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Formal deformations of associative algebras (Gerstenhaber)

A formal deformation p + C of an associative algebra (A, 1) is defined by
a series C = Zrzl t"C, of bilinear maps C, : A x A to A so that

(u+C)((+C)(u, v), w) = (u+C) (u, (u+C)(v,w)) =0 Yu,v,w € A.

At order 1 : u(Gi(u,v), w) + Ci(u(u, v), w) — Ci(u, (v, w)) — u(u, C1(v, w)) = 0, hence
(1 is a 2-cocycle for the Hochschild cohomology of A with values in A.

Simone Gutt (ULB)

Non Lo -formality Rome, September 11, 2018 2/23



Formal deformations of associative algebras (Gerstenhaber)

A formal deformation p + C of an associative algebra (A, 1) is defined by
a series C = Zrzl t"C, of bilinear maps C, : A x A to A so that

(u+C)((+C)(u, v), w) = (u+C) (u, (u+C)(v,w)) =0 Yu,v,w € A.

At order 1 : u(Gi(u,v), w) + Ci(u(u, v), w) — Ci(u, (v, w)) — u(u, C1(v, w)) = 0, hence
(1 is a 2-cocycle for the Hochschild cohomology of A with values in A.

Two formal deformations (i + C) and (i + C’) are equivalent if there
exists of a series T = Zer t" T, of linear maps T, : A — A such that

(14 C)uv) =T ((n+ C)(e Tu e v)).

At order 1 : Cj(u,v) = Gi(u,v) + Ti(u,v) — u(Tru,v) — p(u, Tiv), i.€. C{ —Cisa
Hochschild coboundary.
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A formal deformation p + C of an associative algebra (A, 1) is defined by
a series C = Zrzl t"C, of bilinear maps C, : A x A to A so that

(u+C) ((u+C)(u, v), w) —(u+C) (u, (u+C)(v,w)) =0 Vu,v,w e A.
At order 1 : u(Gi(u,v), w) + Ci(u(u, v), w) — Ci(u, (v, w)) — u(u, C1(v, w)) = 0, hence

(1 is a 2-cocycle for the Hochschild cohomology of A with values in A.

Two formal deformations (i + C) and (i + C’) are equivalent if there
exists of a series T = Zer t" T, of linear maps T, : A — A such that

(14 C)uv) =T ((n+ C)(e Tu e v)).

At order 1 : Cj(u,v) = Gi(u,v) + Ti(u,v) — u(Tru,v) — p(u, Tiv), i.€. C{ —Cisa
Hochschild coboundary.

If HZ(A, A) =0, all formal deformations are trivial (i.e. equivalent to 1)
and any deformation at order 1 can be prolongated into a deformation.
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Hochschild complex of an associative algebra

Let (A, i) be an associative algebra over K of characteristic 0.

The Hochschild complex of A with values in the bimodule A is

Cy(AA) =B,y CA(A, A) | with grading by number of arguments.
The Gerstenhaber multiplication og : Cpy x Cpy — Cy is the bilinear map
of degree —1 defined for any f € C,’f,(.A, A) and any g € C,Q(A, A) by

(fogg)ar, - api—1) = S (DU @y, e, g(ar - ai1)s it - Aki—1)-

One considers, on the shifted space &(A) := Cy(A, A)[1] for which k —1
is the shifted degree of a k-cochain f, the graded commutator,

[f.glc = focg— (—1)k DU Dgogf,

called the Gerstenhaber bracket.
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Hochschild complex of an associative algebra

Let (A, i) be an associative algebra over K of characteristic 0.
The Hochschild complex of A with values in the bimodule A is
Cy(AA) =B,y CA(A, A) | with grading by number of arguments.

The Gerstenhaber multiplication og : Cpy x Cpy — Cy is the bilinear map
of degree —1 defined for any f € C,’f,(.A, A) and any g € C,Q(A, A) by

(fogg)ar, - api—1) = S (DU @y, e, g(ar - ai1)s it - Aki—1)-

One considers, on the shifted space &(A) := Cy(A, A)[1] for which k —1
is the shifted degree of a k-cochain f, the graded commutator,

[f.glc = fog g — (-1 D gog f,
called the Gerstenhaber bracket.
Any bilinear map p: A x A — A'is of degree 1 in &(.A), and gives an
associative multiplication iff [u, ] = 0. For any such p the square of

b := [u, |¢ vanishes and defines, up to a global sign, the Hochschild
coboundary operator on the complex Cp (A, A)[1].
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Differential graded Lie algebras

A differential graded Lie algebra (&, b,[, ]), consists of a graded Lie
algebra (&, [, ]) and a K-linear map b : & — & of degree 1 such that
b? =0, and b is a graded derivation of the graded Lie bracket [, ].
Ex: For (A, u) an associative algebra (Cpy (A, A)[1], b= [1, ]c.[, lo).
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Differential graded Lie algebras

A differential graded Lie algebra (&, b,[, ]), consists of a graded Lie
algebra (&, [, ]) and a K-linear map b : & — & of degree 1 such that
b? =0, and b is a graded derivation of the graded Lie bracket [, ].
Ex: For (A, u) an associative algebra (Cpy (A, A)[1], b= [1, ]c.[, lo).

"8, ={Ce&"|bC =0}
B"® = {bC|C c &" 1}
carries a canonical graded Lie bracket [ , ]y induced from [, ] so that
(9,0,[, ]u) is again a graded Lie algebra.

