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1. INTRODUCTION.

There are three types of “building blocks” in the Bogomolov decomposition [B,
Th.2] of compact Kéhlerian manifolds with torsion ¢1, namely complex tori, Calabi-
Yau varieties, and irreducible symplectic manifolds. We are interested in the last
type, i.e. simply-connected compact Kéhlerian manifolds carrying a holomorphic
symplectic form which spans H?°. (The holonomy of a Ricci-flat Kihler metric is
equal to Sp(r), hence these manifolds are hyperkéhler [B].) The stock of available
irreducible symplectic manifolds appears to be quite scarce, expecially if we think
of the many examples of CalabiYau’s. Every known irreducible symplectic manifold
is a deformation of one of the following varieties: the Hilbert scheme parametrizing
zero-dimensional subschemes of a K3 of fixed length [B], the generalized Kum-
mer variety parametrizing zero-dimensional subschemes of a complex torus of fixed
length and whose associated 0-cycle sums up to 0 [B], the (10-dimensional) desin-
gularization of the moduli space of rank-two semistable torsion-free sheaves on a
K3 with ¢; = 0, ¢a = 4 constructed by the author [O1]. Briefly: all known exam-
ples are deformations of an irreducible factor in the Bogomolov decomposition of
a moduli space of semistable sheaves on a surface with trivial canonical bundle or,
as in the last case, of a symplectic desingularization of such a moduli space. This
paper provides a new example in dimension 6: the manifold in question is an irre-
ducible factor in the Bogomolov decomposition of a symplectic desingularization of
a moduli space of sheaves on an abelian surface. To put our result in perspective we
recall some results on moduli spaces of sheaves on a surface with trivial canonical
bundle. Let X be such a surface and D an ample divisor on it: given a vector
w € H*(X;Z), we let My (X, D) be the moduli space of D-semistable torsion-free
sheaves F' on X with Mukai vector

(1.1) v(F) :=ch(F)\/Td(X) = w.

Mukai [Muk2] proved that the open subset M2, (X, D) parametrizing stable sheaves,
if non empty, is smooth symplectic (i.e. it has a regular symplectic from) of pure
dimension equal to

(1.2) dim M3, (X, D) = 2 + (w, w),
Supported by Cofinanziamento MURST 1999-2001

Typeset by ApS-TEX



2 KIERAN G. O’'GRADY

where (-, -) is the quadratic form on H*(X;Z) defined by

(w,w) = /(W1 AWy — 2Wo A Wa).
X

(Here w; is the component of w belonging to H?*!(X;Z).) Yoshioka [Y1,Y2], extend-
ing previous partial results [HG,02], showed that under a technical condition on
(D, w) ensuring that all semistable sheaves are stable, the moduli space My, (X, D)
is either a deformation of a Hilbert scheme of points on a K3, or else its Bogomolov
factors are abelian surfaces and a deformation of a generalized Kummer variety. In
view of this result we search for a moduli space containing points parametrizing
strictly semistable sheaves (i.e. non stable), and singular at these points, admitting
a symplectic desingularization, in the hope that one of the Bogomolov factors of the
desingularization is a new irreducible symplectic variety. This is what was done to
produce the new 10-dimensional example mentioned above, the moduli space being
that of certain sheaves on K3. In this paper we will carry out successfully this
program with a moduli space of sheaves on an abelian surface, described as follows.
Let C be a smooth irreducible projective curve of genus two and J := Pic®(C). We
set v := 2 — 21, where n; € H*(J;Z) is the orientation class of J. Let M, be the
moduli space My (J,0), where O is a Theta divisor. Many of the results proved
in [O1] for the moduli space M, of torsion-free semistable rank-two sheaves on a
K3 with ¢; = 0, ¢o = 4, remain valid for My, provided one makes the following
technical assumption:

(1.3)  The Néron-Severi group of J is generated by ©, i.e. H%’l(J) = Zc1(0).

(As is well-known the generic Jacobian satisfies (1.3).) This assumption will play
the role that (0.2) has in [O1]. Strictly speaking the analogue of (0.2) is the as-
sumption that there is no divisor orthogonal to ©® and with self-intersection —2, and
this is all that is needed for the results in this paper to hold. We make the stronger
hypothesis (1.3) in order to simplify various proofs. The first result of [O1] that ex-
tends to our moduli space is the description of the singular locus of My sing(My)
is the set of S-equivalence classes of strictly semistable sheaves, i.e. equivalent to
I, @& &1, &, where p; € J and §; € J (J := Pic(J)). Most importantly, the
procedure of [O1] carries over to give a symplectic desingularization 7y : Mvv — My;
we let w, be the symplectic form on Mvv. The variety Mv is of pure dimension 10
(see (2.1.3)). It is not symplectically irreducible: consider the map

M, 2% JxJ
[F] = (X ca(F),[det F),

where > ¢3(F) (the Albanese map) is the sum of the points (with multiplicities) of
any representative of co(F) € CHy(J). Set @y := ay o Ty. As is easily checked ay
is surjective, hence ]\Zv is not symplectically irreducible. To “factor out J x T we
set .

M:=3a;10,0), T:=0v|g

The main result of this paper is the following.
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(1.4)Theorem. Keep assumptions as above: M s a 6-dimensional irreducible

symplectic variety, i.e. one-connected and with H*°(M) spanned by the symplectic
form . Furthermore ba(M) = 8.

Since the known 6-dimensional irreducible symplectic varieties have by = 7 or
by = 23 [B], it follows that M cannot be deformed into one of the known symplectic
varieties, not even up to birational equivalence.

The paper is organized as follows. In §2 we construct /T/l/v: this is straightforward,
all the work was done in [O1]. An important feature of this desingularization is that
there is a moduli-theoretic interpretation of the complement of 7 1{[,,(£) & I,,(€)]}
as the set of g—equivalence classes of simple semistable sheaves with the given
Chern character, where g—equivalence is a relation finer than S-equivalence and
(slightly) coarser than isomorphism. Finally we check that M is 6-dimensional
and symplectic. In §3 we notice that the generalized Lefschetz Hyperplane Section
Theorem, together with methods of [L1,01], gives the following topological result.
Let M := a3'(0,0), and 7: M — M be the restriction of 7. Let o € J, and O,
be the translate by a of a symmetric theta-divisor ©. The inclusion

(1.5) 7 H[F] € M| F|e, is not locally-free semistable} — M

induces isomorphisms on mg, 71, and a surjection on Hy. This is useful because
while M is mysterious, the left-hand side can be described in terms of other well-
known moduli spaces. In fact if «v is generic, the left-hand side of (1.5) decomposes
into three irreducible components f]a U Ea U ‘70” which have the following descrip-
tion. The component f]a, which is mapped by 7 to the locus parametrizing strictly
semistable sheaves singular at some point of @, is a P!-bundle over the quotient of
CxJ by the equivalence relation (4.2.4). The component B, which is mapped by
7 to the closure of the locus parametrizing stable sheaves which are singular at some
point of O, is a PL-bundle over C x K27, where C is obtained from C by identi-
fying the points g1, g2 given by (4.2.2), and K 217 is the (smooth) Kummer surface
of J. Finally ‘N/a, which is mapped by 7 to the closure of the locus parametrizing
sheaves whose restriction to O, is a non-semistable locally-free sheaf, is obtained
from a PL-bundle over J by flopping sixteen (—1, —1)-curves. These results are con-
tained in Sections (4) through (6). These sections also contain descriptions of the
double and triple intersections of the sets ia, éa, ‘7@, and most of the topological
results which are needed in the proof of Theorem (1.4). In §7 we give the proof of
Theorem (1.4). We show that the left-hand side of Inclusion (1.5) is simply con-
nected and that its second Betti number is at most equal to 8: this implies that M
is simply connected and that by (Mv) < 8. Then we produce a Hodge substructure
of Hz(Mv) of dimension 8, with h*? = 1; this finishes the proof of (1.4). This shows
that Inclusion (1.5) induces an isomorphism on Hs, while a priori the Lefschetz
Hyperplane Theorem only gives that it is a surjection; we comment on this in (3.8).

The reader may understand the logical structure of the proof by going through
the statements whose numbering is decorated by a superscript *. These are the
results which are invoked in Section (7) to prove Theorem (1.4); most of them are
contained in the last subsection of Sections (2) through (6) (we list the exceptions
in the introduction to each section).
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Notation. We choose once and for all a Weierstrass point pg € C. Let u be the
Abel-Jacobi embedding

c &4 J

(1.6) p = [p—po.

Then O := u(C) is a symmetric theta-divisor. For « € J let ©, := © +«. We have
the isomorphism
J J
1.7
(1.7) xr — [0, —0]

ng
=0

We set & = d(x); in general points of J are denoted by z,¥, p, etc. Let 0:= 4(©);
for g € J let @fi := 0 + 3. We will identify both ©, and @B with C' via the maps

(1.8) CapH{i"(p)::a+u(p)€@“

i5(p) == B+ dou(p) € 5.

—1

Set jo =it jﬁ = iB .

We let
(1.9) ¢:J x J — J, G:J xJ—J

be the projections. Let £ be the normalized Poincaré line-bundle on J x J. , i.e. the
tautological line-bundle such that L[, ; = O; If Z C J, Z € J are zero-
dimensional subschemes we set

~

L7:=0.(L6°07) L7i=06.(L35Op).

In particular if Z = «x is a single point, £, = L] and similarly for Z =7%. We

will often use the following formulae:

xxJ?

(1.10) ﬁ@l@a = jZOC(a?) ﬁﬂ@g = j%@c(l‘)

Here we denote by x both a divisor on C' and its linear equivalence class (an element
of J); this will be a habit throughout the paper. We reserve the notation [z] for
the line-bundle on C' corresponding to the invertible sheaf O¢(z).

For av € J let

~

(1.11) J[2]_4 be the translation of J[2] by (—&),

~

where J[2] is the kernel of multiplication by two, and
(1.12) Va:fa — J be the blow up of j[2],d.

We let E be the exceptional divisor of v, and Fy, ... , F1g be its irreducible com-
ponents.
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Let X be a projective variety and D an ample divisor on X. A torsion-free sheaf
F on X is D-semistable if it is Gieseker-Maruyama semistable with respect to D,
i.e. if for all proper subsheaves £ C F

(1.13) rkF - x(E(nD)) < 1kE - x(F(nD)), for all n>> 0.

If there exists £ C F such that the inequality is an equality then F' is strictly
semistable, otherwise it is stable. There is also the notion of slope-(semi)stability:
if for all £ C F with 0 < rkFE < rkF
w(E) = ﬁcl(E) -DF1 < ﬁcl(F) DMl = u(F), k:=dimX,

F is D-slope semistable. It is D-slope stable if the inequality is always strict.
Writing out the polynomials appearing in (1.13) one shows that D-semistability
implies D-slope semistability, and D-slope stability implies D-stability. Throughout
the paper we fix the ample divisor © on J: (semi)stability of a sheaf will be ©-
(semi)stability, and similarly for slope-(semi)stability.

We recall that moduli spaces of semistable torsion-free sheaves parametrize S-
equivalence classes of such sheaves [G]. To define S-equivalence one associates to a
semistable sheaf F' a direct sum of stable sheaves Gr(F’), and then declares that
Fy is S-equivalent to Fy if Gr(Fy) = Gr(Fy). If tkF = 2 (the only case to be
considered in this paper)

F if F' is stable

Gr(F) =
r(F) { L@ (F/L) if F is strictly semistable, L C F destabilizes.

If F is a semistable sheaf we let [F] be its S-equivalence class.
A family of sheaves on X parametrized by B is a sheaf F on X x B, flat over
Op. For b € B we set Fy, := F|xx{p}-

2. CONSTRUCTION OF M
This subsection must be read with the aid of [O1].

2.1. Symplectic desingularization of M,. We will show that the construction
of a symplectic desingularization of My, the moduli space of rank-two torsion-
free sheaves on a K3 surface X with ¢; = 0 and ¢ = 4 (the ample divisor defining
(semi)stability must satisfy (0.2) of [O1], an assumption analogous to (1.3)), carries
over to give a symplectic desingularization of M,,. Asin [O1] we start by classifying
strictly semistable sheaves. Let [F] € My, and assume

(2.1.1) 0—-L —F—Ly—0
is a destabilizing sequence. The following is an immediate consequence of Assump-
tion (1.3).

(2.1.2)Lemma. Keep notation as above. Then L; = I, ®¢&;, where I, is the ideal

sheaf of a point x; € J, and §; € J. Conversely, if F' fits into Exact Sequence (2.1.1)
with L; of this form, then [F] € My and F is strictly semistable.

If in the above lemma we replace I,,(&;) by Iz,, where Z; is a length-two sub-
scheme of the K3 surface X, we get Lemma (1.1.5) of [O1], in the case n = 2.
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Moreover, all the results in Subsections (1.4)-(1.8) of [O1] remain valid if one makes
the substitution

~

(Iz on X with £(Z) = 2) — (I(§) on J where x € J and £ € J).

Thus we get, as in (1.8) of [O1], a desingularization 7 : M\v — My, by blowing up
the locus parametrizing the “worst” strictly semistable sheaves

Q= {[LE) @ L©)]zeJ e},

and then blowing up the strict transform of

Ev = {[111 (51) @IZ2(£2)]| T; € Ja fz € j\}

Associated to a non-zero two-form w on J there is a regular Mukai two-form &y
on My, which degenerates on (y = 771(Qy) (copy the proof of [O1, (2.2.3)]).
Thus M\v is not symplectic. One verifies that the proofs of Propositions (2.0.1)-
(2.0.3) of [O1] remain valid if we replace everywhere M\4, 624, XB 1, by M\v,
Qu, (J x J), I () respectively. Thus Proposition (2.0.3) tells us that we can blow
down SA)V and get a projective desingularization M‘, of My; let my: Mvv — M, be

the desingularization map. The two-form &y on My induced by @y is symplectic.
We set Xy 1= 7y 1 (2y), Qv := 7, 1(Qy). Since Xy is a Cartier divisor in My, and
M\ By = 751 (MS), Equation (1.2) gives that

(2.1.3) M, is of pure dimension 10.
For later use we set
(2.1.4) B, := closure of {[F] € M| F is singular and stable},

and we let f?v - JWV be the strict transform of B, .

2.2. Moduli-theoretic interpretation of Mvv \ (NZV. We will show that points
of Mvv \ SNIV are in one-to-one correspondence with simple semistable sheaves on J,
modulo g—equivalence, a relation finer than S-equivalence. Let F' be a torsion-free
simple semistable sheaf F' on J with v(F) = v, where v(F) is as in (1.1). If F'
is stable, then E is g—equivalent to F' if and only if it is isomorphic to it. If F' is
strictly semistable then by Lemma (2.1.2) there is an exact sequence

0—-L—F—Ly,—0,

where L; = I,.(&). We associate to F' the extension class of the above exact
sequence
er € Ext'(Ly, Ly).

This is non-zero because F' is simple, and is well-defined modulo C*, because the
destabilizing surjection F' — L is determined up to C*. Yoneda multiplication

(2.2.1) Y:Ext' (L1, Ly) x Ext'(Ly, L) — Ext?(Ly, L)
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can be identified with Serre duality, because the trace Tr: Ext?(Ly, L1) — H?*(Oy) is
an isomorphism. Thus T is a perfect pairing. Since F' is simple, Ly % Lo and hence
Riemann-Roch gives dim Ext!(L, L) = 2. Thus the annihilator (with respect to
T) of ep is one-dimensional; let e € Ext!(L;, Ly) be a generator. A sheaf E is
g—equivalent to F'if it is isomorphic to F' or to the extension

(2.2.2) 0—=Ly,—F—1—0

determined by ef. Let Ey be the set of §—equivalence classes of torsion-free simple
semistable sheaves F' on J with v(F) = v. We will show that there is a natural
bijection

(2.2.3) Uy My \ Q) =5 Ey.

The desingularization map 7y: My — M, identifies (M, \ 3y) with MSE. The
latter is the set of isomorphism classes of torsion-free stable sheaves F' with v(F) =
v, which injects into Ey. This injection d defines wv outside ¥. Now we define 1/)v
on (Xy \ Q). Since the map M, — My, is the contraction of Q, it defines an
isomorphism

(2.2.4) (iv \ ﬁv) o (iv \ ﬁv)
commuting with 7, 7,. We will give an injection of (f]v \ (Alv) into E,. We use
the notation of [01,81], adapted to our moduli space. Thus @ is the Quot-scheme
of which My is the G.I.T. PGL(N)-quotient. For 2 € Q we let

O;(-k)N = F,
be the quotient parametrized by x (see [0O1,(1.1)]). Let

(2.2.5) 3o ={x € Q%| F, 2 L1 ® Ly, L1 ¥ Ly},

and ¥ be its closure in Q. For z € X¢, with F,, = L; @ Ly we have by [01,(1.4.1)]
a canonical isomorphism

(2.2.6) (CsoQ)s = {(e,n) € Ext'(Ly, Ly) ® Ext'(La, Ly)| e Un = 0},

where Cx, @ is the normal cone to ¥¢ in Q. Since M\v is the PGL(NV)-quotient of
the variety S obtained from @ by first blowing up

Qg = closure of {x € Q**| F, = L ® L},
and then the strict transform of g, we have
(2.2.7) 7 N[Ly ® Le]) 2 PN(Ly, Ly)//C*, Li# Lo

where N (L1, L) is the right-hand side of (2.2.6), and the action of A € C* is given
by Ae,n) = (Ae, A\71n) (see [01,(1.4.1)]). Let

C(Ly, Lo) := {p € BExt'(Ly, L1)* @ Ext!(Ly, L1)| 0 = Tryp = Detyp}.
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As is easily verified

(2.2.8) PN(Ly, L)/ /C* 2 PC(Ly, Ls),
with quotient map given by

PN(Ll,LQ)S — PC(Ll,Lg),

(2.2.9) eml  — o

(Here € € Ext!(Ly, Ly) = Ext!(Lg, L1)*, the isomorphism being given by (2.2.1).)
We have an injection

PC(Ll,Lg) —
—

Ev
(] ([(Kerg)*], [Img]),

and this defines 1y, on 7y ([L1 & Lo)) = 75 ([L1 @ Ls]). We have defined ¢ on
all of (My \ ©y); one checks immediately that it is a bijection. Our next task is to

show that 1, is regular on parameter spaces for simple sheaves. Let £ be a family
of torsion-free simple semistable sheaves on J parametrized by a scheme T, with
v(&) =vforallt € T, and let

T Y5 M,
t = [Et

be the modular map. Since £ is a family of simple semistable sheaves, the image of
e is contained in (My \ Qy).

(2.2.10)Proposition. Keep notation as above. There exists a lift
be: T — (My \ Q)

of Wwe with the following properties.
(1) The induced map of sets is (given Identification (2.2.3)):

Jg (t) = g—equivalence class of &;.

