Green’s currents for families of hermitian vector
bundles characterizing certain vanishing loci

J. Kramer and R. Salvati Manni

1 Introduction

1.1. In this paper we unify and generalize the results obtained in [?], [?], [?] for
star-products of Green’s functions and Green’s currents on families p : X — Y
of smooth, projective varieties over a quasi-projective base variety Y, and their
push-forwards by p to Y. The main emphasis of these investigations was to
describe the Green’s currents and their push-forwards in question as explicit as
possible in terms of the initial data.

In the paper [?], J. Jorgenson and the first author have shown that the in-
tegral of the star-product of two Green’s functions (associated to a suitable line
bundle) over the elliptic curev E,; = C/(ZT @ Z) (7 € H, the upper half-plane)
equals — log ||A(7)||?, where A(7) is Dedekind’s delta function, the unique (up
to scale) cusp form of weight 12 with respect to SLy(Z). Since, by the very
definition, A(7) = E4(7)3 — 27Eg(7)? with the two (normalized) Eisenstein se-
ries F4(7), Eg(7) of weight 4, 6, respectively, is the discriminant of the cubic
equation defining the elliptic curve E; in P?, at the end of [?], the question
was raised, if it is possible in general to provide such an integral representation
for (minus the logarithm of the norm of) the discriminant of a family of hyper-
surfaces in P". Generalizing the constructions developed in [?], we are able to
answer this question positively at the end of this paper. The details are given
in section 6 and summarized in Theorem ?77.

1.2. We let p : X — Y denote a family of smooth, projective, n-dimensional,
complex varieties over a quasi-projective base variety Y. We let D C X be a
p-codimensional cycle on X such that each fiber of D over y € Y has dimension
(n — p) and is generically smooth. Furthermore, we let V := (V.|| - ||v) be a
hermitian vector bundle of rank (n —p + 1) on X, W := V|p its restriction
to D, and ¢ a holomorphic section of W with vanishing locus Z, which meets
the zero section of W properly. By dimension reasons, the push-forward p,Z
is a divisor in Y. Under some additional assumptions on V, we are able to
determine an explicit Green’s current g for Z on X and its push-forward by p to
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Y in the cases p = 0, resp. p = 1 (see Propositions ??, resp. ??). The integral
representation obtained for p,g characterizes the divisor p.Z.

The main application of our formalism is a solution of a problem posed in
[?], namely to give an integral representation of (minus the logarithm of the
norm of) the discriminant characterizing the locus of singular hypersurfaces of
degree d in n-dimensional, projective space. This is the content of Theorem ?7.

We note that in sections 3 and 4 differential forms and Green’s currents
on singular varieties have to be used. The theoretical background for this is
provided by the work of T. Bloom and M. Herrera [?], section 3. We would like to
point out that our constructions of differential forms and Green’s currents on the
singular varieties under consideration will be explicit. We also emphasize that
in all our investigations secondary Bott-Chern forms play an important role. In
particular, we make essential use of some of the main results of D. Mourougane
(see [?]).

1.3. The paper is organized as follows. In section 2, we give the main notations
together with a basic construction resolving the singularities of D, which is later
on used in the text. In section 3, we put together the main ingredients, which
allow us to construct the Green’s current g for Z in X. In section 4, we specialize
to the cases p = 0, resp. p = 1. By means of some additional assumptions, we
are able to prove Propositions 77, resp. 7?. In section 5, we show how the main
results obtained in [?], [?], [?] can be derived from the main results of section
4. In section 6, we finally construct an integral representation characterizing
the discriminant locus of singular hypersurfaces of degree d in n-dimensional,
projective space.

2 Preliminaries

2.1. In this and in the next section, we recall and generalize some basic results
described in [?]. Let p: X — Y be as in the introduction; we denote the fiber
p~l(y) over y €Y by X,.

Let D C X be a p-codimensional cycle on X such that each fiber D, =
DN X, (y €Y) has dimension (n — p) and is generically smooth. Let gp be a
Green’s current of log-type for D, i.e., gp is a smooth current on X \ D, gp has
logarithmic growth along D, and it satisfies

ddgp + 0p = wp,

where wp is a smooth current on the whole of X; the existence of gp is justified
by [?], Theorem 1.3.5.

