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RIASSUNTO: Sia u € L*( - T,0, H*(Q,RY)) n H*(~T,0,L*(Q, R™)) (N intero
> 1) una soluzione in Q = Q x (T, 0) del sistema non lineare non variazionale
——a(X,u, Du, H(u)) + % = b(X,u, Du),

sono vettori di RY misurabili in X e continui nelle altre

dove a(X, u,p,£) e b(X,u,p) €) & di clas
1 classe

variabili. Si dimostra che se b(X,u,p) ha andamento lineare e a(X,u,p,
Clinte verifica la condizione (A) e, unitamente a g—g, certe condizioni di continuita,
allora il vettore Du & parzialmente hélderiano in Q con ogni esponente & < 1.

ABSTRACT: Let u € L*( - T,0, H*QRM))nH' (- T,0,L%(®, R¥)) (N integer
> 1) be a solution in Q = Q x (=T,0) to the non linear non variational system

—a(X,u, Du, H(u)) + % = b(X,u, Du),

where a(X, u,p,€) and b(X,u,p) are vectors in R" measurable in X and continuous in
the other variables. We prove that if b(X,u, p) has a linear growth and a(X, u,p, §) is of

class C! in ¢ and satisfies the condition (A) and, together with (—;‘E—l, certain continuity
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conditions, then the vector Du is partially Hélder continuous in @ for every exponent
a<l.

KEY WORDS: Nonlinear parabolic systems.
A.M.S. CrLassIFICATION: 35K55 — 35B65

1 — Introduction

Let Q be a bounded open subset of IR", n > 2, of class C? and let
z = (z;,%3,... ,Z,) be a generic point in it. @ denotes the cylinder
Q x (=T, 0) with T > 0 and X the point (z,t) of R; x IR,.

The symbols (|-)x and || - ||« denote the scalar product and the norm
in IR*, respectively. We shall omit the index k wherever there is no
ambiguity.

Ifu: Q —» RY, N integer > 1, we set

ou

Du=—,
v aIE,'

Du = (Dlu, Dz’ll,, e ,Dn’U.), H(’U.) = {D,DJU} = {Dij'u,} )
,7=12,...,n;

Du is a vector in R™" and H () is an element of R™Y.

In what follows we denote by p = (p1,D02,..- ,Pn), Pi € R", a generic
vector of R™Y and by ¢ = {&;}, 4,5 = 1,2,...,n, &; € IR", a generic
element of R™".

We consider in the cylinder @ the following second order non linear
non variational system:

Ou
(1.1) —a(X,u,Du, H(u)) + i b(X,u, Du),
where a(X,u,p,€) and b(X,u,p) are vectors of RY, measurable in X,
continuous in (u,p,£) and (u,p) respectively, satisfying the conditions:

(1.2) a(X,u,p,0) = 0;

(A) there erist three positive constants a, v and § with v+ 6 <1, such
that, Vvu e RY, Vp e R™Y, ¥r,q € R™Y and for almost every X € Q we
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(1)
have )

Z'rii —a[a(X,u,P,T'H?)“G(X,H,P,ﬂ)] <

i=1

2

n
ZTii

=1
(1.3) there exists a constant ¢ such that, Yu € RY, ¥p € R™ and for
almost every X € Q we have

<Alirl*+6

1

6(X, u, )| < e(1 + llull + li2l]) -
We shall denote by W?(Q, R") and W{(Q, IR™) the functional spaces:
Ny Ou N
W?(Q,RY) = {u: ue IP(~T,0, B¥(QRY), 5 € P@R )},
WE(QRY) = {ue W(QR"): ue L(~T,0, H?(Q,RY)),
u(z,-T) = 0} ,

where H*?(Q, RV) and H2?(Q,R"), s integer > 0, p € [1,+00), are the
usual Sobolev spaces®.

N 2N
(From condition (A), assuming 7 = 0, it follows, Vu € R, ¥p € R™", Vr € R*

and for almost all X € @Q:
”a(X1 u,p, T)” < C”T" .

. 1
Moreover one can show that, if the vector a(X,u,p,£) is of class C" with respect to

€, with derivatives :Ta bounded, then the operator a(X,u,p,€) is elliptic (see [6])-
ij .

Sufficient conditions that ensure the hypothesis (A) are stated in [4] and [5).