Its cohomology $ with respect to b, " :=

Simone Gutt (ULB) Non Lo -formality Rome, September 11, 2018 4/23



Differential graded Lie algebras

A differential graded Lie algebra (&, b,[, ]), consists of a graded Lie
algebra (&, [, ]) and a K-linear map b : & — & of degree 1 such that
b? =0, and b is a graded derivation of the graded Lie bracket [, ].
Ex: For (A, u) an associative algebra (Cpy (A, A)[1], b= [1, ]c.[, lo).

"8, ={Ce&"|bC =0}
B"® = {bC|C c &" 1}
carries a canonical graded Lie bracket [ , ]y induced from [, ] so that
(9,0,[, ]u) is again a graded Lie algebra.

Its cohomology $ with respect to b, " :=

A deformation p + C of the associative algebra (A, 1) yields an element
C € Cy(A, A)[1]t[[t]] of degree 1 so that [+ C,u+ Clg =0 i.e.

bC—i—%[C, C]G = 0 hence bC; = 0 and [Cl, Cl](; = —2b( so [[Cl], [Cl]]H =0
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Differential graded Lie algebras

A differential graded Lie algebra (&, b,[, ]), consists of a graded Lie
algebra (&, [, ]) and a K-linear map b : & — & of degree 1 such that
b? =0, and b is a graded derivation of the graded Lie bracket [, ].
Ex: For (A, u) an associative algebra (Cpy (A, A)[1], b= [1, ]c.[, lo).

"8, ={Ce&"|bC =0}
B"® = {bC|C c &" 1}
carries a canonical graded Lie bracket [ , ]y induced from [, ] so that
(9,0,[, ]u) is again a graded Lie algebra.

Its cohomology $ with respect to b, " :=

A deformation p + C of the associative algebra (A, 1) yields an element
C € Cy(A, A)[1]t[[t]] of degree 1 so that [+ C,u+ Clg =0 i.e.

bC+3[C, Clg = Ohence bC; = 0 and [C1, Ci]g = —2bCy so [C1], [Ci]] = O

Equivalence is given by the action of e” with T € Cy(A, A)[1]¢[[t]] of
degree O via : u+ C' = (exp[T, lg) (u+ C). Then C{ = C; — bT;. One
defines the infinitesimal action 7 - C := —bT + [T, C|.
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L, algebras

Let W = ®jcz W/ a Z-graded vector space. Let V = W/[1] be the shifted
graded vector space. The graded symmetric bialgebra of V, denoted SV,
is the quotient of the free algebra TV by the two-sided graded ideal

generated by x ® y — (—1)XIly @ x for any homog. elements x,y in V.

The graded cocommutative comultiplication Ay, is induced by the shuffle comultiplication Ag, : TV — TV ® TV which is

the homomorphism of associative algebras so that Ag,(x) =1 ® x + x ® 1 (with signs given by Koszul convention).
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Let W = ®jcz W/ a Z-graded vector space. Let V = W/[1] be the shifted
graded vector space. The graded symmetric bialgebra of V, denoted SV,
is the quotient of the free algebra TV by the two-sided graded ideal

generated by x ® y — (—1)XIly @ x for any homog. elements x,y in V.

The graded cocommutative comultiplication Ay, is induced by the shuffle comultiplication Ag, : TV — TV ® TV which is

the homomorphism of associative algebras so that Ag,(x) =1 ® x + x ® 1 (with signs given by Koszul convention).

A Lo-structure on W is defined to be a graded coderivation D of
S(WI1]) of degree 1 satisfying D* = 0 and D(1gpj) = 0.

Such a D is determined by D := pry) o D : S(W[1]) = WI[1] via D = pg 0 D ® Id 0 Agy and
we write D = D. The pair (W, D) is called an L..-algebra.
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L, algebras

Let W = ®jcz W/ a Z-graded vector space. Let V = W/[1] be the shifted
graded vector space. The graded symmetric bialgebra of V, denoted SV,
is the quotient of the free algebra TV by the two-sided graded ideal

generated by x ® y — (—1)XIly @ x for any homog. elements x,y in V.

The graded cocommutative comultiplication Ay, is induced by the shuffle comultiplication Ag, : TV — TV ® TV which is

the homomorphism of associative algebras so that Ag,(x) =1 ® x + x ® 1 (with signs given by Koszul convention).

A Lo-structure on W is defined to be a graded coderivation D of
S(WI1]) of degree 1 satisfying D* = 0 and D(1gpj) = 0.

Such a D is determined by D := pry) o D : S(W[1]) = WI[1] via D = pg 0 D ® Id 0 Agy and
we write D = D. The pair (W, D) is called an L..-algebra.

Ex: (8,b,[, ]) adga = (@,D — bA]+[, ][] on 5(@5[1]))_

A solution bC + %[C7 Clg = 0 corresponds to a C’ € VO¢t[[t]] such that D(ec/) =0.

For a linear map ¢ : V&K — W®L ¢[j] : V[j]®% — W[j]® via ¢[j] := (s®¢) 7 0 ¢ o (s®K) where s : V — V[—1]is

the identity.
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Lo—morphisms, quasi-isomorphisms and Formality

A L..-morphism from a L.-algebra (W, D) to a Ly.-algebra (W', D’) is a
morphism of graded con. coalgebras ¢ : (S(W[1]), D) — (S(W'[1]),D’),
intertwining differentials o D =D’ 0 ®.

Such a morphism is determined by ¢ := pryys[;j o ® : S(W[1]) — W'[1] with (1) = 0 via
®=e* with AxB=puoAR® BoA for A, B € Hom(S(WI[1]), S(W'[1]))
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Lo—morphisms, quasi-isomorphisms and Formality

A L..-morphism from a L.-algebra (W, D) to a Ly.-algebra (W', D’) is a
morphism of graded con. coalgebras ¢ : (S(W[1]), D) — (S(W'[1]),D’),
intertwining differentials o D =D’ 0 ®.

