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The optimal control problem 'Zﬁ@";

Consider the IVP with dynamic boundary condition

yr—Ay+f'(y) =u ae inQ, (1)
dtyr — Aryr + dny +¢'(yr) =wur, yr=yr, ae onZL, @
y(0) =yo ae inQ, yr(0) =yo ae onl. 3)

Here, we have

Ar :  Laplace—Beltrami operator, 7 : outward unit normal derivative;
f,g: given nonlinearities;

u, ur : control functions;

yo € HY(Q) : initial datum s.t. Yo|r = Yor -
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Physical interpretation 'Zﬁf’g

The system (1)—(3) constitutes a model for an isothermal phase transition between two different
phases that takes place in the container (2 C IR® and is accompanied by surface diffusion on
the boundary I'. Here, y plays the role of a non-conserved “order parameter” (Allen—Cahn
type) of the phase transition, which is typically the fraction of one of the phases and therefore
should attain values in [0,1].

The corresponding “free energy” is of the form
_ [ 1 2 ' 1 2
F) = [(F0) +51VP)ax+ [ (g(ur) + 5| Vrurl)ar,
Q

where V1 denotes the surface gradient.

We remark that the corresponding system for a conserved order parameter (Cahn—Hilliard
type) can also be treated, but is more difficult.

Optimal control ... - SADCO Roma 2014 - Page 3 (27)



The optimal control problem 'Zﬁ@"*é

We introduce the Banach spaces
H:=L1*(Q), V:=H'(Q), Hr:=L*T), Vr:=H(T),
#H=1(Q) x L*(X), X :=L"(Q)xL*(Z),
Yi={(myr): y € H'(0,T;H) N C°([0,T); V) N L*(0, T; HA(02)),
yr € H'(0, T; Hr) N C°([0, T]; Vi) N L*(0, T; H*(T)), yr = y|r}

endowed with their respective natural norms. We also assume:

(A1) There are given functions
zQ - LZ(Q), zZy, € LZ(Z), zr eV, Zr,T cVr,
Uy, Uy € LOO(Q) with 717 < 11 ae.in Q,

i,y € L%(X) with 211, < 7y, ae.on I.

4
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The optimal control problem 'Zﬁ@';

(CP) Minimize the (tracking-type) cost functional
Br [ B |
1y yr), (u,ur)) = 71// ly — zo|* dxdt + 72// lyr — zz|? dT dt
00 oT

+2 [y, ) = 2P ax+ B [ ye (1) — znaf? ar
Q r
T
//|u|2dxdt %// |ur|? dT dt @
or
subject to the state system (1)—(3) and to the control constraint

(w,ur) EUpg :={(w,wr) EH : i <w <1 ae inQ,

i, Kwr <y ae.onX}. (5)
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General assumptions

(A2) f=fi+fr, §=81+ g, where f2,82 € C3[0,1] , and where
f1,81 € C3(0,1) are convex and satisfy:

tim () = lim g{(r) = —eo,lim f{(r) = lim g}(r) = +o0

IM >0,My>0: |fi(r)] <M+ My|gi(r)| Vre(0,1).
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General assumptions

(A2) f=fi+far, §=81+ g2, where fo,82 € C3[0,1] , and where
f1,81 € C3(0,1) are convex and satisfy:

lim £1(r) = lim g1(r) = —co, lim f{(r) = lim g{(r) = +oo
IM >0,My>0: |fi(r)] <M+ My|gi(r)| Vre(0,1).

A3) w €V, yor =vo,. fi(yo) € L'(Q), g1(yo;) € L'(T) ,and

0<yo<1l ae.inQ, 0<yp <1 aeonTl.
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General assumptions

(A2) f=fi+fr, §=81+ g, where f2,82 € C3[0,1] , and where
f1,81 € C3(0,1) are convex and satisfy:

lim £/ (r) = lim ¢/ (r) = —c0, lim f/(r) = lim ¢/ (v) =
lim fi(r) lim 81(r) o, lim fi(r) lim g1(r) = +o0
IM >0,My>0: |fi(r)] <M+ My|gi(r)| Vre(0,1).