(2) Let 0 € T. If the map from the germ of T at 0 to the deformation space of
&y is an isomorphism, then ¢ is an isomorphism in a neighborhood of O
(for the classical topology).

Proof. Clearly it suffices to prove the proposition for £ satisfying the hypothesis of
Item (2); in this case the germ (7, ¢) is the deformation space of & (after shrinking
T if necessary), hence it suffices to prove that 1¢ lifts in a neighborhood of 0. Let
E :=&. Assume E is stable: it is well-known that ¢¢ is an isomorphism near 0,
and furthermore since 7: My — M, is an isomorphism over M5!, the map ¢ lifts
trivially and it has the required properties. Now assume F is strictly semistable,
and let

(2.2.11) 0—-L1—F—Ly—0
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be the destabilizing sequence of E. By Serre duality and simpleness of E,
Ext?(E, E) = Ext’(E,E)* = C,

hence the deformation space of E is smooth by Mukai [Muk2,(0.1)]; thus T is also
smooth (after shrinking T around 0 if necessary). Let

»e .= (mRo Ws)fl(Z%),

where Tr: R — @ is the blow up of {lg, ms: S — R is the blow up of the strict
transform of ¥ (see [0O1,(1.1)]), and Z% is as in (2.2.5). Let xp € @°° be such that
F,, = L1 @ Lo, where Ly, Ly are the sheaves fitting into (2.2.11). Let

(2212) Yo = [6E7€E] € P(N(Ll,Lz)) = (7TR Oﬂs)_l(l‘o),

where e, is the extension class of (2.2.11) (the second equality follows from (2.2.6)).
The point yy is stable for the C*-action on P(N (L1, L)), i.e. it is stable with respect
to the PGL(N)-action on S. Let U C S° be “Luna’s étale slice” normal to the orbit
PGL(N)yo. Then (see [01,(1.8.8)])

Stab(yo) = Z/(2)

acts on U. Let F be the sheaf on J x U obtained pulling back the tautological
family of quotients parametrized by @ via the map U — ). Shrinking U around yg
(in the classical topology), we may assume that it satisfies the following properties.
Let X g be the closure of 2%7 and Xy := X g N U, there exist families of rank-one
torsion-free sheaves L1, Lo on J parametrized by X and an exact sequence

(2.2.13) 0— L2 — Flyxsy — L1 — 0,

such that:
(I) the restriction of (2.2.13) to J x {y}

0= Lo(y) 2 2% 1) =0

is a destabilizing sequence of fy for all y € Xy,
(I1) for y = yo we have La(yo) = Lo, L1(yo) = L1.

Since Xy is a Cartier divisor we can construct the elementary modification of F
associated to (2.2.13), i.e. the sheaf G on J x U fitting into the exact sequence

(2.2.14) 0—G—F —i.Ly)—0,
where i: J x Ey — J x U is the inclusion. Then G is flat over U. If y € (U \ Xp)

we have G, = fy Now assume y € Xy, and let  := wr o mg(y). By (2.2.6) the
point y is an element of P(N (L1, L2)), which we write explicitely as

y = [e(y),n(y)] € P(Ext' (L1 (y), La(y)) & Ext' (La(y), L1(y)))-
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Tensorizing (2.2.14) by Oy /m, (m, is the maximal ideal of y € U) one gets an
exact sequence

(2.2.15) 0= Li(y) — G, — La(y) — 0,
We claim that
(2.2.16) n(y) is the extension class of (2.2.15).

To prove this, let
x: T, S — Ext'(F,, F,)

be the Kodaira-Spencer map, and v(y) € T,,S be a vector normal to X; according
to [04,(1.11)] the extension class of (2.2.15) is equal to

f1(y) o k(v(y)) © fa(y)-

Clearly this equals n(y). Since y € U C S®, we have n(y) # 0, and hence G is a
family of simple sheaves. Furthermore by (2.2.16) and (2.2.12) G,, = E. Hence,
shrinking U if necessary, the family G is the pull back of £ by a map g: U — T with
g(yo) = 0. Since E is simple g(y1) = g(y2) if and only if G,, = G,,. As is easily
verified this is the case if and only if y; and ys are equivalent for the Z/(2)-action
on U. Thus we get an injective map

g:U/Z(2) =T,  g(yo) =0.

Both U and T have the same dimension as M\v, so dimU = dimT. Since T is
smooth we get that g is an isomorphism near yy. On the other hand, restricting
the quotient map S° — M, to U we get

pUJZ(2) — (My \ Q) = (My \ Q4),

which is an isomorphism onto an open neighborhood of p(yg) (by Luna’s étale slice
Theorem). Furthermore p(yo) € (v \ €y) corresponds to Gy, = E via (2.2.3).
Inverting g near 0 and composing with p we get a lift of ¢ with the required
properties. A

2.3. The symplectic variety M. Recall that

M :=a710,0), @y :=ayody, M :=ag'(0,0), W = Wyl 5

Let us prove that M is smooth of pure dimension 6. A straightforward computation
shows that the map
MxJIxT L M,
(Fl,z,8) = [E®F]

~

where ¢,: J — J is translation by z, is the quotient map for the action of J[2] x J[2]
given by
([F],2,) %) = ([ @ 6 Fl o — 20,6 ® &)
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We claim that there is a J[2] x J[2]-quotient map

(2.3.1) MxJxJ -5 M,

covering ¢. To prove it let M := 771(0,0). There exists
/ﬁ x J x fi /\7‘,

covering ¢, because 7 is obtained by first blowing up €, and then the strict trans-
form of ¥, and

U =QxJIxJ] ¢S =SxJxJ,

where Q = Q, "M, ¥ = X, N M. Furthermore, since the loci we blow up
are J[2] x J[2 ] stable, the action of J[2] x J[2] on M x J x J lifts to an action
on M x J x J and ¢ is the quotlent for this action. Smce /\/l — ./\/lv is the
contraction of QV, and q Qv =QOxJxJ (here Q= Q ﬂ/\/l) the map ¢ descends
to a map ¢ as in (2.3.1), one verifies that ¢ is the quotient map for a lift of the

J[2] x J[2]-action. Now since § is étale and by (2.1.3) the moduli space M, is
smooth of pure dimension 10,

(2.3.2)* M is smooth of pure dimension 6.
(2.3.3)Proposition. Keep notation as above. Then M and J x J are orthogonal
for ¢*@y.
Proof. Tt suffices to prove orthogonality on the dense subset ¢~ ! M5!, The compo-
sition .
I MY) =5 My = M
is étale hence the differential at z € g~ MS! gives an isomorphism
(2.3.4) d(7 o §(2)): T-(MO x J x J) =5 Ext!(E, E),
where [E] = T 0 g(z). On the other hand we have isomorphisms

7 xid

THME) =7 M x T x J 25 M x T x .

Let (7 xid)(z) = ([F)], z, ) (thus E 2 £ ®t%F); by the above isomorphism we have
a decomposition

T (M x JxJ)ZTpME T, J & TeJ.
Restricting (2.3.4) to the direct summands we get

TipM & T, J = Ext'(E, E)°,
T,J -2 Ext'(E, E),
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where ¢ is the “diagonal embedding” H'(O;) — Ext!(E,E). By definition of
Mukai’s form (see (1.9) of [O1]),

qw(z)(e, B) = /w A Tr(dg(z)(er) A dg(2)(B)),

J

where the second wedge denotes Yoneda product. If dg(z)(a) € Ext!(E, E)? and
dq(2)(B) € 6(H'(Oy)), then

Tr(dq(2)(a) A dq(2)(B)) = 0.

Thus T{gM is orthogonal to T[g]j. Now let’s prove orthogonality to T,J. Let
P:U — MSE! be a neighborhood of [E] in the étale topology such that there is a
tautological sheaf £ on J x U, and let 0 € U be a point mapping to [E]. We can
represent 1*@ as the Mumford two-form induced by a representative of ca(€) €
CH?(J x U). More precisely, let Z be a cycle representing co(£) and intersecting
J x {0} transversely. Thus

Zlyeqop = ) €iDis

where the p; are pairwise distinct, and ¢; = £1. Furthermore, by transversality Z
defines for each ¢ a map f;: ToU — T),,J. By [03,(2.9)] we have, for «, 8 € TyU,

(2.3.5) VBl B) =~ 3 ewlfle), Si(9).

Let

a € dy(0)~H(dq(2)(TimM)),
B € dy(0)~(dg(z)(TsJ)).

Then > € fi() = 0 (in a trivialization of the tangent bundle of J), and f;(3) is
independent of i. Hence the right-hand side of (2.3.5) vanishes. A

(2.3.6)*Corollary. Keeping notation as above, @ is a symplectic form on M.

Proof. Since wy is non-degenerate and ¢ is étale, the two-form ¢*w, is non degen-
erate. By (2.3.3) we get that @ is non-degenerate. A

Let

E::~712:§vﬂ./§/lv, ﬁ::%le:Qvﬂ/f\Z, B:=B,NM, E:zgvﬂﬂ.

(See (2.1.4) and the following definition for B, and By.)

There is an analogue of Proposition (2.2.10) valid for M , which follows immedi-
ately from (2.2.10). Let £ be a family of torsion-free simple semistable sheaves on
J parametrized by a scheme T', with v(&) = v, det(&) =2 Oy, Y c2(&) = 0 for all
teT. Let ¢e: T — M be the modular map.
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(2.3.7)Proposition. Keep notation as above. There exists a lift
ve: T — (M\ Q)

of e with the following properties.
(1) The induced map of sets is (given Identification (2.2.3)):

Ye(t) = S-equivalence class of &.

(2) Let 0 € T. Assume the map from the germ (T,0) to the locus in Def(&)
parametrizing sheaves with trivial determinant and 0 Albanese map is an
isomorphism. Then the map e is an isomorphism in a neighborhood of 0
(in the classical topology).

(2.3.8) Remark. Let yo € (X \ Q). The correspondence (2.2.3) associates to o two
isomorphism classes of simple sheaves on J, a sheaf F fitting into

0—Li—FE— Ly —0,
with extension class e, and a sheaf G fitting into
0—Ly—G— Ly —0,

with extension class et. Let T and € be as in (2.3.7), and assume & = E. Then
by (2.3.7) a neighborhood of yg can be identified with a neighborhood of 0 € T.
On the other hand, by the same proposition, a neighborhood of 0 € T must also
parametrize a family G of deformations of G. What is the relation between G and
&€ 7 One passes from one to the other by means of an elementary modification. In
order to explain this, let

S(T) := {t € T| & is strictly semistable}.
Then (shrinking 7" in the classical topology, if necessary) there is an exact sequence

0= Ly =&l yesiry — L2 =0,

which for every ¢ € $(T)) restricts to the destabilizing sequence for &. One verifies
that G is the sheaf on J x T fitting into the exact sequence

0—-G—& —i,Ly—0,

where i:J x ¥(T) — J x T is the inclusion. In other words, let M*mrle be
the moduli space of simple semistable sheaves F' with v(F) = v, det(F) = Oy,
3" c2(F) = 0: then the points [E], [G] € M®™PLe are not separated. Since by (2.3.7)
the tautological family on J x M®™Ple induces a regular map M5mPle — (M \ Q),
we see that (M \ ) can be identified with the “separation”of M*™Ple (obtained
identifying all points which are not separated).

(2.3.9) Description of 3. The fibers of ¥ — ¥ over points of ¥\ Q are P!’s, and
over points of Q they are smooth 3-dimensional quadrics, by (2.0.1)-(2.0.3) of [O1].
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A global description of Y is as follows. Let A := J x j, and F,G be “tautologi-
cal”sheaves on J x A such that

Flixwe) =L @& Glixpe ~] , @1

2
Let m: A — A be the blow up of A[2], with exceptional divisor E' = szﬁ E;,and f: Jx
i=1

A — A be the projection. The relative Ext-sheaf El’t}((idJ x m)*F, (idy x m)*G)
is locally-free of rank two away from F, and locally at a point of F is isomorphic
to O? @ Op. Thus its double dual £ is locally-free of rank two, and P(€) is a
P!-fibration over A. Let 1: A — A be the involution lifting multiplication by —1 on
A: there is a lift 2P(£) — P(€) of ¢, with fixed locus the P*-bundle over E. Let
Y = P(€)/{), and p:Y — A/(7) be the “quotient”P!-fibration. Let E; C A be
a component of the exceptional divisor, and let (p,&) = w(E;) € A[2]. Since ¢ is
the identity on FE;, there is an embedding F; C A. Of course we have a canonical
isomorphism E; = P(T(, ) A). On T, A = T,J @ ng we have the symplectic
form ¢ := w @ & (& is the two-form induced by w on J): let Gr?(2,T(p,eyA) be
the grassmannian of ¢-isotropic lines in P(T{, ¢)A). Then p~*(E;) is isomorphic to
the incidence subvariety of P(7{; ¢)A) x Gr?(2,T, ¢)A), with projection to the first
factor corresponding to the restriction of p. Projecting to the second factor we get
another P*-fibration

Vit p”H(E;) — Gr¥(2, T )A) = smooth 3-dim’l quadric.
Then ¥ is the contraction of all the p~!(E;)’s along the fibrations ;.
3. AN APPLICATION OF THE GENERALIZED

LEFSCHETZ HYPERPLANE THEOREM.

For a € J let

Zo ={[F] € M| F|e,, is not locally-free semistable},
(3.1) Zo =T (Za).

(Notice that F|e, is locally-free semistable if and only if the same holds for all
sheaves in the S-equivalence class of F'.) Applying the generalized Lefschetz hyper-
plane Theorem [GM] to the determinant map of M, and arguing as in [01,(3.0.1)]
one gets the following result.

(3.2)*Proposition. Keep notation as above, and let i: Za < M be the inclusion.
The map

ip:Tq(Za) — mg(M)

is an isomorphism for ¢ < 1 and a surjection for ¢ = 2. In particular

Hy(Za:Z) 2 Hy(MZ)  H2(M:Z) - Hy(Za: Z)
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are surjective and injective, respectively.

Let
(3.3) Yo =N 7Z,,
B :={[F] € M| F is stable and F|g_ is singular},
VO .={[F] € M| F|e, is locally-free, not semistable},
and let Ba, V., be the closures of B% and V¥ respectively. Let E =71(2,), and

let Ba, C M be the strict transforms of B, and V,, respectlvely Clearly we
have a decomposition into closed subsets

The (easy) proof of the following claim is left to the reader.

(3.6)Claim. Keep notation as above. If

(3.7) a¢ |J o.

z€J[2]

then Zo C (M \ Q).

Thus in analyzing Z, we will be able to use the moduli-theoretic interpretation
of (M \ Q) given by Proposition (2.3.7).

(3.8) Remark. Let dy: My — J x .J be as in §1 and

M7 =G (T x {0})
ZL =7 MIF) € ag ' (J x {0})] Fle

., is not locally-free semistable}.
Applylng the generalized Lefschetz Hyperplane Theorem to the determinant map
on M’ we get that the inclusion Z; 77 < M induces isomorphisms on 7, for ¢ < 3,
and a _surjection on Hy. The restriction of a, to M is a fibration over J with
fiber M, and one verifies easily that M is cohomologlcally the product of J and
M. Hence if Z&’ were a cohomological product of Za and J we would know that
Zy — M induces isomorphims on H? ® Q for ¢ < 3. Now 2,;] is not a fibration:
the generic fiber is homeomorphic to Za but special fibers are not, however the
equality b (M) = bg(Z ) that we will prove, shows that up to H? the cohomology
of ZJ is the product of that of Zo and of J.

4. ANALYSIS OF ia.

The *-red tags not contained in Subsection (4.4) are (4.1.1), (4.3.2) and (4.3.10).
We choose « so that (3.7) holds. (Co)Homology is with rational coefficients.
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4.1. Low-dimensional topology of 3,. Let f := 7|5, - By Claim (3.6) we have
Yo C (M\ Q), hence f is a P!-fibration over X

Pl 3,

(4.1.1)* lf

Y.
Thus
(4.1.2) HY(S,) 2 HI(Z,), q=0,1
(4.1.3) H%*(Z,) = H*(Z,) © Qcy (wy),

where wy is the relative cotangent bundle of f.

4.2. Low-dimensional topology of ¥,. The map x:C x J— Y defined by
K, ) := [L;,(p) ® L3 D1 (p) ® L_5]

is surjective. It is not injective, because of points which are both in O, and —©,,.
We claim that

(4.2.1) 00 N(=6a) =OaNO_a = {ia(q1),ialg2)} a1 # ga-
In fact ©, # O_, because by (3.7) 2a # 0. Thus i}, (©_,) = ¢1 + ¢2, where
(4.2.2) @+ q ~ Ko — 2a.

It follows from (3.7) that ¢1 # go. Clearly k(q1,Z) = k(g2, —Z). One easily shows
that

~

(4.2.3) Y. 2 (CxJ) =
where = is the equivalence relation generated by setting

In order to discuss the topology of ¥, we introduce some notation. Denote by C
the quotient of C' obtained identifying ¢; with ¢o, and let

c 5 Yo
¢ = g ®I-i(g)
The following result is obtained by a standard argument.

(4.2.5)Proposition. Keep notation as above.
(1) HY(S0Q) = Q
(2) The map s H' (S0;Q) = H(C;
(3) The map k*: H*(X4; Q) — H?(C x

PN

Q) is an isomorphism.
J; Q) is an isomorphism.
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4.3. The intersection with B,. Let vy: Iy — J be the blow-up of j[Q], ie. the
case a = 0 of (1.12). Let t: Iy — Iy be the involution covering (—1). Let ~ be the
equivalence relation on C' X Iy generated by

(4.3.1) (01,7) = (g2, L(Z)),

where ¢1, g2 are as in (4.2.1). We will prove the following result.

(4.3.2)*Proposition. Keep notation as above. Then:

(1) Given Bijection (2.2.3), Yo N B, is the subset of Yo parametrizing S-
equivalence classes of sheaves F' which are singular at two distinct points.
(2) There is a map k: (C x fo) — %, N B, which identifies Y. N By, with the
quotient of (C x Iy) modulo ~.
(3) Given (4.2.8) and Item (2) above, the restriction of & to Yo NBy is identified
with the map
(Cx Tof =) — (Cx ] =)

induced by ide X 1.

The proof of Proposition (4.3.2) will be given after some preliminary results.

(4.3.3)Lemma. Let F be a simple torsion-free sheaf on J with v(F) = v, whose
S-equivalence class belongs to By, (see the definition following (2.1.4)) via (2.2.5).

(1) The double dual F** fits into an exact sequence
(4.3.4) 0—=& — " — 6 —0,

where & € J. In particular ((F** /F) = 2.
(2) Emact sequence (4.3.4) is split if and only if §rR620;.
(3) If [F] € By then Sing(F) = {x, —x} where v # —x.

