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0. INTRODUCTION

Let X be a projective complex K3 surface. Let CH, (X) be the Chow group of dimension-n cycles
on X modulo rational equivalence. Beauville and Voisin [3] singled out a class cx € CHy(X) of degree
1: it is represented by any point lying on an arbitrary rational curve (an irreducible curve whose
normalization is rational). The class cx has the following remarkable property.

Let D1,Dy € CH1(X): then Dy - Dy € Zcx. (0.0.1)

Moreover co(X) = 24cx. (Conjecturally the Chow ring of Hyperkéhler varieties has similar properties,
see [2, 25].) In particular one has the Beauville-Voisin ring CH®(X)® CH'(X) & Zcx. Huybrechts [9]
proved that if E is a spherical object in the bounded derived category of X then the Chern character of
E belongs to the Beauville-Voisin ring provided Pic(X) has rank at least 2 or ¢;(E) = £1 (mod rk(E))
in case Pic(X) = Z. A rigid simple vector-bundle on X is a particular case of spherical object. One may
summarize Huybrechts’ main result as follows: if Fy, Fy are rigid vector-bundles on X (the additional
hypotheses mentioned above are in force) then co(Fy) = co(Fy) + acx where a := (degco(F1) —
degca(F1)). We believe that the following more general statement (with no additional hypotheses)
holds. Let 95* and 9M5* be moduli spaces of stable pure sheaves on X (with fixed cohomological Chern
characters) and suppose that dim 95" = dim 9M5': then the subset of C'Hy(X) whose elements are
co(Fy) where [F1] € HT (the closure of 95" in the moduli space of semistable sheaves) is equal to the
subset of C Hy(X) whose elements are co(Fs)+acx where [F3] € ﬂ;t and a := (deg co(F1) —deg c2(F3))
(notice that a is independent of F; and F3). We will prove that the above statement holds under some
additional assumptions. Before formulating our main result we will define certain subsets of C Hy(X).

Definition 0.1. Let S;(X) C CHy(X) be the set of classes [Z] + acx where Z = p; + ...+ py is an
effective 0-cycle of degree g and a € Z.

Notice that So(X) = Zcx.

Claim 0.2. Let C be an irreducible smooth projective curve of genus g and f: C' — X be a non-constant
map. Then f.CHy(C) C Sq(X).
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Proof. There exists p € C such that fi[p] = cx. In fact let H be a primitive ample divisor on X,
by [15] there exists D € |H| whose irreducible components are rational curves. Since f is not constant
and D is ample f(C)ND # 0: if p € f~1(D) then i,[p] = cx. Now let 3 € CHy(C). By Riemann-Roch
there exists an effective cycle p1 + ... 4+ p, on C such that 3 = [p1 + ... + pg] + (degj — g)p: thus
fa = ([f(p1) + ... + f(pg)] + (degs — g)ex) € Sy(X). 0

Multiplication by Z maps Sq4(X) to itself - see Corollary 1.7. Thus we may say that S,(X) is a
cone; on the other hand Sy (X) is a subgroup of CHy(X) only if g = 0. We have a filtration

So(X) CSi(X) C... CSy(X) C Sg41(X) C... C CHy(X). (0.0.2)

In fact let 3 = ([p1 + ... + pg] + acx) € Sg(X). Let pg41 € X be a point lying on a rational curve:
then [pg+1] = cx and hence 3 = ([p1 + ... + pg + Pg+1] + (@ — 1)ex) € Sg41(X). This proves (0.0.2).
We also have that

U Sq(X) = CHy(X). (0.0.3)
g=0
In fact let 3 € CHy(X). There exist a smooth curve ¢: Cy < X of genus g and a cycle Dy € Z1(Cy)
such 3 = [t,Dp]. By Claim 0.2 we get that 3 € S;(X); this proves (0.0.3). Next we recall that the
Mukai pairing on H®(X;Z) is the symmetric bilinear form defined by

(o, B) = —/ oY U B, (o +as+ay) == —as +ag, o€ H(X;Z). (0.0.4)
X

Let
v=(rts)e H(X;Z). (0.0.5)
(We identify H*(X;Z) with Z via the orientation class.)

Definition 0.3. A Mukai vector (for X) is a v as in (0.0.5) such that the following hold:
(1) r >0,
(2) £ € Hy'(X),
(3) if r = 0 then £ is effective.

Given a coherent sheaf ' on X the Mukai vector of F is
v(F) == (ch{®™ (F) 4 ch}°™(F) + ch5*™(F)) U /Tdx (0.0.6)

where cg"m(F) € H?(V;Z) is the topological p-th Chern class of F. Suppose that v € H®*(X;Z) is a
Mukai vector and H is an ample divisor on X. Let 9, (X, H) be the moduli space of S-equivalence
classes of pure H-semistable sheaves on X with v(F) = v, see [12, 22]. Thus M, (X, H) is a projective
complex scheme. Let 9,(X, H)® be the open subscheme of M, (X, H) parametrizing isomorphism
classes of pure H-stable sheaves. Suppose that 991,(X, H)®" is not empty: then it is smooth of pure
dimension given by

dim 9, (X, H) = 2 +v? = 2d(v). (0.0.7)
(We let v? := (v,v).) Notice that d(v) is an integer because the Mukai pairing is even. We let

M, (X, H)S" be the closure of M, (X, H)** in M, (X, H). Let

co(v) =71+ % — 5. (0.0.8)

Thus c2(v) is the degree of ca(F') where F is a coherent sheaf such that v(F) = v.

Conjecture 0.4. Let X be a a projective complex K3 surface and H an ample divisor on X. Let
v e H*(X;Z) be a Mukai vector. Suppose that MM, (X, H)** is not empty. Then

{ea(F) | [F) € T,(X, HY™} = {3 € Sugy (X) | degs = ex(0)). (0.0.9)
(Here deg: CHy(X) — Z is the degree homomorphism.)

Remark 0.5. Let [F] € M, (X, H) with F not H-stable i.e. properly H-semistable. The same point of
M, (X, H) is represented by any H-semistable pure sheaf G which is S-equivalent to F' i.e. such that
gr/B(F) = gr/H(G) where gr/# (F), gr/H(G) are the the direct-sums of the successive quotients of
Jordan-Holder filtrations of F' and G. It follows that although F', G may not be isomorphic the Chern
classes co(F') and (@) are equal. This shows that the left-hand side of (0.0.9) is well-defined.

The following is the main result of the present paper.
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Theorem 0.6. Let X be a projective complex K3 surface and v = (r,¢,s) be a Mukai vector. Let H
be an ample divisor on X. Suppose that M, (X, H)S* is not empty and that one of the following holds:
(1) € = co™(Ox(H)), £ is primitive and s > 0.
(2) The Picard number of X is at least 2, v is coprime to the divisibility of £ and H is v-generic
(see Subsection 1.4 for the relevant definition).
(3) r <2 and moreover H is v-generic if r = 2.

Then (0.0.9) holds.