Let V be a vector bundle of rank (n —p+ 1) on X. Denote the restriction
of V to D by W. Equip V with a smooth hermitian metric || - ||y and write
V = (V,| - |lv).- Denote the restriction of || - |[yv to W by || - ||w and put

= (W1l lw)-

v
w
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We assume that the vector bundle W has a holomorphic section o, which
meets the zero section of W properly; we denote the cycle attached to the l.c.i.
subscheme defined by the vanishing of ¢ by Z. Furthermore, we assume that Z
contains the singular locus of D.

2.2. We write Z for the sheaf of ideals in Op given by the functions vanishing
on Z, and W for the sheaf of holomorphic sections of W. The section o gives
rise to an epimorphism

o WY —T;

here WV is the dual of W. This induces an epimorphism of graded algebras of
Op-modules

@Symk(wv) — @Zk,

k>0 k>0

and consequently gives rise to an immersion

¢ : D' =Proj | PTF | — Proj | @ Sym"WY) | =P(W)
k>0 k>0
satisfying
(,OI*O]p(W)(l) = OD’(]-)~

Letting 7 : D — D’ be a desingularization of D’ & la Hironaka, we obtain the
following commutative diagram

D

D/L»]P)

(W) — B(V)
: X

D L

Here v, ¢’ and ¢+, ¢/ are the obvious maps; ¢ is the morphism induced by ¢’ (cf.

7))
2.3. On P(V) we have the tautological short exact sequence of vector bundles
&g - O_>S/V—>¢*V—>Q/—>O,

where S’, resp. Q' is the tautological line bundle Op(y/y(1), resp. the tautological
quotient vector bundle of rank (n—p). By means of the short exact sequence &,
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the hermitian metric on V induces hermitian metrics || - ||s- on S’, resp. | - ||/
on Q'; we set § = (S0l - lls), resp. Q = (@', - lqr), and denote by & the
short exact sequence &£’ equipped with the metrics described above. We note
that || - ||s- is nothing but the Fubini-Study metric on S’. From the Whitney
formula, we deduce

Cnpr1 (W V) = c1(S™) A eap(@) = —dd7f, (1)

where, by definition, the (n — p,n — p)-form 7’ is given by the secondary Bott-

Chern form .

' =Cnpt1(E)

associated to the (n—p+1)-st Chern form c,,_,11(-); it is unique up to im d+im
(see [?]). With

§=(op)8 |, Qi=(on)q,
we obtain the short exact sequence of vector bundles on D
E:0— 8 —7W —5Q —0;
here m = 7’ o 7.
2.4. For our purposes it is more convenient to work with the twisted sequence
E®8:0— Opyy — VRS — Tpyyx — 0,

where Tp(yy,x is the relative tangent bundle of P(V') over X. In this case, we
deduce from the Whitney formula

n—p+1

np1 (V0 5) = Z Cnpii1 (V) A ey (S) = —dde¢’, (2)

where the (n — p,n — p)-form ¢’ is given by the secondary Bott-Chern form

(= 1€ ®3F) Z YAy (8 )yri.

3 Technical results

In the subsequent Lemma 7?7 we will explicitly construct a Green’s current and
its associated differential form on the possibly singular variety D. As pointed
out in the introduction, the theoretical framework for this is provided by the
work of T. Bloom and M. Herrera in [?], section 3.
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3.1. Lemma. With the notations of section 2, let gz denote an Euler-Green’s
current for the hermitian vector bundle W on the (possibly singular) variety D
associated to the global section o. Then, gz satisfies the dd®-equation

ddgz + 0z = Cnfp+1(v)|Da (3)

where c¢,—p11(V)|p is the restriction of the (n — p + 1)-st Chern form of V to
D. On DY := D\ Z, we have
n-p o
9zlpe = —logllolliy A Y ¢l Acap—i(V)lpo — Ca (4)

Jj=0

where (1 is a (1,1)-form and (s a (n —p,n —p)-form on D, which will be made
explicit in course of the proof of Lemma 77.

