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Jackson type estimates in the approximation

of random functions by random polynomials

S.G. GAL

RiAssuNTO: Il problema dell’approssimazione delle funzioni aleatorie mediante po-
linomi aleatori é stato studiato in [1-2], [6-8], [10]. Lo scopo di questo lavoro é di
ottenere stime dell’ordine di convergenza delle approssimazioni.

ABSTRACT: Some theorems of Weierstrass type concerning the uniform approz-
imation in mean of random functions by random polynomials are obtained in [1-2],
[6-8], [10] and Korovkin type estimates are given in [11]. Using a suitable modulus of
continuity Q(f;9), the main purpose of this paper is to construct random polynomials of
degree < n which approximate the random function f uniformly in mean, with the ap-
proximation order O(Q(f; l/n)). The cases of both periodic and non-periodic random
functions are considered.

1 — Introduction

Let (E, B, P) be a probability space, where E is a nonempty set, B
a o-field of parts on F and P a probability on B.
Let us denote by L(E, B, P) the set of the real random variables
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defined on F, a.e. finite and for each p > 1 let us define
17(E,B, P) = {g e L(E,B.P); [ lo@)'dP) < +oo} .
B

Section 2 of this paper contains some definitions and auxiliary results.
Using a suitable modulus of continuity Q(f;¢), in Section 3 we obtain
Jackson type estimates for the uniform approximation in mean of 27-
periodic random functions, by random trigonometric polynomials, the
approximation order being O(Q(f;1/n)).

Finally, Section 4 contains a Timan type estimates for the uniform
approximation in mean of random functions defined on a closed interval,
by random algebraic polynomials.

Although known arguments used in the approximation of real func-
tions by ordinary polynomials are adapted to our problems and the results
are going to give are the analogue of what are well-known in that field,
however we believe that they are of some interest in the study of the
stochastic processes.

2 — Definitions and auxiliary results
It is known the following
DEFINITION 2.1 (see e.g. [8], p. 46). Let f : [a,b] — L'(E, B, P) be

a random function. We say that f is continuous in mean (of order one)
in a point ty € [a,b], it for any € > 0, there exists 6 = d(g,ty) such that

/|f(t,w)—f(t0,w)|dP(w)<8, for all t € [a,b] with |t—to <9.

Fora,b € IR, a < b, let us define
CMla,b] = {f : [a,b] — L*(E,B,P); f is continuous in mean in
each t € [a,b]}.
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The following result holds.

LEMMA 2.2. If f € CM]a,b] then

sup{/|f(t,w)|dP(w); te [a,b]} < +00.

PROOF. Define F : [a,b] — R by F(t) = [, |f(t,w)|dP(w) and let
suppose that F' is unbounded on [a,b]. This means that there exists a
sequence x,, € [a,b], n € IN, such that F(z,) >n,n=1,2,..., that is

(1) /|f(xn,w)\dP(w) >n, VneN.

Since z,, € [a,b], n € IN, there exists a subsequence of z,, y, = z,,,
k=1,2,..., such that y. — yo € [a,b].
By (1) we get

k</’f(yk»w)!dP(w) S/|f(yk,w)—f(y0,w)\dp(w)+
+[1foe)ldPw), ke

and passing to limit with k& — 400, taking into account that f is contin-
uous in mean in g, too, we obtain the contradiction

[ 17 nw)]aP(w) = +o0.

Let us define

L'(Ja,b] x E) = {f : [a,b] — L'(E, B, P); f(t,w) is measurable
Lla,b] x B and fab |f(t,w)|dt < +o0; ae. w € E}

and

2) Ly, RxE)={f : R— LYE,B,P); f(t,w) is measurable
L(IR) x B and there exists A C E with P(A) =1,
such that f(t + 2m,w) = f(t,w), for all t € R,
we Aand [7_|f(t,w)|dt < +oo, for all w € A},
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where L]a,b] and L£(IR) denote the classes of Lebesgue measurable sets
on [a,b] and on IR, respectively.

REMARK. In [3], f: IR— L'(E, B, P) is called 27-periodic if satis-
fies the weakened condition

[ 15+ 2m,0) ~ st )|aP@) =0, vieR.

Denote

N () = Y (1) (”) (o tih).