A few comments on Theorem 0.6. Suppose that —2 < v? and H is v-generic: if » > 0 is coprime
to the divisibility of £ or if r = 2 and v # (2, 24g, £y - £o) then I, (X, H)®® is not empty - see Theorem
1.12 and Proposition 4.2. If » = 0 the proof that (0.0.9) holds is an easy exercise, if r = 1 (stability
is not an issue in this case) then (0.0.9) holds by definition. Now assume that » > 2: the starting idea
in the proof is as follows. Let v = (7, £, s) be a Mukai vector such that the following hold: ¢ = c'*™(L)
where L is ample and s > 0. Let [F] € M, (X, H)**. Then H?(F) vanishes by stability and hence
Hirzebruch-Riemann-Roch gives that h°(F) > x(F) = r + s. Applying Hirzebruch-Riemann-Roch and
Kodaira vanishing to compute h°(L) we get that

dim Gr(r, HY(F)) > rs = dim |L| — d(v). (0.0.10)

Now assume that for every U € Gr(r, H*(F)) the tautological map ¢%: U ® Ox — F is generically an
isomorphism: then we have a regular map

Gr(r, HO(F)) 25 |I
U — V(det o).

The pull-back by Ap of the hyperplane class on |L| is linearly equivalent to the Pliicker hyperplane
class on Gr(r, H°(F)): it follows that dim(Im Ar) = dim Gr(r, H*(F)) > rs. On the other hand
there exists a closed subset ¥4,)(X,L) C |L| of dimension at least d(v) with the property that for
every C € Xg(,)(X, L) the push-forward CHy(C) — CHy(X) has image contained in Sg,)(X) - this
follows from Claim 0.2 and known results on Severi varieties in complete linear systems on K3’s,
see Proposition 1.6 and (1.2.4). By (0.0.10) it follows there exists Co € (ImAp) N X4,y (X, L). Let
Uy € Gr(r, H(F)) be such that Cyp = V(det ¢2°). Applying Whitney’s formula to the exact sequence
0= Up®0Ox — F = & — 0 we get that co(F) € Sge)(X) if c2(§) € Sqq)(X): the latter holds
because of the stated property of curves (such as Cp) that belong to X g, (X, L). The proof sketched
above - together with some extra work - gives Items(1) and (2) of Theorem 0.6. In general (say for ¢
highly divisible) we will only get a rational map Ar: Gr(r, H(F)) --» |L|. It might be quite difficult
to resolve the indeterminacies of that map in order to determine the dimension of the image. We will
show how to circumvent that problem when the rank is 2 - that gives Item (3) of Theorem 0.6.

Notation and conventions. Schemes are over C. Points are closed (geometric) points unless we
specify differently. By a sheaf on a scheme we always mean a coherent sheaf. For a smooth projective
variety X we let p(X) be its Picard number i.e. the rank of the Neron-Severi group: thus p(X) is equal
to hal(X) = dimg(H"'(X) N H2(X;Q)). By a K3 surface we always mean a (complex) projective
K3 surface. Let L be a line-bundle on a K3 surface X: we let

g(L):=x(L)-1= %deg(L -L)+1. (0.0.11)

If D is a divisor on X we let g(D) := g(Ox(D)). Let C C X be an integral curve: then g(C) is the
arithmetic genus of C.

Acknowledgment: It is a pleasure to thank Daniel Huybrechts for stimulating conversations. Thanks
to Claire Voisin for mentioning the filtration of Section 5.
1. PRELIMINARIES

1.1. Generalities on the filtration. Let X be a K3 surface. Let C be an effective divisor on X. We
view C' as a (purely) 1-dimensional subscheme of X: let ¢: C' < X be the inclusion map.

Claim 1.1. Keep notation and assumptions as above. Let € be a sheaf on C. There exist n € CHy(C)
and a € Z such that

ca(tx€) = L + acx. (1.1.1)
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Proof. By (0.0.1) we are free to tensor £ by an arbitrary invertible sheaf on X. Thus we may assume
that £ is globally generated and hence there exists an exact sequence

0— &,04 —&—(—0

where C; for i = 1,...,n are the irreducible components of C' (r; is the rank of the restriction of £ to
C;) and ¢ has 0-dimensional support. It follows that it suffices to check that c3(t.O¢;) € Zcx: that
follows at once from (0.0.1). O

Claim 1.2. Let f: X — T be a projective family of K3 surfaces i.e. f is projective, flat and the
fibers are K3 surfaces. Let Z € CH?(X). Suppose that there is a dense open subset U C T such that
Zy = Z| Xy € CH?*(Xy) belongs to Sy(Xy) for every t € U. Then Zy € Sy(X¢) for allt € T.

Proof. The claim follows from the fact that the set of degree-d effective O-cycles on a variety V' belonging
to a fixed linear equivalence class is a countable union of closed subsets of the symmetric product V().
We give a proof for the reader’s convenience. We may assume that T is an irreducible curve. In
particular deg Z; is independent of ¢t € T": let d := deg Z;. We are free to perform a base-change: thus
we may assume that there exists a section 7: T'— X of f such that 7(¢) represents cx, for every ¢t € T
let p; := 7(t). Let n,e € Z such that n +d > 0 and e > 0. We let T[n,¢e]® C T be the set of ¢ such
that there exist W ¢ Xt("), Y e Xt(g) and a map f: P! — Xt(n+d) such that

(1) (Ze+W) and (Y + (d — g)p: + W) are effective,

(2) f(0)=(Z+ W) and f(o0) = (Y + (d — g)pt + W).
If t € T[n,e]° then the class [Z;] belongs to Sy(X;). Let T[n,e] be the closure of T'[n,e]’ in T. By
considering the relative Hilbert scheme parametrizing subschemes of Xt(d+") for t € T with Hilbert
polynomial p(m) := em+ 1 (or the relative parameter space for genus 0 stable maps to Xt(d+")) we get
that if ¢t € T'[n, €] then [Z;] belongs to S,(X;). Conversely - see Example 1.6.3 of [6] - if [Z;] belongs to
Sg(Xy) then ¢t € T'[n, e] for some n and e as above. Thus

UC U Tn,el.

n+d>0 e>0

Since each T'[n, €] is closed and U is open it follows that there exist ng, ey such that U C T'[ng, eo]. By
hypothesis U is dense in T and hence T' = T'[ng, eo]: it follows that Z;, € Sy(X;) for all t € T. O

Proposition 1.3. Let X be a K3 surface and v be a Mukai vector for X. Let H be an ample divisor
on X. Suppose that M, (X, H)** is not empty. If

{ea(F) | [F] € M, (X, )™} C {3 € Suy (X) | degs = ea(0)} (1.1.2)
then (0.0.9) holds.

