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Infinite horizon optimal control

Jy(a) = A I(yx(s),a(s))e " ds, X>0,
subject to
y(t)=f(v,a), y()€ER" af()c ACR",
y(0) =x.
For

v(x) = oi‘réLJX(a) ,

HJB eq. for Infinite Horizon Control

Av(x) +sup{—f(x,a) - Dv(x) — I(x,a)} = 0.
acA
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The basic SL-FEM scheme

DPP with pseudotime parameter h, semi-discrete formulation

{vh(x) = raneig{(l — Ah)VI(x + hf(x,a)) + hi(x,a)} in Q CR",

Vh|3Q = g(x).

We discretize €2 into a set of nodes x;, i =1,..., N and we
consider the set of values V := {v/(x;)}. We define the first order
interpolant

vi(x) = h[V](x) + O(AX?), Ax = max |xi — xi_1] -

Fully discrete SL-FEM

(V)i = min{(1=AWA[VI(xi+hf(x, ) +hixi, )}, T =1,...,N.
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The basic SL-FEM scheme

Fully discrete SL-FEM/ Value Iteration (VI) scheme

vkl — T(Vvk), fori=1,...,N
(T(v) min {(1 = ARRIV¥)(xi + hF (xi, 2)) + hl(x;, 2) } .

i

This scheme is fully-discrete except for the minimization routine.

@ A standard practice in this context is to discretize the set A and
compute the minimization by comparison. The computation of the
optimal control

il arin {(1 = Ah)L[V¥|(x; + hf(x;, a)) + hi(x;,a)}
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Local minimization in SL schemes

arlini, Cumpleanero and Ferretti : Brendt algorithm.

o Griine et al. (2005,06,09): Brendt , recursive search,
Newton-Bundle.

@ Bonnans et al. (2004): bilevel optimization problem HJB +
parameters.

What we propose:

to replace the minimization-by-comparison approach with state of
the art numerical optimization solvers, able to provide a more
accurate representation of the control field at a similar
computational cost.
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The interpolation operator

IV](x) =cxq +dxx + e,

with coefficients are given by

1 1
X12 X22 1 c Vi
x5 X3 1 e V3

Under the assumptions

D<Ak 76 = 4B, (x,) = w(x)+ LB,
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Writing the local minimization problem

Xa = X4 + hf(x4, a),

it is possible to rewrite

min {(1 = ARAIVHI(x + hf(xi, 2)) + hi(xi, 2)}
aErHEgA J(a)
with

J(a) = %atQa—F La+ C.
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Subdivision of the control set

Figure: Arrival points and related control sets.
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A semismooth Newton method

min —afQa+ La+ C
acA; 2

where
Ar ={(a1,a)|a1 > 0,a2 > 0,a|2 < 1}.

The first-order optimality condition can be formulated as
a=P(a—9VJ(a)) V¥ >0,acR?,
with projection

max (0, p)

S P(p):maxl max(0, p
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A semismooth Newton method

defining the system

Ba — max(0, p)
E(aip)ﬂ): a_ﬁv*j(a)_p )
B — max(1, || max(0, p)|l2)
the optimality condition can be formulated as E(z) = 0 with
z = (a, p, B), which can be solved via a Newton iteration
DE(zx)0z = —E(z),

Zky1 = zxk +0z.
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Assessing the performance of the method

method tolerance iterations cpu time error

o

Chambolle-Pock 1E-4 7.3E-5[s] 4.31E-5

Semi-smooth Newton 1E-4 5 1.3E-2 [s] 7.74E-9
Comparison (1E4 evaluations) - - 1.1E-3 [s] 1.6E-2
Comparison (2E3 evaluations) - - 6.6E-4 [s] 4.1E-2
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Assessing the performance of the method

method tolerance iterations  cpu time error
Semi-smooth Newton 1E-4 101 4.53E-3 [s] 1.51E-3
Comparison (4E4 evaluations) - - 5.18E-3 [s] 5.77E-3
Comparison (2E5 evaluations) - - 2.08E-2 [s] 2.80E-3
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Assessing the performance of the method

method tolerance iterations  cpu time error
Semi-smooth Newton 1E-4 58 1.47E-2 [s] 1.23E-3
Comparison (2E3 evaluations) - - 8.56E-4 [s] 4.18E-2
Comparison (1E5 evaluations) - - 1.20E-2 [s] 1.47E-2
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Performance inside the SL scheme

inimum time problem

Average minimization count
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Performance inside the SL scheme

Ax =0.05 (402 DoF) Ax = 0.025 (802 DoF)

Minimization CPU time |lv — V4ll1  |ju— Up|ls CPU time |lv— V4|1 |lu— Unllx

Comparison 6352 [s] 3.12E-2 3.84E-2  5.76E2 [s] 1.96E-2 1.74E-2
Semismooth 77.25 [s] 262E-2  161E2 727E2[s] 1.36E2  7.21E3
Chambolle-Pock 63.05 [§] 2.60E-2  1.42E-2 577E2[s] 1.36E2  6.83E-3

Table: Infinite horizon control of eikonal dynamics. CPU time and errors
for a semi-Lagrangian scheme with different minization algorithms. The
comparison algorithm was run with a discrete set of 1028 control points.
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uy obtained via comparison algorithm
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u; obtained via Chambolle-Pock algorithm
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u; obtained via comparison algorithm
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uy obtained via Chambolle-Pock algorithm
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Concluding remarks

@ We have implemented state of the art building blocks for numerical
optimization in SL schemes.

o We obtain, a similar computational cost, a better resolution of the
control field with different dynamics and costs.

@ Similar ideas can be applied in other control problems and related
numerical schemes.

Thanks for your attention.
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