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ABSTRACT

By work of Looijenga and others, one understands the relationship between Geometric
Invariant Theory (GIT) and Baily-Borel compactifications for the moduli spaces of
degree-2 K3 surfaces, cubic fourfolds, and a few other related examples. The similar-
looking cases of degree-4 K3 surfaces and double Eisenbud-Popescu—Walter (EPW)
sextics turn out to be much more complicated for arithmetic reasons. In this paper, we
refine work of Looijenga in order to handle these cases. Specifically, in analogy with the
so-called Hassett—Keel program for the moduli space of curves, we study the variation
of log canonical models for locally symmetric varieties of Type IV associated to D-
lattices. In particular, for the 19-dimensional case, we conjecturally obtain a continuous
one-parameter interpolation between the GIT and Baily—Borel compactifications for the
moduli of degree-4 K3 surfaces. The analogous 18-dimensional case, which corresponds
to hyperelliptic degree-4 K3 surfaces, can be verified by means of Variation of Geometric
Invariant Theory (VGIT) quotients.

Introduction

An important problem in algebraic geometry is to construct a geometric compactification for
the moduli space of polarized degree-d K3 surfaces .#3. By global Torelli, % is isomorphic to a
locally symmetric variety %, and hence it has natural compactifications such as the Baily—Borel
compactification %7, Mumford’s toroidal compactifications, and more generally Looijenga’s
semitoric compactifications. However, a priori, these compactifications are only birational to
the ‘geometric’ compactifications, obtained, for example, by Geometric Invariant Theory (GIT).
It is natural to compare the two kinds of compactifications. An understanding of the relationship
between the Baily—Borel and GIT compactifications leads to deep results about the period map
(e.g. see [Sha80, Loo09]) and to results about the structure of the GIT quotient. The simplest
instance of such comparison results is the isomorphism

(9/SL(2,Z))" = |Op2(3)| /SL(3)(= P')

between the compactified j-line and the GIT moduli space of plane cubic curves. In a vast
generalization of this fact, Looijenga [Loo03a, Loo03b] has devised a comparison framework
that applies to locally symmetric varieties associated to type IV or I, Hermitian symmetric
domains. This framework was successfully applied in the case of moduli of degree-2 K3 surfaces
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[Loo86, Sha80], cubic fourfolds [Loo09, Laz10], and a few other related examples (e.g. cubic
threefolds, del Pezzo surfaces, etc.). The nominal purpose of the present paper is to investigate the
analogous cases of degree-4 K3 surfaces [Sha81] and double Eisenbud-Popescu—Walter (EPW)
sextics [O’Grl5, O’Grl6]. While studying these cases, we uncovered a rich and intriguing picture.

The starting point of our investigation are two limitations in Looijenga’s construction. First
of all, a certain technical assumption in Looijenga’s work does not hold for quartic K3 surfaces
(nor for double EPW sextics), while it does hold for K3 surfaces of arbitrary degree d # 4 (see
Lemma 8.1 in [Loo03b]). Namely, for arithmetic reasons, the combinatorics of the hyperplane
arrangement involved in Looijenga’s construction [Loo03b] is much richer for polarized K3
surfaces of degree 4 than for polarized K3 surfaces of degree d # 4 (similarly, the hyperplane
arrangement involved in the period map for double EPW sextics is much richer than the
hyperplane arrangement relevant to cubic fourfolds). Secondly, and this is a consideration which
applies to K3 surfaces of any degree, there exist a plethora of GIT models. In the low-degree
cases considered here and in the literature, there might be a ‘natural’ choice for GIT, but this is
misleading (see [CMJL14] for a hint of what would happen already in degree 6). The solution that
we propose in order to handle these two issues is to give flexibility to Looijenga’s construction
by considering a continuous variation of models. More precisely, we recall that for a locally
symmetric variety % = Z/I', Baily and Borel have shown that the homonymous compactification
Z* is the Proj of the ring of automorphic functions, i.e. #* = Proj R(.%, \), where \ is the Hodge
bundle. Looijenga’s deep insight was to observe that in certain situations of geometric interest, a
certain GIT quotient 9 is nothing but the Proj of the ring of meromorphic automorphic forms
with poles on a (geometrically meaningful) Heegner (i.e. Noether—Lefschetz) divisor A, and thus
M = Proj R(.Z,\ + A). Furthermore, Looijenga has shown that under a certain assumption
on A (which fails for quartic K3 surfaces and for double EPW sextics), Proj R(.#, A + A) has
an explicit combinatorial/arithmetic description. Our approach is to continuously interpolate
between the two models by controlling the order of poles for the meromorphic automorphic
function, i.e. to consider Proj R(.%, A\ + BA), where 8 € [0, 1]. This allows us to understand the
case of quartics and, more importantly, to capture more GIT quotients.

While a variation of models Proj R(#, A + BA) makes sense for general Type IV locally
symmetric varieties (and also ball quotients), we focus here on the so-called D-tower of locally
symmetric varieties, i.e. Type IV locally symmetric varieties associated to lattices U? @ D,,.
More precisely, we let .% (N) be the N-dimensional locally symmetric variety corresponding to
the lattice Ay := U? @ Dxy_s, and an arithmetic group I'y, which is intermediate between the
orthogonal group O1(Ay), and the stable orthogonal subgroup O (Ay). With these definitions
in place (see §1 for details), .#(19) is the period space for quartic K3 surfaces, .%#(20) is
the period space for double EPW sextics modulo the duality involution (or EPW cubes), and

F(18) is the period space for hyperelliptic quartic surfaces. Thus, we compare the Baily—Borel
compactifications .# (N)* for N € {18,19,20} to the GIT moduli spaces M(N), where

IM(18) := |Op1(4) K Op1 (4)| JAut (P! x P,
IM(19) := |Ops(4)| JPGL(4),

3
M(20) := ]L,G( A C6> JPGL6(C).

(Actually, for N = 20, we should take the quotient of 9t(20) modulo the duality involution;
see (2.3.4).) We let A(N) be the Hodge (or automorphic) orbiline bundle on .# (N) and we choose
the boundary divisor A(V) so that Proj R(Z# (N),A(INV) + A(N)) = M(N). (We emphasize that
A(N) is a divisor inside the locally symmetric variety % (N) and in particular it has nothing
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MODULI OF QUARTIC K3 SURFACES

to do with the boundary of the Baily-Borel compactification or toroidal compactifications. We
use the word ‘boundary’ in accordance with standard terminology in minimal model program
(MMP) and specifically variations of log canonical models.)

We will show that .% (V) is isomorphic to a Heegner divisor H,(N +1) C .% (N + 1), which is
the ‘main’ component of the boundary divisor A(N). Hence, the varieties .7 (N) fit into a tower
joining periods of hyperelliptic quartics, quartic surfaces, and double EPW sextics (something
which has a clear geometric counterpart). By a careful analysis of the D-tower, and an application
of Borcherds’ results, we arrive at a conjecture predicting the behavior of the models

F (N, B) :=Proj R(Z(N), \(N) + BA(N))
as [ varies between 0 and 1. Below we summarize our predictions.

CONJECTURE. Let 15 < N < 23. The ring of sections R(.Z(N),A\(N) + BA(N)) is finitely
generated for 5 € [0,1] N Q, and the walls of the Mori chamber decomposition of the cone

{AN) +BA(N) [ 6€Q, B>0}

are generated by \(N)+ (1/k)A(N), where k € {1,..., N—10} and k # N —11. The behavior of
AN) + (1/k)A(N), for k as above, is described as follows. For k =1, .# (NN, 1) is obtained from
F(N,1—€) by contracting the strict transform of supp A(N). If 2 < k, then the birational map
between .# (N, 1/k —¢€) and .# (N, 1/k +¢) is a flip whose center is described in Prediction 5.1.1.

Specifically, let us spell out the conjecture for the case of quartic surfaces.

PREDICTION. The variation of models Proj R(.%#(19), A(19) + SA(19)) interpolating between
the Baily-Borel compactification .#; (= .#(19)) for quartic K3 surfaces (8 = 0) and the GIT
quotient for quartic surfaces (8 = 1) undergoes birational transformations (flips, except for the
two boundary cases) at the following critical values for 3:

1111111
/B € {07 9776757 4 57571}

Furthermore, the centers of the flips for 5 < % correspond to 133 4, T2 45, and T5 3 7 marked K3
surfaces (loci inside the period space .#(19)) and those loci are flipped to the loci in 9%(19) of
quartics with E14, E13, and Epy singularities, respectively (see Shah [Sha80]).

The birational modifications at the two ends of the interval were known by Shah and
Looijenga, respectively. In [LO18b], we have given a complete geometric (partly conjectural,
partly provable) matching between a slight refinement of Shah’s Type IV stratification [Sha81,
Theorem 2.4] (the indeterminacy locus of the period map) in the GIT quotient 9 and the
strata resulting from the flips predicted above (see [LO18b, §4.3]). Furthermore, the behavior at
B = %, %,% and 3 = % is understood (see [LO18b, § 6] and [LO18b, §5.4], respectively).

In [LO18a], we have proved that our conjecture holds for N = 18 (hyperelliptic quartic K3
surfaces) by means of techniques similar to those employed in [CMJL14]. Since our constructions
are inductive, and since the geometric behavior (for hyperelliptic quartics) identified in [LO18a]
matches what we predicted in [LO18b] (for quartics), we have no doubt of the validity of our
conjecture for quartic K3 surfaces. Similarly, earlier work on EPW sextics [O’Grl5, O’Grl6]
seems compatible with our conjectures; presumably our predictions (for N = 20) can be checked
inductively.
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Remark. By decomposing the period map for quartic surfaces into elementary birational
transformations, we open the door to wall-crossing arguments. For instance, starting from the
cohomology of the GIT quotient for quartic surfaces (see Kirwan [Kir89]) and, following the flips
discussed above, one can compute the cohomology of the Baily-Borel compactification .%. For
comparison’s sake, we recall that in the case of degree-2 K3 surfaces, there is no intermediate flip
and thus the two extremal cases suffice to compare the GIT and the Baily-Borel compactifications
(see [Sha80] and [Loo86], and [KL89] for the computation of the cohomology).

The variational approach to the analysis of birational maps is the natural one from the
perspective of contemporary MMP, and its power in the context of moduli has been in
evidence since the appearance of Thaddeus’ work on Variation of Geometric Invariant Theory
(VGIT) [Tha96]. An inspiration for our work is the so-called Hassett—Keel program (see [HH13])
for moduli of curves (which studies the variation of log canonical models Proj R(My, K + aA)
of the Deligne-Mumford compactification M,). Experts in the field have speculated on the
existence of an analogue of the Hassett—Keel program for (special) surfaces; our study can be
viewed as a first example of a Hassett—Keel program for surfaces. Indeed, beyond the obvious
analogy (A + SA may easily be rewritten as Kz + aA’), the modular behavior is also similar:
for instance, the first birational wall crossing for quartic K3 surfaces is associated to Dolgachev
singularities in a manner similar to the case of curves with cusp singularities.

On the other hand, there is a richer structure compared to the Hassett—Keel program. Namely,
the birational transformations that occur in our situation are controlled by the arithmetic and
combinatorics of the hyperplane arrangement associated to A. The emerging picture of periods
of quartic K3 surfaces is more complex and subtle than that of periods of degree-2 K3 surfaces,
but nonetheless Looijenga’s insight that arithmetic controls the birational models of .7 is still
valid. We view our work as a quantitative and qualitative refinement of Looijenga’s seminal work
[Loo03b].

The birational geometry of moduli spaces of K3 surfaces was previously studied from the
perspective of the Kodaira dimension by Gritsenko et al. [GHS07]. We share with them the
main technical tool, namely Borcherds’ construction [Bor95] of automorphic forms for Type IV
domains (and subsequent improvements due to Bruinier [Bru02] and Bergeron et al. [BLMM17]).

Structure of the paper

In § 1, we introduce the D-tower of period spaces {.# (N )} n>3. The focus here is on the arithmetic
of D-lattices. We define the main Heegner divisors, namely the nodal, hyperelliptic, and unigonal
divisors in .#(N), denoted respectively Hy(N), Hp(N), and H,(N). If N = 19 (the period
space for quartic surfaces), they have a well-known geometric meaning and in other dimensions
they are the arithmetic analogue of the divisors for N = 19. The salient point in the D-tower
is that .# (N — 1) is isomorphic to the hyperelliptic Heegner divisor Hy(N) of #(N). Our
boundary divisor A(N) is equal to Hp(N)/2 except when N = 3,4 (mod 8), in which case
A(N) = (Hp(N) + Hy(N))/2. (Note that the factor 3 appears because the quotient map from
the relevant Type IV domain to .#(N) is ramified over the hyperelliptic divisor, and also over
the unigonal divisor, if N = 3,4 (mod 8).) This leads to an inductive behavior.

In the following §2, we go through results which are (more or less) known, namely that
Z(19) is the period space of degree-4 polarized K3 surfaces, that % (18) is the period space
of hyperelliptic quartics, and that .%(20) is the period space of double EPW sextics up to the
duality involution (alternatively, it is the period space of EPW cubes).

In § 3, we study the quasi-pull-back of Borcherds’ celebrated automorphic form given by two
embeddings of the lattice Ay into Il 96. The resulting relations between the automorphic line
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bundle on .#(N), and the Heegner divisors Hy(N), Hy(N), and H,(N) (see Theorems 3.1.1
and 3.1.2), are key results for our work.

Section 4 contains a proof that .#(19,1) = Proj R(.Z (19), A(19) + A(19)) is isomorphic to
the GIT moduli space 2(19). An analogous proof shows that .% (18, 1) is isomorphic to the GIT
moduli space M(18) and we expect that a similar result holds for N = 20, i.e. that #(20,1)
is isomorphic to M(20) modulo the duality involution. In other words, if N € {18,19}, then
the schemes .7 (N, ), for § € (0,1) N Q, interpolate between the Baily—Borel compactification
F(N)* and the GIT compactification (N).

In the last section (§5), we identify the critical values of 8 and the corresponding centers.
To describe our work, let us review the basic picture in Looijenga. The starting point for him
is to note that frequently the GIT quotients 9 are obtained by contracting a certain Heegner
divisor H in #. Since the divisor A + H restricts trivially to H, one gets that the GIT quotient
is the Proj of a ring of meromorphic automorphic forms with poles on H. The complication of
recovering the GIT quotient, say 9t = Proj R(#,\ + H), from .%* = Proj R(.%#, \) comes from
the fact that the hyperplanes in the arrangement .7 (defining the Heegner divisor H = J¢/T")
intersect and, according to [Loo03b], the intersection strata have to be flipped starting with the
largest codimension. While this flipping behavior is easy to understand if the strata are not too
deep (e.g. for degree-2 K3 surfaces or cubic fourfolds), it is clear that for the quartic examples,
or other examples where lots of intersections occur, it is wise to consider a continuous variation
of the parameter A+ SH. Roughly, 5 = 0 is the known case, § = 1 is the target, and in between
we understand the flipping behavior by wall crossings.

By taking the variational point of view described above, we are able to give a quantitative
refinement of the flipping behavior predicted by Looijenga. Specifically, our computations show
that the critical value of 5 for which a specified intersection stratum Z should be flipped (in the
variation of models given by A + 3H) is determined by the log canonical threshold of Z c PV,
The precise formulae (see §5.1.1) are more complicated as one has to take into account the
ramification behavior. While these arguments and computations are not explicitly contained
in [Loo03b], it is natural to call the computations of the (potential) critical 3 the Looijenga
predictions. The surprising aspect that we discovered in our study is that these are only first-order
predictions. Namely, as explained below, some arithmetic corrections are needed. Our final results
are discussed in §5.1.2 (especially Prediction 5.1.1).

By comparing the GIT quotient for quartic surfaces of Shah [Sha81] with the predicted
Looijenga [Loo03b] model, we have observed a puzzling thing: the flips associated to intersections
of components of the hyperelliptic arrangement predicted by Looijenga do occur, but, roughly
speaking, only up to half the dimension. The explanation for this is in the Borcherds—Gritsenko
relations between the automorphic line bundle and the Heegner divisors that were established
in §3. In short, while, for large N, Hp (V) is birationally contractible in .# (), this is far from
true for N small: in fact, H,(N) is ample on .Z%(N) (and proportional to A(N)) for N < 10.
(This last fact was previously observed by Gritsenko [Gril8] in a different context.) This leads
to a different behavior for the flips associated to high-codimension intersection strata. Very
roughly, all the sufficiently deep strata (in the D-tower example) will be flipped at once. In other
words, the Looijenga predictions come from combinatorics of the hyperplane arrangement: this
is the dominating factor for small codimension, while for high codimension there are arithmetic
corrections that are dominating.

The essential ingredient that is missing for making our predictions/conjectures into theorems
is to show that all the centers of the birational transformations that occur in a variation of
models on .# = 2/T' associated to varying A\ + SA are of Shimura type (i.e. 2'/T”). This a
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Fulton-type arithmetic conjecture. As mentioned, we have checked this (in the D-tower case) for
N = 18 [LO18a]; also, the case N = 19 is essentially complete [LO18b].

Notation and conventions
We follow established conventions on integral lattices following Nikulin [Nik80]. In particular,
the lattice Ay = Dy_o @ U? plays an essential role in our paper.

Throughout the paper, # = Z/I' is a locally symmetric variety of Type IV, i.e. the
quotient of a bounded symmetric domain of Type IV modulo an arithmetic group (see §1.2
for a brief review). The notation .# might come with various additional decorations, which
help specify it, e.g. Z5 (') indicates the underlying lattice A of signature (2, ) and arithmetic
group I' € O(A). Starting with §2, Z#(N) is a specific N-dimensional locally symmetric
variety (see Proposition 1.2.3) associated to the lattice Ay. There are natural inclusion maps
F(N —1) = Z(N) (cf. (1.7.1)); our main focus is .#(19) = %4, the moduli space of quartic
K3 surfaces. The Baily-Borel compactifications are indicated by a superscript *, e.g. % (N)*.
The GIT quotients are typically denoted by 99t with various identifying decorations. We view the
period map p as a birational map going from an appropriate GIT quotient 91 to a Baily—Borel
compactification .#*. The notation 3 is used to denote a rational number in [0, 1], which should
be understood as an interpolating parameter between a GIT quotient (8 = 1) and a Baily—Borel
compactification (8 = 0). In the final §5, .7 (N, 8) denotes a birational modification of % (N)*.

We use repeatedly the Hodge bundle A on .% and the boundary divisor A (Definition 1.3.6),
which is a Heegner divisor on .%. We use various other Heegner divisors H = ¢ /T' C .% = 2/T
(see §1.3.1 for a quick review), especially the nodal H,, the hyperelliptic Hj, and the unigonal H,
divisors (see Definition 1.3.4). Typically, the divisors have the same decorations as the ambient
locally symmetric variety (e.g. Hy(N) is a divisor in .% (V). In general, Borcherds’ relations (e.g.
(3.1.1)) refer to a linear equivalence between the Hodge bundle A and some Heegner divisors on
F (viewed in Pic(F)q).

1. D-lattices and the associated locally symmetric varieties

We introduce D locally symmetric varieties. There is one such variety (of dimension N :=n+2)
for each D,,-lattice. The period spaces of hyperelliptic quartic K3 surfaces, quartic K3 surfaces,
and desingularized EPW sextics correspond to Dig, D17, and Dqg, respectively; see §2. We
will introduce the Heegner divisors on D locally symmetric varieties which are relevant for our
work: the nodal, hyperelliptic, and unigonal divisors (Definition 1.3.4). These divisors are the
generalization of the familiar divisors with the same name on the period space for quartic K3
surfaces. We will prove that the hyperelliptic Heegner divisor on a D period space of dimension
N is isomorphic to the D locally symmetric variety of dimension N —1 (Proposition 1.4.5); thus,
we have an infinite tower of nested D locally symmetric varieties (§1.7). The introduction of this
D-tower allows us to make inductive arguments later on.

Remark 1.0.1. D locally symmetric varieties of dimension up to 10 have appeared in work of
Gritsenko; see [Gril8, §3].

1.1 D-lattices

Let A be a lattice, i.e. a finitely generated torsion-free abelian group equipped with an integral
non-degenerate bilinear symmetric form (,). If v € A, we let v? = (v,v). Given a ring R, we let
AR := A®z R and we extend by linearity the quadratic form to Ag. We let Ay := Hom(A,Z)/A
be the discriminant group of A. The quadratic form defines an embedding Hom(A,Z) C Aq.
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Let v € A. The divisibility of v is defined to be the positive generator of (v, A) and is denoted
div(v). Thus, v/div(v) is an element of Ag which belongs to Hom(A,Z) and hence it determines
an element v* € Aj. Now suppose that A is an even lattice. The embedding Hom(A,Z) C Ag
induces a discriminant quadratic form qp: Ay — Q/2Z. We recommend the classical paper by
Nikulin [Nik80] as a reference for definitions and results on lattices.

For us, U is the standard hyperbolic plane and the standard ADE root lattices are negative
definite. Thus, Fg is the unique even unimodular negative-definite lattice of rank 8; in the
literature, sometimes, it is denoted by Eg(—1) or —FEg. If 0 < p < ¢ and p = ¢ (mod 8), then
II,, , stands for an even unimodular lattice of signature (p,q); such a lattice is unique up to
isomorphism. For m € Z, we let (m) be the rank-1 lattice with quadratic form that takes the
value m on a generator. We let

D, = {:L‘GZ”

Zl‘i =0 (mod 2)} cz (1.1.1)

and we equip D, with the restriction of the negative of the standard Euclidean pairing on
Z". Thus, Dy = (—4), Dy =2 A} ® Ay, D3 = A3, and D,, is the negative-definite root lattice
with Dynkin diagram D,, if n > 4. Let a,, 8, € Ap, be the classes of (1/2,1/2,...,1/2) and
(—=1/2,1/2,...,1/2), respectively. If n is odd, then 4a,, = 453, = 0 and «, + B, = 0. If n is even,
then 2«,, = 23, = 0. Moreover,

qp, (an) =qp, (Bn) = —n/4 (mod 2Z), qp,(an+ Pn)=n+1 (mod 27Z). (1.1.2)

The following result is an easy exercise.

