.r,. Thus, the valence v does
not depend on & (when it is deﬁned),_which_ essentially proves the fol-
lowing lemma.

Lemma 2.6. The homeomorphism type of Sp(X.p) stabilizes when
e —0. -

We call Sp(X, p) the closure inside ¥ of lim._,g Sp(X.p). Following
Section 2.1, let E_fm be the set of edges of Sp(%,p) and E.. the set
of sectors of cusps ¢; with p; = 0. Define analogously Sp*(%,p) :=
SP}in (2, p) USpe. (2, p) € A°(X).

DEFINITION 2.7 ([Pen87]). A decorated surface is a couple (3,p)
where Y is a hyperbolic surface with m cusps and no boundary circles,
and p = (p1,...,Pm) is a nonzero vector of nonnegative numbers.

Notice that Sp(X, p), Sp*(¥,p) and Sp};, (3, p) depend only on the
choice of a projective class [p] € (RY, \ {0})/Ry = A™=1. Moreover,
the i-th cusp is a vertex of the spine if and only if p; = 0.

2.4. T'-equivariant cellular decomposition of 7 (5). Let a be a tri-
angulation of a compact hyperbolic surface ¥ with nonempty boundary
(and possibly cusps).

Let o; and (7;- be two distinct oriented arcs whose supports belong to
a and which point toward the boundary component C. Define d(&;, &;)
to be the length of the path along C that runs from the endpoint of &; to
the endpoint of 07; in the positive direction (according to the orientation
induced on C). Clearly, d(c;,a;)+d(a;, a;) = Lo, which is actually zero
if C' is a cusp.

Now, let a;, 07; .y, the oriented arcs that bound a chosen connected
component ¢ of ¥\ (J,cq @ Assume that (ai, a5, ar) are cyclically
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ordered according to the orientation induced by t. Define

where @ is obtained by reversing the orientation of .

DEFINITION 2.8. Given an arc « of the triangulation a € A(X), we
call wa () the width of o with respect to a.

REMARK 2.9. Luo [Luo07] used the term “E-invariant” for the width.

Proposition 2.10. With the notation above,

. vy 8(ag)? + s(ag)? — s(ai)?
sinh(wa/(@;)) = 25(a;)s(p)/5(@)? - 1

Proof. We prove the statement in the case when weq(ay) > 0 for
r = 1,7, k. The other cases can be treated similarly. We will denote by
a, the length of a,. and by f,. the orthogonal projection of u on the side
of H facing «, for r =i, j, k (see Figure 2).

Figure 2. Geometry of the hexagon t.

Call v; the angle ka = WZ and define analogously 7; and ~.
Notice that v; +v; +7v% = 7. As (m; y; 2 my u) is a pentagon with four
right angles, Lemma A.3 gives

cosh(a;/2) cosh(ag/2) + cos(v; + k)
sinh(a;/2) sinh(ay/2)

cosh(y;21) =
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As (2 yi zj yj 2k yi) is an hexagon with six right angles, by Lemma A.4
we have

cosh(aj) cosh(ay) + cosh(a;) _
sinh(a;) sinh(ay)
_ cosh(a;) cosh(ay) + cosh(a;)
4sinh(a;/2) sinh(ay/2) cosh(a;/2) cosh(ay/2)

cosh(a;) cosh(ay) + cosh(a;)
4 cosh(a;/2) cosh(ay/2)
As (m;y; fru) is a quadrilateral with three right angles, then part

(a) of Lemma A.2 gives

cosh(yj ) =

sothat cosh(a;/2) cosh(ay/2)+cos(v;+yk) =

sinh(a;/2) sinh(y; fi) = cos(vi) = — cos(v; + k)

Because weq (a;) = y; fi, we deduce

cosh(a; /2) cosh(ay /2)—sinh(as /2) sinh(we (@) — %) coshiar) + cosh{a,)

4 cosh(a;/2) cosh(ay/2)

From s(a;.) = cosh(a,/2), we get cosh(a,) = 2s(a,.)?—1 and sinh(a,./2) =
v s(ay)? — 1. Substituting inside the expression above, we get the
wanted result. q.e.d.

REMARK 2.11. As a byproduct of the proof above, we have also ob-
tained that
s(a;)? 4 s(ar)® — s(ai)?
2s(aj)s(ag)

Other length functions that are sometimes useful are the b-lengths: for
every hexagon in ¥ \ |, a;, the b-lengths are the lengths of the edges
lying on a boundary component. In Figure 2, the b-length b;; is the
length of the path from y; to zj; passing through f;. Using Lemma A .4,
we have

cos() =

cosh(a;) cosh(ay) + cosh(a;)

h(b: ;) =
cosh(by,;) sinh(a;) sinh(ay)

Fixed a triangulation, the set of all b-lengths is too large to be a system
of coordinates, but Ushijima proved [Ush99]| that their relations are
generated by homogeneous quadratic ones in their hyperbolic cosines.

If we deal with the system of arcs Sp%;,(X) instead of a general tri-
angulation, we can define the widths even if Sp*(X) is not a maximal
system.

Consider an arc o, with e € Ey;;,, choose an orientation aq of a, and
view o, as pointing upwards. For every point u € f3,, call Pz (u) the
projection of u to the boundary component pointed by ag.
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Call wsp(a) the length (with sign) of the boundary arc that runs
from the endpoint of oy leftward to the projection Pg:(vp) of the left
endpoint v; of .. Define wgp(a) := wsp(cTe)) + wsp(éﬁ).

REMARK 2.12. The width wgp(ae) is always positive, but wsp(ae) or
wsp(&e) might be zero or negative. Notice that, given [f : S — (3, g)] €
T(S)\7(5)(0) the system f*ws, defines a point in |A°(S)|r.

The following results by Ushijima and Luo adapt and generalize Pen-
ner’s work on ideal triangulations [Pen87] (see Section 2.5).

Theorem 2.13 ([Ush99]). Let X be a hyperbolic surface with nonempty
boundary and possibly cusps. There is at least one triangulation o such
that wa(a)) > 0 for all o € ae. Moreover, the intersection of all these
triangulations is Sp*(X) and wsp(a) > 0 for all v € Sp};, (X).

Theorem 2.14 ([Luo07]). Let S be a compact hyperbolic surface
with boundary. The induced map
T($)\T(8)(0) —= ()=
[f:5 = (8, 9)] —— frwgp
is a T'(S)-equivariant homeomorphism.