1f 5, j are integers > 0 and p € [1,+00),

p/2 t/p . 1/p
|u|j.p.n = !/ ( Z "D°u||2> dx} ) "u"’-Pvn = {Z Iulip,n} M
j=0

Q lal=j
where D® = D®'D$? ... D2 o = (a1, 02, ... Jan) la) =a1+az+...F0n, o integer
>0.
Particularly
[ulo.pr = llullopa = full e mrn) -
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Wr(Q,IR™) and W#(Q,IR") are Banach spaces with the following

norm:
1/p
P
)of

By a solution to the system (1.1) we mean a vector u € W2(Q, R")
satisfying (1.1) for almost all X € Q. In this work we prove a partial
Holder continuity result for the spatial gradient of these solutions; this
result is similar to the one proved by S. Campanato in [7] in the elliptic
case.
The study of the local L-regularity of the derivatives D;;u, % is pre-
liminary in order to achieve the partial Holder regularity of the gradient;
to this study, of interest in itself, is devoted section n. 3.

ou

ot

l[ulls.e = L/ (llull" +1Dull” + | H @) +

2 — Preliminary lemmas

LEMMA 2.1.  Ifu € WP(Q(X%0),RY)®, 1 < p < +o0, and if
Pq(xv,0) is the polynomial vector in z, of degree < 1 such that

(2.1) / D*(u— Pyxo,))dX =0, Va:lo|<1,
Q(Xx0%,0)

then

22) [ lu-Papoglfax se® [ (IIH(u>u”+|%’§HP)dX,

Q(Xo,d') Q(xoya)

where ¢ does not depend on o.

3 Q(X?, o) denotes the cylinder of IR? x IR;: B(z° o) x (t° — 0%,t°), where X° =
(=% t°) € R? xRy, 0 > 0, B(z% o) = {:z: eR": |lz -z < a'}.
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PROOF. Having fixed t a.e. in (t°—0?,1°), let us denote by Pp(,0 4)(t)
the polynomial vector in z, of degree < 1, such that

D*(u(z,t) — Pgon(t))dz =0, Va:l|o|/<1.
B(z%,0)
We easily get

[ Iu-Pagoqlrax <e [ fu=PogoolraX+

Q(x9%,0) Q(X9%,0)
(2.3)

+c / ”PB(,_.O,,) - PQ(Xo,a) ”de .
Q(XO,U)

The “Poincar estimate” (3.20) of Chapter I of [2] ensures, for ¢ a.e.
in (2 — 02,¢%):
/ |[w(z, t) = Pogo,) (B[ dz < co?? / | H ()| d=
B(z%,0) B(z%,0)
and hence, by integration on (£° — o2,t%)
(2.4) / e — Pp(eo,0)PdX < co® / |H(w)|"dX .
Q(X°,0) Q(x%0)

Now let us consider the last integral in the right hand side of (2.3).
From the definition of the polynomial vectors PB(;O,%) (z:.)nd Pox0,0)
it easily follows, Vz € B(z®, o) and for t a.e. in (t° — 0”1 )

n P
I Pa(a0,0) — PoixollP < ca®y |‘(Diu($’ t)) B(z0.0) ~ (D‘")Q(”ﬂ)n +
=1

+ C” (u(z, t))a(zo‘,) - UQ(xo',)"p ,

h .
@If E c IR* is a measurable set with positive measure and f € L'(E,R"), we set:

fE=fEfd.'E=fEﬂ

measE "’
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from which

| Pp(z0,0) — Po(xo,mlIPFdX <
Q(Xo.d)

PAxX+

(2.5) <ea? / Zl “ (Ditt) g0,y — (Dit)x0,0)
QX00) =

+c / [4B(0,0) — Uo(xo,0)[PdX .
QX0,0)

Taking into account the technique used to obtain the lemma 2.II of
[9], we get

n
Y (Di) pia,0) — (Ditt)gexo,e [FdX <

Q(x0,0) =1
Y4
dx .

<o [ (1

Q(X9%,0)

(2.6)
Ou

ot

‘We have moreover

/ ||u8(z°,a) - uQ(Xo,o')"de <
Q(Xx%,0)

s% ] dt ] de / u(z, t) — u(z, &)| de.

062 0_g2  B(z0,4)

On the other hand, from u € Hl”’(t0 - 02,t°,LP(B(m°,a),]RN)), it
easily follows for ¢, £ a.e. in (t° - 02,1%):

4

ou dx

lu(z, ) — u(z, §)||pd:z: < g2e-1) / 5t

B(z0,q) Q(xY,0)
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and hence

P

Ou dX.