Cra 1.1.1. Ifn is odd, then Ap, is cyclic of order 4, generated by av,. If n is even, then Ap,
is the Klein group, generated by o, and (.

For N > 3, let
Ay = UZ@DN_Q. (113)
Notice that
(AAN7qAN) = (ADN_27qDN_2)‘ (114)

Below is the key definition of the present subsection.

DEFINITION 1.1.2. Let N > 3. A lattice A is a dimension-N D-lattice if it is isomorphic to
Ay, and in that case a decoration of A is an element & € Aj of square 1 (modulo 2Z). A
dimension-N decorated D-lattice is a couple (A,&), where A is a dimension-N D-lattice and
& € Ay is a decoration.

Remark 1.1.3. Let A be a dimension-N D-lattice. By (1.1.4) and (1.1.2), there exists a decoration
of A and it is unique unless N = 6 (mod 8). Of course, when ¢ is unique, the decoration is
irrelevant. However, including the decorations allows us to treat the exceptional cases (i.e. N =6
(mod 8)) uniformly and to make certain hidden structures more transparent. Note also that any
two N-dimensional decorated D-lattices are isomorphic.

Remark 1.1.4. If N > 3, then Ay @ Eg = Anyg (both are even unimodular lattices, of signature
(2, N + 8)). More generally, writing N —2 = 8k 4+ a with 0 < k and a € {0,..., 7}, we get

Ay 2Dy s, ® D, (1.1.5)
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1.2 Locally symmetric varieties of Type IV
Suppose that A is a lattice of signature (2, m). We let

In = {[o] € P(A¢) | 6* =0, (6 +7)* > 0}.

Then %\ is a complex manifold of dimension m, with two connected components @f,
interchanged by complex conjugation (the ‘real part’ projection A¢ — Ag identifies P, with
the set of oriented positive-definite two-dimensional subspaces of Ar). Each of _@f\[ is a bounded
symmetric domain of Type IV. The orthogonal group O(A) acts naturally on %, (left action).
Let O(A) < O(A) be the subgroup of elements fixing each of . By definition, O (A) acts on
9?{. For a finite-index subgroup I' < O%(A), we let

FAT) =T\Z;.

Then %, (T") is naturally a complex space of dimension n. By a celebrated result of Baily and
Borel, there exists a projective variety #x(I')* (the Baily—Borel compactification of Fx(T'))
containing an open dense subset isomorphic to %, (') as analytic space. In particular, %, (")
has a compatible structure of a quasi-projective variety.

DEFINITION 1.2.1. Let (A, &) be a dimension-N decorated D-lattice. Then O(A) acts naturally
on Ap and hence we may define

Le:={p€0"(A) | p(¢) =&}

We let #5(I'¢) be the associated locally symmetric variety (of dimension IV): this is a D locally
symmetric variety. To simplify notation, we will write .7 (A, §) for F,(T'¢).

We will compare I'¢ to more familiar subgroups of O1(A). First, we recall that if A is an even

lattice, the stable orthogonal subgroup O(A) < O(A) is the kernel of the natural homomorphism
O(A) — O(Ap). We let OF(A) := OT(A) N O(A). Notice that O1(A) is of finite index in O(A).

Example 1.2.2. Let A be an even lattice and r € A non-isotropic. Let

Ag Ag
2(z, ) (1.2.1)
xr = x-— T

r2

be the reflection in the hyperplane r+. If r is primitive, then p,(A) C A if and only if r2|2 div(r);
if this is the case we use the same symbol p, for the corresponding element of O(A). One checks
easily the following results:

(1) p, € OF(A) if and only if r% < 0;
(2) if r2 = £2, then p, € O(A).

Let (A, &) be a decorated D-lattice; then
O*(A) <Te < OF(A). (1.2.2)

PROPOSITION 1.2.3. Let (A, &) be a decorated D-lattice of dimension N. Then:
(1) OT(A) < I'¢ is of index 2;
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(2) Te = O™ (A) unless N = 6 (mod 8), in which case I'e < O (A) is of index 3;
(3) if N is odd, FA(Ot(A)) = Fa(Te) = Fa(OF(A));
(4) if N is even, the map Fx(OF(A)) — FA(L¢) is a double cover.

Proof. The homomorphism O(A) — O(gqya) is surjective (see e.g. [Nik80, Theorem 1.14.2]). Since
the reflection p,., for r € A of square 2, acts trivially on Ay and does not belong to the index-2
subgroup O (A), it follows that the homomorphism OT(A) — O(qy) is surjective as well. Since
O(qr) = Z/2 for N # 6 (mod 8), and O(qa) = X3 otherwise, Items (1) and (2) follow. Notice
that —1(= —idp) € I'¢ for all N, while —1 € O(A) if and only if N is even. It follows that if
N is odd, then —1 generates F5/6+(A) = 7Z/2. Since —1 acts trivially on Z,, Item (3) follows.
Item (4) holds because OT(A) < I'¢ is of index 2 and —1 is the unique non-trivial element of
O™ (A) acting trivially on 25 . O

1.3 Heegner divisors on D locally symmetric varieties

1.3.1 Divisor classes on locally symmetric variety of Type IV. Let X := Z5(T") be a locally
symmetric variety of Type IV. The Hodge bundle (or automorphic bundle), denoted by .Z(A,T),
is a fundamental fractional (orbifold) line bundle on .Z#;(I'); it is defined as the quotient of
ﬁ@A (—=1) by T', where ﬁ@Xr(_l) is the restriction to 2 of the tautological line bundle on

P(Ac). We recall that Z(A,T') extends to an ample fractional line bundle .Z*(A,T") on the
Baily—Borel compactification %, (I')*, and that the sections of m.Z*(A,T") are precisely the
weight-m I'-automorphic forms. We let A(A,T') := ¢1(Z(A,T)); thus, A(A,T) is a Q-Cartier
divisor class.

As is well known, any Weil divisor D on the quasi-projective variety X is Q-Cartier. Thus,
we may identify CH'(X)g and Pic(X)g.

Heegner divisors on ., (T') are defined as follows. Let 7: ;7 — %, (T') be the quotient map.
Given a non-zero v € A, we let

HoaT) = o) 0 FF, Hoa(T) = n(Ha(T)).
gel

Notice that g(v)* N 2y is empty if v? > 0; hence, we will always assume that v? < 0. Then
6, A(T') is a (particular) hyperplane arrangement (see [Loo03a, Loo03b]): we call it the pre-
Heegner divisor associated to v. One checks that H, (I') is a prime divisor in the quasi-projective
variety A (I'). We say that H, A(I') is the Heegner divisor associated to v. Notice that J¢, A(I")
and H, (') depend only on the I'-orbit of v. We say that 4, A(I') and H, A(I") are reflective if
the reflection p, (see Example 1.2.1) belongs to I' (in particular, p,(A) = A). If this is the case,
we say that v is a reflective vector of (A,I'). If (A, §) is a decorated D-lattice, and I' = T'¢, then
we say that v is a reflective vector of (A, ¢).

1.3.2 Relevant Heegner divisors for D locally symmetric varieties. Let (A, &) be a decorated
D-lattice. The Heegner divisors which are relevant for the present work are associated to vectors
v € A (of negative square) which minimize |v?| among vectors such that v* equals a given element
of Ax. It will be convenient to write

Ay = {0,¢,6,C'}. (1.3.1)
Thus,
ar(¢) = aa(¢') = —(N = 2)/4  (mod 22), (1.3.2)
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always, and

20 =2¢ =2¢' =0 if N is even, (1.3.3)
2 =2¢"=¢ if N is odd. (1.3.4)

Remark 1.3.1. With notation as above, there exists g € I'¢ such that g({) = ¢’. In fact, it
suffices to let g = (Idy2, p), where p € O (Dy_2) is the reflection in the vector (2,0,...,0),
Le. p(x1,...,2N-2) = (21, T2, ..., TN-2).

The result below will be used throughout the paper in order to classify I'c-orbits of vectors
of A.

PROPOSITION 1.3.2 (Eichler’s criterion, [GHS09, Proposition 3.3]). Let A be an even lattice
which contains U & U. Let v,w € A be non-zero and primitive. There exists g € O (A) such
that g(v) = w if and only if v?> = w? and v* = w*.

PROPOSITION 1.3.3. Let (A, &) be a decorated D-lattice of dimension N. The following hold.

(1) There exists v € A such that v? = —2 and div(v) = 1, and it is unique up to I'¢ (notice that
v*=0).

(2) There exists v € A such that v? = —4, div(v) = 2, and v* = €. Such a v is unique up to T¢.

(3) Let a €{0,...,7} be the residue mod 8 of N — 2. There exists v € A such that:

(3a) v? = —4a, div(v) = 4, and v* = ¢ (or v* = ') if N is odd;
(3b) v? = —a, div(v) = 2, and v* = ¢ (or v* = (') if N is even.

Such a v is unique up to I'¢ (recall that T'¢ exchanges ¢ and ().

Proof. (1) and (2): Existence is obvious. Such a v is unique up to Ot (A) by Eichler’s criterion,
and hence also up to I'¢, because Ot (A) < Ie. (3): Let us prove existence. Assume first that
N — 2 # 0 (mod 8) and hence a € {1,...,7}. Let N —2 = 8k + a; by Remark 1.1.4, we may
identify A with I3 948k @ Dg. If N is odd, the vector v := (Osysk, (2,...,2)) € Ay satisfies (3a)
and, if N is even, the vector v := (Ogqg, (1,...,1)) € Ay satisfies (3b). If N —2 =0 (mod 8),
let N =8k+2. Then A =11 1485, ® U(2) by Theorem 1.13.2 of [Nik80]. With this identification
understood, Item (3b) holds for v := (024gx,€) € A, where e € U(2) is a primitive isotropic
vector. Lastly, we prove unicity of v up to I'c. Let v1,v2 be two vectors such that (3a) holds for
both, or (3b) holds for both. If v¥ = v}, then v1, vy are O (A)-equivalent by Eichler’s criterion
and hence they are I'¢c-equivalent because Ot(A) < Te. If v # v3, then {vf,v3} = {(, '} and
hence by Remark 1.3.1 there exists g € I'¢ such that g(v2)* = v}; thus, vy, ve are I'¢-equivalent
by Eichler’s criterion. O

Below is a key definition for all that follows.

DEFINITION 1.3.4. Let (A, §) be a decorated D-lattice.

(1) A vector v € A is nodal if Item (1) of Proposition 1.3.3 holds. The nodal pre-Heegner divisor
and the nodal Heegner divisor are ¢, A(I'¢) and H, 5 (I'¢), respectively, where v € A is a
nodal vector. We will denote them by 47, (A, &) and H,(A,£), respectively.
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(2) A vector v € A is hyperelliptic if Ttem (2) of Proposition 1.3.3 holds. The hyperelliptic
pre-Heegner divisor and the hyperelliptic Heegner divisor are 0, z(I'¢) and Hy,a(T'¢),
respectively, where v € A is a hyperelliptic vector. We will denote them by 7%, (A, ) and
Hp (A, €), respectively.

(3) A vector v € A is unigonal if Item (3) of Proposition 1.3.3 holds. The unigonal pre-Heegner
divisor and the unigonal Heegner divisor are 7, y(I'¢) and H, s (I'¢), respectively, where
v € A is a unigonal vector. We will denote them by 7, (A, §) and H, (A, &), respectively.
Notice that if N =2 (mod 8), then J,(A,¢) = 0 and H,(A, &) = 0 because v? = 0.

(The definition makes sense because by Proposition 1.3.3 there is a single I'¢-orbit of nodal,
hyperelliptic, or unigonal vectors.)

1.3.3 Reflective Heegner divisors and the boundary of D period spaces.

PROPOSITION 1.3.5. Let (A, &) be a dimension-N decorated D-lattice. Let v € A be primitive,
of negative square, i.e. v? < 0. The reflection p, (see (1.2.1)) belongs to I'¢ (i.e. v is a reflective
vector of (A,€)) if and only if v is either nodal or hyperelliptic, or N = 3,4 (mod 8) and v is
unigonal.

Proof. Assume that p, belongs to Te. Since py(A) = A, it follows that v%2div(v) (see
Example 1.2.1). On the other hand, Aj is isomorphic to Z/(4) if N is odd and to the Klein
group if N is even. Thus, one of the following holds:

(a) v? = —2 and div(v) € {1,2,4};
(b) v? = —4 and div(v) € {2,4};
(c) v? = =8 and div(v) = 4.

Suppose that Item (a) holds. If div(v) = 1, then v is nodal. Thus, p, € O (A) by Example 1.2.1
and hence p, € I'¢. If div(v) = 2, then ga(v*) = —1/2 (mod 2Z). By (1.1.4), Claim 1.1.1,
and (1.1.2), it follows that N = 4 (mod 8), and v is unigonal. In particular, I's = O*(A) by
Proposition 1.2.3 and hence p, € I'¢ because p, € OT(A). If div(v) = 4, then gz (v*) = —1/8
(mod 2Z). On the other hand, N is odd because div(v) = 4 and hence by (1.1.4), Claim 1.1.1,
and (1.1.2), it follows that —(N — 2)/4 = —1/8 (mod 2Z), which is absurd. Thus, the case
v? = —2 and div(v) = 4 does not occur.

Now suppose that Item (b) holds. If div(v) = 2, then either v is hyperelliptic or N = 6
(mod 8). If v is hyperelliptic, then p, € O"(A) by Example 1.2.1. Since p,(v) = —v and & = v*,
the reflection p, fixes the 2-torsion element § and hence belongs to I'¢. If, on the other hand,
N =6 (mod 8) and v is not hyperelliptic, we may assume that v* = {. Then p,(§) = ¢’ (let
N = 8k + 6, so that A = Il 9481 ® D4, and compute) and hence p, ¢ I'c. If div(v) = 4, then
gr(v*) = —1/4 (mod 2Z). By (1.1.4), Claim 1.1.1, and (1.1.2), it follows that N = 3 (mod 8),
and v is unigonal. Then I'c = O (A) by Proposition 1.2.3 and hence p, € I'¢ because p, € OT(A).

Lastly, let us show that Item (c) cannot hold. In fact, gy (v*) = —1/2 (mod 2Z), and N is
odd because div(v) =4; by (1.1.4), Claim 1.1.1, and (1.1.2), it follows that —(N —2)/4 = —1/2
(mod 27Z), which is absurd. O

The following definition of the boundary divisor A is motivated by the discussion of § 4.
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DEFINITION 1.3.6. Let (A, ) be a decorated D-lattice of dimension N. Let A(A, &) be the Q-
Cartier divisor on .# (A, ) defined as

(1.3.5)

(A6) {Hh(A,f)/2 ifN#£3,4 (mod 8),
UV (HR(A€) + Hy(A€))/2 if N=3,4 (mod 8).

1.3.4 Heegner divisors for the stable orthogonal group. Let (A,§) be a dimension-N
decorated D-lattice. The main object of study in this paper is the geometry of the locally
symmetric variety #5(I'¢). (The reason for this is the inductive behavior described in §1.7.) It

is more standard to discard the decoration ¢ and consider .Zx (O (A)), the variety associated to
the stable orthogonal group. If N is odd, .Zx (01 (A)) = FA(I'¢) and there is nothing to be said.
On the other hand, if NV is even, then I'¢ is an index-2 subgroup of OT(A) (see Proposition 1.2.3)
and hence we have a double cover map

FA(OT(A)) £ ZA(Te). (1.3.6)
We will describe the inverse image by p of the Heegner divisors H,,, Hy, and H,,.

DEFINITION 1.3.7. Let A be a dimension-N D-lattice. A minimal norm vector of A isa v € A
such that one of the following holds:

(1) v? = =2 and div(v) = 1; or
(2) v? = —4 and div(v) = 2; or
(3) (N —2) #0 (mod 8) and, letting a be the residue of (N — 2) modulo 8:

(3a) v? = —4a and div(v) = 4 if N is odd; or else
(3b) v? = —a and div(v) = 2 if N is even.

Remark 1.3.8. Given n € Ay, there exists a minimal norm vector v € A such that v* = g
and, by Eichler’s criterion (Proposition 1.3.2) the set of such minimal norm vectors is a single
O (MA)-orbit. If w € A is another vector such that u? < 0 and u* = 7, then u? < v?; this is the
reason for our choice of terminology.

DEFINITION 1.3.9. Let A be a dimension-N D-lattice and n € Ax. We let
Hy(B) = A (0T (), Hy(A) := Hyn (07 (A)),

where v € A is any minimal norm vector such that v* = 7. (The definition makes sense by
Remark 1.3.8.)

Remark 1.3.10. Let A be a dimension-N D-lattice with N odd. Choose a decoration £ of A
and let Ay = {&, ¢, ('}, as usual. Then, under the identification .#x(O7(A)) = Za(T¢), we have
H()(A) = Hn<A,§), Hg(A) = Hh(A,f), and Hc(A) = HC’<A) = Hu<A,§) (IlOtiCG that CI = —C
because N is odd).

PROPOSITION 1.3.11. Let (A,€) be a dimension-N decorated D-lattice and assume that N is
even. Let p be the double covering in (1.3.6). Then (notation as in Remark 1.3.10)

p Hn(A, &) = Ho(A), p"Hp(A,€) = 2He(A),  p"Hu(A,§) = He(A) + Her (M), (1.3.7)
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Proof. Let v be a hyperelliptic vector of (A,&) and let p, be the associated reflection. Then
pv € T¢, but p, € OT(A) (see Remark 1.3.1). Thus, the class of p, in T'¢/OT(A) is the covering
involution of p. One may choose a nodal vector w of (A,§) which is orthogonal to v. Then p,
acts non-trivially on wt N Z;; it follows that the covering involution of p maps Hy(A) to itself
and is not the identity. The first equality of (1.3.7) follows from this. On the other hand, p, acts
trivially on v N .@IJ{ and the second equality of (1.3.7) follows. Lastly, p, switches the vectors ¢
and ¢’ in Ap (cf. Remark 1.3.1) and this proves the third equality of (1.3.7). O

Applying p. to the equalities in (1.3.7), we get the following result.
COROLLARY 1.3.12. Keep assumptions as in Proposition 1.3.11. Then
peHo(A) = 2Hn(A,€),  peHe(A) = Hi(A,§),  pu(Hc(A) + Her(A)) = 2Hu (A, €).
Below is the last result of the present subsection.

Cramv 1.3.13. Let A be a D-lattice. Choose a decoration § of A and let Ay = {¢,(, ('}, as usual.
Then, with respect to the group O"(Ay), the following hold:

(1) Ho(A) is a reflective Heegner divisor;
(2) He(A) is reflective if and only if N is odd;
(3) H¢(A) is reflective if and only if N = 3,4 (mod 8), and similarly for He(A).

Proof. If N is odd, the result follows from Proposition 1.3.5 because % (O (A)) = Fa(L¢).
Suppose that IV is even. Item (1) holds because the reflection associated to v € A with v? = -2
and div(v) = 1 belongs to O*(A). On the other hand, as noted above, if v is a hyperelliptic
vector of (A, ), then +p, € O (A) and Item (2) follows. In order to prove Item (3), let p be the
double covering in (1.3.6). If H¢(A) is reflective, then p, is reflective as well and hence N = 3,4
(mod 8) by Proposition 1.3.5. On the other hand, one easily checks that if N = 3,4 (mod 8),
the reflection associated to a unigonal vector is in OT(A). O

1.4 Hyperelliptic Heegner divisors
We will prove that the hyperelliptic Heegner divisor Hp, (An, &n) is isomorphic to # (An_1,{n—1)-

LEMMA 1.4.1. Let N > 4, let (A,§) be a dimension-N decorated D-lattice, and let v € A be a
hyperelliptic vector. Then v* is a dimension-(N — 1) D-lattice.

Proof. We may assume that A = Ay = U?@® Dy_o. By Eichler’s criterion, i.e. Proposition 1.3.2,
any two vectors of Ay of square —4 and divisibility 2 are O (Ay)-equivalent. Thus, we may
suppose that v = (0, (0,...,0,2)); it is obvious that v+ = Ay _. O

Remark 1.4.2. Let N > 4, let (A,€) be a dimension-N decorated D-lattice, and let v € A be
hyperelliptic. The D-lattice v comes with a decoration. In fact, since v?> = —4 and div(v) = 2,
the sublattice (v) @v'’ has index 2 in A. Thus, there exists w € v, well determined modulo 2v+,
such that (v + w)/2 is contained in A. It follows that (w/2,v") C Z and hence w/2 represents
an element n € A, 1, independent of the choice of w. Moreover, ¢, (n) =1 (mod 2) because

—14 (w/2)% = (v/2)?> + (w/2)* = (v +w)/2)> =0 (mod 27).

Thus, (v*,n) is a dimension-(N — 1) decorated D-lattice.
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PROPOSITION 1.4.3. Let (A,§) be a dimension-N decorated D-lattice and v € A be a
hyperelliptic vector. Let n be the decoration of the dimension-(N — 1) D-lattice v defined

above. If g € I';,, then there exists a unique g € I'c which fixes v and restricts to g on vt

Proof. Unicity of g is obvious; we must prove existence. Let g € O(Ag) be the extension of
g which maps v to itself. There exists u € v' such that g(w/2) = w/2 + u because g € T,
(i.e. glw/2] = [w/2]). Hence, g((v+ w)/2) = (v+ w)/2 + u € A and this proves that g(A) C A.
We set g := g|a. Then g € O(A), g(v) = v, and g|,. = g. Since £ = [v/2], the isometry g fixes £
and moreover g € OT(A) because g € O*(v1); this proves that g € T¢. O

By Proposition 1.4.3, we have an injection of groups

]‘—‘77(_>Ff

1.4.1
g > 3 (1.4.1)

The following is immediate.