_ Theorem 2.14 gives a I'(S)-equivariant cellular decomposition of T(9)\
7(5)(0) and so an orbisimplicial decomposition of the moduli space
M(S) \ M(5)(0).

2.5. The cellular decomposition for decorated surfaces. Let (X, p)

be a decorated hyperbolic surface (see Definition 2.7) with cusps ¢1, ..., ¢
and no boundary, and let a € 2(X) be a triangulation.
Take a small € > 0 such that the horoballs at cy,..., ¢, with radii

Epi,...,EPm are embedded and disjoint. The truncated length fig of
an arc « € « is the length of the truncation a N ZEB' As EZB = fig +
2log(e /') for small e, > 0, then we can define (% := (2 + 2log(e),
which is independent of ¢.

Theorem 2.15 ([Pen87]). Let S be a hyperbolic surface with m
cusps and let a € A(S) be a triangulation. The lengths {E|a € a}
are real-analytic coordinates on the space T (S)(0) x R! of positively
decorated surfaces ([f : S — X],p).

In the theorem above, really Penner used the A-lengths, defined as

AMa,p) = 2exp(£%). Notice that Penner’s A-lengths are the limit of

the s-lengths in the following sense: given a sequence ([f, : S — X))
in 7 (S) that converges to [f : § — X] € T7(5)(0), we have

s(ai)(fn) _ Mei,p™)(f)

lim =

n—co s(cj)(fn) ~ Mg, p)(f)
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whenever [p™] — [p(>)] in A™~! (and we have set p™ = L(f,)).

On the other hand, the role of the distance d(a;,a;) between the
endpoints of two oriented arcs a; and a; (defined in Section 2.4) is
played by the length d,(a;,@;) of the horocyclic segment, running from
the endpoint of a; N ¥, to the endpoint of 07; N X, in the positive
direction. - -

Pick a connected component ¢ of £\ J,cq @ and let (a7, @, o) the
arcs that bound ¢ with the induced orientation and cyclic order.

Penner defined the “simplicial coordinate” X; := X (a;,p) + X (a5, p)
associated to a; setting - B

~ May,p)® + Mag, p)? = Mai, p)?
)‘(O‘hﬂ)/\(ajvﬂ))‘(alﬁﬂ)

For a sequence ([f, : S — X,]) as above, we also have
i wa (@) (fn) X (@ p>)(f)
im =

TR Y ke Pl(cn) ket pl(coo)
Similarly, fixed a triangulation c«, Penner defined the h-lengths to be

the lengths one-half the lengths of the horocyclic arcs appearing in the

truncated triangles of ¥¢p, \ ; ci;. If ¢ is a truncated triangle, bounded

by arcs «;, o, aj, (cyclically ordered), then Penner showed that hy; =
i

XA

. One can observe that

. 2hyi(f, pl>)
lim bt,z(fn) o t, (f p )

Ty e pl(cn) 2 ket pl(coo)
so the b-lengths limit to the h-lengths (up to a factor 2).
The convex hull construction, or equivalently the spine Sp(3, p), gives
a preferred system of arcs Sp*(X,p) on X. Analogously to what done
in Section 2.4 with the widths, one can define simplicial coordinates
X,p for arcs in Sp*(X, p) as half the lengths of their projection to the
truncating horocycles.

Theorem 2.16 ([Pen87]). Let (X,p) be a hyperbolic decorated sur-
face. There is at least one tm’angulatioﬁg such that X(a,p) > 0 for all
a € a. Moreover, the intersection of all these triangulations is Sp* (%)
and Xsp(a,p) > 0 for all o € Sp},, (¥).

Theorem 2.17 ([Pen87|). Let S be a hyperbolic surface with m
boundary components. The induced map

T(9)(0) x (A1 x R, ) — |A°(S)|r
(If : 8= (5, 9),p) ——— "Xy

is a I'(S)-equivariant homeomorphism.
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_ Theorem 2.17 provides a I'(S)-equivariant cellular decomposition of
7(9)(0) x (A™=! x R;). and so an orbisimplicial decomposition of
M(S)(0) x (A™ 1 x R,).

3. Fenchel-Nielsen deformations and distances between
geodesics

3.1. The Fenchel-Nielsen deformation. Let R be a hyperbolic sur-
face without boundary and £ C R a simple closed geodesic. A (right)
Fenchel-Nielsen deformation Twye of R along & of translation distance
t is obtained by cutting R along &, sliding the left side forward by ¢
relatively to the right side and regluing the two sides. Notice that the
deformation is an isometry outside €.

The terminology is due to the fact that the deformation pushes one
to the right when one passes the default line.

REMARK 3.1. Let R be a compact hyperbolic surface without bound-
ary and {&1,...,{n} a maximal system of simple closed curves. Let
(¢i,7)Y, be the associated Fenchel-Nielsen coordinates. Then, the
Fenchel-Nielsen deformation along &; of translation distance ¢ acts as
(fl,Tl, RN ,KN,TN) — (fl,Tl +t,€2,7'2,. . ,EN,TN).

The Fenchel-Nielsen deformation Twye : 7(R) — 7 (R) is the flow of
a Fenchel-Nielsen vector field 0/0t¢ on T (R) (see [Wol83b]).

Let H = {z € C|Im(z) > 0} be the Poincaré upper half-plane and
let OH = R = R U {00} the extended real line.

Choose a uniformization 7 : H — R and let G = Aut(m) = m1(R).
Fix a simple closed geodesic £ C R and let é — 51590 C Hbe a lift of &,
that is a connected component of Wfl(f), where 51,50 € JH and 8;92
denotes the geodesic on H with limit points s; and sp. The lift of Twy
is the composition of the Fenchel-Nielsen deformations Tw,¢ along all
the lifts € of £.

The Fenchel-Nielsen deformation of R = H/G can be described as
H/w;Gw; ", where (w; : H — H); is a continuous family of quasi-
conformal automorphisms that fix 0, 1 and oo, and wyq is the identity.

A typical case (described in [Wol83b]) is when G is the cyclic group
generated by the hyperbolic transformation (z — Az) with A > 0 and
the Fenchel-Nielsen deformation is performed along the simple closed

geodesic W(Ogo).

