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1. Introduction
1.1. Background and motivation

In the context of the search for geometric compactifications for the moduli spaces of
polarized K3 surfaces (see [18]; and [19], [3], [45], [33], [2] for some recent references),
almost forty years ago, J. Shah [50] analyzed the GIT moduli space Mg 2 of plane sex-
tic curves and then compared it to the Baily-Borel compactification %5 of the period
space of degree 2 polarized K3 surfaces. The natural period map p: Mg o --+ F5 is
birational, not regular, with exactly one point of indeterminacy w. Shah [50,49] proved
that the blow up € : 53\?672 — M2 of a scheme supported on w resolves the indeter-
minacy of p, giving a regular extended period map p: 53\1672 — Z5. A few years later,
Looijenga [37] revisited Shah’s work from a different point of view. Looijenga started
from the “other end”(i.e. #5) and noted that p: ﬁﬁg — %5 is a small contraction, that
can be interpreted as the Q-factorialization of .#5. From this perspective, the blow-up
€: ﬁ&g — Mg 2 can be interpreted as the contraction of (the strict transform of) a
certain Heegner divisor H, in %5 (here, H,, is the unigonal divisor, which parameterizes
elliptic K'3s). Later Looijenga [38,39] developed analogous ideas for pairs (%, H), where
Z is a locally symmetric variety of ball type or of Type IV, and H is an effective Heegner
divisor. Briefly, Looijenga’s theory constructs an arithmetic birational modification .Z
of the Baily-Borel compactification .#* which (birationally) contracts the divisor H. In
a number of significant geometric examples (e.g. degree 2 K3 surfaces, Enriques surfaces
[52]), it turns out that, for appropriate choice of H, .% y is isomorphic to a natural GIT
model.

Another important case where Looijenga’s theory works perfectly is that of cubic four-
folds. As an application of the comparison between GIT and Baily-Borel models for the
moduli of cubic fourfolds, Laza [30,31] and Looijenga [40] proved a surjectivity statement
for the period map for cubic fourfolds, which complements Voisin’s Torelli Theorem [54].
The complexity, both geometric and arithmetic, of the case of cubic fourfolds is similar
to that of degree 2 K3 surfaces.

A case that stands in stark contrast with the examples discussed above is that of
degree 4 K3 surfaces and their siblings (e.g. double EPW sextics [44]). Specifically,
despite the apparent geometric similarity between the degree 2 and 4 cases, it is not
possible to understand the precise relationship between the natural GIT quotient 914 5
and Baily-Borel compactification .#; for quartic K3 surfaces by either Shah’s geometric
approach (see [51]), or Looijenga’s theory (see [39, §8.2]). Looijenga’s work hints to an
arithmetic explanation for this paradox. Namely, the complexity of .Z j; associated to
a pair (#,H) as above is related to the codimension of the intersection loci in the
hyperplane arrangement . defining the divisor H (recall, . = 2/T and H = /T
for some I'-invariant hyperplane arrangement 7 C 2). The extreme simplicity of the
period map of plane sextics is explained by the fact that no two irreducible components
of the corresponding arrangement .7 meet; similarly, for cubic 4-folds at most two
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irreducible components of 7 meet. By way of contrast, the hyperplane arrangement
naturally associated to the period map of quartic surfaces is as complex as it possibly
can be, i.e. there are linearly independent hyperplanes with non-empty intersection of
any cardinality up to 19(= dim %#,).

In recent work [36,35], we have set out to revisit the case of quartic K3 surfaces. By
refining the work of Looijenga [39], we obtained in [36] a conjectural decomposition of the
period map My 3 --+ F; for quartic surfaces into elementary birational transformations.
This (conjectural) wall crossing decomposition is determined, up to a certain “depth”, by
following the approach of Looijenga, and for higher depths is regulated by subtle second
order phenomena (of arithmetic nature) that previously had been overlooked. Our main
new tools in [36] are on one hand a variational approach inspired by the so called Hassett—
Keel program for the moduli of curves (e.g. see [21,22]), and on the other hand the heavy
use of so called Borcherds’ relations (with origins in [10,8]). Acknowledging the major
influences guiding us, we have baptized the Hassett—Keel-Looijenga (HKL) program the
study of the birational geometry of locally symmetric varieties of Type IV (such as moduli
of polarized K3s). The guiding principle of this study is that any natural/tautological
model (such as GIT; see []2]) for the moduli of polarized K3 surfaces should be obtained
via arithmetic modifications from the Baily-Borel compactification F*. We regard [20]
and [9] as the starting points for the investigation of the birational geometry of the
moduli of K3 surfaces, and manifestations of this modularity principle.

In [35] we gave strong evidence (of geometric nature) in favor of the correctness of
our conjectures regarding this decomposition (but significant parts of [36] still remained
conjectural).

In the present paper we completely verify our conjectures on the behavior of the
period map for double covers of P! x P!. Our main result, Theorem 1.1 below, gives
a highly non-trivial illustration of our Hassett-Keel-Looijenga program. We emphasize
that the complexity of the period map for double covers of P! x P! is comparable to that
of quartic surfaces (see Remark 1.2), and an order of magnitude higher than that for
plane sextic curves [37] or cubic fourfolds [31,40]. Similar considerations to those in this
paper apply to the study of the moduli space of degree 6 K3 surfaces (and the associated
GIT models for (2,3) complete intersections in P#); this is currently under investigation
by the first author together with Francois Greer and Zhiyuan Li. We also expect that
a version of the Hassett—Keel-Looijenga program for elliptic K3 surfaces (and similarly
rational elliptic surfaces) to be tightly connected to the recent work of Ascher—Bejleri
[1,2]. Finally, for another potential application of our results, we refer to Remark 1.3
below.

1.2. The main result

We start by introducing the main actors. Let

M := |Op1yp1(4,4)|JAut(P! x P1) (1.2.1)
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be the GIT moduli space of (4,4) curves on P! x PL. Let C be a (4,4) curve with simple
singularities (it is GIT stable by Shah [51, Sect. 4]), and let 7: X¢ — P! x P! be the
double cover with branch curve C. Then X¢ is a K3 surface (eventually with canonical
singularities), and 7* NS(P! x P!) is a saturated copy of U(2) in NS(X¢). Thus X¢ is
a U(2)-hyperelliptic K3 surface. The corresponding period space, which we denote by
Z (see Subsection 2.2) is an 18 dimensional locally symmetric variety. We let & C .Z*
be the Baily-Borel compactification. By associating to a generic [C] € 9t the primitive
Hodge structure on H?(X¢), we get the rational period map

p: M ——» F*. (1.2.2)

By Global Torelli, p is birational. By Baily-Borel, &#* is identified with ProjR(&#, \),
where A is the Hodge (Q-)line bundle on .%#.

In [36], we proved that also 91 is identified with Proj of a ring of sections of a Q-Cartier
divisor on .%. Namely, let Hp C % be the Heegner divisor parametrizing periods of K3
surfaces which are double covers of a quadric cone. Let Reg(p) C 91 be the regular locus
of p. Then p(Reg(p)) N.# contains (% \ Hy) (in fact, a posteriori they are equal). We
define the boundary divisor A := Hy, /2 (parameterizing the “missing periods”). With this
notation, we proved that 9 is identified with ProjR(.%#, A + A) (cf. [36, Prop. 4.0.20]).
The main content of [36] is to predict the behavior of the graded C-algebra R(.#, \+5A)
for 8 € [0,1] NQ (interpolating between the algebras associated to the Baily-Borel and
GIT models). First, we conjecture that it is finitely generated. Secondly we predict the
critical values of 3, i.e. the Mori chamber decomposition of the sector {A+BA} z¢(0,1)nQ-
Lastly, we describe the centers of the corresponding flips or contractions. This last part
of the conjecture is formulated in terms of towers of closed subvarieties

8cz'cZbcztcziczrcit c g (1.2.3)
and
Wo CWy C Wy CWs C Wy C W € Wy =Y . (1.2.4)

(The “missing” indexes are not misprints.) The superscripts in (1.2.3) denote codimen-
sion (in .%), while those in (1.2.4) denote dimension. The definition of the stratifica-
tion (1.2.3) is recalled in Subsection 2.2, the definition of (1.2.4) is in Definition 4.10.
Regarding Z°, it will suffice to recall that Z' = Hj,, and that Z* are Shimura subva-
rieties of % corresponding to certain codimension k intersection loci of the hyperplane
arrangement %, (where as before, J, is associated to the divisor Hy,). Regarding W, it
will suffice to recall that 9V is the locus parametrizing polystable (4, 4) curves C such
that the corresponding double cover X¢ — P! x P! has non-slc singularities (i.e. signif-
icant limit singularities in the sense of Mumford and Shah [49]). In particular 9t \ 9V
is contained in the regular locus of p (in fact, a posteriori equal).
We are ready to state our main result.
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Theorem 1.1. With notation as above, the following hold:

i)

ii)

iii)

iv)

jec

Let B € [0,1]NQ. The ring of sections R(F, A+ BA) is a finitely generated C-algebra,
and hence F(B) := ProjR(.Z, X + BA) is a projective variety interpolating between
F*=7(0) and M = F(1).

The variation of models F(B) on the interval [0,1]NQ has a Mori chamber decom-
position whose set of critical values is

Hence for consecutive critical values ' > B" it makes sense to let F(8',5") =
F(B), where B’ > > " is arbitary.

The period map p: M = F(1) --» F(0) = .F* is the composition of the elementary
birational maps in (1.2.5).

F,5) & — 2 FBp_1.B8r) & T 7 F(Br.Bry1) - & — 7 F(E0
Y N NN
m=7(1) Z(3) Z(B) Z($) F(0)=F*

(1.2.5)
Here the critical values of 8 are indezxed as in (1.2.6).
slof 1 [2 )8 afs o |7]s 0

(The equality Bs = B4 is not a misprint.) Let Q_(Bx) C F (Br—1, Br) and Q4+ (Br) C
F (B, Br+1) be the exceptional loci of F(Br—1,8k) = F(Br) and F(Br, Pr+1) —
F (Bi) respectively. Then Q_(By) is the strict transform of Wy, C F (1) = M for the
birational map MM --+ F(Br_1,Br) and Q4 (Bk) is the strict transform of ZkT1 C
FZ(0) = F* ifk # 4, and of Z* C F* if k = 4, for the birational map F* --»
F (Bres Brt1)-

The map F#(1/8,0) — F* is the Q-Cartierization associated to Hy. Moreover
Z(1/8,0) is a moduli space of double covers of quadrics (possibly singular) in P>
with slc singularities.

Summarizing: Ttems (i), (ii), (iii) and the first part of Item (iv) prove that our con-
tures in [36] hold for the period space of U(2)-hyperelliptic K3 surfaces, while the

second part of Item (iv) is a “bonus” result which we find very interesting. Namely, it
says roughly that .#(1/8,0) is a KSBA-like compactification for the moduli space of

U(

2)-hyperelliptic K3 surfaces, and that this compactification is nothing but a small

partial resolution of the Baily-Borel compactification .#*. This is an analogue of Shah’s
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main result from [50] (i.e. .#(1/8,0) is the analogue of 5}}6’2). (We refer to [49] and [25]
for some discussion of KSBA versus Hodge theoretic degenerations.)

In addition to the results and techniques of our previous work ([36,35]), the main new
tool that allows us to prove the theorem above is VGIT for (2,4) complete intersection
curves C' in P3 (the double cover X¢ — @Q of the quadric Q containing C' ramified over
C'is a U(2)-hyperelliptic K3 surface or a degeneration of such surfaces). A similar case,
namely (2,3) complete intersections, was analyzed by the first named author and his
collaborators in [14,13] in the context of the Hassett-Keel program for genus 4 curves.
Here, we follow in rough outline the strategy from [14,13], but as the complexity increases,
some streamlining and new ideas (such as the basin of attraction arguments in Section 6)
are necessary.

Remark 1.2. Arguably, the case of quartic K3 surfaces would have been of greater ge-
ometric interest, but from the perspective of the HKL program it has almost the same
complexity. More precisely, in [36], we have introduced an inductive structure (a certain
D-tower of locally symmetric varieties, see [36, Sect. 1]) on the moduli spaces considered
here (U(2)-hyperelliptic K3 surfaces, polarized K3 surfaces of degree 4, etc.). We expect
then (both for geometric and arithmetic reasons) that Theorem 1.1 implies the analo-
gous result for quartics. Furthermore, we expect to be able to bootstrap these results and
understand the relationship between GIT and periods for EPW sextics ([43,44]); this is
the next step in our inductive structure. The study of the moduli of EPW sextics was our
original motivation for this investigation, which in turn led us to the development of a
general HKL program. We further remark that a non-inductive proof for an analogue of
Theorem 1.1 for quartic K3s should be possible by using GIT/VGIT techniques similar
to those used in this paper. (We thank O. Benoist for a suggestion that allows to reduce
the HKL program for quartics to a feasible GIT computation.)

Remark 1.3. One possible application of Theorem 1.1 is the computation of the coho-
mology of the Baily-Borel compactification .%*. Specifically, Kirwan’s techniques allow
one to compute the cohomology of 9 (see [24] for the case of quartics in P3), while
(1.2.5) gives a simple wall crossing decomposition which allows one to compute (in a
standard way by now) the cohomology of #*. The considerably simpler case of degree 2
K3 surfaces (where no flip occurs) was studied by Kirwan-Lee [26,27] (see also [12] for
another similar example).

1.8. Structure of the paper

We start our paper with a review of the basic facts about the moduli space of U(2)-
hyperelliptic K3 surfaces. In Section 2, we discuss the period space % = Z/T for such
surfaces. We then recall the definition of the (Shimura type) loci Z¥ C F that were
identified in [36] as conjectural centers of the birational transformations occurring in the
variation of models .7 (3). We also describe the loci Z* as the periods of double covers
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X — @ such that @ is a quadric cone, and the branch curve has a certain singularity at
the vertex of @ (see Proposition 2.2) — roughly, the higher the k (corresponding to the
codimension), the worse the singularity of C' at the vertex of Q. We end the section with
a brief discussion of the boundary components of the Baily-Borel compactification % *.

In Section 3, we discuss the other end of the period map, namely the GIT quotient
9 for (4,4) curves on P! x P!. This was first studied by Shah [51, Sect. 4], but we
caution the reader that some of the results of [51] are incomplete. We then discuss the
Hodge-theoretic stratification of 9t analogous to that of the GIT moduli space of quartics
analyzed in [35, Sect. 3] (building on ideas of Shah [49-51]). In particular, we define the
tower (W,) in (1.2.4).

In order to understand the variation of models % (5), we introduce in Section 5 a
“reverse variation” M(¢) (for t € (1/6 — €,1/2] N Q) given by VGIT which interpo-
lates between the GIT quotient 9 for (4,4) curves on P! x P! and the GIT quotient
Chow 3 4y /SL(4) of the Chow variety of (2,4) complete intersection curves in P?. The
precise definition of M () is given in (5.2.4), and is mostly based on ideas in [14], where
the analogous case of (2,3) curves was discussed. A key point (Proposition 5.8) that
comes up in our analysis is that only complete intersections V' (fa, f4) are relevant for
the GIT analysis of M(¢). We also note that for an infinite set of values of ¢,,, the mod-
uli space 9M(t,,) can be identified with GIT quotients Hilb{; 4) /SL(4), where Hilb( 4
denotes the parameter space for m-th Hilbert point of a (2,4) complete intersection.
In particular, one sees that the VGIT map (3 — €) — M(5) = Chow(a4) /SL(4) is
induced by the Hilbert-Chow morphism Hilb(3 4y — Chow 3 4).

The actual GIT analysis for 9(¢) is accomplished in Section 6. Although the tools
that we use are by now standard (we acknowledge the influence of [14] and [7] that
studied a similar set-up to ours, and [22], [4] and [6] that focused on the relationship
between GIT and Hassett-Keel program in general), the proof is a somewhat indirect,
multi-step argument. First, via the numerical criterion, we can destabilize various “bad”
(2,4) complete intersection curves. In particular, curves that are relevant to the change

of stability are contained in a quadric cone. Since a wall crossing in VGIT involves orbits

1
)2
critical slopes (or walls), and associated (potential) critical curves {Cy} by analyzing

with positive dimensional stabilizer, we identify a finite list {t,} C (0,35) of potential
(2,4) curves with a positive dimensional automorphism group. We prove that the poten-
tial critical slopes/orbits actually occur via a two-step argument. First, the numerical
criterion allows us to prove that the generic curve in Wy is destabilized for some t < t.
Secondly, an analysis of the basin of attraction for the potential semistable curves Cj,
shows that the generic curve in Wy can not be destabilized before t;. Thus, the stratum
Wi will change from stable to unstable precisely at tj. Furthermore, it is not hard to see
that the replacement stratum is (birational to) Z**1. This concludes the GIT analysis
of the quotients 9 (t) (we refer the reader to Table 2 for a quick summary). In partic-
ular, we note that 931(% — €) parametrizes double covers of irreducible curves with slc

singularities.
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In Section 7 we return to the period space . and the variation of models .% (). Given
the VGIT models 9(t) studied in the previous sections, we complete the proof of the
main Theorem 1.1 by establishing a natural identification

M(t(8)) = 7 (B) (1.3.1)

for ¢(8) = 4[3::_2. As a consequence, we note that specializing (1.3.1) to 8 = 0 gives:
Corollary 1.4. The Baily-Borel compactification F* for U(2)-hyperelliptic K3 surfaces
is isomorphic to the GIT quotient Chow y 4y /SL(4) for the Chow variety of (2,4) curves
in P3.

In the last section (Section 8), we expand on this isomorphism by looking at the wall
map F(e) = F(0) =2 F* (for € € (0,1/8)). On the arithmetic side, this corresponds
to the Q-Cartierization associated to Hp, (Theorem 1.1(4)), on the geometric side it
corresponds to the map of GIT quotients induced by the Hilbert-Chow Hilb; 4) —
Chow z 4y. We believe that this dual description (arithmetic/geometric) for .7 (¢), #*,
and for the morphism relating them, is of independent geometric interest.

2. The period space and its Baily-Borel compactification
2.1. Summary

In this section, we briefly review moduli of U(2)-hyperelliptic K3 surfaces from the
perspective of the period map. A U(2)-hyperelliptic K3 surface is a U(2)-polarized K3
surface in the sense of Dolgachev [17]. For a generic such surface X the associated
transcendental cohomology lattice is Dig @ U2. The associated 18-dimensional locally
symmetric variety % of Type IV (see [17]) is the moduli space of U(2)-hyperelliptic
K3 surfaces. Furthermore, .# has a natural projective compactification, the Baily-Borel
compactification #*, which can be described (Theorem 2.3) following Scattone [47].
We observed in [36] that F(= Z(18)) fits naturally in a tower of locally symmetric
varieties .#(N) (with N indicating the dimension). In particular, .%#(19) is the moduli
space %4 of polarized K3 surfaces of degree 4, while .#(17) is naturally identified with
the Heegner divisor Hj C .%# parameterizing double covers of the quadric cone. More
generally, using this tower structure, we can define inductively the Shimura subvarieties
Z% € .7 mentioned in (1.2.3). A standard argument then gives geometric meaning to the
ZF’s; they parametrize double covers X — Q of the quadric cone @Q, such that branch
curve C' C @ has specified singularity behavior at the vertex of @) (see Proposition 2.2).

