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° Mayer problems for differential inclusions
@ First-order sensitivity relations

e Second-order sensitivity relations
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Section 1

Mayer problems for differential inclusions
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Mayer problems with differential inclusions

Given
@ ¢:R" = R, ¢ € Lip(R")
@ F:R" = R" set-valued map such that

oF is loc. Lipschitz w.r.t. the Hausdorff metric,

eF(x) is nonempty, convex, compact for each x € R",
(SH)
edr>0s.t. max{|v|:ve F(x)} <r(1+|x])Vx.

@ TER ST, xeR"
Denote by y(-; t, x) any absolutely continuous arc (admissible trajectory) such that

(DD

{ X(s) € F(x(s)), a.e. set, T],
x(t) = x.

Definition

Mayer problem P(t, x):

Minimize ¢(y(T; t, x)) over all y(-) € W' (R"; R) that solves (DI).
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Maximum principle (in Hamiltonian form)

Necessary condition for an admissible trajectory to be optimal

i Tito, X0)) = o(x(T)).
M ST 20)) = 6(x(T))

Assume (SH), ¢ loc. Lipschitz.
If x(-) is optimal for P(ty, o), then there exists p (dual arc) a.c. so that

{ (—p(s), X(8)) € OH(x(s), p(s)), ae. s € [to, T],

—p(T) € 96(x(T)).

© Hamiltonian: H : R" x R” — R defined as H(x, p) = sup, cf(x)(V, P)-
@ 9¢p(x) =co{¢ eR": p=Ilimpso0 VP(Xn), Xn — X} .
@ the adjoint system above encodes the maximum principle

H(x(1), p(t)) = (p(t), X(1)) for a.e. t € [to, T].
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Semiconcavity results

Further assumptions in Hamiltonian form:

(/)3 c>0sothat,Vp e S"™ 1, x — H(x, p) is semiconvex on K with constant ¢,

for each non empty, convex and compact subset K C R”,
(H)
(if) VpH(x, p) exists and is Lipschitz continuous in x on K, uniformly for p € S"~1.

Value function: V : (—oco, T] x R" — R defined by: for all (ty, xp) € (—oo, T] x R”

V(lo, o) = inf {$(x(T)) : x € W' ([to, TER") , % € F(x), x(to) = %o } -

Semiconcavity
Let Q Cc R" be open set. u: Q — R is semiconcave if it is continuous in 2 and 3 ¢ s. t.

u(x + h) + u(x — h) — 2u(x) < c|h|?,

for all x, h € R such that [x — h, x + h] C Q.

Theorem (Cannarsa-Wolenski, 2011)

Assume (SH), (H), ¢ semiconcave. Then V is semiconcave on (—oo, T] x R".
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On the assumption (H)

@ The semiconvexity of the map x — H(x, p) is equivalent to the mid-point property of the
multifunction F on K, that is, (dist;_rt: Hausdorff semidistance)

distf, (2F(x),F(x + z) + F(x —z)) < c |z >, Vx,z: x,xtz€K.

@ The existence of VpH(x, p), p # 0 is equivalent to the fact that
Fp(x) := argmax{{v,p),v € F(x)} = {VpH(x,p)}, thatis, H(x, p) = (VpH(x,p),p), p # 0.

g We don’t have flat parts on the values of F.

@ The mid-point property together with the following geometric assumption on F

For every compact K C R", there exists a constant ¢/ = ¢/(K) > 0 such that for all
x € K, p€ R, we have: vp € Fp(x) = (v — vp, p) < —C'|p||v — vp|, Vv € F(x),

are sufficient to have that VpH(x, p) exists and is Lipschitz in x on any compact K.
@ Splitting Lemma: under assumptions (SH) and (H), we have that

OH(x,p) = 8y H(x,p) x 8y H(x,p), ¥(x,p) € R" x R".
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Weak solutions

HJB equation
—0:V(t, x) + H(x,—Vx(t,x)) =0 (—o0,T) xR" 1
V(T x) = 6(x) X € R t)

@ has no global smooth solution in general

@ the value function of the Mayer problem is the unique viscosity solution (semiconcave function
that satisfies the equation a.e.)

Heuristically, system of characteristics:

{ X = Hp, x(T)=z
p=—Hx, p(T)=Ve2) = (H(x,p),—p)=VV

As long as V is smooth

Goal: To obtain nonsmooth sensitivity relations )

Some known results for the Mayer problem with differential inclusion.
@ Clarke-Vinter (1987) —p(t) € ox V(t, x(t)),
o Vinter (1988) (H(x(t), p(t)), —p(t)) € OV(t, x(t)).
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First-order sensitivity relations

Assume
@ (SH), (H),
@ ¢ be locally Lipschitz.
Let x : [ty, T] — R" be optimal for P(1y, Xo) and p be such that

—p(T) € 8*+6(x(T)), {";8; g g;:zgggggg; ae. in [t T].