Proof. Let
W i= {ea(F) | [F] € 0, (X, H)"}. (1.13)
By hypothesis W C Sy, (X). Let

xla@)] T, Sd(v)(X)
Z = [Z]+ (e2(v) —d(v))ex

(Here [Z] is the cycle-class associated to the scheme Z i.e. the class of >  \ €(Ozp)p.) Arguing
as in the proof of Claim 1.2 we get that 7—'W is a countable union of closed subsets of X[4()],
It follows that there exists a closed V' C 77'W such that n(V) = W. It suffices to prove that
dimV = dim X[ = 2d(v). Let 0 € H°(Kx) be a symplectic form. Then ¢ induces a symplectic
form g,y on X [d()] _ the trace of o, see [18] - and the Mukai- Tyurin symplectic form o, on M, (X, H)*,
see [16, 23]. The two symplectlc forms are compatible, up to a factor. This means that there exist a
smooth quasi-projective mtv, a generically finite surjective map zm — 9 and a map q: Sﬁ — X[d@)]
such that

pro, = —4Am’q og(,). (1.1.4)
In fact the above equation follows from Equation (2-9) of [19] and arguments similar to those given in the
proof of Claim 1.2. Now assume that dim V' < dim X[, Then (1.1.4) gives that o, is everywhere
degenerate - recall that dim 9, (X, H)** = 2d(v) = dim X[4®)], That is a contradiction. O
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1.2. Severi varieties. Let L be an ample line-bundle on X and 0 < § < g(L). We let V5(X, L) C |L]|
be the Severi variety parametrizing integral curves whose geometric genus is (g(L) — §) - thus V5(X, L)
is locally closed. If V5(X, L) is non-empty then it has pure dimension

dimV5(X,L) =dim |L| — § = g(L) — 4.

By results of X. Chen and Bogomolov - Hassett - Tschinkel we know that V5(X, L) is non-empty if
(X, L) is generic. Let us be more precise. Let

T X — T, (1.2.1)

be a complete family of K3 surfaces with a polarization of degree (2g — 2) i.e. the following hold:

(1) 7 is a projective and smooth map, we let M be “the”’relativley ample line-bundle.

(2) Let t € T,: then X, = 7w~ !(t) is a K3 surface.

(3) Let t € T, and M; := M]|x,: then ch°™(M,) is indivisible and g(M;) = g.

(4) if X is a K3 surface equipped with an indivisible ample line-bundle M with g(M) = g there

exist t € T, and an isomorphism f: X 5 X, such that f*M, = M.

Such a family exists, moreover we may assume that T} is irreducible by the Global Torelli Theorem for
K3 surfaces. Below is the result that we mentioned (see Ch. 11 of [10] for a detailed treatment of the
proof by Bogomolov - Hassett - Tschinkel).

Theorem 1.4 (Chen [5], Bogomolov - Hassett - Tschinkel [4]). Keep notation as above. Let n > 0 be
an integer. There exists an open dense U,(n) C T, such that the following holds. Let 0 < & < g(MZ"™)
and t € Uy(n): then Vs(Xy, MP™) is non-empty.

Fix 0 < § < g(MZ™): the Severi varieties V5 (X, M") for t € U,(n) fit together to give
Vs(n) — Uy(n). (1.2.2)

We let Ws(n) be the closure of Vs(n) in the projective bundle over T}, with fiber [M?"| over t. Thus
we have a proper surjective map

P Ws(n) — T,. (1.2.3)
Let 0 < go < g(M®™) and &y := g(MZ"™) — go. Given t € T, we let

S0 (Xe, M) = p5 (1)

Remark 1.5. If t € T, is generic then ¥, (X;, M>™) is the closure of Vs, (X;, MZ™) in |[M2"].

By Theorem 1.4 and a standard argument we get that
dim %, (X¢, MZ") = go,  t € T, generic.
(Pure dimension.) Since ps, . is a proper map we get that
dim 2,0 (Xe, MZ™) > go, Vt€T,. (1.2.4)

Proposition 1.6. Let X be a K3 surface. Let L be an ample line-bundle on X. Let 0 < go < g(L).
Let C € ¥4 (X, L) and v: C — X be the inclusion. Then 1,CHy(C) C Sg4o(X).

Proof. There exists an ample line-bundle M with (M) indivisible such that L = M®". Let
g := g(M). There exist t € T, and an isomorphism f: X —— X; such that f*M; = M. Thus it suffices
to prove Proposition 1.6 for X = X; and L = M*"™ where t € T,. By Claim 1.2 we may assume that
t is generic in 7, and hence ¥y, (X, M™) is the closure of Vs, (X;, M2") in [MZ"| - see Remark 1.5.
Again by Claim 1.2 we may assume that C € Vs, (X;, M?™): in that case the result holds by Claim
0.2. U

Corollary 1.7. Let X be a K3 surface. Multiplication by Z maps Sq,(X) to itself.

Proof. Tt suffices to prove that a[Z] € S,,(X) for every a € Z and Z € X9). Let M be an ample
line-bundle on X with ¢i°™(M) indivisible. There exist ¢t € T, and an isomorphism f: X — X,
such that f*M, = M. Let n > 0 such that g(M>") > go: then X, (X;, M") is not empty and
dim 30 (X¢, MZ™) > go by (1.2.4). The set of C € g (X, M®™) containing a fixed point of X
is a hyperplane section of ¥, (X, MZ™"): it follows that there exists C € %, (X;, M;>") containing
the support of Z. Thus we may view Z as a 0-cycle on C. Let ¢: C' < X be the inclusion: then
alZ) = 1.([aZ]). By Proposition 1.6 we get that ¢, ([aZ]) € Sq,(X). O
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1.3. The trivial cases. We will show that (0.0.9) holds if » = 0, 1.

Proposition 1.8. Let X be a K3 surface andv = (1,4, s) be a Mukai vector for X with r < 1. Suppose
that M, (X, H)®" is not empty. Then (0.0.9) holds.

Proof. Let L be a line-bundle (unique up to isomorphism) such that ci°™ (L) = ¢. Suppose that r = 0.
Then
2d(v) = dim M, (X, H)** =2+ (v,0) =2+ £ -1 =2g(L).