Since most of the arguments here are either standard or occur in our previous work
[36,35], we omit the proofs, and focus instead on introducing the notions and results
that are needed for the rest of the paper. The interested reader can consult the preprint
version of our paper ([34]) for details on the proofs of Proposition 2.2 and Theorem 2.3,
which are new to a certain extent.
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2.2. Periods of U(2)-hyperelliptic K3 surfaces according to [36]

Let Ay be the lattice U? @ Dy_s, where U is the hyperbolic plane, Dy_s is the
negative definite lattice corresponding to the Dynkin diagram Dy_o (for N > 3, and
where D; is the rank 1 lattice with generator of square (—4)), and @ will always mean
orthogonal direct sum. Let

P(N):={[o] e P(AN®C) | 0? =0, (0 +7)* >0}

Then Z(N) is a complex manifold of dimension N, and it has two connected compo-
nents, interchanged by complex conjugation; let 27 (N) be one of the two connected
components. We note that 27 (N) is a Type IV bounded symmetric domain. Let
Ot (An) < O(An) be the index two subgroup mapping 21 (N) to itself. In [36] we
have studied the locally symmetric variety

F(N):=T(N)\Z*"(N) (2.2.1)

where T'(N) = Ot (Ay) if n # 6 (mod 8), and T'(V) is a subgroup of index 3 in O (Ay)
if n = 6 (mod 8), see Prop. 1.2.3 [36]. We let .Z(N) C #(N)* be the Baily-Borel
compactification.

Definition 2.1. A U(2)-hyperelliptic K3 surface is a double cover X — @, where @ is an
irreducible quadric surface and X is a K3 surface (possibly with canonical singularities).
The associated degree 4 polarization of X is the line-bundle L such that L®? is isomorphic
to the pull-back of the (unique) square root of wél.

The reason for the reference to U(2) is the following. Let X — X and @ — @ be the
minimal desingularizations of X and @ respectively. Thus X is a smooth K3 surface,
and Q is either Fy or Fo. The double cover p: X — @ lifts to a double cover p: X - Q
Then p*H? (Q, Z) is a saturated sublattice of H? (X, Z) isomorphic to U(2).

An isomorphism between U(2)-hyperelliptic K3 surfaces X7 — @1 and Xo — Qs
consists of isomorphisms f: Q1 — Q2 and f: X7 — Xy compatible with the double
covers. Notice that the associated polarized K3 surface (X, L) of degree 4 determines
the double cover X — @ up to isomorphism: in fact the map ¢r: X — |L|Y = P? has
image a quadric surface isomorphic to @, and the map X — Im(yy) is isomorphic to
X — Q. We will denote a U(2)-hyperelliptic K3 surface X — @ also by (X, L), where
L is the associated degree 4 polarization.

The period space for U(2)-hyperelliptic K3 surfaces is .#(18), see Propositions 2.2.1
and 1.4.5 [36]. The period point of a U(2)-hyperelliptic K3 surface X — @ is defined
as follows. Let X — X, @ — @, and p: X - é be as above. The period point of
X — @ in £ (18) is given by the isomorphism class of the weight 2 sub Hodge structure
(0" HA(Q: )" € H¥(X).
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In order to simplify notation, we let
A=Ay, 2T:=97(18), F:=7(18), F*:=.7(18)". (2.2.2)

We recall that w € A is a hyperelliptic vector if w?> = —4, and div(w) = 2 (see Defini-
tion 1.3.4 and Remark 1.1.3 [36]), where div(w) is the divisibility of w, i.e. the positive
generator of (w,A). The Heegner divisor H, C .Z is the locus of OT(A)-equivalence
classes of points [0] € 2} such that o contains a hyperelliptic vector. The boundary
divisor for .Z is given by A := H}, /2, see Definition 1.3.7 in [36].

Given a smooth C € |Op1(4) K O¢(4)|, the double cover X¢ — P! x P! ramified over
C' is a U(2)-hyperelliptic K3 surface. Thus we have a period map p: 9 --» Z* (Shah
proved that smooth (4,4) curves are stable, see Theorem 4.8 in [50], or Proposition 3.2).
By Global Torelli, p is birational. The intersection of . and the image of the regular
locus of p contains % \ Hj, (a posteriori the image, in %, of the regular locus of p is
equal to .% \ Hp,). The indeterminacy locus of p is a subset of M of dimension 7, with an
intricate Hodge-theoretic stratification. In [36] we have formulated precise predictions
on the decomposition of p as a composition of elementary birational maps. In particular
we defined a tower of closed subsets

8cz'czbcztciczrc it c T (2.2.3)

(the superscript denotes codimension), and we motivated the expectation that the cen-
ters of the elementary birational maps are birational to the Z*’s. In agreement with
Looijenga’s vision, most of the Z*’s are the images in .# of the locus of points in @X
which are orthogonal to k (at least) hyperelliptic vectors. More precisely, the Z*’s are
as follows:

(1) If 1 < k < 4, then Z¥ = Im f1s—k 18, the locus of OT (A)-equivalence classes of points
[o] € .@X such that o contains k pairwise orthogonal hyperelliptic vectors
(2) Z% =Im(f13,18°¢13), the locus of OF(A)-equivalence classes of points [o] € Z such

that o1 contains pairwise orthogonal vectors vy, ...,vs,w, with vy,...,vs hyperel-
liptic, w? = —12, and the divisibility of w in {v1,...,vs}" equal to 4 (see Prop. 1.6.1
[36]).

(3) Z7 = Im(f12,180m12), the locus of OF (A)-equivalence classes of points [0] € Z, such
that o1 contains pairwise orthogonal vectors vy, ..., vs, w, with vy,. .., vg hyperel-

liptic, w? = —2, and the divisibility of w in {v1,...,ve}* equal to 2 (see Prop. 1.5.2
[36]).

(4) Z8 =Im(f11.180!11), where Im(f11,180l11) is the locus of OF(A)-equivalence classes
of points [0] € @X such that o contains pairwise orthogonal vectors vy, ..., v7, w,
with vy, ...,v7 hyperelliptic, w? = —4, and the divisibility of w in {vq,...,v7}+
equal to 4 (see Prop. 1.5.1 [36]).

Notice that Z' = Hj,.
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2.3. U(2)-hyperelliptic K3 surfaces whose periods are parametrized by Z*

In the present subsection we will freely use notation and results contained in [36].

Proposition 2.2. Let X — Q be a U(2)-hyperelliptic K3 surface, and let x € F be its
period point. Let C' be the branch curve of X — Q. The following hold:

(1) Let 1 <k <15. Then x € Im fi13_15 if and only if Q is a quadric cone, and C has
an Ap,-singularity at the vertex of Q, where m > (k —1). If k = 8, in addition C
must not contain a line.

(2) = € Im(f13,18 0 13) if and only if Q is a quadric cone, C' has an A,-singularity at
the vertex of Q, where m > 4, and the support of the tangent cone of C' at the vertex
of Q is tangent to a line of Q.

(3) x € Im(fi2,18 © m12) if and only if C' contains a line, and has an A, -singularity at
the vertex of Q, where m > 5.

(4) = € Im(f11,180111) if and only if C contains a line, and has an Az-singularity at the
vertex of Q. 0O

For a detailed proof of Proposition 2.2, see [34, §2.2] (part of the proof is already
in [48], see Item (iii) of Proposition 5.7 [48]).

2.4. The boundary of the Baily-Borel compactification

The Baily-Borel compactification for quartic K3 surfaces (i.e. .#(19)*) was described
by Scattone [47, §6.3] (see also [11] for the case N = 20). Similar techniques give the
following (see [34, Appendix] for details).

Theorem 2.3. The Baily-Borel compactification F* consists of

i) Two Type III boundary points, that we label IT1, and 111, respectively.

i) Fight Type II boundary components. Siz of the Type II boundary components, call
them of type a (labeled by D1, Ds ® Es, (E7)? ® Da, D12 ® Dy, A15 @ Dy, and D?)
are incident only to II1,. The remaining two Type II boundary components (label
(Es)? and D) are incident to both I11, and II11,. The incidence diagram is given
in (2.4.1).
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olTa(Di6)
ol la(Ds®Es)
o1 (Dis) olla((Er)*®Dz)
o1y olla(D126Dy)
OI1,((Es)?) OIT,(A15®D1)
O11,(D2)

(2.4.1)

iii) Furthermore, each of the siz Type Ila boundary components are isomorphic to the
modular curve §/SL(2,Z). Each of the two Type IIb boundary components are iso-

morphic to the modular curve j/Ty(2) where T'y(2) = {(Z Z) , C= 0(2)}. O

Remark 2.4. We recall that the Baily-Borel compactification .#(19)* for the moduli of
degree 4 K3 surfaces has 9 Type II boundary components ([47, §6.3]). There is a natural
map fig 9 : F* — F(19)*, which is the normalization map of the image. The image
fis,10(F*) only meets 8 out of the 9 Type Il components of .7 (19)*, those are the
one showing up in the theorem above. Over the six Type I, components, ffs 19 is an
isomorphism. In contrast, the restriction of fis 19 to the two Type II, components, is a
3-to-1 map (this follows from item (iii) in the theorem above).

3. Moduli of (4,4) curves on a smooth quadric
3.1. Summary

The GIT moduli space 9 of (4,4) curves in P! x P! (see (1.2.1)) was analyzed by
Shah [51, Sect. 4]. Furthermore, Shah introduced a Hodge theoretic stratification for the
semistable curves C' (or rather the associated double covers X¢), which plays a key role
for us. The purpose of this section is to recall the results of Shah [51], but we point out

that occasionally minor corrections and completions are necessary.
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3.2. GIT for (4,4) curves on P! x P!

Let ¢ := x9x3— 2172, and let Q := V(q) C P3. In what follows we will identify P! x P
and @ via the Segre isomorphism

P! x P! = Q
H

3.2.1
([wo,u1], [vo, v1]) [uovo, uoV1, U1V0, U1 V7). ( )

Given the above identification, Aut(P! x P1) can be described either as the group gener-
ated by PGL(2) x PGL(2) and the involution exchanging the factors, or as the orthogonal
group PO(q). A curve on P! x P! is a line if, with the above identification, it is a line
in P3.

As usual, GIT (semi)stability is studied by using the numerical criterion, and analyzing
the behavior with respect to l-parameter subgroups (1-PS). To start, we recall that
diag(ro, ..., ) denotes the 1-PS of SL(n 4+ 1) mapping s € C* to the diagonal matrix
(s™,...,s™) (with ro,..., 7, € Z not all zero, and adding up to 0). We are interested in
1-PS X of SL(2) x SL(2) acting on H%(Op1(4) K Opi1(4)). It turns out that in this case,
GIT (semi)stability can be understood by studying the following three 1-PS’s:

Xi(s) = (2, 572), (s0571), Ra(s) = (5,571, (5,571), Aals) = ((s571), (1,1)).
Up to isogeny, Xl, Xg and X3 correspond respectively to the 1-PS’s of SO(q)
A1 = diag(3,1,—1,-3), Ay :=diag(1,0,0,—1), A3 :=diag(1,1,—1,—1). (3.2.2)
A straightforward argument gives the following results:

(1) If C € |0p1(4)KOp1(4)] is unstable, then, up to conjugation, there exists ¢ € {1,2, 3}
such that C is Xi-unstable.

(2) Let C € |Op1(4)ROp1(4)| be properly semistable (i.e. semistable and not stable), and
o € H°(Op1(4) K Op1(4)) be a section whose divisor is C. Then, up to conjugation,
there exists i € {1,2,3} such that C is destabilized by A;, i.e. the limit 213%) Xi(s)* (o)

exists.

With these preliminaries, we can state the following two results which summarize the
GIT analysis for (4,4) curves in P! x PL.

Lemma 3.1. Let C € |Op1(4) X Op1(4)|. The following hold:
(a) C is desemistabilized by a 1-PS conjugated to Ao if and only if it has a point of

multiplicity at least b, and it is destabilized by a 1-PS conjugated to \g if and only
if it has a point of multiplicity at least 4.
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(b) C is desemistabilized by a 1-PS conjugated to A3 if and only if C = 3L + C', where
L is a line (on the other hand, if C = 3C" + C"”, where C',C" are arbitrary, then C
has points of multiplicity at least 4, hence we go to Item (a) above). C is destabilized
by a 1-PS conjugated to Xg if and only if C = 2L+ C’, where L is a line.

(¢) If C is desemistabilized by a 1-PS conjugated to Xl, then it is destabilized by a 1-
PS conjugated to hy (hence we go to Item (a) above). C is destabilized by a 1-PS
conjugated to Xl if and only if either it has a singular point p with consecutive triple

points and tangent cone equal to 3T,(L) where L is a line, or a point of multiplicity
at least 4 (if the latter holds, we go to Item (a) above). O

Proposition 3.2 (cf. Proposition 4.5 in [50]). Let C =V (o) € |Op1(4) K Op1(4)].

(1) C is stable if and only if each of its irreducible components has multiplicity at most

2, no component of multiplicity 2 is a line, and each of its points has multiplicity at

most 3, with the extra condition, if C is singular at a point p with consecutive triple

points, that its tangent cone is not equal to 3T,(L) where L is a line.
(2) C is properly semistable and polystable (i.e. the Aut(P! x P1) orbit of o is closed)
if and only if one of the following holds:

()

o is stabilized by Xlz o= uoul(aluov% + bluwg)(aguovf + bgulv(%) in suitable
homogeneous coordinates ([ug,u1], [vo,v1]), and (ay - by, az - by) # (0,0). Equiv-
alently C = Ly + Lo + 11 + T», where Ly, Ly are skew lines, Ty, Ts are twisted
cubics (eventually singular) intersecting each line L; tangentially at the same
point p; (with p1, pa not belonging to a line), satisfying the condition that no
L; has multiplicity greater than 2. The moduli space of such curves is P1: map
V(o) to [a3b3 + a3b?, arazbibs].

o is stabilized by Xg: o= H?Zl(aiuovl + biujvg) in suitable homogeneous co-
ordinates ([ug,u1], [vo,v1]), and at most one of the a;’s vanishes, and similarly
for the b;’s. Equivalently C' is the sum of four members of the pencil of conics
through two points not on a line, and no reducible conic appearing in C (if there
are any) has multiplicity greater than one. The moduli space of such curves is 3
dimensional. The moduli map is the composition of the map

(P! x P! x P! x PL)ss — P°
([al, bl], ceey [0,4, b4D — [a1a2b3b4, a1a362b4, ey a3a4b1b2]

and the quotient map for the natural action of £y on the image of the above
map.

o is stabilized by Ag: o = udulF(vg,v1) in suitable coordinates ([ug, u1], [vo,v1]),
and F(vg,v1) is polystable for the action of PGL(2) on P(Clvg,v1]4). Equiva-
lently C = 2L+ 2L + Ry + ...+ Ry, where L, L' are distinct lines in the same

ruling, Ry, ..., R4 are lines in the other ruling, and either Ry,..., Ry are dis-
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tinct, or Ry = Ry # Rs = Ry. The moduli space is identified with that of binary
quartics, i.e. P1 (we map V(o) to the moduli point corresponding to [F)).

The remark below will be useful later on.

Remark 3.3. Suppose that C' € |Op1(4)X Op1(4)] has a point p of multiplicity 4. Then, in
the closure of the orbit Aut(P! x P1)C there exists C* = C; +...+ Cy where Cy,...,Cy
are conics through distinct points gi,¢2 not on a line - see Item (a) of Lemma 3.1.
Moreover the tangent cone %,(C) is isomorphic to the tangent cone 6, (C*) at either
one of the (multiplicity 4) points g1, g2 of C*.

3.3. Hodge-theoretic stratification of 9

We quickly recall some notions which have been treated in [35, Sect. 3].

Definition 3.4. A reduced (not necessarily irreducible) projective surface Xy is a degen-
eration of K3 surfaces if it is the central fiber of a flat proper family 2 /B over a
pointed smooth curve (B,0) such that wy,p = 0 and the general fiber X is a smooth
K3 surface. If p € Xy, then X has an insignificant limit singularity at p if it has a
semi-log-canonical singularity at p.

The above definition ties in with the terminology of Shah. More precisely, the list
of singularities baptized as insignificant limit singularities by Shah [49] coincides with
the list of Gorenstein slc singularities (see [46,29]). For a degeneration of K3 surfaces,
the Gorenstein assumption is automatic. We recall (see Theorem 4.21 of [29]) that a
Gorenstein surface singularity (X,p) with the property that X \ {p} is semi-smooth
(i.e. either smooth, normal crossings with two components, or a pinch point) is semi-
log-canonical if and only if it is semi-canonical (see Definition 4.17 [29]), simple elliptic,
cusp or a degenerate cusp.

Definition 3.5. Let X be a degeneration of K3 surfaces, and let p € X be an insignificant
limit singularity. Then

i) Xg is of Type I at p if (Xg,p) is an ADE singularity (this includes smooth points).
ii) X is of Type IT at p if (X, p) is simple elliptic, locally normal crossings with exactly
two irreducible components containing p, or a pinch point.
iii) Xo is of Type IIT at p if (Xo,p) is either a cusp or a degenerate cusp.
Definition 3.6. Let X be a degeneration of K3 surfaces.

(1) If X, has insignificant limit singularities, then

(a) Xo is of Type I if all its points are of Type I.
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(b) Xo is of Type II if all its points are of Type I and II, it does have points of Type
1.

(¢) Xo is of Type III, if all its points are of Type I, IT or III, and it does have points
of Type III.

(2) Xo has Type IV if it has significant limit singularities (i.e. there exists p € X such
that (Xo,p) is not an insignificant limit singularity).

Remark 3.7. We note that the 1-dimensional components in the singular locus of a Type
IT degeneration X, of K3s are either smooth elliptic with no pinch points, or rational
with 4 pinch points. Also, recall that the resolution of a simple elliptic singularity is an
elliptic curve (of negative self-intersection). Thus, one sees that in all cases, for Type II
degeneration X of K3 surfaces, there is an associated j-invariant. Typically, X, has a
single Type II singularity (i.e. simple elliptic, or elliptic double curve, or rational double
curve with 4 pinch points), but even if there are multiple Type II singularities, the
j-invariant for the various singularities coincides.