Then (H(x(t), p(t)), —p(t)) € O V(t, x(t)) for all t € [ty, T].

v

NS conditions for optimality

Assume, moreover, that ¢ is locally semiconcave. Let x : [ty, T] — R" be an admissible trajectory
for P(&, Xo)- There exists p(t) € R" such that: a.e. in [ty, T]

(p(t), x(t)) = H(x(t),p(t)) maximum principle
(H(x(1), p(t)), —p(t)) € 0T V(t, x(t)), full sensitivity relation

if and only if x is optimal.
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First-order sensitivity relations

Letf: Q — R, x € Qand p € R". We say that p is a proximal supergradient of f at x,
p € 8Pf(x),if 3 ¢, p> 0such that

f(y) — f(x) — (p,y — x) < —cly — x[%, ¥y € B(x,p).

Theorem (A partial sensitivity relation)

Assume
@ (SH), (H),
@ ¢ be locally Lipschitz.
Letx : [fp, T] — R" be optimal for P(y, Xo) and p be such that

—p(t) € O H(X(1),p(1))

*(0) € oD, p(p) M1 T

—P(T) € 9P p(X(T)), {

Then —p(t) € 8P V(t, x(t)) for all t € [ty, T].
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Applications

Assume (SH), (H), » € C'(R"). Forany p = (B;, By) € 8* V(t, x), let R(P) be the set of all
trajectories y(-) that are solution of

{ (8) € DpH(y(s),p(s)) ac.in[t, T], y(t) =x,
—p(s) € Oy H(y(s),p(s)) ae.in[t, T], p(t) = —py,
and are optimal for P(¢, x). Then the set-valued map R : p € 9* V(t, x) — R(p) has nonempty
values. If in addition
@ F(x) are not singletons and, if n > 1, they have a C' boundary,

o R*p (85 H(x,p) — 05 H(x,p)) =0 Vp+#0, (ex: H(-,p) € C'),

then the set-valued map R is strongly injective:
p1 # P2 = R(p1) NR(p2) = 0. IVt )

Corollary

For every (t,x) € (—o0, T] x R,

@ there exist at least as many optimal
solutions of P(t, x) as elements of
o*V(t, x) .

@ take ¢ semiconcave. If V fails to be
differentiable at a point (f, x), then there
exist two or more optimal trajectories
starting from (¢, x). ¢ € 0*f(x) if VF(x;)) = ¢, x; — x.

v
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First-order sensitivity relations

Theorem (A partial sensitivity relation)

Assume
® (SH), (H),
@ ¢ be locally Lipschitz.
Let x : [fy, T] — R" be optimal for P (1, Xo) and p be such that

—p(to) € 0P V(l, %), { —P) € o HO(D,P(D) g o [to, T].

)
x(t) € Gy H(x(1), p(1))

Then, —p(t) € a5 P V(t, x(t)) for all t € [ty, T].

v
Corollary

Same assumptions as before. Let x(-) be optimal for P(ty, Xo), and suppose that 0+ ¢(x(T)) # 0.
Let p(-) be such that

{ X(s) € 9 Hx(s),p(s),  x(T) = x(T) forae selt,T. (2

—p(s) € OcH(x(s),p(s)), —p(T) € 0" p(x(T))

If 05 V(ty, x0) # 0, then V/(t,-) is differentiable at x(t) with VxV(t,x(t)) = —p(t) for all t € [ty, T].

o
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Definition of superjet and subjet

Definition (Crandall, Ishii, Lions)

Let f : R" — [—o0, +00], X € dom(f) and (g, Q) € R" x S(n).
@ superijet of f at x, (g, Q) € J>*f(x): there exists § > 0 such that Vy € B(x, 9),

() < 100+ (@, = X) + (@ = X),y =)+ ofl ¥ = x P).

@ subjet of f at x, (g, Q) € J>~f(x): there exists § > 0 such that Vy € B(x, §),

(1) > 1)+ (@, = %) + (@ = x),y =)+ ofl ¥ = x P).

Equivalently, J2~ f(x) := —J?(—f(x)).

(9,Q) € PT1(x)

if and only if

3¢ € C?(R™R) such that f < ¢, f(x) = ¢(x),
and (Vo(x), V2¢(x)) = (q, Q)
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Some properties:
@ J>Tf(x) is a convex subset of R” x S(n).
e if f < gand f(X) = g(X) for some X € R, then J>*g(x) C J>Tf(X).
e if (g, Q) € J>Hf(x), then (g, Q') € J>Hf(x) for all Q' € S(n) such that Q' > Q. Thus, the
set J21f(x) is either empty or unbounded.
@ fis semiconcave on a neighborhood of x with semiconcavity constant ¢, then for any
p € &t f(x) we have (p, clp) € J>Tf(x).

e if /2 f(x) and J>~ f(x) are both nonempty, then f is differentiable at x and, for any
(g1, Q1) € J>Hf(x) and (go, Q2) € J>~f(x), we have that gy = g» = VF(x) and Q; > Qo.
Moreover, J21f(x) N J2~ f(x) is nonempty if and only if it is a singleton (g, Q), and in that
case

fy) =f(x)+(q,y —x) + %(O(}/*X)J*X)Jro(\ y—x[)=0.
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First-order sensitivity relations from the point of view of jets

Theorem
Assume
o (SH), (H),
@ ¢ be locally Lipschitz.