DEFINITION 2.3 (see e.g. [3], p. 460). Let f € Ly (IR x E) and
n € IN. The n-th order modulus of smoothness of f is given by

(3) Qn(f;5):sup{sup{/|AZf(t,w)|dP(w); tGIR}; Oghgé},

where A7 f(t,w) is applied to the variable t.
Also, for f € L*([a,b] X E), the n-th order modulus of smoothness of
f is given by

(4) Qn(f;(5):sup{sup{/fAZf(t,w)|dP(w) it e [a,b—nh]}; OShS(S} .

The modulus Q,(f;d) will be denoted by Q(f;9).
Concerning the above moduli of smoothness, the following property
will be used in Section 3.

LEMMA 2.4. For all A\ > 0 and all 6 > 0 we have
(5) Q. (f;20) < (A +1)"Qu.(f;6),

where Q,, is given by (4) or (3).
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PROOF. Let Q,, be given by (3), for example. Firstly, we will prove
that for any m € IN we have

Indeed, by [5]. p. 47 we get

m—1

ArLftw) =) .. ZAft+k1h+ A khw), ae weE.

k1=0  kp=0
Hence passing to absolute value and integrating on E, we obtain

Z/A;f(wrh(z;@), )‘dP ()<

m—1

[ 180,7(6,0)|4Pw) <

k1=0 kn—OE
m—1
k1=0 kn=0

and passing to supremum with 0 < h < ¢ and with ¢ € IR, we get (6).
Now, since by (3) obviously €,,(f;d) is monotone as function of § and

taking into account that A < [A\] + 1 < A + 1, we immediately get (5).
The proof for Q,,(f;d) defined by (4) is analogous.

Another important result which will be used in Section 3 and 4 is
indicated below.

LEMMA 2.5 (i). If f € L*([a,b] x E), then we have

/[/}ftw|dt]dP /l/]ftwdp 1

(ii) If f € L} (R x E) then

/U}f(t,wﬂdt]dP(w) = f [/|f(t,w)\dp(w)]dt,

i
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PROOF. (i) By f € L*([a,b] x E), obviously |f| € L*([a,b] x E). Then
our equality is an immediate consequence of a Fubini type result (see e.g.
Theorem 10.2.2 in [9], p. 187).

The proof of (ii) is entirely analogous.

Now, if we define
CM(R) = {f: R— L*(E,B,P); f is continuous in mean on IR}, the
following result holds.

THEOREM 2.6 (). If f € L'([a,b] x E) N CM]a,b] then

(7) /Vftwdt]czp /[/ftde()]d

(il) If f € LL_(R x E) N CM(RR) then

(8) /[/ftwdt]dP /l/ftde )]d

—T

PRrOOF. (i) Let f € L'([a,b] x E) N CM][a,b] be and define F :
[a,b] — R by

20 :/|f(t,w)]dP(w), tefab].

E

Since f is measurable L[a,b] x B, then by e.g. [9, Theorem 10.2.2,
p. 187], F' is measurable L[a,b]. Also, by Lemma 2.2, F' is bounded on
[a, b] and therefore F' is Lebesgue integrable on [a, b].

As conclusion, there exists finite the integral f: [fE |f(t,w) ]dP(w)} dt,
and by the Fubini’s theorem (see e.g. [9], p. 189), we get (7).

The proof of (ii) is entirely analogous.
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Finally, let us consider two known concepts by

DEFINITION 2.7 (see [8]). A finite sum of the form P,(t,w) =
Zav( )-t', t € [a,b], where a,, € L(E,B,P), k = 0,1,... ,n, will be
called random algebraic polynomial od degree < n.

Analogously, a sum of the form S, (t,w) = i lag(w) - cos kt + by (w) -

k=0
sinkt], t € R, w € E, where ay, b, € L(E,B,P), k=0,1,... ,n, will be
called random trigonometric polynomial of degree < n.

3 — Approximation by random trigonometric polynomials

The approximation of 27-periodic random functions f € L} (IR x F)
by random Fourier series and by random trigonometric sum of Fejer type
is considered in [3], where additional references can be found.

In this section we will consider random trigonometric polynomials of
Jackson type, which will approximate f € L} (IR x E) with the approxi-
mation order O(Q(f;1/n)).

The main result of this section is

THEOREM 3.1. There exists an absolute constant C' > 0 such
that for each f € L) (IR x E) there exists a sequence (J,), of random
trigonometric polynomials od degree < n which satisfies

/|fa?w Nz,w)|dP(w) <C-Q(f;1/n), zeR, nelN
and even
/|fxw Nz, w)|dP(w) <C-Q(f;1/n), z€R, nelN.