The above definitions are of interest to us because they are related to the period map
p: M --» F*. Before explaining this, we introduce one more piece of terminology. Let
C € |Opi(4) R Op1(4)]; we let Xc — P! x P! be the double cover ramified over C.
Let p € C, and let p € X¢ be the unique point lying over p. We say that C has an
insignificant limit singularity at p if (X¢,p) is an insignificant limit singularity, and if
that holds then C has Type I, IT or IIT at p according to the type of (X¢, p). If (X¢,p) isa
significant limit singularity, we say that C' has Type IV at p. Similarly C has insignificant
limit singularities if all of its points are insignificant limit singularities, and if that is the
case the Type of C' is that of X¢.

Let oL, oIl on/il om!V' C 9 be the subsets of points represented by polystable
curves C' € |Op1(4) X Op1(4)| of Type I, II, IIT and IV respectively. On the other side,
let #1:=.%, let #'! be the union of the Type II boundary components of .%*, and let
Z I he the union of the Type III boundary components of .%*. The proof Proposition
3.16 of [35] has a straightforward extension to our case, and gives the following result.

Proposition 3.8. The period map p: I --» .F* is reqular away from MY, and
pomy .z, pt)c gt pem!h) c F
3.4. The components of ML

Proposition 3.9. The irreducible components of ML are the following:

i) E)JTIDIB@Eg, the set parametrizing stable reduced curves C with a singularity of type Eg
at a point p (by Proposition 3.2 the tangent cone at p is 3L with L not the tangent
space to a line through p). The dimension of MY oy is 9.
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ii) MY o p,, the set parametrizing stable divisors C = 2Cy + D where Cy is a smooth
conic, and such that the residual curve D intersects Cy transversely. The dimension
of MY op, 5.

iii) m{4€5®D17 the set parametrizing stable divisors C = 2FE, where E is smooth. The
dimension of MY -1, is 2.

iv) zmgﬁ , the set parametrizing stable divisors C' = 2Cy+ L1 + Lo, where Cy is a twisted

16
cubic, and Ly, Lo are distinct lines intersecting Cy transversally. The dimension of
ML s 1.
D16

V) 9]1{1{38)2, the set parametrizing polystable divisors as in Item (2a) of Proposition 3.2
such that there are two Eg singularities (i.e. a1bs # 0 # agby). The dimension of
MGz s 1.

vi) 9:71{;;7)2@1)2, the set pammetrizinngolystable divisors as in Item (2b) of Proposi-
tion 3.2 such that there are two FEr singularities, i.e. the divisor is reduced. The
dimension of 931{1{37)2@[)2 s 3.

vii) im(%g)z, the set parametrizing polystable divisors as in Item (2¢) of Proposition 3.2
such that the lines Ry, ..., Ry are distinct. The dimension of 931{158)2 s 1.

Proof. This follows from Shah [51, Theorem 4.8, Type II]. The cases (iii) and (iv) are
omitted in Shah, but it is clear that they occur. We will discuss in more detail the Type
II strata (e.g. normal forms) in Section 8 (esp. §8.4). In particular, the dimensions will
be seen to be as in the statement of the Proposition. For the moment, we only note that
the labels are chosen so that they match the labels from Theorem 2.3. The justification
for this is given by [35, Prop. 7.11, Def. 7.7]. We will revisit the issue in Section 8. O

Remark 3.10 (Type I1I). We will not discuss in detail the stratification of M/ but we
note that it corresponds to degenerations of the Type II cases for which the j-invariant
associated by Remark 3.7 becomes oo (e.g. simple elliptic singularity degenerate to cusp
singularity, or some of the 4 pinch points come together, but at worst with multiplicity
2). There are 5 strata identified by Shah [51, Thm. 4.8] (labeled A-I11-i, A-III-ii, B-III-i,
B-I11-ii, and B-III-iii respectively). We note however, that there is a stratum missing in
Shah’s analysis, namely, the case of a double twisted cubic together with two tangent
lines. This stratum is a specialization of the Type II case labeled Dy above (again
missing from Shah’s list). We will label this case I11}; explicitly:

(ITTy) : V(wows — w102, oxh + 22523 + x323). (3.4.1)

Similarly, the case where C' consists of 4 double lines forming a cycle (the case B-III-iii
in [50, Thm. 4.8]) will be labeled I11,; explicitly,

(I11,) : V(zoxz — o179, 7573). (3.4.2)
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Clearly, 111, and III, are isolated points in 9t/77. Tt is not hard to see that the closure
of any other Type III stratum (or similarly Type II) contains one of those two points. In
other words, 111, and II1; are the deepest strata in 9t/7 U9/, The labels are chosen
such that the adjacency of GIT Type II and III strata reflects the adjacency of Type II
and III strata in the Baily-Borel compactification (see (2.4.1)). (For a typical picture of
the behavior of the GIT vs Baily-Borel Type IT and III strata see [33, Figure 2, p. 234].)

4. Stratification of IV
4.1. Summary

As discussed above, the indeterminacy locus of the period map 9t --+ %* is contained
in the Type IV locus (in fact, a posteriori the indeterminacy is equal to V). The
purpose of this section is to define the stratification W, in (1.2.4). The definition is
inspired by our previous analysis [35] for quartics (which in turn is a refinement of
Shah [51]). The reader can ignore all this background information, and just regard W
as a natural stratification of the Type IV stratum in terms of the complexity of the
singularities (the lower the index the worse the singularity). Results of Arnold et al. [5]
play an essential role here, and will be reviewed below.

4.2. Singularity types (following Arnold)

Let C € |Op1(4) K Op1(4)| be polystable, with isolated singularities, and let X¢ —
P! x P! be the double cover ramified over C. Suppose that mult,(C) < 3 for all points
p (note: this condition holds for all stable C' by Proposition 3.2). If C' does not have
singular points with consecutive triple points, then X has ADE singularities, and hence
[C] € M, in particular the period map is regular at [C]. If C' does have consecutive
triple points at p, then the initial germ of a defining equation of C at p is equal to
23, for a suitable local parameter z. The isomorphism classes of such singularities have
been classified, see [5, Ch. 16]. We recall the classification, and how to recognize the
isomorphism class to which a given singularity belongs. Most of the isomorphism classes
of such singularities are of Type IV, i.e. the corresponding double cover has significant
limit singularities. They define (together with certain non isolated singularities) our
stratification of MMV,

Theorem 4.1 (Arnold et al. [5, Ch. 16]). Let f € Ocz2 be the germ of an analytic
function of two variables in a neighborhood of the origin. Suppose that f has an isolated
singularity at (0,0), of multiplicity 3 with tangent cone a triple line. Then there exist
analytic coordinates (x,y) in a neighborhood of 0 (centered at 0) and a decomposition
flx,y) =ulz,y)-g(x,y), where u(x,y) is a unit and g(x,y) is one (and only one) of the
functions appearing in the first column of the table below. In the first three rows of the
table k > 1, in the last two rows k > 2, and in the last row p > 0. Moreover
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%{‘aelztlsglnition of singularities (triple points with tangent cone a triple line).

Normal form Leading Term wt(z)  wt(y) Name Type

z3 3Pt 4 agy?rt? x® 4 y3htt 1 e Fs Tifk=1,1Vifk>2
3+ :ch%Jrl + ay3k+2 z3 + :ch%Jrl % 3(2,f+1> Egk+1 Tifk=1,1IVifk>2
3 + y“c’kJr2 + axy2k+2 3+ y“c’kJr2 % 3k1+2 Egi+2 Tifk=1,1IVifk>2
2 +b2%y" + %% +cay®T 2® by 4y L = Jk.0 ITifk=21Vifk>3
z® + 2?y* + agdh TP z® 4+ a2y 1 = k. p II1ifk=2,1Vifk>3

a:=aqg+...+ ak_gyk_Q, c:=ap+...+ ak_gyk_g, 4% + 27 # 0,

(a=0ifk=1,and c=0if k=2) and in the last row ag # 0.
Proof. This is obtained by putting together Theorems 6y, ..., 12 in [5, §16.2]. O

We explain the role of the weights appearing in the table above. First notice that the
monomials in the leading term have weight 1, and the remaining monomials in the normal
form have weight strictly greater than 1. Moreover, with the exception of singularities
Jrp with p > 0, the leading term has an isolated critical point at the origin. Thus,
with the exception of singularities Ji , with p > 0, the singularities in Theorem 4.1 are
semiquasihomogeneous.

Theorem 4.2 (Arnold et al. [5, Ch. 16]). Let f(x,y) € Ocz be the germ of an analytic
function of two wvariables in a meighborhood of the origin, and suppose that f has an
isolated singularity at (0,0). Assign weights to x and y according to a chosen row of the
table in Theorem 4.1. If f = fo + f1, where fo is the leading term of the chosen row
and every monomial appearing in f1 has weight strictly greater than 1, then there exist
analytic coordinates in a neighborhood of 0 (which we denote again by x,y) such that
f=wu-g, where u is a unit and g is the normal form in the chosen row.

Remark 4.3. Singularities often have more than one name. Here we note that J; ,, is also
denoted T3 3,6+p (cusp singularity), and Jo o = T5 3,6 is also denoted Eg (simple elliptic

singularity).

We will also make use of the following terminology for certain non isolated singulari-
ties.

Definition 4.4. The germ (C,p) of a one dimensional singularity is of Type Jj o if it is
isomorphic to the germ at (0,0) of the planar singularity defined by x® 4+ z2y* = 0.

4.3. The stratification

The following is obtained by an elementary analysis.
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Lemma 4.5. Let C be a stable (4,4) curve. Then there is at most one Type IV point
of C. O

This allows us to define the following stratification of 9/V.
Definition 4.6.

or each type of isolated singularity appearing in eorem 4.1 (l.e. isolate

1) F h f isolated singularity T' ing in Th 4.1 (i.e. isolated
singularities of multiplicity 3 with tangent cone of multiplicity 3) of Type IV, let
ML < MV be the set parametrizing stable curves which have a point of Type T

T

(2) Let fmﬂ}jm C MV be the set parametrizing stable curves which have a point of
Type Jk,oo-

(3) Let MY =M1V LT, oY .

(4) Let 93?{;1) C MV be the set parametrizing curves 3Cy + C;, where Cy, C; €
|Op1(1) X Op1(1)] are distinct, and Cp is smooth.

(5) Let Em{;; C MV be the singleton whose unique point corresponds to 4Cy, where
Coel|Oop (1)K ﬁ]}n(l)‘ is smooth.

‘We have

m"V =[]y vy, umiy. (4.3.1)
T

Our next task is to describe explicitly the curves in the subsets M4V, The following
is a slight extension of Lemma 4.6 in [51], we omit the details of the proof.

Lemma 4.7 (Shah). Let C C P3 be a (2,4) complete intersection curve, let Q be the
quadric containing it, and let p € C' be a point not belonging to the singular locus of Q.
Then the following are equivalent:

(1) There exist homogeneous coordinates [xo, ..., 23] such that p =1[1,0,0,0], and

Q = V(xoxs + 23 + ax?), (4.3.2)
C = V(xows + a7 + ax}, woxi + 2192 (w2, 23) + 1193(22, 3) + ga(w2, 23)).
(4.3.3)

(2) C has consecutive triple points at p, with tangent cone 3L, where L is not the tangent
space to a line of Q. O

The observation below will be handy when computing the dimensions of the strata
MLV |
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Proposition 4.8. Let C' C P3 be a (2,4) complete intersection curve, let Q be the quadric
containing it, and let p € C be a point not belonging to the singular locus of Q. Suppose
that C,Q,p satisfy one of the (equivalent) Items (1) or (2) of Lemma 4.7. Retain the
notation of the quoted lemma, and let gq(xo,x3) = Ziﬂ-:d g;’jmgxé. Then the following
hold:

(1) If g2 # 0, then (C,p) is a Jo, singularity, where r € N U {oo}.

(2) If g2 =0, and gg”o # 0, then (C,p) is an F1o singularity.

(3) If g2 =0, g§’° =0, and gg’l # 0, then (C,p) is an E13 singularity.

(4) If g2 =0, g??:,o = gg’l =0, and gj’o # 0, then (C,p) is an E14 singularity.

(5) Ifg2 =0, g3° = g5" = g5° =0, and g} ((95)* + 4g3’") # 0, then (C,p) is a Js

singularity.

(6) If g2 =0, g5 = g3 = g1° = g1 (95 - 95 + 4g5") = 0, and (95, g1"") # (0,0),
then (C,p) is a Js, singularity, for some r > 0 (possibly r = c0).

(7) If g2 =0, g§’° = gg’l = gi"o = g§’2 = gi”l =0, and gi’Q # 0, then (C,p) is a Js00
singularity.

(8) If o =0, gg’o = g§’l = gj’o = gé’z = gi”l = gi’z =0, then C = 3Cy + C1, where Cy

is a smooth conic.

Proof. Let (z,y,2) be the affine coordinates, centered at p, given by x = 71, y = 72,
0 xo
and z = ;C—i The germ of C' at p is isomorphic to germ at (0,0) of the affine plane curve

with equation given by

y? 4+ 2%ga(—2® — ay®,y) + xgs(—2® — ay®,y) + ga(—2® — ay®,y) = 0. (4.3.4)

Ttems (1) - (5) follow from Theorem 4.2. In fact, assign weights to x,y according to
the table in Theorem 4.1, with the roles of x and y exchanged, i.e. wt(x) = 1/6 when
proving Item (1), wt(z) = 1/7 when proving Item (2), wt(x) = 2/15 when proving
Item (3), wt(z) = 1/8 when proving Item (4), wt(z) = 1/9 when proving Item (5), and
wt(y) = 1/3 in all cases. Then Item (1) holds because the leading term of the equation
is y3 +2%g2(—22,y) (in order to recognize the leading term one needs to pass to analytic
coordinates (x,y + ax?) for a suitable choice of a), Item (2) holds because the leading
term of the equation is y3—g§”0x7, Item (3) holds because the leading term of the equation

is y? +g§’1x5y, Item (4) holds because the leading term of the equation is 3 —l—gj’oacg7 and

Ttem (5) holds because the leading term of the equation is y® — g3 °z3y? — g3 2%, and

there exist non zero distinct «, 3 such that 7> —g§’2x3y2 — g0 2% = y(y+aa®) (y+ f?)
if and only if 92,1«9?1),2)2 + 492’1) # 0.

The proof of (6), (7) and (8) is elementary. O

Corollary 4.9. Let T € {E12, E13, E14, J3.0, J3.+, Ja.00, (3, 1), (4,0)}. Then MLV is a (non
empty) irreducible locally closed subset of MYV, of dimension given below
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A% A% 1V A% IV IV %4 A% A%
oy |y || ompy | Y | oY | ol | oY | oY
dmmY | 7 [ 6 | 5 | 4 | 3 | 2 | 1 | o0
(4.3.5)

Moreover
IV _ anlV v v v v v v v
MY =M, UM, UM, UM, L, UM UM,y UMY, (4.3.6)

and the closure of MLY is the union of MLV and the strata ML to the right of MLV

Proof. Let T' € {E12, E13, E14, J3.0, J3.4, Ja.00 }, and let [C] € IMEY | with C polystable.
Then C is stable by Proposition 3.2 and, by the same proposition, the hypotheses
of Proposition 4.8 are satisfied, where @ is the smooth quadric containing C, and p € C'
is the unique point of Type IV (see Lemma 4.5). By Proposition 4.8 it follows that 974"
is non empty, irreducible and locally closed. It is elementary that Em([;/ 1) and zm{ AK are
irreducible, locally closed. The statement about the closure follows from Proposition 4.8,
and also the decomposition in (4.3.6).

It remains to prove that the dimensions are given by (4.3.5). In the case of S)ﬁg/ )
and Smﬁ;, the computation is straightforward. It remains to deal with MLV for T €
{E12, E13, E14, J3,0, I3+, Ja,00}. We may assume that C is contained in the smooth
quadric xoza + 3 — 23, i.e. we set @ = —1 in Lemma 4.7. By Lemma 4.7 and Proposi-
tion 4.8, C' is equivalent (under Aut(Q)) to a curve whose equation is given by (4.3.3),
with go = 0 and such that g3 and g4 satisfy the conditions in the Item of Proposition 4.8
corresponding to the chosen T'. Let . C |0g(4)| be the subset of such curves. Since C
is stable, it follows that the dimension of MLV is equal to the difference between the di-
mension of #r and the dimension of the subgroup of Gr < Aut(Q) mapping 7 to itself.
The dimension of .7 is easily computed: it is 9 if T = E15, and it decreases by 1 each
time we move one step to the right. The subgroup Gr < Aut(Q) mapping .77 to itself is
contained in the subgroup of automorphisms ¢ stabilizing p = [1,0,0,0] € @, and such
that the differential d¢(p) maps to itself the tangent line V (22, z3). Thus dim G < 3. In
fact a computation shows that the connected component of the identity of G is equal
to the subgroup of PGL(4) given by matrices

1 28 —-5%2 0
0 a —af O
0 0 a®> o0
0 0 0 «

with « # 0. Hence dim G = 2, and this gives the dimensions in (4.3.5). O

At this point, we can give the key definition of the W -stratification.
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Definition 4.10. For d € {0,1,2,4,5,6,7} (no misprint: d = 3 is missing), we let Wy C
MV be the union of all the strata E)JI{FV of dimension at most d.

Remark 4.11. The stratum 9ﬁ1,‘3/+ is skipped in the definition of the W -stratification
because it is flipped together with 9)?{,;/0

By Corollary 4.9 we have a ladder of irreducible closed subsets indexed by dimension:
WoCWy CWoCWyCWsCWeCWy=MY Cc. (4.3.7)

This is the counterpart of the stratification Z* (indexed by codimension) in .#* (see
(2.2.3)).

5. GIT for (2,4) complete intersections in P3
5.1. Summary

Let U be the parameter space for (2,4) complete intersection curves in P3, with the
natural action of SL(4). The main tool in this paper is a variation of GIT quotients 2t(t)
for U (for t € (1/6 —¢€,1/2] N Q). Since U is not projective, we will consider the closure
of U in the Hilbert scheme, call it Hilb(, 4y. In order to define a GIT quotient of Hilb(, 4)
modulo the natural action of SL(4) we must choose an SL(4)-linearized line bundle. For
large m, we have the (naturally linearized) ample Plucker line bundle L,, corresponding
to the m-th Hilbert point; we let Hilb(s 4y /1,, SL(4) be the corresponding quotient. There
is also the Hilbert-Chow map c¢: U — Chow to the Chow variety parametrizing effective
1-cycles on P3. Let Chow z 4y be the closure of the image of ¢, and let Lo, be the
restriction to Chow(y 4y of the natural polarization of the Chow variety. As suggested
by the notation, for m — oo the polarization L,, approaches the pull-back of L., and
hence the quotient Hilb(s 4)/ ,, SL(4) approaches the GIT quotient of the Chow variety
ChOW(274) //SL(4)

In the opposite direction, we may consider m as small as possible, namely m = 4. The
corresponding line bundle Ly is ample on U but not ample on Hilb(, 4). Here we recall
that (semi)stability makes sense with respect to any linearized line bundle, and hence
there is a quasi-projective quotient of the open set of semistable points Hilb{3 4 (L4)
(see [41, Thm. 1.10]). On the other hand, we may identify Hilb(, 4y/r,SL(4) with the
GIT quotient of a space birational to Hilb(, 4), with a linearization that is ample. In fact,
let E be the vector-bundle over |Ops(2)| defined by

HO(Q, 6o(4)) c E (5.1.1)

J |

Q S |ﬁ]p3 (2)|
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Let m: PE — |Op3(2)] be the structure map. The Picard group of PE is generated by
n:=n*0(1), &:=0pg(1). (5.1.2)

Proposition 5.1 ([7, Thm 2.7]). Let t € Q. The Q-Cartier divisor class n+t§ on PE is
ample if and only if t € (0, %) NQ.