Proof. Let E := F**. First we prove that
(4.3.5) chem(E) =0,

where cf]“"” is the Chern class in cohomology. Since F is slope-semistable, Bogo-

molov’s inequality tells us that 5™ (E) > 0. Thus it suffices to prove that (4.3.5)
holds for sheaves F' parametrized by an open dense subset of B. We will prove it
for [F] € B\ %, i.c. we assume F is stable. Since cto™(E) < cho™(F), because F
is singular, ch°™(E) equals 0 or 1. Let us show that

(4.3.6) if cho™(E) =1 then E is not slope-stable.
Assume F is slope-stable. Then

(4.3.7) HY(E®L;)=0=H(E*®L;")" = H(E® Lz).
Hence by Riemann-Roch

(4.3.8) dmH (E® L;) =1forall T € J.
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From (4.3.7) it follows [Mum,pp.46-55] that ¢. (L ® ¢*E) = R2¢,(L © ¢*E) = 0.
Applying Grothendieck-Riemann-Roch we get

ch(R'$.(L @ ¢ E)) = —$.[ch(L)¢"ch(E)] = 1 — 2nj,

where 75 is the fundamental class of J. This is absurd because by (4.3.8) the sheaf
R'¢,(L ® ¢*E) is a line-bundle on J. We have proved (4.3.6). Let

0-& > E—-Iz05—0

be a slope-destabilizing sequence, where the &;’s are line bundles, and Z is a zero
dimensional subscheme of J. Since E is slope-semistable (because F' is) we have
& - © = 0, so by Assumption (1.3) we have ¢ € J. If x is the singular point
of F' the sheaf I, ® & injects into F. This contradicts our assumption that F
is stable, and proves (4.3.5). Item (1) follows because F is slope-semistable and
chom(E) = 0 = cho™(E). To prove Ttem (2), first notice that if £, ® & % O then
every extension (4.3.4) is trivial. Thus we may assume that & = & = ¢, and we
must prove that (4.3.4) is non-split. Assume the contrary, i.e. that F** 2 ¢ p¢. If
x is a singular point of F', one easily checks that I, ® £ injects into F'. Thus, since
[F] ¢ Q (because F is simple), we must have —z # z. Since also I_, ® £ injects
into F', we get that ' =2 [, ¢ & [_, ® &, contradicting the hypothesis that F' is
simple. Finally Item (3) follows immediately from Assumption (3.7). A

Let [F] € £\ Q, where F fits into the exact sequence

(4.3.9) 0—Lot%F 1,0 o,

and is simple. Let £ be a family of torsion-free simple semistable sheaves on J
parametrized by T', satisfying the hypotheses of Proposition (2.3.7), with & = F.
Thus the map t¢pg: T — M identifies a neighborhood of 0 € T" with a neighborhood
of [F] € M. Let

A(T) :={t € T| & is singular},

S(T) :={t € T| & is strictly semistable},

B(T) :=closure of {t € T| & is singular and stable}.

Thus A(T) = %(T) U B(T) (recall Lemma (2.1.2)).

(4.3.10)*Lemma. Keep notation as above. Assume that x # —x. Then (after
shrinking T around 0 if necessary)

(4.3.11) S(T) N B(T) = {t € S(T)| & is singular at two points}.

Furthermore S(T) and B(T) intersect transversely.
Proof. Let us prove (4.3.11). Clearly it suffices to show that

(4.3.12) 0 € B(T) if and only if F is singular at —z.
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The “only if” follows immediately from Lemma (4.3.3). Now assume F is singular
at (—z). From (4.3.9) we get an exact sequence

(4.3.13) 0—¢&—F* ¢!t

We also have an exact sequence

0-F—F*" o ac , —0,
where
p(E(2) #0,  q(é(=x)) =0.
(Here £*1(4x) is the fiber of ¢! at +2.) Choose a surjection

F(—z) = &(~a),
and let S := Hom(¢(—xz),C_,). For s € S let
q(s) :==q+sor,

and let Fy be the sheaf on J fitting into the exact sequence

0= F — "¢, gc, -0

The sheaves F form a family of torsion free simple semistable sheaves on J, with
v(Fy) = v for all s. Furthermore F is singular for all s, isomorphic to F for s = 0,
and stable for s # 0. This shows that 0 € B(T), and finishes the proof of (4.3.11).
Now let’s prove that E(T) N B(T) intersect transversely. Clearly it suffices to prove
that they are transverse at 0. Let T be the universal deformation space of F, and
£ the family of sheaves on .J parametrized by T. Thus T C T, and £ = &| jx7. Set

So(T) :={t € T| &, is strictly semistable},
By (T) :=closure of {t € T| &, is singular and stable}.

The map
T —
to—= (e 6(€1))
is submersive at 0 and gives fibrations %, ( — U and By(T) — U, where U C
J x J is an open subset, with fibers S(T), B(T) respectively. Thus in order to prove
that $(T) and B(T) iintersect transversely at 0 it suffices to show that 3y (T') and
B, (T) are transverse at 0. By [04,(1.17)] we have

JxJ
Z,),de
)

TS (T) = {e € Ext'(F,F)| Boeoa =0},

where «, 3 are as in (4.3.9), and we identify Ty(T') with Ext!(F, F) via the Kodaira-
Spencer map. Let S be as above, and x: TS — Ext!(F, F) be the Kodaira-Spencer
map. It is easy to check that

Bor(2 ) 0a 0
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Since S € B(T) C By(T), we see that Ty (T) ¢ ToBy(T). In particular 3y (T) is
smooth in 0 (this also follows from the fact that 3y (7)) is the pull-back of % for
the map T — M., which is étale in 0.) Hence all that remains to be proved is that

By (T) is smooth at 0. This we do by analyzing the map p fitting into the exact
sequence

Ext'(F, F) -2 H(Ext!(F, F)) — H*(Hom(F, F)) = Ext?(F, F),
a piece of the local-to-global Exact Sequence for Ext®(F, F'). Since
HY(Ext"(F,F)) 2 Ext' (F® 0., F®0.) ® Ext' (F®0)_, FR O _4),

we can define py, as the composition of p with projection to the first and second
summand respectively. In order to prove that To By (T) # To(T) it suffices to show
that p_, is surjective. In fact assume this has been proved: by Lemma (4.3.3)

first-order deformations belonging to Ty By (T) do not smooth the singularity of F

at (—x), and hence Ty B, (T) is a proper subspace of Ext!(F, F). Now let’s show
that p_, is surjective. The transpose of A is given by

Hom(F, F) X, Hom(Hom(F, F),Oy),

From
0— Hom(F,F) — Hom(F**,F*) - C, ®C_,;, — 0

one gets that Hom(Hom(F, F),O;) = Hom(F**, F**). With this identification the
map A* is the canonical one. We claim that

(4.3.14) dimHom(F,F) =1,  dimHom(F**, F**) = 2.

The first equation holds because F' is simple. To prove the second equation, look
at Exact Sequence (4.3.13). If £ 2 £~ the exact sequence is split, and the equation
follows. If € = ¢! the exact sequence is not split, otherwise we would have
F=(,®I_,;)®¢, which is not simple: it follows easily that the second equation
holds. From (4.3.14) we get that dimker A = 1, and hence

(4.3.15) cod(imp) = 1.

We claim p,. is not surjective. Since Ext!(F, F') is spanned by T2 (T') and Ty By (T)
(because Ty (T) is of codimension 1 in Ext!(F, F) and not equal to Ty By (T)) it
suffices to check that every first-order deformation in Ty (T') or in Ty By (T) does
not smooth the singularity in x: this follows from (2.1.2) and (4.3.3). Thus we get

from (4.3.15) that p_, is surjective. This finishes the proof of the proposition. A

Proof of Proposition (4.3.2). Item (1) follows at once from Item (3) of (4.3.3) and
Lemma (4.3.10). Now we prove Items (2)-(3). Let U C X be the open subset given
by

U={Lotal , " z# -z},

and let U := 7 'U. By Proposition (2.3.7) and Lemma (4.3.10) SN BN U is
smooth. Let J° := (J\ J[2]), where J[2] is the kernel of multiplication by 2, and
set

~ ~ ~ ~ ~

(4.3.16) X :=(J"xJ)xy (EnBNU),
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where (JY x J) — U is the étale degree-two map

JOx T — U
(2,6) = [Lofel .o
Since £ N BN U is smooth and the above map is étale, X is smooth.

(4.3.17)Claim. Keep notation as above. The projection h: X — (J x J) is the
blow-up of (J° x J[2]).

Proof of the claim. Since X is mooth it suffices to show that

N -1 ~ | one point if £ ¢ Z[QL
(43.18) (®:4) { P! if € € J[2].

The exact sequence
0—T ., == L—0
gives an exact sequence
0—Ext' (¢ L®e) —Ext' (I, 9 L®E),
and
(4.3.19) Wz, &) =P(Ext' (1 I, ® ) = P(H' (I, ® £€%%)).

An easy computation gives (4.3.18), and this proves (4.3.17). A

Let g: X — JO be the projection, and let

Xo =g 1 (On) 2C x I,

where the second isomorphism holds because of (4.3.17). By (4.3.16) we have a
natural map B B B L N
X, -5, NB,NU =3,0N B,

where the equality follows from Item (3) of (4.3.3). One verifies easily that the map
above is the quotient map for ~; proving Item (2). Item (3) is immediate A

4.4. Topological results. First notice that by (4.1.1) and (4.2.3)
(4.4.1)* S is irreducible.

Furthermore (4.1.2) and Item (2) of (4.2.5) give

(4.4.2)* b'(S,) = 5.

Now we pass to S N By. Given Item (2) of (4.3.2), the low-dimensional co-
homology of ¥, N B, has a description similar to that of ¥, given in (4.2.5). In
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order to give this description, let £ C E) be the exceptional divisor of vy, and E;
its irreducible components (i = 1,...,16). Choose z € F; the map

C — Cxl
qg +— (¢,2)

induces a map Ji: C — 3o N B,. “Copying” the proof of Item (2) of (4.2.5) one gets
that 1*: H (X, N By; Q) — HY(C;Q) is an isomorphism, hence

(4.4.3)* b (24 N By) = 5.
Furthermore, letting & be as in Item (2) of (4.3.2), one gets that
(4.4.4) k" Hz(ia N Ba; Q) — H*(C x fo;(@) is an isomorphism

by “copying” the proof of Item (3) of (4.2.5). Thus #* gives an identification

16
(4.4.5) H*(3, N B, Q) @@[0 x B P (ide x vo)*H*(C x J).

Next we examine the maps on fundamental groups and cohomology induced by
the inclusion p: X, N By — Xg,.

(4.4.6)*Proposition. Keeping notation as above py:m1 (X4 N Ba) — m1(Xa) is
an isomorphism.

Proof. The maps

Tu:m(Ba) = m1(Za) T O Pt 7T1(§a N Ea) — 7 (Za)

are isomorphisms, and this implies that pyg is an isomorphism. A

(4.4.7)Proposition. The map
H*(30;Q) % H*(S4 N Ba; Q)
induced by Inclusion p is injective. Furthermore, referring to (4.4.5), we have

(4.4.6) Im(7*p3) = Q[C x E]@P(ide x vo)*H*(C x J).

Proof. Given that
(ide x k) = flg_ A5,

where f is the map of (4.1.1), and given (4.1.3) together with Item (3) of (4.2.5),
it suffices to notice that

(R*p*er(wy),p x Ej) = =2

foreveryi=1,...,16 (herepe C). A
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We will need to know exactly the class of £*p*(c1(wy)). Let £ be the Poincaré
line-bundle on J x J, and i, as in (1.8). We will prove that

(4.4.9)* B p*(wr) 2 (ia x v0)*(L®Y) @ [2C x E].

Proof of (4.4.9). Let J° := (J\ J[2]), and i: J° < .J be the inclusion. Notice that
we also have a natural inclusion J° < o. It suffices to prove that
(4.4.10) 0" (W)l gy g0 = (i x )*LP

In fact, since
R*p*(wf)leEi = OEi(_Q)

for p € C and i = 1,...,16, Equality (4.4.10) immediately implies (4.4.9). To
prove (4.4.10) we must describe explicitely the inclusion

(4.4.11) Cx J° = (CxJ° xx, 54
whose image is dense in ia N Ea. Let Ay, —Ay C J x (C x jb) be given by

Aoz = {(Za(p)ap7£)‘ pE 07 g S ‘/]\0}7
~Au = {(~ialp),p,E) e C, €€,

and let ¢:J x (C x J°) — (C x J°) be the projection. By (4.3.19) we can iden-
tify (4.4.11) with

(4.4.12) PR'¢.(In, ® (L°)®?) = PExt,(I_a, @ L2, Ia, ® (L°)71)),

where £V := (id; x #)*£. (To simplify notation we omit pull-back signs whenever
possible.) Thus

(4.4.13) (W)l go 2 Rrou(Ia, @ (L2 @ Q71
where Q is the line-bundle fitting into the exact sequence
0— Rlcp*(o) — Emt;(o, o) —» Q—0.

(Here R! and Ext! are the sheaves appearing in (4.4.12).) We have an isomorphism

Q= Ext’((L%) M-a., Ia, ® L),
and applying Serre duality we get

Q= Homg,,(ﬁo7 (LY A )T (i x D)* L2

Another easy computation gives

R, (In, ® (£%)%%) = (iy x 0)*L2.

Using (4.4.13) we get Equation (4.4.10). A
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5. ANALYSIS OF Ea.
There is a single *-red tag not contained in Subsection (5.2), i.e. (5.1.1).

5.1. Realization of Ea as a P!-fibration. We will prove that there is a fibration

Pl — B,

(5.1.1)* lg
Cx K27,

where K217 is the Kummer surface of .J, , i.e. the subset of J2l parametrizing
subschemes whose associated cycle sums up to 0. We define g by giving its two
components. First we define gy: B, — C. Let z € By. By Item (3) of (4.3.3) the
sheaf F, has two distinct singularities, say x and —z. One at least of x, —z belongs
to ©,. The set of unordered couples (r, —x) intersecting O, is identified with C
via the map

cC — JxJ

p = (ia(p), —ia(p).
Given the above identification we set
B, c

(5.1.2) 2 —  sing(F.).

In order to define gs: Ea — K12 we recall a result of Bryan, Donagi, Leung [BDL].
Let Muk be the moduli space of Mukai-stable rank-two vector-bundles V on J with
det V = O; and c4°™(V) = 0 (see [BDL] for the definition of Mukai-stability). Let
[V] € Muk: as is easily checked either V =2 ¢ @ ¢! with ¢ ¢ .7[2], or else V is
a non-trivial extension of & by itself, where & € J[2]. By Theorem (5.6) of [BDL]
there is an isomorphism

(5.1.3) o Muk = KP1J.

Explicitely, if V = & @ ¢! then o([V]) = {£,£7 1}, and if V is the extension of
¢ by itself with extension class e # 0, then ¢([V]) is the length-two non reduced
point supported at £, with direction given by Ce. Let’s define go: Ea — K@7.
We work locally. Let z € Ea; by Proposition (2.3.7) there exists a neighborhood
U C B, (in the classical topology) of z parametrizing a family F of torsion-free
simple semistable sheaves on J, with v(F;) = v for all ¢ € U, such that the S-
equivalence class of F; corresponds to ¢ via (2.2.3). By Proposition (4.3.3) we have
[F;*] € Muk for all t € U, hence the family F** induces a regular map U — Muk,
which we can view as a map U — Je by (5.1.3). These maps are independent
of the choice of family F (see Remark (2.3.8)) and they glue together, defining
ggzga — K127

Claim. The map g := (g1, g2): By, —Cx K2J isa P!-fibration.
Proof. Let ((z,—z),[E]) € C x K2.J. The fiber g~!((x, —z), [E]) is isomorphic to

the set of g—equivalence classes of simple semistable sheaves F' fitting into an exact
sequence

0O—-F—-F—->C,pC_, —0.

One verifies easily that this set is isomorphic to P!. We leave it to the reader to
check that g is locally trivial. A
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5.2. Topological results. From Fibration (5.1.1) we get that

(5.2.1)* B, is irreducible,

and that

(5.2.2)* HY(B,)~ H'(C) =~ Q°,

(5.2.3) H?(B,) = H*(C) & H*(K?.J) & Qe (wy),

where wy is the relative cotangent bundle of g.
In proving that M is simply connected it will be useful to represent m(B,) as

follows. Let Ey C 1/'\0 be the component of the exceptional divisor of vy mapping to
0 and let

(5.2.4) R:=(Cx B/ ~)=C x Ey,

where ~ is as in (4.3.1), and j: R < B, be the inclusion given by (4.3.2). Then

(5.2.5)* Ju:m(R) — 71 (B,) is an isomorphism

because, letting g; be as in (5.1.2), the composition (g1 0j): R — C is the projection
to the first factor of (5.2.4), hence g1 4 o jx is an isomorphism, and g1 x:m (B ) —
71(C) is also an isomorphism.

For the proof of the main Theorem we will need to know the map on 2-cohomologyll
induced by the inclusion A: (S N By) < Ba.

(5.2.6)*Proposition. Keep notation as above. Then
N H2(By) — H2(Ba N )

is injective. Furthermore, given Isomorphism (4.4.5), we have
(5.2.7)*

(R*X\*) @Q € x E;] P (ide x vo)* (H*(C) & H*(J) & Qe ((ia x id5)*L)),

where & is as in Item (2) of (4.3.2).

Proof. Given (5.2.3) and (4.4.5), in order to prove that A* is injective and that
(5.2.7) holds, it suffices to show that

(5.2.8) BN w, = (ido x 1) L8Y @ [-2C x E].
(Recall (4.3.2).) We will show that
(5.2.9) RN (e1(wg)) = =9 (e ()
in the Chow group, and then (5.2.8) will follow from (4.4.9). Let £* C ¥ and
B* C B be the open subsets given by
B =t L ool 0 o # (—o), £267),
B* :{[F]l Slng(F) = {LL‘, —{L‘}, z 7é (—1’), F** gé-@g_l? 5 % 5_1}'
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By Lemma (4.3.10) they intersect transversely, and hence by adjunction

K ~ [ + B]

S*NB* S*NB*
(Because K 5; ~ 0.) Restricting 7 to S* N B* we get an isomorphism (3% N B*) &
(JO x J°), hence K.« ~ 0. Thus

(5.2.10) Ellsienze ~ ~[Bllsenp.-

Restricting 7 to * we get a P'-fibration F: I (JO x jb), and thus

3]

L Ki* ~ WEg.