Let 0 = arg(z) and ®(0) = foe p(a)do, where ¢ : (0,7) — R>q is a
smooth function with compact support and [ p(a)de = 1/2. Then,
wy is given by
(1) wy(z) = z - exp[2tP(0)]
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In this case, by 0z/ 87’02o (at the identity) we will mean Owy(z)/0t
(evaluated at t = 0) for every z € H.

3.2. Cross-ratio and Fenchel-Nielsen deformation. Endow the
extended real line R = RU{oo} with the natural cyclic ordering < com-
ing from R = S'. Given p,q,r,s € R, their cross-ratio (p,q,r,s) € R is
defined as

(p—7)g—s)

(p—s)g—r)

Wolpert computed how the cross-ratio (p, ¢, , s) varies under infinitesi-

(p7Q7T7 S) =

mal Fenchel-Nielsen deformation of H along the geodesic 189 with limit
points s1, s € R.

Lemma 3.2 ([Wol83b]). Assume z1,22,23,21 € R are distinct and
s1, 82 € R are distinct. Then

4
0

?(217227237»24) = (21, 22, 23, 24) E XL(25) [(Zo(): 51, 52, 25) = (27(j), 51, 52, 2j)]
5182 Jj=1

1 2 3 4 1 2 3 4 .
wherecr—<3412>,7— 43 9 1)664andXLzsthe
characteristic function of [s3,s1] C R (where [s2,s1] = {z € R|s; <
x < s2}).

The proof follows from the explicit expression of w; given in Equa-
tion 1.

Consider two nonintersecting
geodesics ¢r and ps in the up-
per half-plane H with endpoints
p,q,7s € R. The distance h =
{5 between ¢r and ps is given by
cosh(h) =1-2(p,q,r,s), or equiv-
alently (p,q,r,s) = —sinh?(h/2).

€ H Consider  two  intersecting
geodesics ¢gr and ps in the up-
per half-plane H with endpoints
q S p,q, 7,5 € R. The angle ¢ = pzq is
given by cos(e) = 2(p,q,r,s) —
1, or equivalently (p,q,7r,s) =

cos?(g/2).

3.3. The variation of the distance between two geodesics. Let
R be a hyperbolic surface without boundary and let v; and ~» are two
(possibly closed) geodesics in R. Let § C R a (nonconstant) geodesic
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arc meeting ~; and 2 perpendicularly at its endpoints y, ys. Orient ;
in such a way that, if we travel along -y; in the positive direction, then
at y; we see § on our left.

Let £ C R be a simple closed geodesic. If x; € £ N ~;, then we will
denote by v,, the positive angle at z; formed by a positively oriented
vector along ~; and £ and by d(y;, ;) the length of the path obtained by
travelling from y; to z; along ~; (which is a well-defined real number, if
~i is open, whereas it is required to belong to the interval (0, p;), if 7; is
closed). The proof of the theorem below adapts arguments of Wolpert
in [Wol83b].

Theorem 3.3. With the above notation, assume that £ are § are
disjoint and that v, = w/2 for every x € £N (y1 U~a). Then

i(h) =c1+ e with C; = Z CZ(J:Z)

87—5 x €6My;

where p; = £, h = {5 and

0- . .
9 exp(—|d(yi, xi)|) if v; is open

ci(z;) = sinh(p; /2 — d(y;, ;)
2sinh(p; /2)

if v; is closed

with o = sgn(d(yi, x;)).

REMARK 3.4. To check that the result and the coefficients in the
formula above are reasonable, think of the case when ¢ intersects 1 in
one point x1 and it does not intersect yo. If d(y1,z1) > 0 is very small,
then the derivative is close to 1/2. In fact, after performing a right twist
of length ¢ along &, the new geodesic v; will interpolate the two broken
branches of the old i, and so it will be farther from ~o by £/2.

Choose 7 : H — R a uniformization and pick a lift 6 C Hof 4. Call Ui
the endpoint of 6 mapped to y;. Let 4; be the lift of ~; passing through
Ui and call p,q,r, s € R their ideal endpoints in such a way that 5; =
Jo = grand p < s =g=r=<p in the cychc order < of R 2 Sl Call

the portions '71 =115 C A1 (resp. 47 :=py1 C Y1) and 7 72 = yar C Yo
(resp. Y5 == q¥2 C %) positive (resp. negatwe) Under the hypotheses

of Theorem 3.3, a lift { of £ does not 1ntersect 6 and it may intersect at
most one of the four geodesic segments 'yZ .

XXX XXX



TRIANGULATED RIEMANN SURFACES WITH BOUNDARY 25

k>0

Pick x; € v; NE. If ~; self-intersects at x;, then consider each branch of
v; separately.

If ~; is open, then x; has only one lift that lies on 7;. Call it 5:? if it
belongs to :yf and 532-_1 if it belongs to 7, .

If ; is closed, then let Z? the lift of z; which belongs to '~yi+ and which
is closest to ;. Consider v; as a loop based at x; and define :Z‘f to be the
endpoint of the lift of (7;)* that starts at &) for every k € Z. Clearly,
ik e ?j for £ > 0 and :Z‘f € 7, for k < 0. Notice that the distance with
sign d(;, ¥¥) (that is, the length of the portion of 4; running from §; to
#¥ in the positive direction) is exactly d(y;, z;) + kp;.

Call £(&F) the only lift of ¢ that passes through #F. The deriva-
tive d(p, q, 1, s)/07¢, which we will sometimes denote by 0¢(p, ¢, r, s) for

brevity, is the sum of 85(]), q,r,s) for all lifts € of €. Notice immediately
that the deformation along é does not contribute if é does not intersect
71 U5a.

Define the contribution of z; € { N~y; to (p,q,r,s)/0T¢ as

M if 7; is open and d(y;, x;) > 0
87’* ~0
p,q,1:5) — op.¢.7,5) if ; is open and d(y;, z;) < 0
O7e 2, O7g;)
78%)’ ?’ r:5) if 7; is closed
kez  9TE@EY)
tanh(h/2) 0
ey — /) D(pg )

(pqurv 8) aTé,xi

3.4. Proof of Theorem 3.3. Now we compute the contribution of the
Fenchel-Nielsen infinitesimal deformation along &(¥) for z; € € Ny;.
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3.4.1. Contribution of £(&¥) for k > 0. Let £(Z}) = s1s5 in such a
way that s € (sg,s1) and call Dy the geodesic segment joining 7; and
k.