Thus d(v) = g(L). Suppose first that £ = 0. Then L = Ox. Since g(Ox) = 1 we get that d(v) = 1.
We have an isomorphism

S = Mm,(S,H)

p Cp
Since ¢2(C,) is represented by —p we get that c2(C,) € S1(X) by Corollary 1.7. By Proposition
1.3 we get that (0.0.9) holds. Now suppose that ¢ # 0 and hence L % Ox. Let [F] € M, (X, H)"":
then there exist C' € |L| and a sheaf £ on C such that F = (.§ where t: C — X is the inclusion
map. By Claim 1.1.1 and Proposition 1.6 we get that co(t.{) € Sg(,)(X). This proves that
if [F] € M,(X, H)*® then c3(F) € Sqy)(X): thus Proposition 1.3 gives that (0.0.9) holds. Now
suppose that » = 1. Then M, (X, H)** (= M, (X, H)) parametrizes sheaves Z; @ L where Z C X is a
0-dimensional subscheme of length d(v): since c2(Zz ® L) = [Z] we get that (0.0.9) holds by definition
of Sd('u) (X) [l

1.4. Moduli spaces of sheaves. Let X be a projective variety and H an ample divisor on X. A
torsion-free sheaf F' on X is H-semistable if for every non-zero subsheaf £ C F' we have
X(E©Ox(zH)) _ x(F®Ox(zH))
tk E - rk F
F'is H-stable if strict inequality holds for all £ # F', it is properly H-semistable if it is H-semistable
but not H-stable. Let E be a non-zero torsion-free sheaf on X: the H-slope of F is defined to be
_ deg(ci(E) - H)
pr(E) = — kE
A torsion-free sheaf F' is H-p-semistable if if for every non-zero subsheaf £ C F we have pup(E) <
pr(F); it is H-p-stable if strict inequality holds whenever rk(FE) < rk(F) and it is properly H-pu-
semistable if it is H-p-semistable but not H-p-stable. The two notions of (semi)stability are related as
follows: if F'is H-semistable then it is H-pu-semistable, if F' is H-u-stable then it is H-stable.

x> 0. (1.4.1)

(1.4.2)

Proposition 1.9. Let X be a K3 surface and H an ample divisor on X. Let v € H*(X;Z) be a Mukai
vector. Let y € Z. Then (0.0.9) holds for v if and only if it holds with v replaced by v - ch(Ox (yH)).

Proof. Let w :=v-ch(Ox(yH)). We have an isomorphism

M (X, H) = M (X, H)
[F] = [F®Ox(yH)]

mapping M, (X, H)S* to M, (X, H)**. We have

r

ex(F © Ox (yH)) = e3(F) + (r — yes (Ox (H)) - 1 (F) + (2

)yQCl(Ox(H)) Cl(Ox(H)) (143)
Hence the proposition follows from (0.0.1). O

Next we will compare moduli spaces parametrizing torsion-free sheaves on a K3 surface X with a
fixed Mukai vector v and (semi)stable with respect to different ample divisors. The question has been
studied more in general for arbitrary surfaces, see Appendix 4.C of [12] and the references therein -
here we will limit ourselves to the case of torsion-free sheaves on K3 surfaces. We will assume that

1 <rand —2 <v? Let
2 4

Tt o, T
= — —. 1.4.4
|U| v+ B ( )

Notice that |v| > 0. Let Amp(X) C NS(X) be the set of ample classes and Amp(X)r C NS(X)r be
the ample cone (here NS(X)g := Hy' (X)). A v-wall of X consists of the interesection Amp(X)g Na*-
where av € NS(X) is such that

—|v|<a-a<0. (1.4.5)
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The set of v-walls is locally finite in Amp(X)g - see for example Lemma 4.C.2 of [12]. An open
v-chamber of Amp(X)g is a connected component of the complement of the union of all v-walls in
Amp(X)g. An ample divisor H on X is v-generic if its class belongs to an open v-chamber. The
following result underscores the importance of v-walls and v-chambers - for the proof see the Appendix
of [20].

Proposition 1.10. Let X be a K3 surface and v be a Mukai vector for X with r > 1.

(1) Let H be av-generic ample divisor. Suppose that F is a torsion-free properly H-slope-semistable
sheaf on X with v(F) =wv. Let E C F be an H-slope destabilizing sheaf. Then
a(E) _ a(F)

tk(E)  tk(F)’ (14.6)

(2) Let Hy, Hy be v-generic ample divisors whose classes belong to the same open v-chamber. Let
F be a torsion-free sheaf on X with v(F) = v. Let E C F be a non-zero subsheaf. Then
pry (B) < pr, (F) if and only if pu, (E) < pp, (F).

(3) Suppose thatv is primitive and H is a v-generic ample divisor. Then M, (X, H)S* = M, (X, H).

Before proving the next result we will write out the normalized Hilbert polynomial of a sheaf F on
a K3 surface X.
X(E® Ox(zH))
rtk B

= %deg(H - H)a? + pp(E)x + er((Zj‘)) (1.4.7)

Corollary 1.11. Let hypotheses be as in Proposition 1.10. Let Hqi, Ho be v-generic ample divisors
whose classes belong to the same open v-chamber. A torsion-free sheaf on X with v(F) = v is Hy-
(semi)stable if and only if it is Ha-(semi)stable. We have an isomorphism

M, (X, Hy) — M,(X, Hs)

7] N - (1.4.8)

Proof. Assume that F is Hp-stable. Suppose that F' is not Hs-stable. Let E C F be a destabilizing
sheaf i.e. 0 # E' # F is non-zero and

X(E ©Ox(zH)) _ x(F®Ox(zH))
rk B - rk F

If p,(E) > pp,(F) then pp, (E) > pp, (F) by Item (2) of Proposition 1.10: it follows that F is
not Hi-semistable, that contradicts our hypothesis. Thus

x> 0. (1.4.9)

By Item (1) of Proposition 1.10 we get that
deg(ci(F) - Hy)  deg(er(F) - Hy)
/’[’Hl( ) I‘k(E) I'k(F) :uH1( )
Since F' is Hj-stable it follows that (see (1.4.7))
X(E) - x(F) (1.4.11)

tk(E) ~ rk(F)’

That contradicts (1.4.10). We have proved that if F' is Hj-stable then it is Hj-stable. An easy
application of Item (1) of Proposition 1.10 gives that if F' is properly Hj-semistable then it is
properly Hz-semistable. From this one gets that we have Isomorphism (1.4.8). O

We close the present subsection by recalling the following result.

Theorem 1.12 (Kuleshov [8], Mukai [17], Yoshioka [26]). Let X be a K3 surface. Let v = (r,{,s) be
a Mukai vector for X such that —2 < v2. Suppose that r > 0 and that r is coprime to the divisibility

of £. Let H be a v-generic ample divisor on X. Then M, (X, H)" is not empty (and it is equal to
m, (X, H)).
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2. THE DEGENERACY LOCUS MAP

In the present section we will suppose that the following hold:

(1) X is a K3 surface and H is an ample divisor on X.
(2) L is an ample line-bundle on X. We let £ := ¢1(L) and

vi=(r{,s) r>0, s>0. (2.0.1)

(3) [F] € M, (X, H)™.

By Serre duality H?(F) = Hom(F, Ox ). By ampleness of L and stability of F' we get that Hom(F, Ox) =
0: it follows that h?(F) = 0. Thus

RO(F) = x(F) + h'(F) > x(F)=r+s>7. (2.0.2)
(The last inequality follows from (2.0.1).) Let U € Gr(r, H(F)): we have the map of sheaves
WY U®0Ox — F. (2.0.3)

Let Gr(r, H*(F)). C Gr(r, H°(F)) be the (open) subset of U such that det Y% is non-zero: thus
Gr(r, H°(F)), is non-empty if and only if global sections of F' generate F' generically. Let

AF
Gr(r, H'(F)). =5 |L| (2.0.4)
U — CY = V(det p%).