Such a morphism is determined by ¢ := pryys[;j o ® : S(W[1]) — W'[1] with (1) = 0 via
®=e* with AxB=puoAR® BoA for A, B € Hom(S(WI[1]), S(W'[1]))

A Lo-map @ is called an L..-quasi-isomorphism if its first component
&1 = Ol = w1 0 W[1] — W’[1] ~which is a chain map
(W[1],D1) — (W'[1], D})- induces an isomorphism in cohomology.

Simone Gutt (ULB) Non Lo -formality Rome, September 11, 2018 6 /23



Lo—morphisms, quasi-isomorphisms and Formality

A L..-morphism from a L.-algebra (W, D) to a Ly.-algebra (W', D’) is a
morphism of graded con. coalgebras ¢ : (S(W[1]), D) — (S(W'[1]),D’),
intertwining differentials o D =D’ 0 ®.

Such a morphism is determined by ¢ := pryys[;j o ® : S(W[1]) — W'[1] with (1) = 0 via
®=e* with AxB=puoAR® BoA for A, B € Hom(S(WI[1]), S(W'[1]))

A Lo-map @ is called an L..-quasi-isomorphism if its first component
&1 = Ol = w1 0 W[1] — W’[1] ~which is a chain map
(W[1],D1) — (W'[1], D})- induces an isomorphism in cohomology.

A formality for a differential graded Lie algebra (&,b,[, ]) is a
Lo-quasi-isomorphism from the L..-algebra corresponding to ($,0,[, |x)
(the cohomology of & with respect to b ), to the L,-algebra
corresponding to (&, b,[, |) : @ : S(H[1]) — S(B[1]), such that

ol [n[1] = (b[1]+[, [[1)c®

A quasi-isomorphism yields isomorphic moduli spaces of deformations.
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Low orders terms of a formality

We look for ¢ : S(H[1]) — &[1] a degree 0 map vanishing on 1, such that
® =" §(H[1]) — S(B[1]) satisfies Po [, |y[l] = (b[1] + [, ][1]) o ®.
Denoting ¢, the restriction of ¢ to Sym"($[1]), we have in particular that
b[1] o 1 = 0 and 1 : (H[1],0)] — (&[1], b[1]) must induce an
isomorphism in cohomology.
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Low orders terms of a formality

We look for ¢ : S(H[1]) — &[1] a degree 0 map vanishing on 1, such that
® =" §(H[1]) — S(B[1]) satisfies Po [, |y[l] = (b[1] + [, ][1]) o ®.
Denoting ¢, the restriction of ¢ to Sym"($[1]), we have in particular that
b[1] o 1 = 0 and 1 : (H[1],0)] — (&[1], b[1]) must induce an
isomorphism in cohomology.

The cohomology of (B[1], b[1]) identifies with $[1].

We denote by 7 : Z& = {C € & | bC = 0} — $ the canonical projection.
We must have b[1] o p; = 0 and 7[1] 0 1 = Id.

We can choose a vector space X complement to B& = {bC | C € &} in
Z® and let 1 be the inverse of the restriction of 7 to X.
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Low orders terms of a formality

We look for ¢ : S(H[1]) — &[1] a degree 0 map vanishing on 1, such that
® =" §(H[1]) — S(B[1]) satisfies Po [, |y[l] = (b[1] + [, ][1]) o ®.
Denoting ¢, the restriction of ¢ to Sym"($[1]), we have in particular that
b[1] o 1 = 0 and 1 : (H[1],0)] — (&[1], b[1]) must induce an
isomorphism in cohomology.

The cohomology of (B[1], b[1]) identifies with $[1].

We denote by 7 : Z& = {C € & | bC = 0} — $ the canonical projection.
We must have b[1] o p; = 0 and 7[1] 0 1 = Id.

We can choose a vector space X complement to B& = {bC | C € &} in

Z® and let 1 be the inverse of the restriction of 7 to X.

The condition on ¢, : S?(HH[1]) — &[1] writes more easily on its shift

¢ =pa[-1]: N°H 5 B as0=bogo+[, Jco(d1®d1) —d1o], |u.

AV is the quotient of TV by the two-sided graded ideal gen. by x ® y + (—1)|X”y‘y R x.
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A characteristic 3-class

Let 1 : H[1] — B[1] and 3 : S2(H[1]) — B[1] be degree 0 maps, such
that their shifts ¢; = @;[—1] : A'fH — & satisfy 0 = bo ¢y, 7o ¢; = Idg
and 0=bogo+[, Jco(pr1®¢1)—d10[, ]n.

@ The linear map ws(yp) : A3H — & of degree —1 defined on
homogeneous elements y1, y», y3 € § by
ws(9) 01,2, 33) = ()1 [e10n), @202, 33)] ¢ — (=121 (=1)P2! 11 1 (32), G201, 33)] ¢ +
(—1)sl(—1)lsln+2D) [, (v3), go(r1,y2)] ¢ — ¢2(v1: volms v3) +

(=132l ([y1, yalu, yo) (= 1) 21430 5 ([ya, 3], 1) satisfies b o W3((P) = 0.
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A characteristic 3-class

Let 1 : H[1] — B[1] and 3 : S2(H[1]) — B[1] be degree 0 maps, such
that their shifts ¢; = @;[—1] : A'fH — & satisfy 0 = bo ¢y, 7o ¢; = Idg
and 0=bogo+[, Jco(pr1®¢1)—d10[, ]n.