CLAIM 1.4.4. The injective homomorphism of (1.4.1) has image equal to the stabilizer
Stab(v) < T'¢ of v.

Let (A,€) be a decorated D-lattice and v € A be a hyperelliptic vector. Let A’ := v+
(a D-lattice) and &' be the associated decoration of A’. We have defined an injection I'yr — T,
see (1.4.1), and hence there is a well-defined regular map of quasi-projective varieties

F(N, &) L Hy(A ) (1.4.2)
Fgl[O’] —> Fg[o‘].

Below is the main result of the present subsection.

PROPOSITION 1.4.5. The map f of (1.4.2) is an isomorphism onto the hyperelliptic Heegner
divisor Hp(A,&). Moreover, the intersection of Hy(A,&) and the singular locus of F (A, &) has
codimension at least two in Hp(A,§).

We will prove Proposition 1.4.5 at the end of the present subsubsection. First, we will go
through a series of preliminary results.

PROPOSITION 1.4.6. Let (A,§) be a dimension-N decorated D-lattice. Let v € A be a
hyperelliptic vector and let 1 be the decoration of the dimension-(N — 1) D-lattice v defined
above. Suppose that w is a reflective vector of (v,n). Then w is a reflective vector of (A, €) as
well. More precisely:

(1) if w is a nodal vector of (v*,n), then it is a nodal vector of (A, €);

(2) if w is a hyperelliptic vector of (v, n), then it is a hyperelliptic vector of (A, £);

(3) if N =4 (mod 8) and w is a unigonal (reflective) vector of (v*,n), then it is a hyperelliptic
vector of (A, €);

(4) if N =5 (mod 8) and w is a unigonal (reflective) vector of (v-,n), then it is a nodal vector

of (A, €).
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Proof. (1): Trivial. (2): We may assume that A = U2 @ Dy_» and
v = (04, (0, ce ,0,2)).

By Propositions 1.4.3 and 1.3.3, we may assume that w = (0q4, (0,...,0,2,0)), and (2) follows.
(3): Let N =448k, where k > 0. We may assume that A = Il 981 ® Do and v = (0448, (0,2)).
By Propositions 1.4.3 and 1.3.3, we may assume that w = (044sk, (2,0)), and (3) follows. (4):
Let N =5+ 8k, where k£ > 0. We may assume that A = I3 9185 @ D3 and v = (0448, (0,0,2)).
By Propositions 1.4.3 and 1.3.3, we may assume that w = (044gx, (1,—1,0)), and (4) follows. O

Let A be a lattice (any lattice, not necessarily a D-lattice) and 2 C A a subgroup. We let
Q C A be the saturation of €, i.e. the subgroup of vectors v € A such that mv €  for some
0#m € Z.

LEMMA 1.4.7. Let (A,€) be a decorated D-lattice and vy, . ..,v; € A. Suppose that the following
hold:

(1) wv; is a hyperelliptic vector fori € {1,...,k};

(2) ifi#j€{1,...,k}, then v; # %vj;;

(3) the sublattice 2 C A generated by v1, ..., v is negative definite.

Then the following hold.

(I) The formula

k
1
F(xi,...,x2x) = ilevl (1.4.3)
=1
defines an isomorphism of lattices F: D, —> Q. (In particular, vy, ... v} are pairwise

orthogonal.)
(I1) A vector v € Q is hyperelliptic if and only if v = tv; for some i € {1,...,k}.

Proof. Let u,w € Q be hyperelliptic vectors such that u # f+w. Using the divisibility assumptions
and that ) is negative definite, it is easy to see that (u,w) = 0. Thus, (v;,v;) = 0 for i,j €
{1,...,k} and hence 2 has rank k. The vector (Zle x;v;)/2 belongs to ) whenever Z?Zl x; 18
even because (v; +v;)/2 € . It follows that (1.4.3) defines an isomorphism between Dy, and the
sublattice F(Dy) C Q. Suppose that F(Dy) # €; since det(Dy) = (—1)¥4, it follows that Q is

unimodular and that contradicts the hypothesis that each v; has divisibility 2. Thus, F(Dy) = Q
and this proves Item (I). Item (II) is similar. O

PROPOSITION 1.4.8. Let (A,§) be a decorated D-lattice. The hyperelliptic Heegner divisor
Hy (A, €) is normal.

Proof. By definition, Hj(A,§) = T\ (A ). Let p € Hp(A§) and [o] € H4(A€) be a
representative of p. Let Stab([o]) < I'c be the stabilizer of the line [¢]. By construction, we
have the following isomorphisms of analytic germs:

(F(A,8),p) = (Stab([0])\ 2y, [o]), (1.4.4)

(HA(A, ), p) = (Stab([o])\ A4 (A, €, 7). (1.4.5)

Since o N Ag is negative definite, the set of hyperelliptic vectors v € o= N A is finite (and

non-empty). Let {v1,...,vx} be a maximal collection of such vectors with the property that
1669
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v; # £vj for i # j. Let £, C A be the subgroup generated by v1,...,v;. As noticed above, the
restriction of the quadratic form to €2, is negative definite. Thus, the hypotheses of Lemma 1.4.7
are satisfied and hence the saturation €, is isomorphic (as a lattice) to Dj. (Notice that by
Lemma 1.4.7, Q, is independent of the choice of a maximal collection as above.) Let R be the
set of r € Q, such that 72 = —2 and let R” be the set of hyperelliptic vectors of Q,. Then

Ry = {((=1)™vi+ (=1)™v;)/2 |1 <i<j<k}, Rop={(-1)™v|1<i<k}

(The last equality holds by Lemma 1.4.7.) Let R, := R/ U R/. Notice that p, € I'¢ for all
r € Ry. Let W,, W, , W/ < Stab([o]) be the subgroups generated by the reflections p, for
r € Ry, r € R, and r € R/, respectively. Clearly, W, is a normal subgroup of Stab([o]);
let G, := Stab([o])/W,. Then G, acts on W,\Z{ and on W,\7%,(A,€). The analytic germ

(Stab([o])\A4 (A, §), [o]) is isomorphic to the germ at [o] of W\, (A, £) modulo the action of
G.. Hence, it suffices to prove that W,\J4,(A, ) is smooth in a neighborhood of [o].
We identify each r € R, with F~!(r) € C*, where F is the isometry of (1.4.3), and we denote

it by r. Thus, r € R., r € R/ are of the form
0,...,0,%1,0,...,0,%1,0,...,0), (0,...,0,%2,0,...,0),

respectively. The action of W, is trivial on QL. It follows that there exist local analytic
coordinates (x,t) = ((21,...,2x),t) on 2}, centered at [o], such that x; = 0 is a local equation

of v N7}, and
2
p’I‘(X7 t) - <X - (X;T) T, t) )
T

where (x,7) is the opposite of the standard Euclidean product of x and r.

In order to describe W,\Z; and W,\ 4, (A, €), we first take the quotient by the normal
subgroup W72 and then we act by W./W/ on the quotient. Local analytic coordinates on
WI\DY are (y1,...,yr, t), where y; = 2. The action of W2 /W/ on (y1,...,yx) is the standard
representation of the symmetric group .#%. Thus, local analytic coordinates on Wg\@j{ are
(T1,..., Tk, t), where 7; is the degree-i elementary symmetric function in y, ..., yx. In particular,
W,\Z; is smooth in a neighborhood of [o]. Since a local equation of %, (A,€) is given by
z1 - xp, = 0, alocal equation of W,\J%,(A,€) in W,\Z) is 7, = 0. We have proved that

W,\7,(A, £) is smooth in a neighborhood of o], as claimed. O

Proof of Proposition 1.4.5. We adopt the notation introduced in the proof of Proposition 1.4.8.
We start by noting that f is surjective by definition. The composition of f and the inclusion
Hp(A &) — F*(A,€) extends to a regular map

p: FHN ) — TN,

compatible with the Baily-Borel boundaries. Since the Baily-Borel compactifications are
projective, it follows that f is a projective map. By Claim 1.4.4, the fiber of f at the equivalence
class represented by o € 7, (A, €) is identified with the set of hyperelliptic vectors v € Q,, modulo
the action of Stab([o]) (notice that —Idy € Stab([o])). Hence, the proof of Proposition 1.4.8
shows that the fiber of f is a singleton; in particular, f is birational. Now Hy (A, §) is normal by
Proposition 1.4.8; since f is birational and projective, it follows that it is an isomorphism.

It remains to prove that the intersection of Hjp(A,&) and the singular locus of % (A,¢)
has codimension at least 2 in Hp(A,§). Suppose the contrary: we will reach a contradiction.
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Since .Z (A, &) is normal, there is an irreducible component Z of Hy(A, ) Nsing .# (A, ) which
has codimension 1 in Hp(A,€). Let v € A be a hyperelliptic vector and 1 the decoration of the
D-lattice v associated to &. Let m: @;1 —> Hp(A,€) be the natural map; we have proved that
7 is the quotient map for the action of I';, on @;ﬂ. Now let Z C @;l be an irreducible component
of 7 1Z.1f [0] € Z, then

Stab([o]) 2 (pv, —1a)

because 7([o]) is a singular point of .Z (A, ). We distinguish between the two cases.

(1) For very general [0] € Z, the set of hyperelliptic vectors in o= is {v, —v}.

(2) For very general [o] € Z, the set of hyperelliptic vectors in o has cardinality strictly greater
than 2.

Assume that (1) holds and let [6] € Z be very general. Let g € (Stab([o])\ (py, —14)). Then g(v) =
+v and hence, multiplying g by p, if necessary, we may assume that g(v) = v, i.e. g|,. €I},

Now g|,. fixes every point of Z, which has codimension 1 in @;1. It follows that g|,. = :l:p}jf,

where w is a reflective vector of (v*,n) and pfvL denotes the associated reflection of v'. By
Proposition 1.4.6, the vector w is a reflective vector of (A, &) as well; it follows that g = py,.
Thus, Z = v+ Nnwt N 25 and hence Stab([o]) = (pu, puw, —1a) for a very general [o] € Z. 1t
follows that if [0] € Z is very general, then . (A, £) is smooth at 7([o]), and that contradicts our
assumption. B B

Lastly, assume that (2) holds. Let [0] € Z be very general. Since Z has codimension
2 in ), the set of hyperelliptic vectors in ol is equal to {#wvi,4wvs}, where vi,vy are
orthogonal hyperelliptic vectors, and moreover Stab([o]) = (puv,, Pve, —1a). As shown in the
proof of Proposition 1.4.8, it follows that .#(A,¢) is smooth at m([o]), and that contradicts
our assumption. O

1.5 Reflective unigonal divisors

1.5.1 N =3 (mod 8). Let (A,§) be a decorated D-lattice of dimension N = 3 (mod 8). Let
N = 8k + 3, where k > 0. Let v € A be a unigonal vector, i.e. v>2 = —4 and div(v) = 4. Then
A = (v) @ vt Since det A = —4, it follows that v+ is unimodular. Thus,

=0 | P (1.5.1)
Given g € O"(Ily24sk), let g € O(A) be the isometry such that
gw)=v, gl =g (1.5.2)

Then g € OT(A) because g € O (I3 948k), and g € O(A) because Ay is generated by v*. Thus,
we have an injection of groups
O (g24sk) — T

1.5.3
g 3 (1.5.3)
It follows that the injection .@:l — .@/J{ descends to a regular map
l
ﬁHZ,Q+8k (O+(HQ,2+87€)) —> Hy(A,€). (1.5.4)

PROPOSITION 1.5.1. Let (A, &) be a decorated D-lattice of dimension N = 3 (mod 8) and let
N = 8k + 3, where k > 0. The map [ in (1.5.4) is an isomorphism onto the unigonal Heegner
divisor Hy,(A,&). Moreover, the intersection of H,(A,&) and the singular locus of % (A, &) has
codimension at least 2 in H,(A,§).
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Proof. The map [ is finite (see the proof of Proposition 1.4.5) and it has degree 1 because
—Idj € I'e. Thus, in order to prove that [ is an isomorphism, it suffices to prove that H, (A, §)
is normal. We claim that the pre-Heegner divisor J%,(A,§) is smooth, i.e. that if v,vy are
non-proportional unigonal vectors, then vf N fué‘ N 2¢ = ¢. In fact, suppose the contrary. Then
v1,v2 span a negative-definite rank-2 sublattice of A; since v? = —4 and (v1,v2) € 4Z, it follows
that v;_Lwvs. On the other hand, vf- = Il 948 by (1.5.1) and hence vll does not contain a
primitive vector of divisibility greater than 1. This proves that 7, (A, &) is smooth and hence
Hy(A, &) =T\ (A, €) is normal.

The proof that H,(A, &) Nsing.Z# (A, ) has codimension at least 2 in H, (A, &) is similar
to the analogous statement for Hy (A, £); see Proposition 1.4.5. We leave details to the reader. 0O

In order to simplify notation, from now on we let

F Mz p48k) 1= Pty 545, (07 (2 2488))- (1.5.5)

A vector v € Ilp 248 is nodal if it has square —2. By Eichler’s criterion, i.e. Proposition 1.3.2,
any two nodal vectors of ITy o g are O (Il o4 g% )-equivalent. We let H,,(Ilz 245%) be the Heegner
divisor of .% (Il 24g%) corresponding to a nodal v € Il 94 gp.

1.5.2 N =4 (mod 8). Let (A,£) be a decorated D-lattice of dimension N =4 (mod 8). Let

N = 8k + 4, where k > 0. Let v € A be a unigonal vector, i.e. v> = —2 and div(v) = 2. Then
A = (v) @ vt. Moreover,

v 2Ty gg @ Al (1.5.6)

In fact, Ay =Z/(2) ® A,., where a generator of the first summand has square —1/2 modulo 2Z.
It follows that the discriminant group of v* is Z/(2) and a generator has square —1/2 modulo
27. Thus, v+ and U? ® Eé‘“' @ A; have the same signature and isomorphic discriminant groups;
thus, (1.5.6) follows from Theorem 1.13.2 of [Nik80]. Given g € OT(v'), let § € O(A) be the
isometry such that

g(v)=v, gl,. =g (1.5.7)

Then § € Ot(A) because g € OF(v1h), and § € O(A) because O(vh) = O(vt), and Ay =
A, @ (v*). Thus, we have an injection of groups

Ot (Ily 048 D A1) — I¢

. 1.5.8
g = g (1.58)

It follows that the injection @;& — _@IJ{ descends to a regular map
yﬂz,%sk@fh (O+(H2,2+8k ® A1)) = Hy (A, €). (1.5.9)

PROPOSITION 1.5.2. Let (A,£) be a decorated D-lattice of dimension N = 4 (mod 8) and let
N = 8k + 4, where k > 0. The map m in (1.5.9) is an isomorphism onto the unigonal Heegner
divisor H, (A, ). Moreover, the intersection of H,(A,&) and the singular locus of .#(A,§) has
codimension at least 2 in Hy,(A,§).

Proof. The proof is similar to the proof of Proposition 1.5.1 (see also Proposition 1.4.5). We
leave details to the reader. O
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In order to simplify notation, from now on we let

F (Maisk ® A1) i= T, 5. e, (07 (L2481 ® Ar)). (1.5.10)

A vector v € Ilp 9185 @ Ay is nodal if it has square —2 and divisibility 1; it is unigonal if it has
square —2 and divisibility 2. By Eichler’s criterion, i.e. Proposition 1.3.2, any two nodal vectors
of Iy orgr @ Ay are O (g 918k @ Aj)-equivalent, and similarly for any two unigonal vectors.
We let H, (Ilo 948k @ A1) and Hy(IlIy 218 @ A1) be the Heegner divisors of .7 (Il 248k @ A1)
corresponding to a nodal or a unigonal v € Il 2, g1 @ Ay, respectively.

One describes the Heegner divisor H,(Ilz248; @ A1) proceeding as in §1.5.1. In fact, let
v € (Ilg218; ® A1) be a unigonal vector. Then (Ilz o8 ® A1) = (v) @ v, and vt 2 1lh o4y is
unimodular. It follows that the injection .@:L — QIJ{ descends to a regular map

T (Maoysr) —> Hu(llgo s, ® A1), (1.5.11)

which satisfies the following proposition.

PROPOSITION 1.5.3. Let k > 0. The map p of (1.5.11) is an isomorphism onto the unigonal
Heegner divisor H,(Il3248; @ A1). Moreover, the intersection of H,(Ilp 248k ® A1) and the
singular locus of F (Il 2481, @ A1) has codimension at least 2 in H,(Il3 245 @ A1).

1.6 The (non-reflective) unigonal divisors for N =5 (mod 8)
Let (A, &) be a decorated D-lattice of dimension N =5 (mod 8). Let N = 8k + 5, where k > 0;
thus, A 2 Ip 548, ® D3. Let v € A be a unigonal vector, i.e. v2 = —12 and div(v) = 4. Then

= IIy o481 @ Aa. (1.6.1)

Given g € Ot (v}), let § € O(A) be the isometry such that §(v) = v and §|,. = g. Then
g € OT(A). Thus, we have an injection of groups

Ot(Ilgaysr ® Ag) — OF(A)

- 1.6.2
; - 3 (1.6.2)

It follows that the injection @;l — @f( descends to a regular map
ﬂII2,2+8k@A2 (6+(HQ72+819 S AQ)) —q> HU(A7£)- (1'6'3)

The following proposition follows by similar arguments to those used above; we omit the proof.

PROPOSITION 1.6.1. Let (A, ) be a decorated D-lattice of dimension N =5 (mod 8) and let
N = 8k + 5, where k > 0. The map q in (1.6.3) is an isomorphism onto the unigonal Heegner
divisor H,(A,§). Moreover, the intersection of H,(A,&) and the singular locus of % (A,§) has
codimension at least 2 in H, (A,§).

In order to simplify notation, from now on we let
T (o o8 @ Az) 1= Fity 5 g5 (0 (T 0181 & Ag)). (1.6.4)

A vector v € Ily 948k @ A2 is nodal if it has square —2 and divisibility 1; it is unigonal if it
has square —12 and divisibility 3. Notice that the set of nodal vectors of Ily o g, @ Ag is a
single O (Il 94s; @ Az)-orbit, and similarly the set of unigonal vectors up to £1 is a single
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6+(112,2+8k @ Az)-orbit. We let H,, (I 2485 @ A2) and Hy, (Il 2455 @ A2) be the Heegner divisors
of .F (Ilg 248k @ Ag) corresponding to a nodal or a unigonal v € Il o5k @ Aa, respectively (both
are irreducible).

Let v € (IIp 248 @ A2) be a unigonal vector. Then vt Iy 048 @ Ar. Asin §1.5.2, we get
a regular map

F (Maprsk ® A1) —> Hy(Ilyoqs, @ A). (1.6.5)

PROPOSITION 1.6.2. Let k > 0. The map r of (1.6.5) is an isomorphism onto the unigonal Heegner
divisor Hy (113 248 ® A2). Moreover, the intersection of H, (Il 2481 @ A2) and the singular locus
of F (Il 248K @ A2) has codimension at least 2 in H, (Il 24 8; @ As2).

1.7 Nested locally symmetric varieties
1.7.1 The infinite tower of D locally symmetric varieties. For 3 < M, we let &y be a

decoration of Aps. Choose N > 3. By Proposition 1.4.5, we have a sequence of inclusions of
D period spaces:

o i f5 fN 1 IN -

F(N3,83) = F (Mg, 64) = -+ F(AN-1,&n-1) = F (AN, EN). (1.7.1)
Thus, Im fay = Hp(Apr, &) for 4 < M < N. There is a unique continuation of the above
sequence. In fact, let w € Ax be a vector of divisibility 2 and such that [v/2] = &y (e.g. a
hyperelliptic vector). Let L C (Ay @ (—4))g be the sublattice generated by (Axy @ (—4)) and
(w/2,1/2). Then L and Ay are even lattices of signature (2, N + 1) and their discriminant
groups (equipped with the discriminant quadratic forms) are isomorphic. By Theorem 1.13.2
of [Nik80], it follows that L is isomorphic to Ay 1; we choose an identification of L with Ay ;. Let
En+1 be the decoration of Ay (i.e. L) defined by (0,1/2). Then v := (0a,, 1) is a hyperelliptic
vector of Ay,1, and vt = Ay. Furthermore, &y is the decoration of v+ associated to Engt- In
conclusion, there is an infinite prolongation of (1.7.1), unique up to isomorphism:

INt1 INte2

F(hy, ) B - B F Ay, n) B F (A i) B (172
For 3< M < N, welet fyn:=fnvofyv—10---0 fys1. Thus,
fun: F(Au, En) = F (AN, EN). (1.7.3)
1.7.2 Other building blocks of the D tower. Let

F (I, 2+8k) Y Hou(Askis, Esks), (1.7.4)

T (Massr ® A1) 3" Hy(Agrra, Esira), (1.7.5)
F(Maorsr) 5 Hy(Monrsy @ A1), (1.7.6)
F(Maassr © A2) =5 Hy(Agrrs, Esirs), (1.7.7)
F (Mg o481 @ A1) — i Hy,(Ila 2481 @ A2), (1.7.8)

be the isomorphisms in (1.5.4), (1.5.9), (1.5.11), (1.6.3), and (1.6.5), respectively: the convention
is that the subscript denotes the dimension of the period space containing the codomain as
Heegner divisor (as for the maps fy).