(27) / “uB(xo,a) - uQ(xo-")"de < o'2p ./ “E

Q(X%,0) Q(x9,0)

From (2.5), in virtue of (2.6) and (2.7), we get:

”PB(xO,a) - PQ(xO,,,)”de <

Q(X0,0)
P
aX,
that is the estimate we need.

(2.8)
<o [ (1EGI+
The estimate (2.2) follows from (2.3), (2.4) and (2.8).

Ou

ot

Q(Xorﬂ)

LEMMA 2.2. Ifuc€ W2(Q(X°,a),IRN), ifo € (0,2) and if Po(x0,0)
is the polynomial vector in z, of degree <1, verifying (2.1), then

2
o2 / lu — Poexo,qli?dX + / [D(x = Pogxo.)ll dX <

Q(X9,0) Q(X%0)
(2.9) 2(n+2 "
2(n42 au -iﬂ-FTl
<c| [ (1wl |5 Jox|
Q(X0,q)

where ¢ does not depend on o.

2
PROOF. Setting g = 2—(T:L)

1 it follows

ue Wq(Q(Xo) 0‘), ]R'N)

because ¢ < 2 and u € W?(Q(X° 0), R"). Then we are able to aPI_’I)'
to the function u — Pgxo, the lemma 3.3 of Chapter II of [13] (with
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= M, p =2, 1 =1), and hence we get the estimates:
n+4
2
[[D(u ~ Po(xo,0))|| "dX <
Q(X%0)
H—_%
2(n4+2
2(n+2 a '_(yml
se| [ (nHw)u*‘lﬂ +5 )dX +
Q(xola)
%
2(n42
+e / lu = Pogxool S2ax |
Q(X0,0)
2(n+2)
o2 / lu — Poxoql?dX < c ( / (”H(u)” T+
Q(x0,0) Q(X0,0)
. @ 2!:+22 dX_ Hé N
ot
+ 60'_4 / ”U - PQ(XO,o-)” 2::F+32 (19,4 ,
Q(Xo»”)

from which, in virtue of the assumption o < 2, it follows

o2 / llu — Po(xo,q|*dX + / 1D = Pocxo,m)l*dX <

Q(X0%,0) Qx0,7)
n44
2(n+2 Ou '2_(7%-5%1
o <] | (o )l
Q(X0,0)
%

_ 2(n+4-2
+co / Il — Poxo .oyl 2L dX
Q(X0,0)
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On the other hand, taking into account the lemma 2.1 (written for

_2(n+2) )
= ntd > 1),Weget.
2(n+2
lu — Poexo,pl ™5 dX <

Q(X%,0)

(211) 2(n+2

n 2(n+2 a —(ml

<ot [ (¥ 4|5 Jax
Q(Xor‘f)

Then from (2.10) and (2.11) the estimate (2.9) follows.

LemMa 2.3.  Ifu € WHQ(X%0),RY), with o € (0,1), then
VT €(0,1):
(lull? + || Dul?)dX <
Q(X0,r0)
<er? [ (P +1Du)dX+

Q(X%,0)
(2.12)

vt [ (10 spars
Q(x9,0)

2
du )dX,

+ —_—
where ¢ does not depend on o and T.

ot

PROOF. From the estimate:
2
lulf? < 2fluguoqll? +2lu - touoall”
by integrating on Q(X°,7a), T € (0,1), it follows:

(2.13) / lul?dX < c(ra)™+*|luguxo,nll* +2 / lfe — uqxo,||*dX .
Q(X0,70) Q(X®.0)
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On the other hand, taking into account the definition of ug(xo0,,) and
the Hoélder inequality, we get:

2

C C
(2.14) ||"Q(x°,a>||25ﬁ+-4 / u(X)ldX S /”“(X)||2dX-

(Xo,ﬂ) Q(XO:”)

From (2.13), (2.14) and by means of Poincaré estimate (2.6) of [9] we
obtain:

[uf?dX < cr™+? / [ul?dX +

Q(X0,10) Q(X%0)
(2.15) Bul?
+co? / I Du|?dX + co® / =\ ax.
Q(X00) Q(X%,0)
Using the same procedure for the vector D;u, i = 1,2,...,n, we
achieve:

IDiul2dX < crmt? / 1 D;ul?d X +
Q(xov"'”) Q(Xova)

+2 / 1D = (Diw)quxo,*dX
Q(Xx9,0)

from which, in virtue of the Poincare estimate (2.7) of [9], we get:

IDwldX <erm? [ |DalPax+

Q(X0,70) Q(X0,0)
(2.16)
ou

vet [ (1w +| %

Q(x%0)

2
)dX, Vi=1,2,...,n.