In fact the first equivalence follows from adjunction, and the second one (where
wp is the relative cotangent bundle of F') from triviality of the canonical bundle of
(J° x JY). We also have a P!-fibration

Br % (JO/(=1)) x (J°/(~1))

[F] = (sing(F),{§,¢7'}),
where F** = ¢ @ £~1. Thus by a similar argument we get
[BHB* ~ KENB* ~ Waqg.
The last two equivalences together with (5.2.10) prove (5.2.9). A

6. ANALYSIS OF V.

6.1. Introduction. By definition V is the locus parametrizing sheaves F such
that there is an exact sequence

(6.1.1) 0—X—itF-Loe 0

with % F' locally-free and £ a line-bundle of negative degree. Let G be the torsion-
free sheaf on J fitting into the exact sequence

(6.1.2) 0— G — F(On) L5 in.(¢®Kc) — 0,

where f is obtained tensorizing f with the identity map of K¢ (notice that by
adjunction % (0,) ~ K¢). In other words G is the elementary modification of
F(©,) associated to f. We will show (see Lemma (6.3.22)) that deg¢ = —1, and
thus by a straightforward computation

where 0 := c}*™(0). We will also prove that G is slope-stable (see Lemma (6.3.19)),
hence [G] € My,. Since (6.1.1) is uniquely determined by F', the above construction
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defines a regular map from V) to My,. Notice that G comes with extra structure,
namely an exact sequence

(6.1.3) 0—€&—iG -5 @Ko — 0

which is part of the long exact sequence of Tor’s obtained by applying the functor
®0g,, to (6.1.2). As is easily verified, the sheaf F' is the elementary modification
of G associated to Exact Sequence (6.1.3). Hence by associating to [F] the couple
consisting of [G] and Exact Sequence (6.1.3) we get an isomorphism between V)
and a locally-closed subset of a quot-scheme over M., . Since V¥ is dense in V,,, this
will give a way of relating V,, to My,. The section is organized as follows. In (6.2)
following Mukai, Yoshioka [Muk1,Y2] we apply the Mukai transform to prove that
M, is the product J x J. In (6.3) we show that V.0 is isomorphic to P2, a locally
closed subset of a Quot-scheme over My. We denote by P, the closure of P in
the Quot-scheme over My, ; in Subsections(6.4)-(6.5) we give results on P, and the
boundary P, \ P?. We will not construct directly P, (the difficulty lies in analyzing
it singular points), instead we construct a P!-bundle over the blow-up of J at 16
points (we denote it by P, ) and then prove that it is a desingularization of P,:
this is done in (6.6). The 3-fold P, has 16 (—1,—1) curves: we let P} be the
manifold obtained by flopping all of these curves. In (6.7) we we show that Vg is
isomorphic to P;}. In the last subsection we give the results on the topology of XN/Q
and its intersections with ¥, B, which are needed in the proof of Theorem (1.4).

6.2. The moduli space M,,. For (z,y) € J x j, let E(z,y) be the sheaf on J
defined by

E(2,3) := (L ® ¢" (i5..[3po + a])).
(Here ¢, 8 are as in (1.9).) We will prove the following result.

(6.2.1)Proposition. Keep notation as above.
(1) E(z,y)* is a vector-bundle on J, and v(E(z,y)*) = 2+ 0. Furthermore

(6.2.2) det(E(z,9)") 2 [0] © L_5_o5
(6.2.3) > (B, 5)) = -z —y.
)

(2) E(z,y)* is slope-stable for every (x,y), and the map
IxJ -2 My
(z,9) — [E(z,7)"]
is an isomorphism.

(6.2.4) Remark. Ttem (2) of Proposition (6.2.1) is part of a more general result of
Yoshioka [Y2] on moduli spaces of sheaves on an abelian surface in the case when
semistability implies stability. However, since we will need various results about
the moduli space which are not found elsewhere, e.g. (6.2.5), (6.2.11), and which
may be used to prove (6.2.1), we have added a proof of (6.2.1).

Proof of Item (1) of (6.2.1). Since h°(C,[3po + x +t]) = 2 for all t € J, we
see [Mum,pp.46-55] that E(z,y) is locally-free of rank two. Since the higher direct
images vanish, the Chern classes of E(x,y) are computed by the Grothendieck-
Riemann-Roch formula: one gets v(E(x,y)) = 2 — 0. Thus E(x,y)* is a rank-two
vector-bundle, and its Mukai vector is as stated. Before going on with the proof
of (6.2.1) we determine the restriction of E(z,7)* to O,.



28 KIERAN G. O’GRADY
(6.2.5)Proposition. Keep notation as above. There is an exact sequence
(6.2.6) 0—lpo—a—z—yl —igE(zy)" — [po—yl = 0.

The extension class is the (unique up to scalars) non-trivial one if a + x # 0, and
is trivial if a +x = 0.

Proof. Let A C C' x C be the diagonal, and m;: C x C — C be the first and second
projection respectively, for i = 1,2. Then

(6.2.7) (ia X ig)" L= [A] @ mi[=po + y] ® 75 [—po + a.
Thus
(6.2.8) inE(2,7) = [~po + y] @ T, ([A] ® 73 [2po + o + z]).

If a4+ = 0 one gets immediately that
inB(x,5)" = Oc(po —y)®.
If o 4+ # 0, we apply the m .-functor to the exact sequence
0 — m5[2po + a + 2] — [A] ® 75 [2po + a + 2] — ([A] @ 75 [2po + a + 2])|a — 0,
and we get an exact sequence
(6.2.9) 0— Oc — 1 «([A] @ ™5 [2p0 + a + 2]) = [a+ ] — 0.

The extension class is non-trivial, because otherwise we would have a non-zero
section of

[A] @ m5[2po + a + 2] @ mi[—a — z],

which is absurd since O¢(a+ ) is non-trivial. Tensorizing (6.2.9) by [—po +y] and
taking the dual exact sequence we get the proposition. A

Let us prove (6.2.2)-(6.2.3). The first formula follows immediately from (6.2.6).
In order to prove (6.2.3), choose a canonical divisor D € |K¢|, and consider the
exact sequence of sheaves on J x J:

0 — L& ¢" (ig.lpo +2]) = L& & (ige[po + 2+ D)) = L @ ¢*(i3+(Op)) — 0.

Applying the ¢.-functor and recalling that D ~ 2py, we get an exact sequence of
sheaves on J:

(6.2.10) 0 — E(2,7) = L = R'6(L® ¢ (ig.u[po + 2])) = 0,

~

where D := ij (D).

)
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Lemma. Keep notation as above. The sheaf R'¢. (£®$*(i@,* [po+x])) is supported
on ©_,. More precisely we have

(6.2.11) R'6.(L & ¢ (ig..[po + 7)) = i_sx[po + 9.

Proof. By Formula (6.2.2) and Exact Sequence (6.2.10) we have (in the Chow ring)

—c1(0) + e1(Lzs29) = c1(E(z, 7)) = e1(Lp) — e1(R'¢u (L ® 6" (i [po + 7])))-

This gives
cr (R (L ® 67 (i, [p0 + 1)) = 1(0.).

One concludes easily that R!¢, (£ ® ¢* (ig,«[po + x])) is the push-forward by i_, of
a line-bundle on C. To compute this line-bundle, pull-back by (i_, x i5) and apply
Formula (6.2.7) to get

(6.2.12) R '6.(L£ ® ¢* (ig.[po + 2])) = i—uu([~po +y] ® R'm1 . ([A])).
Applying the functor m; , to the exact sequence
0 — Ocxc — [A] = [A]]a — 0,
we get
0— K;' — H'(Oc) ® Oc — Ry . ([A]) — 0.
Thus R'm .([A]) & K. Plugging this into (6.2.12) we get (6.2.11). A

Let us prove (6.2.3). It follows from (6.2.10) and (6.2.11) that

c2(E(z,Y)) = c2(Lp) — iz xc1([—po + y])-

Since Y c2(L5) = 0, Formula (6.2.3) follows immediately.

Proof of Item (2) of (6.2.1). By (6.2.5) the restriction of E(z,y)* to O, is
semistable; since ©, is numerically equivalent to © (the ample divisor defining
stability) this implies that E(z, y)* is slope-semistable. That F(z,y)* is slope-stable
follows from the lemma below, an immediate consequence of Assumption (1.3).

(6.2.13)Lemma. Let F be a torsion-free slope-semistable sheaf on J with v(F) =
w. Then F is slope-stable. In particular every sheaf parametrized by My, is slope-
stable.

Now we prove that p is an isomorphism. By (6.2.13) all sheaves parametrized
by M, are stable, hence by Mukai [Muk2,(0.1)] My, is smooth of pure dimension
4. The map p is injective because of (6.2.2)-(6.2.3), and thus p is an isomorphism
between J x J and an irreducible component of My, by Zariski’s Main Theorem.
We finish by showing that p is surjective.
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(6.2.14)Lemma. Assume [F| € My,. Then the W.L.T. holds for F, with index
i(F)=1, i.e. RIgp. (LR @*F) =0 for j #1 (see [Mukl]). Furthermore the Mukai
transform of F' is given by

F:=R'$.(L®¢*F) = iy.(5),

for a certain v € j, where ¢ is a line-bundle of degree (—1) on C.

Proof. By Serre duality and slope-stability of F,
H*(L; ® F) = Hom(L; ® F,0;)* = 0.
Applying Grothendieck-Riemann-Roch one gets that

1

S (1) (RI g (L ® ¢*F)) = —0.

=0

Since x(L£; ® F) = 0 for all ¢ € J, this implies that there exist &;,& € j, with
& 2 &, such that

HY ('@ F)#0+4 HY (&G @ F).

By slope-stability of F', the map (&1 @ &) — F' is an isomorphism at the generic
point, hence we have an exact sequence

0 =& @& = F —iy«(n) —0,

where 7 is a line-bundle on C, of degree 1. This shows that @(E@ ¢*F) = 0, hence

~

the W.L.T. holds for F', with index 1. In order to compute F' pull-back the above
sequence to J x J, tensorize with £, and apply the functor ¢,: one gets an exact
sequence

0— RIQAS*(E X d)*F) — if,y*()\) — C[El] D 0[52] — 0,
where A is a degree-one line-bundle on C. It follows that F is as claimed. A

Now let’s prove that F' is isomorphic to E(z,y)* for some (x,%). By a Theorem
of Mukai [Mukl, Cor.(2.4)] and (6.2.14) we have

F(=1,)F = (=1,)"R'¢.(¢" (L @ i5 ().
Applying Serre duality one gets

(~1))* R (6" (L ®i5,.(8))) = R (¢* (L7 @054 (6)))
> (¢ (L ® ¢* (i5,+(2p0 — 6)))* = B(—po — 6,0)*.

This finishes the proof of Proposition (6.2.1).
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6.3. Description of V). Let P? be the variety parametrizing isomorphism classes
of couples (G,v), where [G] € My, and 9 is a quotient appearing in an exact
sequence

(6.3.1) O—)&—)iZGLCHO,
such that the following holds:

(6.3.2) ¢ is an invertible sheaf of degree 3,
(6.3.3) det G = [0,],

(6.3.4) > ealG) =D iancr(€) =0.

Clearly P? is a locally closed subset of a Quot-scheme Q over the subvariety of
M, parametrizing sheaves G such that (6.3.3) holds (by [Muk3,(A.6)] there exists
a tautological sheaf on J x My); let P, be the closure of P{ in Q. Thus every
point of P, is represented by a couple (G, 1) satisfying the conditions above, except
for Condition (6.3.2), which is replaced by “C is a rank-one sheaf of degree 3”. As
explained in the introduction to this section, P, parametrizes sheaves whose moduli
belong to V,, and which are obtained by elementary modification from a sheaf G
as above. In order to prove this we introduce some notation.

(6.3.5)Definition. Let £ be a rank-two vector-bundle on J x J such that
(6.3.6) EF 2 E(—a—2y,7).

(The existence of £% is guaranteed by the existence of a tautological sheaf on
J X My.) Let G := (£%)*".

By (6.2.2) the map R
J — My
§ - (2]

is an isomorphism between J and the subvariety of My, parametrizing sheaves with
determinant [©,]. Thus P, is a Quot-scheme over J: let

(6.3.7) fiPy—J

be the natural map.
Thus if t = (G, ) € P,, and § = f(t), we have

(6.3.8) G =Gfy) = E(—a—2y,9)", where j = f(t).

Let F' = F{* be the elementary modification of G associated to (6.3.1), i.e. the sheaf
fitting into the exact sequence

(6.3.9) 0= F LG —ig.(¢)—0.
Clearly F¢* is the restriction to J x {t} of an elementary modification

(6.3.10) 0 — F* — (idy x £)°G* T (i x idp, )+(¢%) — 0.
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(6.3.11)Lemma. Keep notation as above. Then F* is a family of torsion-free
semistable sheaves on J parametrized by P,,, with

(6.3.12) v(F)=v, detFP =0, Y e(F)=0

forallt € P,.

Proof. That F* is a family of sheaves (i.e. it is flat over Op,_) follows from flatness
over Op_ of the other two sheaves appearing in (6.3.10). Let F' and G be as above.
Since F is a subsheaf of G it is torsion-free. The formulae of (6.3.12) hold by (6.3.2),
(6.3.3) and (6.3.4) respectively. We finish by showing that F' is semistable. Suppose
F is not semistable, and let

(6.3.13) 0=l 0L F —IyeL™—0

be desemistabilizing, where L is a line bundle and Z, W are zero-dimensional sub-
schemes. Thus L -© > 0. Since j o ¢ is non-zero (here j is as in (6.3.9)), and G
is slope-stable by (6.2.13), we get L - © = 0. Hence [L] € J because of Assump-
tion (1.3). From (6.3.13) we get

(6.3.14) 2 =cho™(F) = U(Z) + (W) — L%

This shows that Z is empty (or else Iz (L) would not desemistabilize). The restric-
tion of j o f to ©, maps L|e, to &: since deg(L|o,) = 0 and degf = —1, we get
that j o f vanishes along ©,. Thus j o f extends to a map L(©,) — G. This is
absurd because G is slope-stable by (6.2.13). A

By the above lemma the family ¢ induces a modular map
(6.3.15) ta: Py — M.

Let 12 be the restriction of o to PY. The main result of this subsection is the
following.

(6.3.16)Proposition. Keep notation as above. Then 1l is an isomorphism be-
tween PY and V?. In particular jio(P.) = Vo, and pe is a birational morphism
from P, to V.

Proof. Let t € P,, and set F' = F*, G = g;*(t). The long exact sequence of Tor’s
obtained by applying the functor ®0,, to (6.3.9) gives an exact sequence

(6.3.17) 0= (@K, —itF —¢—0.

By (6.2.1) G is locally-free, hence ¢ is locally-free. Thus the above exact sequence
shows that ¢} F' is singular if and only if ¢ is not locally-free. Since F' is isomorphic
to G outside O, we get that

(6.3.18) it Ff is locally-free iff F* is locally-free iff t € PY.

Now assume t € P?. Since deg¢ = —1, Exact Sequence (6.3.17) shows that % F
is not semistable, hence [F] € V2. Thus % (P?%) c V2. To finish the proof of the
proposition we must define a regular map V¥ — P? inverse to u2. One proceeds
as explained in the introduction to this section, i.e. to [F] € V¥ we associate the
couple (G, ) where G is the sheaf fitting into the exact sequence (6.1.2), and ¥ is
the map of (6.1.3). Of course we need to prove the following two results.
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(6.3.19)Lemma. Let [F] € V2, and assume (6.1.1) is the desemistabilizing se-
quence of it F. The sheaf G fitting into Ezxact Sequence (6.1.2) is locally-free and
slope-semistable. If deg& = —1 (where £ is the destabilizing quotient of i%,F') then
G s slope-stable.

Proof. Since (6.1.1) is the desemistabilizing sequence, both A\ and £ are locally-
free: from Exact Sequence (6.1.3) we get that G is locally-free along ©,. On the
other hand it follows from (2.1.2) and (4.3.3) that F' is locally-free: since G is
isomorphic to F' outside ©,, we get that G is locally-free. Now assume that G is
not slope-semistable. Let L — G be a slope-desemistabilizing subsheaf: since G is
locally-free we can assume L is locally-free of rank one, and by Assumption (1.3) we
have ¢;(L) = 6 with > 1. From (6.1.2) we have an injection L(—0,,) < F’; since
I is slope-semistable the quotient is torsion-free, hence we get an exact sequence

0= L(-0,) = F—=I;®L 10, =0,

where Z is a zero-dimensional subscheme of J. Since L(—©,) is topologically
trivial, it follows that c°™(F) = ¢(Z), and hence £(Z) = 2. Thus the above exact
sequence shows that F is not (Gieseker-Maruyama) semistable, which is absurd. To
finish the proof of the lemma we notice that if deg{ = —1 then v(G) = w, hence
G is slope-stable by (6.2.13). A

(6.3.20)Lemma. Let [F] € V2, and assume (6.1.1) is the desemistabilizing se-
quence. Then degé = —1.

Proof. Let d := deg \: we know d > 1. To prove the lemma it suffices to show that
d < 1. From (6.1.2) one gets that

By Lemma (6.3.19) G is slope-semistable, hence by Bogomolov’s theorem
0 < 4chem (@) — om(G)? = 6 — 4d.

This gives d < 1. A

Given the above lemmas, the argument described in the introduction to this
section shows that the map

V(S — Pg
F] = (G,

where 1:i* G — A ® K¢ is the map appearing in (6.1.3), is the inverse of Y. This
finishes the proof of the proposition. A

6.4. First analysis of P,. Let Q, be the scheme parametrizing isomorphism
classes of couples (G, ), where [G] € My, and v is a quotient appearing in an
exact sequence (6.3.1), such that (6.3.3)-(6.3.4) hold, and ( is assumed only to be a
sheaf of degree 3 and rank one. In other words we have weakened Condition (6.3.2)
in the definition of PJ, hence P? C Q,. Since Q, is projective (it is a closed
subscheme of an appropriate Hilbert scheme) we get that P, C Q,.
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(6.4.1)Proposition. Keeping notation as above, Q, = P,. Furthermore the map
f:Py — J (see (6.5.7)) is a P -fibration away from J[2]_4 (see (1.11)), and the
remaining fibers are isomorphic to P2.

Proof. The map f extends naturally to a regular map F: Qn — J (see (6.3.7)).
Let § € J, and suppose (G, ) € F~1(§j). By (6.3.8) the isomorphism class of G
is determined by y. Furthermore, since G is locally-free by (6.2.1), the subsheaf
¢ appearing in (6.3.1) is a line-bundle, and its isomorphism class is completely
determined by Equation (6.3.4): in fact using (6.2.3) we get

(6.4.2) €= [—po + 20+ yl.
Thus

F~Y(y) =PH ([po — 2a — y] @ i3G5,
F~Y7) N P° ={[o] € F~())| o has nozeroes}.

Exact Sequence (6.2.6) gives

(6.4.3) 0 — H°([2po — 20]) — H'([po — 20 — y] ® i%,G5))
— H°([2po — 2a — 2y]) — 0.