A3) w €V, yor =vo,. fi(yo) € L'(Q), g1(yo;) € L'(T) ,and

0<yo<1l ae.inQ, 0<yp <1 aeonTl.

(Ad) U C X isopensuchthat U,q € U , and there is some R > 0 with

llullre(q) + llurlliez) < RV (u,ur) €U.
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General assumptions 'Zﬁ@"*é

Remarks:

1. (A2) implies that the singularity on the boundary grows at least with the same order as

the one in the bulk.
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General assumptions

Remarks:

1. (A2) implies that the singularity on the boundary grows at least with the same order as

the one in the bulk.
2. Typical nonlinearities satisfying (5) and (6) are
fi(r) = c1(r log(r) + (1 —r) log(1—1)),

81(r) = c2(r log(r) + (1 —r)log(1—r)),
where ¢4 > 0, cy; > 0.
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General assumptions

Remarks:
1. (A2) implies that the singularity on the boundary grows at least with the same order as

the one in the bulk.

2. Typical nonlinearities satisfying (5) and (6) are
fi(r) = c1(r log(r) + (1 —r) log(1—1)),
81(r) = c2(r log(r) + (1 —r)log(1—71)),
where ¢1 > 0, cp > 0.
We assume here a differentiable situation. The results are submitted to SIAM J. Control

Optimization. A non-differentiable case was studied in Colli-Farshbaf-Shaker—Sprekels (to

appear 2014 in Appl. Math. Optim.): there, we assume that f1 = g1 = 1[0,1} , o that
we have to replace f, g1 in (1) and (2) by the subdifferential oy -
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The state system 'Zﬁf’g

The following result is a special case of results proved in Calatroni—Colli (Nonlinear Anal. 2013):
Theorem 1: Suppose that (A2), (A3) are satisfied. Then we have:

(i) The state system (1)~(3) has for any (u,ur) € H aunique solution (y,yr) € Y

such that
0<y<1l aeinQ, 0<yr<1 aeonZk. (10)

(ii) If also (A4) holds, 3 KJ > 0 : for any (u,ur) € U the associated solution
(y,yr) € Y satisfies
Ilwyo)lly <Ki, I W)l + 18" (o)) < Ki- (11)

Moreover, 3 K3 > 0: whenever (uq,u1.), (u2,u2,) € U are given, then we have
ly1 — v2ll oo, ;e + 1V (y1 — y2) I 12(0) + llyae — Y2r Ml eo(fo,11;m1)
+IVr(yi — v20) 2z
< K3 (Il —mllizgg) + oy — 12l ) - (12
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The state system

Remark:

4. Owing to Theorem 1, the control-to-state mapping
S : (uur) — S(uw,ur) := (y,yr)

is defined as a mapping from X into ) . Moreover, S is Lipschitz continuous
when viewed as a mapping from the subset U4 of 7 into the space
(C°([o, T]; H) N L*(0, T; V)) x (C°([0, T]; Hr) N L*(0, T; Vr)) -

We now come to a linearized version of Theorem 1, which will play a central role

in the derivation of first-order necessary and second-order sufficient conditions for (CP).
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A linear system

Theorem 2: Let (u,ur) € H, ¢1 € L®(Q) . c2 € L*(X), as well as

(wo, wo,) € V X Vp with wo,, = wo, be given. Then we have:
(i) The linear IBVP

wr —Aw+c1(x,t)w = u ae. in Q,
atwr — Ar wr + 3nw + Cz(x, t) wr = ur, w|r = wr, a.e.on Z,
w(-,0) =wy ae. in Q, wr(+,0) =wp, ae onT,
has a unique solution (w,wr) € Y .

(ii) There is some c > 0 such that: whenever wy = 0 and wo. = 0 then

Il (w, wr)lly < CIl(u,ur)lls.