Now, PFE contains naturally U, and the complement of U has codimension greater
than 1, so that the restriction of Ly to U extends uniquely to a line-bundle L. A
straightforward computation (see the proof of Item (3) of Theorem 5.6) shows that
c1(Ly) = 10n+¢&. Thus Ly is ample, and from this it follows that the categorical quotient
Hilb{3 4)(L4) is identified with the GIT quotient PE /% SL(4). Then, a key fact is that
P E/z,SL(4) is naturally isomorphic to the GIT moduli space 2 of (4,4) curves on
P! x P! that was discussed in Section 3 (see Theorem 5.6(2)).

On the other hand, the extension of the Chow polarization from U to all of PE
corresponds to ¢t = 1/2 in Proposition 5.1, and one of our final goals is to prove that the
Chow quotient Chow s, 4y /SL(4) is isomorphic to the Baily-Borel compactification .7*.
Thus it is natural to study the one-parameter variation of GIT models PE //, ;+SL(4), for
t € (0,1/2]NQ. Since we need to consider values of ¢ for which n+t¢£ is not ample, i.e. ¢t €
[1/3,1/2]NQ, our approach is not as straightforward as one would like. In Subsection 5.2
we will define a VGIT on an auxiliary SL(4)-space &2, which is somewhat intermediate
between PE and Chow sy 4). It is natural to expect that the quotient of & with respect
to a suitable polarization N; which morally corresponds to (1 + t§) is a projective GIT
moduli space M(t) interpolating between M and Chow sz 4y /SL(4). The main result of
the present section, i.e. Theorem 5.6, establishes the expected interpolation.

A similar analysis was carried out in [14] for (2,3) complete intersections. We have
modified some of the arguments in [14], in particular we give a streamlined definition of
M(t), but we point out that a key argument (Proposition 5.8) is essentially the same.

5.2. Set up of the VGIT, and statement of the main result

As before, let U be the parameter space for (2,4) complete intersection curves in P3.
Thus we have a regular embedding

U< P(E) x ChOW(QA) . (5.2.1)
Definition 5.2. Let &2 C P(E) x Chow (2 4) be the closure of U.

The action of SL(4) on P?3 defines an SL(4)-action on &?: this is the space on which
we will follow the VGIT. To do this, we need to define a variable SL(4)-linearized ample
line bundle on &?. Choose

0<d<1/6, 6€Q. (5.2.2)



R. Laza, K. O’Grady / Advances in Mathematics 383 (2021) 107680 25

Let p1,p2 be the projections of &2 onto the first and second factor respectively. For
te(6,1/2)NQ, let

12 )

N; - m -pl('r] + 55) + meLOO. (523)

Clearly N is ample for t € (§,1/2) N Q, and semi-ample for ¢ = 1/2. Thus for each
t € (4,1/2] N Q, we have a GIT quotient

M(t) = P/ n,SL(4). (5.2.4)

Notice that, a priori, 9(¢) depends also on the choice of 4. Formally, we choose one 0,
and this justifies the absence of § from the notation. More substantially, a posteriori we
will see that 9t(¢) does not depend on the choice of 4.

Remark 5.3. For ¢t € (4,1/2) N Q, N; is ample and thus there is no ambiguity in the
definition of M(t) := £ n,SL(4). For t = 1, N; is only semi-ample, thus some care
should be taken in defining 9(1). Specifically, we define

)SL(4) . (5.2.5)

1 .
m (2> — ProjR (@, N,
By (5.2.3), it is clear that

m (%) > Chow(s.q) /SL(4). (5.2.6)

Furthermore, a straightforward application of the functoriality of the numerical function
w ([41, p. 49]) and an application of the numerical criterion, gives that 9(¢) behaves as
expected as t attains the value % Specifically, the following hold:

i) If x € 22°5(t) for t € (3 —¢,3), then pa(z) € Chow(3 4 (where pp : & — Chow(y 4)
is the projection). Conversely, if y € Chow{, 4), then py ' (y) € 22°(t). Thus, we can
write (by a slight abuse of notation)

p(Yew (oo (i-deo () ven

(compare [32, (3.18)] in the standard VGIT set-up).
ii) In particular, there exists a natural birational map

(o) (2) s25)

which is compatible with the Hilbert-Chow morphism Hilb(y 4y — Chow s 4).
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In order to make the connection with the discussion at the beginning of the present
section, and to explain the choice of coefficients in (5.2.3), we prove the following result.

Proposition 5.4. Let Lo, € Pic(PE)q be the unique extension of ¢*Lo, (recall that
c: U — Chow(y 4y is the restriction of the Hilbert-Chow map). Then

Loo = 4n + 2€. (5.2.9)

Proof. There exist 2,y € Q such that Lo, = zn+y¢. We compute = and y by computing
intersection indices with the following two projective curves in U:

T :={V(q,pof +p19) | degq =2, deg f = degg = 4}, (5.2.10)
Q= {V(uoq + par, f) | degq = degr = 2, deg f = 4}. (5.2.11)

(Here q,r, f, g are chosen generically.) Notice that both I" and € are contained in U. The
degree of L |r is equal to the number of curves parametrized by I' meeting a generic
line in P3, and similarly for L. |q. Thus

deg(Loo|r) = 2, deg (Loo|) = 4. (5.2.12)

On the other hand, we have the following intersection indices

UBES
rfof1 (5.2.13)
Ql1lo0

Equation (5.2.9) follows at once from (5.2.12) and (5.2.13). O

Corollary 5.5. With notation as above, n + t£ is the unique divisor class in Pic(PE)
which, restricted to U, is equal to N¢|y.

With these preliminaries out of the way, we are almost ready to state the main result
of the present section. We will compare GIT quotients of &, P E, Hilb(, 4) and Chow s 4
modulo the natural SL(4)-action. With the exception of the latter, all the listed spaces
contain U, the parameter space for (2,4) complete intersections in P? (with the natural
SL(4)-action), as an open dense subset. Thus U induces birational maps between any
SL(4)-quotients of &2, PE or Hilb(, 4. Similarly, if V C Chow (s 4) is the dense subset of
Chow forms of (2,4) intersections, the Hilbert-Chow map induces a birational (regular)
map U — V, and hence also a birational map between any SL(4)-quotient of &, PE or
Hilb(3 4y and any SL(4)-quotient of Chow s 4). In the result below, whenever we state that
certain moduli spaces are isomorphic, what we really mean is that one of the birational
maps discussed above is, in fact, an isomorphism. We will also compare SL(4)-quotients
of PE and the quotient M := |Op1(4) X Op1(4)|/Aut(P! x P1); when we state that
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they are isomorphic, it is understood that the isomorphism is induced by the inclusion
|Op1(4) X Op1(4)] C U determined by the choice of an isomorphism between P! x P!
and a smooth quadric in P3.

Theorem 5.6. Keep notation as above, in particular ¢ is as in (5.2.2). The following hold:

(1) Forte (6,1/3), M(t) ZPE/,++eSL(4).
(2) Forte (6,1/6), M(t) = M.
(3) For m >4, we have Hilb(y 4y// 1, SL(4) = M(t(m)), where

t(m) = ﬂ
2(m2 — 4m + 5)

Theorem 5.6 is inspired by [14], where the analogous results are established for canoni-
cal genus 4 curves (or equivalently (2, 3) complete intersections in P?). After a discussion
of the GIT stability for Hilb(; 4y and PE in Subsection 5.3 and Subsection 5.4 respec-
tively, we conclude the proof of the theorem in Subsection 5.5

5.3. GIT for Hilb(y 4

We review the application of the numerical criterion for GIT on Hilb, 4y following
[23]. We conclude with a proof of Proposition 5.8, a key result for what follows.

5.3.1. The m-th Hilbert point

Let Ug,q) be the open subset of the Hilbert scheme of P3 parametrizing complete
intersections of a quadric and a surface of degree d (in short (2, d) c.i’s), and let Hilb(y 4
be its closure. Let Py € Z[m] be defined by Py = 2dm — d* 4 2d. If C' € U(z 4y, then

tk(H°(P3, Ops(m)) — H(C, Oc(m))) = Py(m), m>d—1.
For m > d, let
fa,m

Upag —5 Gr(H°(P?, Ops(m)), Pa(m)) (5.3.1)
C = HY(P3 0pps(m)) - H(C,Oc(m))

be the natural map, where Gr(H°(P3, Ops(m)), Py(m)) is the Grassmannian parametriz-
ing Py(m)-dimensional quotients of H°(P?, Ops(m)). Let Hilb(y 4) be the closure of the
image of fn,. A point of Hilb{; 4 is determined by a quotient : H°(P?, Ops(m)) -V,
where V' is a vector space of dimension P;(m); we denote the corresponding point by
I := kerp. Thus I C H°(P3,0ps(m)) is a vector subspace of codimension Py(m). If
m > 0 then Hilbad) is isomorphic to Hilb(y 4.

By associating to a curve C' € U g) its Chow point (the hypersurface in (P?)Y x (P?)¥
parametrizing couples (Hy, Hs) of hyperplanes such that Hy N Hy N C # @), we get the
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Hilbert-Chow map c¢q: Uz gy — Chow(P?). We let Chow (s 4y C Chow(PP?) be the closure
of Im(cq).

5.8.2. (Semi)stability of points in Hilb( 4 \ Im fy,

The group SL(4) acts on Hilb(; 4, and on the restriction to Hilb{ ;) of the Pliicker
(ample) line bundle on Gr(H®(P3, Ops(m)), P4(m)). Thus we have a notion of (semi)sta-
bility of elements of Hilb(3 ;. We recall how to determine whether a point of Hilb{3 ;) is
(semi)stable, following [23].

Let A be a 1-PS of SL(4). Let [xo,..., 23] be homogeneous coordinates that diag-
onalize )\, i.e. A(s) = diag(s",s",5"2,s"). Given A = (Ao,...,A3) € N% we let
aA = g a2 el The M-weight of 2 is

3
Wt)\(l‘A) = ZriAi. (5.3.2)
i=0
Given pairwise distinct monomials 4™ ... 2AFa(m) of degree m, we let
Py(m)
wty (24D AL A gAFPam)) = Z wi (z9)).
j=1

Let I € Hilb{5 4. The Hilbert-Mumford index of A with respect to the Pliicker lineariza-
tion is

o (I, ) =max{— wt (AW A AzATA(m)Y| {40 g APa(mDY (mod 1) is a basis of HO(P?, Ops(m))/I}.

(5.3.3)
By the Hilbert-Mumford Criterion, the point I is semistable if and only if p,, (I, A) >0
for all A\, and it is stable if and only if strict inequality holds for each .

. )\ . A . A >\ B :
Define a total ordering < on the set of monomials {2} by declaring that z* < a” if

(1) degz? < dega?, or

(2) degz? = degx?, and wty(z4) < wty(2?), or

(3) dega? = degz®B, wty(z?) = wty(2?), and 24 precedes 28 in the lexicographical
ordering.

Let f € Clxg,...,x3]; we let in (f) be the maximum (with respect to i) among mono-
mials appearing with non zero coefficient in the expansion of f. Given a non zero vector
subspace I C Clxg,...,z3], we let ini (I) be the set whose elements are the monomials
inX(f) for f eI
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Proposition 5.7. Let I € Hilb{3 4y, and let A be a 1-PS of SL(4). Then
(LX) = Y wha(a?). (5.3.4)
zA€in (I)
Proof. Following [23], it suffices to show that (in the notation of pp. 43-44 of [23])

P(m) _
H(X) ) = = 3wy (@), (5.55)
i=1

The above formula follows from Eqtn (2.5) of [23], and the (easily checked) relation

a( 1 a(i
wt, (z2)) = N—H(W‘cpf(x @Y + rm).

In our case Equation (5.3.5) reads

pn(LA) == Y wha(z?). (5.3.6)

zAginX (1)

The above equation is equivalent to (5.3.4), because the sum of wty () over all degree-m
monomials 24 is equal to 0. O

The group SL(4) acts also on Chow(y 4y, and on the restriction to Chow(y 4y of the
Chow polarization. There is a relation between the Hilbert-Mumford index of points in
the Hilbert scheme and corresponding points of the Chow variety. First notice that the
Hilbert-Chow morphism restricts to a (birational) morphism ~: Hilb(y 4y — Chow (s g);
then

. 1
pOVUI)A) = Hm — (1, A). (5.3.7)
(The above equation makes sense because Hilbzgyd) = Hilby 4) for m > 0.)

The result below generalizes Proposition 5.2 in [14].

Proposition 5.8. Let d > 3, and m > d. Then all points of Hilb(3 4) \ U2,4) are SL(4)-
unstable, and similarly all points of Chow g q) \U2,q) are SL(4)-unstable.

Proof. Let I € Hilb’{id). Then I contains a quadratic form @, and a degree-d form F
which is not a multiple of Q. Now suppose that I ¢ Im f4,,; then the common zero
locus of @ and F' is not a curve. It follows that there exist homogeneous coordinates
[z, ..., x3] on P? such that one of the following holds:

(1) Q = zoz1, and F = 290G, where G € Clxo,...,x3]q-1, and 21 fG.
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(2) Q =23, and F = 290G, where G € C[xo, ..., 73]a—1, and z¢ |G.
First assume that Item (1) holds. Let A be the 1-PS of SL(4) defined by A =
diag(—3,1,1,1) (with respect to the chosen homogeneous coordinates). Let us prove

that

pm (I, A) < —=2(a+1)m? — (d* —2(2a +3)d + 6(a +1))m + g(d —1)(d—2)(d—3(a+1)).
(5.3.8)
Let

U :=xzox1Clxo, ..., 23]m-2, V :i=x0GClxg,...,23|m-a, T:=U+V.
Notice that U, V, T are subspaces of I. We claim that

B ZA wtx (z4)=—1m3+1(2d—4a—5)m?— 1 (9d®—3(8a+13)d+36(a+1))m+ 2 (d—1)(d—2)(d—3(a+1)).
zA €ind (T)

(5.3.9)
In fact, since wty(zoz1) = —2 and the representation of A on dim C |z, ..., x3]m—2 has
determinant 1, we have
2
Z Wt)\(l‘A) = (—2) -dim@[xo,...,.’ﬂg]m,Q = (—2) . (m;_ > (5310)
zA€in (U)
Next, let 0 < a < (d — 1) be the maximum number such that z%|G. Then
3—d
Z wty(z?) = (d — 4a — 4) - dim Clxo, ..., 23)pm_q = (d — 4a — 4) - (m +3 )
zA€in (V)
(5.3.11)
Lastly, since U NV = zoz1GClxo,. .., ¥3]m—d—1, we have
2—d
Z wta(z?) = (d—4a—3)-dim C[zg, ..., Z3)m_q_1 = (d—4a—3)~<m+3 )
zA€ind (UNV)
(5.3.12)

Next, we have the Grassmann-like formula

Z wty(z?) = Z wt(z4) + Z wty(z) — Z wty (z?).

zA€in (T) zA€in (U) zA€in (V) zA€inX (UNV)

Equation (5.3.9) follows from the above formula, together with (5.3.10), (5.3.11),
and (5.3.12).

In order to prove Equation (5.3.8), we notice that wty(2z4) < m for every monomial
of degree m, and hence
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(LX) = Y whi@?) < Y wta(@?)+m- (dimI - dim7T)

zA€in (I) zA€in (T)

= Z wt (z) + %(m?’ —(2d — 1)m?* + d(d — 1)m).

zA€inX (T)

Thus Equation (5.3.8) follows from (5.3.9).

Let P(d,a,m) be the right hand side of (5.3.8); we claim that P(d,a,m) < 0 for
d>3,a€{0,...,d—1}, and m > d. One easily checks that P(d,a+ 1,m) < P(d,a,m)
if m > 0. Hence it suffices to check that P(d,0,m) < 0 for m > d. The function P(d,0,m)
is decreasing for m > d, hence one is reduced to proving that P(d,0,d) < 0 for d > 3;
this is straightforward.

This proves that if Item (1) holds, then g, (I, \) < 0, and hence I is unstable. More-
over

1 1
m  —pn(L,A) < lim —(=2(a+ 1)m® — (d* — 2(2a + 3)d + 6(a + 1))m

m—+o0 My m—+oo My
2
+ §(d —1)(d—2)(d—3(a+1)))
= —2(a+1)<0. (5.3.13)
By Equation (5.3.7) it follows that p(vy(I),\) < 0, i.e. the corresponding point of the
Chow variety is unstable.

Next, assume that Item (2) holds. Again, let A be the 1-PS of SL(4) defined by
A = diag(—3,1,1,1). We claim that

(I, \) < —(2d + 6)m? — (d* — 6d 4+ 17)m — (2d* — 6d + 10). (5.3.14)
We quickly go over the proof of (5.3.14). Let
U .= LL'(Q)C[:L‘07...71‘3]m,2, V.= LL’()GC[{L‘(),...,LLB]m,d, T =U~+V.