CramM 1.7.1. Keeping notation as above, fgii4 0 lgk+3 = Mgkta © Pgk+s and fsgis © Mggra =
q8k+5 © T8k+4-
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Proof. Choose an isomorphism Aggy4 = I3 o455 @ A% and let e1, es be generators of the addend
A2 such that —2 = €2 = €2, (e1,e2) = 0. Let o, 3,7, 8 be the obvious inclusions in the diagram

11 2+8k ® (e1 + e2)

\

\ Iy 21 8% © (e1) @ (e2) (1.7.9)

5948k @ (e1)

H2,2+8k

The map fsk44 © s+ is induced by the composition 8 o a, and the map mggi4 © pPspt3 is
induced by the composition § o . Thus, fggi4 © lgkr3 = Mgkra © Pskr3 because S oa = o7.
A similar proof shows that fsxi50 mgria = G8k+5 © T'sk+4- O

The picture of the D tower is periodic of period 8:

T8k+4

l8k+3

- (1.7.10)

>0
fok42 fsk+3 fsk+a fsk+s fsk+6

1.7.3 Stratification of the support of the boundary divisor. Let (A, &) be a decorated D-lattice
of dimension N. We let AD(A,€) € .F (A, €) be the support of the boundary divisor, i.e.

Hp(A ) if N#3,4 (mod 8)
AW (A, €) = ’ ’ 1.7.11
(4,8 {Hh(A,g)UHu(A,g) if N=3,4 (mod 8). (17.11)
We let AD(A,€) C 25 be the inverse image of A(V(A, ¢) for the quotient map

T Dy — F(A€). (1.7.12)

Thus, ﬁ(l)(A, €) is a linearized arrangement, in the terminology of Looijenga [Loo03a], and it is
naturally stratified. The kth stratum is defined to be

AN €)= {[o] € 2y | 3 lin. ind. non-nodal T¢-reflective v1,..., v, € o= N A},  (1.7.13)
i.e. the set of points belonging to k (at least) independent ‘hyperplanes’.! Let
DA, €) = (AW (A,€)), (1.7.14)

where 7 is the quotient map (1.7.12). The strata E(k)(A,g) and AKX (A, €) play a key role in
Looijenga’s semitoric compactification of the complement of A (A, €) in .Z (A, €). We will show
that the subvarieties of .% (A, ) appearing in (1.7.10) are exactly the irreducible components of
AR (A, €). In order to state our results, let

%(k) (A,€) == {[o] € 2} | I lin. ind. hyperelliptic v1,...,vx € o N A}, (1.7.15)

! The present k has no relation to the k appearing in §1.7.2, which is | N/8] for N = 3,4 (mod 8).
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R. LazAa AND K. O’GRADY
%(k)(/\,f) :={[o] € 2y | 3 lin. ind. reflective unigonal vy, ..., v € ot NA}. (1.7.16)

We let H}(Lk)(A,f) C Z(A,€) and H&k)(A,f) C Z(A,€) be the images via 7w of %L(k)(A,ﬁ) and
%(k)(A,g), respectively. In order to simplify notation, we let

AW(N) = AW (A, ey), HP(N) = HP (A, ex), HO(N) = HP(Ay,v),  (1.7.17)

u

where £y is a decoration of Ay. Below is the main result of the present subsubsection.

ProOPOSITION 1.7.2. Let N > 3 and keep notation as above. Then

(k) :
o® (N N #£3.4 > 9
AB(N) = f(lk)( ) " ! # 3,4 (mod 8) or k (1.7.18)
HO Ny UHP(N) ifN=34 (mod8)andk=1.
If, in addition, N > 4 and 1 < k < N — 3, then
Hf(Lk)(N) _ JImfy kN 1.fl<:§éN—2 (mod 8), (1.7.19)
Im fy gy UIm(fN_pr1nv 0 IN—py1) ifA=N—2 (mod 8).

We will prove Proposition 1.7.2 at the end of the present subsubsection.

LEMMA 1.7.3. Let (A,§) be a D-lattice of dimension N = 3 (mod 8). Then
0= Hi(A,€) N Hu(A,€) = HP(A,).

Proof. Suppose the contrary. Then there exists [0] € QXN such that o1 contains a unigonal
vector w € Ay (i.e. w? = —4 and div(w) = 4), and a vector v which is either hyperelliptic
or unigonal, and moreover v # t+w. It follows that (v,w) is a rank-2 negative-definite lattice
(o N Ag is negative definite) and hence the determinant of (v,w) is strictly positive. This in
turn implies that v_Lw (recall that (v,w) € 4Z). On the other hand, A = Zw @ w' because

w? = —4 and div(w) = 4. Since A has determinant —4, it follows that the lattice w™ is
unimodular. Now v belongs to the unimodular lattice w*, and divy(v) € {2,4}; that is a
contradiction. a

By similar arguments, we obtain the following lemmas (we omit the proofs).

LEMMA 1.74. Let (A,§) be a D-lattice of dimension N = 4 (mod 8). If wi,wy are non-
proportional unigonal vectors of (A,§), spanning a negative-definite sublattice, then (wi,ws)
is isomorphic to D2, and

A = (wy,we) ® <w1,w2>l, (wr, w2>J‘ = IIp N—2. (1.7.20)
In particular {wi, w3} = {(, ('}, where, as usual, Ay = {0,&,(,¢'}.

LEMMA 1.7.5. Let (A, &) be a D-lattice of dimension N =4 (mod 8). Let v, w be a hyperelliptic
and a unigonal vector of (A, &), respectively, spanning a negative-definite sublattice. Then (v, w)
is isomorphic to Ds, and

A= (v,w) ® (v,w), (v, w)yt 210 N ». (1.7.21)
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MODULI OF QUARTIC K3 SURFACES

LEMMA 1.7.6. Let (A,§) be a decorated D-lattice of dimension N > 4. Let v be a hyperelliptic
vector of (A,€) and 1 be the decoration of the D-lattice v defined in Remark 1.4.2. Suppose
that w is a hyperelliptic vector of (A, &), orthogonal to v. Then one of the following holds:

(1) w has divisibility 2 in v and it is a hyperelliptic vector of (v,n);
(2) w has divisibility 4 in vt, {v,w}+ =21y y_9, and N =4 (mod 8).

PROPOSITION 1.7.7. Let N >4 and 1 < k < N — 3. Let (A,&) be a dimension-N D-lattice and
V1, ...,V be pairwise-orthogonal hyperelliptic vectors of (A,§). Then, for any 1 <i <k —1,

{1}1, ceey Ui}L = AN,Z', (1722)

{v1,...,v;}* carries a decoration £(i) such that ({vi,...,v;_1}*,&(i — 1)) induces ({v1,...,
vi}*,€(7)) as in Remark 1.4.2 (for i = 1, this means that (A, €) induces (vi,£(1))) and v; is a
hyperelliptic vector of ({v1,...,v;}*,€()). Moreover, one of the following holds:

(1) wy is a hyperelliptic vector of ({v1,...,v5_1},&(k —1));
(2) k>2, N =k+2 (mod 8), v, has divisibility 4 in {vy,...,vs_1}*, and {v1,...,vp}+ =
o N k-

Proof. By induction on k. If k = 1, the proposition holds by Lemma 1.4.1; if £ = 2, it holds by
Lemma 1.7.6. Now let k& > 3. By the inductive hypothesis, {v1,...,vp_2}", {v1,...,v5_1}", and
{v1,..., V52, vk}L are either D-lattices or unimodular. Since v;_1 and v have divisibility 2 in A,
it follows that {vy,...,ve_o}", {v1,...,vp_1}+, and {v1,...,v4_2,v}* are not unimodular and
hence they are D-lattices. In particular, by Lemma 1.7.6, vp_1 and v are hyperelliptic vectors
of ({v1,...,vp_2}*, &(k—2)). The proposition follows by applying Lemma 1.7.6 to the decorated
D-lattice ({v1,...,vp_2}",&(k — 2)) and the vectors v = vg_1, W = V. O

Proof of Proposition 1.7.2. Let us prove (1.7.18). It is obvious that A®)(N) contains the set
on the right-hand side. Next, we check that the left-hand side of (1.7.18) is contained in the
right-hand side. If N # 3,4 (mod 8), the containment is obvious because there are no reflective
unigonal vectors. If N =3 (mod 8) (and k > 2), the containment follows from Lemma 1.7.3. Tt
remains to prove that if N =4 (mod 8), then A (N) ¢ H}EZ) (N); this follows from Lemma 1.7.4.

Lastly, we prove (1.7.19). Suppose that 7([o]) € H }(Lk)(N ), i.e. there exist linearly independent
hyperelliptic vectors vy,...,v; of (An,&n) such that o € {vq,...,vx}*. The latter condition
implies that the restriction of (, ) to the span of vy,...,v; is negative definite and hence the
vectors vy, . .., v are pairwise orthogonal by Lemma 1.4.7. Thus, we may apply Proposition 1.7.7;
if Item (1) holds, then w([o]) € Im fy_g n; if Item (2) holds, then N = k + 2 (mod 8) and
7([o]) € Im(fN—k+1,n © IN—k+1). This proves that the left-hand side of (1.7.19) is contained in
the right-hand side. The converse is obvious. O

Remark 1.7.8. Let N = 8s + 4, where s > 0. We have proved that
HP(N) = Im(fgsra 0 lgsss) = Im(mgeis © pssis). (1.7.23)

In particular, it follows from Lemma 1.7.3 that Im fy_o n N Hqsz)(N) =0.
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R. LazAa AND K. O’GRADY

2. Locally symmetric spaces .%# (IN) as period spaces for N € {18, 19, 20,21}

We will denote by #(N) the locally symmetric variety #(An,&n), where (An,&n) is a
decorated dimension-N D-lattice. As is well known, the period space for quartic K3 surfaces is
Zp,0(0T(A1g)), and the latter is equal to . (19) by Proposition 1.2.3. We will prove that .% (18)
is the period space of hyperelliptic quartic K3 surfaces, see §2.2, and that .%(20) is the period
space of desingularized EPW sextics (a quotient of the period space of double EPW sextics by
the natural duality involution; see [O’Grl15]). Lastly, in § 2.3, we will establish a relation between
Z(21) and the period space of hyperkéahler 10-folds of Type OG10.

Notation 2.0.1. We will denote by Hp(N), H,(N) the hyperelliptic and unigonal divisors in
F(N).

2.1 Quartic K3 surfaces and their periods

For us a K3 surface is a complex projective surface X with DuVal singularities, trivial dualizing
sheaf wyx, and H'(Ox) = 0. A polarization of degree d on a K3 surface X is an ample line bundle
L on X such that ¢q(L) is primitive and ¢;(L) - ¢1(L) = d. The degree d of a polarization is
strictly positive and even and hence we may write d = 2g— 2, with g > 2; then g is the arithmetic
genus of curves in |L|. A polarized K3 surface is a couple (X, L), where X is a K3 surface and
L is a polarization of X; the degree and genus of (X, L) are defined to be the degree and genus
of L. We recall the following fundamental result.

THEOREM 2.1.1 (Mayer [May72]). Let (X,L) be a polarized K3 of genus g. Then one of the
following holds.

(1) The map ¢r: S --» |L|Y =2 P9 defined by L is regular and is an isomorphism onto its image
(a surface whose generic hyperplane section is a canonical curve of genus g).

(2) The map ¢r: S --+ |L|Y = P9 is regular and is a double cover of its image (a rational
surface of degree g — 1).

(3) The linear system |L| has a fixed component, a smooth rational curve R, and L(—R) =

Ox(gE), where E is an elliptic curve.

Actually Mayer considered big and nef divisors on a smooth K3 surface; one gets the result
for a singular K3 surface X upon replacing X by its minimal desingularization X, and L by the
pull-back L of L to X.

DEFINITION 2.1.2. A polarized K3 surface (X, L) of degree 4 is hyperelliptic if Item (2) of
Theorem 2.1.1 holds, and it is unigonal if Item (3) of Theorem 2.1.1 holds.

Remark 2.1.3. Let @ C P3 be an irreducible quadric, i.e. either a smooth quadric or a quadric
cone over a smooth conic. Let B € |wé2] and suppose that B has simple singularities. Let p: X —
@ be the double cover ramified over B and let L := ¢*0¢(1). Then (X, L) is a hyperelliptic quartic
K3 surface and the image of pr: X — |L| is identified with Q). Conversely, every hyperelliptic
quartic K3 surface is obtained by this procedure.

Remark 2.1.4. Let Fy := P(Op1(4) ® Opr). Let p: F4 — P! be the structure map, let F be a
fiber of p, and let A := P(0p1(4)) C F4 be the negative section of p. Let B € [3A + 12F| be
reduced with simple singularities, and disjoint from A (the generic divisor in [3A 4+ 12F| has
these properties because B - A = 0). Let 7w: X — Fy be the double cover branched over A 4+ B.
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Then X is a K3 surface because (A + B) € |-2Kj,|. Since 7 is simply ramified over A, we
have 7*A = 2R, where R is a smooth rational curve. Let E := n*F; thus, F is an elliptic curve,
moving in the elliptic fibration po7: X — P!. Then (X, Ox (R + 3E)) is a unigonal quartic K3
surface and conversely every unigonal quartic is obtained by this procedure.

If (X, L) is a quartic K3 surface, the period point II(X, L) € #(19) is defined as follows.
Let X be the minimal desingularization of X and L be the pull-back of L to X. The lattices
c1(L)7 = c1(L)*r N H?(X;7Z) and Aqg are isomorphic; let

i er(L)g —> A (2.1.1)

be an isomorphism, and c: cl(f)L N Aigc be the C-linear extension of 1. The line
Ye(H?*0(X)) belongs to Zy,, and, if necessary, we may precompose t with an element of

O(c1(L)4) so that e (H20(X)) belongs to @;{19. Such a point is well determined up to O (A1g)
and hence it determines _
(X, L) € O (Ao)\ 2y, = Z(19). (2.1.2)

This is the period point of (X, L).
Now let
M(19) := |Op3(4)]JPGL(4) (2.1.3)

be the GIT moduli space of quartic surfaces in P3 (see [Sha81] for many results about 9t(19)).

DEFINITION 2.1.5. Let % (19) C |Op3(4)| be the open subset parametrizing quartics with ADE
singularities.

Then % (19) is contained in the stable locus of |Op3(4)| for the natural action of PGL(4)
by [Sha81]. By global Torelli for K3 surfaces, and Mayer’s theorem 2.1.1, the period map
restricted to % (19) /PGL(4) defines an isomorphism

% (19) JPGL(4) = Z(19) \ (H,(19) U H,(19)). (2.1.4)
Thus, we have a birational map
P1g: 9ﬁ(19) -—2 ﬁ(lQ)* (215)

and one of the main goals of the present paper is to propose a conjectural decomposition of pfgl
as a composition of the Q-factorialization of .% (19)* and a series of flips of subloci described by
the D tower of §1.7. The geometric behavior of this decomposition is discussed in [LO18b].

2.2 Periods of hyperelliptic and unigonal quartics
The following is standard.

PROPOSITION 2.2.1. Let (X, L) be a quartic K3 surface. Then:
(1) (X, L) is hyperelliptic if and only if II(X, L) € Hp(19); and
(2) (X, L) is unigonal if and only if II(X, L) € H,(19).

Remark 2.2.2. By Proposition 1.4.5, there is a natural isomorphism between .#(18) and the
hyperelliptic divisor Hy(19). By Proposition 2.2.1, it follows that we may identify .#(18) with
the period space for hyperelliptic quartic K3 surfaces.
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There is a GIT moduli space which is in a relation to .#(18) that is similar to the relation
between M(19) and .#(19). In fact, let

IM(18) := |Op1 (4) B Op1 (4)| JAut (Pt x P1). (2.2.1)

DEFINITION 2.2.3. Let % (18) C |Opiyp1(4,4)| be the open subset parametrizing curves with
ADE singularities.

If D € %(18), the double cover 7: X — P! x P! branched over D is a K3 surface, and
(X, 7*(Op1(1) K Op:1(1))) is a hyperelliptic quartic K3 surface. Now % (18) is contained in the
stable locus of |Opxp1(4,4)| by [Sha81, Theorem 4.8] and, by associating to the orbit of D € % (18)
the period of (X, 7*(0p1(1) X Op1(1))) (notation as above), one gets an isomorphism

% (18) JAut(P* x P) =5 (F(18) \ Hy(18)). (2.2.2)
Thus, we have a birational period map
pig: M(18) --» .Z (18)", (2.2.3)
whose behavior is very similar to that of pig (see [LO18a] for a full discussion).

2.3 Periods of certain higher-dimensional hyperkahler varieties
2.3.1 Double EPW sextics. Let (X, L) be a polarized hyperkdhler (HK) variety of Type
K3Pl, where q(c1(L)) = 2 (g is the Beauville-Bogomolov quadratic form on H?(X)). Then

Cl(L)L = II2,18 G A S A = Ay

In the above equation, perpendicularity is with respect to the Beauville-Bogomolov quadratic
form, and the first isomorphism is found in [O’Gr15]. The period space for degree-2 polarized HK
varieties of Type K3 is .Z,, (0% (Ag)); in fact, the moduli space of such (polarized) varieties
is identified with an open dense subset of Z,,(OT(Agg)) by Verbitsky’s global Torelli theorem.
(One should introduce an analogue of DuVal singularities, in order to identify Z,, (O (Agg))
with the moduli space of polarized varieties with mild singularities.) On the other hand, we have

a natural degree-2 covering map
T (0 (Ax)) = F(20) (2.3.1)

because I'g,, is an index-2 subgroup of O*(Ag). (See Item (4) of Proposition 1.2.3.)

There is an analogue of the GIT moduli spaces M(19) and M (18) in this case as well.
In fact, let (X,L) be a generic degree-2 polarized HK variety of Type K3[?. Then the map
or: X --» |L|Y = P° is regular, finite, of degree 2 onto a special sextic hypersurface: an EPW
sextic. Conversely, given an EPW sextic Y C P?, there is a canonical double cover f: X — Y
and, if Y is generic, then (X, f*0y (1)) is a degree-2 polarized HK variety of Type K3[. (For
the definition and properties of double EPW sextics, we refer to [O’Gr06] and [O’Gr16].) The
parameter space for EPW sextics is (an open dense subset of) LG(A® CY). Let

3
M(20) = LG( A @6) JPGLG(C). (2.3.2)
We have a birational period map
P20: M(20) —-» Fp,, (0T (Ag))*. (2.3.3)
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The dual of an EPW sextic is another EPW sextic, see [O’Gr08], and hence we have a (regular)
duality involution ¢: Mt(20) — M(20). This is the geometric version of the covering involution
of the double cover p in (2.3.1). The upshot is that we have a birational period map

poo: M(20)/(8) --» F(20)". (2.3.4)

Thus, we may view .% (20) as the period space for double EPW sextics up to duality. Alternatively,
Z(20) is the period space for the Calabi—Yau fourfolds obtained by blowing up a (generic) EPW
sextic Y along its singular locus (a smooth surface).
The inverse images by p of the reflective Heegner divisors of .% (20) have appeared in [O’Gr15].
In fact,
p 1H,(20) =S5, p lHu(20) =S4, p 1H,(20) =SLUSY.

For a geometric interpretation of periods in S%, S4, S, and S, see [O’Grl15, §5].

2.3.2 EPW cubes. Let (X, L) be a polarized HK variety of Type K33, where q(ci(L)) = 4
and div(ci(L)) = 2. Then
CI(L)L = 112,18 B A DA = Ay

Moreover, one shows that the period space for polarized HK varieties of Type K31 of this kind
is .Z(20). (We thank M. Kapustka and G. Mongardi for bringing this to our attention.) Iliev
et al. IKKR19] have proved that the generic such polarized HK variety is isomorphic to an EPW
cube, a double cover of a codimension-3 degeneracy locus in Gr(3,C%). The parameter space of
EPW cubes is the same as that for double EPW sextics (but the EPW cubes parametrized by
A € LG(A®CY) and the dual Lagrangian AL € LG(A*(C%)Y) are isomorphic).

2.3.3 Hyperkdhler varieties of Type OG10. Let X be a HK manifold of Type OG10. Then
H?(X;7Z) equipped with the Beauville-Bogomolov quadratic form is isomorphic to II319 @ Ao;
see [Rap08]. Let a,b € A be standard generators (a? = b = (a + b)? = —2) and v € 1I3 19 of
square 2. Let h := (3v+a—b); notice that h? = 12 and (h, H*(X;Z)) = 3Z. The discriminant group
and quadratic form of h* are isomorphic to the discriminant group and quadratic form of Agq,
respectively, and hence h* 22 Ay; by Theorem 1.13.2 of [Nik80]. Thus, Zy,, is the classifying space
for the corresponding 10-dimensional polarized O’Grady HK manifolds. By Verbitsky’s global
Torelli theorem [Verl3], the moduli space for such varieties is isomorphic to .#,, ('), where
[' < O*(Ag1) is the relevant monodromy group (a subgroup of finite index; see [Verl13]).
See [Monl6] for a result regarding the monodromy group of O’Grady’s 10-dimensional HK
manifolds.

3. Borcherds’ relations for D locally symmetric varieties

3.1 Set-up and statement of the main results
Let N > 3. We will derive relations among divisor classes on .#(N) in the range N < 25 by
considering suitable quasi-pull-backs of Borcherds’ celebrated reflective modular form for the
orthogonal group O(Il3 2).

In order to state our results, we let u(N), for 3 < N < 25, be defined by Table 1.

THEOREM 3.1.1 (First Borcherds’ relation). Let 3 < N < 25. Then
2124 (26 — N)(25 = N))A(N) = Ho(N) +2(26 — N)Hp,(N) + 7(N)u(N)H,(N),  (3.1.1)

where T7(N) is equal to 1 if N = 3,4 (mod 8) and is equal to 2 otherwise.
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TABLE 1. Definition of u(N).

N 3 4 510 11 12 13-18 19 20 21 22 23 24 25
w(N) 46 1 0 30 1 0 78 33 16 8 4 2 1

THEOREM 3.1.2 (Second Borcherds’ relation). Let 3 < N < 17. Then
2(132 4 (18 = N)(17 = N))A(N) = Ho(N) +2(18 — N)Hp(N) + 7(N)u(N + 8)H,(N), (3.1.2)
where 7(N) is as in Theorem 3.1.1.