From (2.15), (2.16) and being ¢ < 1, the estimate (2.12) follows.
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3 — Li-local regularity for the matrix H(u)

Let u € W2(Q,R") be a solution in Q to the non variational system

8—1: = b(X,u, Du),

(3.1) —a(X,u, Du, H(u)) + 3

being a(X,u,p,€) and b(X,u,p) vectors of R" fulfilling assumptions
(1.2), (1.3) and (A).

In this section we shall show a “Caccioppoli’s type inequality”, from
which we will be able to derive, by means of a well known lemma due to
Gehring - Giaquinta - G. Modica, a L%-local regularity result for the ma-
trix H (u), where u is a solution to the system (3.1); this result, of interest
in itself, is preliminary to the study of the partial Holder continuity of
the vector Du.

LeEMMA 3.1. If u € W2(Q,IR") is a solution to the system (3.1) and
if the assumptions (1.2), (1.3) and (A) are fulfilled, then, ¥Q(X°,20) CC

Q, we have:
[ (o« [ Jax <

Q(X0%,0)

32)  <e e [ Ju-PoeanlidX+
Q(X9,20)

2
+ [ D= Paoaliax § +e [ o, Du)fax.
Q(X9,20) Q(X0.20)

where ¢ does not depend on o and Pg(xo) is the polynomial vector n
z, of degree < 1, such that

D“(u - PQ(xo_g,,))dX = 0, Ya: |al S 1.
Q(X09,20)
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PROOF. Let us fix a cylinder Q(X?,20) CC Q and let 9(z), p(t) be
two real functions of class C°(IR™) and C*(IR) respectively, such that:

(33) 0<¥<1, ¥=1inB(=%0), 9=0inR"\ B(z°20),
(3.4) |D*9| < co™1®l for all multi - indices a,

(3.5) 0<p<l, p=1lfort>t°—o?,

p=0fort<t°—(20)% |o'(t)| <co™2.

Denoting by Pg(x0,2,) the polynomial vector in z, of degree < 1, such
that

(3.6) / D®(u— Poxo20)dX =0, Vo la| <1
Q(x9,20)

and setting U(X) = 9(z)p(t)(u — Py(x0,20)), it results

d(u - P, - &
(8.7) H(u~ Py(x0.4,)) = H(u), ( Q(x0.20)) _ Ou

ot at’
(3.8) U e WHQ(X°,20), RY),
(3.9) HU) = H(u), %_Lt’ - %’ti in Q(X°, o).

Now from (3.1) and from the assumption (1.2), it follows(®):

dpAu — aﬂp% = ﬂp{Au - a[a(X, u, Du, H(u)) — a(X, u, Du, 0)] }—

— a¥pb(X,u,Du), inQ,

8)a is the positive constant that appears in the condition (A).
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from which, making use of the condition (A) (with 7 = H(u) and n =
one gets:
spl[au - oSt < dollE@I" + stau] "+
(3.10)
+ a9p||b(X, u, Du)||, inQ.
On the other hand:
AU = ﬂpA’U, + A('U: e PQ(xolza-))
(3.11) l;I(u) = 9pH(u) + B(u— PQ(,g 20))
) u
Et— = 19p’(u PQ(xo 2,)) + ﬂp?ﬁ
where
A(u — Pyx0,20)) = Adp(u — Py(x0,20))+
+2 D9 - D;(u — Pg(x0,26))s
(3.12) p2; (u — Fx,20)

B(u — Py(x0,25)) = {pDij9 - (v — Poxo, 20))+
+pD;9 - Dj(u — Py(xo, 2,)) + pD;¥ - D; (u — Poxo, 2,))}

From (3.11) and (3.10) it follows:

”AU a—“<t9p Au - a—”+”A(u Poexo,20) 1+

+ P ||lu — Poexo20)ll < ﬂp[')'”H(u)||2 + 5”Au"2]
+ aBp|[b(X, u, Du)]| + || A(x — Pgixo,20)ll + o'l — P20l
from which, Ve > 0 and for a.e. X in @:
s~ 2L < 1+ 99 i + 18w+
(3.13) + (e, a){”b(X ,u, Du) || + || A(u — Po(xo,za))" +

+ (0)llu ~ Pagxoali®} -

0),
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Taking again into account (3.11), we obtain:
2
P H@)|" < 1+ HE) + (@)l Ble ~ Powozo)ll”
P2 Au|? < (1+ )| AU|* + ele) | A(w — Porxo 00)||” -
These estimates allow us to estimate the right hand side of (3.13):

2
au- o] < @+ Ptz + @+ 818U + e 20,8

- {18X, w, Du)|* + | A(w —~ Pogxo2n)l* + [1B(w — Pagxo,z0))|*+

+ (0')]lu — Poixo,20) ”2} .