(Recall that (2pyp — 2a) # Ko by (3.7).) This shows that F is a P!-fibration
away from J| [2] 4, and that the remaining fibers are isomorphic to P2. Let € €
H°([2po — 2a]) be non-zero, and let U C J be the open dense subset of points ¢
such that there exists 7 € H®([2pg — 2a — 2y]) whose zero locus is disjoint from
(¢). We claim that F~}(U) C P,. In fact let § € U, 7 be as above, and 7 be
such that x(7) = 7: then a suitable linear combination of ¢ and 7 is a section of
[po — 2 — y] ® i3, G with no zeroes. Hence PV intersects F~1(7); since P? is open
and F~1(§) is irreducible we conclude that F~1(§) C P,.

Since J[2]_4 C U, and since F is a P'-fibration away from J[2]_g, the closure
of F~Y(U) equals all of Q,. This proves that Q, = P,, and in particular that

(6.4.4) 71 @) =PH ([po — 20 — y] @ i3G7).

The proposition follows. A

(6.4.5) Remark. Let m3:C x J — J be the projection. Let H be a line-bundle on
C x J such that for ES J we have

Hy = [~po + 2a + y].
Let S be the sheaf on J defined by
(6.4.6) 8% =75 (H'® (ia x id5)*G*).

In the proof above we have shown that over (J\ J[2]_g) the sheaf S is locally-free

of rank two (in fact this is true over all of J, see (6.6.1)), and that f=1(J\ J[2]_a)
is naturally isomorphic to P(8a|(j\j[2]7d)).
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6.5. The boundary of P,. We analyze (P, \ P?). First notice that by (6.3.18)
(6.5.1) P\ P = pu ' (BaUS,) = p (BUY).

For t = (G,v) € P, let {; be the rank-one sheaf ( appearing in Exact Se-
quence (6.3.1) and Tors((;) be its torsion subsheaf. Then

(6.5.2) L(Tors((;)) < 2.
In fact since i, G is semistable and we have a surjection
inG — (/Tors((),

the line bundle on the right has degree at least 1. This implies immediately (6.5.2).
Let

Wy :={t € P,| £(Tors({)) = 2}, YY = {t € P,| {(Tors(()) = 1}.

By (6.5.2) W, is closed. Clearly Y2 is locally closed; we let Y, be its closure.
By (6.3.18) and (6.5.2) we have

(6.5.3) P, \P? =Y, UW,.

(6.5.4)Proposition. Keep notation as above.

(1) The restriction of f to Wy is identified with the blow-up of J at J|[2].
(2) Lett € W,. Then FY is singular, with

(6.5.5) Sing(Fy) = {ialq1);ialg2)},

where q1,q2 are given by (4.2.2).
(3) Ift is generic, F{ is stable. Furthermore Wy, = u;'(Ba) = 3 (B).

Proof. Ttem (1). Let t = (G,v¢) € W,, and let ¢ be the rank-one sheaf appearing
in (6.3.1). Then

irG Y, ¢/Tors(C)

is a destabilizing quotient, because deg(¢/Tors(¢)) = 1. Conversely, assume
(6.5.6) 0—=¢—itG—(—0

is destabilizing. Thus &, ¢ are line-bundles of degree 1, because i’ G is semistable
by (6.2.5). Let £ be a line-bundle fitting into an exact sequence

(6.5.7) 0—=&—E—0z7—0,

where Z is a zero-dimensional subscheme of C of length 2 such that

(6.5.8) aty— iasc1(@+ ) iaxlZ) =0,
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where § = f(t). Composing ¢ — & with £ — %G we get an injection & — i*G. Let
¢ :=1i%5G/&. The exact sequence

OHE—MJZGL(HO,

satisfies (6.3.3)-(6.3.4), and (6.3.2) except that ¢ might be of rank one without being
locally-free, i.e. (G, 1)) € P,. Furthermore, since ( = Oz @ ¢ we have (G,v) € W,.
Thus we have defined a one-to-one correspondence between W, and the set of
triples consisting of [G] € My, (satisfying (6.3.3)), Exact Sequence (6.5.6) and
Exact Sequence (6.5.7) (with Z satisfiyng (6.5.8)). We claim that given (6.5.6)
there is one and only one Z such that (6.5.8) holds. In fact from (6.3.8) and (6.2.6)
we see that £ 2 [py + y], hence (6.5.8) reads

(6.5.9) > iax(Z) =0.

The map
c? J
Z = > i« (2)

is, up to translation, the Abel-Jacobi map, hence it is surjective. Furthermore the
fiber over Y i, .(Z) is the single cycle Z unless Z € |K¢|. Since iq «(Kc) = 2a,
and 2a # 0 by (3.7), we get that Z is uniquely determined by &, as claimed. Thus
we have defined a one-to-one correspondence between W, and the relative Quot-
scheme D, over .J parametrizing couples consisting of [G] € M, (satisfying (6.3.3))
and a destabilizing sequence of ¢},G. In fact this correspondence is functorial, hence
it gives an isomorphism

~

W — D,

(6.5.10) (G) —  (i5G — ¢/Tors(C)).

By (6.2.5) we get that

a single point if 2y # 0,

) N Wy =
=@ P! if 2y = 0.

Let v: Ip — J be the blow up of J[2]. To finish the proof of Item (1) it suffices to
define a map p: Iy — W, such that

(6.5.11) fop=1y

(6.5.12) p|y51@i):y0_1(gji) — f~Y(¢;) is an isomorphism, for ¢; € j[2]

In fact it follows immediately from (6.5.11)-(6.5.12) that p is bijective, and that its
differential is an isomorphism everywhere, hence p is an isomorphism. Let G* be

the tautological vector-bundle on J x J defined in (6.3.5). By Isomorphism (6.5.10),
in order to define p it suffices to exhibit a line-bundle H on Iy x C' and an injection

H— (v xia)"G”
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which restricts to a destabilizing subline-bundle of z';gg(u) for every u € fo. Since
G* = (E£%)* (see (6.3.5)) it is equivalent to give an injection D — (v X i4)*E* which

restricts to a destabilizing subline-bundle of i, €7, for every u € Io. Let

T,W:ngCXOHE)XC

be the projections which “forget” the third and second factor respectively. By
(6.2.8) we have an isomorphism (up to tensoring by a line-bundle on )

(6.5.13) (o X ia)*E* = H @ 7. ([Io x A] @ T*H?),

where A € C'x C' is the diagonal, and H', H? are line-bundles on Iy x C such that
for u € Iy (with vo(u) = 9)

Mo = [=po+y), M= [2p0 — 2y).
Arguing as in the proof of (6.2.9) we get an exact sequence
0 — 7 (m"H?) 2 T*([fo x Al @ T*H?) — H® — Opxc — 0,

where H3 is a line-bundle on I x C such that H3 = [2y] for u € Iy, and E C I,
is the exceptional divisor of 1. Since 7.(7*H?) is a line-bundle, and the map g
vanishes to first order along E x C', we get a map

(T H?) @ [E x C] = 7.([To x Al ® 7*H?)
which is non-zero at every point. Thus by (6.5.13) we get a map
D:=H' @7.(m"H?) @ [E x C] 1 (v X ia)*EY,

injective at every point. The restriction of v to {u} x C is a destabilizing sub
line-bundle of igé'jo(u) for every u € f(). As explained above this defines a map
p: 1y — W,. One verifies easily that (6.5.11)-(6.5.12) hold.

Item (2). Let G = Gf,) and F' = F*. Exact Sequence (6.3.17) shows that
Sing(F) = i4(Z), and by (6.5.9) we get (6.5.5). Assume F is not stable, and
thus by (6.3.11) it is strictly semistable. Let I, ® L — F be a destabilizing sub-
sheaf. Thus by (2.1.2) [L] € J,and q € Sing(F'). By (6.5.5) we have ¢ = i,(q;) for
t1=1ori=2.

Item (3). The key result is the following.

(6.5.14)Claim. Keep notation as above. Let t € W, and set § := f(t). There is
an injection

(6515) Iia((]i) ® L — fta
if and only if

(6.5.16) 2y ~qs—; — 1 for somer e C.
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Furthermore, if y satisfying (6.5.16) is given, there exists a unique t € f~1(3) such
that an injection (6.5.15) exists, and this injection is unique up to scalars.

Proof of the claim. Assume (6.5.15) exists: composing with the map j of (6.3.9) we
get an injection h: [; (4,) ® L — G, which comes from a (non-zero) map h:L — G,
because G is locally-free. Notice that by slope-stability of G and a Chern class
computation the map h has a single zero, which is simple, hence we get an exact

sequence

(6.5.17) 0L G —IL,e0,L" 0.
Since t € Wy, the inclusion £ — i} G is the composition

Oc(po+y)(—q1 — g2) — Oc(po +y) — irG,

where the second inclusion is a destabilizing sub-line-bundle % G. The restriction
to ©4 of h has image contained in &, and hence the restriction to ©, of h has
image contained in the destabilizing sub-line-bundle of i%,G, and h must vanish at
ia(g3—;). Hence the point p of (6.5.17) is equal to i,(g3—;), and by (6.2.3) we get
the equation

a+y= Z e2(G) =ia (g3 +igL),

which gives
(6.5.18) is L = [po 4y — qs—i.

There is a further constraint coming from the fact that h°(L='® G) > 0. Applying
the Hom/(e, O )-functor to (6.2.10) we get the exact sequence

0— LH = E(x,§)" — i—gu[po—y| — 0.
(We have used (6.2.11).) Thus we have an exact sequence

0— HY (L' ®LY) - H(L ' ® E(z,9)")
— HO(i* L7 @ [po—yl) = H'(L™' @ LF).

From this we get that h°(L~! ® E(z,9)*) > 0 if and only if
(6.5.19) [po —y —r] 24" L for some r € C.

Since ¢* L = % L, the above isomorphism together with (6.5.18) gives an equation
for y which turns out to be (6.5.16). Now let’s prove the viceversa. If (6.5.16)
is satisfied then the argument just given shows that there exists a map h:L — G,
which has a single zero at i, (gs_;). Since h vanishes at iq (g3_;), the restriction of
to ©, must be contained in a destabilizing sub-line-bundle of i G. This destabiliz-
ing sub-line-bundle determines a point ¢ € f~*(y) N W, such that h “comes” from
an injection I;_(4,) ® L < JF;*. This argument also shows that ¢ is unique. Injec-
tion (6.5.15) is unique because otherwise we would have F* = I; (4. \®LDI;  (4,)®L,
which is impossible by (3.6). A
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Let us prove the first statement of Item (3). By the above claim

fWanut(%) = U {g € J| 2y ~qs_i—r, somer € Ct.

i=1,2

Since f(W,) = J we get that F¢ is stable for ¢t generic. Let us prove the second
statement of Item (3). For ¢ € P, the sheaf F := F}* is locally-free outside ©,,
hence p ' (B) = pugt(Ba). Let t € puy'(B); by (4.3.3) we have ((F**/F) = 2,
hence (6.3.17) gives that £(Tors((;)) = 2, i.e. t € W,. This proves that u;!(B) C
Wy. By Item(2) an open dense subset of W, is contained in u;*(B). Since u,*(B)
is closed we get that W, C p,'(B). This finishes the proof of Item (3). A

We finish this subsection by observing that ITtem (3) of the above proposition
together with (6.5.1)-(6.5.3) gives that

(6.5.20) Yo = pgt (Za) = pg ' ()

6.6. A P!'-bundle mapping to P,. We recall that f: P, — J is the natural
projection (see (6.3.7)). Remark (6.4.5) identifies f=1(J \ J[2]_a) with an explicit
P!-bundle. Of course by (6.4.1) it is not true that P, is a P'-bundle over j; notice
also that by (6.4.1) there is at least one singular point of P, lying over each point
of J| [2]_4. In this subsection we will construct a P!-bundle over the blow-up of J
at J| [2] s which has a birational regular map to P,, contracting sixteen (—1,—1)
curves. Then we will prove that P, is isomorphic to the contraction of these curves.
(6.6.1)Claim. The sheaf 8% given by (6.4.6) is locally-free of rank two.

Proof It has been shown in the proof of (6.4.1) that S* is locally-free outside
J[2]_s. Let U := (J\ J[2]); by Assumption (3.7) J[2]_4 C U, hence it suffices to
prove that 8% is locally-free of rank two on U. By (6.2.5) there is an exact sequence

0— LT — (iy x idj)*ga|c><U — L7 —0,
where £T, £~ are line-bundles on C' x U such that
Lr=po+yl, Ly =[po—y

Letting 7yy: C x U — U be the projection, and H be the line-bundle of (6.4.5), we
get an exact sequence

0= my(H L) =Sy = mu(H'®L)—0

Since hO(H ® /.3+) =1 for all j € J, the sheaf on the left of S|y is locally-free
of rank one. We clalm that also the sheaf on the right is locally-free of rank one,
although hO(Hg ® L) jumps: it equals 1 for § ¢ J[2]_4 and is 2 for § € J[2]_q4
It is clear that my .(H ™! ® £7) is locally-free of rank 1 away from J| [2]—4, we must
show the same holds near any point y € j_&. Applying the 7y .-functor to the
exact sequence

0— H_l X LT — H_l ® E_(q) — H_l ® ﬁ_(q)|C><q - 07
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(¢ € C is arbitrary) we get that locally near § we have an exact sequence
(6.6.2) WU,*(H_I ®LT) LN 02U -0y —-Q —0,

where @ is a sheaf supported on §. It follows immediately that my .(H™' ® £7) is
locally-free of rank 1 near . A

Let R, :=P(8%), and ¢: R, — J be the natural P*-fibration. Let n — ¢*S® be
the tautological sub-line-bundle. The corresponding section of n~! ® g*(S%) defines

® € H(C x Ra, i, (n7) @ (ide x 9)"H™' @ (ia x 9)*(G7)),

where 7, :C' X Ry — R, is the projection. We view ® as an injective map fitting
into an exact sequence

(6.6.3) 0 — 5, () ® (ide X 9)"H — (i % 9)*(G%) — Q — 0.

If § ¢ J[2]_4 then for all ¢ € g~'§ the restriction of (6.6.3) to C x {t} is an exact
sequence of the kind (6.3.1), and hence (6.6.3) induces a map (R \ g~ (J[2]_a)) —
(Pa\f_l(j[Q],d)): this is the isomorphism of (6.4.5). Let v, and Ej, be as in (1.12)
and the subsequent definition: we set

(6.6.4) gk = va(By), k=1,...,16.

ThU.S j\[Q],d = {gl, e ,:l)16}.

(6.6.5)Claim. Keep notation as above. There exist 1, ... ,r16 € Rq, with g(ry) =
Uk, such that the following holds. The restriction of (6.6.3) to C x {t} is an exact
sequence of the kind (6.3.1) for all t #ry,... ,r16.

Proof. Let 0,0~ be local generators near g, of the invertible sheaves 7y (H ™! ®
L) and 7y (H™' ® £7), respectively. Then oT defines a section of H™' @ LT
(in a neighborhood of C' x ) which restricted to C' x {jz} generates HO(H ! ®
LF|cxqge1)- On the other hand, since the map h of (6.6.2) vanishes at g, the local
section of H™! @ L~ defined by ¢~ vanishes identically on C' x {g}. Hence the
Claim holds with r, :==[07]. A

Thus (6.6.3) defines a rational map R, --- > P, regular outside {riy,...,716}.
Let us construct a birational modification of R, which has a regular map to P,.
The inclusion

T X Ek — P(S;‘k) X Ek = P(g*SQ|Ek)

gives rise to an exact sequence
(6.6.6) 0— Op, — 8% g 25 Op, —0,

where P(ker p) = 7 X Ei. Let 7 be the rank-two locally-free sheaf on fa fitting
into the exact sequence

16
(6.6.7) 0—7T% — ;8" 2 Pip, .0, — 0,
k=1
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where p is defined by the py’s, and ig,: B — IAa is the inclusion. We set
(6.6.8) P, :=P(T°).

Let us show that P, naturally parametrizes a family of quotients of the kind (6.3.1).
Let f_: P, — IAa be the natural P'-fibration and n — f*7* be the tautological
sub-line-bundle. By (6.6.7) we have a map n — f*v%(S%). The corresponding
section of n™1 @ f* v} (S%) defines a section

” € H(Cx Py m, (07 1) ® (ide X (va 0 f-))"H™! ® (ia X (va 0 f-))*(G)),

where mp-:C x Py — P. is the projection. Let £ := f-Y(Ey), and B :=
f__l(E). The map ®~ vanishes to order one along C' x E~, hence it gives an exact

sequence
(6.6.9)

0= 7, (n@[E7]) @ (ide x (va o f-))"H 2 (i X (Va0 f2))*(G%) L R — 0.

As is easily checked the restriction of (6.6.9) to C' x {u} is an exact sequence of
type (6.3.1) for all w € P, . Thus (6.6.9) induces a regular map §: P, — P, such
that fod = v, o f—. An explicit description of ¢ is as follows. First, (P, \ E7)
is canonically isomorphic to IP’(SO‘|( 7\ 3[2]_d)), and the latter space is isomorphic to
FHT\ J[2]—a) by (6.4.5); the restriction of § to (P; \ E~) is the composition of
these two isomorphisms. It remains to describe 6 on E, , for k=1,...,16. Let

v € By =P(H'(Oc)) = P(H(Kc))" = P(H"(Kc)),

and let Co € P(H°(K¢)) correspond to = under the composition of the above iso-
morphisms. One easily checks that the restriction of § to f~*(z) is an isomorphism
to P(k~1(Co)), where x is the map in (6.4.3), and P(k~1(Co)) C f~1(4x) by (6.4.4).
In particular letting s € f~1(§%) be the point corresponding to Cker(k), we get a
section T’ := 6 !(sy) of f_| Ef which is contracted by 6. The curve I, corresponds
to the natural exact sequence

0 — OEk(_Ek) — 'Ta|E,c — OEk — 0,

one gets from (6.6.6) and (6.6.7), i.e. I', := P(Og,(—E})). From the above exact
sequence we see that I/, is isomorphic to IF; and that the normal bundle of ', in
E,  is isomorphic to Or; (—1). Since we also have isomorphisms

df_
Or;_ (E;Z) = Or; (fiEk) = OF;(_1)7
we get that
(6.6.10) NF;/P; %OF;(—1)@(9F;(—1), k=1,...,16

ie. I'y is a (—1,—1)-curve. Let Contr(P; ) be the contraction of the sixteen
curves ', where £ = 1,...,16. The map J induces a regular bijective map
§':Contr(P;) — P,.
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(6.6.11)Proposition. Keep notation as above. The map &' is an isomorphism.