PROOF. For f € L (IR x E), let us define
To(f) (2, w) = /f(a:—irt,w)-Kn(t)dt, weA neN,

where A is given by (2) and K, (t) is defined as in [5, p. 55, relation (5)].
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Since f € L3 (IR x E), obviously we can write
(z,w) /ftw Wlx—t)dt, weA, nelN,

which means that J,(f)(x,w) are random trigonometric polynomials.

In the following, we will reason exactly as in the proof of Theorem 2
in [5, p. 56]. We get

flaw) = (D) = [ [faw) = fla+tw)] - K (0t =
/fow flz+tw)— flz —t,w)] - K,()dt, weA, zeR.

Hence passing to absolute value and integrating on F/, we immediately

get

1 @) = () aw)dP() <

s

< /|2f (z,w) — f(z +t,w) — flz —t,w)| 'Kn(t)dt]dP(w) =

S~

_/[/|2f T,w) :U—l—t,w)—f(x—t,w)|dP(w)1Kn(t)dt§

0

Qo (f5t) - K (t)dt = /ngntl/n)) W (t)dt <

IA
o\

_92(f31/”)/(nt+1)2'Kn(t)dtﬁC'Qz(f§1/n)v relR,

where we have applied firstly Lemma 2.5, (ii), and secondly (5).
In conclusion, this proves the second estimate in Theorem 3.1.
Now, the first estimate is an immediate consequence of the obvious

inequality Q,(f;d) < 2Q(f;9).



[9] Jackson type estimates in the approximation etc. 551

REMARKS. 1) For f € L} (IR x E) and p € IN, let us define
™ p+1 p+ 1
In(f)(xaw):_/Kn,T(t)Z(_l)k < Lk )f(:r:—{—k:t,w)dt, n €N,

where r and K, ,.(t) are defined as in [5, p. 57].
Then, reasoning exactly as in the proof of Theorem 3 in [5, p. 57-58]
and as in the proof of the previous Theorem 3.1, we get

flz,w)=L,(f)(z,w) = (—1)”“-/ Ko, (t)-A f(z,w)dt, we A, n € IN.

Hence passing to absolute value and integrating on E, by Lemma 2.5,
(ii) and by (5) we obtain

/‘facw )z, w)|dP(w)

s/{/mMﬂMﬁmmmﬂdﬂw:
:/Knr l/|AP+1 (z,w)|dP(w)

s/mAwnWUwWHﬂ/mﬂmm&»meﬁs

)| dt <

™

<2 Qp+1(f3 %) /(m‘ + 1)p+1Kn,r(t)dt < Cp+1 : Qpﬂ(f% %) .

0

As conclusion, for every f € L) (IR x E) and every p = 1,2,...,
there exists a sequence (I,(f)), of random trigonometric polynomials of
degree < n, such that

o) /‘f T, w) (z,w)|[dP(w) < Cpy1 - Qpia(f;1/n),

n €N, reR,
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where C),;; is an absolute constant.

2) If in addition f is supposed to be in C' M (IR), then since it is easy
to see that Q,.1(f;0) < 27-Q(f;6), and as in the usual case, f € CM(IR)
implies (f;0) — 0, as § — 0, we get ©Q,.1(f;0) — 0, for § — 0.

Hence, obviously the random trigonometric polynomials (.J,,(f)), in
Theorem 3.1 and (I,(f)), in (9), converge uniformly in mean on IR, to
the random function f.

3) A question which remains to settle is if Theorem 3.1 remains valid
by replacing in (2) the condition

ft+2m,w) = f(t,w), VteR, VweA,

with the weakened condition in [3]

/!f(t+2w,w) — f(t,w)|dP(w) =0, VteRR.

4 — Approximation by random algebraic polynomials

In this section we will extend Theorem 3.1 to the case of approxima-
tion of f € L'([a,b] x E) by random algebraic polynomials.
We set

Lia,b] = {f : [a,b] — R; f is Lebesgue integrable on [a,b]},
let us consider a positive linear operator T : L[a, b] — L]a, b] satisfying

T(Yap) = sy »
10
W [t @ape) = T[ / f<u,w>dP<w>] (@).