By integrating on Q(X?,20), taking into account lemmas 2.3 and 2.4
of [8] and the hypothesis (3.5), we get:

2

ou dxX <

“A"‘ —agy
Q(X°,2o')

< (1+ (v +6) / ”Au_aa_”

2

aXx
5| *
Q(xot2°)

releans)] [ IPax+ [ (lA@- Paroan)l+
Q(X9,20) Q(x9,20)

HB = Pogo )| )aX +07 [ lu= Pogrom|'dX
Q(x9,20)

The assumption v+ 6§ < 1 allows us to choose a suitable € in such a
way that:

2

dX <

(3.14) / UAL{ - a%t—u

Q(X0,20)
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<cleard] [ lbldx+
Q(X0,20)

2
+ [ (hatw = Papnan)l + B = Pagcozo)l’)4X-+
Q(X9,20)

+o~t / Il = Pogxo g X
Q(X0,20)
and hence, by lemma 2.3 of [8] and estimates (3.9):

[ (1o 2 Jax <

Q(X00)

<cleamd)] [ IbIPax+

Q(X9,20)
(3.15)

2
v [ (14 Pagman)l” + 1B~ Pepxoa)l')JaX+

Q(X9,20)

+U_4 / ||'u - PQ(X0,26) ”de
Q(X0,20)
On the other hand, by virtue of (3.12) and (3.4), we have
2
(I4(u - Pageozo)ll” + 1B(u = Paueeas)l )ax <
Q(X9,20)

- / llu = Paexo.zo "X+

Q(X020)

—2
(3.16) S 4°

2
+ / ||D(u - PQ(x°,2a))" dX
Q(X9,20)
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The estimate (3.2) easily follows from (3.15) and (3.16).
From (3.2), by virtue of lemma 2.2, we deduce:

LEMMA 3.2. Ifu € W2Q,R") is a solution to the system (3.1)
and if assumptions (1.2), (1.3) and (A) hold, then, VQ(X°,20) CC Q,
with o < 1, it results:

Bu
at

(1ercar” [ 5] Jox <

Q(X",a)

(3.17) <c ][ (IIH(U)“%HZQJF’@’

n+4
n

2!n_:—2!
)dX +

ot
Q(X%,20)
+e ][ e
Q(Xolzo')
where ¢ does not depend on o.
Now, for reader’s convenience, we recall the following result by Gehring

- Giaquinta - G. Modica (see: [12], Proposition 5.1 and [2], Chap. II,
Lemma 10.I)

LEMMA 3.3. IfU and G are non negative functions on Q with
UeL(Q), G e L*(Q), l1<r<s,

and if, for every Q(X°,20) CC Q, with o < 1, it results:
UTdX < c 75 Udx | +ec ][ GTdX, ¢> 1,
Q(Xx9%.0) Q(X0,20) Q(Xx9,20)
then there exists € € (0,s — r] such that U € L}, .(Q), Vp € [r,7 + €) and,
for every Q(X°,20) CC Q, with o < 1, it results:
1/p

1/p i/r
( _7[ U"dX) SK( ][ U'dX) +K( f crax|
Q(X9,0) Q(X9,20) Q(X9,20)
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where the constants K and € depend only on c,r,s and n.

By means of the estimate (3.17) and of the above - mentioned lemma
3.3, written for(®

2(n+2)
oull\ "
U=(lHW]+|3 :
n 4
=¥, =L =I5

n+2
we achieve the following

THEOREM 3.1. Ifu € W*(Q, IRY) is a solution to the system
(3.1) and if the assumptions (1.2), (1.3) and (A) hold, then there exists

ge (2, 2(n7—:— 2)] such that, ¥q € [2,3),

u€ I/VI%C(QJR'N) !

and, VQ(X°,20) CC Q, with o < 1, one has:

- 1/q
a q
{ (||H(u)||"+[5t’i”)dx <
| Q(X9%,0)
_ 1/2
au 2
<c ][ (||H(u)||2+|5t— )dX +
| Q(X0,20)
( 1/q
q
+c ,7[ “b(X,u(X),Du(X))" x|
_Q(XO,QU)

®1f € W2(Q, R"), by virtue of lemma 3.3 of Chap. II of [13] (see also lemma 2.I1I

of [9]), one has:

2$n+22

we L5 (10, 2 @ RY)),

and hence, for (1.3):
Gel'(Q).
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where ¢ does not depend on o.