Lemma 3.2 gives us

631}2(p>Q7T7 8) = (p7Q7T7 s)[(Q7 81,82,8) - (p781>82>8)]

The geodesics 41 = };:9 and s1s9 intersect orthogonally. Hence, (p, s1, s2,$) =
1/2 and so (g, s1, S2,8) — (p, s1, S2,8) = 1/2cos(m — ). We have so far
obtained

1 1
0~ (p,q,r,s) = =(p,q,r,s)cos(m — 1) = —§(p,q,r, s) cos(19)

5182 2

where ¢ is the angle shown in the picture below.

Figure 3. Picture for £ > 0

Let m be the midpoint of 6 and let A be the geodesic segment that
meets ¢ and gs orthogonally. Notice that, if p, ¢, 7, s are fixed, then s1s9
is uniquely determined by ¢p, and cos(?) is a real-analytic function of
lp,.

In the picture above, we are assuming that s1so does not meet A, but
the formula for cos(?) we will derive in this case will hold even in the

case when s1sy intersects ), because of the real-analyticity mentioned
above.

Applying part (a) of Lemma A.2 to the quadrilateral (¢ g2 mn), we
obtain

1 B 1
sinh?(h/2)  tanh(h/2)

sinh(l) = = cosh(l) = (/1 +

1
sinh(h/2)
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where h = {3 and [ = ¢,.
Applying Lemma A.3 to the pentagon (9nm g #F), we obtain
cosh(l) cosh(dy) + cos(®)
sinh({) sinh(dy,)

cosh(h/2) =

where dj, = {p,. Thus
cos(¥) = cosh(h/2)sinh(l) sinh(dg) — cosh(l) cosh(dy) =
_sinh(dy) —cosh(dy)  exp(—dy)
tanh(h/2) tanh(h/2)

exp(—dx)
S tanh(h/2)

Hence, 8g(j;f)(p, q,r,8) = (p,q,7,5) . If v is closed, d; =

exp(—dy — kp1)
2tanh(h/2)

dO + kpl for k > 07 and so 85(5’;)(297(]77”7 8) = (pqurv 8)

3.4.2. Contribution of £(z¥) for k < 0. Let £(Z%) = s1s9 in such a
way that p € (s1,s2) C R. Lemma 3.2 gives us

03?52 (p7 q,T, 8) = (p7 q,7, s)[(p, 51, 82, ’I”) - (p7 51, 52, 8)]
As in the previous case, (p, s1, s2,$) = 1/2 and so (p, s1, s2,7)—(p, $1, S2,8) =
1/2cos(¥). Thus

1
0., ., 8) = 5(p, q,7,5) cos(v)

where 9 is the angle shown in the picture below.

Figure 4. Picture for k < 0
Arguing as in the case k > 0, we obtain

cos(¥) = cosh(h/2)sinh(l) sinh(dy) — cosh(l) cosh(dy) =

XXX XXX



28 GABRIELE MONDELLO
_ sinh(dy) — cosh(dg) _  exp(—dy)
~ tanh(h/2) ~ tanh(h/2)

exp(—dk)
Stanh(h/2)"

Hence, 85(56;;)(]), q,r,8) = —(p,q,7,5) If v1 is closed, dy =

exp(dp + kp1)

—kpr—dp - - _ .
kp1 —dg for k < 0 and so 8£($;f)(p,q,r,s) (p,q,r,s) > tanhi(/2)

3.4.3. Contribution of z;. If 1 is open, there is only one summand,
which we have already computed. If v is closed, we obtain

a(pu q,7, S) — Z 8(?7%7“7 8) + 8(177(]77“7 8) —
0T, k>0 OTg(at) = Omea

B exp(—dy — kp1) exp(do + kp1)
(079 | D 2 tanh(h/2) z;) 2 tanh(h/2)

k>0

- % exp(—do) ];O[exp(—m)]k —exp(dy — p1) ;[exp(—pl)]j _

_ (p> q,7, 8) exp(—do) — eXP(dO - pl)
2tanh(h/2) 1 —exp(—p1)

Multiplying and dividing by exp(p1/2), we get

@) op,q,m,8) _ (p,g,rys) sinh(p1/2 —d(y1,21))
OTe,  2tanh(h/2) sinh(p;/2)

because dy = d(§1,7Y) = d(y1,z1).

3.4.4. Contribution of x-. Because of the symmetry between v; and
Y2, we can apply the same argument above to every point xo € £ N .

End of the proof of Theorem 3.3. Differentiating the relation log |(p, ¢,, s)| =
log sinh?(h/2) we get
dh  tanh(h/2)
d(p,q,r,s)  (p,q,7,s)
Using the above computations and the chain rule
Oh dh a(p,q,r,s)
ote  d(p,q,m,5) O0te

we get the result. q.e.d.

3.5. The general case. It turns out that the result can be extended
to the case when the v’s are not necessarily right angles and £ may
intersect 0.

A point of intersection z € £ N 4§ is near v; if dx; € £ N~y; such that
[2,yi] C 0, [yi,xi] Cy; and [z;, 2] C £ are the sides of a geodesic triangle
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T. (locally) embedded in R. We say that z is distant if it is not near y;
or 2.

Suppose that ~; is a closed geodesic, z € £ N J is near ; with T, =
(z;y; z). Travelling from z; in the direction of z (along a side of T'),
consider the maximum number r of intersections z = z1, 22, ..., 2 € £N6
such that the loop obtained as a union of the two arcs [z, zj4+1] C £ and
[%j+1, 2j] C 6 is homotopic to v; for all j = 1,...,r — 1. If z; does not
belong to any T, then we set r = 0.

REMARK 3.5. The exceptional case x; = y; must always be treated:

- as if x; comes just after y; according to the orientation of ~;, in
case vy, > m/2;
- as if x; comes just before y;, in case v,, < 7/2.

Define r(z;) = rif (y; x; 2) is a positively oriented triangle and r(x;) =
—r if (y; x; z) is negatively oriented.

£ "

Figure 5. Example of lifting of T, to the universal cover
of R.

We will write [z;,x3—;] ~ ¢ (with i € {1,2}) if an oriented segment
[x;, £3—;] C &, running between x; € { N7, and x3—; € & N y3—, is
homotopic to § through a homotopy that keeps the starting point of the
segment on ; and the endpoint on ~3_;.
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Figure 6. Example of [z, z2] homotopic to 4.