Then U, V, T are subspaces of I, and computations similar to those performed above give
that

1 2d + 13 d? 4 5d — 32
S Wit = —gmt - ; m? 4+ +2 m—2d% 4 6d — 10. (5.3.15)

zA€in (T)
Since wty(z4) < m for every monomial of degree m, it follows that

wm (I, A) = Z wty(z) < Z wta(z?) +m - (dim I — dim T')

zA€in (I) zA€in (T)

1
= > wh@?)+ §(m3 — (2d — 1)m? — (3d*> — 7d + 2)m).(5.3.16)
zA€in (T)
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Inequality (5.3.14) follows at once from (5.3.15) and (5.3.16). The right hand side
of (5.3.14) is negative for d > 3 and m > d; it follows that I is unstable. Proceed-
ing as in the previous case, we also get that the corresponding point of the Chow variety
is unstable. O

5.4. On (non-semi)stability of points of PE and of &
We denote points of PE as follows:

PE = {([fo], [fa]) | fa € T(Ops(d)), fa = falv (s} (5.4.1)

The Hilbert-Mumford numerical function for points of PE relative to n + t£ has been
computed by Benoist [7]. First we recall that the Hilbert-Mumford numerical function
of a non zero homogeneous polynomial f = 3, faz? with respect to a 1-PS A(s) =
diag(s™,...,s™) is

p(f, A) = max{wt(z?) | fa # 0}. (5.4.2)
Thus

<0 if and only lin%) A(s)f =0,
S—

p(f,A) < =0 if and only lin%) A(s)f #£0,
S—

>0 if and only lin%) A(s)f does not exist.
S—

(Recall that g € SL(n + 1) acts on f € Clxg,...,z,] by the formula gf(z) = f(g~'x).)
Let ([f2], [f4]) € PE and let A be a 1-PS of SL(4). Then, by Proposition 2.15 of [7]

P (@, N) = p(fa, A) +t min p(f, \). (5.4.3)
FE[f4]

The straightforward proof of the result below is left to the reader.

Proposition 5.9. Let t € (0,1/2]NQ. Let ([f2], [f4]) € PE\U. Then there exist homoge-
neous coordinates [xg,...,x3] on P3 such that one of the following holds:

(1) fa ==zo0z1, and fi = xog, where g € Clxo, ..., x3]3, and 1 fg.
(2) fo =23, and fy = 09, where g € C[xg, ..., w33, and xo /9.

Moreover, let \ be the 1-PS of SL(4) given by A = diag(—3,1,1,1) in the coordinates
[z0,...,x3] above. Then "™ ([fa], [fa]) < —2.

Corollary 5.10. Let t € (0,1/3) N Q. Then PE**(n+t¢) C U.



R. Laza, K. O’Grady / Advances in Mathematics 383 (2021) 107680 33

Proof. The corollary follows at once from Proposition 5.9 and the Hilbert-Mumford
numerical criterion for semistability, which holds because 7+t is ample for ¢ € (0,1/3)N

Q. O
Proposition 5.11. Let t € (§,1/2] N Q. Then P°°(N;) C U.

Proof. Let z € (£2\U). There exist a curve ¢ C P3, parametrized by a point of Hilbz 4),
and a decomposition

H°(P?, 74(4)) = HY(P?, 0ps(2)) - fo+ Cfa, fa€ H(P?,Ops(d)),
such that

2= (([fa] [fa]): (),

(here c: Hilb(y 4y — Chow(g 4) is the Hilbert-Chow map) and either Item (a) or Item (b)
of Proposition 5.9 holds. Let [zq, ..., 23] and X be the projective coordinates and 1-PS of
SL(4) of Proposition 5.9. Then, by linearity of the Hilbert-Mumford numerical function

1—-2t

Ny _
P (2 A) = TosH

UL DN + g g N (644)

We claim that both numerical functions in the right hand side of (5.4.4) are strictly
negative. In fact "% (([fa],[f4]),\) < 0 by Proposition 5.9. On the other hand, the
proof of Proposition 5.8 gives that uf>(c(%¢),\) <0. O

5.5. Proof of the main result (Theorem 5.6)

Item (1): We will apply Lemma 4.17 in [14]. For the reader’s convenience, we record
below the part of that lemma that we will need.

Lemma 5.12 ([14, Lemma 4.17]). Let X be a projective variety, let G be a reductive group
acting on X, and let L be a G-linearized ample line bundle on X. Then the natural map

X*(L))G — X//1G = Proj <é HO(X, L®”)G>
n=0

s an isomorphism.

Applying Lemma 5.12 to X = &, G = SL(4), L = Ny, and to X = P(E), G = SL(4),
L =n+t&, we get two isomorphisms

P55(Ny) JSL(4) — M(t), PE**(n+ t€) JSL(4) = PE [, 4+4SL(4).  (5.5.1)
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By Proposition 5.11 we have &2%%(N;) C U, and by Corollary 5.10 we have P E**(n+t{) C
U. On the other hand, N¢|y = (n+t£)|y by Corollary 5.5. It follows that both &2°5(N,)
and P E*$(n + t£) are equal to the set of points in U which are semistable for the action
of SL(4), with respect to the linearized line bundle Ny|y. Thus 9255(N;) = PE®S(n+ t€)
and Z2°°(Ny) /SL(4) = PE®**(n + t&) /SL(4). Item (1) now follows from (5.5.1).

Item (2): By Item (1) it suffices to prove that

PE /;+1eSL(4) = 9. (5.5.2)

Let ([f2], [f4]) € PE**(n+t€). We claim that V(fs) is a smooth quadric. In fact, assume
that V(f2) is singular. Then there exist homogeneous coordinates [z, ..., z3] such that
fo € Clxy, 29, x3]2. Let A = diag(—3,1,1,1). Then u(f2, A) = —2, and hence (recall that
t<1/6)

w(fo, A) +¢ min u(f,A) < -2+ 12t < 0. (5.5.3)
FElfa]

This is a contradiction. Hence we have proved that if ([fa],[f4]) € PE**(n + t£), then
V(f2) is a smooth quadric. Now the isomorphism in (5.5.2) follows from the proof of
Lemma 4.18 in [14] (which applies verbatim).

Item (3): Arguing as in the proof of Item (1), it suffices to show that

Lin|u = (2(m? — 4m + 5)n + (m — 3)%¢)|v. (5.5.4)

Let T',©2 C U be the projective curves in (5.2.10) and (5.2.11) respectively. By (5.2.13),
it suffices to show that

deg(Lm|r) = (m — 3)?, deg(Lym|a) = 2(m? — 4m +5). (5.5.5)
This is a straightforward computation that we leave to the reader. O
6. The stability analysis for 9t(t)
6.1. Summary

In the previous sections, we have defined M(¢) for ¢ € (3, 3] (with 0 < § < § fixed)
and, for special values of ¢, we have identified it with natural Hilbert and Chow GIT
quotients for (2,4) complete intersection curves. In the present section we analyze the
variation of GIT describing 2t(¢). To start, we recall that the general theory of variations
of GIT quotients [53,15] (see also [32]) says that the interval (6, £)NQ will be partitioned
into finitely many (open) intervals, called chambers, on which 9(¢) stays constant. The
limits of these intervals are called walls, or critical values ¢t. At such a critical value,
there are birational maps M (¢t £ €) — M(t). The composition M(t — €) --» M(t + ¢)
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is typically a (generalized) flip, that we will refer to as a wall crossing. Since [53,15] a
significant number of applications of VGIT to moduli problems have appeared in the
literature. Most relevant for us are [22], [14], and [7] from which we borrow a number of
techniques and results.

6.2. Main GIT results and structure of the argument

In order to state the main results of the present section, we introduce the following
tables.

value of t, | 1/6 | 1/4 | 3/10 | 1/3 | 1/3 | 5/14 | 3/8 | 2/5 | 1/2

Fo otz 84 5 67 (021
(The equality t3 = t4 is not a misprint.)
type Of sing. ‘ (4,0) ’ (3, 1) ‘ J4$00 ’ J3’+ ‘ Jg’o ‘ E14 ’ E13 ’ E12 (622)

tag | 0 | 1 | 2 | 3 | 4] 5|6 |7

Theorem 6.1. Let t € [1/6,2)NQ, and let C = V(f2, f1) be a (2,4) curve which is N,
semistable (notation as in Subsection 5.2). Let X — V(f2) be the double cover ramified
over C. Then every non slc singularity of X¢o appears in the list in (6.2.2), where notation

for singularities is as in Section 4. More precisely, letting k € {0,...,7}, the following
holds:

(1) If t = ti, then every singularity of Xc has tag at least k.
(2) Ifty, <t <tgy1, then every singularity of X¢ has tag at least k + 1.

In particular, if 2/5 < t < 1/2, then every surface parametrized by M (t) has slc singu-
larities, and hence we have a regular period map ®: M(t) — F*.

Theorem 6.2. The critical slopes of the VGIT for M(t) in the interval (6,3) N Q are
given by the ty’s appearing in (6.2.1), with the exclusion of ts = 1/2. Hence for k €
{0,..., 73\ {3} it makes sense to let M(ty, tiy1) := M(t) for tx, <t < txy1 (in addition,
recall that M(5,1/6) = M). The VGIT for M(t) gives the sequence of birational maps

mam(s, L) S m($. ) & — P Mt_qty) & T T Mtgtpyy) - & — 7w D)
m(d) m (L) M(ty,) m(2) m(1/2)

(6.2.3)

where each dotted arrow denotes a flip, and each solid arrow is a small contraction, with
the exception of M(L, 1) — M(L) which is a divisorial contraction, and M(6, £) — M(L)
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which is an isomorphism. Furthermore, the following holds. For a critical value ty, let
Y_(tk) C M(tk—1,tx) (if & = 0, we mean {[4C]} C M(4,1/6) where C is a smooth
conic) and Ly (ty) C M(tk,tr+1) e the exceptional loci of M(ty—_1,tk) — M(tx) and
M (b, tror1) = M(tx) respectively. Then X_(ty) is the strict transform of Wy, C MM for
the birational map M --» M(tx_1,tx) (if K = 0 we mean the inverse image of Wy ), and
Y. (t) is the strict transform of Z¥+t1 C F* for k # 4, and of Z* C F* for k = 4, for
the birational map F* --+ M(ty, trr1)-

Remark 6.3. The value t = % is also a critical value, the proof is in Subsection 7.3.

Remark 6.4. At ¢t = %, (the strict transform of) the 4 dimensional locus Wy C 9 is
replaced by (the strict transform of) the codimension 4 locus Z4 C .Z*. At t = %, the
center of the flip is the curve parametrizing equivalence classes of (2,4) curves

2 3 2 3
V(zoxe + 27, xox3 + 2ax12205 — fr523),

i.e. the set of [a, 3] € WP(2,1). Moreover W, and Z* are birationally fibered over it.
The special case, [, 5] = [1, 1] morally corresponds to (an undefined) W3, but we have
avoided defining W3 in Definition 4.10, because this stratum is flipped together with
W,. Similarly, the undefined Z° is “hidden” in Z*. This behavior is explained by the
properties of automorphic forms on .% (N) studied in [36].

Before stating the last main result of the present section, we recall that
p(t): M(t) --» F* (6.2.4)
is the (birational) period map.

Proposition 6.5. For t € (1/6, %] N Q, the period map p(t) is an isomorphism in codi-
mension 1.

The proof of Theorem 6.1 is in Subsection 6.5, the proof of Theorem 6.2 and Proposi-
tion 6.5 is in Subsection 6.7. Here we outline the main ingredients in the proofs. Similar
methods have previously occurred in the GIT analysis associated to the Hassett-Keel
program (see esp. [22] and [6]).

Outline of the proof of the main results. Step (1): We compute a set of potential critical
values ¢, for the VGIT 9M(¢) and the corresponding potential critical curves Cj, listed
in Table 2. If ¢ is a critical value, then there exists a curve with C* stabilizer that is N;
semistable but not Nii. semistable. Based on this observation, we give in Subsection 6.3
a straightforward algorithm that produces a set of tx’s containing all actual critical
values, and corresponding curves C; (there is one curve C} up to projectivities for all
k # 3, while for k = 3 we get 1 moduli for the C}’s). The list of potential critical values
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coincides with the list of critical values in Theorem 6.2, but we will be able to prove that
C} is Ny, -semistable only at the end of the present section.

Step (2): As always in a GIT analysis, a key role is played by the numerical criterion for
(semi)stability. In particular it allows us to prove that a curve C' with a singularity with
tag k in Table (6.2.2) is N;-unstable for ¢ < t, see Proposition 6.11. The desemistabiliz-
ing 1-PS is (conjugated to) the stabilizer of the corresponding curve C}; (if k£ € {0,1} the
stabilizer is not 1 dimensional, one has to choose appropriate 1-PS’s of the stabilizers).
This is the key step in the proof of Theorem 6.1.

Step (3): In order to prove that the t;’s are actual critical values we argue via a basin
of attraction argument. This means that for each curve C} we study the curves C' such
that lims_,o A(s)C = C} for some 1-PS in the stabilizer of C}. Each C; lies on a quadric
V(f2) of rank 3, it has an A,, singularity at the vertex of the quadric, it has a point
in the smooth locus of V(f2) with tag k in (6.2.2), and no other singularities. We show
that if C is in the basin of attraction of C}; and N, semistable for ¢ < ?;, then it has a
point with tag k, while if it is IV; semistable for ¢; < ¢, then it lies on a quadric @ of
rank 3, it passes through the vertex of () and near the vertex it is of the same type as
C}. Theorem 6.2 is a straightforward consequence of this result. O

6.3. Potential critical values and potential critical curves

By general results on VGIT ([53], [15]; see also [32]) there exists a finite set {t;} C
(6,1/2) N Q of critical values (or walls) for the VGIT M(¢). (Recall that in Subsection
5.2 we have chosen a rational § € (0,1/6) in order to define our VGIT; in the end the
choice of ¢ will make no difference.) A point ¢y € (6,1/2) N Q is a critical value if for all
sufficiently small € € Q, the following holds (e.g. [32, §3.2.1])

P23 (Nig—e) N P (Nigte) T P (Nyy)- (6.3.1)

We let P2%5( Ny, )"V C P°(Ny,) be the complement of the left hand side of (6.3.1).
Notice that 225 ( Ny, )"V is a closed PGL(4)-invariant subset of &2°(N;, ), and that all its
points are strictly semistable (semistable but not stable) because 2°(Ny,) C 2% (N, 4e)-

Now let € Z2°%(Ny,)"V. It follows from the results recalled above that there is a
unique closed PGL(4)-orbit in the closure of the orbit PGL(4) - z in 7%5(N;, )™V, and
that if «* belongs to such a closed orbit, then its stabilizer is a reductive group (cf.
Matsushita’s criterion) of strictly positive dimension. In particular, z* is stabilized by
a 1-PS A. In other words the changes of stability are associated to geometric objects
stabilized by (at least) a C* (N.B. a similar idea occurs in [4]).

Based on this observation, we will write down a finite subset of (§,1/2) containing the
set of critical values. The numbers in our list are critical values, but before we are in a
position to prove that statement, they will be called potential critical values. Moreover,
for each potential critical value t; we will give a subset of 92%%( Ny, ) containing all elements
of P%5( Ny, )"V stabilized by a 1-PS - the elements of that subset (or any point in the
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Potential critical values for the VGIT 9(t).

k th Critical curve C} = V (fa, fa) 1-PS Sing. at p Type of C} at v

0 & V(gq, z3) 1, a,200 — 1, —3a) 4 (conic) v ¢ Ch

1 1 V(q, z3z1) (1,e,200 — 1, —3a) 3% (conic) Ay

2 3 V(q, zoz3 + x323) (7,3,—-1,-9) J4,00 Ao

3 1 V(g, zox3 + 2212222 — 2513) (3,1,—1,-3) J3, 00 2X (twisted cubic)
4L Vigwmosd+20mimal - fades)  (3,1,-1,-8)  Jso A
5 5 Vg wozi +x3) (17,5, -7, -15) Eia Ay, €,C} = 2T, (L)
6 2 V(q, zoxs + z12323) (11,3, -5, —9) FE1s As, CE DL

7 2 V(q, zoxs 4+ x123) (4,1, -2, -3) Eis A7, CE DL

same PGL(4) orbit) are the potential critical curves (notice that by Proposition 5.11 any
element of #%%(N,) is in U, i.e. is a (2,4) c.i. curve).

Proposition 6.6. Keeping notation as above, the set of critical values for the VGIT 9M(t)
is included in the set (of potential critical values)

1131532
64’103 14’85

For each potential critical value ty, the corresponding potential critical curve(s) C} appear

(6.3.2)

in the row corresponding to ti, in Table 2. In that table v = [0,0,0,1] € P? is the vertex
of the quadric cone V(q) (with ¢ = xoz2 + 23 ) containing C;, p = [1,0,0,0] € P3 is the
unique singular point of C}, €,Cy is the tangent cone to C} at v, and L is a line of
V(f2) (in fact L =V (xg,21)).

(In the row corresponding to k = 4, (a, ) and (1,1) are linearly independent. The
imprecise notation 27}, (L) means the tangent cone at v of V (g, roxa +22) = V (20, 22).)
Before proving Proposition 6.6, we go through a few auxiliary results.

Lemma 6.7. Let x =V (fa, f4) € U. If

(1) fo has rank at most 2, or
(2) there exists a point p € V (fa, fa) which is singular both for V(f2) and V (f4),

then x is t-unstable for allt € (§,1/2).

Proof. If (1) holds, the proof is similar to that of [14, Prop. 4.6]. If (2) holds, the proof
is similar to that of [14, Prop. 4.7]. We omit the details. O

Remark 6.8. We will repeatedly use the function u(fao, A) +tu(f4, A) to destabilize curves
C = V(fa, fa) at specific values of t. An attentive reader might notice that this is in
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fact different from the numerical function u™* ((fa, f1),\) that we should use in the
application of the numerical criterion for & with linearization N;. In fact, pu(f2, A) +
tu(f1, A) is the numerical function (for the linearization n + ¢£) on the PE model of Z.
The point is that ™ ((fa, fa), A) = p(fa, A) + tu(fa, A) if

Hm A(6)V (fa, f4) €U (6.3.3)
t—0
(recall that U is a common open subset of PE and &2, and that the linearizations agree
over U, cf. Corollary 5.5). Equation (6.3.3) always holds in the cases that we will consider.

Lemma 6.9. Keeping notation as above, let tg be a critical value for the VGIT IM(t). Let
C € P (Ng,)™V be a minimal orbit (notice that 2°°(Ny,) C U by Propesition 5.11).
Then, there exists A 1-PS of PGL(4) stabilizing C' and equations C = V(fa, fa) such that

(and u(-, \) is minimized by fi among representatives of fy (mod f3)).