4 — Partial Holder continuity of the vector Du

Let u € W2(Q, RY ) be a solution in @ to the non variational system

(4.1) —a(X,u, Du, H(u)) + %% = b(X,u, Du),

where a(X,u,p,€) and b(X,u,p) are vectors of R" with the following
properties:

(4.2) (X, u,p) is measurable in X, continuous in (u,p) and such that
6K, w,p)] < o1+ ull + Ipl), VueRY, vpeR™

and for X a.e. in Q;
(4.3) a(X,u,p, €) is continuous in (X,u,p), of class C' in £, with deriva-
tives —i'(") uniformly continuous and bounded in Q x R™ x R™ x RN

and suc;zJ that:
a(X,u,p,0) =0,

(A) there exist three positive constants a, v and &, with v+ 6 < 1 such
2
that, Vu e R, ¥p e R™", vr, ne R™ Y and for almost every X € Q:

n 2
Z'rii“a[a(qu«,p,T'i'Tl)"'a(X7u1p)77)] <

i=1

2

n
Z'rii 3

i=1

<Al +6

9e(X,u,p,§) _ [8a"(X,u,p,€)
(7) = 2 ! 2 x = e .
o { s Lohk=12 N
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(B) there ezists a non negative function w(t), defined for t > 0, con-
tinuous, bounded, concave, non decreasing with w(0) = 0 such that VX,

Y €Q, Vu,v € R, Vp,5 € R"N and V&, 7 € R™™:
la(X,u, p, &) — a(Y,v,5,8)|| < w(d(X,Y)+
+ [lu =)+ (o - 5117 - 161,

da(X,u,p,€) da(X,u,p,7)
0 0¢

<w(lle=71)®.

Let us start by showing the following
LEMMA 4.1. Ifue W?Q, RY) is a solution to the system (4.1) and

if assumptions (4.2) and (4.3) hold, then, VQ(X°,0) CC Q, with o < 2,
V7 € (0,1) and Ve € (0,n], it results:
®(u, X°, 70) < A®(u, X°,0) {7‘""’2"‘ + 0%+

(4.4) + [w(ca""@(u, X°,a))]1—% + l:w( ][ |H (v)—
Q(X9%0)

- (H(u))Q(Xo,,,,lfdx)J } ,

where g € (2,3)% and

B, X00) =04 | (||un2+nDuu2+

Q(X%0)
2
Jax.

® d(X,Y) = max {[lz — yll, |t — 7[*/*}, X = (z,8), Y = (3,7)-

(0 9a(X,u,p,n) _ {aa(X,u,p,n)
14 B 05

(10)7 is the constant (> 2) that appears in theorem 3.1.

(4.5)
Ou

+EWI + |5

Lhi=1,2...,0
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PROOF. Let us fix the cylinder Q(X°, o), with ¢ < 1, such that
Q(X9 20) CC @ and let us set:

- Loh
da(X,u,p,n) _ {/ da (X,u,P,tﬂ)dt}, hk=12,...,N,

0&i; 37
0a(X,u,p,m) _ {ad(X,u,p,n)} .
T, = 9%, , ,j=1,2,...,n.

In Q(X°0) the system (4.1) can also be written in the following
formV)

- a(X° u,, (Du),, H(u)) + %1:— = [a(X, u, Du, H(u))—

- a(X®, u, (Du),, H(w))] +b(X,u, Du) = By + b(X,u, Du) .

(4.6)

On the other hand, denoting by a*(X°,u,, (Du),,n), h =1,2,.., N,
the hth component of the vector a (X°, u,, (Du),,n), one gets:

a"(X°, 4, (Du)g, 1) = a"(X°, u,, (Du),,7) — a™(X°, u,, (Du),,0) =

n N 1
_ 6ah(X0,u,, (Du)mtn) X
_ZZO/ aélkj ding;, h=12,...,N,

" aa XO’ (&) D a)
a'(Xov Ug,y (Du)o')n) = Z ( uaf( U) T’) 77ij .
ij=1 k4

Hence, from (4.6), the system (4.1) can be written in the following
form:

