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From univariate to multivariate ageing

Univariate notions of aging (e.g., IFR, DFR, NBU) constitute a well–
established core of reliability theory: the definitions given in the, by–
now classical, literature are very clear and provide the basis for many
useful results, which apply when dealing with the analysis of a single
unit or of several units with stochastically independent lifetimes.

On the contrary, multivariate definitions of aging, i.e. definitions valid
when dealing with several dependent lifetimes, are rather controver-
sial. In fact, starting from univariate notions, several types of multi-
variate extensions can be defined; furthermore, the non-trivial interac-
tions between aging and dependence contribute to make the analysis
quite challenging.

(Bassan and Spizzichino, JMVA, 2005)
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From univariate to multivariate ageing

A first natural assumption for dealing with this problem is to consider
dependent lifetimes that are judged to be similar, viz., one is interested
on a vector X = (X1, , . . . ,Xd) of exchangeable positive and continu-
ous rv’s (also called lifetimes).

Here, we suppose that:

X has survival function (=sf) F : Rd → I,
for every i, Xi has sf G : R → I, which is continuous and strictly
decreasing with G(0) = 1;

K = KF is the unique copula associated with X.
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Level curves and multivariate ageing

Following the ideas by Barlow and Mendel (JASA, 1992) and Barlow
and Spizzichino (JCAM, 1993), the level curves LF of F are a primary
object of interest in (Bayesian) notion of ageing.

This approach led to the the introduction of concepts like semi–copula
(and semi sf’s) and multivariate ageing function, introduced by Bassan
and Spizzichino (JMVA, 2005).

Remark: LF = {Aα}α∈I, where Aα =
{

x ∈ Rd | F(x) = α
}

.



Semi–copulas and their applications

Outline

1 Introduction

2 Determination of the multivariate ageing function

3 Multivariate ageing



Semi–copulas and their applications

Level curves for describing ageing

In order to study the ageing properties of F by means of level curves,
it is convenient to consider an auxiliary function L, having the same
level curves as F but, possibly, different marginals.

L belongs to the family of continuous semi-sf’s F : Rd → I such that

(a) F is strictly decreasing in each argument;

(b) F(0, . . . , 0) = 1;

(c) F(x1, . . . , xd)→ 0 when max{x1, . . . , xd} → +∞.

However, in general, F does not satisfy the d–increasing property (and,
so, it may not be a probability sf).

Actually, a semi–sf can be associated to a capacity.
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Level curves for describing ageing

Now, all the semi–sf’s sharing the same family of level curves of F
may be obtained by means of a distortion of F.

Theorem

Let F1 and F2 be semi sf’s on Rd with families of level curves given, re-
spectively, by LF1

and LF2
. Then the following statements are equiva-

lent:

(a) LF1
= LF2

;

(b) there exists an increasing bijection h : I→ I such that
F2 = h ◦ F1.

(Durante and Spizzichino, 2010)
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Describing ageing by means of level curves

Corollary

Let F : Rd → I be a joint sf and let h : I → I be an increasing
bijection. Let PF be the probability measure induced by F. Then L :=
h ◦ F is the joint semi–sf associated to the distorted probability h ◦ PF,
i.e.

L(x1, . . . , xd) = h ◦ PF ([x1,+∞]× · · · × [xd,+∞]) .

(Durante and Spizzichino, 2010)

The properties of the level curves of F, and consequently the ageing
property of F, may also be investigated in the more general framework
of distorted probabilities and associated joint survival semi–sf’s.
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Describing ageing by means of level curves–2

As a specific choice for a distortion of F that is specially adapt to de-
scribe the ageing property of F in terms of level curves, one may select

L(x1, . . . , xd) = exp
(
−G−1 (F(x1, . . . , xd)

))
Note that:

if two joint sf’s F1 and F2 have the same level curves, then they
share the same L;

L(x, 0, . . . , 0) = e−x for every x ∈ R;

L = F, when the survival marginal G of F is exponential.