Proof. We denote by Z ' resp. Z the exceptional divisor in D’, resp. its desingu-
larization in D. The Green’s current associated to the canonical section & = 7* ¢

of SV = Op(Z) therefore satisfies the dd®-equation
dd® (—log ||5]12) + 65 = c1(S") = —e1 (9). (5)
Multiplying (??) with the (n — p,n — p)-form « given by the formula

n—p

a = (op) [ Y el Acap (V)

we derive from (?7?)
dd® (—log||gl|Ev Aa) + 65 A= —c1(S) N =
Cnpi1 (T W) + dd®n,
where, by the functoriality of secondary Bott-Chern forms, 7 is given by
N=Crpr1(E®F) = (Vop)"(".
A standard cohomological argument shows

T (52 ANa) =0z.
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Putting
9z = (=log||m*o|&v Aa =),
we get after a short calculation

dd®gz + 0z = cnpr1(V)Ip-

Since 7 : D \ Z — DY is an isomorphism, the definition of g shows the explicit
formula

n—p
9zlpo = —logllo|lfy A D> Acnpi(V)lpo — G2
3=0
with the (1, 1)-form {; := m.(cq (§)|D\Z), and the (n—p,n—p)-form (s := m.(n)
on D°. This proves the lemma. O

3.2. Theorem. With the notations of section 2 and gz from Lemma 77, define
the following current of type (n+1,n+1) on X

g = QD/\Cn—p+1(V)+gz/\5D. (6)
Then, g is a Green’s current on X satisfying
ddg + 6z = wp Acnpr1(V); (7)

here Z is considered as a subscheme of X.

Proof. Using Lemma 7?7, a straightforward computation yields

ddg = ddc(gD) A Cn_p+1(V) + ddc(gz) Adp

= (wp —6p) A cn—pt1(V)+
(¢nps1(V)lp —02) Adp
= wpA Cnprrl(V) - Cnfp+l(v)‘D+

cnpt1(V)|p =62 Adp

= WD/\Cn—p+1(V) -4z,
as claimed. m]
Let now p: X — Y be as in subsection ??. Then, we have the following

3.3. Corollary. With the notations of section 2 and g from Theorem 77, con-
sider the current p.g of type (0,0) on'Y. Then, p.g is a Green’s function on'Y
satisfying

dd®(psg) + 9p.z = c1(M), (8)

where the hermitian line bundle M = (M, || - ||ar) is given by M = Oy (p.Z)
equipped with a suitable hermitian metric || - ||ar. O
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3.4. Remark. The determination of the class of M in terms of the given data
on X amounts to an application of the Hirzebruch-Riemann-Roch Theorem.
Furthermore, the determination of the hermitian metric || - ||as in terms of the
given metric || - ||y and the Kéhlerian structure under consideration amounts to
an application of the arithmetic Riemann-Roch Theorem. In the next section
we specialize the above formalism to distinguished cases which we will be able
to handle quite explicitely.

4 Explicit formulas

In this section we are going to make explicit the results obtained in the previous
section in the case when D = X i.e., p =0, and when D is a divisor in X, i.e.,
p = 1. In order to get results, which are as explicit as possible, we will have to
impose some additional assumptions. Again, we point out that when working
with differential forms and Green’s currents on singular varieties in this section,
this has to be understood in the framework of the article [?].

4.1. The case of codimension 0. If D = X, i.e., p = 0, the Green’s current g
in formula (??) of Theorem ?7? satisfies g = gz and, hence, formulas (?7), resp.
(??) of Lemma 77 give

dd®g + 6z = cna(V), (9)
resp. (recall that X° = X \ 2)
glxo = =logloly- A Y~ ¢l Acaj(V)Ixo = G (10)
3=0

where (; and (s are described in the proof of Lemma ??. Applying p, to (?7),
we find the dd®-equation

dd®(p+g) + 6p.z = ps (Cn+1(v)) : (11)
In the subsequent proposition we will make explicit formula (?7).