@ The linear map ws(yp) : A3H — & of degree —1 defined on
homogeneous elements y1, y», y3 € § by
ws(2)01. v2: 33) = ()P [B100), b2(v2033)] 6 — ()P (=1)P211 [61(32). 2001, 3)] 6 +
(=Pl (=Pl 2D [y (y3), d2(n1,y2)] ¢ = d2 (b, y2lusvs) +
(1)120 5 (n, yslis v2) (— D)2 13D 6, (1, 3l ) Satisfies b o wa(p) = 0.
@ The trilinear map z3() = mo wz(p) : A3H — § is a graded
Chevalley-Eilenberg 3-cocycle of degree —1, i.e. d52z3 =0, and its
class c3 = ¢3(®, b, [, |¢) does not depend on the chosen 1, ¢o.

The Chevalley Eilenberg coboundary operator on a graded Lie algebra is given by the usual formulas with signs.
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that their shifts ¢; = @;[—1] : A'fH — & satisfy 0 = bo ¢y, 7o ¢; = Idg
and 0=bogo+[, Jco(pr1®¢1)—d10[, ]n.

@ The linear map ws(yp) : A3H — & of degree —1 defined on
homogeneous elements y1, y», y3 € § by
ws(2)01. v2: 33) = ()P [B100), b2(v2033)] 6 — ()P (=1)P211 [61(32). 2001, 3)] 6 +
(=Pl (=Pl 2D [y (y3), d2(n1,y2)] ¢ = d2 (b, y2lusvs) +
(1)120 5 (n, yslis v2) (— D)2 13D 6, (1, 3l ) Satisfies b o wa(p) = 0.
@ The trilinear map z3() = mo wz(p) : A3H — § is a graded
Chevalley-Eilenberg 3-cocycle of degree —1, i.e. d52z3 =0, and its
class c3 = ¢3(®, b, [, |¢) does not depend on the chosen 1, ¢o.

The Chevalley Eilenberg coboundary operator on a graded Lie algebra is given by the usual formulas with signs.

© There is a L-quis of order 3 between & and its cohom. §) iff c3 = 0.
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What is formality for the Hochschild complexe of /g?

We are interested in checking whether there is formality for the graded Lie
algebra (Cy(A, A)[1],b=[i, ]6.[, ]¢) given by the Hochschild complex
of the associative algebra (A, 1) when A = Ug is the universal enveloping
algebra of a Lie algebra g, thus in checking whether one can build a
quasi-isomophism

e+ S(Hu(Us, UB)[2]) — S(Cy(Ug, Ug)[2])
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What is formality for the Hochschild complexe of /g?

We are interested in checking whether there is formality for the graded Lie
algebra (Cy(A, A)[1],b=[i, ]6.[, ]¢) given by the Hochschild complex
of the associative algebra (A, 1) when A = Ug is the universal enveloping
algebra of a Lie algebra g, thus in checking whether one can build a
quasi-isomophism

e+ S(Hu(Us, UB)[2]) — S(Cy(Ug, Ug)[2])

Theorem[Cartan-Eilenberg] . Let g be a finite dim Lie algebra and M be
a Ug-bimodule. Then HJ(Ug, M) ~ HZ(g, M,) where M, = M with
the action of g € g defined by g - m := gm — mg. In particular

HEUg,Ug) ~ Hee(g,Ug) ~ Hee(g, Sg)

23
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The Chevalley-Eilenberg complex (Cc£(g,Sg). dg)

Sg is a g-module via the adjoint representation. C-z(g,Sg) is canonically
isomorphic to Sg ® Ag* and is Z-graded by the form degree of Ag*.

It is a graded commutative algebra by means of the tensor product of the commutative

multiplication in Sg and the usual exterior multiplication in Ag* which we also denote by A.
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The Chevalley-Eilenberg complex (Cc£(g,Sg). dg)

Sg is a g-module via the adjoint representation. C-z(g,Sg) is canonically
isomorphic to Sg ® Ag* and is Z-graded by the form degree of Ag*.
It is a graded commutative algebra by means of the tensor product of the commutative
multiplication in Sg and the usual exterior multiplication in Ag* which we also denote by A.
f € Sg is viewed as a polynomial function on the dual space g* so
Cce(g, Sg) is viewed as the space of all polynomial poly-vector-fields on g*.
It is equipped with the usual Schouten bracket [, |s:

[F,Gls = 30 1 te;(F) AO'G — (=1)IFI=DUCI=) 5~ (G) AD'F.
where ey, ..., e, is a basis of g, €l, ..., €" the dual basis; te 1 Ng* — Ag*, for each £ € g, is the
usual interior product graded derivation and for each y € g*, ¢, : Sg — Sg the corresponding

derivation, writing ¢ i (f) = O'f for each f € Sg and extending these derivations to Sg ® Ag*.
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The Chevalley-Eilenberg complex (Cc£(g,Sg). dg)

Sg is a g-module via the adjoint representation. C-z(g,Sg) is canonically
isomorphic to Sg ® Ag* and is Z-graded by the form degree of Ag*.
It is a graded commutative algebra by means of the tensor product of the commutative
multiplication in Sg and the usual exterior multiplication in Ag* which we also denote by A.
f € Sg is viewed as a polynomial function on the dual space g* so
Cce(g, Sg) is viewed as the space of all polynomial poly-vector-fields on g*.
It is equipped with the usual Schouten bracket [, |s:

[F,Gls = 30 1 te;(F) AO'G — (=1)IFI=DUCI=) 5~ (G) AD'F.
where ey, ..., e, is a basis of g, €l, ..., €" the dual basis; te 1 Ng* — Ag*, for each £ € g, is the
usual interior product graded derivation and for each y € g*, ¢, : Sg — Sg the corresponding
derivation, writing ¢i(f) = &' for each f € Sg and extending these derivations to Sg ® Ag*.
Letm=[,]=3 Dk cjke,- ® (¢ A €¥) be the linear Poisson structure of
", where cjfk = ¢([e, &]) € K are the structure constants. Then [7‘(’, T[']S =0 and
dg = [m, ]s is the (shifted) Chevalley Eilenberg coboundary operator.