Intuitively, L is the semi–sf that allows to express the behaviour of the
level curves of a joint sf by reducing it to a function having marginals
indifferent to univariate ageing.
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Semicopulæ

A semi–copula is a function S : Id → I such that

S is increasing in each place,

S(1, . . . , 1, xi, 1 . . . , 1) = xi.

Semi–copulæ generalise several other concepts already used in the lit-
erature, like copulas, quasi–copulas and triangular norms.
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Sklar’s Theorem for semi–sf’s

Theorem

Let F : Rd → I be a semi–sf with univariate marginals F1, . . . ,Fd.
Suppose that, for every i ∈ {1, . . . , d}, Fi is strictly decreasing on
[0,+∞[ and continuous. Then there exists a unique semi–copula S =
SF : Id → I such that

∀ x ∈ Rd F(x1, . . . , xd) = S
(
F1(x1), . . . ,Fd(xd)

)
.

(Durante and Spizzichino, 2010)
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Definition of multivariate ageing function

Definition (Bassan-Spizzichino, 2001)

Given a sf F, the multivariate ageing function B = BF is the unique
semi–copula associated with

L(x) = exp
(
−G−1 (F(x)

))
It is explicitly given by

B(u) = exp
(
−G−1 (F(− log u1, . . . ,− log ud)

))
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Two comments

Two semi–copulæ are associated with each joint sf F:

K, interpreting the dependence properties of F,

B, interpreting the ageing properties of F.

B(u) := exp
(
−G−1 (KF(G(− log u1), . . . ,G(− log ud))

))
is also a suitable transformation of the copula KF.
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The example of Archimedean copulas

Let F be a bivariate sf whose copula K is a (strict) Archimedean copula
additively generated by a convex and decreasing function ϕ : I →
[0,+∞] with ϕ(1) = 0 and ϕ(0) = +∞, viz.,

K(u, v) = ϕ−1 (ϕ(u) + ϕ(v))

Then the related bivariate ageing function B is given by

B(u, v) = t−1 (t(u) + t(v)) ,

where t = ϕ ◦ G ◦ (− log). B is a copula iff t is convex.
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The procedure

As argued for the first time by Bassan and Spizzichino (2001), one can
define multivariate ageing notions in terms of the level curves of F,
and, hence, of the semi–copula BF, by means of the following scheme.

Consider a univariate ageing notion P.

Take the joint survival F = FΠ,G of d iid lifetimes and prove re-
sults of this type: each lifetime has the property P iff BΠ,G satisfies
the property P̃;

Define a multivariate ageing property as follows:
an exchangeable sf F is multivariate–P if BF has the property P̃.
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Special classes of multivariate ageing functions

Let B be a multivariate ageing function. We say that:
(A1) B ∈ A+

1 iff, for every u ∈ Id

B(u) ≥ Πd(u) .

(A2) B ∈ A+
2 iff for all i, j ∈ {1, . . . , d}, i 6= j, and for every u ∈ Id,

B(u1, . . . , ui, . . . , uj, . . . , ud) ≥ B(u1, . . . , uiuj, . . . , 1, . . . , ud) .

(A3) B ∈ A+
3 iff for all i, j ∈ {1, . . . , d}, i 6= j, for all ui, uj ∈ I,

ui ≥ uj, and for every s ∈ ]0, 1[,

B(u1, . . . , uis, . . . , uj, . . . , ud) ≥ B(u1, . . . , ui, . . . , ujs, . . . , ud) .
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Obviously. . .

A+
3 ⊂ A+

2 ⊂ A+
1
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Multivariate ageing for iid lifetimes–1

Theorem

The following statements are equivalent for the joint sf F of a vector of
independent lifetimes with univariate marginal G:

(a) G is New Better than Used (=NBU), i.e., G(x + y) ≤ G(x) G(y);

(b) BΠ,G ∈ A+
1 ,

(c) BΠ,G ∈ A+
2 .

(Durante, Foschi and Spizzichino, 2010)
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Multivariate ageing for iid lifetimes–2

Theorem

The following statements are equivalent for the joint sf F of a vector of
independent lifetimes with univariate marginal G:

(a) G is Increasing Failure Rate (=IFR), i.e., G is log–concave;

(b) BΠ,G ∈ A+
3 .