Proof. 1t suffices to prove that P, is normal. One checks easily that outside
16
U T, the map § is injective with injective differential, hence P, is smooth outside

k=1
{s1,...,%16}. On the other hand

dimTy, Pa =4, k=1,...,16,
because of the exact sequence (see (6.4.1))

0-T,P2 — 1T, P "1, T 0.
Thus a neighborhood of si is a 3-dimensional hypersurface with an isolated singu-
larity at si, hence it is normal. A

6.7. A modification of P, isomorphic to V,. By (6.6.10) each r, is a
(—1,—1)-curve, hence the variety obtained by flopping P, at each of the I', is
a smooth complex manifold, which we denote by P;f. Explicitely, let 3_: P, — P
be the blow-up of I'", let T’ be the exceptional divisor, and I'y, C T be the com-
ponent mapping to I';. By (6.6.10) each T is a copy of P! x P!, and Op, (Tk)
has degree (—1) on the curves of any of its two rulings. Let 3.: P, — P be the
contraction of the P1’s of Ty (for k = 1,... ,16) belonging to the ruling opposite to
that which is contracted by S_. The regular map p; := po © ¢ defines a rational
map e, : P, - > ‘7a. Since P; is bimeromorphic to P, , we get a meromorphic
map €5: PY - > V,. The main result of this subsection is the following.

(6.7.1)Proposition. The map € is reqular and it defines an isomorphism
esz; AN ‘7@.

The proof goes as follows. Let U* := (idy x §)*F*: this is a family of sheaves
on J parametrized by Py . Let U := (id; x f_)*U*. We will show (6.7.2) that
the sheaf " is simple if and only if ¢ ¢ T. Starting from U" we will perform two
elementary modifications in order to get simple sheaves. More precisely, the first
elementary modification will be a family V* of sheaves on .J parametrized by P,,
which coincides with Z” outside T, and such that V¢ is semistable and simple for all
t not belonging to certain fibers of 3_, one for each 'y and denoted by Z;(1). The
second elementary modification is a family W% (N/) of sheaves on J parametrized by

16
an open neighborhood N of |J Zj(1). The sheaf W< (N); is semistable and simple
k=1
- 16
for all t € N, and S-equivalent (see (2.2.2)) to VP if t ¢ |J Zr(1). By (2.3.7)
k=1

— 16 —
the sheaf V* defines a regular map (P, \ |J Zr(1)) — M, and W*(N) defines
k=1

a regular map N — M. By the §—equivalence property stated above these two
maps glue together and define a regular map €,: P, — 17&. We will verify that €,
descends to a regular map e}: P} — V,, and finally we will prove that €} is an
isomorphism.
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An equivalent description of P} is the following. By (6.6.11) the space P,
is smooth except at the points s1,...,s16, Where it has quadratic singularities.
Furthermore, by (6.7.25) the divisor Y,, is not Cartier at each of the s;, in fact its
tangent cone consists of two planes intersecting only at s;. Hence the blow up of
P, along Y, is a smooth resolution of P,: it is isomorphic to PJ .

1. The map u,, lifts to Vo, outside T~. This will be an immediate consequence
of the following result.

(6.7.2)Proposition. Keep notation as above. Let t € P, and set u := §(t),
F :=F. Then F is simple if and only if t ¢ T'~. Ift € ', then

(6.7.3) F =i (q) @ Li(1) ® Lig (g2) @ Li(2),

where [Ly(2)] = (r — ig(g3—i))-

Proof. Since §~'(sy) = I';,, we must show that F is simple if and only if u ¢
{s1,...,%16}, and that if v = s; then (6.7.3) holds. Assume F is not simple.
Then F is properly semistable, hence (6.7.3) holds for some Ly (1), Ly (2) € J, and
by (6.5.20) we have u € Y,,. Furthermore since F is singular at two points, u € W,,.
Thus u € Y, N W,,. Let § := f(u); by Claim (6.5.14) we get that

ye{p—rlreCin{a —s|lseC}.
The intersection above equals J[2] U J[2]4. According to (6.5.14) there is unique
point u; € f~() such that there exists an injection I (4,) ® Li(i) — F (for

i = 1,2); we must show that u; = ug, if and only if § € j[Q]_o;. Ifup = up = u
then we have Isomorphism (6.7.3), and in particular Ly (1) & Lx(2)~!; thus (6.5.18)
forces ¢ € j[Z],d. Now assume ¢ € j[Z},d; by (6.5.10) the points w1, ug correspond
to destabilizing sub-line-bundles of i3, G, and by (6.2.5) there is only one such sub-
line-bundle, hence u; = uy. That the isomorphism class of L (i) is as claimed

follows from (6.5.18). A

Let us show that u, lifts to XN/Q outside I'". By the above proposition U;* is simple
forallt € P, \I'". Furthermore ;* is semistable by (6.3.11) and Equalities (6.3.12)

hold. By (2.3.7) U* induces a regular map €. : (P, \I'") — M which lifts the
restriction of u,, to (P, \IT'~). Since u, (P, \I'") is dense in V,, by (6.3.16), the
image of €, is contained in V,, (and is dense in it).

1I. The elementary modification V<. As is easily checked from the definition, the

restriction of U* to J x I'; is trivial in the I', -direction, i.e. by (6.7.2) we have an
exact sequence

* a Ve, _x
0= 75 (Lo (qr) ® Li(1)) — U yypr — 75 (i (q2) @ Li(2)) — 0,

where 7 is projection to J. Pulling back to J x I'; we get a similar exact sequence
for Lla|Jka; let 15 be the analogue of ¥;,. We define V* to be the sheaf on J x P,
fitting into the exact sequence

_ 16
(6.7.4) 0— Ve 7" @ik,*(ﬂ'j(lia(qz) ® Lir(2))) — 0,
k=1
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where ij:J x T, < J x P, is the inclusion, and 1 is defined by the v;’s. Before
stating the main properties of V* we introduce some notation. If p € C we let
p’ € C be the point such that

(6.7.5) p+p €|Kcl.
Given the identification

(6.7.6) I, = E, 2 P(H(Ke))
let 2;,(1), 2x(2) € ', be given by

(6.7.7) 26(i) < qi + ¢

(where q1, g2 are defined by (4.2.2)), and let Z (i) := =" (zx(3)).

(6.7.8)Proposition. Keeping notation as above, V* is a family of torsion-free
semistable sheaves on J parametrized by P, with

(6.7.9) vV =v, det(VF) =0, Y (V) =0
_ 16
for allt € Py. Furthermore VY is simple for allt ¢ \J Zi(1). If t € Zy(1) then
k=1
V? = Iia(Ql) ® Lk(l) 2] Iia((h) ® Lk(2)7
where Li(i) is as in (6.7.2).

Proof. That V* is a family of torsion-free sheaves on J follows from an easy local
computation. (This computation, away from h=1(h(z1(1)), is essentially written
out below in the proof of (6.7.19).) If ¢t ¢ T’ we have

(6.7.10) VEUS ),

thus (6.7.9) holds for all ¢ ¢ T, hence by continuity it holds for all t € P,. Further-
more by (6.7.10) and (6.7.2) the sheaf V}* is semistable and simple for all ¢ ¢ T.
Thus we are left with the task of describing V{* for ¢t € I'. To simplify notation set

Ak (8) = Tig (q:) © L (3)-
Applying the ®O ;7 -functor to (6.7.4) we get an exact sequence
(6.7.11) 0 — T5Ak(2) @ 75 O, (~Tk) = V.5, — m5Ak(1) — 0,

where 7, 7p, are the projections to J and T}, respectively. Thus V{* is semistable
also for t € T it is simple if and only if the restriction of (6.7.11) to J x {t} is
non-split (where k € {1,...,16} is the unique index such that ¢ € Ty). Let ey
be the extension class of (6.7.11): since Hom(A,(1), Ax(2)) = 0, a simple spectral
sequence argument shows that

(6.7.12) er € Ext'(Ae(1), \e(2)) ® HY(Op, (—T)).
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The class ey is equal to a Kodaira-Spencer map. In fact let t € I',’: for i = 1,2
there is an exact sequence

(6.7.13) 0— \e(i) = UY = N(3—1) — 0.
Composing the associated projection
Ext! (U, U>) — Ext* (A (i), \e(3 — 7))

with the Kodaira-Spencer map of U*, we get a map of rank-two vector-bundles
over I'y

Ny pe “ Op @ Ext! (s(i), A3 — ).
The geometric meaning of o, (7) is contained in the following observation [04,(1.17)].

(6.7.14) Remark. Let (x,v) € NF;/P;7 ie.z € I'y and v € T, P, /T,I', . Then
0, (i)(z,v) = 0 if and only if the inclusion A;(i) — US lifts to first-order in the
direction v. (Meaning in the direction of any © € T, P, representing v.)

Notice that o (1) is an element of the right-hand side of (6.7.12). By [04,(1.12)]
we have

(6715) €L — Uk(l).

(6.7.16)Claim. The map o (i) is an isomorphism away from zy(2).

Proof of the claim. Let W, = 6~ 1(W,); thus t € W if and only if Tors(R;)
has length 2, where R is the sheaf appearing in (6.6.9). Arguing as in the proof of
Ttem (1) of (6.5.4) we get that

h|W; W, — :fa

is the blow-up of V(;l(j[ZD. In particular W, N E~ =T, and the intersection is
transverse. Thus we have a direct sum decomposition

(6.7.17) Np-/pr = Noojwir @ Neo g = Op-(=1) © Op- (= 1).

On the other hand the Fs-term of the local-to-global spectral sequence abutting to
Ext® (Ak(i), \p(3 — 1)) gives an exact sequence

(6.7.18) 0 — H'(Hom(M.(i), \e(3 —14))) — Ext! (Ap(4), \e (3 — 1))
L HY(Bat* O (3), \e(3 — ) — 0.
Let us show that away from zy (i)

(6.7.19)
Lo Jk(i)(NF;/E;) # 0.
(6.7.20) 03 (1) (Np— ) = HY(Hom(A\g (i), \e(3 —4))) ® Op-

To this end we recall the geometric meaning of the map ¢ appearing in (6.7.18),
i.e. the local analogue of (6.7.14). Let (z,v) be an element of the vector bundle
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(6.6.10): then £(ox(x,v)) = 0 if and only if the singularity of U at iy (g;) deforms
to first-order in the direction v. Let us prove (6.7.19). Let G := g, . and assume

z € (I \ {z1(i)}). Let S :=h~'(h(x)): if k is the map of (6.4.3) then
(6.7.21) S = P(ker(k) & Co),

where 0 € H%([pg — 2o — 4] ® i%,G) is such that k(o) € H°(K¢) is non-zero. Since
S C E, , and we have an isomorphism

(6.7.22) TS < (Np )

in order to prove (6.7.19) it suffices to analyze the stalk at (in(¢;),z) of the sheaf
A= Ha\ Jxs- By definition we have an exact sequence

0—A— G®0s 2 (i x idg)sQ — 0

(we have dropped the pull-back signs in the middle term). Here Q is the sheaf on
C x S fitting into the exact sequence

0 — [—po + 20 + 4] ® Os(~1) 5 G ® Oy > Q — 0,

where ® is the tautological map (see (6.7.21)). Let {w,z} be a system of local
parameters on J centered at i,(g;) such that w = 0 is a local equation of ©,,
and s be a linear coordinate on S centered at x. Thus {z, s} is a system of local
parameters on O, x S centered at (i,(g;),x): abusing notation we denote by the
same symbols their pull-back to C' x S via (i, X idg). We claim that choosing a
suitable local trivialization of ¢}, G ® Og around (g;,z) we have

(6.7.23) O(z,s) = (2,9).

To see why let (k(0)) = p + p/. Since z # z,(i) we have ¢; ¢ {p,p'}. Thus
o(g;) is not contained in the sub line-bundle [pg + §r] — i5G (see (6.2.6)); this
implies (6.7.23) because a generator of ker(x) has a simple zero at ¢; and has image
contained in the above sub line-bundle. Given (6.7.23) one computes immediately
the stalk of A at (in(g;),x). Explicitely, letting O be the local ring of J x S at
(ia(gi), x) we get an exact sequence

0 - A0 — 0B o — 0.
(a, B,7) +— wa—2zB—sy

Let (O, m) be the local ring of .J at i, (g;). We may assume that the stalk at i, (g;)
of (6.7.13) is given by

(6.7.24) 0—m- A0 L0 -o.

Let
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(Yes, we are abusing notation.) By (6.7.22)
Coai(i)(x,v) = e € Ext*(m, O),

where € is obtained as follows. The first-order deformation of A ® O defined by
A ® O gives an exact sequence

0-AR0 -5 A20/(s*) — A0 —0

with extension class € € Fat' (A ® O, A ® O); by definition ¢ = g o €o f, where
f,g are the maps of (6.7.24). An easy computation shows that € is the (non-zero)
generator of Ext!(m, O), and this proves (6.7.19). Now let’s prove (6.7.20). The
left-hand side of (6.7.20) is contained in the right-hand side because as = varies
in W, the sheaf U2 is equisingular. Hence since both sides of (6.7.20) are line-
bundles it suffices to show that o (i) is non-zero on Np— iy away from zy(1).
Assume (z,v) € NF;/W; and oy (¢)(z,v) = 0. By (6.7.14) J.(v) is tangent to Y,
at sg; of course d.(v) is also tangent to W, at si. The proof of the first statement
of (6.5.14) works as well for first-order deformations, hence we get that

(Voo fo)u(v) € Ty {y € J| 20 ~ Gs_; —#, somer e C.}.

The right-hand side equals Cr, where 7 € H°(K¢) is a section such that (1) =
¢; +q, and we make the canonical identification P(T}y, ) = P(H°(K¢)). If x = p+p/
then C(vy o f_)«(v) = p + p'; hence oy (i)(x,v) = 0 implies that p +p’ = ¢; + ¢,
ie. = z,(i). This proves (6.7.20). Claim (6.7.16) follows at once from (6.7.19)
and (6.7.20). A

Let Y, C P, be the closure of the locally-closed subset of points ¢ such that
Tors(R:) has length 1, where R is the sheaf appearing in (6.6.9). Thus for ¢t € Y~
the sheaf U is strictly semistable (see (6.5.20)).

(6.7.25)Claim. Keeping notation as above,
Yo NIy ={z(1), 2(2)}-

Both intersections are transverse.

Proof of the claim. Assume xz € Y, NI, . Since dimY, = 2 there exists v €
T,P; “normal” to I'; which is tangent to a curve D C Y, . Since U;* is properly
semistable for all ¢ € D at least one of the inclusions Ag(1), \p(2) — UZ lifts
to first-order in the direction determined by v. By (6.7.14) and (6.7.16) we get
that © € {z,(1),2,(2)} and that if x = 2(i) then A\p(3 — i) — U does not lift.
In particular Y, NI, C {zx(1),2:(2)}. To prove the reverse inclusion and the
transversality of the intersection we consider Y, N E,_ . First let’s show that the
intersection is transverse. Let x € Ej correspond to a reduced divisor p + p’ € K¢
via (6.7.6), and assume also that = ¢ {h(zx(1)),h(2£(2))} (e p+D # a + ¢).
Arguing as in the proof of (6.7.19) one shows that f~'(z) intersects Y, transversely,
and hence E, is transverse to Y. Next, the image

0(Ya NE;) C f7 () = P(H([po — 20 — 1] @365, ) = P?
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is computed by a Chern class computation. In fact let w¢, mp2 be the projections
of C' x P? onto C' and P? respectively. Then

B(Ye NEL)] = me2 w(ca(mlpo — 20 — yi] @ meig Gy, @ w52 Op2 (1)),

where the multiplicity of the left-hand side equals one because Y, is transverse to
E, . From the above formula one gets that 6(Y, N E, ) is the image of C for the
map associated to the linear system [2K¢c — 2a|. Furthermore s, = 6(I",) is the
node of 6(Y,, N E, ): since the two tangent directions at the node correspond to
z(1) and 2;(2), we get that Y, NI, = {2(1), 2x(2)} and that the intersection is
transverse at each of these points. A

Given claims (6.7.16) and (6.7.25) we can determine oy (4): let’s show that

(6.7.26) o (i) = pr(i) ® (),
where
(6.7.27) k(i) € GLo(C), (i) € H(Op-(1)),  7i(i)(2k(3)) = 0.

Since U is strictly semistable for every ¢ € Y, either for j =i or for j = (3 — i)
the inclusion A (j) — U, ;) lifts for every deformation inside Y. By (6.7.16) the

k
former inclusion is the one that lifts. By (6.7.25) every direction normal to I', at

2z (i) is represented by a vector tangent to Y, , and thus by (6.7.14) we get that

[0}

o1(i) vanishes at zx (7). Hence oy (i) = 95 (%) @ 7(7), where 74 (7) is as in (6.7.27),

and (i) € End((’)l(i)). By (6.7.16) det ¢ (i) does not vanish outside z(4); since
k

det ¢y (%) is a section of (’)F; we get that it is nowhere zero, and this proves (6.7.26)-

(6.7.27). Now we can finish the proof of (6.7.8). Assume x € (T'x \ Zx(1)) (for
k=1,...,16); we must prove that V¢ is simple. This is true because by (6.7.15)
and (6.7.26)-(6.7.27) the restriction of (6.7.11) to J x {z} is non-split hence simple.
A

The elementary modification W*(N'). Let N' C P, be open and such that
(6.7.28) Zi()CN k=1,...,16.

— _ 16
Let Yo := - (Yy). Let t e Yo, NN. Ift ¢ |J Zi(1) then V is strictly semistable
k=1
and simple by (6.7.8), hence it has a unique destabilizing sequence. On the other
16
hand if ¢t € |J Z;(1) then Exact Sequence (6.7.13) for ¢ = 1 lifts to a destabilizing
k=1

sequence of V¥ for every £ € Y, near ¢, by (6.7.25) and (6.7.16). Thus there is a
well-defined exact sequence

(6.7.29) 08—V 7.nn) .7 50

which restricts to a destabilizing sequence of V¢ for every t € Y, NN. Let W¥(N)
be the sheaf on J x N fitting into the exact sequence

(6.7.30) 0= WEN) — V| yun -5 i, T — 0,

where i: (Y, NN) < N is the inclusion and g is the restriction to J x (Y, NN)
followed by the map g of (6.7.29).



A NEW SIX DIMENSIONAL IRREDUCIBLE SYMPLECTIC VARIETY. 49

(6.7.31)Proposition. With notation as above, W*(N') is a family of torsion-free
semistable sheaves on J parametrized by N, such that

VWA N)) =v, detW*N) =0y, Y cx(W*(N)y) =0
forallt e N. Ift € (N'\Y,) then WY(N); = V. Finally, if N is a sufficiently
small open set satisfying (6.7.28) then W*(N'); is simple for all t € N.