Theorems 3.1.1 and 3.1.2 will be proved in § 3.2. Below we prove a corollary which is extremely
important for our work.

COROLLARY 3.1.3 (Gritsenko’s relation, [Gril8, Theorem 3.2]). Let 3 < N < 17. Then
32(14 — N)A(N) = 16Hp(N) + 7(N)(1w(N) — (N + 8))Hy(N). (3.1.3)

Proof. Taking the difference between the identities (3.1.1) and (3.1.2), we see that the terms
H,(N) cancel, giving the relationship above between A(N), Hy(N), and H,(N). O

COROLLARY 3.1.4. The following hold:

(1) Hp(14) is linearly equivalent to H,(14);
(2) if4 < N < 14, then Hy(N) is a big divisor;
(3) if4 < N <10, then Hy(N) is an ample divisor.

Proof. This is a direct consequence of (3.1.3). Insert N = 14 into (3.1.3) to get Item (1). Next,
for N < 14, we get

T(N
Hy(N) = 2(14 — N)AN) + (16)(M(N +8) — (N))Hy(N). (3.1.4)
Since (14 — N) > 0, A(NV) is ample, and p(N) < u(N +8) (for 4 < N < 14), we get that Hp(N)
is big. For 4 < N < 10, the coefficient of H, () is zero and hence Hj(N) is ample. O

3.2 Proof of Borcherds’ relations
3.2.1 Borcherds’ automorphic form. We recall that Borcherds [Bor95] constructed an
automorphic form ®15 on @ﬁ; ,, for the orthogonal group O (Il2,96), of weight 12, whose

zero-locus is the union of the nodal hyperplanes (the intersections d+ N 2t for 4 a root

112 267
of Il 96). Actually ®12 vanishes with order one on each nodal hyperplane, i.e.

diV((I)lg) == Z ((5L N @Jr

26 ‘%%07112,26 (O+(HZ,26)), (3.2.1)
+5€R(TTa,26)

where (as usual) R(IIz96) is the set of roots of Il 96 and dg is a chosen root of II3 26. In other
words, the divisor of ®;5 is the pre-Heegner divisor associated to a root of Il 2.
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Remark 3.2.1. Let A be a lattice of signature (2,m), let I' < O*(A) be a subgroup of finite
index, and let ® be a I'-automorphic form on @j{ of weight w. Then ® descends to a regular
section of .Z(A,T)®%; see §1.3.1. Thus, (3.2.1) gives that, on the locally symmetric variety
ot (112726)\@;{2 ,¢» one has the relation 12X\(Ily 26) = Hy(I12,26), where A(II2 26) is the first Chern
class of the automorphic (or Hodge) line bundle and H,,(II2 2) is the nodal Heegner divisor.

Now suppose that A is a lattice of signature (2,n) and we are given a saturated embedding
A C Il 96. The quasi-pull-back of ®19 is defined as

D19

Ppi=——""—
HiéeR(AL)Eé 7+

)

where /s is the restriction to ) of the linear form o — (8, ). Then ®, is an automorphic form
on 7y for the stable orthogonal group OT(A); see [BKPSB9S8] and [GHS07, §8]. Notice that our
notation is somewhat imprecise: the automorphic form ®, depends on the embedding of A into
15 26 and we will see instances of this later on. The weight and divisor of ®, are computed as
follows.

Recipe 3.2.2. The weight of ®, is equal to 12 + w, where w = |R(A1)|/2 is half the number of
roots of I3 26 perpendicular to A. The divisor of ®, is supported on the union of the intersections
5t N 9y for § € R(Ily96) \ R(AL). More precisely,

div(®,) = 3 (6N 7). (32.2)
+6€R(I12,26) \R(AL)

Remark 3.2.3. Let § € R(Ila96) \ R(AL); then 6+ N 2} is non-empty if and only if (5, At)
is negative definite. Given such a 6, let v(8) be a generator of (Q5 @ QAY) N A (thus v(d) is
determined up to multiplication by +1). Then

st Ny =v(d)tnay.

Let Sat(d, AL) be the saturation of (5, A*) in Iz 06. If &' € Sat(, A*) is another root which does
not belong to A+, then v(§’) = £v(8). The upshot is that we may rewrite the right-hand side
of (3.2.2) as a finite sum of pre-Heegner divisors .7, 5,), where the coefficient of 775,y is equal to

half the number of the roots of Sat(d;, A*) which do not belong to A (call this number m(;)):

div(®) = m(8) 75 A (OF(A)) + -+ m(8.) Ao, A(OF (4). (3:23)

Lastly, (3.2.3) descends to a relation between the Hodge bundle on O (A)\Z; and the Heegner
divisors corresponding to the vectors v(ds); see Remark 3.2.1.

The plan is the following. We will choose embeddings of Ay (for 3 < N < 25) into I3 26
such that the pre-Heegner divisors appearing on the right-hand side of (3.2.3) are associated
to minimal norm vectors (see Definition 1.3.7). For a given embedding, (3.2.3) descends to a
relation between the Hodge bundle and the Heegner divisors of . (O (Ay)) associated to
minimal norm vectors. For N odd, .#(N) = %, (O (Ay)) and the relations that we will get
are those of Theorems 3.1.1 and 3.1.2. If N is even, we will get the relations in Theorems 3.1.1
and 3.1.2 by pushing forward via the double covering .Za (O (An)) = F(N).
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R. LazAa AND K. O’GRADY

3.2.2 Embeddings of An into Il 2.

LEMMA 3.2.4. If 3 < N < 25, the lattice Ay has a saturated embedding into the unimodular
lattice Il 96 with orthogonal complement isomorphic to Dog_n and, if 3 < N < 17, it also has
a saturated embedding with orthogonal complement isomorphic to Es & Dig_ . Conversely,
any saturated embedding of Dog_pn, or of Eg ® Dig_n, into Il 96 has orthogonal complement
isomorphic to Ay.

Proof. If 3 < N < 25, then by (1.1.2) and Claim 1.1.1 there exists an isomorphism of groups
w: Apy —> Dog_n which multiplies the discriminant quadratic form by —1, i.e.

aDys_n (2(1)) = —aay (). (3.2.4)

Let L C (An @ Das—n)qg be the overlattice of Ax @ Dag— v generated by vectors (v, w) such that
[v] € Apy, [w] € Ap,,_y, and [w] = ¢([v]). Then, because of (3.2.4), L is even, unimodular, of
signature (2,26), and hence is isomorphic to Il 96. By construction, Ay is a saturated sublattice
of L and its orthogonal complement is isomorphic to Dog_n. If 3 < N < 17, there exists an
isomorphism of groups ¢: Ax, = (Eg ® Dis_n) which multiplies the discriminant quadratic
forms by —1, i.e.

9Es®Dis_nN (W) = —qAn (n)-

Proceeding as in the previous case, one constructs an overlattice of Ay @ (Eg @ Dig—n) which
is isomorphic to Il 96, in which Ay is saturated, with orthogonal complement isomorphic to
Eg ® Dig_nN.

Let us prove the last statement of the lemma. Suppose that Das_n C Ilp96, or
(Eg @ Dig—n) C Ilg96, is saturated. Let M := D2l67N (respectively M = (Eg @ Dig_n)b).
The overlattice Iz 96 D (D2s—n @® M) (respectively Ily 96 O (Eg @ Dig—n) @ M) induces an
isomorphism of groups

9 Apyg_y - Am (respectively 9: ABgeDis N = AM) (3'2'5)

such that gar(9(n)) = —qpye_n(n) for all n € Ap,;_ (vespectively, qar(9(n)) = —qmsen,s_y (1)
for all n € Aggep,s ). Thus, M has the same signature, parity, and discriminant quadratic

form as An and hence is isomorphic to Ay by Theorem 1.13.2 of [Nik80]. 0

Remark 3.2.5. Let 3 < N < 25. Suppose that Ay C Il o6 is a saturated embedding and that Aﬁ
is isomorphic either to Dog_ or to Es® D1g_n (in this case N < 17). Let (N —2) = 8k+a, where
kE>0andac{1,...,8} Then Ay =1l 9,8, ® D, and we identify the two lattices throughout.

(1) If N <25 and Aﬁ = Dos—n, then Il o6 is identified with the sublattice of

(IIy 2485 ® Dq @ Das—n)o

generated by Il 9yg; @ Dy @ Dog—n together with the following three vectors:

ur = (Ogyshs (3553 (32 3))s U2 = (Ousser (=3, 55, 3): (=3, 35, 3)),
—_—— N——
a 26— N a 26—-N
us = (04+8k> (1701 SRR 0)? (11 Oa s 70)>
a 26—N
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MODULI OF QUARTIC K3 SURFACES
(2) If N <17 and Aﬁ = Fg @ Dis—n, then Il o6 is identified with the sublattice of

(Ma248k @ Do & D1s-n & Eg)g

generated by Ilp 98 ® Dy @ D1g—n @ Eg together with the following three vectors:

uy = (Ogyshs 3y a)y (354 3),08),  uh = (Ogpsp, (—3, %%) (3. %:---+3),08),
a 18— N a 18— N
ufy := (Og48k, (1,0,...,0),(1,0,...,0),0s).
a 18— N

Remark 3.2.6. Suppose that Ay C Ilp96 is a saturated embedding. Then the orthogonal
complement of Ay in Il 26 is a lattice in the genus of Dog_n. We note the following:

o if 1 < k<8, there is only one isometry class of lattices in the genus of Dy, namely Dy;

o if 9 < k<16, there are at least two distinct classes, namely Dy and Dy_g @ Eg.
In other words, there is one Borcherds relation for N > 18 and at least two such relations for
10 < N < 17. For N < 17, the relations relevant for us are those associated to Dy and Dy_g® Eg
as those involve only Heegner divisors associated to minimal norm vectors.

Remark 3.2.7. Let m > 1. The non-zero elements of Ap _ are &, ¢, (', where

£:=1(1,0,...,0)], ¢:=[(1/2,...,1/2)], ¢ =1[(-1/2,1/2,...,1/2)].
—— ——— —

m m m

Let vy, := (2,0,...,0) € D,,. Then the divisibility of v,, is even (equal to 2 unless m = 1)
and [v,,/2] = & Moreover, if u € D,, has even divisibility and [u/2] = £, then u? < —4 = v2,.
Similarly, let

— (1,...,1) € Dy, if m is even,
" (2,...,2) € Dy, if mis odd.

Then w}, = ¢ and, if v € D,, is such that u* = (, then

2 . .
-m=uw if m is even
u? < wp, = T e ’
—4m =w;, if m is odd.
Since the map (x1,...,Zy) — (—1,%2,...,Zy) defines an automorphism of D,,, interchanging

¢ with ¢/, an analogous result holds for the minimal absolute value of u? for vectors u € D,,, such
that u* = ¢’. This fact has the following interesting consequence. Suppose that A C Iz 96 is a
saturated sublattice and that one of the following holds:

(1) A+ 2 Dog_n and N € {6,14}; or
(2) A+ = (Es® Dig_n) and N = 6.
Although there is no preferred decoration of the abstract dimension-N D-lattice A (because
ga(n) =1 (mod 2Z) for all non-zero ¢ € Ay), there is a preferred decoration determined by the

embedding A C Il 96, namely n := g(§), where g is the isomorphism in (3.2.5), and £ € Ay1
is the unique class for which there exists v € AL of square —4 and even divisibility such that

[v/2] = €.
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R. LazAa AND K. O’GRADY

DEFINITION 3.2.8. Let A C Il 96 be a saturated sublattice such that At s isomorphic to Dog_n
or to (Es @ Dig_n) (hence A is a dimension-N D-lattice by Lemma 3.2.4). A decoration n of A
is admissible if n = g(&), where g is the isomorphism in (3.2.5) and £ € A, is a class for which
there exists v € AL of square —4 and even divisibility such that [v/2] =

Remark 3.2.9. If N # 6 (mod 8), the unique decoration of A is admissible, if N = 22, all three
decorations of A are admissible (any non-zero element of Dy is equal to [v/2] for a suitable v € A
of square —4 and even divisibility), and if N € {6, 14}, then only one of the three decorations is
admissible; see Remark 3.2.7.

3.2.3 The pre-Heegner divisors associated to the quasi-pull-backs of ®12. The following result
will allow us to determine the vectors v(0) which appear in Remark 3.2.3 for the two embeddings
of Ay into Il 26 given by Lemma 3.2.4.

PROPOSITION 3.2.10. Let 3 < N < 25. Assume that A C Il 96 is a saturated sublattice and that
AL is isomorphic to Dog_n or to Eg @ Dis_n (in the latter case, N < 17) and hence A is a
dimension-N D-lattice by Lemma 3.2.4. Suppose that 6 € R(Ila 6 \ A1) is such that (AL, 6) is
negative definite. Then v(J) (notation as in Remark 3.2.3) is a minimal norm vector of A (see
Definition 1.3.7). Moreover, one of the following holds:

) V() = —2;
v(d ) = —4, divp(v(0)) = 2, and 1/(5)* is an admissible decoration of A;
( = —4 and diva(v(d ))

_ny and 19 < N;

1o (Eg @ Dig_ N) and 11 < N.

(a
(b)
()
(d) A
(e) A

\RV

Proof. Let m be the minimum strictly positive integer such that mé € (A @ A+). Thus,
mé=v+w, 0#veAweAt

and m € {1,2,4}; see Remark 3.2.5. Notice that v € (v(d)) and v(J) = £v if and only if v is
primitive. Let us prove that one of the following items holds:

(1) m=1,v? = -2, and v(J) = +v;

(2) m=2,v% e {-2,-6}, diva(v) = 2, and v(§) = +wv;

(3) m =2, v? = —4, divy(v) = 2, ¥(§) = v, and v(§)* is an admissible decoration of A;

(4) m =2, 0% = —4, diva(v) = 4, and v(§) = Fv;

(5) m =4, N is odd, v* = —4a, where a is the residue modulo 8 of (N — 2), diva(v) = 4, and
v(d) =+v

We have v/(8)? < 0 because (Ayy, ) is negative definite and hence v < 0. Since —2m? = (md)? =
v? + w?, one of the following holds:
(i) m=1,v? = -2 and v(6) = +v;
) m=2,v% € {-2,—4,—6}, v(§) = v, and divs(v) is either 2 or 4;
(iii) m =4, v? € {-2,—4,-6,-8,...,-30}, v(6) = v, and diva(v) = 4;
) m=4,v% e {-8,—-16,—18,—-24}, and v is not primitive.
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If (i) holds, then Item (1) holds.

Suppose that (i) holds. If v? = —2, then Item (2) holds. If v> = —6, then by a discriminant
quadratic form computation (see (1.1.2) and Claim 1.1.1) we get that diva, (v) = 2 and hence
Item (2) holds. If v? = —4 and diva, (v) = 4, then Item (4) holds. Thus, we are left with the
case v2 = —4 and divy, (v) = 2. Since m = 2, the divisibility of w in Al is even and hence
[w/2] € Apr. Since g([w/2]) = [v/2], where g is the isomorphism in (3.2.5) and w? = —4, it
follows that [v/2] = v(J)* is an admissible decoration. Thus, Item (3) holds. This finishes the
proof that if (ii) holds, then one of Items (2), (3), and (4) holds.

If (iii) holds, then, by looking at the discriminant quadratic form of Ay, we get that v? = —4a,
where a € {1,3,5,7} and a = (N — 2) (mod 8). Thus, Item (5) holds.

Lastly, suppose that (iv) holds. We will arrive at a contradiction. First, let us show that w
is primitive. If v = —18, this is clear because w? = —14. If v? € {8, —16, —24}, then v = 2u,
where u € A (because by assumption v is not primitive) and, if w = rz with r > 2 and z € AL,
then 7 = 2 because w? € {—24, —16, —8}. Then 26 = u + z, contradicting our hypothesis. This
proves that w is primitive. Since the divisibility of w in At is a multiple of 4, it follows that
div,. (w) = 4 and hence N is odd. Thus, w?/16 = gy (w*) = —(N — 2)/4 (mod 2Z) and hence
w? = —4a, where a is odd. This is a contradiction because w? € {—24, —16, —14, —8}.

Now we finish the proof of the proposition. First, if any one of Items (1)—(5) holds, v(J) is a
minimal norm vector.

It remains to prove that if Item (2) holds with v? = —6, or if Ttem (5) holds, then Ttem (d)
or Item (e) of the proposition holds. We will assume that At = Dyg_y if A+ = (Eg @ Dig_p) is
analogous.

Suppose that Item (2) holds with v? = —6. Since gp (v*) = —3/2 (mod 2Z), we have N =0
(mod 8); it follows that AL = Dog_n = Doygp, for h € {0,1,2}. The divisibility of w as an
element of A+ is even because m = 2 and hence it is equal to 2 (e.g. because w? = —2). Now
s (w*) = —1/2 (mod 2Z) and hence w* € {(, ('}, where notation is as in Remark 3.2.7. Since

w? = —2, it follows from Remark 3.2.7 that A+ = Dy, i.e. N = 24.

Lastly, suppose that Item (5) holds. Then w? = —4(8—a) and div, 1 (w) = 4. Thus, g, (w*) =
—(8 —a)/4 (mod 2Z) and hence w* € {¢,(’}, with notation as in Remark 3.2.7. On the other
hand, At = Dg_,,p,, where h > 0. Since w? = —(8 —a), it follows from Remark 3.2.7 that h = 0,
ie. N > 19. O

3.2.4 Borcherds’ automorphic forms for 6+(AN).

THEOREM 3.2.11. Let 3 < N < 25. Let Ay C Ilp 96 be a saturated embedding with orthogonal
complement isomorphic to Dog_n. Let £ € Ap, be an admissible decoration of Ay (see
Definition 3.2.8) and let (¢, be the remaining non-zero elements of Ap,. Let ¥y be
the quasi-pull-back of Borcherds’ automorphic form ®19. Then ¥y has weight (12 + (26 — N)
(25— N)) and

div(Vy) = H5(Ax) + 2026 - N)H(AN) + (V) (He(Ax) + Ho(A)), (326)
where p(N) is as in Table 1.

THEOREM 3.2.12. Let 3 < N < 17. Let Ay C Ilp 96 be a saturated embedding with orthogonal
complement isomorphic to Eg @ D1g_n. Let £ € Ap, be an admissible decoration of Ay (see
Definition 3.2.8) and let (,(’ be the remaining non-zero elements of Ay . Let =5 be the quasi-
pull-back of Borcherds’ automorphic form ®15. Then =y has weight (132 + (18 — N)(17 — N))

1687

Downloaded from https://www.cambridge.org/core. Universita degli Studi di Roma La Sapienza, on 27 Aug 2019 at 15:29:56, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1112/5S0010437X19007516


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0010437X19007516
https://www.cambridge.org/core
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and
div(En) = H(An) +2(18 = N)Ae(An) + p(N + 8)(HAL(AN) + A (AN)). (3.2.7)
Before proving the above results, we introduce some notation.

Notation 3.2.13 (Extended exceptional series E,.). It is standard (e.g. in the context of del Pezzo
surfaces; cf. [FM02]) to extend the E, series for r < 6 as follows. Let (1)@ (—1)" be Z"*! with the
quadratic form q(z,y1,...,y,) == 2% — Y__; y2. Then E, is the sublattice of (1) & (—1)" defined
by

E.:=3,1,..., )t c (D)@ (-1). (3.2.8)

Of course, this is the usual E, for r € {6,7,8}, and E5 = D5, Ey = Ay, and E3 = Ay @ A;y. The

lattice F5 has Gram matrix (_14 52) and is no longer a root lattice. We record for later use the

cardinalities of the sets of roots of the E, lattices:

|[R(E2)| =2, |[R(E3)| =8, [R(E4)| =20, [R(E5)| =40,
|R(Es)| =72, |R(E7)| =126, |R(Eg)| = 240. (3.2.9)

Proof of Theorem 5.2.11. The weight is equal to 12 + |R(Ay)|/2 = 12 + (26 — N)(25 — N) by
Recipe 3.2.2 (recall that |R(D,,)| = 2m(m — 1)). Next, choose minimal norm vectors vo, ve, v¢,
ver € An representing 0,§,(, (" € Ap,, respectively (i.e. v5 = 0, vg = ¢, etc.). For n € Ay,
let

an(N) = S(IR(Sat (o, AFD)| = [R(K)]) = 3R(Sat(v,, A)] - $(26 = N)(25 = N).
By Recipe 3.2.2, (3.2.3), and Proposition 3.2.10,
div( ) = ao(N) Ho(Aw) + ae(N) Ha(An) + ac(N) A (M) + ag (V) A (Ay).

(Of course, by Proposition 3.2.10, 0 = a¢(N) = a¢(N) if N < 18 and N ¢ {3,4,11,12}.) It is
clear that Sat(vg, Ayy) = (vg, Ax) and hence ag(IN) = 1. In order to compute ag(N), ac(N), and
ac ('), we will refer to the embedding Ay C Il 26 of Remark 3.2.5. Thus, we let (N —2) = 8k+a,
where £ > 0, a € {1,...,8}, and we identify Ay with I3 2481 @ D,. Notice that

€ 1= [(Oa4sk, (1,0,...,0),026-n)] € Apy (3.2.10)

a

is an admissible decoration of Ay with respect to the embedding of Remark 3.2.5. We choose the
minimal norm vector ve := (O48k, (2,0,...,0),026_n) (if N =3, we let v¢ := (2¢,(2,0,...,0),
026—n), where e € II5 o g is primitive and isotropic). Then the saturation of (ve, Ay) is generated
by <v§,Aﬁ> and the vector uz of Remark 3.2.5 (if N = 3, we add (e, (1,0,...,0),(1,0,...,0))).
It follows that Sat(ve, Ay) is isomorphic to Da7_n and hence ag(N) = 2(26 — N). We choose the
minimal norm vector

(04+8k7 (1, ey 1), 026—N) if N is even,
——
- a
YT (O (2,-..,2),006_n) if N is odd.
a
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By Proposition 3.2.10, a¢(/N) = 0, unless 19 < N < 25, or a € {1,2} and N € {3,4,11,12}.
Assume first that 19 < N < 25. Then a € {1,...,7} and Aﬁ = Dog_n = Dg_,. The saturation
of (v¢, Dg_q) is generated by (v¢, Dg_q) together with the vector u; of Remark 3.2.5; it follows
easily that Sat(ve, Dg_q) = Eg_q. Noting that a = N — 18, we get that Sat(vC,AJL\J >~ For_N.
Looking at (3.2.9), we get that a¢(N) = pu(N).