(13)
(14)
(15)

(16)
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A linear system 'Zﬁ@“*é

Idea of Proof: (i) is more or less a consequence of Theorem 1. Now let wg = 0,

wo, = 0. Testing (13) by w; and applying Young’s and Gronwall’s inequalities, we easily
find

||w||H1(0,T,-H)mC0([0,T];V) + “wr”Hl(O,T;Hr)ﬂCO([O,T];Vr) < Cul(wour) 3 -
Comparison in (13) yields

lAw]|2g) < Call(w,ur) 3 -

Then, applying a standard embedding result,

llwllz20,1;m52(02)) < Cs Il (w,ur) (134,

whence, by the trace theorem,

lonwll2(0,1;1,) < Call(,ur)3 -
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A linear system

But then, by comparison in (14),

lArwr || 2zy < Cs || (wur) %,

whence

llewr | 220, 7;12(r)) < Co |l (1, ur) [ 34 -

Standard elliptic estimates then yield

lwll 20,12 () < C7 [, ur) 3¢ -

Remark:

5. It cannot be expected that (w, wr) € L*(Q) X L*(X), in general.
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An L® bound for (y,yr)

(A5) ltholds yo € L*(Q), yo, € L*(T) , as well as

0 < essinf yo(x), esssup yo(x) < 1,
x€Q Pr=Te)

0 < essinf yo.(x), esssup yo . (x) < 1.
xerl xer
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An L® bound for (y,yr)

(A5) ltholds yo € L*(Q), yo, € L*(T) , as well as

0 < essinf yo(x), esssup yo(x) < 1,
x€Q xeQ

0 < essinf yo.(x), esssup yo . (x) < 1.
xerl xer

Lemma 3: Let (A2)-(A5) hold. Then 3 0 < ry < r* < 1 such that:
whenever (y,yr) = S(u,ur) forsome (u,ur) € U , then it holds

e <y<raein Q r«<yr<r" ae on X (17)
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An L® bound for (y,yr)

(A5) lItholds yo € L®(Q), yo, € L*(T) , as well as

0 < essinf yo(x), esssup yo(x) < 1,
x€Q xeQ

0 < essinf yo.(x), esssup yo . (x) < 1.
xer xer

Lemma 3: Let (A2)-(A5) hold. Then 3 0 < ry < r* < 1 such that:
whenever (y,yr) = S(u,ur) forsome (u,ur) € U , then it holds

e <y<raein Q r«<yr<r" ae on X

Remark:

6. In view of (A2) and Lemma 3, we may assume that

max {max {1/ )0, 180 Wl | < K,

whenever (y,yr) = S(u,ur) forsome (u,ur) € U .

(17)

(18)
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An L® bound for (y,yr)

Proof:

There are constants 0 < 7, < #* < 1 such that

7+« < min {eiselfr;f yo(x), esxsellpf Yo, (x) } ,

r* > max {ess sup yo(x), esssup yo, (x) } ,
x€Q xerl
max{f'(r)+R, g () + R} <0 Vre (0,r),
min {f'(r) — R, g'(r) =R} > 0 Vre (r*1).

Now define w := (y — r*)T . Clearly, we have w € V and w|r € Vr. We put
wr = w|r and test (1) by w . We readily see that

T T
1
0 = SlwMlk + [IVa@dt + [IVrwr (o)l d
0 0

1
+ 5 ler (D), + @,
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An L® bound for (y,yr) 'Zﬁf’g

where
T T
= //(f'(y) —u)wdxdt + //(g'(yr) —ur) wrdl dt > 0.
00 ot

In conclusion, w = (y — r*)+ =0,ie,y < r*, almost everywhere in Q andon L.
The remaining inequalities follow similarly by testing (1) with w := — (y — r*)_ . ]

Remark:
7. Assume (A2)—(A5) are satisfied. Using arguments similar to those in the proof of (16), we
are able to improve the stability estimate (12); 3 K5 > 0:
whenever (v;, i) = S(uj,u;) for (uj,u;.) €U, i =1,2, then

(1 y1) — W2 y20) ly < K3 |l (ua,map) — (w2 m20) [l (19)

This higher Lipschitz continuity is needed to show the Fréchet differentiability of the
control-to-state mapping S .
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Existence of optimal controls

Theorem 4: Suppose that (A1)—-(A4) are fulfilled. Then (CP) has a solution.
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Existence of optimal controls

Theorem 4: Suppose that (A1)—-(A4) are fulfilled. Then (CP) has a solution.