This is the degeneracy locus map of F'.

Lemma 2.1. Keep notation as above. The pull-back by A\p of the hyperplane class on |L| is linearly
equivalent to the Pliicker hyperplane class on Gr(r, H(F)).,.

Proof. The natural map \" H°(F) — H°(det F) induces a rational map

Ap: P(\ H'(F)) --» |L|. (2.0.5)

Embed Gr(r, H*(F)) in P(A\" H°(F)) via Pliicker: then Ar is the restriction of Ar to Gr(r, H(F)),:
the claim follows. O

Proposition 2.2. Keep notation as above and suppose that Gr(r, H*(F)). = Gr(r, H(F)). Then
CQ(F) S Sd(v)(X)

Proof. By Lemma 2.1 and the hypothesis that Gr(r, H*(F)). = Gr(r, H*(F)) we get that A is finite.
By (2.0.2) it follows that

dimImAp > rs. (2.0.6)
By Hirzebruch-Riemann-Roch and Kodaira vanishing we have

rs=1+ % —d(v) =dim|L| — d(v).

By (1.2.4) we have dim Xg(,,)(X, L) > d(v). Thus (2.0.6) gives that there exists
C e (ImApN Zd(v)(Xy L))

We have an exact sequence

0—U®0x —F— 1,6 —0

where £ is a sheaf supported on C. Thus
c2(F) = —c2(2s8).
Since C' € X g0, (X, L) we get that co(F) € Sg)(X) by Claim 1.1 and Proposition 1.6. O

Proposition 2.3. Suppose that the following holds: if C' is an effective non-zero divisor on X

r—1

deg(C - H) > deg(L - H). (2.0.7)

Then ca(F) € Sg)(X).
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Proof. Let’s prove that
Gr(r, HY(F)). = Gr(r, H°(F)). (2.0.8)

Let U € Gr(r, H'(F)). Let E C F be the image of the map ¢%: U®Ox — F: we must prove that it is
a sheaf of rank r. Suppose that the rank of F is ¥ < r. Since F is globally generated det E is effective.
We claim that det F is not trivial. In fact supppose the contrary. Let o1,...,07 € U be linearly
independent at the generic point of X: then o1,...,07 are linearly independent everywhere because
det E is trivial. Thus E = O%: that is absurd because h%(E) > r > 7 = h%(0%). Let C € |det E|.
The sheaf F' is H-stable and hence H-slope-semistable. Thus

deg(C - H deg(L-H
) = SECID) Ly L)
Since C' is non-zero effective and 7 < r that contradicts our hypothesis. We have proved that (2.0.8)
holds. By Proposition 2.2 it follows that ca(F') € Sq()(X). O

3. PRIMITIVE DETERMINANT

Proposition 3.1. Let X be a K3 surface and H an ample primitive divisor on X i.e. h := c}o™(Ox (H))
is a primitive class. Let

v:=(rh,s), r>0, s>0.
Suppose that M (X, H) is not empty. Then
{ea(F) | [F] € (X, )™} = {3 € Su(X) | deg = ea(v)}. (3.0.1)

Proof. Let g := g(H) i.e. 29 —2 = deg(H - H). We will freely use notation introduced in Subsection
1.2, in particular 7: X — T} is a complete family of K3 surfaces with a polarization of degree 2g — 2.
Thus there exists ¢ € T, such that (Xz, My) = (X, Ox(H)). Let t € Ty: we let

h,t = C}llom(Mt), Vg = (T7 h,t7 S)
Let H; € |M,|. We will prove that if 0 (X¢, Hy) is not empty then
{ca(F) | [F] € My, (X4, He)™ } = {3 € S, (Xe) | degs = ca(ve)}- (3.0.2)

Let T,(v) C T, be the subset parametrizing X; such that H, is v;-generic: then Ty(v) is open dense in
T,. By Theorem 1.12 we get that if t € T,(v) then M, (X;, H;)** is not empty. Let T, (v)° C Ty (v) be
the subset parametrizing X; such that the hypothesis of Proposition 2.3 holds for X = X;, L = M;
and H = H;. We claim that T,(v)? is open dense in T},. In fact suppose that there exists a non-zero
effective divisor C' on X; violating (2.0.7). Since h; is primitive it follows that ct°™(Ox,(C)) does
not belong to the Q-span of h;, in particular the Picard number of X; is at least 2. On the other
hand deg(C - Hy) is bounded above because (2.0.7) is violated: that implies that ¢ belongs to a proper
closed subset of Ty(v). Let t € Ty(v)?. By Proposition 2.3 we get that c3(F) € Sy,)(X¢) for all
[F] € M,,(X;, H;)**. By Proposition 1.3 we get that (3.0.2) holds. Now let tq € T, be an arbitrary
point such that M, (X;, H;)s* is not empty. Let [Fy] € M., (X, Hy)*. Then Ext?(Fy, Fp)° = 0 and
hence Fy extends sideways over the family T,. It follows that there exist an irreducible pointed curve
(S,s0), amap f: S — T, such that

f(s0) =to,  f(S\{s0}) C Ty(v)° (3.0.3)
and a (coherent) sheaf 7 on Xs := S x7, X flat over S such that

(1) Flx,, (for s € S we let X be the fiber of Xs over s) is isomorphic to Fp - this makes sense
because X,, = Xy,.

(2) If s € S then Flx, is an H,-stable (for s € S we identify X, = Xy(,) and we let H, := Hy(y))

torsion-free sheaf and hence its isomorphism class belongs to M., (X, H,)™ (here v, := vy (y)).

Let s € (9\ {so}). By (3.0.3) and the result proved above we have that cy(F|x,) € Sq(v.)(Xs).

By Claim 1.2 it follows that ca(F|x,, ) € Sa(v,,)(Xs,) as well. This proves that if ¢ = o then the

left-hand side of (3.0.2) is contained in the right-hand side: by Proposition 1.3 we get that the two

sides of (3.0.2) are equal. O

The following result will be handy when we will deal with K3 surfaces whose Picard number is larger
than 1.
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Lemma 3.2. Let X be a K3 surface with p(X) > 2. Let
v=(rts)e H(X;Z)

be a Mukai vector with r > 1 and such that v and the divisibility of ¢ are coprime. Let C C Amp(X)r
be an open v-camber. There exists an integral h € C with the property that there is an infinite set of
y € N such that (£ + ryh) is primitive.