(Cce(9,S0)[1], 4,1, 1s) is a differential graded Lie algebra.

Simone Gutt (ULB) Non L -formality Rome, September 11, 2018 10 / 23



Kontsevich formality

Kontsevich gives the construction of a quasi-isomorphism

e*? : S(Cce(g, S0)[2]) — S(Cu(Ss, Sv)[2])

from the L-algebra S(Cg(g,Sg)[2]) associated to the graded Lie
algebra (Ccg(9,89)[1],0,[, ]s) of all polynomial poly-vector-fields on the
vector space g*, equipped with zero differential and the usual Schouten
bracket [ , |s, to the Lo-algebra S(C,(Sg, Sg)[2]) associated to the
graded Lie algebra (C,(Sg,Sg)[1],b,[, ]c) of all poly-differential
operators on g* with polynomial coefficients, equipped with the
Hochschild differential b and the Gerstenhaber bracket [, ]g.
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Quasi isomorphism between the Hochschild complex of Ug

and the Chevalley-Eilenberg complex of g with values in Sg

Theorem (Kontsevich, also Bordemann and Makhlouf):
Let (g,[, ]) be a finite-dimensional Lie-algebra.
There is a Loo-quasi-isomorphism between the differential graded Lie

algebra (Ccg(9,Sg)[1], 04, [, ]s) and the differential graded Lie algebra
(CH(Z/{Q,Z/{Q)[].], b‘/ [ ) ]G)
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Quasi isomorphism between the Hochschild complex of Ug

and the Chevalley-Eilenberg complex of g with values in Sg

Theorem (Kontsevich, also Bordemann and Makhlouf):

Let (g,[, ]) be a finite-dimensional Lie-algebra.

There is a Loo-quasi-isomorphism between the differential graded Lie
algebra (Ccg(9,Sg)[1], 04, [, ]s) and the differential graded Lie algebra
(CH(L{g,L{g)[l], b, [ ) ]G)

In particular, this induces an isomorphism of the graded Lie algebras of
their cohomologies (with respect to dy and b, respectively).

Hence, the Loo-formality of (Cee(g,Sa)[1], 85, [, ) is equivalent to the
Loo-formality of (Cp,(Ug,Ug)[1], b, , ]c).
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Abelian Lie algebras

In case the Lie algebra g is abelian, /g = Sg, the Chevalley-Eilenberg
differential is zero, whence

Hu(Ug,Ug) = Hce(g, Sg) = Cce(g, So)

and formality of (C,(Ug,Ug)[1],b,[, lc) = (Cy(Sa, Se)[1], b,[ , l¢) is
the content of the Kontsevich formality theorem where one builds a
quasi-isomorphism

" 1 S(Cee(g, Sv)[2]) — S(Cr(Sa, Sv)[2])-

Thus the Hochschild complex of the universal enveloping algebra of an
abelian algebra is formal.
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Cartan 3-regular quadratic Lie algebras

A triple (g,[, ],&) is called a quadratic Lie algebra if the symmetric
bilinear form « : g x g — K is invariant and nondegenerate. (A symmetric
bilinear form is invariant if for all £,£’,£"” € g we have x([€,¢'],£") = x(&,[¢,€"]).)

The Cartan 3-cocycle Q € A3g* is then defined by

Q& ¢,¢") = k(& 16.¢")
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Cartan 3-regular quadratic Lie algebras

A triple (g,[, ],&) is called a quadratic Lie algebra if the symmetric
bilinear form « : g x g — K is invariant and nondegenerate. (A symmetric
bilinear form is invariant if for all £,£’,£"” € g we have x([€,¢'],£") = x(&,[¢,€"]).)

The Cartan 3-cocycle Q € A3g* is then defined by

Q& ¢,¢") = k(& 16.¢")

A quadratic Lie algebra (g, [, ], x) is called a Cartan-3-regular if the
cohomology class of the Cartan cocycle €, [Q], is nonzero.

The Casimir is the element g € S?g which is the ‘inverse’ of x (¢ = Zqle; ® €, Zj q’jnj, = 6.
The space of polynomials in g, K[q] , injects in the invariant polynomials (Sg)g = HgE(g,Sg).
When (g,[, ], ) is Cartan-3-regular,the map K[q] — HgE(g,Sg) ta — [a A Q] is injective.
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Non formality of Ug for a Cartan 3-regular quadratic g

In Ce(g,Sg) we have also the linear Poisson structure 7 and the Euler field E =37 ; e ® €.
The Schouten brackets are given, for o, 8, v € K[q] and a’ denoting the derivative of the polynomial «, by:

Sg(a) =[m, als =0, Sg(aNQ)=[r,aANQ]s =0, Sg(@ NE)=[r,a NE]s =a A,

[, Bls =0,  [E,als =2ga’, [E, Qs = =302, [fAQ als=2(a’) Am=bq(2Ba’) AE),

2(
BAQUYAQs =28y — 8 ) AT AQ=354(287 — B8 ) ANEAQ)
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Non formality of Ug for a Cartan 3-regular quadratic g

In Ce(g,Sg) we have also the linear Poisson structure 7 and the Euler field E =37 ; e ® €.