Proof: Pick a minimizing sentence { (1, 11n;) } C Ua,q , and let

(1, v1ny ) = S (tn, 11n, ), n € IN . By the a priori estimates, we may assume that

uy — i weakly-*in L*(Q), uu. — dir weakly-*in L*(X),
yn — § weakly-*in H'(0, T; H) N L®(0, T; V) N L*(0, T; H*(Q)) N L®(Q),
Yur — Yr weakly-*in H(0, T; Hr) N L®(0,T; Vr) N L2(0, T; H*(T)) N L®(L).

In particular, we have (by compact embedding)

Yn — § strongly in CO([O, T);H), Yyu — Jr stronglyin CO([O, T]; Hr).

Passage to the limit n — co in (1)—(3) easily shows that (¥, jr) = S (i, iir) , and the

weak sequential lower semicontinuity of | yields that ((#,iir), (i7,9r)) is an optimal pair.
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Differentiability of the control-to-state operator 'Zﬁ@"*é

Theorem 5: Suppose that (A2)-(A5) hold. Then we have

(i) Let (i1,ir) € U be arbitrary. Then S : X — Y is Fréchet differentiable at (i1, iir) ,
and the Fréchet derivative DS (i1, iir) is given by DS (i1, iiy) (h, hr) = (&,&r) , where
forany given (h,hr) € X the pair (&,&r) € Y solves the linearized system

&G —AF+f"(§)E=h aeinQ, (20)
9¢r — Arér + g + 8" (Fr)ér =hr, fr=¢r, aeonk, (21
&(-,0)=0 aeinQ, ¢&r(-,00=0 aeonT. (22)

(i) The mapping DS : U — L(X,Y), (i,ir) — DS (i, iir) , satisfies for all
(a,4r), (i,4r) € U and (h,hr) € X :

(DS (u, ur) — DS (a,iir)) (h,hr) |y < Kg || (u,ur) — (@ dir) |9 | (B, Trr) [l ¢ -
(23)
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Differentiability of the control-to-state operator 'Zﬁ@"*é

Remarks:
8. Forany (h,hr) € X the linear system (20)—(22) is of the form (13)—(15) with zero
initial conditions, hence has a unique solution in ), and it holds
12, g0)lly < Clib, hr) I3 -
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Differentiability of the control-to-state operator 'Zﬁ@"*é

Remarks:
8. Forany (h,hr) € X the linear system (20)—(22) is of the form (13)—(15) with zero

initial conditions, hence has a unique solution in ), and it holds
1€, ¢)lly < Clih hr)|l4 -

9. By Theorem 4 the reduced cost functional J (u, ur) := J(S (u,ur), (u,ur))

is Fréchet differentiable at every (1, ur) € U with the dervative
Dj(ﬁ, ﬁr) :D(y,yr)](s(ﬁ/ ﬁr), (ﬁ, ﬁr)) o DS(ﬁ, 121")

+ D(u,ur)I(S(ﬁl ﬁl"): (ﬁr "_‘F)) . (24)
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Differentiability of the control-to-state operator 'Zﬁ@"*é

Remarks:

8. Forany (h,hr) € X the linear system (20)—(22) is of the form (13)—(15) with zero
initial conditions, hence has a unique solution in ), and it holds
1€, ¢)lly < Clih hr)|l4 -

9. By Theorem 4 the reduced cost functional J (u, ur) := J(S (u,ur), (u,ur))

is Fréchet differentiable at every (1, ur) € U with the dervative
DJ (i, iir) :D(y,yr)](S(ﬁ, ir), (i1, iir)) o DS (i, i)
+ D(yur)J (S (d, dir), (i, iir)) - (24)
Now notice that U,q is convex, hence we must have
DJ (@, dr)(v —d,or —iir) > 0 V(v,0r) € Upg.- (25)

for any minimizer (u,ur) € U,q of J .
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The variational inequality 'Zﬁ@"*é

In terms of our cost functional, this means that the following variational inequality must be

satisfied: for every (v, vr) € U,q it holds
T T
Bi[ [ (71— z0)gaxat + B2 [ [ (r — z5) erdrat
00 0T