4.2. Proposition. In addition to the hypotheses made in section 2, we assume
D=X andV = p*E® L, where E = (E, |- ||g) is a hermitian vector bundle of
rank (n+1) onY, and L = (L, ||-||) is a hermitian line bundle on X. We write
L, for the restriction of L to the fiber X, over y € Y. Then, fory € Y \ p.Z
the push-forward p.g of g given by formula (??) takes the form

(o)) = - / loguanvAZ(’;j}) (Gl ) A (T

- / (Glx,). (12)

Xy
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Furthermore, the right-hand side of (77) can be made explicit as

pi (a1 (V) = pu (c2r(D)"H) + e (det(E)®deg(L)> : (13)

The quantity p. (cl(f)”ﬂ) will be studied in subsection ?7. The integral of
the secondary Bott-Chern form (5 will be discussed in subsection ?7.

Proof. For y € Y '\ p.Z, we derive from (?7) after integrating along the fibers

5 - [

Xy

Xy) :

(pe) () = — / tog 012 A 3 (Gilx, Y A cn s (7)
j=0

Xy

Since the restriction of p*E to X, is trivial, we get by functoriality

—@(n+1) n-+1 — \n—i
Xy:C”_j (Ly ) = <n_j>C1(Ly) j?

cn—j(V)

which proves formula (??). Concerning the proof of formula (??), we note

n+1

pe (cns1(V)) = pu (ens1 (P E® L)) = pu | Y cnjp1(p"E) Aea(T) | =
=0

pu (@) + ea(E) A pe (D)) = po (e ) + 1 (det(B) 958
where the third equality is justified by dimension reasons. a

4.3. Remark. If V.= L; & ... ® L, (orthogonal direct sum), we can avoid
the preceding, sophisticated construction. First, we note in this case that

Cn+1(7) = Cl(zl) VAN Cl(zn+1) .

Choosing the global section o of V' of the form o := (o1,...,0,41), where o, is
a global section of L; (j =1,...,n+1) and 01,...,0,41 are in general position
(in the notation of [?], p. 353), we find for a Green’s current g associated to V'
(restricted to X©)

n+1

g|Xo e Z log ||O'j||%j A(;div(gl)/\. . .A5div(0j71)AC1 (Zj_;,_l)/\. ..A\Cq (fn—&-l) (14)
j=1

as a replacement for formula (??). We note that the Green’s current ¢ in
(??) is nothing but the star-product gy * ... * g1 of the Green’s functions
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gj = —logllojllz, (j = 1,...,n+1). Iff y € Y \ p.Z, we find for the push-
forward p.g of g

n+1
)= — / Lo 105112, A duie(ony A - A Baie(oy 1) A
:1div(01)~~div(crj_1)

A\ Cl(Lj+1)/\.../\Cl(Ln+1) (15)

as a replacement for formula (??). If L; = L for j =1,...,n+ 1, formulas (?7?)
and (??) simplify accordingly. We observe that in both cases the secondary
Bott-Chern forms do not occur.

4.4. The case of codimension 1. If D is a divisor in X, i.e., p=1, we let Lp
be the line bundle given by Lp = Ox (D) with section s satisfying D = div(s),
equipped with a suitable hermitian metric || - ||p; we put Lp = (Lp, ||-||p). The
Green’s current g in formula (??) of Theorem ?7? is then given by

g=—log|lslH Acn(V) + 92 Aép; (16)
it satisfies the dd®-equation (see formula (?7))

dd®g + 64 :Cl(ZD)/\Cn(V). (17)

By means of formula (??) of Lemma ??, gz is given by the explicit formula
(recall that D° = D\ Z)

n—1

9zlp0 = —log |lollfy A D Aenj1(V)lpo — o, (18)
=0

where ¢; and (s are described in the proof of Lemma ??. Applying p, to (?7),
we find the dd®-equation

dd®(p+9) + 6p.z = p« (c1(Lp) Ay (V)) - (19)
In the subsequent proposition we will make explicit formula (?7).
4.5. Proposition. In addition to the hypotheses made in section 2, we assume
that D 1is a divisor in X, Lp = L®™ for some m € N, and V = P'E® fw,
where E = (E,||-||g) is a hermitian vector bundle of rankn onY, L = (L, ||-||1),

and £ € N. Then, fory € Y \ p.Z, the push-forward p.g of g in formula (77?)
takes the form

(p-9)(y) = /1og ol A ien_j_l (j j_ 1) (Gilp, ) Aei(Llp,) 77!