The Schouten brackets are given, for o, 8, v € K[q] and a’ denoting the derivative of the polynomial «, by:
Sg(a) =[m, als =0, Sg(aNQ)=[r,aANQ]s =0, Sg(@ NE)=[r,a NE]s =a A,
[, Bls =0,  [E,als =2ga’, [E, Qs = =302, [fAQ als=2(a’) Am=bq(2Ba’) AE),

BAQUYAQs =2(BY — B )ATAQ=2364(2(BY —vB')ANEAQ).
Theorem Let (g,[ . ] IQ) be a finite-dimensional Cartan-3-regular

quadratic Lie algebra. Then the Hochschild complex of its universal
envelopping algebra is NOT L.-formal.
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Non formality of Ug for a Cartan 3-regular quadratic g

In Ce(g,Sg) we have also the linear Poisson structure 7 and the Euler field E =37 ; e ® €.

The Schouten brackets are given, for o, 8, v € K[q] and a’ denoting the derivative of the polynomial «, by:
Sg(a) =[m, als =0, Sg(aNQ)=[r,aANQ]s =0, Sg(@ NE)=[r,a NE]s =a A,
[, Bls =0,  [E,als =2ga’, [E, Qs = =302, [fAQ als=2(a’) Am=bq(2Ba’) AE),

2(
BAQUYAQs =2(BY — B )ATAQ=2364(2(BY —vB')ANEAQ).

Theorem Let (g,[ . ] IQ) be a finite-dimensional Cartan-3-regular
quadratic Lie algebra. Then the Hochschild complex of its universal
envelopping algebra is NOT L.-formal.

We prove that the Chevalley-Eilenberg complex & of g with values in Sg is not Loo-formal. Choose any graded vector space
complement of the J g-coboundaries which includes all « € K[q] and all 8 A Q; the resulting section ¢1 : $ — & satisfies
¢1([e]) = a and ¢1([a A Q]) = a A Q. We can choose a K-linear map ¢ : A2 — & of degree —1 satisfying

$2(ct, 8) =0 and (e, B A Q) = 2(a’B) AE.
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Non formality of Ug for a Cartan 3-regular quadratic g

In Ce(g,Sg) we have also the linear Poisson structure 7 and the Euler field E =37 ; e ® €.
The Schouten brackets are given, for o, 8, v € K[q] and a’ denoting the derivative of the polynomial «, by:

Sg(a) =[m, als =0, Sg(aNQ)=[r,aANQ]s =0, Sg(@ NE)=[r,a NE]s =a A,

[, Bls =0,  [E,als =2ga’, [E, Qs = =302, [fAQ als=2(a’) Am=bq(2Ba’) AE),

BAQUYAQs =2(BY — B )ATAQ=2364(2(BY —vB')ANEAQ).

Theorem Let (g,[ . ] IQ) be a finite-dimensional Cartan-3-regular
quadratic Lie algebra. Then the Hochschild complex of its universal
envelopping algebra is NOT L.-formal.

We prove that the Chevalley-Eilenberg complex & of g with values in Sg is not Loo-formal. Choose any graded vector space
complement of the J g-coboundaries which includes all « € K[q] and all 8 A Q; the resulting section ¢1 : $ — & satisfies
¢1([e]) = a and ¢1([a A Q]) = a A Q. We can choose a K-linear map ¢ : A2 — & of degree —1 satisfying
¢2(c, B) =0 and (o, BARQ) =2(a’B) AE.
The Chevalley-Eilenberg 3-cocycle z3 (which represents the characteristic 3-class c3 of the differential graded Lie algebra
& = Ccp(g, So)[1] and depends on ¢ and ¢3,) takes the following values: z3([c], [8], [Y]) = 0, and,
z3([a], [B], [v A Q1) = 8[qa’ 5]
If c3 = 0, there would be a graded 2-form 6 : A2 — § (where $ = Hcp (9, So)[1]) of degree —1 such that z3 = 55 6. We
evaluate § 5 6 on [a], [B], and [y A Q] of 5. 6([c], [B]) = 0 since both [] and [A] are of degree —1 as is 6, and
6([a], [v A Q]) has to be of degree 0, hence in Hé-E(g7 Sg). We consider the particular case @« = g = 8 and v = 1. Let
D € Hom(g, Sg) be a §q-1-cocycle such that [D] = 6([q], [2]). Then z3([d], [q], [2]) = (65 6)([a], [a], [2]) implies

8[q] = —2[[q], [DHH = 2[D(q)], but D = 3~ D, must be a 1-cocycle, hence D; : g — g would be a derivation of g,

and we must have Dy (q) = 4q, hence k(D1 (£), £') + ~(€, D1(€')) = 4r(&, €") which contradicts Q-non exact.
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Reductive Lie algebras

0=39[g,9]
where 3 is its centre and the derived ideal [ = [g, g] is semisimple.

Pick any nondegenerate symmetric bilinear form on 3
and the Killing form ry : (§,&') — trace(ade o ades) on |,
and let x be the orthogonal sum of those two.

The Cartan 3-cocycle Q w.r.t. g is given by
Uz + h,z2+ b, z3+ ) = Q(h, b, ) = ki(h, [k, h])

where Q; is the Cartan 3-cocycle of [ which is well-known to be a
nontrivial 3-cocycle.