+ .33/(}7('rT) —zr)é(+,T)dx + ﬁ4/r‘(9r(',T) —zr,r)¢r(-,T)dl
0

t t
+,35//ﬁ(v—ﬁ) dxdt + ﬁ6//ar(vr—ﬁr)drdt >0, (26)
00 0T

where (¢,&r) € Y is the unique solution to (20)—(22) with
(h,hr) = (v — i, or —iip) . We aim to eliminate (&, &r) by introducing the adjoint

state system.
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First-order necessary conditions 'Zﬁ@"*é

(A6) ltholds B3 = B4 and zr,; = z7|r -

Theorem 6: Let the assumptions (A1)—(A6) be satisfied, and let (ﬁ, ﬁr) € U,q be optimal
and (,yr) = S(ii,iir) € Y . Then the adjoint state system

—pr—Ap+ '@ p=P1(F—z0) aeinQ (27)

dnp — dtpr — Arpr + 8" (7r) pr = B2 (Jr — 2zz) ae. on L, (28)
p(+,T) =B3(H(:,T) —zr) ae. inQ,

pr(+,T) = Ba(Gr(+,T) —zr,r) ae. onT, (29)

has a unique solution (p,pr) € Y , and forevery (v,vr) € U,q we have

T T
‘/'/(p—i-/%sﬁ)(v—ﬁ)dxdt 4 (/‘/(pr+ﬁ6ﬁr)(vr—ﬁr)drdt > 0. (30
00 or

Optimal control ... - SADCO Roma 2014 - Page 20 (27) W



First-order necessary conditions

Remarks:
10. The compatibility condition (A6) was needed to guarantee the applicability of Theorem 2

(namely, to have p (-, T);r = pr (-, T)).

11. As usual, the Fréchet derivative D7 (ii,iir) € £(X,Y) can be identified with the
pair (p + Bsii, pr + Beiir) - In fact, with the standard inner product (-, +)3
in H wehaveforall (h hr) € X :

DJ (i, ir) (h,hr) = ((p + Bs i, pr + Be dir), (, hr)) 3 -
12. If Bs > 0 and B > 0, then it follows
(x,t) = Ppg, (0,5 (x0] (—B5  P(x,1)),

ar(x,t) =P, (xr),m, (x,0)] (—B¢ " pr(x,1)) (31)
where
a, x<a
]P[u,b] (x) = x, a<x<b . (32)
b, x>b
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First-order necessary conditions 'Zﬁ@"*é

13. The variational inequality (30) follows from (26), since it holds the identity

ﬁl/T/(y—zQ)édxdt + ﬁz/T/(yr — zy) &rdr dt
00 or

+ ﬂs/(g(-,T) —zr)§(+, T)dx + 54A(gr('/T) —zr,r) &r (-, T)dr
ol

T

//phdxdt 1 //prhrdrdt

00

which follows from (20)—(22) and (27)—(29) using repeated integration by parts.
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Concluding remarks

14. ltis possible to derive second-order sufficient optimality conditions. To this end, it has to
be shown that the control-to-state operator S is twice continuously differentiable. This
requires to assume f, g € C*(0,1) . The second Fréchet derivative D%S (i, dir) is
defined as follows: if (I, hr), (k,kr) € X are arbitrary then

D*S (i, ar)[(h, hr), (kkr)] =: (1) € Y
is the unique solution to the IVBP
ne— A+ @) n=—fP@ ¢y aeinQ (33)
ny+ e — Aryr + 87 () e = =8 (Fr) grgr aeon I, (34
7(-,00=0 aeinQ, #r(-,00=0 aeonT, (35)

where
(g’gr) = S(ﬁlﬂr)’ (4)! ¢r) = Ds(ﬁlﬁr)(hlhr)l
(1/}, l[Jr) = DS(ﬁ,ﬁr)(k, kr). (36)

The proof is technical, but not too difficult (see Colli-Sprekels, WIAS-Preprint No. 1750).
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Concluding remarks

It turns out that the mapping
D*S:U — L(X,L(X,Y)), (a,ir)+— D*S(a,ir),

is Lipschitz continuous on U4 C X only in the following sense: there exists a constant
K¥ > 0 such that for every (u,ur), (i1,iir) € U andall (h, hr), (k, kr) € X it
holds

“ (Dzs(lll uF) - DZS("_’I ﬁl")) [(h/ hr)r (k, kr)] ||y

< K3 |[(u,ur) — (i, 3ir) |34 | (B, hr) |13 1| (K, er) [ 24 - (37)

Notice: we have to deal with a two-norm discrepancy.