Proof. Write ¢ = m{; where m € N, and ¢; € H?(X;Z) is primitive. Complete ¢; to a Z-basis
{1,... 02} of H*(X;Z). Let h € C be integral, primitive and such that (¢, h) has rank 2 - there exists
such h because p(X) > 2. Write h = Zfil a;l; where a; € Z. Since (¢,h) has rank 2 there exists
2 <4 < 22 such that a; # 0: thus it makes sense to let

v = ged(ag, . .., a2).
Since open v-chambers are cones we may assume (changing slightly the ray spanned by h) that
ged(m,y) = 1. (3.0.4)
Let
y=7y,  ged(yo,m)=1. (3.0.5)

We will prove that (¢ 4+ ryh) is primitive. The proof is by contradiction. We have £ + ryh = (m +
ryar)ly + ryasle + . .. + ryasales. Suppose that p is a prime dividing ¢ + ryh. Since ged(m,r) = 1 we
get that p /r. By (3.0.4) and (3.0.5) we also get that p fy. Since p | (¢ + ryh) it follows that

Pl (3.0.6)

We also have that p | (m + ryay). Since h is primitive ged(ai,y) = 1 and hence p f a;. It follows that
y = —r~ta;'m (mod p). By (3.0.4) we have that m # 0 (mod p) and hence y Z 0 (mod p). On the
other hand (3.0.5) and (3.0.6) give that y = 0 (mod p): that is a contradiction. We have proved that
if (3.0.5) holds then (¢ + ryh) is primitive. That proves the lemma because there is an infinite set of
y € N such that (3.0.5) holds. O

Proposition 3.3. Let X be a K3 surface with p(X) > 2. Let
v=(r{s) e H(X;Z)

be a Mukai vector with r > 1 and such that r and the divisibility of ¢ are coprime. Let H be a v-generic
ample divisor on X. Then

{ea(F) [ [F] € My (X, H)™} = {3 € Sa()(X) | deg = c2(v)}- (3.0.7)

Proof. The moduli space 9, (X, H)* is not empty by Theorem 1.12. Let C C Amp(X)g be the open
v-chamber containing h := ¢;(Ox(H)). By Corollary 1.11 we may replace h by any integral element
of C: thus we may suppose that h is as in Lemma 3.2. Let y € N be as in Lemma 3.2; we will
suppose in addition that it is very large. Then (£ + ryh) is primitive, ample and it belongs to the open
v-chamber C. Thus we may assume that ¢;(Ox(H)) = (¢ + ryh). Let

w:=v-ch(Ox(yH)) = (r,{ +ryh,s+yl -h+ ngh - h).

The last entry of w is positive because y is very large. Thus the hypotheses of Proposition 3.1 hold
with v replaced by w and hence (3.0.7) holds with v replaced by w. By Proposition 1.9 we get
that (3.0.7) holds. O

Remark 3.4. Let F' be a rigid vector bundle (a.k.a. spherical vector-bundle) on a K3 surface X.
An arbitrary (small) deformation of X will carry a rigid vector-bundle which is a deformation of F,
moreover the deformed bundle will be (generically) stable - that follows from Proposition 3.14 of [17].
Starting from this fact and arguing as in the proof of Proposition 3.1 and Proposition 3.3 one may
reprove Proposition 3.2 of [9] - one must notice that if v = (r, ¢, s) is a Mukai vector with v? = —2 then
s > 0 and r is coprime to the divisibility of £.
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4. RANK TWO

In the present section we will prove the following result.

Proposition 4.1. Let X be a K3 surface. Let v = (2,¢,s) € H*(X,Z) be a Mukai vector (notice:
r = 2) and suppose that the following hold:

(1) —2 <22

(2) There does not exist £y € H%’l(X)such that v = (2, 24o, £y - £o).

Let H be a v-generic ample divisor on X. Then
{ea(F) | [F] € T, (X, H)*} = {3 € Suy(X) | deg3 = ca(v)} (4.0.1)

We start by collecting together a few results taken from the existing literature on moduli of sheaves
on K3 surfaces.

Proposition 4.2. Let X be a K3 surface. Let v = (2,¢,s) € H*(X,Z) be a Mukai vector such that
—2 <% (4.0.2)

Let H be a v-generic ample divisor on X. Then the following hold:

(1) IMH(X, H) is empty if and only if v = (2,24o, o - Lo) for some £y € Hy' (X).

(2) Suppose that MH(X, H) is not empty. The generic sheaf parametrized by MH(X, H) (recall
that MH(X, H) s irreducible by [7]) is locally-free unless v = (2,20y,ly - Lo — 1) for some
b€ Hy'(X).

(3) Suppose that M (X, H) is not empty. The Kodaira dimension of M (X, H) is 0.

Proof. (1): If the divisibility of ¢ is odd then 95!(X, H) is not empty by Theorem 1.12. Now
assume that the divisibility of ¢ is even i.e. v = (2,20y,s0). Let Ly be “the”line-bundle such that
ly = o™ (Lg). Tensorizing sheaves parametrized by 9 (X, H) with Ox(Lgy*) we reduce to the case
v =(2,0,5) (because H is v-generic). By hypothesis s < 0. One checks easily that 03! (X, H) is empty
if s = 0 (suppose that [F] € M'(X, H) and apply Hirzebruch-Riemann-Roch to FVV). It remains
to prove that 93??5,075) (X, H) is non-empty if s < —1. Choose pairwise distinct py,...,p. € X and

pairwise distinct K1, ..., K. € PL. Let F be the torsion-free sheaf fitting into the exact sequence
c
0—F—=Ce0x 2 @C, —o. (4.0.3)
i=1

One easily shows that if ¢ > 3 then F' is H-stable. Since v(F) = (2,0,2 — ¢) we have proved that
9)?‘(95’0’3) (X, H) is non-empty for s < —1. (2): Suppose that the divisibility of £ is odd. Let [F] €
MSH(X, H). If F is locally-free there is nothing to prove. Assume that F' is not locally-free. The
locally-free sheaf F'VV is H-slope-semistable because I is. Since H is v-generic and the divisibility of
ciom(det F) is odd we get that FVV is H-slope-stable, in particular it is simple. As is well-known it
follows that the generic deformation of F is locally-free!. Now suppose that the divisibility of £ is even.
Arguing as in the proof of Item (1) we may reduce to the case v = (2,0, s). We must prove that if s < —2
the generic sheaf parametrized by 9’)??57078) (X, H) is locally-free. The moduli space 97(?;07_2)(X, H) was
investigated in [21]: if [F] € 93??570,_2)(X, H) is generic then F' is locally-free and slope-stable. This
proves the result for s = —2. By considering deformations of torsion-free sheaves E such that EVY = F
one gets the result for s < —2 as well. (3): Suppose that v is primitive: then 9" (X, H) = M, (X, H)
because H is v-generic, see Item (3) of Proposition 1.10. Thus M, (X, H) is smooth and it carries a
holomorphic symplectic form: it follows that it has trivial canonical bundle. Next suppose that v is not
primitive: we may reduce to the case v = (2,0, 2sg) where sg < —1 i.e. the moduli spaces investigated
in [21]. If sg = —1 then M, (X, H) has a Hyperkéhler desingularization, if sg < —1 then 9, (X, H) has
a desingularization M, (X, H) carrying a holomorphic 2-form & which is generically non-degenerate
(see Equation (6.1) of [21]), moreover one gets that the highest non-vanishing power A™** @ generates
the canonical ring of M, (X, H). O

Remark 4.3. Let X be a K3 surface. Let v be the Mukai vector on X given by v = (2, 24y, £g-lo—1), see
Item (2) of Proposition 4.2. Let H be a v-generic ample divisor on X. Let Lo be “the” line-bundle

Do a parameter count or examine the local-to-global spectral sequence abutting to Ext?(F, F).
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such that c°™(Lg) = £y. The generic sheaf parametrized by 9, (X, H) fits into the exact sequence
one gets by tensorizing (4.0.3) (for ¢ = 3) with Lg:

3
0= F = C*®Ly 2 @C, — 0. (4.0.4)
i=1
Up to isomorphism the sheaf F' is independent of the choice of Kj, K, K3 (notation as in the proof
of Proposition 4.2): thus the above construction gives a birational map X —-» 9, (X, H).