REMARK 3.6 (On the definition of d(y;, z;)). If v; is an open geodesic,
then the distance (with sign) d(y;, z;) between y; € dN~; and x; € ENy;
is clearly well-defined.

If ~; is closed, then

- if [z, 23] = 6 for some x3_; € y3—;, then d(y;, x;) is the distance
(with sign) between y; and x; along the path described by the
homotopy that deforms [z;, z5_;] to J;

- otherwise, we set d(y;, z;) € [0, p;).

Theorem 3.7. If £ is any simple closed geodesic, then

0

—(h) =c+c+co
Ote

and we have set

co = Z cos a(z)

z€£Nd
distant

where «(z) is the smallest angle one has to rotate the arc of geodesic
2y, (starting at z) clockwise in order to lie on &;

C; — Z Cl(l‘l)

x; €ENS
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forie{1,2} and

tanh(h/2) cos(vy,) if x5, x3—5] ~ 9
Yi open
{%U exp [—eo d(yi, ;)] sin(vy,) otherwise
ci(@;) = sinh(—d(y;, z;
Yir Ti)) . :
sin(vy, ) + tanh(h/2) cos(vy,) if [, x3—i] ~ 0
v; closed
sinh[pi/2 — d(yi, xi) — r(zi)pi] .
Ssnh(p;/2) sin(vy,) otherwise

with o = sgn(d(y;, x;)), e = =1 if r(x;) #0 and e = 1 if r(x;) = 0.

The formula above must be compared with Theorem 3.4 in [Wol83b].

The summand ¢y comes from distant intersections and is treated in
Section 3.5.5.

To examine ¢; (we will deal similarly with ¢2), as before, pick x; €
~v1 N & and consider each branch of ~; separately, if v; self-intersects at
xIq.

If v is open, then the unique lift of 21 along 71 will be called ¥ if
the lift of £ through it separates s from r, and i"fl otherwise.

If 41 is closed, then let #{ € 7; the lift of z1 that separates s from
r and which is farthest from s (in the Euclidean metric of the disc).
Similarly, if 7o is closed, then #J is the lift of x5 that separates r from
s and which is farthest from r.

If ~; is closed, consider it as a loop based at x; and define izf to be
the endpoint of the lift of (v;)* that starts at ¥ for every k € Z. In
this case, the distance with sign d(g;,ZF) (that is, the length of the
portion of 4; running from g; to :i‘f in the positive direction) is exactly
d(yi,zi) + (r(z;) + k)pi.  As before, é(i‘f) is the lift of £ that passes
through 7F.

The contribution of z; € £ N ~y; to d(p,q,r,s)/07¢ is

( O nd
p g, s) if ~; is open and £(Z)) separates s and r
0T/ ~0
9 é(xz)
Opars) _ JARDLS) i open and &(7;") does not separate s and r
O7e o, )
)
w if ; is closed
rez  9TéEh)

e — 0/ D(pa.r)
* = (p,q,r,s) aTé,xi
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3.5.1. Case of é(i"f) separating s from {p,q,r}. By definition, k& >
0. As in the case with right angles, we have

(p,q,7,5) (

cosv — cos V)
2

a “a (p7 q,T, S) - (p7Q7T7 S)[(q:£175278)_(p7 8178275)] =

5182

where v = v,.

As before, the picture does not exhaust all the possible cases, but
the formula we will find will hold in all cases, because of the analyticity
mentioned above.
exp(—di)
tanh(h/2)

Call e the length of the segment from aElf to the vertex of § and f the
length of the segment from a?’f to the vertex of 4.

cos Bcos(m/2) +cosO0 1

From the previous computations, we know that cos 3 =

he = = — tanhe =
coshe sin B sin(m/2) sin 8 anhe = cos §
—cosvcost + 1 .
and cosh f = - - because of part (b) of Lemma A.1 applied
sin v sin ¢
to the triangles (374 s) and (9 2%, s). We also have
sind  sinf

_ . O f
Snhec  smhf = sin¢sinh f = cos
because of part (a) of Lemma A.1 applied to (2§ 9 8). From sinh? f sin?¢ =
cos? 3 we obtain

exp(—2d;) (1 — cosvcos¥)? — sin? vsin? ¥
tanh?(h/2) sin? v

Simplifying the expression, we get

o exp(—2dy)sin®v

—cos
(cosv — cos¥) tan(1/2)
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As v < 9, we finally obtain

exp(—dg) sinv

_ 9 =
COS V — COS tanhi(h,2)

and so 85122 (p,q,r,8) = % exp(—dg) sinv.

3.5.2. Case of é(i}’f) separating p from {s,q,r}. By definition, k <
0. Arguing as in the previous case,

exp(—dy) sinv

cosV + cosv = — tanhi(h/2)

Hence, we obtain

88122 (p, q,T, 5) = (p,q,r, 8)[(}?, 817527T) - (p75175278)] =

(p,q,1,5) (
2

___(ans)
2tanh(h/2)

cos ) + cosv) =

exp(—dg) sinv

3.5.3. Case of £(2V) = £(z)) separating {p,r} from {g,s}. This
happens when the segment [z1, z2] C £ is homotopic to 6. By Lemma 3.2

85122 (pa q,T, S) - (p7Q7T7 S)[(S7817827q)_(T7817527q)+(Q7 5175275)_(177 8175275)]
which gives 85122 (pyq,7,8) = (p,q,7,5)(COS Vg, + COS Uy, ).

3.5.4. The terms c¢;(z;) when ~; is closed. We argue similarly to
the case with right angles. If £(2?) does not separate {p,r} from {g, s},
then do = d(y;, z;) +7(x;)ps, where d(y;, z;) € [0,p;), and dy, = do + kp;.

a(pa q,7, 5) — (p7 q,7, 8) Slnh[pZ/Q - d(yh sz) - T(J:Z)pl]
O0T¢ 2tanh(h/2) sinh(p;/2)

sin(vy,)

If £(29) separates {p,r} from {q, s}, then

8(]9, q,7, 8) — (p? q,7, 8) Sinh[_d(yia xz)]
OT¢ ., 2tanh(h/2) exp(p;) — 1

SiIl(in) + (pu q,T, 5) COS(VCUi)

where the right summand is the contribution of z?.