_ = 93(X°, up, (Du),, H(u)) du
ijz=:1 o€;; Diju+ = =B +b(X, u, Du),

(“)ua = ‘UQ(xo',), (Du), = (Du)Q(xo,‘,), (H(u))a = (H(u))Q(XO.a)'
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or, equivalently

-y (X 00, (D)o, (B, ) 0w

ij=1 9 ot

SN <8&(X°,ua, (Dw),, Hw) 98(X° v, (Du)e, (H(w)),) )
—ij=1 6§ij aé‘ij
. Diju + B] + b(X,u, D’LL) = Bz +Bl + b(X,U, Du) :
Letting w to be the solution in Q(X° o) to the Cauchy - Dirichlet
problem

we WOZ(Q(XO,U),IRN)
(4.8) {

a{ X0 ug,(Du)o,(H(v)),
_E?j=lau(x u (a;z (H(w) )Dijw+%;£=32+31’

Ny -
it results, in Q(X% o), u = w + v, where v € W2(Q(X° o), R) is
solution to the linear system

2 9a(X° u,, (Du)g, (H(w)), 5
49) -3 a( U (a;:.) ( ) D,-jv+£=b(x,u: Du).
ij=1 13

Now the following estimate (see [1]) holds for v:

2 ||6v|?
[ (1@ +|5] Jax <
Q(X%,7a)
dv||?
(4.10) < erm¥? / (IIH(v)II2+ o )dX+
Q(X0,0)

te / 60X, u, Du)|’dX, Vr € (0,1),
Q(X%,0)

from which, setting

P,X%0) =™+ [ (fulf +1Dul)aX,
Q(Xx%0)
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in virtue of assumption (4.2), it follows:

ov
ot

)dX+
)

?

(||H<u>|12+ )dx <

Q(X0ro)

<ot [ (Je+
Q(Xolﬂ)

+cF(u, X% o), vr € (0,1

(4.11) A

ot

where ¢ does not depend on X°, 7 and ¢.
On the other hand, thanks to lemma 2.3, we have:

(4.12) F(u,X°,70) < er™2F(u, X%, o) + ca?®(u, X%, 0), V7 €(0,1).

The estimates (4.11) and (4.12) allow us to apply the lemma 1.II of
Chap. T of [2] and hence we obtain V7 € (0,1) and Ve € (0,n]

dv|?
(||H(v)||2+ 5 )dXS
Q(X0,r0)
413 2
1) <o [ (||H(v)||2+ % )dX+
Q(X0%,0)

+ e®(u, X°, o) (7727¢ 4 0?).

As for w the following estimate holds:

[ (1 + 5] )ax <

(4.14) AxXOe)
<e / IBL|2dX + ¢ / IB2|2dX .
Q(X0%0) Q(X%,0)

Now let us estimate the integrals in the right hand side of (4.14).
From assumption (4.3) - (B), from the L}, -regularity results given
in theorem 3.1 and in virtue of the Poincaré estimates (2.6) and (2.7) of
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[9], we get:
[|Bi]*dX <
Q(X%0)

< [ (o hu el + 1Du = (Du) ) | H I dX <
Q(X%0)

2/q
Sca””( f ||H(u)||qu> ( Foo(e -l

Q(X9,0) Q(X%0)
-2
D= (D )ax) < o (1ezcar+
Q(XO,ZU)
(4.15) au 2 g 2/(1
+{| 5] )4X + 7[ llblj*dX :
Q(X9,20)
-2
2 q
. {w( ][ (02+||u—u,|12+”D’u—(D“)v” )dX)] <
Q(X9%0)

2

<of [ (1mor« |5 )exs
Q(X0,20)

2 -2

2 -
+a‘"+2>(‘-§)( ||b||"dX) }-[w(ca—"cb(u,X%))] ‘.

Q(X°,20)

From assumption (4.2) it follows:

N

E 2
( [ x| seloi | [ fulpax |+
Q(X%,20)

(X9.20)
w uDunqu)
(X9,20)

(4.16)

2
q
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2(n+2

On the other hand, since 2 < ¢ < ) , using a well-known

n
embedding result (see e.g. [13], Chap. II, Lemma 3.3), one gets:

q
lul'eX | <
Q(X0,20)

(4.17) < eo™?(G) [ 4 / (lIH )’ +|

Q(X9%,20)

Ou
ot

)dX+

+ [ lwipaxy,
Q(X9,20)

|Duf?dX | <
(X9,20)

(4.18) <caq‘"+2"" / (”H WP+ ” “ )dX+
Q(X0%,20)

+ / lu?dX
Q(x9%,20)

Then from (4.16), (4.17) and (4.18) we deduce

2
q
2
U(n+2)(1—q)£/ ||b||"dX) <
(X9,20)

<ec {a”+2 +(1+0%) / lulPdX+

Q(Xx9,20)
)dx}

wtey [ (1l

Q(X%,20)
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from which, recalling the meaning of ®(u,X° ¢) and that ¢ < 1, it
follows:

:
2
(4.19) o 2(1-3) / lb[edX | < c®(u, X°,20).