Proof. Let ¢ty € (d,1/2) be a critical value, and C an associated critical polystable
orbit. Since, the stability of C' changes at tg, it is clear that we can choose a 1-PS A
and equations C' = V(fa, f1) such that p*((f2, f1),A) = p(f2, ) + tu(f4, A) and that
' ((fa, fa),\) changes sign at t; # 0. It follows that conditions (6.3.4) are satisfied.
Finally, the condition u'((fs, f1),A) = 0 means that

lim A(s) - (f2)" @ (fa)®™
(for some integers n, m with to = ) exists and it is non-zero (compare (6.6.4) below).
Replacing (fa, f4) by the limit (f,, f,), we get that \ stabilizes V(f,, f,) and that
(fa, f4) and (f,, f4) are in the same SL(4)-orbit (since the orbit is closed). Finally,
fo =lim, 05 - \(s) - f2 and f, = lims_,0 5~ - \(s) - f4 for appropriate n and m as
before (and a constant c). We get u(fy, A) = u(fr,\) for k = 2,4 (i.e. the monomial
computing the A\-weight agree for f, and f;). O

Proof of Proposition 6.6. Let ¢ty € (4,1/2) N Q be a critical value for the VGIT (),
and let V(fa, f1) € U(Ny,)*® be a critical curve for ¢y. As noted above, there exists a
1-PS X of SL(4) stabilizing z, i.e. A(s)f2 = s™ f2 and A(s)fs = s"f1 (mod f3) for some
m, n. Replacing fy by a suitable multiple of fa, we may assume that A(s)fy = s” f4. Since
x is Ny -semistable, A acts trivially on the fiber of &g (Ny,) over z, i.e.

p(f2,A) +top(fa, A) = 0. (6.3.5)

(Notice that p(f2,A) = m and u(f4, A) = n, where m,n are as above.) By Lemma 6.9
we know that (6.3.4) holds. Since a smooth quadric is semistable, it follows that fo is
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degenerate. On the other hand, we may suppose fs has rank at least 3 by Lemma 6.7,
and hence it has rank equal to 3. A straightforward argument shows that there exist
coordinates (g, ...,23) on C* such that

A(s) = diag(s™,...,s™), fa = zoo + 22
Since A(s) fa = s™ fa, we have
2ry = 1o + ro.
It follows that
3ri+r3=0

because rg + ...+ r3 = 0. By interchanging A\ and A~!, we can assume r; > 0 > r3.
Interchanging the variables zg and x2, we can assume ro > 71 = % > ro (in particular,
ro > 0). At this point we may rescale the 7;’s so that ro = 1 (we will get a virtual 1-PS,
it makes no difference as far as our proof is concerned), and we get 1o = 1, r; = «,
ro =2 — 1, r3 = =3, where « € [0,1] N Q. Thus we let A, be the virtual 1-PS

Ao (5) := diag(s, s®, s>~ 1, s73%), a€[0,1]NQ. (6.3.6)
Consider separately the two cases:

(1) f4 is a multiple of a monomial.
(2) f4is not a multiple of a monomial.

Suppose that Item (1) holds. The numerical function u(fs, Ay) is a polynomial in « of
degree 1:

w(f1, M) = ca+d, ¢, deQ, c#0. (6.3.7)

We are assuming that (6.3.5) holds for a certain ¢y € [0,1/2] N Q and A = A,,. Since
1(f2, Aa) = —2a, it follows that ¢ > 0 and d = 0. In fact, if d = 0 and ¢ < 0, then
clearly (6.3.5) cannot hold for to > 0, and if d # 0, then there exist (many!) values of
a € [0,1)NQ with the property that pu(f2, Aa) +top(fa, A) < 0or p(fz, Aa)+top(fa, A) >
0, i.e. (after reparametrization, if A, is a virtual 1-PS) A, fixes V(f2, f4) and acts non
trivially on the fiber of &g (Ny,) over V(fa, fa4). That is a contradiction because V( fa, f4)
is assumed to be Vi -semistable. This proves that ¢ > 0 and d = 0. A straightforward
computation then shows that, after rescaling, fy € {z3, z173, 2323, xow222}. The critical
value for f; = x4 is to = 1/6, the critical value for f; = zy23 is tog = 1/4, while
f1 € {2223, xow223} is impossible, because of Lemma 6.7.
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Now suppose that Item (2) holds. Thus in the expansion of f; there are two (at
least) monomials z¢’ ... 2% and " ...2%* with non-zero coefficients. Let k; = 4; — j; for
1=0,...,3. Since A(s)f1 = s™ f4 for some n, we have

ko + akq + (20& — l)kz — 3aks = 0. (638)

The above equation determines «, and hence we get ¢y upon replacing A by A, in (6.3.5),
and solving for 5. We get the potential critical values in (6.3.2) other than 1/6 by listing
all couples of degree 4 monomials and going through the steps described above (or
programming a computer to do it in our place). Once we have the potential critical values,
it is clear how to compute the potential critical curves associated to each (potential)
critical value. O

6.4. Relations between singularities of C and Ny-(semi)stability

The following proposition is an easy adaptation to the case of singular quadrics of
some of the content of Proposition 3.2.

Proposition 6.10. Let C' € U, and assume that C has consecutive triple points at p, and
that it has a significant limit singularity at p. Let Q be the unique quadric containing C'.
Suppose that Q is a quadric cone, and that it is smooth at p. Lastly, let t € (6,1/2), and
suppose that C' is Ny-semistable. Then the tangent cone to C at p is not equal to 3T, (L),
for L the unique line in Q through p. O

We are now able to complete Step (2) of the proof of Theorem 6.2.

Proposition 6.11. Let C' € U, and let p € C be a point contained in the smooth locus of the
unique quadric containing C. Suppose that C has a singularity at p appearing in (6.2.2),
with tag k. Then C' is Ny-unstable for t € (tg,1/2], and it is Ny-desemistabilized by a
1-PS conjugated to the one appearing in the row of Table 2 with index k.

Proof. Let us assume that mult,(C) = 4, i.e. we are in one of the first two cases in
Table 2. We may choose homogeneous coordinates [z, ..., z4] so that p = [1,0,0, 0] and

C = V(fa, f4) where
fg = Tox2 + CL’% + (ll‘g, a < (C, f4 € C[xl,x2,$3]4. (641)

In fact, choose coordinates so that fy is as above, and let C = V/( fg,ﬁ;). Then, since
mult,(C) = 4, we can add a suitable multiple of f> to ]74 so that we get a quartic
polynomial in z1,x9,x3. Choose affine coordinates x;/xo around p, i.e. set g = 1.
Then (z1,x3) are local coordinates on V' (f2) centered at p, and we have an embedding
%,(C) C A? as the cone V(f4(x1,0,23)). It follows that



42 R. Laza, K. O’Grady / Advances in Mathematics 383 (2021) 107680

(1) if €,(C) = 4A then in the generic case we may make another change of coordinates
so that

fa =23 + w203, g3 € Clz1, 2, 23]3,

(2) if 6,(C) = 3A+ B (with A # B) then in the generic case we may make another
change of coordinates so that

f1 = 23 (cx3 + 1) + 2203, ceC, g3€Clxy, w2, x3]3.

Since the locus of Ni;-unstable points is closed, it will suffice to prove N;-unstability
if (1) or (2) above holds. Let A, be the virtual 1-PS in (6.3.6) with o < 1/5. Then the
exponents are ordered as follows:

1>a>-3a>2a-—1. (6.4.2)
Now suppose that (1) holds. Then

w(fo, Aa) + tu(fa, Aa) = 2a + tmax{—12c, 5. — 1}. (6.4.3)

Let 0 < o < 1/17. Then u(f2, Ao) + tu(fa, Aa) = 2a(1 — 6t), and hence it is strictly
negative for ¢ > 1/6. Since \,(s)f2 = s>@fa, this proves that C is N;-unstable if ¢ €
(1/6,1/2] N Q, see Remark 6.8.

Next suppose that (2) holds. Then

w(f2s Aa) + tu(fa, Ao) = 2a + t max{—8a, 5ar — 1}. (6.4.4)

Let 0 < a < 1/13. Then p(fa2, Aa) + tp(fa, Aa) = 2a(1 — 4t), and hence it is strictly
negative for ¢t > 1/4. Since \o(s)f2 = 2@ fa, this proves that C' is N;-unstable if ¢ €
(1/4,1/2] N Q.

Now we suppose that the singularity of C' at p appears in one of the remaining rows
of Table 2 (the fifth column). By Lemma 4.7, we may choose homogeneous coordinates
[0, ..., 24] so that p=[1,0,0,0] and C = V(fa, fs) where

fo = xox9 + 23 + axd
fa = w0z + 2193(22, 3) + gal2, 3) (6.4.5)
Let A be the 1-PS appearing in Table 2 on the corresponding row. An elementary com-

putation shows that if ¢ > ¢y, then p(f2, A) + tu(f2, A) < 0, and hence C is Ni-unstable
because A(s)fa = s2™ fa, where \ = diag(rg,r1,72,73). O
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6.5. Proof of the first main result

In the present subsection we prove Theorem 6.1. The following key remark (which
follows from Arnold’s results in Subsection 4.2) will be useful.

Remark 6.12. A non slc singularity which is an arbitrary small deformation of a singu-
larity appearing in (6.2.2) is again a singularity appearing in (6.2.2).

Proof of Theorem 6.1. Let us prove that Item (1) holds for £ = 0. Let C' be Ny /4-
semistable. By the classification of potential critical values of the VGIT 9(t), i.e. Propo-
sition 6.6, either C' is Nj/6_c-semistable, or C' € Z°*(Ny/6)"*". In the former case C
sits on a smooth quadric, and defines a semistable point of 9t by Theorem 5.6, hence
Item (1) holds by Corollary 4.9. In the latter case, the closure of the orbit of C' contains
the curve Cf in Table 2. Since C' is a quadruple conic, Item (1) follows from Remark 6.12.

Let us prove that Item (2) holds for k¥ = 0. Let C be N;-semistable, where 1/6 <
t < 1/4. By Proposition 6.6, either C' is N} /6_c-semistable, or C' € 2**(Ny ;)"*". Thus,
every non slc singularity of C' appears in (6.2.2). Moreover, by Proposition 6.11 C' is not
a quadruple conic. This proves that Item (2) holds for k& = 0.

Let ko € {1,...,7}, and assume that Items (1) and (2) hold for all 0 < k < kg. We
prove that Items (1) and (2) hold for k = k.

(1): Let C' be Ny, -semistable. Then either C' is Ny, _-semistable, or C' €
P (Ny,,, )", In the former case, Item (1) holds for k& = ko because Item (2) holds
for k = ko — 1. In the latter case, the closure of the orbit of C' contains the curve C}
in Table 2 (if kg = 3 there is more than one choice for C%). Since the unique non slc
singularity of the curve in Table 2 has tag ko, Item (1) holds by Remark 6.12.

(2): Let C be Ni-semistable, where ti, < t < t,+1. By Proposition 6.6, either C is
Nt —e-semistable, or C' € &7°%(Ny, )"V, In the former case, Item (2) holds for k = ko
because Item (2) holds for k = ko — 1. In the latter case, arguing as above, we get that
the non slc singularities of C' have tag at least kg. On the other hand C' does not have
singularities with tag ko by Proposition 6.11. O

6.6. Basin of attraction for the potential semistable orbits

We recall the following general VGIT behavior: assume that x changes stability (say
goes from ¢-semistable to ¢t-unstable) at some critical slope ¢ (or wall). Then there exist
some z* which gives a minimal orbit at ¢ such that G -2 D G - 2*. As always, the orbit
closures can be tested by 1-PS subgroups. This leads to the notion of basin of attraction,
which plays an important role in the GIT analyses related to the Hassett-Keel program
(e.g. [22]).

Let 2* € & and t € (0,1/2) N Q; we set

Gn,(z*) :={g € SL(4) | g(z*) = ™ and g acts trivially on the fiber of N; at z*}.
(6.6.1)
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Definition 6.13. Let z* € &, and let t € (4,1/2) N Q. Suppose that A is a 1-PS of SL(4)
stabilizing * and acting trivially on the fiber of N; at z* (the last hypothesis is satisfied
if 2* is Ny-semistable). The A-basin of attraction of x* is equal to

Ay(z")={x e Z | lim A(s) -z =2"}.
s—0
The basin of attraction of x* is equal to
Alz*)={z e 2| liH(lJ A(s) - x = z* for some 1-PS X of Gy, (z¥)}.
5—

Remark 6.14. Suppose that x € Ax(z*), and let T be a non zero element of the fiber of
Ny at z. Then, since the action of A on the fiber of NV, at * is trivial, lims_,0 A(s)Z exists
and is a non zero element of the fiber of N; at z*.

6.6.1. Transition at t =1/6
Let C* = V(fa, fa), where

fa = wowy + 2, fa =3 (6.6.2)

Proposition 6.15. Keep notation as above, and let C € Z2°°(Ny) be in the basin of attrac-
tion of C*. The following hold:

(1) Ift € (6,1/6)NQ, then C has a point p of multiplicity 4, belonging to the smooth locus
of the unique quadric containing C, and such that €,(C) = 4A, i.e. the singularity
of C at p is as in the first row of Table 2.

(2) Ift € (1/6,1/4) N Q then C = QN S, where Q is an irreducible quadric, and S is a
quartic surface not containing singular points of Q.

Proof. For o € [0,1] N Q, let Ay be the virtual 1-PS of SL(4) given by
Ao (8) = (s5,8%, 82071 s739), (6.6.3)
Every virtual 1-PS fixing C* is equal to A, for some a € [0,1]N Q. Thus C € A,+:(C)
for some a € [0,1] N Q.
Aa-basin of attraction of C*: We determine which (2,4)-curves C = V (fa+ f5, fa+ f1)
(where f}, € Clxzo,...,z3]q) are in the A\y-basin of attraction of C* (IV;-semistable points

of & are actual (2,4) curves by Proposition 5.11). The fiber of 0 (Ny/,6)® ¢ at C' is
identified with (f2 + f5)®° ® (f4+ f1), and we must determine for which (f3, f;) we have

li_r%)\a(s) ((f2+ 5@ (fa+ f1) = f5° @ fa. (6.6.4)

(See Remark 6.14.) Now
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Aa(s) (F2+ £2)%° @ (fa+ fD) = (f2 + 5™ Na(5)f2)*° @ (fa+ 57" Na(5)f1), (6.6.5)
and hence C' is in the basin of attraction of C* for A, if and only if

lim 52\, (s) f5 = 0, lim s~ 2%\, (s) f1 = 0. (6.6.6)

s—0 s—0

Now notice that the ordering of the weights of A, changes as we cross the value a« = 1/5.
In fact

1>a>2a—-1>-3a ifl/5<aq, (6.6.7)
1>a>-3a>2a—-1if0<a<1/5. (6.6.8)

It follows that

(6.6.9)

2 N
e {<.’1§‘0l‘3,l‘1.’1§‘2,$1$3,l‘2,$2$3,$3> if 1/5 < a,
2

(x179, 7173, T3, To3, T3) if0<a<1/5.

Thus p = [1,0,0,0] is a smooth point of @’ := V(f2 + f3), and local parameters on @’
around p are (z1|q’, x3|g). Moreover in O¢g ), the following holds:

bxs|or dm?), beC if1/5<a,
x2|Q,={"E3|Q (mod ;) if1/5<a (6.6.10)

|0 (mod m2) if0<a<1/5.

On the other hand, if 1/5 < a < 1, then the second equation in (6.6.6) holds if and only
if f; =0, while if 0 < a < 1/5 and it holds for fj, then

fi = $2P3(J?1,.732,J?3) + xoxgpl(l‘l,l‘g, JJ3)7 (6611)

where Py € Clz1, 22, 3)q. It follows (for all &) that C' has multiplicity 4 at p = [1,0,0, 0],
and that the tangent cone at p is equal to 4V (x3).

A, L-basin of attraction of C*: Let C =V (fo + f5, fa + f1). Arguing as above, we see
that C'is in the basin of attraction of C* for ;! if and only if

. —2a —1 ! : 12« —1 !
;13%)8 Xa(s77)fy =0, llg(l)s Aa(s™H) fa=0. (6.6.12)
It follows that
1 (x3, zox1) if1/5<a<1, (6.6.13)
? (23, 071, wow3) if 0 < < 1/5, o

and hence V(fo+ f4) has rank 3. Moreover p ¢ V(fs+ f}); in fact C =V (fa+ f5, fa+ f1)
is projectively equivalent to curves arbitrarily close to C* = V(fa, f4), and since C* does
not contain the vertex of V(f3), it follows that C' does not contain the vertex of V(f3).
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Let us prove Item (1). If ¢ € (6,1/6), then V(f2) is a smooth quadric, and hence C
is in the A,-basin of attraction of C*. Then Item (1) holds by Proposition 6.10. Now
assume that ¢ = 1/6. If C is in the A,-basin of attraction of C*, the same argument
applies. Thus we may assume that C is in the A, -basin of attraction of C*, and hence
V(f2) is singular. By Lemma 6.7 the rank of f5 is equal to 3, and hence there exist
coordinates (o, ...,r3) such that fo = zgzs + 22. Let A\(s) = diag(s™1,s71,571,53).
Then lim, 0 A(8)f5° @ f1 = £5° ® £4(0,0,0, x3), and we are done.

Let us prove Item (2). Since curves in the A,-basin of attraction of C* are N;-
semistable for ¢t < 1/6, it follows from general results that C is in the A_!-basin of
attraction of C*. Thus Item (2) holds by the analysis carried out above. O

6.6.2. Transition at t = 1/4
Let C* = V(fa, f4), where

fo =xoxa + J)%, fi= J)g.’El. (6614)

Proposition 6.16. Keep notation as above, and let C € 22°°(Ny) be in the basin of attrac-
tion of C*. Let Q be the unique quadric containing C. The following hold:

(1) Ift € (1/6,1/4) N Q, then there exists a point p € C' of multiplicity 4, with tangent
cone 6,(C) =3A+ B (A # B), and such Q is smooth point at p, i.e. the singularity
of C' at p is as in the second row of Table 2.

(2) Ift € (1/4,3/10)NQ then Q is a quadric cone (of rank 3 by Lemma 6.7), C' contains
the vertex v of Q, and has an Ay singularity at v.

Proof. The arguments are similar to those of Proposition 6.15, we omit the details. O

6.6.3. Transition at the remaining potential critical values

Proposition 6.17. Let k € {2,...,6,7}, and let C}; be as in the row of Table 2 corre-
sponding to k. Suppose that C € Z°°(Ny) is in the basin of attraction of C}. Then the
following hold:

(1) Ift € (tk—1,tx)NQ, there exists a point p € C such that the unique quadric containing
C is smooth at p and the singularity of C at p is of the same type as the unique
singularity of C; away from the vertex of V(f2).

(2) If t € (tk,trk+1) N Q, the unique quadric containing C has rank 3, and its vertex v
is contained in C'. Moreover, if k # 3, then C has the same type at v as C}; has at
the vertex of V(f2). If k = 3, then C has a singularity at v of type A;, where | >3
(possibly | = 0).
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Proof. Let oy, be as follows:

k|

Ozk‘

Then A, is the component of the identity in the stabilizer of C} (consult Table 2). Thus
C=V(fa+ 13, fa+ f1) € P°°(N,) is either in the \,,-basin of attraction of C} or in
the A !-basin of attraction of Cj.

} Z (6.6.15)
4

el DO
W= W
Ol W~

Aoy -basin of attraction of C};: We will prove that

if C is in the A\, -basin of attraction of Cj}, then Item (1) holds. (6.6.16)
Noting that t; = 2ax/(9ar — 1), we get that C is in the Ay, -basin of C} if and only if

lim 2%\, (s)f4 =0,  lims~©@=Dx_ (s)fi=0. (6.6.17)
s—0 s—0
Since 1/5 < ay, the first equation of (6.6.17) gives that the first alternative in (6.6.9)
holds. In particular p := [1,0,0,0] is a smooth point of the quadric V(fs + f5), local
coordinates on ' centered at p are

ri=x3Q", y:=x1|Q".