Proof. All the statements except the last are standard. Let us prove that if ¢ €
(Yo NN) the sheaf W(N); is simple, if N is sufficiently small. Applying the
functor ®O 7, (7 ) to (6.7.30) we get an exact sequence

0— T @myOn(~Ya) = W N)|jyw.on) = S =0,

where mr: J x N — N is the projection. Hence if t € (Y, NN) we get an exact
sequence

(6.7.32) 0—T —>WYN) — S — 0.

Thus it suffices to show that the above extension is non-split. Since A can be

chosen to be an arbitrarily small neighborhood of |J Zx(1), it is enough to prove
k=1

that (6.7.32) is non-split for t = p € U Zi(1). Let A C Ty be the P! containing p

and belonging to the ruling opposrce to that of Z;(1). Let pr(1)(A) = Ce where
¢i(1) is as in (6.7.26). Thus e is the class of a non-trivial extension

(6.7.33) 0— A(2) = H — A(1) — 0.
Let
(6.7.34) 0— 75Ae(2) = iH — 75 (1) = 0

be its pull-back to J x A, where 7;: Jx A — J is the projection. By (6.7.11), (6.7.15),
(6.7.26) and transversality of the intersection Y, N T (see (6.7.25)) the restriction
V% sxa is the pull-back of (6.7.33) by the inclusion 75\, (1)(—73 (p)) — 75 Ae(1),
where mp:JJ x A — A is the projection. In other words V| s« is the elementary
modification of 7H fitting into the exact sequence

(6.7.35) 0— VY yun = m5H — j. k(1) — 0,
where j:J x {p} — J x A is the inclusion. Restricting to J X p we get a surjection
(6.7.36) v L)

Since W*(N)|sxa is the elementary modification of V¥| .4 fitting into the exact
sequence

(6.7.37) 0— WYN)|sxa — V¥ rxa EN J«(Ax(2)) — 0,
i.e. the modification “inverse”to (6.7.35), we see that
(6.7.38) WHN)sxa = 75H @ 73 (—p)-

In particular W*(N),, is isomorphic to the non-split extension (6.7.33), hence it is
simple. This finishes the proof of the proposition. A
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The map €. Let N be sufficiently small, so that (6.7.31) applies. Then the
sheaf W*(N') defines a regular map po(N): N — V,. On the other hand by (6.7.8)
16
the restriction of V* to J x (P, \ | Zk(1)) defines a regular map
k=1

16
(6.7.39) (Pa\ | 2e(1) = V.
k=1

By (6.7.31) the two maps coincide on (A '\ Y,) hence they glue together and they
define a regular map €q: Po — Vi. By (6.7.26)-(6.7.27) &, is constant on every
P! C T belonging to the ruling “opposite” to that of Z;(1), hence €, descends to
a regular map €}: P¥ — V.

The map € away from (¢£)1(,). We will prove that
(6.7.40)  the restriction of €/ to (P} \ Y;) is an isomorphism onto (V, \ ).

Since V" = (¢£)~1(£) and 7: M — M is an isomorphism outside ¥ = 7(%), it is
equivalent to show that the restriction of u, to (P \ Ya) is an isomorphism onto
(Vo \ X). One defines an inverse of this map proceeding as in the proof of (6.3.16);
what is needed is an analogue of (6.3.20) valid for all [F] € (V,, \ £). This is the
content of the following lemma.

(6.7.41)Lemma. Let [F] € M and assume F is stable. Then there is at most one
exact sequence

(6.7.42) 0= A—iF—-£(—0

such that \, £ are rank-one sheaves, with deg(\) =1, deg(§) = —1.

Proof of the lemma. If it F' is locally-free the result follows from (6.3.20), hence
we assume i F is singular. Thus [F] € (B, \ ¥). Consider the canonical exact
sequernce

(6.7.43) 0—F—F* 20—

By (4.3.3) we have Q = C,, @ C,,, where 21 + 29 = 0 and 21 # 3. By the same
proposition

(6.7.44) F*=LaL' L®2%0,

or else there is a non-trivial extension

(6.7.45) 0—-L—F*>L—-0, L®==0,.
Let ¢,,, L., be the fibers of ¢ and L over z;: we claim that

(6.7.46) ker(¢z,) N LE' = {0}.
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In fact assume (6.7.46) does not hold, say ker(¢,,) = L,,, then from (6.7.43) we
get an inclusion I, , ® L C F, contradicting stablility of F. Applying the functor
% to (6.7.43) we get an exact sequence

(6.7.47) 0—itQ — it F — i*F*™ 2% i* .

Let V := i} F/i} Q; we claim that this is a slope-semistable vector bundle on C,
i.e. that if n is a line-bundle on C such that Hom(n, V) # 0 then deg(n) < (-1).
If (6.7.44) holds this is an immediate consequence of (6.7.46). If (6.7.45) holds, we
notice that since the map H'(O;) — H(Oc¢) induced by i, is an isomorphism,
Exact Sequence(6.7.45) remains exact when we pull-back by i, and this together
with (6.7.46) easily implies that V' is slope-semistable. Any rank-one subsheaf of
1> F' is of the form 1 @ T, where 7 is a sub-line-bundle of V' and T' C ¢},(). Assume
that deg(n @ T') = 1: since degn < (—1) we get that £(T) = 2. Thus 1,22 € O,
so that x; = ¢; (where ¢; is given by (4.2.2)), T = C,, ® C,,, and degn = (-1).
This gives a bijection between the set of Exact Sequences (6.7.42) and the set of
sub-line-bundles n C V with deg(n) = (—1). We will prove that if (6.7.44) holds
then there is at most one such sub-line-bundle. The proof of the analogous property
when (6.7.45) holds is left to the reader. Assume there are two distinct sub-line-
bundles 71 C V, e C V of degree (—1): since degV = (—2) we get that

(6.7.48) V=m @ ne.

Let ¢ := i}, L; composing 7; < V with the injection V' — 4}, F** we get an injection
n; < (L £~1). It follows from (6.7.46) that the projections n; — ¢*! are non-zero,
hence

Ny 2= 0(=p;) = 1 (=1))

for some p;,r;. Thus
(6.7.49) %2 = [p; —rj].
Since £®2 2 O¢ this implies that
(6.7.50) ro=py, p2=ri
On the other hand det(V) 2 [—¢1 — ¢2] and thus (6.7.48) gives

(2 (—p1 = p2) = [~q1 — @]
Using (6.7.49) and (6.7.50) we get that ¢1 + ¢2 € |K¢|, a contradiction. A

The restriction of € to Y;F. We begin by describing V. Let 7q: Ty — C x J
be the P!-fibration with fiber P(Ext!(I_, ® £,', I, ® Ly)) over (p,w). Thus we
have a quotient map

(6.7.51) Cat To — Yo,

corresponding to the equivalence relation generated by setting [er] = [ef] for [er] €
P(Ext (L, (4) ® L' L. (q1) ® L)), and e generating the annihilator of ep in the
Serre duality pairing. We define a regular map

pa:?a - Ta
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16
as follows. If t ¢ |J Zx(1) then V§ is simple and semistable, hence there exists a
k=1
unique destabilizing exact sequence
0—=1 L) =V =1, Ly — 0,

and this determines a point of T,. If ¢ € Zj(1) the sheaf W*(N\), is simple and
semistable, hence it fits into a unique destabilizing exact sequence which determines
an extension class eyya (v, € P(Ext! (I, (4) ® L', Li. (42) ® L)) for a suitable w.
We set po(t) := el%va(/\/)t' That p,, is regular follows from (6.7.31). Clearly

(6.7.52) ealy. = Ca © pa-

(6.7.53)Lemma. Keeping notation as above,

(6.7.54) Im(7y 0 po) = {(p,W)| p — 2w ~ r — 2« for some r € C} =: E,.
Furthermore m, o py is the blow-up of =, with center

Qo = {(g5 9k —ig(g3—i)) = (@i, [Le(D)]))}, i=1,2, k=1,...,16.

Proof of the lemma. First we show that Im (7, 0 po) C 4. Assume t € (Y, \T),
and let I, ® L4 — Vi be destabilizing. Let u := 6 o §_(¢). Then we have an
injection

(6.7.55) I,® Lo — FO.
Composing with F¥ — g]?‘(u) we get that
WLy ®GFy) >0,
hence by (6.5.19) we get that
(6.7.56) [w] 2 i Lo = [po — f(u) — 7] for some r € C.

On the other hand (6.7.55) gives that the line-bundle ¢ appearing in (6.3.1) (with
G= g]%(u)) must be equal to Oc(w — p) and thus from (6.4.2) we get that

—

(6.7.57) w—p~ —po+2a+ f(u)

From7(6.7.56)—(6.7.57) we get that Im (7, 0p0) C 2. Since Z,, is smooth irreducible
and Y, is a surface smooth at points of Z;(j) (for j = 1,2 and k = 1,...,16), in
order to finish the proof of the lemma it suffices to show that for (p,w) € Im(7a0p4)

we have
( \L(p, 10) { one point if (p, ) ¢ Q,,
Ta © Po W) = . . N
p b Zy(1) if (p, ) € Q4.
Let t1,t2 € (T © pa) ' (p, ), and set u; := & o B_(¢;). It suffices to show that

u1 = ug. From (6.7.57) we get that f(u1) = f(uz). Thus each of uy, ug corresponds
to an Exact Sequence (6.3.1) with G = G, where §o := f(u1) = f(uz2). An easy
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stability argument shows that ho(ﬁfbl ® ng) =1, and thus there is a unique Exact
Sequence (6.3.1) (with G = g;:(u)) such that the elementary modification F fitting
into (6.3.9) is strictly semistable. This shows that u; = us. A

Now we prove that
(6.7.58) edly+1 Vb — Vo NS s bijective.
The map is surjective by (6.5.20). Let us prove injectivity. First notice that
(6.7.59) Y =Ya/~,
where ~ is the equivalence relation identifying ¢ € Z; (1) with the point t’ € Z(2)
belonging to the same P! of the ruling opposite to that of Z(i). By (6.7.52)
and (6.7.59) injectivity of €, restricted to Y, will follow from
(6760) Ca o pa(tl) = Ca e} pa(tg) implies t1 ~ tQ, for tl, tQ S ?a-
If pa(t1) = pa(t2) it follows immediately from (6.7.53) that (6.7.60) holds. Thus we
may assume that p,(t1) = pa(t2) but pa(t1) # pa(ta). Without loss of generality
we may suppose that

Waopa(tj):(qja(_l)jw)v W€ J.

By (6.7.54) we get that
(6.7.61) g —2(-1)w~r;—2a, j=1,2, r;€C,

and hence 71 +r3 € |[K¢ + 2a. Thus

(6.7.62) ri~Ke—gq;, j=12o0r
(6763) Ty~ KC —q3—j ] = 1, 2.

Let u; := 0 o B_(t;). If (6.7.62) holds then
2f(u1) = 2f(u2) = 20,

hence t1,t5 € T’ and one readily verifies that ¢; ~ t3. Now assume (6.7.63) holds.
Then

—

fug) = w+ia(g5—5 — po),
and thus 2f(u;) # —2a. Hence

Vg = ((;:)ﬁ,(tj) = FJ?
Thus we have a non-split exact sequence

(6.7.64) 0= Ligq) ® Lo~ Fy — L gy ,) @ L — 0.
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(By (6.7.63)-(6.7.61) we have 2w = 0.) Let e; € Ext!'(;_ (g,_,) ® L, L, (q;) @ L)
be the extension class of (6.7.64): we must prove that

(6.7.65) (e1,e2) #0,

where (, ) is the Serre duality pairing. The local-to-global spectral sequence
abutting to Ext®( , ) gives a natural isomorphism

v Ext! (Iia(%_j) R L, Iia(qj) & [:1;,) = Hl(OJ)

commuting with Serre duality. Since a one-dimensional subspace ¢ C H(Oy) is
the Serre-duality annihilator of itself, we get that (6.7.65) is equivalent to

(6.7.66) [vi(e)] # [v2(e2)].

We claim that via the composition of canonical isomorphisms
P(H'(0,)) = P(H'(Oc)) = P(H"(Kc)),

we have

(6.7.67) [vile))] = a5 + a5

By (3.7) this will imply (6.7.66). In order to prove (6.7.67) we set G; = Gfuy)
Composing the map ¢; of (6.7.64) with the inclusion F; — G we get an injection
Ly — G;, which gives rise to a (non-split) exact sequence

0—Ly— G — I ) ® Ly(On) — 0.

a(QS—j

The corresponding extension class f; is a generator of Ext! (Li (g5 ) @ L3 (Oa), L)
Applying the Hom(e, L3 )-functor to the exact sequence

0— Iia(QS—j) @ Ly — Iia(q37j) ® ‘C@(@a) - ia,*(cqz’ﬁi D KC(—QB—]‘)) ® Ly — 0
we get an exact sequence
(6.7.68) Eth(Iia(qg,j) QR Ly(On), L) i Eth(Iia(q:’,fj) ® Lo, L)
A
— EXtQ(ia’*(Cqsq @KC(_QB*j))@)‘ClDa Ly) — EXtQ(Iia(qs—j)@)‘Cw(@a)’Eﬁ’) — 0.
Given the natural isomorphism

EX (L (g5 ) @ Lo Tiaa) @ L) = Ext! (L5 ) @ L La)

we have e; = (;(f;). The transpose of A; is given by the restriction map

AT
H° (I, (45;)(©a)) == H(C;Cqy_, ® Ko(—a3-5)),
which has image equal to H°(C; C,, ;). By (6.7.68) we get that
Ann(v;(ej)) = Im(H"(C; Ko (—g3-5)) — H°(C; K¢)).

(We make the identification H1(0;)* = H'(O¢)* =2 H°(K¢).) This proves (6.7.67)
and finishes the proof of (6.7.58).
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Proof of Proposition (6.7.1). By (6.7.40)-(6.7.58) we see that €l is a bijection
between Y, and ‘7a. Since P is smooth, in order to prove the proposition it
suffices to show that €} has injective differential everywhere. This is true away
from Y, by (6.7.40), hence we are left with the task of proving that

(6.7.69) def (t) is injective for t € Y.
First we notice that we have an equality of Cartier divisors
(6.7.70) (s =Y.

In fact by (6.7.53) Y is irreducible, hence it suffices to show that for some t € Y,
there exists v € Ty P} such that
(6.7.71) def(v) ¢ T+ )2

In order to exhibit such a t we let I'y := B4 (I')) and I't be the union of the I';’s
(for k=1,...,16): thus I'{ is a (=1, —1)-curve of P;. By (6.7.25) and (6.7.59)

(6.7.72) [t C Y, and is the nodal curve of Y.

Assume N is sufficiently small (as in (6.7.31)): then (6.7.71) holds for all ¢ €
(B4 (M)\T'T) because W*(N); is simple. Now let t € (Y7 \I'"), i.e. in the smooth
locus of Y. By (6.7.70) in order to prove (6.7.69) it suffices to verify that the
restriction of def (t) to T;Y; is injective: this is straightforward. If instead ¢t € T'"
one verifies by an explicit computation that (6.7.69) holds.

6.8. Topological results. First notice that f/a is isomorphic to PJ by (6.7.1),
and that PJ is birational to P, , hence V,, is birational to P, . Since P, is a
P-bundle over I, (see (6.6.8)) it is irreducible, and thus

(6.8.1)* V, is irreducible.
Since both V,, and P are smooth we have H'(V,) = H!(P;). Composing the

isomorphisms
v fr

H(J) = H (L) = HY(Py)
we get that b (P, ) = 4, hence
(6.8.2)* b (V) = 4.
Let Ay == ¢t (I}) (for k=1,...,16) and A := L (T'"). (Thus A isa (—1,-1)
curve of V,.) Let A(V,) C H?(Va;Z) be the subgroup defined by

A(Vo) = {7 € H*(Va; Z)| /r:/r, jok=1,...,16}.
A Ay

We claim that

(6.8.3)* Im(H2(M; Z) — H*(Va: Z)) € A(V,),
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where the map between H?’s is given by restriction. To prove (6.8.3) we notice
that by (6.7.72) and (6.7.58) each Ay belongs to Y. Furthermore each A is a
fiber of ¥ — X. Over ¥ \ Q (where € is the set of equivalence classes of sheaves
(I, ® L) ® (I, ® L)) the map 7 is a locally-trivial fibration, hence all the fibers
represent the same homology class in Hy (/q, Z). Thus the integral over Ay of a
class in H2(M;Z) is independent of k, and this proves (6.8.3). We will need to
know that

(6.8.4)* A(V,) =2 78,
In order to prove it we first notice that there are canonical isomorphisms
(6.8.5) H2(Vy Z) = H* (Vo \ A;Z) = H?(P; \ T~ Z) = H?*(P; ;7).

In fact the first map is an isomorphism because V,, is smooth and A has (complex)
codimension 2, the second map is an isomorphism because (V, \ A) = (P; \ '),
and the third map is an isomorphism because P, is smooth and I'™ has (complex)
codimension 2. The last term on the right of (6.8.5) is isomorphic to Z?3 because P,
is a P'-bundle over fa, hence in order to prove (6.8.4) we must show that the classes
in HQ(VQ;Z) represented by Aq,..., A1 are independent. Let Ej C P, be the
strict transform of E,_ (for the blow-up 3_), let E} := 3, (E}), and Dy, := €} (E}).
One easily checks that
(c1(Di), Aj) = dij,

where 6; ; is Kronecker’s symbol. This shows that the homology classes represented
by Ai,...,As are independent, and proves (6.8.4).

Now we give results on V, N X4. By (6.7.59), (6.7.72), (6.7.58) and (6.7.53) we
get the following result.

(6.8.6)*Proposition. The intersection VoMY, contains A as a double curve, and

is smooth away from A. The normalization of Vo N Sy is isomorphic to the blow
up of 2o at the points of Q. (see the statement of (6.7.53)).

Now we prove that
(6.8.7)* b (Ze N V,) = 24.

We identify Yo NV, with Y, and its normalization with Y, according to (6.7.58)-

(6.7.59). Let Ex(i) C Y, be the exceptional divisor of 7, o p, mapping to the

point of Q, indicized by k,i (see (6.7.53)). By (6.7.59) the smooth locus of Y, is

isomorphic to (Y, \ U Ex(7)). We claim that the long exact sequence of the couple
ki

(Y;F, sm(YSh)) (we let sm(X) be the smooth locus of a variety X) gives an exact
sequence

«

(6.8.8) 0 — HY (Y, sm(Y,) 25 HY (Y -2 H' (Vo \ | Exli) — 0.
k,i

In fact injectivity of A follows immediately from connectivity of Y, (see (6.7.53)).
To show that ¢ is surjective we must prove that

H2 (Y5 sm(Yeh)) — HA (YY)
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is injective. It suffices to verify injectivity of the map
2 237
p: Y sm(Y;) — HA(V o)

obtained by composing with the homomorphism H?(Y;) — HZ?*(Y,) induced

by normalization. Let Uy,...,U;s C Y be pairwise disjoint neighborhoods of
I'T,... T gotten by gluing toghether tubular neighborhoods of Ex(1) and Ej(2),
for k=1,...,16. Excision and Mayer-Vietoris give

16
HX(Y,, sm(Y,]) = D Qu,
k=1

where the restriction of y to I'} is a generator of H*(I'}), say of degree (—1),
and the restriction to I'j" for i # k vanishes. Then pu(vyx) = c1(Ex(1)) + c1(Ex(2)).
Since the classes {c1(Ex(j))| k=1,...,16, j = 1,2} are linearly independent, p is
injective. This proves that (6.8.8) is exact. We go on with the proof of (6.8.7): we
have

H' (Yo \|JEr(i) 2 H' (B0 \ Q) = H' (Ea),
ki

where E, is as in (6.7.53). Below we will prove that
(6.8.9) b (E,) = 8.