Hence (g,[, |, «) is Cartan-3-regular and so (the Hochschild complex of)
its universal envelopping algebra is not L.,-formal.
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Semisimple Lie algebras

The above shows that (the Hochschild complex of) the universal
envelopping algebra of a semisimple Lie algebra is not L..-formal.
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Semisimple Lie algebras

The above shows that (the Hochschild complex of) the universal
envelopping algebra of a semisimple Lie algebra is not L..-formal.

Nonetheless, the deformation theory of g is well known : Ug is rigid
because

Hf (Ug,Ug) = Heg (g, Sg) =0

Simone Gutt (ULB)
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beyond formality

We shall put a Loo-structure on the cohomology (Hce(g, Sg)[1],0,[, |s)

of (Ceg(d,89)[1], 85, [, ]s) whose coderivation d of S(Hce(g, Sg)[2]) is
given by a series d = da + >, .3 dk = da + d’ where da = [, |, [1].

It is well-known that it is always possible to find a sequence of ‘higher

order brackets’ dy : S*(Hce(g, S9)[2]) — Hce(g, Sg)[2] for k > 3 and a
L -quasi-isomorphism

® =" (S(Hce(a,S9)2D). [ Tsy2] +d') — (S(Ceela, Sa))2]), 56 [1] + [, Ts[1])-
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beyond formality

We shall put a Loo-structure on the cohomology (Hce(g,Sg)[1].0,[ , |s,)

of (Ceg(d,89)[1], 85, [, ]s) whose coderivation d of S(Hce(g, Sg)[2]) is
given by a series d = da + >, .3 dk = da + d’ where da = [, |, [1].

It is well-known that it is always possible to find a sequence of ‘higher

order brackets’ dy : S*(Hce(g, S9)[2]) — Hce(g, Sg)[2] for k > 3 and a
L -quasi-isomorphism

® =" (S(Hce(a,S9)2D). [ Tsy2] +d') — (S(Ceela, Sa))2]), 56 [1] + [, Ts[1])-

We do that for g = s0(3). We know that

§ = Hee(s0(3), Ss0(3))[1] = Kg] 1 {0} & {0} & Kq][€].
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The Lie algebra so(3)

Theorem
@ The Chevalley-Eilenberg complex & of s0(3) is NOT formal.
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The Lie algebra so(3)

Theorem
@ The Chevalley-Eilenberg complex & of so0(3) is NOT formal.
Q &, :=K|q]1®K][q]E @ K[q]7m ®© K[q]Q is a differential graded Lie
subalgebra of (& : Hce(s0(3),Ss0(3))[1] =,9,[, ]s) and the injection
Breqd — B is a quasi-isomorphism of differential graded Lie algebras.
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The Lie algebra so(3)

Theorem

@ The Chevalley-Eilenberg complex & of s0(3) is NOT formal.

Q &, :=K|q]1®K][q]E @ K[q]7m ®© K[q]Q is a differential graded Lie
subalgebra of (& : Hce(s0(3),Ss0(3))[1] =,9,[, ]s) and the injection
Breqd — B is a quasi-isomorphism of differential graded Lie algebras.

© There is an L, structure d on S(9[1]) whose only nonvanishing
Taylor coefficient is d3 which is the shifted characteristic 3-class
ds = z3[—1] and there is an L,-quasi-isomorphism e*¢ from
(S(HI1)), &) to (S(Breal1]), Ggl1] [, Js[1))

The only nonvanishing Taylor coefficients of €*# are 1 and w2 which
can explicitly be given.
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The Lie algebra so(3)

Theorem

@ The Chevalley-Eilenberg complex & of s0(3) is NOT formal.

Q &, :=K|q]1®K][q]E @ K[q]7m ®© K[q]Q is a differential graded Lie
subalgebra of (& : Hce(s0(3),Ss0(3))[1] =,9,[, ]s) and the injection
Breqd — B is a quasi-isomorphism of differential graded Lie algebras.

© There is an L, structure d on S(9[1]) whose only nonvanishing
Taylor coefficient is d3 which is the shifted characteristic 3-class
ds = z3[—1] and there is an L,-quasi-isomorphism e*¢ from
(S(IL]), &) to (S(@real1]), dg[1] + [ » [1]):

The only nonvanishing Taylor coefficients of €*# are 1 and w2 which
can explicitly be given.
The results follows from the L., perturbation lemma. There is a (homotopy)
contraction : the natural injection i : $ = K[q] 1 ®{0} & {0} ® K[q][2] — Byed, the natural
projection p : &g — $H with kernel K[q]E & K[g]7 , and the homotopy map h given by
h=h':K[g]r = K[g]E, h'(a A7) = a A E, for a € K[q], and is defined to vanish in degree
—1,0,2. (poi=1Idy, Idy —iop=byoh+hoby, >=0, hoi=0; poh=0)
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Perturbation Lemma

Let (7, p, h) be a contraction between the complexes (U, by) and (V, by)
( the differentials by and by have degree 1, i: U — V and p: V — U are chain maps,

h:V — V has degree —1 and poi=1Idy, Idy —iop=byoh+ ho by,

h =0, hoi=0, poh=0) where U and V carry exhaustive and separated filtrations with V
complete and such that the maps by, by, i, p and h are of filtration degree 0.
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Perturbation Lemma

Let (7, p, h) be a contraction between the complexes (U, by) and (V, by)

( the differentials by and by have degree 1, i: U — V and p: V — U are chain maps,

h:V — V has degree —1 and poi=1Idy, Idy —iop=byoh+ ho by,

h =0, hoi=0, poh=0) where U and V carry exhaustive and separated filtrations with V

complete and such that the maps by, by, i, p and h are of filtration degree 0.