Jj=0
Y

—VW/mw%Amnwf/@mx (20)

X, D



Green’s currents for families of hermitian vector bundles 10

and

pe (1(Tp) A en(V)) = mt™ p. (c1(T)"H) +me* ey (det(E)®deg<L>) . (21)

The quantity p. (cl(f)"“) will be studied in subsection ??. The integral of
the secondary Bott-Chern form (o will be discussed in subsection ?77.

Proof. Formula (?7) is proven along the same lines as formula (??). For the
second formula, we compute

pe (c1(Ip) Aca(V)) = p. (cl(f®m) Aen(pE® fw)) =

m < po (er (D)) +me1 ey (det(B)® e
because by dimension reasons only co(E) and c1(E) have to be taken into ac-
count. O

4.6. Remark. If V =L, @...® L, (orthogonal direct sum), we are reduced to
the corresponding discussion in Remark ?? by considering the hermitian vector

bundle V' = Lp®Von X.

4.7. Computation of p,(c;(L)"*!). We will now compute p,(c1 (L)) in two
ways based on two different assumptions.
For the first computation, we assume that the relative tangent bundle T'y,y
is of the form
Tx)y =p'F,
where F'is a vector bundle on Y. Using the Hirzebruch-Riemann-Roch Theorem
in degree one, we then compute on the level of cohomology classes

¢1(p.L) = (pu(ch(L) - Td(Tx/y)) " =

pe (@D pe(erll))  ea(F)
(n+1)! n! 2

This shows

po (e (L)) = (n+ )1 i (det(p, L)) — "5 - deg(L) -1 (F)

from which we derive
Py (cl(L)"+1) — ¢ (det(p*L)®("+1)! ® FV®(n+1).deg(L)/2> .

Recalling (??) and (??), we therefore find that the line bundle M = Oy (p.Z)
of Corollary ?7 is isomorphic to the line bundle

det(p*L)®(n+1)! ® FV®(n+1).dcg(L)/2 ® det(E)® deg(L) ® Mﬂata
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where Mj,; is a flat line bundle on Y. In order to compute p.(c1(L)" 1), i.e.,
to also take into account the hermitian metric under consideration, one has to
construct the corresponding Quillen metric or to make use of the arithmetic
Riemann-Roch Theorem. In this way one is able to determine the hermitian
metric || - |ar of M.

For the second computation, we assume that there exists a hermitian vector
bundle F = (F,|| - ||) of rank (n + 1) on Y such that the vector bundle A :=
p*F ® L®* has a nowhere vanishing section, and B is the quotient of A by Ox.
This gives rise to a short exact sequence

F:0—0Ox —A—B—0,
from which we derive
a1 (P F L) = —dd® (8,11(F)) .
Applying p. to the above equation, we get
£+ (@) +0 - p (D)) At (F) = —dd® (. Gora (F)))
Thus, we have

pa (r(D)") = _degg(L) e (F) — én% -dd® (pu(Cns1(F))) -

4.8. Secondary Bott-Chern class computation. The section ¢ induces
embeddings

oy: Dy — P (p*E|p, ® L¥|p,)

for y € Y\ p.Z. Since the vector bundle p*E|p, is trivial, we have an isomor-
phism
By P (p*E|p, ® L¥|p,) = D, x P" 7.