Next, suppose that a = 1 and hence N € {3,11}. The saturation of (v¢, Da3_gi) is the
overlattice D(Jg_k)g of D(3_j)s obtained by adjoining the vector (1/2,...,1/2). Then a¢(N) =
1(N) follows from the equality |R(D(3_p)s)"| = |[R(D3_kys)| = 2- (24 — 8k) - (23 — 8k), valid for
ke {0,1}.

Next, suppose that a = 2 and hence N € {4,12}. The saturation of (v¢, Daa_gi) is generated
by (v¢, Daa—gk) together with the vector u; of Remark 3.2.5; one verifies easily that the roots of
Sat(ve, Dag—gp) are exactly 3(0448%, (1,1),026—n) and hence ac(N) =1 = pu(N).

Lastly, ac/(N) = a¢(IN) because there is an automorphism of Il 26 mapping Ay to itself and
exchanging ¢ and (' O

Proof of Theorem 3.2.12. The proof is analogous to that of Theorem 3.2.11; we leave details to
the reader. a

3.2.5 Borcherds’ relations for divisors on ﬁAN(OV*(AN)) and on Z(N). Welet A(Ot(Ay))
be the Hodge orbifold line bundle on .7, (O1(An)).

LEMMA 3.2.14. Let 3 < N < 25. Let § be a decoration of A and let ¢, ¢’ € Ap, be the remaining
non-zero elements. Then in Pic(Fx, (OT(AN)))o we have the relation

2(12 + (26 — N)(25 — N)MO1(Ay))
= Ho(An) + €(N)2(26 — N)He(An) + 7(N)u(N)(He(An) + He(An)),  (3.2.11)

where €(N) is equal to 1 if N is odd and is equal to 2 if N is even, while 7(N) is equal to 1 if
N = 3,4 (mod 8) and is equal to 2 otherwise.

Proof. Let Ay C Il 26 be a saturated embedding such that the decoration £ is admissible (see
Definition 3.2.8). Let W be the automorphic form in Theorem 3.2.11. If k € Ny is sufficiently
divisible, then WA descends to a regular section o (k) of A(OT (Ay))E12HZ6-N)25=N)) " whose
zero divisor pulls back to k times the right-hand side of (3.2.6). Taking into account Claim 1.3.13,
one gets that div(on(k)) is equal to k times the right-hand side of (3.2.11). Dividing by k, we
get (3.2.11). O

PROPOSITION 3.2.15 (= Theorem 3.1.1). Let 3 < N < 25. Then in Pic(.#(N))g we have the
relation

2124+ (26 — N)(25 = N)A(N) = Ho(N) +2(26 — N)Hp,(N) + 7(N)u(N)Hy(N), (3.2.12)
where T7(N) is as in Lemma 3.2.14. If N € {6,14}, we also have the relation
2(12 + (26 — N)(25 — N)A(N) = Hy(N) + 2(26 — N)Hy(N). (3.2.13)

Proof. If N is odd, #, (OF(An)) = .Z(N), and (3.2.12) is simply a rewriting of (3.2.11).
Let N be even and let p: Z), (O (An)) = Z(N) be the natural double covering map
corresponding to the choice of decoration of Ay given by ¢ (the only one if N # 6 (mod 8)).
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R. LazAa AND K. O’GRADY

Then (3.2.12) is given by the push-forward by p of (3.2.11). More precisely, pANOT (AN)) =
2A\(N) because p*A(N) = A(OT(Ay)) and Corollary 1.3.12 gives formulae for p, of the Heegner
divisors in the right-hand side of (3.2.11).

Now assume that N € {6, 14} and choose the decoration of Ay to be (; then (3.2.13) is given
by the push-forward by p of (3.2.11). |

COROLLARY 3.2.16. If N € {6,14}, then in Pic(.# (N))q we have the relation Hy(N) = H,(N).
Proof. Subtract (3.2.13) from (3.2.12). O

Starting from Theorem 3.2.12, and arguing as in the proof of Lemma 3.2.14 and
Proposition 3.2.15, one gets the following results.

LEMMA 3.2.17. Let 3 < N < 17. Let £ be a decoration of Ay and let ¢, ¢’ € Ap, be the remaining
non-zero elements. Then in Pic(Zx, (OT(AN)))g we have the relation

2(132 + (18 — N)(17 = N)A(OT (An))
— Ho(Ax) + e(N)2(18 — N)He(Ax) + m(N)a(N + 8)(He (Aw) + Hor(Ay)), (3:2.14)
where €(N) and 7(N) are as in Lemma 3.2.14.

PROPOSITION 3.2.18 (= Theorem 3.1.2). Let 3 < N < 17. Then in Pic(#(N))qg we have the
relation

2(132 + (18 — N)(17 — N)A(N) = Hy(N) + 2(18 — N)YHy(N) + 7(N)u(N + 8)Hy(N), (3.2.15)

where 7(N) is as in Lemma 3.2.14.

4. The boundary divisor A(An,&nN)

4.1 Statement of results
In §2, we have identified .% (19) with the period space of quartic K3 surfaces. Let 21(19) be the
GIT moduli space of quartic surfaces in P3; then the natural period map

pro: M(19) --» F(19)" (4.1.1)

is birational by the global Torelli theorem for K3 surfaces (by Piatetsky-Shapiro and
Shafarevich). The projective variety 9(19) = |Ops(4)|/PGL(4) has Picard group (tensored
with Q) of rank 1; let L(19) be the generator of Pic(9t(19))g induced by the hyperplane line
bundle on |Ops(4)|. In the present section, we will prove that

(p1g)"L(19)| 7(19) = A(19) + A(19). (4.1.2)

Similar arguments also give that
(p1g )*L(18)| 7(18) = 2(A(18) + A(18)). (4.1.3)
These are the computations that motivate our choice of boundary divisor for .# (N) (for any N).

Remark 4.1.1. Let M(20) be the GIT moduli space of double EPW sextics, let § be the duality
involution of M(20), and let pag: M(20)/(J) --» Z#(20)* be the period map; see (2.3.4). Let
L(20) be an ample generator of the Picard group of 9t(20)/(d). We expect that a result similar
to (4.1.2) holds for (p;ol)*L(20)|y(20), namely that it is a positive multiple of A(20) + A(20).
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An important result follows from (4.1.2). In order to state it, we introduce some notation.
For 5 € [0,1] N Q, let

(N, ) = @ H°(Z(N),m(A(N) + BA(N))), Z(N,B):=Proj%(N,p). (4.1.4)
m=0

(As usual, H*(Z(N),m(A(N) + BA(N))) = 0 unless m(A(N) + BA(N)) is an integral Cartier
divisor.) Thus, Z(N, 0) is the finitely generated algebra of automorphic forms and hence .% (N, 0)
is the Baily-Borel compactification .# (N)*. If 3 < N < 10, then, by (3.1.3), A(N) is a positive
multiple of A(N) and hence in this range .# (N, 8) = .Z#(N)* for all 5 € [0,1] N Q. On the other
hand, we will see that if N > 11, then .# (N, ) undergoes birational modifications as 8 moves
in [0,1] N Q.

Now let N € {18,19} and let p(IV) be equal to 1 if N = 19, and equal to 2 if N = 18. Let
m > 0 and let

(Pa'lz )™ s HOOM(N), mL(N)) — H°(F (N), mp(N)(A(N) + A(N))) (4.1.5)

be the map induced by (4.1.2) if N =19 and by (4.1.3) if N = 18. The following result should
be compared to Theorem 8.6 of [Loo03b].

PROPOSITION 4.1.2. Let N € {18,19}. Then the map in (4.1.5) is an isomorphism for all m € Z.

Proof. The map is clearly injective. In order to prove surjectivity, it suffices to show that py
contracts no divisor. In order to prove this, let % (19) C |Ops(4)| and % (18) C |Opxp1(4,4)]
be the open subsets of Definition 2.1.5 and of Definition 2.2.3, respectively. The period maps
pn, for N € {18,19}, define isomorphisms between % (N)/G(N) (where G(19) = PGL(4) and
G(18) = Aut(P! x P!)) and the complement of the support of A(N); see (2.1.4) and (2.2.2).
On the other hand, the complement of % (N)/G(N) in M(N) has codimension greater than 1.
Thus, p contracts no divisor, as claimed. O

By Proposition 4.1.2, there is an isomorphism
F(N,1) = M(N) if N € {18,19}. (4.1.6)
Thus, for N € {18,19}, the schemes .#(N,[() interpolate between the Baily-Borel
compactification .#(N)* and the GIT moduli space MM(N).

4.2 Families of K3 surfaces
4.2.1 Hodge bundle on families of K3 surfaces. Let f: 2 — B be a family of K3 surfaces.
We let £p 1= f.wg/p; this is the Hodge bundle on B (the notation is imprecise because the
Hodge bundle is determined by f: 2~ — B, not by B alone). We let A\ := ¢1(Z5) € CHY(B).
Suppose that 2" is a family of polarized quartic K3 surfaces and let u: B — %#(19) be the
period map: then
wA(19) = Ap. (4.2.1)

Suppose that 2" and B are smooth. The exact sequence
d
0— £ L 0y — Qpyp—> 0
and the isomorphism f*.%p = /\2 Qg p give the formula

fAp=c1(Kg)— ffe1(KB). (4.2.2)
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TABLE 2. Intersection numbers of families of quartic K3 surfaces.

A19)  H,(19)  Hu(19)  H.(19)
fi1.(T1) 1 108 0 0
u27*(F2) 1 136 -2 0
113.4(C'3) 1 264 0 —2

4.2.2 Families of quartic surfaces. Let F,G € Clxo,...,x3]s be linearly independent and
such that T'; := (Div(F'),Div(G)) is a Lefschetz pencil of quartic surfaces. Let

21 = {([, B, [z]) € Ty x P3| aF(x) + G (z) = 0}. (4.2.3)

The projection onto the second factor is a family f;: 27 — I'1 of polarized quartic surfaces.

Now let us we define a one-parameter family of hyperelliptic K3 surfaces. Let I'y := P
Let D € |01,(2) K Op1yp1(4,4)| be generic and let p: 25 — 'y x (P1)? be the double cover
branched over D. Let fo: Z5 — T's be the composition of the double cover map p and the
projection I'y x (P})? — T'g. Let t € I'y; then Xy := f{l(t) is the double cover of P! x P!
branched over the (4, 4)-curve D; := D[y @p1)2- Thus, Xa; is a K3 surface, p*(Op1 (1) X Op1 (1))
restricts to a polarization of X, and with this polarization X ; is a quartic hyperelliptic K3
surface. From here on we assume that the pencil of branch curves D;, for t € I'y, is a Lefschetz
pencil.

Next, we define a one-parameter family of unigonal K3 surfaces. Let Y := P(Op2(4) & Op2).
Let ¢: Y — P? be the structure map and F := ¢~ !(line). Let A := P(0p2(4)) C Y. Adjunction
on F' = F, gives that

Ky = —-2A—TF. (4.2.4)

Let B € |3A + 12F| be generic; in particular, it is smooth and it does not intersect A. Let
w: Z — Y be the double cover branched over A + B. If F' is as above and generic, then
77 1F is a smooth unigonal K3 surface. We get a family of such K3 surfaces by choosing a
generic 23 € |0z (7*F) K Op,(1)], where I's = PL. In fact, let f3: 23 — I's be the restriction of
projection and let t € T's. The surface X3, := f5 '(t) is equal to 7' (¢~ '(L;)), where L; C P?
is a line (as t moves in I's, the line L; moves in a pencil) and ¢~!(L;) is isomorphic to F4. The
restriction my: X34 — o Y(L) is a double cover and one checks easily that X3 = fq 1(t) is
a K3 surface. Let A; be the negative section of ¢~ 1(L;) = Fy; then 77 A; = 2R, where Ry is a
(smooth) rational curve. Let E; := 7} F, where F} is a fiber of the fibration ¢ 1(L;) 2 Fy — L.
Then R; + 3E; is a polarization of degree 4 of X3, and (X34, R; + 3E;) is unigonal.
For i € {1,2,3}, we have period maps

r; 25 Z(19). (4.2.5)

PROPOSITION 4.2.1. The intersection formulae of Table 2 hold.

Proof. First of all, notice that

,Ui,*rz' : )\(19) =15 Ni,*/\(19) = deg )\Fi'
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Next, one computes deg Ar, by applying (4.2.2). The intersection number p; ,I'; - Hy,(19) is equal
to the number, call it §(T';), of singular fibers of f; because f; is a Lefschetz fibration. The formula
that gives §(I';) is the following;:

5(F1) = 2Xt0p(K3) - Xtop(%) =48 — Xtop(%)- (4.2.6)

Thus, it suffices to compute the Euler characteristic of Z;; we leave details to the reader.
The intersection numbers of the third and fourth columns are obtained as follows. First,
¢ = p1(T'1) N Hy(19) = w1 (T'1) N Hy(19) by Proposition 2.2.1. Next, ua(I'2) N Hy(19) = @
and p3(I's) N Hp(19) = @ by Lemma 1.7.3. The remaining numbers are obtained by applying
Borcherds’ relation for N = 19, which reads

108A(19) = H,,(19) + 14H,(19) + 78H,(19), (4.2.7)
together with the computations that have already been proved. O

PROPOSITION 4.2.2. A basis of Pic(.#(19))q is provided by the choice of any three of the
classes \(19), H,(19), H,(19), H,(19). The space of linear relations among A\(19), H,,(19), Hx(19),
H,(19) is generated by Borcherds’ relation (4.2.7).

Proof. Let % (19) C |Op3(4)] be the open subset of Definition 2.1.5. Then we have the
isomorphism in (2.1.4). Now CH'(%(19)/PGL(4))g = Pic(Z (19)/PGL(4))g (e.g. because
Z(19) is Q-factorial) and Pic(% (19) /PGL(4))q is isomorphic to the group of PGL(4)-linearized
line bundles on % (19) (tensored with Q), which is a subgroup of Pic(% (19))g because PGL(4)
has no non-trivial characters. On the other hand, Pic(% (19))g = Q because |Ops(4)| \ % (19)
has codimension greater than 1 in |0ps(4)]. Thus, CH'(% (19) /PGL(4))g = Q and a generator
is the class of the divisor parametrizing singular quartics. By (2.1.4), it follows that

CH' (. (19) \ (Hn(19) U Hu(19)))g = Q

and that the restriction of H,(19) is a generator. By the localization sequence associated to the
inclusion of .7 (19) \ (Hy(19) U H,(19)) into .Z(19), it follows that CH!(.#(19))q is generated
by H,(19), H,(19), H,(19). Table 2 shows that H,(19), H,(19), H,(19) are linearly independent
and also the remaining statements of the proposition. O

Lastly, we define a family of quartic surfaces in P? ‘degenerating’ to a hyperelliptic K3 surface.
Let Q € Clxg, ..., x3)2 be a non-degenerate quadratic form and G € C|xo, ..., z3]s be such that
Div(G) is transverse to Div(Q) and such that the pencil of quartics B := (Div(G), Div(Q?)) is a
Lefschetz pencil away from Div(Q?). Let

W = [\, [z]) € B x P3| A\Q*(z) + uG(z) = 0}. (4.2.8)

The family % — B is a family of quartics away from the inverse image of [1,0]. Let 'y — B be
the double cover branched over [1,0] and [0, 1], and let %4 — T'y be the pull-back of #". Let 2}
be the normalization of %4; the natural map fy: 24 — T'4 is a family of polarized quartic K3
surfaces. Let p € I'y be the (unique) point mapping to [1,0]. The surface f, L(p) is the double
cover of the smooth quadric Div(Q) branched over V(Q, G), i.e. a hyperelliptic quartic K3. If
t € (T4 \ {p}), then f;'(t) is a non-hyperelliptic (and non-unigonal) quartic K'3. We have the
period map

Iy > Z(19). (4.2.9)
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COROLLARY 4.2.3. Keep notation as above. Then
pas(T3) - A19) =1, pa(T3) - Ho(19) =80,  pau(T3) - Hp(19) =2,  pan(Ts) - Hy(19) = 0.

Proof. Except for the second-to-last formula, these are obtained by arguments similar to those
employed to obtain the formulae of Table 2. One gets the missing formula by applying Borcherds’
formula (4.2.7). O

Notice that the set-theoretic intersection pa(I's) N Hp(19) consists of a single point,
namely p4(p), and it counts with multiplicity 2a, for some a > 1. In order to conclude that
pa(I'3) - Hp(19) = 2, one needs a non-trivial computation; we avoid this thanks to Borcherds’
relation (4.2.7).

Remark 4.2.4. In the present subsection, we have invoked Borcherds’ first relation in order to
compute the degree of normal bundles. By employing the (elementary) results of § 5.3, one can
avoid the use of Borcherds’ relations and in fact one can use the computations in this subsection
in order to check the validity of Borcherds’ first relation for N = 19.

4.3 Proof of (4.1.2)
By Proposition 4.2.2, there exist x,y, z € Q such that

(P19 ) L(19)| 7(19) = 2A(19) + yHp(19) + 2H,(19). (4.3.1)

We will compute z,y by equating the intersection numbers of the two sides with complete curves
in Z#(19). For this to make sense, the complete curves must avoid the indeterminacy locus of
plo- Let I(19)* C Z(19)* be the indeterminacy locus of pyy and I(19) := I(19)* N .Z(19) be
the indeterminacy locus of pjg 7(19)- By (2.1.4), 1(19) is contained in Hj(19) U H,(19). Since
Z(19)* is normal, I(19) has codimension at least 2 in .% (19) and hence 1(19) = I;(19) U I,,(19),
where I;,(19) C Hp(19) and I,(19) C H,(19) are proper closed subsets (recall that Hy(19) N
H,(19) = ). Now let 27 — T'1 and 23y — Ty be the complete families defined in §4.2.2.
Every surface f;'(t) is a stable quartic and similarly for f; (t) if ¢t # p, while the semistable
quartic surface in P? corresponding to p is to be understood as the double quadric 2V (Q). Let
0;: T'; — 9M(19) be the corresponding modular map for i € {1,4}. The map p;: I'; - F(19)
considered in §4.2.2 is equal to pig o 0;. The curve u1(I'1) avoids the indeterminacy locus 7(19)
because it is disjoint from Hp(19) U H,(19). On the other hand, the curve py(I'4) intersects
Hp(19) U H,(19) in a single point, namely u4(p), which belongs to Hp(19). Since the double
cover f;'(p) — V(Q) has an arbitrary branch curve (among those with ADE singularities), we
may assume that pa(p) ¢ I,(19). Thus,

1 ifi=1,

pi (L) - (P9 )" L(19) = 0;,4(L) - L(19) = {2 i d

Equation (4.3.1), together with Table 2 and Corollary 4.2.3, gives

ifi =1
z*FZ . -1 *Ll — x 1 I
,u,( ) (p19) (9) {x+2y if 1 = 4.

It follows that x = 1 and y = 1/2. In order to prove that z = 1/2, we will show that

plg is regular along H,(19) (i.e. I,(19) = ). (4.3.2)
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First, pjy is regular along the open dense (H,(19) \ 1,,(19)) C H,(19) and

pro (Hu(19) \ 1,(19)) = {q}, (4.3.3)

where ¢ € 9(19) is the point parametrizing the PGL(4)-orbit of the surface swept out by the
tangents to a twisted cubic in P3 (a closed orbit in |Ops(4)]*%); see [Sha8l, Theorem 3.17)].
Let Z* C Z(19)* x M(19) be the closure of the graph of the restriction of pj4 to its regular
locus and Z := Z* N (Z(19) x M(19)). Let m: Z — #(19) be the projection; note that 7 is a
projective map. We must prove that 7 is an isomorphism over H,(19). Assume the contrary,
i.e. that 1,(19) # @. Let H,(19) C Z be the closure of m—!(H,(19) \ I,(19)); thus, H,(19) =
H,(19) x q by (4.3.3). Let exc(m) be the exceptional set of 7; thus, m(exc(m)) = I(19). Since
F(19) is Q-factorial, exc(m) has pure codimension 1 in Z. By Zariski’s main theorem, every fiber
of 7 is connected; in particular, those over points of I,,(19). It follows that there exists one (at
least) irreducible component of exc(w) mapping to I,,(19) and having non-empty intersection
with qu(19); let D be such a component. Letting ¢: Z — 9(19) be the projection, the image
¢(D) contains ¢ and by hypothesis ¢(D) # {q}. By Theorem 2.4 of [Sha81], ¢ is an isolated point
of the indeterminacy locus of pig; it follows that there exists a subset ¢(D)? C ¢(D) which is
a codimension-1 constructible subset of M(19), contained in the regular locus of pig, which is
contracted by pig (i.e. dimp19(4(D)Y) < 18). This is absurd, e.g. by (2.1.4). This proves (4.3.2).
By (4.3.3), it follows that the line bundle (pj4)*L(19) is trivial on H,(19) and hence

p3,4(T'3) - (A(19) + £ H,(19) + 2H,(19)) = 0.
By Table 2, we get that z = 1/2.

Remark 4.3.1. Let II: Z* — Z(19)* be the projection and let H,(19)* C .%(19)* be the closure
of H,(19). The proof given above that 7 is an isomorphism over H,(19) cannot be adapted to
prove that IT is an isomorphism over H,(19)* because .#(19)* is not Q-factorial at the boundary.
In fact, IT is not an isomorphism over (H,(19)* \ H,(19)).