(Durante, Foschi and Spizzichino, 2010)
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Definitions of multivariate ageing

Let X = (X1, . . . ,Xd) be an exchangeable random vector (d ≥ 2)
of continuous lifetimes with joint survival function F : Rd → I and
univariate survival marginals equal to G. We suppose that G is strictly
decreasing on R+ with G(0) = 1 and G(+∞) = 0.

One says that:

F is B–multivariate–NBU of the first type (shortly, B–MNBU1)
iff BF ∈ A+

1 ;

F is B–multivariate–NBU of the second type (shortly, B–MNBU2)
iff BF ∈ A+

2 ;

F is B–multivariate–IFR (shortly, B–MIFR) iff BF ∈ A+
3 .
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A remark

Any k–dimensional marginal of F (k = 2, . . . , d − 1) has the same
multivariate ageing property of F, as formalised here.

Theorem

Let F(k) be the k–dimensional marginal of F (k ∈ {2, . . . , d}).
If F is B–MNBU1 (respectively, B–MNBU2 or B–MIFR),
then F(k) is B–MNBU1 (respectively, B–MNBU2 or B–MIFR).

(Durante, Foschi and Spizzichino, 2010)
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Probabilistic interpretations

Theorem

(a) F is B–MNBU1 iff for all i ∈ {1, . . . , d}, x ∈ Rd and τ > 0,

P (X1 > x1, . . . ,Xi > xi + τ, . . .Xd > xd | Xi > xi)

≥ P (Xi > x1 + · · ·+ xi + · · ·+ xd + τ | Xi > xi) .

(b) F is B–MNBU2 iff for all i, j ∈ {1, . . . , d}, i 6= j, x̂j =
(x1, . . . , xj−1, xj+1, . . . , xd) ∈ Rd−1 and τ > 0,

P
(

Xj > τ | X̂j > x̂j

)
≥ P

(
Xi > τ + xi | X̂j > x̂j

)
.

(Durante, Foschi and Spizzichino, 2010)
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In the univariate case...

Let X be a lifetime, X ∼ G. Then G is NBU iff for all x, τ ∈ R

P(X > τ) ≥ P(X > τ | X > x) .
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Probabilistic interpretations

Some of these properties may then be expressed as comparisons be-
tween residual lifetimes, conditionally on a same history.

F is B-MNBU2 iff[
Xi | X̂i > x̂i

]
≥st

[
Xj − xj | X̂i > x̂i

]
,

for all i, j ∈ {1, . . . , d}, i 6= j, and for every x ∈ Rd

F is B–MIFR iff

[Xi − xi | X > x] ≥st [Xj − xj | X > x] ,

for all i, j ∈ {1, . . . , d}, for every x ∈ Rd such that xi ≤ xj.
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Preservation of ageing under mixtures

Theorem

Let (Fθ)θ∈Θ be a family of sf’s, λ be a distribution on Θ and F the
mixture of (Fθ)θ∈Θ with respect to λ, given, for every x ∈ Rd, by

F(x) =

∫
Θ

Fθ(x)dλ(θ) .

The following statements hold:

(a) if Fθ is B–MNBU1 for every θ ∈ Θ, then F is B–MNBU1;

(b) if Fθ is B–MNBU2 for every θ ∈ Θ, then F is B–MNBU2;

(c) if Fθ is B–MIFR for every θ ∈ Θ, then F is B–MIFR.
(Durante, Foschi and Spizzichino, 2010)
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Preservation of ageing under mixtures–2

Theorem

Suppose that F is the survival function of conditionally iid lifetimes
given a common factor Θ with prior distribution λ.
If G(· | θ) is NBU (respectively, IFR), then F is B–MNBU2
(respectively, B–MIFR).

(Durante, Foschi and Spizzichino, 2010)

As a consequence...mixtures of i.i.d. lifetimes that are NBU (respec-
tively, IFR) conditionally on the same factor Θ, are also multivariate
NBU (respectively, IFR).
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Conclusions

Several notions of multivariate ageing for a vector X of exchangeable
lifetimes have been introduced by using the multivariate ageing func-
tion, a semi–copula expressing properties of the level curves of the
survival function FX.