15. The problem is considerably more difficult in the case of non-differentiability. In the paper
Colli-Farshbaf-Shaker—Sprekels (to appear in Appl. Math. Optim.), we considered the
same cost functional ] (with B3 = B4 ) and the same set of control constraints U,q -
The state system has the form:
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Concluding remarks

y—Ay+¢+ f(y) = u ae. inQ
otyr — Aryr + dny +ér + g2(yr) = ur ae.on
E€I_11(y) aeinQ, &r€dl_1q(y) ae onX
y(-,0) = yo ae in Q, yr(-,0) = yo, ae onT.

(38)
(39)
(40)
(41)
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Concluding remarks 'Zﬁ@"*é

yt—Ay+ &+ fo(y) = u ae. in Q (38)

dtyr — Aryr + ny +&r + $5(yr) = ur ae on I (39)
E€I_11(y) aeinQ, &r€dl_1q(y) ae onX (40)
y(-,0) = yo ae in Q, yr(-,0) = yo, ae onT. (41)

The general idea of handling this control problem was to use a deep quench approach using

the results of the differentiable case: one replaces the inclusions (35) by

=)k (y), &r =) (y), (42)

where @(a) = P(x) = o(x) as « (0 and 0 < @(a) < Cyp(a) for &« > 0, as
well as

h(r) = (1—r)log(1—r)+ (1+7r)log(1+7r), —1<r<+1. (43
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Concluding remarks

This approach turns out to be successful:

B “Global” result: If a,, \, 0 and (%, ii{") isan optimal control of the
., -approximating differentiable problem, 7 € IN , then a subsequence

converges weakly to an optimal control of the non-differentiable problem.
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Concluding remarks 'Zﬁf’g

This approach turns out to be successful:

B “Global” result: If a,, \, 0 and (%, ii{") isan optimal control of the
., -approximating differentiable problem, 7 € IN , then a subsequence

converges weakly to an optimal control of the non-differentiable problem.
B “Local” result: For any fixed optimizer (i, 7ir) define the “adapted” cost functional

- 1 1
T((yyr), (w,ur)) = J((y,yr), (w,ur)) + 5 1o = @l gy + 5 llur —ar]|*.

Then consider the « -approximating problems with this functional. It holds:
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Concluding remarks

This approach turns out to be successful:

B “Global” result: If a,, \, 0 and (%, ii{") isan optimal control of the
w,, -approximating differentiable problem, n € IN , then a subsequence

converges weakly to an optimal control of the non-differentiable problem.

B “Local” result: For any fixed optimizer (i, 7ir) define the “adapted” cost functional
. 1 - 2
T((y,yr), (w,ur)) = J((y,yr), (wur)) + 5l = all72 ) + 5 IIur —ar|*.
Then consider the « -approximating problems with this functional. It holds:

- 3 &y N\ 0 and minimizers (i1*n, 'if") of the &, -approximating problems

such that (#*,dig") — (i) strongly in # .
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Concluding remarks

This approach turns out to be successful:

B “Global” result: If a,, \, 0 and (%, ii{") isan optimal control of the
w,, -approximating differentiable problem, n € IN , then a subsequence

converges weakly to an optimal control of the non-differentiable problem.

B “Local” result: For any fixed optimizer (i, 7ir) define the “adapted” cost functional

T(wr), () = J((@ur), () + 3 = all3s g + 3 llur — el

Then consider the « -approximating problems with this functional. It holds:

- 3 &y N\ 0 and minimizers (i1*n, 'if") of the &, -approximating problems
such that (#*,dig") — (i) strongly in # .

- Letting &, \ 0 in the first-order necessary optimality conditions for the
&, -approximating problems leads to first-order conditions for the

non-differentiable case.
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