Let X be a K3 surface and L be an ample line-bundle on X. Let us consider extensions
050y 5 F LT, 0050  [2)€x (4.0.5)
Let £ := ct°™(L). We have

v(F) = (2,4, ), s=2+ %deg(ﬂ -l) —n. (4.0.6)

Proposition 4.4. Keep notation as above and let H be an ample divisor on X. Let v = (2,4, s).
Suppose that the generic sheaf F parametrized by MY (X, H) fits into Ezact Sequence (4.0.5). Then

245> 0. (4.0.7)

Proof. We recall that 95 (X, H) is irreducible by [7]. By our hypothesis there exist a strictly positive
integer e and an irreducible locally closed V' C X! such that the following hold:

(1) dimExt"(Zz ® L, Ox) = e for all [Z] € V.

(2) The generic F parametrized by I (X, H) fits into Exact Sequence (4.0.5) for some [Z] € V.
By Item (1) there exists a locally-trivial (in the Zariski topology) P¢~!-bundle E — V with fiber
PExt!(Z;® L, Ox) over [Z] € V. By Item (2) the subset E® C E parametrizing stable sheaves is (open)
dense and the classification morphism f: E® — 9SY(X, H) is dominant. By Item (3) of Proposition
4.2 the moduli space M5 (X, H) has Kodaira dimension equal to 0, in particular it is not uniruled. It
follows that f is constant on the fibers of E° — V and hence

2n > dimV > dim 90X, H) = 2 +v? = 4n — deg(L - L) — 6.
Inequality (4.0.7) follows at once from the above inequality together with (4.0.6). O
The following hypothesis will be handy in what follows.

Hypothesis 4.5. Qci(L) = Qc1(Ox(H)) and the following holds: if C is an effective divisor on X
such that ]
deg(C - H) < B deg(L - H) (4.0.8)

then ¢1(Ox(C)) € Qc1(L).
We let m be the divisibility of L i.e.
L=Ly,  ly:=c™(Lg) primitive. (4.0.9)

Corollary 4.6. Keep notation as above, in particular v = (2,¢,s). Suppose that Hypothesis 4.5
holds and that
24s<0. (4.0.10)

Then h°(F) = 0 for the generic sheaf F parametrized by M (X, H).

Proof. We notice that Inequality (4.0.10) implies that the generic sheaf parametrized by 95'(X, H)
is locally-free: this follows from Item (2) of Proposition 4.2 together with Remark 4.3. Suppose
that h9(F) > 0 for the generic [F] € 98 (X, H). Since the generic sheaf parametrized by IS (X, H) is
locally-free there exists an effective divisor C' such that we have an injection Ox (C) < F for generic
[F] € MY (X, H). By H-slope-semistability of F' we get that (4.0.8) holds. By our hypothesis it follows
that Ox(C) = L§ for a non-negative integer (notation as in (4.0.9)): by stability of F' we get that
a < m/2 (a priori a = m/2 is also possible: a short argument shows that it is impossible). Thus the
generic sheaf F' parametrized by (X, H) fits into an exact sequence

0L F =T, 0L =0, 0<a<m/2 (4.0.11)
where Z C X is a 0-dimensional subscheme. Let

Ve == v(F®Ly") = (2,(m — 2a)lo, sa), Sq =8 —a(m — a)ly - Lo. (4.0.12)
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Tensorization by L, * defines an isomorphism

WX, H)  — 0y (X, H)
[F] = [Fe Ly

because Qe (L) = Qe (Ox (H)). It follows that the generic [G] € M5’ (X, H) fits into an exact sequence
05 0x G =TI, 0L o0 (4.0.13)
That contradicts Proposition 4.4 because
248,=24+s—a(lm—a)ly-lo<2+s<0.
([

The proof of the following result consists in realizing geometrically a standard Fourier-Mukai trans-
form. It gives the proof that (0.0.9) holds for a particular choice of Mukai vector v: we need to check
that special case separately.

Proposition 4.7. Keeping notation as above suppose that L is ample and that Hypothesis 4.5 holds.
Let v = (2,¢,—1). Let [F] € MY(X, H) be generic. Then F fits into Ezact Sequence (4.0.5) where
n = (deg(c1(L) - e1(L))/2) + 3.

Proof. Let n = (deg(ci(L) - ¢1(L))/2) + 3 and let [Z] € X[ be generic. Then Z satisfies the Cayley-
Bacharach property with respect to the linear system |L| and up to isomorphism there exists a unique
non-trivial extension (4.0.5). Moreover the extension F is locally-free and h°(F) = 1. Now notice
that v(F) = (2,¢,—1) = v. We claim that F' is H-slope-stable. In fact suppose that t: A — F is a
destabilizing subsheaf i.e. an invertible sheaf such that 2deg(A- H) > deg(L - H). Since L is ample we
get that deg(A - H) > 0 and hence ¢ cannot factor through « - notation as in (4.0.5). Thus So¢ # 0
and hence h°(Zz ® L ® A71) > 0. Let C € |Zz ® L ® A~1|. The inequality 2deg(A - H) > deg(L - H)
gives that (4.0.8) holds. It follows that C' € |LE| where k < m/2 (notation as in (4.0.9)) and hence
hO(Zz @ L) > 0: that is absurd because h®(L§) < h®(L) = n — 1 (recall that Z is generic in X ™).
The above construction defines a rational map

XM s ot (X, H) (4.0.14)

which is generically injective (recall that with the above hypotheses h%(F) = 1 for the generic F fitting
into Extension (4.0.5)). The moduli space M5 (X, H) is irreducible by [7]; since

dim XM = 2n = 2 + v? = dim M (X, H) (4.0.15)

it follows that (4.0.14) is a birational map. This proves the proposition. O
Corollary 4.8. Keep hypotheses and notation as in Proposition 4.7. Then

{ea(F) | [F] € My(X, B} = {5 € Suy(X) | deg3 = ca(v)} (4.0.16)

Proof. Equation (4.0.15) gives that n = d(v): thus the corollary follows from Proposition 4.7. O

Proposition 4.9. Keeping notation as above suppose that L is ample and that Hypothesis 4.5 holds.
Let v = (2,4, ) be a Mukai vector with s > 0. Then