5. Predictions for the variation of log canonical models

The goal of the present section is to predict the behavior of
F (N, B) = Proj R(F(N), \(N) + BA(N))

for N > 3 and g € [0,1] N Q. Specifically, we will give a conjectural decomposition of p]_vl as a
product of flips and, as a last step, the contraction of the strict transform of the support of A(N)
(denoted AM(N); see §1.7.3): here py is the period map considered in §4.3 if N € {18,19}
and is to be understood as the inverse of the map #(N) --» Proj R(ZF(N),A\(N) + A(N))
otherwise. Each flip will correspond to a critical value 5 = ﬂ(k)(N ) € (0,1) N Q. The center of
the flip corresponding to B*)(V) will be (the strict transform of) a building block of the D
tower (see §1.7) and it has codimension k. (Of course, the value B (N) = 1 corresponds to the
contraction of A (N).) In the case of quartic surfaces (N = 19), it is possible to match our
predicted flip centers with geometric loci in the GIT moduli space 2t(19); this is discussed in
the companion note [LO18b]. In the case of hyperelliptic quartics (N = 18), using VGIT, we can
go further and not only match the arithmetic predictions with the geometric ones (essentially
the same matching as for quartics), but actually verify that both the arithmetic predictions and
the geometric matching are correct. This is discussed in [LO18a].
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5.1 Main conjectures and results
Let 5 € (0,1] N Q. Then the following hold.

e A(N) + BA(N) is a big line bundle with base locus contained in AM(N) because A\(N) is
ample and A(N) is effective.

e If B < 1, the restriction of A(N) + BA(N) to AD(N) is big with base locus contained in
A(z)(N); see Propositions 5.3.6, 5.3.7, and 5.3.8. In particular, assuming lifting of sections
from AW (N) to .Z(N), the base locus of A\(N) + BA(N) is contained in A®)(N).

e For N € {18,19}, .F(N)* --» .F(N,1) = M(N) is a birational contraction of A (N) by
Proposition 4.1.2. This is expected to hold for any N by the arguments of Looijenga.

In order to understand what should be going on, it is convenient to let g € (0,1] N Q
decrease, starting from S = 1. For anyone familiar with linearized arrangements, and in fact
implicitly contained in Looijenga [Loo03b], A()(N) should be contractible regularly away from
A®)(N) (with corresponding S (N) = 1), but, in order to contract it regularly, one must first
flip A®(N), at least away from AG®)(N), with corresponding 0 < 33)(N) < 1. The first-order
predictions (§5.1.1) are obtained by iterating this procedure, i.e. following Looijenga [Loo0O3b].
These predictions are based on the combinatorics of the linearized arrangement A(l)(N ) (see
§1.7.3); one essentially computes the log canonical threshold (at the generic point of A®)(N))
as in [Mus06], keeping track of the ramification.

5.1.1 First-order predictions. As we explained, the starting point of Looijenga is the
observation that, in the embedding .@; C .@;{7 c PN (we let .@JJ{, = .@XN), the automorphic
bundle is the restriction of Opn+1(—1), while a Heegner divisor is a section of (9@;(1). This

fact suggests that A(IN) + A(N) should contract AN (N). As always, a linearized arrangement
is stratified by linear strata of the intersections, and the first-order predictions (leading to
candidates for the critical values S*)(N)) are a simple function of combinatorics, namely
the number of hyperplanes intersecting in a stratum, versus the codimension of that stratum
(compare [Mus06]). Of course, in this situation, there is a slight complication due to the fact
that these hyperplanes are reflection hyperplanes (note that our A involves a % factor for this
reason).

Concretely, for most values of N and k, we will prove (see Proposition 5.3.6 for a precise
statement) that the following formula holds:

(A(N) + BAN))jaw vy = (1= EBAN) + 58e1(O 5wy (AFTV (V). (5.1.1)

We recall (see Proposition 1.7.2) that for most choices of N and k, A®)(N) = Im IN—k,Ns
and (5.1.1) should be read as fx_; y(A(N) + BA(N)) = (1 — kB)AN — k) + BA(N — k).

If, following Looijenga, we assume that the stratum A*+1(N) is flipped before the stratum
AW (N), we get the prediction

BEN(N) = % ke{l,...,N}. (5.1.2)
In any case, note that (A(IN) + BA(N))am (N) is big for 8 < 1/k by (5.1.1). Thus, assuming a
certain lifting of sections (a reasonable assumption, which we can prove in some cases), we get
that the generic point of A®) () is not affected by the birational transformations occurring for
B € (0,1/k).

The two key ingredients that give (5.1.1) are the computation of intersections of distinct
Heegner divisors (see §5.2) and a normal bundle computation based on adjunction (see §5.3).
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Of course, the actual computations depend on our particular lattices and Heegner divisors, but
the method adopted here can be applied in many other instances. (Similar computations are
implicitly or explicitly contained in [GHSO07] or [Loo03b].)

5.1.2 Refined predictions. The first-order predictions for quartic K3 surfaces are definitely
wrong for k£ > 9; in fact, the indeterminacy locus of the period map p19 has dimension 8, while the
first-order predictions would give that it has higher dimension. This apparent contradiction has
the following explanation. The key assumption in the first-order predictions is the contractibility
of AK+t1(N) inside A®)(N), but in the D-tower we have the following trichotomy:

(1) Hp(N) is birationally contractible in .#(N) for N > 14;
(2) Hp(N) moves in a linear system of dimension at least 1 if N < 14;
(3) Hp(N) is ample on .#(N) for N < 10.

Note: (2) and (3) are theorems, while (1) is conjectural in general, but known for N = 18, 19;
cf. §4.3 (probably one can prove it also for N = 20 via double EPW sextics). The explanation
for this comes from Borcherds’ relations discussed in § 3.

Taking into account the behavior of the hyperelliptic divisor described above, we correct our
first-order predictions and arrive at the following result.

PREDICTION 5.1.1. Let N > 15. The ring of sections R(Z(N),A(N) + BA(N)) is finitely
generated for 5 € [0,1] N Q and the walls of the Mori chamber decomposition of the cone

{AN) +BA(N) [ 5€Q, 5>0}

are generated by A(IV) + (1/k)A(N), where k € {1,..., N — 10} and k # N — 11. The behavior
of A(N) + (1/k)A(N), for k as above, is described as follows. For k = 1, .Z (N, 1) is obtained
from .Z(N,1 — €) by contracting the strict transform of A®M(N). If 2 < k, then the birational
map between .# (N, 1/k —€) and F(N,1/k + ¢€) is a flip whose center is:

(1) the strict transform of Im fx_p n f 2 <A< N —14, k # N — 2 (mod 8), and either k # 4
or N #4 (mod 8);

(2) the union of the strict transforms of Im fy_4 x and Im(fy_1 yoln_1) if k=4 and N =4
(mod 8);

(3) the union of the strict transforms of Im fy_ n and Im(fn_(k—1),n © IN—(r—1)) if 3 <k <
N —10 and £ = N — 2 (mod 8) (notice that this includes the case k = N — 10);

(4) the strict transform of Im(fi3 y o ¢13) if K = (N — 13);

(5) the strict transform of Im(fi2,x 0 m12) if k = (N —12).

Remark 5.1.2 (Early termination). The predictions in Prediction 5.1.1 differ from the first-order
predictions for k£ > N — 14. In fact, the generic point of AK) (N) is unaffected by the birational
transformations for 8 < 1/(IN — 14). More precisely, fi3 n(-#(13)\ H,(13)) (which is contained in
AW=13)(N)) will be flipped when 8 = 1/(N — 14) (at once with AN=14)) Moreover, AN=10) ()
consists of two disjoint components fio v (% (10)) and fi1 n(Hyu(11)) (see Proposition 1.7.2). The
first component will be flipped at § = 1/(IN — 14), while the second is the center of the flip for
B =1/(N —10) (the smallest critical value).
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5.2 Intersection of two distinct Heegner divisors
We proved (see Propositions 1.4.5, 1.5.1, and 1.5.2) that for 4 < N there are isomorphisms

fy: Z(N —1) = Hp(N). (5.2.1)

We also proved that, for k£ > 0, there are isomorphisms
lskrs: F(Uaoygr) —> Hyu(8k +3) (5.2.2)

and N
mgk+a: F (g oygr @ A1) — Hy(8k +4). (5.2.3)

The key ingredient in the heuristics for our predictions is the computation of the restrictions of
the line bundle A(N) + BA(N) to the various strata A®)(N). Via pull-back by fy (and Iy, my,
or gy if applicable), this restriction is computed in an inductive manner. The result below is our
starting point.

ProposITION 5.2.1. With notation as above, the following formulae hold:

£ HL(N) = {HR(N—l)—i—QHh(N—l) ifN#5 (mod 8),

Hy(N — 1)+ 2Hy(N — 1) + Hy(N —1) ifN=5 (mod 8),
(5.2.4)

“ 0 if N =2 (mod 8),

I Hu(N) = {QH (N—1) ifN#2 Emod 83, (5:2:5)
I8k 43Hn (8K + 3) = (112 248k) (5.2.6)
I3 Hn(8k + 3) = (5.2.7)
Mgy 4 Hn(8k +4) = H (HQ 248k © A1), (5.2.8)
Mg g Hn(8k + 4) = 2Hy (Ha,24581 ® A1), (5.2.9)
Gsi+5Hn (8% +5) = Hy (g 2181 ® A2) + 2Hy (g 2151 & A2), (5.2.10)
G515 Hn(8k +5) = 2H, (I 245 & A2). (5.2.11)

Remark 5.2.2. Let N = 3 (mod 8). Then (5.2.5) reads fx Hy(N) = 0 because H,(N — 1) = 0;
see Item (3) of Definition 1.3.4.

5.2.1 Set-up. Let (An,&n) be our standard decorated dimension-N D-lattice. Let v € Ay
and suppose that one of the following holds.

(1) v is a hyperelliptic vector; thus, v~ 2 Ay _; and it comes with a decoration &xy_1; see §1.4.
(2) N = 8k + 3 and v is unigonal; thus, v+ = II5 51855 see §1.5.1.
(3) N =8k + 4 and v is unigonal; thus, v = Iy 0481 @ Aq; see §1.5.2.

Let I', < T'¢y be the stabilizer of v. Thus,
Feno sy if (1) holds,
Fv = O+(IIQ’2+8k) if (2) hOldS,
O+(IIQ’2+8k D Al) if (3) holds.

Then we have a natural isomorphism
T \Zf — Hy(N),

where H,(N) := Hyay(Tey). In fact, if Item (1) holds then ¢, = fn, if Item (2) holds then
©y = Iy, and if Item (3) holds then ¢, = my.
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DEFINITION 5.2.3. Let v € Ay be as above, i.e. we assume that one of Items (1), (2), or (3)
holds. Given w € Ay such that (v, w) is a rank-2 subgroup of Ay, we let 7, (w) be a generator
of the intersection (Qu & Quw) N v (thus, 7, (w) is non-zero and determined up to £1).

PROPOSITION 5.2.4. Let v € An be as above, i.e. we assume that one of Items (1), (2), or (3)
holds. Assume that wg € Ay is a primitive vector of negative square such that the associated
Heegner divisor Hyy(N) = Hy,ay(Tey) is different from H,(N). The following set-theoretic
equality holds:

(P;leo(N) = U HWUL(UJ)WL(PU)’
(v,w)<0

where (v, w) < 0 means that (v,w) is a negative-definite sublattice of Ay. (And hence m,. (w)
is a vector of negative square.)

Proof. There is a single observation to be made, namely that if [o] € v Nw™ N @XFN, then (v, w)
is a negative-definite sublattice of Ay. O

5.2.2 Intersection with the hyperelliptic Heegner divisor.

PROPOSITION 5.2.5.

_ ~ JHu(N —1)UHL(N - 1) if N#5 (mod 8),
I Ha(N) = {Hn(N ~1)UHu(N-1)UH,(N —1) ifN=5 (mod 8) (5:2.12)
and
_ o if N =2 (mod 8),
Iy Hu(N) = {HU(N —1) if N#2 (mod 8). (5.2.13)

Proof. We adopt the notation introduced in §5.2.1; in particular, v € A is a fixed hyperelliptic
vector. Let us prove that the right-hand side of (5.2.12) is contained in the left-hand side.

Let w € v* be of square —2 and divisibility 1 (as vector of v*). Then w is a nodal vector of
(AN, &n) and 7,1 (w) = w; thus, Hy(N — 1) C f5'H,(N) by Proposition 5.2.4.

Let us prove that Hy(N — 1) C fy Hu(N). Let u be a hyperelliptic vector of (v",&y_1).
Let w := (v + u)/2; then w € Ay: see the definition of the decoration of v+ in §1.4. We claim
that w is a nodal vector. In fact, w? = —2 and div(w) = 1 because there exists z € v such
that (u,z) = 2 (because div,.(u) = 2) and hence (w, z) = 1. Since 7,1 (w) = u, it follows that
Hu(N — 1) C fy'Hn(N) by Proposition 5.2.4.

Now assume that N = 8k+5. Then H, (N —1) C 5 H,(N) by Item (4) of Proposition 1.4.6.

Next, let us prove that the left-hand side of (5.2.12) is contained in the right-hand side. By
Proposition 5.2.4, it suffices to prove that, if w is a nodal vector of (A, ¢{y) such that (v, w) is
negative definite, then 7,1 (w) is either a nodal or a hyperelliptic vector, or N =5 (mod 8) and
7,1 (w) is a unigonal vector. Computing the determinant of the restriction of the quadratic form
to (v, w) (which is strictly positive), we conclude that (v, w) € {0, £2}; multiplying w by (—1) if
necessary, we may assume that (v, w) € {0, 2}.

If (v,w) = 0, then div,.(w) € {1,2}. If div,.(w) = 1, then w is a nodal class of vt. If
div,. (w) = 2, then w is a unigonal class of v and then necessarily N =5 (mod 8) because the
discriminant group A,1 = Ax,_, contains the class [w/2] of square —1/2 modulo 2Z.

If (v,w) =2, let u:= v+ 2w. Then 7, (w) = u. We claim that u is a hyperelliptic vector of
(vt,€én_1). First, u? = —4. It remains to check that div,. (u) = 2 and u* is equal to the decoration
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that v* inherits from the decoration &y of Ay. Clearly, div,. (u) is a multiple of 2 and hence we
must show that div, . (u) # 4. If div,. (u) = 4, then N = 8k + 4 and hence Ay = 1l 2, 5, @ A%
let a,b be generators of the two Aj-summands. We may assume that v = a + b because any two
decorated dimension-N D-lattices are isomorphic. Then there exist r,m € Z, and a primitive
S 112,2+8k’ such that

w=ra—(1+7r)b+ (2m+1)c.

In fact, write w = ra + sb+tc, where r,s,t € Z and ¢ € Il o4 g, is primitive. Then s = —(1+7),
because (v, w) = 2, and t is odd because the divisibility of w in Ay is 1. Thus, u = (1 + 2x)
(a —b) 4+ 2(2m + 1)c and, since II3 51 is unimodular, it follows that div, . (u) # 4. In order to
prove that u* is the decoration of v*, we recall that the latter is equal to [2/2], where z € v is
such that (v + 2)/2 € A; see §1.4 (we have denoted by z the vector denoted w in §1.4). Since
u = v + 2w, it follows that [u/2] = —[z/2] = [2/2] in the discriminant group A,.. This proves
that 7, (w) is hyperelliptic and finishes the proof of (5.2.12).

Now let us prove (5.2.13). Let N —2 =8k +a. If a = 0, then H,(/N) = 0 and hence (5.2.13)
holds trivially. Thus, we may assume that a € {1,...,7}. First, we will prove that the right-hand
side is contained in the left-hand side. We may assume that a € {2,...,7} because if a = 1,
then Hp (N — 1) = 0. By Remark 1.1.4, we may identify Ay with Iz 948k @ Dy. Let v = (04484,
(0,...,0,2)); then v? = —4 and div(v) = 2. We let £y = [v/2] and hence v is hyperelliptic. Now
suppose that N is odd. Let w = (0448k, (2,...,2)); then w is a unigonal vector of (An,{n);
see the proof of Proposition 1.3.3. Then w1 (w) = (O4ysk, (1,...,1)) € 248 @ Dg—1. Since
m,1 (w) is a unigonal vector of (Anx_1,&n—_1) (see the proof of Proposition 1.3.3), it follows that
fn Hy(N) D Hy(N — 1) if N is odd. The proof for N even is analogous.

Lastly, we prove that the left-hand side of (5.2.13) is contained in the right-hand side. By
Proposition 5.2.4, it suffices to prove that, if w is a unigonal vector of (A, {y) such that (v, w)

is negative definite, then 7,1 (w) is a unigonal vector. Let a € {1,...,7} be the residue of N — 2
modulo 8. Let us assume that N is odd. Then w? = —4a and div(w) = 4. We claim that
(v,w) ==+4, (v4+w)/2€A. (5.2.14)

In fact, we may assume that w* = ¢ and & = 2(. Thus,

(v/2,w/4) = (&,€) = 2qa(C) = —a/2  (mod Z)

and hence there exists s € Z such that (v,w) = —4a + 8s. Since (v,w) is negative definite,
it follows that a € {3,7} (recall that Hy(N — 1) =0 if a = 1) and that (v,w) = 4. Moreover,
(v+ w)/2 € A because 2[w/4] = [v/2] in the discriminant group. We have proved (5.2.14).
Multiplying w by (—1) if necessary, we may assume that (v,w) = 4; it follows that 7,1 (w) =
(v +w)/2. Now (v + w)/2 is a unigonal vector of v*, as required. Now assume that N is even.
Arguing as above, one shows that (v,w) = £2 and hence we may assume that (v, w) = 2. Then
TpL (w) = v+ 2w. Since v + 2w is primitive, div,. (v + 2w) = 4, and (v + 2w)? = —4(a — 1), this
proves that 7,1 (w) is a unigonal vector of v=. O

Let us prove (5.2.4) and (5.2.5). First, notice that H,(N — 1), H,(N — 1), and H,(N — 1)
are irreducible. By Proposition 5.2.5, it remains to show that

multh( Hp(N— 1))H (N) - Hp(N) =1, (5.2.15)
multh( Hy(N—-1 (N) . Hh(N) = (5216)
multh(Hu(N H,(N)-Hp(N)=1 if N=5 (mod 8), (5.2.17)
mult ¢ (g, (v— 1))H (N)-Hpy(N)=2 ifN=b (mod8)and4<b<9.  (52.18)
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In order to prove the above equalities, we fix a hyperelliptic vector v of (Ay,{y) and we let
w € vt = Ay_; be a vector such that one of the following holds:

(1) w is a nodal vector of (An—_1,{Nn—1);

(2) w is a hyperelliptic vector of (Anx_1,&n—-1);

(3) w is a unigonal vector of (Anx_1,{n—1).

Let [o] € {v,w}* Ny . Then [o] € fy(H,(N—1))if (1) holds, [o] € fx(Hx(N —1)) if (2) holds,
and [o] € fn(Hy(N — 1)) if (3) holds. Since each of H,(N — 1), H,(N — 1), and H,(N — 1) is
irreducible, we may prove formulae (5.2.15)—(5.2.18) by analyzing the local structure of .% (),
Hy(N) etc. at the I'¢-orbit of [o]. We claim that the following hold.

(1') If w is a nodal vector of (Ay_1,&n—1), then
Ay N (v, w)g = (v,w)z = Zv + Zw

and every non-trivial isometry of (v,w)yz is either the reflection in a reflective vector of
(v, w)z or multiplication by —1.
(2") If w is a hyperelliptic vector of (Ay_1,&n—1), then

An N (v, w)g = (v +w)/2, (v = w)/2)z = Dy

and every non-trivial isometry of ((v+w)/2, (v—w)/2)z is either the reflection in a reflective
vector of ((v+ w)/2, (v —w)/2)z or multiplication by —1.

(3a’) If w is a unigonal vector of (Anx_1,{ny—1) and N = 4 (mod 8), then Ay N (v,w)g =
(v+w)/2,(v — w)/2)z = Dy and every non-trivial isometry of (v,w)z is either the
reflection in a reflective vector of ((v + w)/2, (v — w)/2)z or multiplication by —1.

(3b") If w is a unigonal vector of (Ay—_1,{n—1) and N # 4 (mod 8), then Ay N (v, w)g = (v, w)z
and every non-trivial isometry of (v, w)z is either the reflection in a reflective vector of
(v, w)z or multiplication by —1.

In fact, in order to determine Ayx N (v, w)q, it suffices to recall that Ay is generated (over
Z) by Zv & v', together with (v + u)/2, where v € vt = Ay_; is a hyperelliptic vector of
(An—1,én—-1). Once Ay N (v,w)gp has been determined, the statements about non-trivial
isometries are trivial. Now let [0] be a very general point of {v,w}* N @XN. Then

UJ‘ N AN,Q = <v,w>Q

and —1y, 11 is the only non-trivial element of O(An N {v, fw}é) stabilizing [o]. It follows that
there is a natural embedding

Tr: Stab([o]) = O(An N (v, w)q) X (—1gpye)- (5.2.19)
(Here Stab([o]) < I'¢, is the stabilizer of [o].)

CLAIM 5.2.6. Let [0] be a very general point of {v,w}* N .@+N; hence, there is the natural
embedding (5.2.19).