Moreover, let y : V — V be a perturbation of by, i.e. a morphism 6, : V — V
of degree +1 such that (by + §y/)? = 0 and suppose that §\/ is of filtration degree —1.
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Perturbation Lemma

Let (7, p, h) be a contraction between the complexes (U, by) and (V, by)

( the differentials by and by have degree 1, i: U — V and p: V — U are chain maps,

h:V — V has degree —1 and poi=1Idy, Idy —iop=byoh+ ho by,

h =0, hoi=0, poh=0) where U and V carry exhaustive and separated filtrations with V
complete and such that the maps by, by, i, p and h are of filtration degree 0.

Moreover, let y : V — V be a perturbation of by, i.e. a morphism 6, : V — V
of degree +1 such that (by + §y/)? = 0 and suppose that §\/ is of filtration degree —1.

Then the linear maps (idy + ho dy) and (idy + dy o h) from V to V are

invertible, and we define

i=(idy+hody) toi h=(idy+hody)toh
p=pol(idy+dyoh)! dy=po(idy +dyoh)todyoi.

Then 0y is a perturbation of by of filtration degree —1, and (/7,;3 and /~1)
define a new contraction between (U, by + dy) and (V, by +dy).
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L ..-contraction

Let (i, p, h) a contraction between the complexes (U, by) and (V, by).
The graded coderivations by[1] of S(U[1]) and by [1] of S(V[1]) are
differentials. Setting ¢1 := i[1] and 1)1 := p[1], the morphisms of graded
coalgebras e*#1 : S(U[1]) — S(V[1]) and e*¥1 : S(V[1]) — S(U[1]) are
chain maps satisfying e*¥1 o e*#1 = ids(up))-
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L ..-contraction

Let (i, p, h) a contraction between the complexes (U, by) and (V, by).
The graded coderivations by[1] of S(U[1]) and by [1] of S(V[1]) are
differentials. Setting ¢1 := i[1] and 1)1 := p[1], the morphisms of graded
coalgebras e*#1 : S(U[1]) — S(V[1]) and e*¥1 : S(V[1]) — S(U[1]) are
chain maps satisfying e*¥1 o e*#1 = ids(up))-

Since P = [h,by] : V — V is an idempotent, let V| be its kernel, and
Viacye its image; so V = Vi @ V¢, and S(V[1]) = S(Vy[1]) ® S(Vac[1]) as
graded bialgebras. Define 5 : S(V[1]) — S(V[1]) of degree 0 by :

for all y1,...,yx € Vy[1] and wi, ..., w; € Vacyc[l] where k,/ € N

coyowie---ew) if/#0,

1 °--
/3(Y1°“"Yk'W1""°W/)—{é(n 7o (1)

and set 7 = h[1] o 8 = B o h[1].
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L ..-contraction

Let (i, p, h) a contraction between the complexes (U, by) and (V, by).
The graded coderivations by[1] of S(U[1]) and by [1] of S(V[1]) are
differentials. Setting ¢1 := i[1] and 1)1 := p[1], the morphisms of graded
coalgebras e*#1 : S(U[1]) — S(V[1]) and e*¥1 : S(V[1]) — S(U[1]) are
chain maps satisfying e*¥1 o e*#1 = ids(up))-

Since P = [h,by] : V — V is an idempotent, let V| be its kernel, and
Viacye its image; so V = Vi @ V¢, and S(V[1]) = S(Vy[1]) ® S(Vac[1]) as
graded bialgebras. Define 5 : S(V[1]) — S(V[1]) of degree 0 by :

for all y1,...,yx € Vy[1] and wi, ..., w; € Vacyc[l] where k,/ € N

Cfireeyiewe-ew) if1#£0,
ﬁ(y1-~~~-kaW1--~~-W/)—{é 1= 0. 1)
and set 1) = h[1] o 5 = f o [1].

Then (e*?1,e*¥1,n) is a contraction from (S(U[1]), by[1]) to

(S(v[1]). by [1]).
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L -perturbation Lemma (Bordemann Elchinger)

Let (i, p, h) be a contraction between the complexes (U, by) and (V, by).
Let (e*¢1, e*¥1,n) be the corresponding contraction from (S(U[1]), by[1])
to (S(VI1]), by[1]).

Suppose D = by/[1] + Dy, with Dy, = >~ -, D, : S(V[1]) — V[1] of
degree 1 defines an Loo-structure, whence ds(v1)) = Di(/ is a perturbation
of b\/[l]
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L -perturbation Lemma (Bordemann Elchinger)

Let (i, p, h) be a contraction between the complexes (U, by) and (V, by).
Let (e*¢1, e*¥1,n) be the corresponding contraction from (S(U[1]), by[1])
to (S(V[1]). By L]).

Suppose D = by/[1] + Dy, with Dy, = >~ -, D, : S(V[1]) — V[1] of
degree 1 defines an Loo-structure, whence ds(v1)) = Di(/ is a perturbation
of b\/[l]

The maps e*%1, ef*vwl,ds(u[l]), and 7] of the Perturbation Lemma so that

(e*1, eA*rf’l,ﬁ) is homotopy contraction between (S(U[1]), by[1] + dsup))
and (S(V[1]), bv[1] + Di(/) automatically preserve the structure of graded

connected coalgebras, i.e. e*?1 and e*¥1 are morphism of graded
differential connected coalgebras, and dsyp1)) will be a graded coderivation

of degree 1. This entails in particular that e*¥1 =: ¢*? is a

L »o-quasi-isomorphism with quasi-inverse e*¥1 =: *¥.
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