3.5.5. Contribution of distant intersections. Suppose z € £ N4 is
a distant intersection with angle a(z) = a and the situation looks like
in the figure below, when lifted to the universal cover.
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Let e = d(m, Z) be the distance (with sign) between m and Z, where 8
is oriented in such a way that h = d(g2,91) = —d(91, 92). In Figure 3.5.5,
we have e > 0.

In this case, Lemma 3.2 gives us

851}2(177Q7T7 8) = (p7Q7T7 8)[(T7 81,52,])) + (Q78175278) - 1]

which can be rewritten as

1
851“52 (pa q,T, 8) = _§(pa q,T, 8)[Cos(ﬁqs) + Cos(ﬁrp)]

where ¥4, is the angle shown in the figure above.
To begin, we have sinh A sinh(h/2) = 1  from the quadrilateral
(nm s q). Moreover, (nm z (3) tells us that
sinhe cosh A

m = sinh e sinh A = cos 8 and cosht = S0

where ¢ is the length of 3 Z. Looking at the triangle (21945 3), we have

cos(m — 3) cos(av — m/2) + cos(Vgs)  —cos B sina + cos(Vys)

ht = =
o8 sin(m — ) sin(a — 7/2) —sin 3 cosa

Because cosh A = v/1 4 sinh? A = \/1 + sinh=2(h/2) = coth(h/2), we

conclude that

. sinh e sin « CoS &
cos(Vqs) = cos 3 sinaw — cosh A cos o = Snh(h/2)  tanh(h/2)
h(—e) si
Symmetrically, we have cos(¥,p) = Smsirgh(efz /821;1 e tar(ljloji?/ %) and
S0
_ (p,aq,7,8)
881/;2 (p, q,T, 8) = m COS (.
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4. The Weil-Petersson Poisson structure
In this section we want to prove the following.

Theorem 4.1. Let S be a compact hyperbolic surface with boundary
components C and no cusps. If o = {a1,...,069—64+3n} 15 a triangula-
tion of S, then the Weil-Petersson bivector field on T(S) at [f : S — X]
can be written as

ns = i Z Z sinh(pcj/Q —dco(yi,y5)) 84 A i
sinh(pc/2) Oa;  Oa;

CeC y;ef(inC)

yjef(aij)

where a; = y,, pc = Lo and dc(ys, y;) € (0,pc) is the length of geodesic
arc running from y; to y; along f(C) in the positive direction.

REMARK 4.2. The statement of the theorem still holds if we consider
surfaces with boundary not consisting only of cusps, that is if we work
on 7(S)\ 7(S)(0). In this case, when computing the bivector field at
the point [f : S — XJ, one must use a triangulation adapted to ¥ and
the sum involves only arcs of S whose image through f does not meet
the cusps of X.

Proof. The triangulation o of S determines a pair of pants decompo-
sition {&, ..., &eg—6+3n} Of the double dS, where &; is the double of «;.
As usual, let ¢,/ : S — dS be the two inclusions and D : T(S) — 7 (dS)
the doubling map induced by ¢.

Suppose the arc a; joins the boundary components Cs and Cy of S.
Then, the function a; : 7(dS) — R4 that measures the length of the
shortest path homotopic to ¢(«;) that joins the closed geodesics freely
homotopic to «(Cs) and ¢(Cy) reduces to the usual a;, when restricted
to D(7(S)). Similarly, we can define a} : 7(dS) — Ry as the length
of the shortest path homotopic to ¢/(a;) that joins the closed geodesics
homotopic to ¢/(Cs) and ¢/(C}).

By Wolpert’s theorem (see Section 1.6), the Weil-Petersson bivector
field on 7 (dS) can be written as

6g—6+3n
0 0
Nds = — ; ETR A o

where ¢; = {4, and 7; is the twist parameter associated to &;. It is
immediate to realize that D*(dr;) = 0; really, we can fix the conventions

7(9))
Proposition 1.7 tells us that (m,) <nd5‘7(s)> = ng is the Weil-

Petersson bivector field on 7(S), where 7, : 7(dS) — 7 (S) associates
to [f : dS — R] the “half” of the surface R corresponding to f(¢(5)).

about the twist coordinates in such a way that 7;
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Now, let’s consider the following diagram

0 —= TnT (dS) —= TsT(S) 8 TuT(S) @ (@ Ri> PR

% o1c
W k

TeT(S)

where 71 is the projection onto the first summand. Clearly, at d
2\ daj 0 daj, 0 Oor¢c O
¢(32) =255 G0y T 2, 0, T 2 O
using the bases {0/0a;} for TZ’T(S) and {0/0a}} for Tx; T (S)'. Hence
Oa; 0
072 Z oT; a—a]

0 170 o\ . .. 0 10
Moreover, ¢ <5€i> <8a2 + 8—> implies that (wb)*f = 550

As a consequence, we deduce
_ Z 8CL] 8
N Jr; 0a; 0 a;

Given an oriented arc o; on S, call y(a;) the endpoint of a; and C(ay;)
the boundary component that contains y(a;). At [f:S — %] € T(9),
we will denote by f(y(a;)) the endpoint of the geodesic arc in the class
of f(al).

Given two distinct oriented arcs o; and 07; that end on the same
component C = C(a;) = C( ), the distance do(aj, ;) at [f] is the
length of the path from f(y(a; )) to f(y(a;)) along f(C) in the positive
direction.

Applying Theorem 3.3, we obtain

a;

da; 1 3 sinh(pc /2 — do(aj, a7))
or, 2 — sinh(pc/2)

where pc is the length of f(C'). Thus, we have

R N da;\ 8 0
5;0&2'/\673__5;(07})0&2'/\%_
0

0

1 T sinh(pc /2 — do(ag, )
B L sinh(pc/2) Jda;  Oaj;
Qi ,05

C=C(@)=C(a)

XXX XXX



TRIANGULATED RIEMANN SURFACES WITH BOUNDARY 37

which can also be rewritten as

T st 0,

Sﬂﬂmpc/Q) Oai 8aj

CeC y;ef(a;NC)
Y €f(e;NC)

q.e.d.

4.1. The case of large boundary lengths. Let a = {Oéi}i]il be
a triangulation of S and suppose that there is a sequence of points
[fn:S — %2,] € T(S) such that agn) = (o, (fn) — 0 (and so s(a;)™ =

cosh(az(n)) — 1) for all ¢ as n — +00. We want to study the limit of ng

at [fn] as n — +o0.
Let &;, @j, oy, be the oriented arcs that bound a hexagon in S\ U .

s(ay)? + s(aw)® — s(a)?