Let x : [fp, T] — R" be optimal for P(ty, Xo) and letp : [ty, T] — R" be s. t.:
o

_p(T) € 857 3(x(T)), {_58 < g;:zgggzgg; a.e. in [, T].

Then, 3¢, > 0 such that (—p(t), c1ln) € J2TV(t, x(t)) for all t € [ty, T).
_ L —p(t) € O H(X(D.p(D) . .
p(to) €0 V(to,Xo), { X(t) c 8P_H(X(t),p(t)) a.e. in [to, T]
Then, 3¢, > 0 such that (—p(t), caln) € J2 V(t, x(t)) for all t € [ty, T).
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Application: propagation of the local regularity of V

Assume
° (SH),
@ He C3(R" x (R"\ {0})), ¢ € C3(R").
Let (fp, Xg) € (—oo, T] x R™ and let x be optimal for P(ly, Xo) such that Vo (x(T)) # 0. If

3 P V(ty, xo) # 0, then V(t,-) is of class C? in a neighborhood of x(t),Vt € [ty, T]. Moreover,
(VxV(E x(1)), V2, V(t, x(1)) = (—p(1), —R(t))), where Hpx[t] := Hox (X(2), p(t)) and

R(t) + Hox[1R(1) + R()Hip[t] + R()Hpo[t]R(1) + Hux[t] = 0, R(T) = V2$(X(T)).

Example (if Vo(x(T)) = 0?)
@ Finalcost ¢ : R — R, ¢(z2) = 2°.
@ Dynamic: x € [-1,1] = H(p) =| p |.

(x+t—=T)2, ifx>T—t,
(t,x) €[0,T] xR, V(t,x)=4 (x—t+T)? ifx<t—T,
0, otherwhise.

e V is not twice differentiable at (t, x),
lfx=4(T—t): o¢'¥(T:t,x))=0,
° 3P V(t, x) = {0}
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Propagation of the superjet

New goal: to obtain new sensitivity relations in form of sub/super jets J
Theorem
Assume

@ (SH),

o He C3(R" x (R"~ {0})),
@ ¢:R" — R locally Lipschitz.

Let x : [ty, T] — R" be optimal for P(ty, o) and let (q, Q) € J>+¢(x(T)) with q # 0.
@ Letp(-) be such that

S—a [ PO € GHWP0)
#n=a { %0 ¢ Shaina oo

@ /et R be the solution of the Riccati equation

{ R(t) + Hox[t1R(t) + R(DHiplt] + R(t)Hpplt] R(t) + Hux[t] = O, @)
R(T)=-Q,

defined on [a, T], for some a € [ty, T).
Then (—p(t), —R(t)) € JZTV(t, x(t)) forallt € [a, T].

v
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Propagation of the subjet

Assume
@ (SH),
@ He C3(R" x (R” \ {0})),
@ ¢ :R" — R locally Lipschitz.
Let x : [fp, T] — R" be optimal for P(ty, Xo) and let (—p(fp), —Ro) € Jf" V(to, Xo)-
@ Letp(-) be such that

o P e oy H(.p)
~Pll) = p, { () € oy Hx(t).p(ty) & Mo Tl

@ let R be the solution of the Riccati equation

{ A(t) + Hox f1R(t) + R()Hsplt] + R() HpolIR() + Huel] = O,
R(t) = Ro,

defined on [ty, b], for some b € (ty, T].
Then (—p(t), —R(t)) € JZ~ V(t, x(t)) for all t € [ty, b].
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Sufficient condition to have no blow-up in finite time

Example: the case where ¢ is locally semiconcave
Set t = sup{t € [tp, T] : R(-) is defined on [ty, 1]}
@ Since Hpp[t] > 0 on [fy, T], we have that

R(t) < —HoxltIA(t) = R(t) Hxplt] — Hu[1].

Then, since the solution of the linear equation

R+ Hox[t1B(t) + R(t)Hp[t] + Hix[t] = 0, R(to) = Ro

is well-defined on [f, T], a constant ¢; > 0 exists such that R(t) < cq/, for any t € [ty, t).

@ Since V is locally semiconcave, for some ¢, > 0 and all ¢ € [fo, T], (—p(1), c2/) € Jf’* V(t, ).
Hence —R(t) < colon [ty, t).

Therefore, |R(t)|| < max{ci,co} on [y, t). R can be extended to the maximal interval of
existence [ty, T].
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Example (Hamiltonian of class C2(R" x (R"\ {0})))

Consider a dynamic x = f(x, u) given by the affine in control system:

f(x) = h(x) + g(x)u, ue U

where U C R™ is the closed unit ball, m > n. Suppose that h: R” — R"” and g : R” — R"% are

of class C?, and that the matrix g(x) has full rank for all x € R".
H(x,p) = (p, h(x))+ | g(x)*p |,
is of class C?(R" x (R"\ {0})).

Similarly, one can consider strictly convex sets U with sufficiently smooth boundary.

20/21
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