(x9,20)
Hence (4.15) and (4.19) ensure that

q

(4.20) / 1B1]2dX < c®(u, X°,20) [w(co—"@(u,x°,2a))]l' .

Q(X0%,0)

Similarly we obtain:

1B:||*dX <

Q(X%,0) )

(4.21) 1—;
2
< cd(u, X°,20) |w ][ |) - (@), | aX
Q(X0,20)
and finally from (4.14), (4.20) and (4.21), we get
2 ow 2
[ (1@l + |5 )ax <
Q(X%0)
1-2

(4.22) < c®(u, X°, 20){[w(co""<1>(u,X°,20'))] T+

8!

Since u = v ++ w, from the estimates (4.13) for v and (4.22) for w, we

N [w( £ e - @,

Q(X9,20)
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obtain V7 € (0, 1), Ve € (0,7n]

ou

(MH(u)lF+ 5

2
)dXS

Q(X9,70)

(4.23) < c®(u, X, 20){7‘"*‘2"5 +0%+ [w(ca*’@(u, X°, 20))] ‘+

w( ][ |E@ - (W), de)} _3}.
Q(X°,2tr)

Adding the estimates (4.23) and (4.12) we achieve, V7 € (0,1) and
Ve € (0,n]:

+

12

®(u, X%, 70) < c®(u, X°,20'){T"“"2"°+<r2 + [w(ca‘"‘l)(u,Xo,20'))] 4

+[w( 7[ |2 - #@w),, 2dX)} _E}.
Q(X9,20)

Finally this estimate is trivially true for 7 € [1,2).
Thus the lemma is proved.
Let us set

Q={XeQ: lim’ ][ | @) ~ (B W) e[ d¥ > 0}
Q(X.o)

Q2 = {X €Q: Egéa‘"@(u,X,a) > 0} .

It results:
meas @; =0
and (see [11], Theorem 2)

Hn(QZ) = 0:

where H,, is the n-dimensional Hausdorff measure with respect to the
parabolic metric d(X,Y).
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Hence the set Q; U Q2 has measure zero.
Now reasoning exactly as in theorem 5.1 of [3] it is easy to prove

LEMMA 4.2. If u € W*Q,R") is a solution to the system (4.1) and
if the assumptions (4.2) and (4.3) hold, then for every fized € € (0,1), it s
possible to associate to every X° € Q\(Q1UQ2) a cylinder Q(X°, Rxo) C
Q \ Q2 and a positive number o, such that

B(u,Y,70.) < (1 + A)r"?"%8(u, Y, 0.), V7 € (0,1), VY € Q(X°, Rxo)

and hence:
H(u) c L2,n+2—2e (Q(XO,RXO),d, ]anN) ,
(4.24
) % € i (QUX Ryo), & RY) ™,
(4.25) Du € L2™+2(Q(X®, Ryo),d, R™) ™.

(2 pmamac (Q(Xov Rxo),d, le) (k integer > 0) denotes the space of those functions
v € L?(Q(X®, Rxo), R*) such that

sup p'("+2—2') / ||v||2dX < +00.
YeQ(XxY%.Ryo)
Q(Y.p)

»>0

(13) £2n+4-2¢(Q( XY, Ryo).d, IR"Y) denotes the space of those functions v € L*(Q(x°
Ryo),R™) for which

sup p (n¥i-29 / llv - vor.alPdX p < +oo.
YeQ(XO Ryo)
Q(Y\p)

p>0

If v € L2"H=2(Q(X®, Ryo),d,R"N), then v is (1 — ¢) - Holder continuous (with
respect to the parabolic metric) in Q(X°, Rxo) (see [10}).
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From lemma 4.2 the following result of partial Hélder continuity for
Du easily follows:

THEOREM 4.1. Ifu € W2(Q,IR") is a solution to the system (4.1)
and if the hypotheses (4.2) and (4.3) are fulfilled, then there exists a set
Qo, closed in Q, with(¥:;

Q:CQCQUQ,

such that
Due C"*(Q\ Qo,d,R™), Va<l.
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