1
k 2.11 gi ) = 2’
Remar gives cos(7;) 25(0;)s () —3

From sinh(we (7)) sinh(a;/2) = cos(7;), we also have a; exp(w;/2) —
2, where w; = wa ().

in the limit.

0
80@' -~ eXp(wZ/Q) awl

Let o; and (75 be arcs whose endpoints belong to the same boundary
component C' and suppose that the positive path along C' from the
endpoint of @; to the endpoint of a_q> meets the endpoints of the oriented
arcs Qu,,Qy,,...,04 (where ig = 4, i = ¢ and we use the convention

l
Gp = a_y). Then, do(a;,aq) = Y _do(@;,_,, ;) and in the limit

r=1

Hence, w; < —2log(a;/2) and

-1
— — W; + Wy
do(ag, o) < ——— —I-Zwr.
r=1

2
sinh(pc /2 — do (@, ag))
Also, Sinh(po/2) 7 = exp(—dc(a_f, oﬁ))—exp(dc(a_;,@)—
pC)-

Let’s compute the limit of the contribution of (a7, ay) to 7.
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If &y comes just after a; (that is, a; = &; in the picture), then we
obtain a contribution

1 w; + Wy w; + wq w; +wg\ 0 A 0
= — |eX - — exX —_— — ex -
4 P 2 P 2 pe P 2 ow;  Owy

which tends to 0 if a; and qu) are the only oriented arcs incident on C,

and tends t a, is the

Owg
oriented arc that comes just before a; along C.
On the contrary, if a; and 07(; are not adjacent, then we get a contri-
bution

1 w; + w =1 w; +w =
= Z [exp (_ZT(] —Z’U}T) — exp (%‘i‘zwr _pc>] :

r=1

whose coefficient tends to zero, because all the w,’s diverge in the limit.

2 .
Let’s use the following normalization: w; := Wi , so that Z w; =
> cpc :
g 2
Theorem 4.3. Let o« = {«;} is a triangulation of S and suppose
that there is a sequence of points [f, : S — X,] € T(S) such that

(,n) =lo,(fn) = 0 for all i as n — 4o00. Call Uén) = (ns)(y,) and let
~(n ( Zcp ) T]én). Then

o A~ (D D 0 9 o o
i 7757 = };I(awfawj " 5w, " oa; 0y 0w

1. Then and we obtain the following.

where H is the collection of hexagons in S\J, oy and (o, of, ay,) is the
cyclically ordered triple of arcs that bound h € H.

~(n)

We can also compute the class of the limit of 7¢ in a different way.

The following observations are due to Mirzakhani [Mir07].

The space 7*(5) is the Teichmiiller space of surfaces with m bound-
ary components, together with a marked point z¢o at each boundary
circle C. If we have points at the boundaries, we can still define a 0¢
for each C', so that the symplectic Weil-Petersson form can be restored

as Zdﬁ /\dTZ—Fdec/\dHC

The forgetful map T*(S) — T(S) is clearly a principal T = (S!)™-
bundle and the function g = 1£% : 7*(5) — R, is a moment map
for the action of T. Notice that all values of i are regular. In fact, the
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Teichmiiller space (7'(S)(p),wp) is recovered as the symplectic reduction

P 32, 05 /2)/T.

Hence, using the coisotropic embedding theorem (see [Gui94], for
instance), Mirzakhani could conclude that the following cohomological
identity holds

1
o] = o] + 3 Y
C
where ¢ is the first Chern class of the circle bundle over 7 (S) associ-

2
1
ated to C'. Call w, the class obtained dividing wy, by (5 Z pc> .
C

As @, is dual to 7),, we are interested in computing

o Awol +23 e ptve 1

S St a DI
2pc
i Di

However, the argument above involves cohomology classes: we would
like to obtain a pointwise statement.

Theorem 2.14 gives us a homeomorphism @ : 7(S) \ 7(5)(0) —
|20°(S)|r. The cells |a@|® C |A°(S)|r have affine coordinates {e;}, where
e; is the weight of o; € a, and ®*(e;) = w;.

Kontsevich [Kon92] wrote a piecewise-linear 2-form © on [A°(S)|r
representing (the pull-back from M(S) of) >, pZec and a piecewise-
linear bivector field 3, which is the dual of €2/4. The expression of 3 on
the top-dimensional cells is the following

0 0 0 0 0 0
ﬂ—z(aeﬂa—eﬁa—eﬂa—e,ﬁa—eﬂae)
heH

where po =

and its normalized version is
% 43 0 0 0 0 0 0
= (Zcpc)2 B heZH <aéi " 0é; + 0€; A 0€y, * 0éy, A 8éi>

2@

>_cpc ~
on C'. By direct comparison of the explicit expressions for § and 7, we
have the following.

where ¢; = and p¢ is the sum of the weights of the arcs incident

Corollary 4.4. As n — oo, the following limits
20,45, — B and 280y, — Q
4Q

hold pointwise, where @ = 5 -
CPC)
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4.2. The case of small boundary lengths. Let S be a Riemann
surface with boundary components C = {C1,...,Cy,} and x(S5) < 0.
Remember that £ : 7(S) — RZ, is the boundary length map, so that
T(S)(0) = £L7(0) is the locus of the surfaces with m cusps.

Penner has computed the pull-back through the forgetful map F :
T(5)(0) x R — T(S)(0) € T(S) of the Weil-Petersson form.

Theorem 4.5 ([Pen92]). Fiz a triangulation o« = {a;} of S and
let @; : T(S)(0) x R™ — R be the reduced length function ([f : S —
X, p) — fgl(f) Then the pull-back F*w of the Weil-Petersson 2-form
coincides with

1 N - N - - -
wp = —5 Z (dai A daj + daj Aday + dag N\ dai)

teH
where H is the set of hexagons in S\ |J; o and (o, oy, o) is the set of
cyclically ordered arcs that bound the hexagon t.

REMARK 4.6. Using the obvious embedding (A°)"~! — R, we
can pull the functions @;’s and wp back on 7(S)(0) x (A°)™~1. How-
ever, when we regard (A°)™~! as R7'/R,, the natural coordinates on
T(5)(0) x (A°)™1 are the differences (a; — @iy )iio for any fixed ig.
Notice that a different choice of the constant M > 0 used for the em-
bedding (A°)™ ! — {p € RT|p1 + -+ + pm = M} C RT will just
produce a shift a; — a; +log M. Thus, the differences a; — a;, the da;’s
and wp on T(S5)(0) x (A°)™~! are well-defined.