Moreover x3|q = ¢, where ¢ is an analytic function such that ¢ = bz (mod m?) for
some b € C (see (6.6.10)). Thus a local equation of C' C Q' centered at p is given by

oy, o(z,y), ) + f1(Ly, o(z,y), z) = 0.

Let us prove that the singularity of C' at p is as in the row of Table 2 corresponding to k.
We assign weights to x and y as follows:

l—ak

Bt (6.6.18)

1
wtg(x) := 3 wig(y) =
Notice the following:

(1) The weights of z and y in (6.6.18) are equal to the weights of x and y in Table 1
corresponding to the singularity type listed in Table 2 (on the row with index k)
- this is a straightforward computation. (Warning: the index k in Table 1 has no
relation to the index k in Table 2.)

(2) ¢(z,y) = y* +¥(z,y) (see (6.6.10)) where all monomials appearing in 1 (z,y) have
weight greater than wty(y?) - this because 2wty (y) < wtg(z).
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One easily checks that f4(1,y, p(z,9),2) = h(z,y)+g(x, y) where h(z,y) is homogeneous
of weight 1 and all monomials appearing in g(z,y) have weight strictly greater than 1,
and moreover h(z,y) is equal to the leading term appearing in Table 1 on the row with
index k (with the exception of the case k = 3 in Table 2, where it is equal to the leading
(and “unique”) term of the J3 o singularity).

Thus, by Theorem 4.2, in order to prove (6.6.16), it suffices to check that all monomials
appearing in fi(1,y, ¢(z,y), ) have weight strictly greater than 1. Every such monomial
is obtained from a monomial xéox?a:gzx? appearing in f; by setting o = 1, 1 = v,
z9 = @(x,y) and x3 = x. By item (2) above it suffices to check that the weight of
2y +22 ig strictly greater than 1, i.e. that

(i1 + 2i2)(1 — ag) +i3(3ag + 1) > 3(3ay + 1).

The above inequality follows from the second equation in (6.6.17).

)\;kl-basin of attraction of C};: We will prove that
if C is in the A;-basin of attraction of Cj;, then Item (2) holds. (6.6.19)
First C is in the A3 !-basin of C} if and only if

lim s™2%% \,, (s71) f5 =0, lim %1\, (s71)f1 = 0. (6.6.20)

s—0 s—0

Since 1/5 < ay, it follows from (6.6.13) that there exist ¢,d € C such that
f2+ fh = zolczo + doy + 2) + 27, (6.6.21)

Thus V(f2 + f4) has rank 3, and its singular point is v = [0, 0,0, 1]. In order to examine
the consequences of the second equation in (6.6.20), we introduce some notation. Given
a 1-PS A(s) = diag(s™, ..., s™) we define wty(g) for 0 # g € Clzo,...,x3] as

wty(g) := min{wt(monomial in g)}, (6.6.22)

where wty of a monomial is given by (5.3.2). Then the second equation in (6.6.20) is
equivalent to

Wt)“lk (fi) >1—9ag. (6623)

Inequality (6.6.23) gives that v is a singular point of V' (f}). Since v is a smooth point
of V(f4), with tangent plane V(xg), it follows that v is a smooth point of V(fy + f3),
with tangent plane V(zg). Now set x3 = 1, and hence (xq, z1, 23) are local coordinates
in a neighborhood of v in P3; by the Implicit Function Theorem, the restrictions of
x1,x2 to in V(fy + fi) are local coordinates in a neighborhood of v in V(fy + f}).
Abusing notation, we use the same symbol for z1,xo and their restrictions. There exists
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an analytic function ¢ of two variables defined in a neighborhood of (0,0) such that
xzo = @(x1,22) on V(fs+ f1)- By (6.6.21), a local equation of the plane singularity (C,v)
is given by

23+ (w1, 22) (cp(21, 22) + dxy + 22) = 0. (6.6.24)
Define

Wi (21) :=1/2, Wty (z2) :=1/(m + 1), (6.6.25)

and extend it to a weight function on non zero elements of C[[z1, x2]] by defining wt,,(g)
as the minimum of weights of monomials appearing in g. In order to prove (6.6.19) it
suffices to check that

m
tn () > — 6.6.26
Winle) = (6.6.26)
and the extra condition involving a line L C V(fs + f5) if k € {5,6,7}.
Since f4(§0($1,$2),1’1,1’27 1) =+ fi(@(z13$2)71‘171‘27 1) = 07 we get that
th(gﬁ) = th(f4(0, T1,T2, 1) + fﬁ(O, 1,2, 1)) (6627)

A straightforward computation shows that wt,,(f4(0,x1,22,1)) = m/(m + 1). Thus it
suffices to check that
Wt (F4(0, 21, 22,1)) > — (6.6.28)
m\J4\Ys L1, L2, =~ m 4 1 . i
This follows from the values in Table (6.6.29) - notice that it suffices to consider mono-
mials x?ﬂ;x’f with 41 € {0, 1}, because if 41 > 2 the associated weight is at least 1. (It
helps to notice that ay’s are decreasing.)

monomial a:I z%wg zgwgzl 1313 zgzgzl mé zgzl
wta, (z) —2a — 2| —3ap — 1| 3ar — 3 205 — 2 8ay — 4 Tap — 3
wtx,, (') > 1— 90y iff| nok k=2 k= ke{2,...,5} | ke {2,38,4} [k {2,...,6}
(6.6.29)

Lastly we prove that, if k& € {5, 6,7}, the extra condition involving a line L C V(fa + f3)
holds. First notice that L := V(xg, 1) is a line contained in V(fz + f3). If k = 5 the
condition €,C = 2T, (L) holds by the local equation of C, see (6.6.24). If k € {6,7} the
line L belongs to V(f4) by the computations above.

Let us finish the proof of the proposition. Suppose that ¢ € (¢, tx+1). By the analysis
above, either the thesis of Item (1) or the thesis of Item (2) holds. The former is excluded
by Proposition 6.11.
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Now suppose that ¢ € (tx_1,x). By the analysis above, either the thesis of Item (1)
or the thesis of Item (2) holds. Assume that the latter holds. By the analysis of the
)\ik—basin of attraction of Cj, it follows that there exist N; semistable curves C, with
tr < t, which are in the basin of attraction of C} for which the thesis of Item (1) holds.
This contradicts Proposition 6.11. Hence the thesis of Item (1) holds. O

6.7. Proof of the remaining main results of the section

Proof of Theorem 6.2. Let us prove that the critical values for the VGIT 2t(¢) in the
interval (4,1/2) N Q are given by the t;’s appearing in (6.2.1), with the exclusion of
ts = 1/2. By Proposition 6.6, every critical value is equal to one of the t;’s. Hence
it remains to prove that tp is a critical value, for each k € {0,...,7}. There exists
an Nj/6_-semistable (4,4) curve Cp on a smooth quadric @, such that the double
cover X¢, — @ ramified over Cy has a non slc singularity with tag k and no non slc
singularity with tag strictly less than k. This is immediate for k& € {0, 1}, and it follows
from Lemma 4.5 for k € {2,...,7}. (The argument would work equally well if we knew
that the curve C}; in Table 2 is Ny, -semistable, but at this stage we have not yet proved
this.) By Proposition 6.11 C}, is Ni;-unstable for ¢;, < ¢. Thus it will suffice to show that
Cy is Ny-semistable for ¢ < £j. Suppose the contrary. Since Cy, is Ny /_.-semistable, there
exists 0 < ko < k such that Cj is in the basin of attraction (form the left) of a curve
projectively equivalent to C}, . By the results of Subsection 6.6 this implies that Cj; has
a point with tag kg, contradicting our choice of C. This proves that Cj is N;-semistable
for t < ti, and hence proves that tj is critical value.

It remains to prove that the exceptional loci of IM(tp_1,tx) — IM(tx) and
M(ty, tor1) — M(t) are as claimed. We have already established the fact that the
exceptional loci of M(tx_1,tx) — M(tr) are naturally birational to Wy. Specifically, the
generic point (; in Wy, C 9t is N, stable for ¢ < %,
Proposition 6.11), but via the basin of attraction argument, ¢j can not become unstable
before tj,. For the exceptional loci of M (L, txr1) — M(tx), we note first that the cases
k = 0,1 are discussed in detail in Proposition 6.15 and Proposition 6.16. For the cases

it becomes unstable for ¢ > ¢ (cf.

k = 2,4, the minimal orbit C}; at ¢, has a singularity of type As and respectively Az
at the vertex v of the quadric cone containing C}. For the cases k = 5,6,7, there is a
singularity at v of type A4, As, and Ay respectively, and additionally a line L in special
position with respect to the curve C} and the singularity at v (see Table 2). As previ-
ously discussed, the exceptional locus X4 (t) of M(tx, try1) — M(tr) is obtained via the
basin of attraction of C}. By the arguments given in the previous subsection, it follows
that the generic point & of X (tx) will correspond to a curve having the same type of
singularity at v (and position of L) as C;. Furthermore, this curve will have at worst
some additional nodes (imposed by the special position of the line L). The resulting
conditions are exactly the conditions that have been used to define the loci Z¥+1 in .7 *
(see Proposition 2.2). In other words, there are natural rational maps 3, (t5) --» Z*+!
(and clearly one-to-one onto the image). To conclude that the two spaces are birational,
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we note that Z*+1 are irreducible and that ¥, (¢;) and Z**! have the same dimension.
As discussed, the index of Z corresponds to the codimension. On the other hand, the
dimension of ¥4 (tx) can be computed as being complementary to that of X_(¢x), or
equivalently Wj,. (See Remark 6.4 for a discussion of the dimensions in the special case
t=3%.) O

Proof of Proposition 6.5.

Claim 6.18. Let C =V (fa, f4) be a (2,4) c.i. curve such that the associated double cover
is a K3 surface with canonical singularities. Then the following hold:

(1) C is Ny-stable fort € (2/5,1/2]NQ (and hence asymptotic GIT stable).
(2) Ifin addition V (f2) is smooth along C, then C' is Ny-semistable fort € (1/6,2/5|NQ.

Proof. (1): Let t € (2/5,1/2) N Q. By Theorem 6.1, every point of 9(2/5,1/2)
parametrizes a (polystable) surface with slc singularities, and the regular period map
d: M(2/5,1/2) — F* is dominant, hence surjective. Thus the fiber of ® over a point of
F is a surface with slc singularities, and moreover, if the double cover X — V(f2) rami-
fied over C' = V (s, f4) has slc singularities, then C' must be N;-semistable. On the other
hand, if the double cover X — V(f2) ramified over C = V(fa, f4) has slc singularities,
then the automorphism group of C is finite; it follows that such a curve is necessarily
N;-stable.

The same argument applies for ¢ = 1/2. In fact, since the map 9(2/5,1/2) — M(1/2)
induced by the Hilbert-Chow morphism is surjective, every point of #°*(Ny3) is repre-
sented by a curve V(fa, f4) which is N;-semistable for ¢ € (2/5,1/2) N Q.

(2): By the results of Subsection 6.6, more precisely by Item (2) of Proposition 6.15,
Item (2) of Proposition 6.16, and Item (2) of Proposition 6.17, C' is not in the basin of
attraction (from the right) of any critical value t; with k € {1,...,7}. It follows that C
remains semistable for all ¢ € (1/6,2/5]NQ. O

Motivated by Claim 6.18, we give a definition that will be useful here and also later
on.

Definition 6.19. Let Uy C U be the (open) subset parametrizing curves C = V(fa, f4)
such that the associated double cover is a K3 surface with canonical singularities, and
V(f2) is smooth along C.

Let

M(t)o := Up/n,SL(4). (6.7.1)

Thus M (t)o is an open subset of MW(¢). A dimension count shows that
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cod (M () \ M(t)o, M(t)) > 2. (6.7.2)

Since M(t)o is contained in the regular locus of the period map p(t), all that remains to
prove is that the complement of p(¢)(9(¢)o) in . * has codimension at least 2. By Propo-
sition 2.2, the complement of p(t)(9M(t)g) in . is equal to Z2, which has codimension
2. Since the boundary #* \ .# has codimension 17, we are done. 0O

7. Proof of the main result
7.1. Summary

In the present section, we prove Theorem 1.1. The proofs of Items (i) and (ii) involve
our GIT models M(t) for t € (1/6,1/2] N Q. Let

p(t): M(t) ——» F (7.1.1)

be the period map: if C' = V(fs, f4) represents a generic stable point x € 9(t), then
p(t)(z) is the period point of the double cover of V(fz) branched over C' (a U(2)-
hyperelliptic K3 surface). The key ingredients in our proofs of Items (i)-(ii) are Propo-
sition 6.5 and results about the Picard groups of % and 9i(¢) that we discuss in the
following subsection.

7.2. Divisor classes on the locally symmetric and GIT models

The locally symmetric variety % = /1" is a Q-factorial quasi-projective variety. Let
H, and H}, be the nodal and hyperelliptic divisors of .%#, respectively (see Definition
1.3.4 in [36]). Informally, H,, is the closure of the locus of periods of U(2)-hyperelliptic
K3’s which are double covers X — V(f2) ramified over a (2,4) curve V(fa, f4) which is
smooth except for a node at a smooth point of V(f2), while Hy, is the locus of periods of
U(2)-hyperelliptic K3’s which are double covers X — V(f3) of a quadric cone ramified
over a (2,4) curve with ADE singularities. We recall that X is the Hodge (or automorphic)
Q divisor class.

If Z is an algebraic variety, we let Pic(Z)qg := Pic(Z) ®z Q. A Q-Cartier divisor D
on Z determines an element [D] of Pic(Z)q.

Proposition 7.1 (¢f. [36, Sect. 3]). Let F be the period space of U(2)-hyperelliptic K3’s.
Then

(1) Pic(F)q = Q[Ha] & Q[Hy], and
(2) 136) = H,, + 16H),.

Next, we come to the Picard group of M(¢) for t € (1/6,1/2] N Q. Let P%°(N;) C &
be the locus of N;-semistable points. Let U be the parameter space for (2,4) complete
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intersection curves in P3. Then £%%(N;) C U by Proposition 5.11. Since U C PE, it
makes sense to restrict n and £ (see (5.1.2)) to &?°*(N;). The restriction of the SL(4)-
linearized ample divisor class Ny to U is isomorphic to (n + t€)|y. Hence the following
definition makes sense because of Corollary 5.5.

Definition 7.2. For ¢ € [1/6,1/2] N Q, let D(t) be the Q-Cartier divisor class on 9(¢)
obtained by descent from the divisor class (1 + t&£)| s (n,)-

Remark 7.3. Let ¢t € [1/6,1/2] N Q. Then D(¢) is an ample Q-Cartier divisor class,
because N, is ample on & for t € [1/6,1/2) N Q, and by (5.2.5) if ¢t = 1/2.

Proposition 7.4. Let t € (1/6,1/2)NQ, and assume that t is not one of the critical slopes
for the VGIT M(t) (see Theorem 6.2). Then both 0|z (n,) and &|zss(n,) descend to
Q-Cartier divisor classes 7(t) and £(t) on M(t), and Pic(M(t))o = Qn(t) & QE(t).

Proof. One checks easily that Pic®(2°(N,))q = Q| ss(ny)] © Q€] 255 (wv,)]- In order
to prove that both 7| gss(n,) and §|zs:(n,) descend to Q-Cartier divisor classes on 90(t)
we apply Theorem 2.3 in [16]. One has to check that if C' = V(fa, f4) is Ni-polystable,
then the stabilizer Stab(C') acts trivially on the fiber of n or £ at C. Since G is a linearly
reductive group, it suffices to check that any 1-PS A contained in Stab(C) acts trivially
on the fiber of n or ¢ at C. Now, ¢ is not one of the critical slopes for the VGIT 9Mi(¢),
hence u(f2,A) = 0 and u(fs, \) = 0. The fiber of  at C' is identified with (Cf2)Y, and
the fiber of ¢ at C is identified with (Cf4)Y (mod f2); it follows that A acts trivially
both on the fiber of n and of £ at C. O

Our next task is to compare Q-Cartier divisors on 9i(t) with the pull-back via p(t)
of Q-Cartier divisors on .%. Let Uy C U be as in Definition 6.19, and let po: Uy — &
be the (regular) period map.

Lemma 7.5. Let t € (1/6,1/2] N Q. In Pic(Up)q, we have
poHn = 410, poHn = (720 + 688) 0, - (7.2.1)
Proof. We have
poHn = {([f2]. [fa]) € Uo | V(f2) is singular},
and

poH, = closure of {([fz], [f1]) € Uo | C = V(fa, fa)is singular at a smooth point of V(f2)}.

Since the locus of singular quadrics is a degree 4 hypersurface in |Ops 2)|, the first equality
in (7.2.1) is clear. The second equality in (7.2.1) is proved by a computation analogous
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to the one done in [13, Prop. 1.1] for (2,3) complete intersections in P3. We omit the
details. O

For t # 0, let B(t) = 132t

Proposition 7.6. Let t € (1/6,1/2]NQ. Then p(t)*(A+ B(t)A) is a Q-Cartier divisor on
M(t), and we have the relation

D(t) = 2tp(t)* (A + B)A). (7.2.2)

Proof. We recall that, since SL(4) has no non trivial characters, Pic(901(¢)) injects into the
group of SL(4)-linearized line bundles on &7%°(N;). Since &#%°(Ny) \ Up has codimension
at least 2 in 22%%(N,), and Uy is smooth, p*(A + B(t)A) extends uniquely to a Q-Cartier
divisor on &?°°(Ny), and moreover it suffices to prove that

(0 + &)y, = 2tp" (A + B(t)A) 1, - (7.2.3)

Since A = %Hh, we have E*A|UO = 2nyy, by Lemma 7.5. On the other hand, by Propo-
sition 7.1 and by Lemma 7.5,
P AN, = 12z (Hy + 16Hy) 1y, = 721 + 68 + 64n) 1y, = (n + 5)\U0

136 136<

Thus,

PO+ B0 =+ 56+ (55

r 1) v, = %(n+tf)|Uo'

This proves (7.2.3). O
7.3. Proof of Items (i)-(iii) of Theorem 1.1

First we notice that 8 defines an invertible function [1/6,1/2) N Q — [0,1] N Q. In
fact the inverse is given by

1
48 +2°

t(B) == (7.3.1)

Let us prove Item (i). Since D(¢) is ample (see Remark 7.3), it follows that it will suffice
to prove that the period map induces an isomorphism of rings

p(t)": R(Z, X+ B(H)A) =5 RON(E), D(t)). (7.3.2)

If 3 =1, then t = 1/6, and in that case (7.3.2) has been proved in [36], Prop. 4.0.20.
More precisely, in that proposition D(1/6) is replaced by an ample L(18), but Pic(9)g
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has rank one because MM = |Op1p1(4,4)|JAut(P! x P1), and hence D(1/6) is a positive
multiple of L(18), and (7.3.2) for ¢ = 1/6 follows.