Defining o, = pr, 03, 0o, (where pry denotes the projection from Dy x P" ™" to
P"7?), and proceeding as in [?], we get in case that the maps «,, are generically
finite

n—p

[ (@ln) =~ desta)- | X375
j=1 k=1

D,

In the other cases, the integral [, ((2|p,) vanishes.
Y :

5 Abelian varieties

5.1. Notations. In this section we compute Green’s currents and their push-
forwards for hermitian vector bundles related to moduli spaces of abelian vari-
eties using the techniques developed in the previous section and relate them to
the results obtained in [?] and [?].
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We denote by A, a(A) the moduli space of n-dimensional, polarized abelian
varieties of type A := (dy, .. ., d,) with level A-theta structure; here dy|da| - - - |dy;
we set d :=dida - ... d,. Let A, aA(A)p be the universal abelian variety, @ the
Hodge bundle on A, A(A)g equipped with the Petersson metric, and £a the
relatively ample line bundle on A4, A(A)y associated to A equipped with the
standard translation invariant metric.

5.2. Let
Y = An,A(A)O 5 X = An,A(A)O ,

E:=w®mgC!, T:=Cx",

ie., V= pw®m™ ®Z§m2 ®C™ . By applying Proposition ??, or rather formula
(??) of Remark ??, with the section o = (01,...,0,41) of V, we are able to
derive the main formula in Theorem 5.2 of [?] for the integral of the star-product
g = g1*...xgn+1 with g; := —log ||lo;]|2, (j = 1,...,n+1) along X, (y € Y\p.Z,
Z =div(oy)-...-div(oy+1)). This integral turns out to be minus the logarithm
of the Petersson norm of a Siegel modular form. The weight of this modular
form can be determined by the same type of computation as carried out in the
first part of subsection 7?7, namely, we have

pe (cnsr (V) =mj - (m1+52) - (n+ 1! 1(@). (22)

5.3. With A :=(1,...,1) and ¥ = (7, z) the classical Riemann theta function,

let
Y:=A,a(A)o, X:=A4,a(A), D:=0=div(d),

— 1 — _
E:: p*QX/Y7 L:: EA,

ie., V= ﬁ;(/y ® La and W = V|p. By applying formula (??) of Proposition
?7? with the section o := d¢ of W (and ¢ = 1), we derive the main formula of
Corollary 4.5 of [?] for the integral of g along X, (y € Y \ pxZ, Z = Oging)-
This integral turns out to be minus the logarithm of the Petersson norm of a
Siegel modular form characterizing the Andreotti-Mayer locus. The weight of
this modular form appears in the relation

pe (en() = 22t e1(@),

which is derived in [?], Corollary 3.2.
5.4. With n:=1, A:=3, let
Y = A173(3)0 ,X = [P)(E) 5 D = A1,3(3)0 s

where E is the rank 3 vector bundle over Y with fiber B, = H°(X,,L3,)
(y € Y). Furthermore, let

V= 6[@(]5)(1) @@p(E)(l),WZZ V|D,
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where the hermitian metric on 6111’( g)(1) is given by the Fubini-Study metric.
Choosing two sections 01,092 of L3, whose divisors intersect properly on D, we
find as in subsection ??, using Remark ??, the Green’s current (restricted to
DY)

glpo = —log ||o1||Z, A c1(Ls) —logllo2]|2, A daivo) -

whose push-forward to Y equals minus the logarithm of the Petersson norm of
a Siegel modular form. Denoting by abuse of notation the projection from D to
Y also by p, we derive from formula (??) (with m; =0, mg = 1)

pi (c2(W)) = pu (c2(L3 ® L3)) = 3 1 (@), (23)

observing that W = L3 ® Ls.
On the other hand, using the formalism summarized in subsection 7?7, we
find the Green’s current (see formulas (??) and (?7))

glxo = — loglls[ A ca(V)]xo

— (ol 3y A cy(V)|po +og [lolf A Gilpo + G2) A dpo

where the elliptic surface D = A; 3(3)o is determined by the cubic equation
s=01in X = P(E); here (; and (, are as described in the proof of Lemma ?7.
JFrom formula (??), we compute

Px (CQ (W)) =  Px (Cl(éP(E) (3)) A C2(v))
= 3-p. (c1(Op)(1))%) = =3 - c1(E),

where the last equality is justified by the very definition of 01(@]}»( g)(1)) and by
dimension reasons. Comparing this with formula (??), yields

ci(det(E)Y) = ¢1(w).