The notions introduced:

are preserved under marginalization;

are preserved under mixtures;

have some interesting probabilistic interpretations.
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Ageing and Dependence

This new approach seems especially suitable for introducing multivari-
ate statistical models interpreting ageing in a very flexible way.

Theorem

Let F = K(G, . . . ,G) be a joint survival function.

(a) If K ∈ A+
1 and G is NBU, then F is B–MNBU1.

(b) If K ∈ A+
2 and G is NBU, then F is B–MNBU2.

(c) If K ∈ A+
3 and G is IFR, then F is B–MIFR.



Semi–copulas and their applications

Bibliography on Ageing

R.E. Barlow, M.B. Mendel (1992) de Finetti-type representations for life distri-
butions J. Amer. Statist. Assoc., 87, 1116–1122.

R.E. Barlow, F. Spizzichino (1993) Schur–concave survival functions and sur-
vival analysis J. Comput. Appl. Math. 46 437–447.

B. Bassan, F. Spizzichino (2001) Dependence and multivariate aging: the role
of level sets of the survival function System and Bayesian Reliability, Ser. Qual.
Reliab. Eng. Stat., 5, World Sci. Publ., River Edge, NJ, pp. 229–242.

B. Bassan, F. Spizzichino (2003): On some properties of dependence and ag-
ing for residual lifetimes in the exchangeable case Mathematical and Statistical
Methods in Reliability, Ser. Qual. Reliab. Eng. Stat., 7, World Sci. Publ., River
Edge, NJ, pp. 235–249.

B. Bassan, F. Spizzichino (2005) Relations among univariate aging, bivariate
aging and dependence for exchangeable lifetimes J. Multivariate Anal. 93 313–
339.

R. Foschi, F. Spizzichino (2008) Semigroups of semicopulas and evolution of
dependence at increase of age Mathware & Soft Computing, XV 95–111.



Semi–copulas and their applications

Bibliography on semi–copulas and capacities

M. Scarsini (1996) Copulae of capacities on product spaces. In Distributions
with fixed marginals and related topics (Seattle, WA, 1993), volume 28 of IMS
Lecture Notes Monogr. Ser., pages 307–318. Inst. Math. Statist., Hayward, CA.

F. Durante, C. Sempi (2005) Copula and semicopula transforms, Int. J. Math.
Math. Sci., 2005, 645–655.

F. Durante, C. Sempi (2005) Semicopulæ, Kybernetika (Prague), 41, 315–328.

F. Durante, J.J. Quesada–Molina, C. Sempi (2006) Semicopulas: characteriza-
tions and applicability. Kybernetika (Prague), 42, 287–302.

F. Durante, R. Mesiar, P.L. Papini (2008) The lattice-theoretic structure of the
sets of triangular norms and semi–copulas Nonlinear Anal., 69, 46–52.

E. Alvoni, P.L. Papini, F. Spizzichino (2009) On a class of transformations of
copulas and quasi–copulas. Fuzzy Sets and Systems, 160, 334–343.



Semi–copulas and their applications

Further studies about semi–copulas

Fuzzy logic and fuzzy measures
F. Durante, E.P. Klement, R. Mesiar, and C. Sempi, Conjunctors and their resid-
ual implicators: characterizations and construction methods, Mediterr. J. Math,
4 343–356 (2007).

P. Hájek, R. Mesiar. On copulas, quasicopulas and fuzzy logic, Soft Comput.
12, 123–1243 (2008).

E.P. Klement, R. Mesiar, and E. Pap, A Universal Integral as Common Frame

for Choquet and Sugeno Integral, IEEE Trans. Fuzzy Syst., 18 178–187 (2010).

Economic applications

R. Cerqueti, F. Spizzichino. Extension of dependence properties to semi–copulas

and applications to the mean–variance model, Fuzzy Sets and Systems 220, 99–

108 (2013).