Granting this, bl(ia N ‘7&) is computed as follows. The first term appearing
in (6.8.8) is computed applying excision and Kiinneth: the result is that

dim HY (Y, Y5\ sing(Y.h)) = 16.

Thus (6.8.8) gives b (£ N Vy) = 24.

Proof of (6.8.9). Let my:J — J be “multiplication by two”. Let C := m;'(®),
and

c L. ¢

r o~ u(2z),
where u is the Abel-Jacobi map of (1.6). Thus f is the Galois cover of C' with J[2]
as group of deck transformations. The map

Cx(C I =,

(6.8.10) (z,y) +— (f(x),&—§+a)

is the quotient map for the diagonal action of J[2] on €' x C. Thus H*(Z,) is
isomorphic to the subspace of H(C x C') invariant for this action. If 7;: C x C — C
is the projection to the i-th factor,

HY(C x C)P =z p*HY(C) @ w3 f*H(C).
This proves (6.8.9). A

The next result will be used to prove that M is simply-connected. Let R be as
in (5.2.4): by Item (2) of (4.3.2) we have an inclusion i: R — X,.



58 KIERAN G. O’'GRADY

(6.8.11)Lemma. Keeping notation as above, we have

Im(iy) C Im(my (Vo N E0) — m1(Sa))-

Proof. Referring to (6.7.53) let h, be given by

h
¢ = E,

p = (pa).

By (6.7.53) the map hy, lifts to a map hy: C < Y,. Composing with the quotient
map Y, — Y& (see (6.7.59)) we get an inclusion h}:C — Y. Let £1: Y} — 3,
be the inclusion given by (6.7.58). As is easily checked the image of

(6.8.12) 05y ohl :m(C) — m(Za)

is contained in the image of i4. Next let Ly, Ly C Y, be two exceptional divisors
of 74 0 po, whose images in ), are indicized by the same k (see (6.7.53)): thus the
equivalence relation ~ of (6.7.59) glues together L; and Lo. Let 4:[1,2] — Y, be
a continuous path such that (i) € L; and (1) ~ v(2). Composing 4 with the
quotient map Y, — Y, we get aloop 77:[1,2] — Y, such that £ (") is in the
image of ix. Furthermore one easily checks that iy mi(R) is generated by the image
of (6.8.12) and by E;r,#(v“‘). Since both E;r’# o h;#(C) and f,;#(VJF) are contained

in 17(1 N ia, this implies the lemma. A

Next we give results on ‘N/a N Ea. The composition
-1

B _ o~
proisP, pr T

is a rational map f,:Pf -+ > fa, regular away from I'". The following result
follows immediately from (6.5.4) and (6.7.17).

(6.8.13)*Proposition. Keeping notation as above, the intersection of VaNBq and

A inside V, is transverse, and consists of 16 points, one on each Ay. The rational
map
fro(e) Ny np.:VaNBa:- > 1o

is obtained by blowing up B, NA, and then contracting 16 disjoint (—1) curves (not
intersecting the exceptional divisor of the blow-up of B, NA) to v 1J[2].

(6.8.14)*Corollary. The map
(6.8.15) 71 (Va N By) — m(Va)

induced by inclusion is an isomorphism. In particular

(6.8.16)* b' (Vo N B,) = 4.

Proof of the corollary. We have a series of isomorphisms

1%

(6.8.17) (V) 2 m (PH) = oy (PEATH) 0% (T 0\ B) = (L),

[e3
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If we compose with the map of (6.8.15) we get an isomorphism 7r1(1~/a N éa) =

m(I,), by (6.8.13). Thus the map of (6.8.15) must be an isomorphism. For-
mula (6.8.16) follows from the first statement of the corollary and (6.8.2). A

Another result on f/a N Ea that will be useful is the following:

(6.8.18)* the map 71 (Va N By) — 71(Ba) induced by inclusion is trivial.
In fact by (6.5.4) we have
VaN By C gy (node of C),

where g; is the map of (5.1.2). Since the right-hand side of the above formula is a
P!-bundle over the simply-connected surface K[21.J we get (6.8.18).

We give a description of the triple intersection V N B N E . Let D; C J (for
i = 1,2) be the smooth irreducible curve defined by

D;,:={yeJ 2y~qgs—;—r, somerecC}.
The last statement of (6 5.14) gives an inclusion D; — P,. Composing with the
birational map P, --- > Vy we get an inclusion h;: D; — Va. It follows from (6.5.14)
that

(6.8.19) hy(D1) N hy(Dy) = By NA.

The following proposition also follows easily from (6.5.14).
(6.8.20)*Proposition. Keeping notation as above

Vi N By N3 = hy(D1) U hy(Ds).

In particular by (6.8.19) the curve XN/a N f?a N ia 15 connected.

Finally we give some results on restriction maps. Let H(ia) CcCH 2(f)a) be given
by

(6.8.21)* (2,) := Qei(wy) & H(C) ® HA(J) ® Qer((iq x id5)*L),

where the right-hand side is viewed as a subspace of H2(3,) thanks to (4.1.3) and
Item (3) of (4.2.5). Let (, be as in (6.7.51): we claim that

(6.8.22)* (S,) — H?((; (S N Vy)) is injective.

(The map is the restriction to Yo NV, followed by pull-back for ¢,.) By (6.7.58)
and (6.7.59) we have (;1(34 N Vi) = Y, and the restriction to Y, of the map
fola (f is as in (4.1.1)) is identified with the blow-down map Y, — Z,, where
Zo is as in (6.7.53). Thus wy has degree (—2) on each of the exceptional divisors
of Y, — Z,, and all the elements of the other direct summands of (6.8.21) have
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degree zero on the exceptional divisors. Hence the kernel of the map of (6.8.22) is
contained in

(6.8.23) H*(C) ® HA(J) ® Q1 ((iq x id5)*L).

Let go:C x C — E, be as in (6.8.10). In order to prove (6.8.22) it suffices to
show that the natural map from (6.8.23) to H2(C x C) is injective. This is an easy

exercise given the explicit formula for ¢, of (6.8.10).
Let

H' (SanVy) 25 H (SaNBaNVy)  HY BanVy) 2 H (SaNBaNV,)
be the maps induced by restriction. We claim that
(6.8.24)* dim Im(ry) + dim Im(rg) > 19.
In fact consider the exact sequence
(6.825) 0 — Q — H'(Sq N By N Va, sm(Sa N By NVy))
— H' (S0 N BaNVa) -5 HY(sm(Sa N Ba NT2))

We claim that the image of the map A of (6.8.8) (recall that S, NV, is identified
with Y,;F) maps surjectively to the kernel of the map 1 of (6.8.25), and hence

(6.8.26) ker(¢)) C Im(rq).

In fact, adopting the notation used in the proof of (6.8.8),

16
HY(Y,E, sm(Y,h)) = @) HO (Uy, sm(Uy)),
k=1

where H is reduced cohomology. Similarly

16
H (S0 N Ba N Vo, sm(Sa N Ba NVa)) = @ H(Uy N Ba, sm(Uy N Ba)).
k=1
The map
16 » 16 » " _
B = (U, sm(Ux)) — €D H(Uy, N B, sm(Ux N Ba))
k=1 k=1

is an isomorphism because by (6.8.19) the nodes of ia OEQ 017'& belong to the nodal

curve of ¥, NV, with each irreducible component of the nodal curve containing

exactly one node. This proves (6.8.26). On the other hand the composition
HY(BoNV,) -5 HY(Dy) 2 H'(sm(Sa N Ba N Vy))

is injective because both [ and m are injective, and hence (6.8.16) gives that
dim ¢ (Im(re)) = 4. By (6.8.26) we conclude that (6.8.24) holds.
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7. PROOF OF THEOREM (1.4)

By (2.3.2) and (2.3.6) we know that M is of pure dimension 6 and that & is
symplectic.

7.1. Proof that M is connected and simply connected. By (3.2) it suffices
to show that

(7.1.1) Z, is connected,
(7.1.2) m(Zs) = {1},
where

(7.1.3) Zo =0 UByUV,.

Let us prove (7.1.1). By (4.4.1), (5.2.1), (6.8.1) each of S,, Ba, Vg is irre-
ducible, and by (4.3.2), (6.8.6) and (6.8.13) every pairwise intersection is non-empty.
By (7.1.3) we get that Zq is path-connected. Now we prove (7.1.2). First let’s show
that m (Z,) is s generated by the images of 71(a), m(Ba) and 71 (Va). By (6.8.6)-

(6.8.13) both ¥, NV, and B, NV, are irreducible, hence connected, and by (6.8.20)
the triple intersection 2o N By NV, is non- n-empty: thus (SaUBa) NV, is connected.
Applying Van Kampen to Z, = (34 U Bq) UV, we get that m(Z,) is generated
by m1(Sa U Ba) and 771(17 ). By (4.3.2) Sa N By is irreducible, hence connected, so
that by Van Kampen 71 (3o U By) is generated by T1(Za o) and (B o). This proves
that 71 (Z,) is generated by the images of m1(2q), m1(By) and 7, (V,). By (4.4.6)
and (6.8.14) the images of 71(Zq) and 71 (V,) are contained in the image of m1(Ba),

hence m1(Ba) — m1(Za) is surjective. By (5.2.5) we get that mi(R) — T1(Za) is
surjective, where R is as in (5.2.4). Thus (6.8.11) gives that 7r1(V ) = m1(Za) is
surjective, and hence by (6.8.14) 71(Va N Ba) generates m1(Za). By (6.8.18) we
conclude that Za is simply-connected.

7.2. Proof that bg(ﬂ) < 8. The key is the following result.

(7.2.1)Proposition. The map HZ(.//\/lv : Z) — H%(Vy; Z) induced by restriction is
injective.

The proposition implies the claimed bound on by(M) because by (6.8.3) the
image of the restriction map is contained in A(f/a), and this group has rank 8 by
Formula (6.8.4).

The first element in the proof of (7.2.1) consists of a Mayer-Vietoris argument.
Let X1 := g, Xo = Ba, X3 := V,, and

CP(HY):= P HU(Xi,n--NX;;0).

1<ip<-<ip<3

We let §:CP(H?) — CP*'(H?) be the usual Cech cochain map, and Z?(H?) C
CP(H?) be the group of d-cocycles.
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(7.2.2)Proposition. The map
H(Zo) — Z°(H?)
induced by restriction is injective.

Proof. This is proved by considering the Mayer-Vietoris spectral sequence associ-
ated to the decomposition Za = ia U Ea U 17a, and applying our results on the
cohomology maps induced by restriction. More precisely one can triangulate Za SO
that every intersection of the X;’s is the support of a sub-triangulation. Let

Eg,q = @ Sq(XiO ﬂ"'ﬂXip),

1<ip<-<ip<3

where S9(X;, N---N X, ) is the group of cochains supported on X, N--- N X; .
Letting 0: E?'? — EP™9 be the Cech cochain map, and d: E?'? — E%t! be the
map induced by the coboundary of simplicial cochains, we get a double complex
which computes the cohomology of Za, because 4 is exact except at Eg 1 where its
homology is the group of simplicial cochains of Za (see [W, p. 202]). On the other
hand the filtration “by p” generates a spectral sequence with E-term given by

B = Cr(H"),

whose differential B¢ — EP! is equal to the Cech cochain map & considered
above. Thus Eg’2 = Z%(H?), and in order to prove the lemma it suffices to show
that

E’=Eyt =0.

The first vanishing is trivial: by (6.8.20) the intersection ia ﬂéa 017'@ is connected,
hence 6: B}® — E?? is surjective. To prove the second vanishing we must show
that the complex

Loty T e

is exact. By (4.4.2), (5.2.2) and (6.8.2) we have

(7.2.3) co(HY)

(7.2.4) dim CO(H') = 14,
and Formulae (4.4.3), (6.8.7), (6.8.16) give

(7.2.5) dim C*(H") = 33.
We claim that

(7.2.6) the map 6! is injective.

This may be verified directly, or else one may argue that since E; 0 = 0 we have
HY(Zy) = EY'; by (7.1.2) we get B =0, i.e. ker(6%1) = 0. By (6.8.24) we have

(7.2.7) rk(sth) > 19.

Exactness of (7.2.3) follows at once from (7.2.4), (7.2.5), (7.2.6) and (7.2.7). A

We represent elements of Z°(H?) as v = (y1,72,73), where v; € H?(X;; Q). The
second element in the proof of (7.2.1) consists of the following result.
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(7.2.8)Proposition. Keep notation as above. The map

29(HY) — H(V,)
(Y1,72,73) Y3

18 1njective.

Proof. Since 7y is a d-cocycle

(7.2.9) Nl ng, =2ls.05,-

Thus (5.2.7) gives that

7 (m) € Q[C x E] & (ide x w) " (H*(C) @ H*(J) & Qe1((ia x id5)*L)).
Applying (4.4.9) we get that v, € II(3,), where II(,) is as in (6.8.21). Now
assume 3 = 0. Since v is a cocycle we get that the restriction of v; to X, NV,
vanishes, hence by injectivity of (6.8.22) we get v1 = 0. By (7.2.9) and (5.2.6) we
also get o =0. A

Proof of Proposition (7.2.1). Since M is simply-connected HQ(M; Z) has no tor-
sion, and thus it suffices to prove that the restriction map H?(M;Q) — H?(V,; Q)
is injective. This map is equal to the composition of three maps:

H*(M) — H*(Zo) — Z°(H?) — H*(V.,).

The first map is injective by (3.2), the second map is injective by (7.2.2) and the
third map is injective by (7.2.8). Hence the composition is injective.

7.3. Generators of H2(Mv; Q). There exists a compactification of the moduli
space of slope-stable vector-bundles on a projective surface which is “smaller” than
the moduli space of Gieseker-Maruyama semistable sheaves, namely Uhlenbeck’s
compactification [L2,Mor]. Let MY be the Uhlenbeck compactification of the mod-
uli space of slope-stable vector-bundles F' on J with v(F) = v: it is a projective
variety and there exists a regular map ¢: M, — MY which is an isomorphism on
the subset parametrizing slope-stable vector-bundles. Let MY := p(M). We have
Donaldson’s homomorphism [L2,Mor]

(7.3.1) p: H2(J;Z) — H* (MY 7),
characterized by the following property: if F is a family of semistable sheaves on J

parametrized by S, with moduli belonging to M, and f: S — M is the the modular
map, then

(7.3.2) F* 0 6" o (@) = ps.(ca(F) Ua).

(Here ps: J x S — S is the projection.)
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(7.3.3)Proposition. The homomorphism 7 o ©* o u: H2(J;Z) — H2*(M;Z) is
injective, and

T op* ou(H*(J;2)) ®Q, Qci(), Qei(B)

are linearly independent subspaces of HQ(MV; Q).
Proof. Let z € (J\ J[2]). The sheaf on .J given by

(7.3.4) Baty(¢" (1) ® £,¢"(I-g) ® L)

is locally-free of rank two because x # —z. (Here ¢, ¢ are as in (1.9).) Let T be the
projectivization of (7.3.4): it parametrizes semistable simple sheaves on J whose
moduli belong to M. In fact, letting h: T — J be the P!-fibration, 7,7 the
projections of J x T to J and T respectively, and £ the tautological sub-line-bundle
on T, we have a tautological exact sequence of sheaves on J x T’

0—75(I-z) ® (my X h)*AC_1 =& - mi(lL) @ (ry x W)LY rRE — 0.

Since &£ is a family of simple semistable sheaves on J parametrized by T, with
v(&) = v and det(&) = Oy, > c2(&) = 0, it induces by (2.3.7) a regular map
v:T — M. Applying (7.3.2) one easily gets that

v om optop(a) =h*o (671 (a),

where &:.J — J is the isomorphism (1.7). This shows that 7* o ¢* o p4 is injective.
Now we prove the second statement of the proposition. Let I' C X, and A C B,
be generic fibers of the fibrations f of (4.1.1) and g of (5.1.1), respectively. Let us

prove that the intersection numbers of ¢;(X) and ¢1(B) with I and A are given by
the entries of the following intersection matrix

(X)) ei(B)
(7.3.5) r -2 1
A 2 -2

The restriction of 7 to (£ \ ©) is a Pl-fibration over (X \ ), of which I is a fiber:
this gives the top left entry because by adjunction Ky = Oi(i) To get the other
diagonal entry one proceeds similarly: a dense open subset UcCB containing A is
the total space of a P!-fibration G: U — U defined similarly to the map g of (5.1.1),
and A is a fiber of G. Since by adjunction Kz = OE(E), we get the bottom right

entry. To get the off-diagonal entries first notice that by (4.3.10) S and B intersect
transversely outside 7~ ({{I, ® L & I, ® L™'}), hence

(e1(Z),A) =#{\ € A| Gy is strictly semistable},
(¢1(B),T) =#{~ € | F,, has two singular points}.

Here G and F are families of simple semistable sheaves on J parametrized by A
and I' respectively which induce the inclusion maps of A and I' in M respectively.
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(We have used (4.3.2) to get the second equation.) Computing the right-hand side
of the above equalities we get the off-diagonal entries of (7.3.5). Now assume that

ze1 () +yer(B) +u=0,

where 2,y € Q and u € 7 0 p* o u(H?(J;Z)) ® Q. We intersect with I and A, and
notice that
(u, Ty = (u, A) = 0.

In fact the first intersection number vanishes because 7 contracts I', and the second
intersection number vanishes because 7(A) is contracted by ¢ (see [L2]). Since the
intersection matrix of (7.3.5) is non-singular we get that x = y = 0, and hence also
u=0. A

Now we can finish the proof of Theorem (1.4). By the previous subsection we

have bQ(MV) < 8, and by the above proposition by(M) > 8, hence by(M) = 8.

Finally, since ¢1(X) and cl(é) are of type (1,1) and the map 7* o p* o p is a
morphism of Hodge structures (this follows from (7.3.2)), we get that

h2O(M) = h20(J) = 1.
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