{ea(F) | [F] € M, (X, HY*} = {5 € Sy (X) | deg = ca(0)}- (4.0.17)

Proof. Let m be as in (4.0.9): then m > 1 because L is ample. We proceed by induction on m. If m = 1
the statement holds by Proposition 3.1. Now suppose that m > 1. By Claim 1.2 and Proposition
1.3 it suffices to prove that co(F) € Sy, (X) for the generic [F] € M3 (X, H). Remark 4.3 shows
that (4.0.17) holds if v = (2,20y,4p - £y — 1): thus by Item (2) of Proposition 4.2 we may assume
that the generic sheaf parametrized by 9% (X, H) is locally-free. First assume that for the generic
[F] € 94X, H) we have Gr(2, H(F)), = Gr(2, H°(F)): then ¢3(F) € Sy)(X) by Proposition
2.2. Next we assume that for the generic [F] € 9ISY(X, H) we have Gr(2, H(F)). # Gr(2, H'(F)).
Let U € (Gr(2, H°(F)) \ Gr(2, H°(F)).) i.e. the image of the map U ®c Ox — F is a sheaf ¢ of rank
1. The sheaf ¢ is invertible because F is locally-free ([F] is generic), since it has 2 independent sections
there exists a non-zero effective divisor C such that £ & Ox(C). By stability of F we get that (4.0.8)
holds. By Hypothesis 4.5 it follows that £ = L§ for a strictly positive integer. Thus F fits into Exact
Sequence (4.0.11) and a > 0. Let G := F(—aH) and let v, be as in (4.0.12). Then [G] € M, (X, H)*
is generic and h°(G) > 0. By Corollary 4.6 it follows that s, > —1. If s, = —1 then (4.0.17) holds
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for v = v, by Corollary 4.8, if s, > 0 then (4.0.17) holds for v = v, by the inductive hypothesis
(notice that (m — 2a) < m). By Proposition 1.9 we get that (4.0.17) holds for 9, (X, H)'. O

Proof of Proposition 4.1. Tensorizing sheaves parametrized by (X, H) with high enough powers
of Ox(H) and replacing h by (¢ + 2nh) (for n > 0 it lies in the same v-chamber as h does) we may
assume that v = (2, mh, s) here

m>0, s>0. (4.0.18)
Let g := g(H) i.e. 29 — 2 = deg(H - H). Then there exists t € T, such that (X, H) = (X3, H). Given
t € Ty we let Hy € [My| and v, := (2, mhy, s). We must prove that (4.0.1) holds with X = X;, H = H,
and v = v, for an arbitrary t € T,. First we notice that 9%, (X, H;) is not empty by Proposition
4.2. Let T, (v)* C T, be the set of ¢ such that Hypothesis 4.5 holds for X = X, and L := M. Then
T,(v)* is an open dense subset of T,. Let ¢ € Ty (v)*: by Proposition 4.9 Equality (4.0.1) holds with
X = X;, H= Hy; and v = v;. By Claim 1.2 - see the proof of Proposition 3.1 - it follows that
Equation (4.0.1) holds with X = X, H = H; and v = v; and arbitrary ¢t € T,(v). O

5. ODDS AND ENDS
Simple versus stable sheaves. Let F' a simple sheaf on a K3 surface X. Then
2 — dimExt!(F, F) = —v(F)?
and hence we may define d(F') € N by the formula
2+ v(F)? = 2d(F).
Below is a natural question to ask:
Question 5.1. Keep hypotheses and notation as above. Is it true that cz(F) € Sgp)(X) ?

The filtration and correspondences. Let X and Y be K3 surfaces. Suppose that p(X) > 2
and p(Y) > 2. Let ®¢: D°(X) —» D(Y) be a Fourier-Mukai equivalence and let ®£: CH®*(X)g —
CH*(Y)g be the induced isomorphism of additive groups (warning: the grading need not be respected).
Huybrechts [9] proved that ®£ maps the Beauville-Voisin ring of X to the Beauville-Voisin ring of
Y. Tt is natural to ask (no condition on X and Y') the following question: which correspondence
' € CH*(X x Y) respect the filtrations S¢(X) and Se(Y) ? Suppose that f: X --» Y is a rational
map and I' € CH?(X x Y) is the graph of f: then I' maps S,(X) into Sy(Y).

Ezample 5.2. Let Y be a K3 surface with a symplectic automorphism f. Let W := Y/(f) and
m:Y — W be the quotient map. The minimal desingularization of W is a K3 surface X. Let Z C X xY
be the inverse image of {(7(p),p) | p € Y} viathemap X xY — W x Y. Let I' := [Z] € CH*(X xY).

Let X and Y be as in Example 5.2. Suppose that f has order 2. Then the couple (X,Y") belongs
to one of an infinite series of families which have been classified. The methods of Huybrechts and
Kemeny [11] give that for many such families I', (S, (X)) C Sq(Y) for all g.

A filtration defined by Voisin. Let V be a smooth complex projective variety. In [25] Voisin
introduces the product

CH()(V) X OH()(V) — CH()(V2)

(Zimipi,zjnj%') = Zi,jmz‘nj(iﬂi»qg')
One denotes the product of Z; and Zy by Z1 x Zs. Iterating we get Z1 x Zo*...x Z,, € CHy(V™). Voisin
proved [25] that if V' is a curve of genus g and deg Z = 0 then Z*0+t1) = 0. Now let X be a K3 surface
and let Sg(X)o C Sy(X) be the subset of degree-0 cycles. Let Z € Sg(X)o: then Z is represented by a
degree-0 cycle supported on a curve of geometric genus g and hence Z*(9+1) = 0. Thus

Sy(X)o C{Z € CHy(X) | degZ =0, 2z*9+tD) =0}. (5.0.1)

Generalized Franchetta conjecture. Let g > 3. Let §; be the moduli space of K3 surfaces with
a polarization of degree (29 — 2). Let Sg C §4 be the open dense subset parametrizing polarized K3
surfaces with trivial automorphism group (of the polarized K3). There is a tautological family of K3
surfaces p: Xy — 32. The following question is quite natural:

Question 5.3. Let Z € CH?*(X,). Let t € §) and X, := p~'(t), Z; = Z|x,. Is it true that Z, € Zcx, ?
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he statement of the above question is similar to Franchetta’s conjecture on rationally defined line-

bundles on the tautological family of curves on 9, - now a Theorem, see [1, 14]. Franchetta’s conjecture

may

be proved for very low values of g by a simple direct argument. The proof may be adapted in order

to give an affirmative answer to Question 5.3 for those values of g such that the generic K3 surface
of genus g is a complete intersection in projective space i.e. g = 3,4,5 (I thank Daniel Huybrechts for
bringing that to my attention). The link between Question 5.3 and Conjecture 0.4 is the following:
if the answer to Question 5.3 is affirmative then ¢ (F) € So(X) for any spherical vector-bundle F' on
a K3 surface.
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