(I) Ifw is a reflective vector of (An_1,ENn—1), i.e. Item (1) or Item (2) above holds, or N = 4,5
(mod 8) and Item (3) holds, then T, is surjective.
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(IT) If w is not a reflective vector of (An_1,én-1), I.e. N # 4,5 (mod 8) and Item (3) holds,
then Stab([o]) = {%py}-

Let w € v* be a vector such that (1), (2), or (3) above holds. Then Claim 5.2.6 allows
us to describe explicitly a neighborhood in .#(N) of the I'c-orbit of a very general point
[0] € {v,w}t N .@XN. First of all, since —1,,, acts trivially, we must deal only with the action
of Stab’([o]) := Stab([o])/(—1a,) and, secondly, by Claim 5.2.6, the germ of I'¢[o] in .F(N) is
naturally isomorphic to the product of the smooth germ ({v,w}* N @/J{N, [0]) and the germ
of Stab®([o])\(v, w)c at the origin. Let (z1,z2) be coordinates on the vector space (v,w)c
corresponding to the basis {v,w}. Thus,

pu(T1,72) = (=11, T2).

We claim that the following hold.

(1) If w is a nodal vector of (Ax_1,&n—1), then Stab®([o])\ (v, w)c = C? with coordinates

(y1,y2) given by y1 = 3, yo = 23.

(27) If w is a hyperelliptic vector of (An_1,&n—1), then Stab’([¢])\(v,w)c = C? with

coordinates (y1,y2) given by y1 = 22 + 23, yo = 2323
(3"a) If w is a wunigonal vector of (Any—_1,ény-1), and N = 4 (mod 8), then
Stab?([o])\ (v, w)c = C? with coordinates (y1,y2) given by y1 = 27 + x3, yo = 2323
(3"ba) If w is a wunigonal vector of (Any_1,ény-1), and N = 5 (mod 8), then

Stab?([o])\ (v, w)c = C? with coordinates (y1,y2) given by y1 = 22, yo = 23.

(3”"bb) If w is a unigonal vector of (An_1,{n-1), and N # 4,5 (mod 8), then
Stab?([o])\ (v, w)c = C? with coordinates (y1,y2) given by y; = 27, y2 = a.

In fact, the above statements follow from (1), (2'), (3'), Claim 5.2.6, and Items (3) and (4) of
Proposition 1.4.6. Now we are ready to prove the multiplicity formulae (5.2.15), (5.2.16), (5.2.17),
and (5.2.18). Suppose that Item (1) holds. Since the relevant nodal vector of (An,&n) is w itself,
Item (1”) shows that the left-hand side of (5.2.15) is equal to the intersection number at (0, 0) of
the coordinate axes of the plane C? (with coordinates (y1,%2)) and hence 1. Now suppose that
Item (2) holds. Since the relevant nodal vector of (Ay, &) is (v+w)/2, Ttem (2”) shows that the
left-hand side of (5.2.16) is equal to the intersection number at (0,0) of V(% — 4yz), V (y2) C C?
and hence 2. Next, suppose that Item (3) holds and that N = 5 (mod 8). Since the relevant
nodal vector of (An,&n) is w itself, Item (3”ba) shows that the left-hand side of (5.2.17) is equal
to 1. Lastly, suppose that Item (3) holds and that N # 5 (mod 8). The relevant unigonal vector
of (An,&n) is (vtw)/2 if N is odd, and (v+2w) if N is even (see the proof of Proposition 5.2.5);
it follows by Items (3”a) and (3”bb) that the left-hand side of (5.2.18) is equal to 1.

5.2.3 Intersections with the unigonal Heegner divisor. We will prove (5.2.6) and (5.2.7).
Thus, we assume that N =3 (mod 8) and write N = 8k + 3. First, let us prove the set-theoretic
equalities

INHW(N) = H,(Tlg018), Iy Hy(N) = 0. (5.2.20)

Let v be a unigonal vector of (Ay,&x). Thus, v2 = —4, div(v) = 4, and v+ 2 Iy 5.

Let w € v be a nodal vector, i.e. v2 = —2. Then w is a nodal vector of (AN, &n) and hence
l;,lHn(N) D Hy,(Ilz248k) by Proposition 5.2.4. On the other hand, suppose that w € Ay is
a nodal vector such that (v, w) is negative definite; then w_lv because the determinant of the
restriction of (,) to (v, w) is positive and hence w is a nodal vector of v. By Proposition 5.2.4,
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this proves the reverse inclusion, i.e. [y H,(N) C H, (I3 9s)). This finishes the proof of the first
equality of (5.2.20).

The second equality of (5.2.20) follows from (5.2.13) because H,(2) = 0. It remains to prove
that mult; (g7, (11, 4, 1)) H,(N)-H,(N) = 1. The proof is analogous to the proof of (5.2.15); we
leave details to the reader.

The cases of unigonal divisors for N = 4,5 (mod 8) (i.e. formulae (5.2.8), (5.2.9), (5.2.10),
and (5.2.11)) are similar; we omit the details. (We refer the reader to §§1.5.2 and 1.6 for some
arithmetic details specific to these cases.)

5.3 Normal bundle formulae
In the present subsection, we will prove the following result.

PROPOSITION 5.3.1. Let 4 < N and let fy : F(N — 1) — H,(N) be the isomorphism of
Proposition 1.4.5. Then the following equalities hold:

0 if N#£4 (mod8),

H,(N —1) ifN=4 (mod 8). (5.3.1)

FRHR(N) = —2A(N — 1) + Hy(N — 1) + {

Similarly, let lgi13: §(112’2+8k) AN Hu(8k + 3), Mgk+4 - ﬁ(llzg_;,.gk &>, Al) SN Hh(8k + 4), and
@si+5: F (g 2485 ® A2) > Hy,(8k + 5) be the isomorphisms in (1.7.4), (1.7.5), and (1.7.7).

Then
k3 Hu(8k +3) = —2A(Il2,248%), (5.3.2)
MpaHu(8k +4) = —2A(Iz248c © A1) + Hu(Ilo 248 © A1), (5.3.3)
Qa5 Hu(8k +5) = —A(Ilo 248 ® A2) + 5 Hy (I 045 & As). (5.3.4)

5.3.1 Adjunction. Let # = %5 (T") be a locally symmetric variety of Type IV, with notation
asin §1.2. We let N := dim .%. Since .% has quotient singularities, the canonical bundle of .% is a
well-defined element Kz € Pic(#5(I'))g. Let Az be the automorphic Q-line bundle on .#. Thus,
sections of )\g}d are identified with weight-d automorphic forms on _@X and, letting 7: @j{ — 7
be the quotient map, 7*\ g = ﬁ@j\r(—l).

If I acts freely on 2, (and hence .# is smooth), then

Kz =NAz. (5.3.5)

In fact, the above formula follows by descent from the analogous formula K g = N 6’@7\;(—1)

(adjunction formula for a smooth quadric in PV*1). In general, there will be a correction term
coming from the ramification of the map : 9?{ - Z.

DEFINITION 5.3.2. Let B(.#) be the divisor on .# which is the sum of all Heegner divisors
H, A(T), where v € A is primitive, v? < 0, £p, € I', where only one hyperplane appears for each
couple {v, —v}.

PROPOSITION 5.3.3. Keep notation as above. Then, in Pic(.#)q,

Kz = Ny — $B(%). (5.3.6)
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Proof. The ramification divisor of the quotient map =: @X — % is the sum of the pre-Heegner
divisors 7%, A ("), where v € A is primitive, v? < 0, -p, € ', where only one hyperplane appears
for each couple {v, —v}. In fact, this is [GHS07, Corollary 2.13]. Now let I'g <I" be a finite-index
normal subgroup acting freely on @j{, let .Zo :=To\Z), and let 7q: @j{ — %4 be the quotient
map. The ramification divisor of the finite Galois cover %y — .% is identified with the image by
mo: 95 — g of the ramification divisor of 7: ¥ — Z. Equation (5.3.5) and Riemann-Hurwitz
applied to %y — % give the proposition. O

As before, let B(N) be the Weil divisor on .% (V) defined by

Hy,(N) + Hy(N) if N#3,4 (mod 8),

H,(N)+ Hp(N)+ H,(N) if N=3,4 (mod 8). (5.3.7)

B(N) = Hp(N) + 2A(N) = {

By Proposition 1.3.5, we see that B(V) is the branch divisor for .# (N) (i.e. B(N) = B(.#(A,¢))
for (A, €) a dimension-N decorated D-lattice). Thus, we have the following result.

COROLLARY 5.3.4. Keeping notation as above,
Kg(nvy = NA(N) — $B(N). (5.3.8)

Let A(Ilg218k) = Az(ily0p00) M2248k © A1) = Ag(iny,, geaar)s and Mgz g, © Az) =
AF(I1y 5455 @A2)- Lhe proof of the result below is omitted because it is analogous to the proof of
Corollary 5.3.4.

COROLLARY 5.3.5. Keep notation as above. The following equalities hold in Pic(.# (Il3 24 3k))q,
Pic(F (13 248k ® A1))q, and Pic(F (1122481 ® A2))q, respectively:
K311, 5,50 = (8k + 2)AMID2215) — 5 Hn (2 248%),
Kz, 0, g0 = 8k + 3) A2 218, & A1) — TH, (08 ® A1) — 2 Hy(Ilg 0451 ® A1),
K71, 0, 0042 = 8k + A 015, & A2) — S H, (o oysk @ Ao) — L Hy(Ilg 015 & Ao).

5.3.2 Normal bundle formula for the hyperelliptic divisor.
Proof of (5.3.1). By Proposition 1.4.5, the intersection Hy,(NN) Nsing.#(N) has codimension at

least 2 in Hp(N) and hence we may apply adjunction to compute the canonical class of Hp (V).
Since fy: F(N — 1) — Hp(N) is an isomorphism, Corollary 5.3.4 gives
Kzn-1) = IN(Kzn) + Ha(N))
= fR(NAN) = 3(B(N) = Hy(N)) + 5 Hy(N))
= NA(N = 1) = 3 fN(B(N) = Hp(N)) + 5 f5 Ho(N).
On the other hand, the canonical class of Z (NN — 1) is given by (5.3.8); equating the two
expressions for K z(y_1), one gets

SNHR(N) = =2A(N — 1) + fN(B(N) — Hp(N)) = B(N —1). (5.3.9)
By (5.2.4) and (5.2.5),

0 if N#£4 (mod 8),

ffv(B(N)—Hh(N))—B(N_l):Hh(N_1)+{Hu(N—1) if N=4 (mod 8).
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5.3.3 Normal bundle formula for the unigonal divisor.

Proof of (5.3.2). We let N = 8k + 3. By Proposition 1.5.1, the intersection H,(N) Nsing.#(N)

has codimension at least 2 in H,(/N) and hence we may apply adjunction to compute the

canonical class of H,(N). Since Iy : F(Il3248;) — Hyu(N) is an isomorphism, Corollary 5.3.4

gives

Ky = IN(Kzn) + Hu(N))

= Iy (NA(N) = 5(B(N) = Hy(N)) + 5Hu(N))

= NA(I221s) — 3Un (B(N) = Hu(N)) + 5l Hu(N).

= (2 + Sk))\(:[lg 2+8k) — % (112 2+8k) by COI‘OH&I‘y 5.3.5.

and invoking (5.2.6) and (5.2.7), one gets (5.3.2).
O

(T12,24-8%)

On the other hand, Kﬁ(IIQ,Hsk)

Comparing the two expressions for K 71, ,, ;)

The computations of the normal bundle formulae for the unigonal divisor when N = 4,5
(mod 8) are similar; we omit the details.

5.3.4 Pull-back of (A\(N)+BA(N)). Equations (5.3.1) and (5.2.5) give the following formula:

“AMN —1)+A(N —1) if N#4,5 (mod 8),
JRAN) =< AN — 1)+ 1H,(N — 1) if N=5 (mod 8), (5.3.10)
“AMN -1 +AN-1)+H,(N—-1) if N=4 (mod 8).

(Recall that H, (M) =0 if M =2 (mod 8).) Repeated application of (5.3.10) gives the following
result.

PROPOSITION 5.3.6. Let N >4 and 1 < k < (N — 3). Then
SNk n(AN) + BA(N))

(1 —kB)AN — k) + BA(N — k) ifN—k#4 (mod38)andk > 2
B ork=1and N—-1%#3,4 (mod 8),
) (1= kB)AN — k) + 1BHL(N — k) if N—k=4 (mod8),

(1 — kBANN — k) + BA(N — k) + BH,(N —k) ifk=1and N—1=3 (mod 8).

It will be convenient to let fy n := Idz (). The result below follows from Proposition 5.3.6,
together with (5.2.7) and (5.3.2).

PROPOSITION 5.3.7. Suppose that N > 3,0 < k< (N —3), and N —k =3 (mod 8) (hence In_j
makes sense; see (1.7.4)). Then

— (k+1)B)AAg N—k—1) ifk#1,

— 4B)A(Iay k1) ifk=1.

PROPOSITION 5.3.8. Suppose that N > 4, 0 < k < (N —4), and N — k = 4 (mod 8) (hence
mpy—_ and py_r—1 make sense; see (1.7.5) and (1.7 6))) Then

(fN—kNomy_g) (AMN) + BA(N))
_ {(1 — B)A(MTo N2 @ A1) + 3BH, (o2 © A1) ifk =0,

(fN—k,N © In-k)"(A(N) + BA(N)) = {8

(1= kB) ANy N—p—2 @ A1) + BH, (o y_p—2 @ A1) ifk2>1

(1 —48)A(Ig,N—p—o) ifk =0,

Uiy ooy 0 Pv—1) UN) + FAIN)) = {(1 —(k+2)B)A o N-p—2) ifk>1
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Proof. The first equation follows from Proposition 5.3.6, together with (5.2.9) and (5.3.3).
Next, note that fy_rnyomyn_ropN_—k-—1= fN-pkNOfN-kOIN-k-1= [N-k-1,NOIN_k-1 DY
Claim 1.7.1 and hence the second equation follows from Proposition 5.3.7. a

The proof of the result below is omitted because it is similar to the proof of Proposition 5.3.8.

PROPOSITION 5.3.9. Suppose that N > 5,0 < k< (N—5),and N—k =5 (mod 8) (hence qn_p,
rN—k—1 and py_j_o make sense; see (1.7.7), (1.7.8) and (1.7.6)). Then

(fn—k,n 0 an—k) (A(IN) + BA(N))

= (1= kB)ANIlo,N—p—3 ® A2) + BH, (g n_—3 D A2),
(fN—k,N 0 qN—k ©TN—k—1)" (A(N) + BA(N))

= (1= (k+ 1)) N—p—3 ® A1) + SH, (I n_—3 D A1),
(fN—k,N 0 qN—k © TN—k—1 O PN—k—2) (A(N) + BA(N))

= (1 = (k+3)8)A(Uz,n——3)-

5.4 Heuristics for the predictions
Let 15 < N. We define a collection Tower (V) of closed subsets of .7 (V) as follows: X C .Z#(N)
belongs to Tower (V) if and only if one of the following holds:

(1) X =Im fyn for 11 <M < N;

(2) X =Im(fp,nolp) for 11 < M < N (recall that fy n =idz(y)) and M =3 (mod 8);
(3) X =Im(fy,nyomp) for 12< M < N and M =4 (mod 8);

(4) X =Im(fapnoqu) for 13< M < N and M =5 (mod 8).

Every X € Tower(N) is irreducible (and closed) because it is the image of a regular map,
whose domain is a projective irreducible set.

DEFINITION 5.4.1. Let N > 15. Given X € Tower(N), we let:
(1) ty(X) =N - M if

(la) X =1Im fy,n and 14 < M < N; or
(Ib) X =Im(fm,n ompr), where 12 < M < N —1 and M =4 (mod 8); or
(1c) X =Im(fam,n 0 qu), where 13 < M < N and M =5 (mod 8);

(2) tn(X) =N -M+1if X =Im(fyn oln), where 11 < M < N, with M # N — 1 and
M =3 (mod 8);

(3) tn(X)=N—14if X =Im fy v and 11 < M < 13;

(4) tn(X) =11if X =Immy, where N =4 (mod 8);

(5) tn(X)=4if X =Im(fnv_1,noln—1), where N =4 (mod 8).

PROPOSITION 5.4.2. Let 15 < N. Let X € Tower(N) (and hence X is Q-factorial). If
B €[0,1] N Q, then we have an equality of Q-Cartier divisor classes:

(AWNV) + BAN))|x = (1 = tn(X) - B)MN)|x + Dx, (5.4.1)

where Dx is an effective divisor whose support is a union of elements of Tower(N).

1706

Downloaded from https://www.cambridge.org/core. Universita degli Studi di Roma La Sapienza, on 27 Aug 2019 at 15:29:56, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1112/5S0010437X19007516


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0010437X19007516
https://www.cambridge.org/core

MODULI OF QUARTIC K3 SURFACES
Proof. First, we consider the case X = Im(fy n) and 11 < M < 13. There exists ¢ > 0 such that

FanAN) + BA(N)) = (1 = (N = M)B)NM) + 38Hp (M) + cBH, (M)
by Proposition 5.3.6. On the other hand, by (3.1.4) (with N replaced by M), we have

Fian ) + BN = (1= (V= 108N + (e TG0 +8) = u(ar) ) 81, (00)
Thus, (5.4.1) holds because u(M) < u(M + 8) for 4 < M < 14 and

Im lll if M = 11,
HU(M) = Imm12 if M = 12,
Imq3 if M =13.

This proves that (5.4.1) holds if X = Im(fa,n) and 11 < M < 13. In all other cases, (5.4.1) is an
immediate consequence of the results in §5.3.4 and the isomorphisms in (1.7.4), (1.7.5), (1.7.6),
(1.7.7), and (1.7.8). O

Because of (5.4.1), we expect that if ¢x(X) # 0, then (¢n(X)AN(N) + A(N)) generates a
wall of the Mori chamber decomposition of the convex cone spanned by A(N) and A(N), and
that the center of the corresponding flip contains the strict transform of X. Now notice that if
X,Y € Tower(N), and X C Y, then ¢t5(X) > tn(Y). Thus, in order to list candidates for the
centers of the flips, we give the definition below.

DEFINITION 5.4.3. Let 15 < N. We let Center(NN) C Tower(N) be the subset of X such that:

(1) an(X) > 0; and
(2) if Y € Tower(N) properly contains X, then an(X) > an(Y).

Let X € Tower(N), i.e. one of Items (1)—(5) of Definition 5.4.1 holds: then X does not belong
to Center(N) if and only if Item (3) holds.

We can summarize Prediction 5.1.1 as follows: the walls of the Mori chamber decomposition
of the convex cone spanned by A\(N) and A(NN) are generated by the vectors ¢y (X)A(N)+A(N),
where X runs through the elements of Center(N). If ¢ = t5(X) for some X € Center(N), and
t > 1, then the center of the flip corresponding to ¢y (X)A(N) + A(N) is the union of the strict
transforms of the elements Y € Center (V) such that ¢t5(Y') = t. Lastly, A(NV) + A(N) contracts
the strict transforms of the elements Y € Center(N) such that ty(Y) = 1.

A more detailed description goes as follows. Consider the wall closest to the ray spanned by
A(N), i.e. that spanned by (A(N) + (N — 10)"'A(N)), with center X = Im(f11,5 o l11). Then
Dx = 0 by Proposition 5.3.7 and hence (A(N)+ (N —10)"*A(N))|x is the opposite of an ample
class. What should we expect .# (N, (N —10)~! +¢) to look like? In order to answer this, we recall
Looijenga’s key observation: if X is an irreducible component of A(k)(N ), then the exceptional
divisor of Blx.# (N) (a weighted blow-up of .# (N) with center X) is a trivial weighted projective
bundle over X, away from AKTD(N) (this is because A®)(N) is the quotient by I'(N) of the
points of intersection of k£ hyperplane sections of @XFN). For our initial X, i.e. Im(f11 5 ol11), this
translates into the prediction that .7 (N, (N — 10)~! + ¢) is obtained from .Z (N, (N —10)~! —¢)
by replacing (the closure of) Im(fi1 5 o l11) with a wPV~!1. What about the remaining flips,
corresponding to A(N) + k~1A(N) for k € {N — 12, N — 11,...,2}? First, we note that if
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X € Center(N), then (5.4.1) holds with Dx an effective divisor whose support is a union of
elements of Tower(NN), except if X = Im f14 5. Suppose for the moment that X # Im fi4 n; then
since tn(Y) > tn(X) for all prime divisors in the support of Dx (by definition of Tower(V))
and because .7 (N, k™! + ¢) is obtained from .7 (N, k~! — ¢) by replacing (the closure of) centers
W such that t5(W) = k with projective spaces of dimension N — 1 — cod(W,.Z#(N)), we see
that the picture replicates itself. Lastly, let us look at the picture for X = Im f14 . In this case
Gritsenko’s relation, i.e. Corollary 3.1.3, reads Hj(14) = H,(14). A geometric description of the
rational equivalence Hj(14) = H,(14) gives that Hy(14) and H,(14) are actually trivial outside
Hjp(14) N H,(14) and hence (5.4.1) for X =Im fi4 y holds with Dy = 0. This then suggests that
the usual description holds also for the flip corresponding to Im fi4 .

Remark 5.4.4. The set of values ty(X) for X € Center(N) is obtained by adding 1 to each
value ty_1(Y) for Y € Center(N — 1) and adjoining the value 1 = ¢y (H}(NV)). This is explained
by the formulae in Proposition 5.3.6. In fact, for simplicity suppose that N —1 # 3,4 (mod 8).
Then, for 5 # 1, we have

. p
PR + BAN)) = (1= AN — 1) + BACN — 1) = (1 - §) (A(N “+ oA ).

This explains the behavior described above because, if 5/(1 — ) = 1/k, then g =1/(k + 1).
An induction on N (see Remark 5.4.4) proves the following result.
PROPOSITION 5.4.5. Let N > 11 and let

(N —-10)"t if N #12,

0<
5<{1/4 ifN =12

be rational. If C C .#(N) is a complete curve, then
C-(XN)+ BA(N)) > 0.

Remark 5.4.6. The locally symmetric varieties .#(N) are not projective, but they are swept
out by complete curves. In fact, the complement of .%(N) in the Baily—Borel compactification
F(N)* is of dimension 1, and the assertion follows because dim.#(N) = N > 3.
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