6 Hypersurfaces

6.1. Notations. In this section, we solve one of the problems raised in [?]. In
fact, we will study an example which is related to the discriminant of hypersur-
faces. In particular, we will consider the moduli spaces of hypersurfaces having
some suitable properties. We refer to [?] for details.

We write H(d,n) for the set of all non-zero forms of degree d in P". We
let H%(d,n) be the subset of H(d,n) consisting of the forms defining smooth
hypersurfaces. Thus, H"(d,n) is the complement of the vanishing locus of the
corresponding discriminant A(d,n). We denote by Hs(d,n) the set of stable
d-forms. We want to consider the GIT-quotients of H%(d,n), resp. Hs(d,n) by
GL,,+1(C), or better, of suitable Galois coverings ﬁo(d, n), resp. ﬁs(d, n) of
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these spaces, on which GL,11(C) acts freely. We denote by Y the GIT-quotient

GLy+1(C)\\Hs(d, ).
Over Hy(d,n) there is a universal hypersurface Ys(d,n) C Hs(d,n) x P"
given by

ys(d,n) = {(F,Xo,Xl,...,Xn) S 'Hb(d,n) X Pn‘F(Xo,Xl,...,Xn) = O}

We also have a universal hypersurface V,(d,n) C Hy(d,n) x P". We note that
:)75 (d,n) descends to a universal hypersurface D over Y with some extra struc-
ture. Moreover, the trivial projective bundle H,(d, n) x P on H,(d, n) descends
to a projective bundle X := P(FE) over Y; by construction, D C P(E) is defined
by an equation s = 0. The original standard metric on the trivial projective bun-
dle on H(d,n) induces a hermitian metric on F, and consequently on Opg)(1),
and on the relative cotangent bundle Q]%)(E)/Y. As usual, we write F, 5[?(15)(1)»

and ﬁllp( g)/y for the corresponding hermitian vector bundles. We set

V= Q]P’(E)/Y (24 OP(E)(d) ,W:=V|p= Q]P(E)/Y ® Op(d).
We recall the short exact sequence of vector bundles
Gg: 0—>Q /Y_>OJP’(E( )®p*Ev—>Op(E)—>0. (24)
6.2. Theorem. Using the notations of subsection 77, we have
— —1 —
dd®(p+g) + 6p.z = p- (CI(OP(E) (@) A cn(Qpgyy ® OP(E)(d))) ; (25)

where p.Z is the discriminant locus in Y. Ify € Y \ p.Z, we find for the
push-forward p.g of g with § := ¢1(Opn (1))

(p)(4) = — / (Golp,) —

Dy

/lognsnmé(("“) -6+ (@) ) A ()"

n
]Py

n—1
/ log [[ds||2, A (G, ) A
=0

Dy
n—j—1
£ () (1)

D, —

™
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n—1

[ 1oe sl A Y- (6il,) 7
D, 3=0
" ~ n—j—k— 1
3 () @@ (26)

For the right-hand side of (7?), we have
_ —1 —
P+ (CI(O]P’(E)(d)) Acn(Qpgy vy ® OIP’(E)(d))) =

dd=1)" -1 (E") +dd (. (€01 @@ Opey (@), (27)
where d(d — 1)™ is the weight of the discriminant A(d,n).

Proof. We start by noting that formula (??) follows immediately from formula
(??) taking into account that Lp = Opg)(d).