For every ([f],p) € 7(5)(0) x R, define
1 2dc(yiy))\ 9, 9

CeC yicf(annC) pc
Yj Gf(aj ﬁc)

where dc(yi,y;) € (0,pc) is the distance along the horocycle corre-
sponding to f(C). It descends to a bivector field on 7(S)(0) x (A°)™~!

and describes the extension of n over the real blow-up Blf(s)(o)’f (S)

(whose fiber over 7(S)(0) can be identified to 7(S)(0) x A™ 1), be-
cause (a; — a;j)(fn) — (a; — a;)(f) for all i, j as n — oo.

Proposition 4.7. Fiz a triangulation a of S. For every ([f],p) €
T(S)(0) x R
wp(f) p(da)) = da + dlog(py) + dlog(p-)
where @ = lo and o € o joins Cy and C_.
Fix a surface with a projective decoration ([f : S — XJ,[p]) €
T(5)(0) x (A°)™—1, where p = (p1,...,pm) € RY, such that Sp};, (3, p)
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is a triangulation, and call ¢; = f(C;) the i-th cusp of ¥.. Consider a se-
quence of points [f, : S — X,] € T(S) such that ([f,], [B(”)]) converges
to ([f],[p]) in T(S) x A™ ! as n — 400, where g(") = L(fn)-

Corollary 4.8. The limit symplectic structure along the leafﬁfl(g(”))

at [fn] dual to n converges to wp at ([f],[p]) € T(S)(0) x A™ 1 (as it
must be).

Notice that the assertion follows from Proposition 4.7 and the fact
that the symplectic leaves of 7(S5)(0) x R are defined by dp; = --- =
dp,, = 0.

NotaTiON. Let ([f : S — X],p) be a decorated hyperbolic surface
and let X, be the associated truncated surface. For every oriented arc

a; of a starting at the boundary component C, call e(a;) the sum
of the lengths of the two horocyclic arcs running around f(C') from the
starting point of f(a;)NY, to the previous and the following arc. Given

a portion v, of the oriented component C' running from x to x’, where
x, 2’ are consecutive points in Po := C'N (U ai>, then the arc opposed

to U, is the arc ¥’ € a facing 9, in the truncated triangle that contains
Y. Denote by f(Pc) the corresponding points of 93, N f(|J o).

Proof of Proposition 4.7. Pick a truncated triangle ¢ of S\ {J,cq @ and
let o, a5, oy, € a be the (cyclically ordered) arcs that bound ¢. Then the

2
length of the horocyclic arc between f(a;) and f(oy) is 2hy; = 3 )\Z .
Ak
Ohy; Ohy;
This implies that 2 b~ h¢ i, whereas 9= bt — —ht; and p
da; a; ag

—hy;. Because pc is the sum of all the horocyclic arcs around f(C)
running between consecutive points of f(Pc), we easily get

1 - 1
dpc = —3 g e(a;)da; + 3 E hzdh2P
o out z€Po
from C

where h, (resp. hy’) is the length of ¥, (resp. 93').

Let @ be an orientation of the arc o € a and let C; = C(@) be the
“source” of @ and call py = f¢ . and xq the starting point of o . Define
similarly C_, p_ and yo.
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Starting from @ and moving along C, in the positive direction, call
B_{,ﬂ_;, . ,E; the (ordered) arcs outgoing from C; and let z; be the
starting point of E Similarly, call 77, ..., the arcs outgoing from C_
and let y; be their starting point. Denote by b; the length of X,N f(5)
and by ¢; the length of ¥, N f(v;). -

In analyzing w o 1(da), we get four different contributions: the con-
tribution to da; the contribution to db; (and similarly to dby, dé;, dé);
the contribution to db; for i # 1,k (and similarly to dé; for j # 1,1);
the contribution to dhg for i # 0,k (and similarly to dhy, for j # 0,1).
The other contributions are immediately seen to vanish.

A direct computation shows that

w o n(dd) = _@[_ <1 _ M) _ (1 _ 2d0+(9307931)> N

4 P+ P+

B <1 B 2dc_lgyo7yl)> B <1 B 2dc_p(yz7yo)>] _
_gp_da (6(3) n 6((5))

2\ p+ j
which is exactly the contribution to da of da + dlog(ps+) + dlog(p-).

Similar computations can be carried over in the other three cases.
q.e.d.

Appendix A. Some formulae from hyperbolic trigonometry

The following results of elementary hyperbolic trigonometry are fre-
quently used throughout the paper. Proofs can be found on [Rat06].

The first lemma is the statement of the hyperbolic laws of sines and
cosines.
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Lemma A.1. Let A, B, C be the vertices of a hyperbolic triangle with
angles a, 3,7 (resp. at A, B,C).

(a) (sine law)

sin sin 3 sin 7y

sinh(BC)  sinh(AC)  sinh(AB)
(b) (cosine law)

cos acos 3 + cosy

cosh(AB) = sin asin 3
_ cosh(AB) cosh(AC) — cosh(BC)
cos(a) = sinh(AB) sinh(AC)

The following lemma is about quadrilaterals with at least two right
angles.

Lemma A.2. Let A, B,C, D be the vertices of a hyperbolic quadri-
lateral.

(a) If the angles at A, B,C' are right, then
sinh(AB) - sinh(BC) = cos(y)

where v is the angle at D.
(b) If the angles at C' and D are right, then
cos(«) cos(3) + cosh(CD)
sin(a) sin(f3)

where « is the angle at A and (B is the angle at B.

cosh(AB) =

The next lemma is about pentagons with four right angles.

Lemma A.3. Let A,B,C, D, FE be the vertices of a hyperbolic pen-
tagon with four right angles at A, B,C, D. Then

cosh(AB) - cosh(CD) + cos(v)
sinh(AB) - sinh(CD)

cosh(BC) =

where v is the angle at E (which is thus opposed to BC').

The last lemma deals with the well-known case of hexagons with six
right angles.

Lemma A.4. Let A,B,C,D,E,F be the vertices of a hyperbolic
hexagon with six right angles. Then

cosh(AB) - cosh(CD) + cosh(EF)

cosh(BC) = sinh(AB) - sinh(CD)
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