E E

for all f € L*([a,b] x E) and all € [a,b]. T[f(u,w)] means that T acts
on f considered as function of the first variable u; by f € L'([a,b] X E),
obviously f(-,w) € Lla,b], a.e. w € E.

In the sequel we need the following result
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THEOREM 4.1. Let L : L*([a,b] x E)NCM]a,b] — L*(]a,b] x E) N
CM]a,b] be the linear operator defined by

L(f)(z,w)=T[f(u,w)](z), Vaz€lab], ae wekFE,

where T satisfies (10).
For all f € L' ([a,b] x E) NCM|a,b] and all x € [a,b], we have

[ 15@.w) = L) @) |dPw) < 2- Q55T (ju - al) (@)

PROOF. Let x € [a,b] be fixed and § > 0. By the standard technique
and by (10) we immediately get

[ 1960,60) = L) dPe) = [ 17(0) = TS )] dP() =

:/|T[f(a:,w)—f z)|dP(w /T | f(z,w) w)|)(x)dP(w)=

() ST[Qf;0 - Ju—2]/0)](x) <

- T[ [ Haw) - fuw)|dP)
< T[4 Ju—21/8) - QF;8)](2) = [1+T(lu — 2))/5] - f;5).

We have two possibilities:
(i) T(ju—=z[)(z)=0 and (ii) T(Ju—z|)(z) > 0.

CASE (1). By the above inequality we get

/|f(:c,w)—L(f)(:v,w)|-dP(w)gQ(f;&), forall 6>0.

Passing with § — 0 and taking into account that f € C'M|[a, b] implies
Q(f;0) = Q(f;0) =0, we get

[ 17@w) = L) @,@)|dPw) =0 = Q(fT(ju — o) (@)

CAsE (11). Choosing 6 = T'(Jju — z|)(z) > 0, the proof is immediate.
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REMARK. A global (and not pointwise) estimate of the previous type
was given in [11, Theorem 4.1].

Now, let us consider the Lehnhoff algebraic polynomials introduced
in [4] by

T.(f)(z) = (1/x) - /f[cos(arccosx + )] - K3,—3(v)dv,
feC{il,l], ze[-1,1],
where
Kap_s(v) = [10/[n(11n* + 5n® 4+ 4)]] - [sin(nv/2)/ sin(v/2)]".

In [4] it is proved that T,,(f)(x) is an algebraic polynomial of degree
3n — 3 and that is a positive linear operator on C[—1, 1], which satisfies

To(L21)) = 11,1

11
" T (Ju - 2’) (@) < (

30).{@@}?

11 n n2

Let us define L,, : L*([-1,1] x E)NCM[-1,1] — L*([-1,1] x E) N
CM[-1,1], by

Ln(f)(2,w) = T [f(u,w)] (2) =

(12) = (1/7) - /f[Cos(arccos:c +v), w] K3p—3(v)dv .

Since f € L'([-1,1] x E) N CM][-1,1], obviously f o cos belongs to
the same intersection and therefore we immediately get

L,(f)(z,w)=(1/7) - /f[cosv,w] - K3,,_s(arccos x — v)dv

which proves that L, is a random algebraic polynomial of degree 3n — 3.
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On the other hand, by Theorem 2.6, (ii), we obtain

/ l(l/w) : /f[cos(arccosx +v),w] K3n_3(v)dv] dP(w) =

E

:/l(l/ﬂ')‘/f[COS(aI'CCOS.TJ+U>,W]dP(W)]K3n_3(U)dU.

Hence by (11) and by Theorem 4.1, the following estimate of Timan
type holds.

COROLLARY 4.2.  For all f € L'([-1,1] x E) N CM[-1,1] and all
x € [—1,1] we have

J1#@.0) = Lu(P)@,0)[dP@) < 4- (VT =22/ + fal n?).

where L, (f)(xz,w) is given by (12).

REMARKS. 1) An open problem is the following: what become The-
orem 3.1 and Corollary 4.2 if the integral which defines J,(f)(z,w) and
L, (f)(z,w) is replaced by the integral in probability defined in e.g. [8,
p. 50]?

2) Another problem of some intereset is to find similar results when
the convergence in mean is replaced by the convergence in mean of order
p > 1 (see e.g. [8, p. 46]) and the moduli of smoothness defined by (3) or
(4) are replaced by

1/p
Qn,p(f;5):sup{sup{(/’Aﬁf(t,w)‘de(w)) ;i te IR}; OShS(S}.
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