Thus we may assume that ¢t € (1/6,1/2] N Q. Let M(t)o C M(t) be as in (6.7.1). The
period map is regular on M(t)g, and it defines an isomorphism between M(t)y and its
image %, C .#. Moreover

cod(M(t) \ M(t)o, M(t)) > 2,  cod(F \ Fo, F) > 2. (7.3.3)

In fact, the first inequality is (6.7.2), the second one has been proved in the proof
of Proposition 6.5. Since .# and Mi(¢) are normal varieties, Equation (7.3.2) now follows
from Proposition 7.6 and (7.3.3).

We have proved Item (i).

In order to prove Items (ii) and (iii) we take the Proj of both sides of (7.3.2), and we
get an isomorphism

p(t(B) ™"+ F(B) = M(H(B)). (7.3.4)

Given the above isomorphism, Items (ii) and (iii) follow from Theorem 6.2, except that
we do not know yet whether 8 = 1 is a critical value. For this we must show that for
e € Q4 small the period map p(t(e)): .7 (t(e)) --+ .F* is not an isomorphism. Suppose
that it is an isomorphism. Then A+¢(e)A is a Q-Cartier divisor, and since A is Q-Cartier,
so is A. Thus Hy, is Q-Cartier, and this is a contradiction, one knows that Hj, is not
Q-Cartier (e.g. it follows from [39, Cor. 3.5]).

7.4. Proof of Item (iv) of Theorem 1.1

By the discussion above, we have F(€) = M (5 —¢) = Hilb(%gl)//SL(él) (see Theo-

rem 5.6) (with £ — € = t(e), and 0 < ¢,¢ < 1). Similarly, #* = .Z(0) = M (3) =
Chow s 4y /SL(4). Furthermore, with these identifications, .7 (e) — .#* is compatible
with the natural Hilbert-Chow map (see Remark 5.3).

By Proposition 7.4, it follows that Z(e) is Q-factorial with Picard number 2. As
already noted, & * is not Q-factorial with (the closure of) Hj being a Weil divisor, which
is not Q-Cartier. By the GIT description, it is clear that .#(e) — #* is a small map
(e.g. Proposition 6.5). It follows then that % (e) is isomorphic to the Q-factorialization

of Looijenga associated to the divisor Hj, (see [28, Lemma 6.2]).
8. The structure of the Chow and (asymptotic) Hilbert GIT quotients

8.1. Summary

~

As previously discussed, the period map induces an isomorphism 9 (t(8)) = F(8)
for 8 € [0,1]N@Q. The purpose of this section is to discuss the geometric meaning of this
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isomorphism for 3 close to 0 (or equivalently ¢ close to %) Specifically, we are interested
in the following diagram:

M(L — ¢) = HiIbGZ'JSLE) — — F = F(e) (8.1.1)

e

M(L) = Chow(gq) /SL(4) —— F* = F(0)
where

i) Z* is the Baily-Borel compactification of %, 7 is Looijenga’s Q-factorialization of
F* and 11 : F — F* is the structure morphism constructed by Looijenga [39],
if) Hilbgi)o /SL(4) is the GIT quotient of the Hilbert scheme for (2,4) complete inter-
sections (see Subsubsection 5.3.1 and Theorem 5.6), and similarly Chow s 4) /SL(4)
is the Chow quotient. The map W is induced by the Hilbert-Chow morphism,
iii) the horizontal isomorphisms are those of (7.3.4) (i.e. induced by the period map).

8.2. Structure of Looijenga’s Q-factorization F

We have already discussed the structure of the Baily-Borel compactification .#* in
Subsection 2.4. We recall that while .% is Q-factorial, its compactification .#* is not.
For this reason, Looijenga [39] has introduced the semitoric compactifications (that of-
fer common generalization of both Baily-Borel and toroidal compactifications) that for
appropriate choices give the Q-Cartierizations of the closures of Heegner divisors in .%#.
As already used elsewhere in the paper, we denote by 7 the Q-Cartierization associated
to the divisor A; we have .7 = F (e).

By definition, F — F* is a small map, which is an isomorphism over % (recall
Z is Q-factorial). The structure of the Baily-Borel compactification was discussed in
Theorem 2.3. Then, following Looijenga [39], the fibers of F — F* reflect the arithmetic
structure of the hyperplane arrangement associated to the divisor A (or equivalently
Hj, C %) at the boundary of the period domain. Explicitly, in our situation the following
holds.

Proposition 8.1. Let F — F* be the Looijenga Q-factorialization associated to the divi-
sor Hy,. Then

i) The dimensions of the pre-images in F of the eight Type II components in F* are
as given in Table 3.

i) With the exception of the component labeled D1, the remaining T Type II boundary
components in F are naturally birational to 7 Type II boundary components in the
GIT quotient for (4,4) curves in P! x P! (see Proposition 3.9 - the labeling is chosen
compatibly). The geometric meaning is given in Table 5.
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Table 3 e

The Type II boundary components of & — Z*.

Label Type Dim. in Z Geometric Meaning Quartic Case
D¢ a 1 double twisted cubic (on the quadric cone) D7

Ds @ Es a 9 Es, double line Do @ Es
D12 D D4 a 5 double conic D12 D D5
(E'7)2 @® Do a 3 two E~'7 singularities (E7)2 @ D3
Ais © D1 a 2 double elliptic quartic Ais © Do
(Dg)? a 1 two skew double lines; smooth quadric (Ds)? ® D,
(Eg)? b 1 two Ejg singularities; smooth quadric (Eg)? @ D;
(D16)Jr b 1 double twisted cubic; smooth quadric D1 ® D,

o~

Proof. In [35, Sect. 7], we have analyzed the Q-factorialization .%(19) — #(19)* for
quartic surfaces. In particular, we refer to [35, Prop. 7.6] for the computation of the
dimensions of the boundary components, and to [35, Def. 7.7] and [35, Prop. 7.11] for
the geometric meaning. The proof for the case of U(2)-hyperelliptic K3’s is essentially
verbatim. For the reader’s convenience, the last column of Table 3 indicates the analogous
case for quartic K3 surfaces. As previously indicated (see Remark 2.4), one of the cases
occurring for quartics does not occur for hyperelliptic quartics. O

8.8. Arithmetic dictates the structure of the Chow and Hilbert quotients

In conclusion, the isomorphisms of (8.1.1), the structure of Baily-Borel compactifica-
tion (Theorem 2.3), and the structure of the Q-factorialization (Propesition 8.1), give
the following information on the structure of the Chow GIT quotient Chow s 4) /SL(4)
and asymptotic Hilbert quotients Hilbg% J/SL(4):

(1) There are 8 one-dimensional Type II strata in the Chow GIT Chow s 4) /SL(4). Ad-
ditionally, there are two Type III points in Chow sz 4y /SL(4). The union of the Type
IT and III boundary strata is the complement of the ADE locus (as in Claim 6.18)
in Chow(y 4y /SL(4).

(2) In the Hilbert GIT Hilb{; 4) /SL(4) (m > 0), there are 8 Type II boundary compo-
nents of dimensions between 1 and 9 according to the third column of Table 3.

(3) Seven of the 8 Type boundary II components in Hilb{; ;/SL(4) are birational to
the seven Type II boundary components of 9t identified by Propesition 3.9. More
precisely, the VGIT 9(t) for ¢t € (d,1/2) affects these seven components only bi-
rationally. In particular, they have the same dimension in 90 as in Hilb( 4 /SL(4)
(given by Table 3).

(4) Finally, the eighth Type II component (label Djg) only exists in the range ¢ €

L when the locus

(1/3,1/2]. (It appears in the exceptional locus of the flip at ¢ = 3,

Wy C O is replaced by the stratum Z4 C .7; see Remark 6.4).
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The above results are much more involved and subtle than those present in the existing
literature ([50], [39], [40], [31]). In particular Item (4) is completely new, and it offers
an elegant explanation to an apparent contradiction to the Shah/Looijenga study of
GIT versus Baily-Borel for quartic surfaces. Namely, in the case of degree 2 K3 surfaces
(and similarly for cubic fourfolds), the number of Type II components on the GIT and
Baily-Borel models agree. In contrast, for quartic K3 surfaces (and similarly for U(2)-
hyperelliptic K3’s), comparing the number of the Type II components in the GIT model
(cf. [51, Thm. 2.4]) to the number of Type II components for the Baily-Borel model (cf.
[47,§6.3]) one observes a discrepancy of 1 (i.e. 8 vs. 9). This is somewhat unexpected from
Looijenga’s theory [39]. Our previous work [36,35] gives a conjectural explanation for this
discrepancy (a “second order” arithmetic correction). The present paper establishes that
this conjectural behavior is accurate (at least for U(2)-hyperelliptic K3’s).

8.4. The GIT analysis of the Chow and asymptotic Hilbert quotients

The following result is the geometric counterpart of the discussion from Subsection 8.3.
The essential new aspect here is the geometric explanation for the drop in dimensions for
Type II components as we pass from the Hilbert to the Chow GIT quotient. Somewhat
surprisingly, there are four different geometric behaviors (labeled (A)—(D) in the proof
below) that occur here.

Theorem 8.2. The following hold:

a) Let C be an irreducible (2,4) complete intersection with only planar singularities of
type ADE (equivalently, the associated double cover is a K3 surface with canonical
singularities). Then C is GIT stable w.r.t. the Chow polarization. Consequently, we
can view .7 as an open subset in M(3).

b) The boundary of # in the Chow GIT Chow a4y /SL(4) is the union of 8 rational
curves (the closure of eight 1-dimensional Type II components listed below), meeting
as in diagram (2.4.1). In particular, there are two Type III points (compare Re-
mark 3.10).

Furthermore,

(IT) The polystable curves parametrized by the 8 Type II boundary components are given
by the following equations, where the cases are labeled according to the labels of the
Type II components in the Baily-Borel compactification F* (cf. Theorem 2.3),
using the identification Chow s 4) /SL(4) = F*.

i) (Ds® Eg): V (23 + zowa, moxi + 2323 + arizexs);
ii) (D12 ® Dy4):V (:c% + xox2, 21 (0 + axg):cg);

iii) (A15 @ D1): V(fa2,93), where V(fa, g2) is an elliptic normal curve;
) (DYs): V ((uo 4 u1)(ug + aur)(ugvi + urvd)?) € P x P,

iv
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v) (E2): V (uour (uovi + u1v3) (uov? + augnd)) C P x P1;

vi) (B2 @ Dy): V (vox3, 2172(21 — 22) (21 — ax2));

vii) (D2): V(ududvovi(vo — v1)(vo — avy)) € P x P,
viii) (Dig): V (x% + 202, (T3 + 21 + ax2) (073 + 2212273 — .13%$3))
The dimensions of the preimages (vm M(1/2 —€) — M(1/2)) of these strata in

M(1/2 — €)(= Hllb?;?fo//SL( ) = 9) are given in the third column of Table 3.

Furthermore, the Type II components in IM(1/2 — €) corresponding to first seven
cases (i)-(vii) are birational to the seven Type II components in M (via the natural
map M = IM(1/6—¢) --» M(1/2—¢)) listed in Proposition 3.9. The eighth stratum
(label D1g) is visible (as a Type II stratum) in IM(t) only for t € (1/3,1/2].

(ITII) The polystable orbits corresponding to the two Type III points have equations:

(I11,) : V(xzozs, x%x%),

(IITy) : V(203 — 129, ToTs + 20303 + 2ia3).

Proof. Item (a) was established in Claim 6.18.

We consider the behavior of the Type II polystable orbits listed in Proposition 3.9.
According to the analysis of Subsection 6.6, there is no change of (semi)stability for a
Type II (and similarly for Type III) curve C for ¢t € (4,1) (i.e. if C' is stable/semistable as a
(4,4) curve or equivalently for t = £ —¢, the same will be true for ¢ = 1—¢). Thus the seven
Type II strata in 97 = M(1/6 — e) hsted in Proposition 3.9 will survive (birationally)
in Hllbygff)o /SL(4) =2 M(1/2 — €) =2 #. In particular, we note that the dimensions of
these strata listed in Proposition 3.9 match the dimensions of the corresponding Type
IT components in Z (cf. the third column of Table 3). We know that the Hilbert-Chow
morphism induces the VGIT map M(1/2—e) — M(1/2), and then (by our main theorem)
this morphism is identified to F — F*. Since the Type II components in #* are 1-
dimensional, it follows that the Type II components in (1 — €) of dimension larger
than 1 will collapse to 1-dimensional components in M(1/2) = Chow s, 4y /SL(4). As
explained, this is a corollary of our main result (see Subsection 8.3 above), but we would
like to see this behavior purely in GIT terms. In particular, this allows us to identify the
minimal orbits for Chow (s 4.

A Type II stratum in 9M(1/2 — €) might drop dimension in 9t(1/2) for two distinct
reasons. The first reason (the typical behavior in VGIT) is the creation of new semistable
orbits at ¢t = % which absorb some of the (% — e)-polystable orbits. The second reason
is a contraction is induced by the Hilbert-Mumford morphism. The latter case is only
relevant for non-reduced curves, and since we restrict to Type I, it affects only curves
in the stratum A5 + D;. Returning to the former case, an analysis similar to that of

Section 6 allows us to identify the following new critical orbits at t = %:

V (2} + zoz2, 27 f2 (22, 73) + 20 f3(2, T3)) (8.4.1)
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with stabilizer A = (5,1, —3, —3). This curve has a double line passing through the vertex
v of the cone, and an Ejg singularity at the point p = [1,0,0, 0].

V(zoxs, fa(z1,22)) (8.4.2)

stabilized by A = (3,1,1, —1). In this situation, the quadric becomes reducible, and it is
cut out by 4 planes (that share an axis).

V(@? + xow, q(wo, 21, x2)23) (8.4.3)

stabilized by A = (1,1, 1, —3). In this situation, we have a double conic, together with 4
lines passing through the vertex v. (As limiting cases, we obtain II1, and IIT, listed in
the theorem.)

In conclusion, we identify the following cases for the behavior of the Type II GIT
boundary:

Case A: The 1-dimensional Type II boundary components in Proposition 3.9 (label
(Dg)?, (Eg)?, and (D16)" ). The stability in these cases does not change in the interval
(0, 3] (two of the cases are strictly semistable for all ¢, while the third one is stable). In
all cases, the relevant curves sit on the smoth quadric.

Case B: The stratum A5 ® Dy (double elliptic normal curve). Such curves C' =
V(fa,93) are stable at all time. The difference between this case and case A is that the
dimension of the stratum drops by one via the Hilbert-Chow morphism. Geometrically,
in the Hilbert scheme, the unique quadric containing C' (i.e. V'(f3)) is recorded, while in
the Chow variety it is not.

Case C: Strata Dg @ Eg, D12 ® Dy and (E7)? ® Do. In these cases the stability is not
affected in the interval (0, %), but at t = %, new orbits become semistable and absorb
the polystable orbits (of the given 3 types). The arguments and computations are very
similar to those of Section 6.

For instance, assume that we are in the situation of the stratum with a single Eg and
no special line. Then, Lemma 4.7 gives the normal form:
fo = xzoxo + x% + a:cg
fa= bx0x§ + xfgg(xg, x3) + x193(x2, x3) + ga(x2, 23)
As usual, we are interested in singularity at p = [1,0,0,0]. In affine coordinates, xs =

2?2 + ax3, and once we substitute (zg = 1, 73 = v, 11 = w, T2 = v? + aw?) the leading
term of f4 becomes

v® + wigs(w?,v)
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If the leading term defines an isolated singularity, we get the singularity Jo o = Erg. If
this is not the case, we get Js p, which is the same as T5 361, (a cusp singularity, still
insignificant, but of Type III). Here go is assumed non-vanishing, otherwise we get Type
IV case discussed previously. Very similarly to the Ej5 case discussed in Section 6, the
potential critical orbit (case (8.4.1) above) is

V(zoza + x%, xoxg + x%gg(xg, x3))

with stabilizer A = (5,1, —3,—3). This can be semistable only at t = % For t > %, we
see v'(z,\) < 0 for all points in the Eg stratum. At ¢ = %, the limit of z in this stratum
with respect to A is the orbit with C*-stabilized as above.

The case of 2F; is similar. The polystable orbits V(fa, fa(z1,z2)) (i.e. a quadric
cut by 4-coaxial planes) will further degenerate to the case of fo = xozs (as discussed

in Lemma 6.7, the reducible quadric case can not be semistable until ¢ = ). This leads

1
to the equation (8.4.2) above. ’

In the case of a double conic, the residual curve will be (in general) an elliptic curve
E (Type (2,2) in the smooth quadric case) cutting the double conic in 4 points. At
t= % this will degenerate to the curve of arithmetic genus 1 with a 4-tuple elliptic point
(i.e. 4 lines passing through the origin in A®). This type of degeneration is not allowed
until ¢ = % (N.B. by Lemma 6.7, for ¢t < % only planar singularities are allowed). This

corresponds to (8.4.3) above.

Case D: The stratum Dig is not wvisible in GIT quotient M for (4,4) curves, but
becomes visible in IM(t) for t > % Geometrically, the relevant polystable curves sit only
on the quadric cone. They consist of a double twisted cubic, together with a residual

1

conic. The minimal orbits at ¢t = 3 are

2 3 2 3
V(z] + zox2, Toxs + 2ax1 2225 — Bfasx3).

For generic «, 8, there will be a singularity of type As at the vertex of the cone v =
[0,0,0,1], and a singularity of type E3¢ at p = [1,0,0,0]. For the special value of oo =
8 = 1, we obtain the double twisted cubic. The singularity at v will be of type A,
while the singularity at p is of type J3 . The curves that will have this polystable orbit
in their orbit closure at ¢ = 1 will have either a singularity of type Js (k > 0) at p
or a singularity of type Ay (k > 3, and such that the curve doesn’t split a line through
the vertex). At ¢ increases, we have seen that all J;; (we allow also k = 0,00) are
destabilized, while the curves with Ay singularity (allow also k = oo, but require that it
doesn’t split a line) at the vertex are allowed to become stable. In practice, we modify
the equation f; = o3 + 2017203 — Br323 by adding monomials of lower weight with
respect to A = (3,1, —1, —3). We are interested in preserving the double twisted cubic
thus

f1 = x3(x023 + 2212003 — T3T3)
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is modified by moving the conic V(22 + zox2,r3), i.e. modify the linear form z3 to
£(z0,x1, T2, 23). It needs to avoid passing through the vertex, which gives the normal
form from the theorem. O
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