In order to compute p,g we cannot apply Proposition ?? directly, since Q%,( B))Y
is not the pull-back of a vector bundle on Y. We therefore modify our procedure
as follows. Using the formula

J
=1 — n—=k —1 — -
¢ (Qpgy/y ® Op(my(d)) = E (j _ k) ck(Qpgy y) A c1(Opr)(d))’ ¥
k=0

for j =0,...,n, we find by means of formulas (??), (??) for the push-forward
(pg)(y) of g (as long as y € Y \ p.Z)
- —1 -~ _
(a)w) =~ [loglslh A D enl@y) Aer@ey (@)~

P k=0

! n—1

[ 1oglaslie 1 Y- cilo, 1

D, J=0

n—j—1
—1 __ i
" Z (n—;—k—l)ck(ﬂﬂ“’:}')Acl(OPz(d)) T p, —

[

Dy

Dy)'

Using the short exact sequence (?7?), we obtain

er@e(m)v) = Oy (~1) @ pE) + dd° (&(0)) =

S (il v o k=i | 4d° (5.(C
Z( i >Ci(p E") Ne1(Opgy(—1)) +dd (Ck(g))

=0
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for K =0,...,n. Since the restriction of ci(p*Ev) to the fibers is zero for i > 0,
we obtain the claimed formula (??) for (p.g)(y).

Tensoring the short exact sequence (??) with Opg)(d), we compute for the
right-hand side of (?7?)
J— 71 J—
P (Cl(OIP(E) (d)) A cn(Qpepy/y @ OIP’(E)(d)>> =

P (Cn+1(6P(E)(d -® P*Ev)) + ps (dd° (€r41(G @ Op) (d)))) -

For the first term on the right-hand side of the above equality, we obtain by
dimension reasons

Ps (Cnﬂ@ﬂ%E)(d -1)® p*EV)) _
n+1
Z € (Ev) A ps (c1(Op(y(d — 1))" 7 11) =

=0
o(E) A ps (c1(Opiy (d — 1)) + 1 (B) A ps (e1(Opiy (d — 1))7) =

vV

(d=1)"* - pu (c1(Opy (1)) + (d = 1) - ea(E7).

In order to determine p,(c1(Op(g)(1))"*!), we derive from the second compu-
tation carried out in subsection ?7? with the short exact sequence GV instead of
the sequence F

pe (61 @eey (D)) = 1(B") — dd (p. (2161(G)) )

(From Mourougane’s computation in [?], section 7, Theorem 3, we find

P (En-i-l(gv)) = : z]: %7

which leads to ¥

pi (€1(Op(i)(1))") = c1(E7) .
After collecting all the results, we find for the right-hand side of (?7?)

P (Cl(@P(E) (d)) A ey (ﬁé(E)/y ® 611»(13)(‘1))) =

Vv

(d=1)" (B )+ (d=1)" 1 (B) + p. (dd° (€011(G @ Os(r) (d))) =

d(d—1)"-c1(E") + dd° (p (€041(G ® Op(s()))) ,

which is the claimed formula (?7). a
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6.3. Remark. In relation to Theorem 7?7, we observe that a significant exam-
ple to the above construction is the case of the moduli space of marked cubic
surfaces (for details, see [?]). We recall that in this case, R. Borcherds gave
an automorphic form yio of weight 12 vanishing exactly along the discrimi-
nant locus (for details, see [?]). Since the GIT-compactification Y of Y satisfies
codim(Y \ Y) > 2 in this case, we find an integral representation of minus the
logarithm of the norm of Borcherds’ automorphic form (see [?], Remark 3.4).

6.4. Remark. We can construct another example, which is related to Remark
??. For this, let X, D, Y be as in subsection ??. Set V := 611»(1;)(1) ® C",
and let o := (01,...,0,) be a global section of V' as in Remark ??. Let s be
the section of Op(f)(d), whose zero locus is D, and set & := ¢, (Op(g)(1)). With
these notations, we obtain from Remark 7?7 the explicit Green’s current

glxo = —log|lsl[p A& x0 —
Z log HO’j H%H”(E)(l) A §div(01) VAR 5div(oj,1) A é‘"*j A 5D0 .
j=1
This Green’s current satisfies
dd°g+ 6z =d-Ency,(V) = d-evtt

JFrom the results of subsection 77, we obtain

Vv

p*(fn—‘rl) = Cl(E )s

hence,
—vV

dd®(pxgz) + 0p.z =d-c1(E ).
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