Rendiconti di Matematica, Serie VII
Volume 15, Roma (1995), 173-209

On ccC-solutions to the initial-boundary-value problem
for first-order partial

differential-functional equations

H. LESZCZYNSKI

RIASSUNTO: Si dimostra un teorema di esistenza ed unicitd della soluzione alla
Cingquini Clibrario del problema alle condizioni iniziali e di confine per le equazioni
alle derivate parziali del primo ordine. Il problema viene ridotto ad un sistema di
equazioni integrali del tipo di Volterra; il risultato € formulato per domini rettangolari
a pit dimensioni. La classe delle CC-soluzioni del problema con dati regolari coincide
con la classe delle soluzioni classiche. I risultati del lavoro sono validi per i sistemi di
equazioni debolmente accoppiate. St applica la teoria delle bicaratteristiche.

ABSTRACT: We prove a theorem on the ezistence and uniqueness of solutions in the
sense of Cinguini Cibrario to the initial-boundary-value problem for partial differential-
functional equations of the first order. This problem is reduced to a system of Volterra-
type integral-functional equations. Our result is formulated for n + 1 dimensional rect-
angles. The class of CC-solutions to problems with reqular data consists of classical so-
lutions to these problems. The results of our paper are valid for weakly-coupled systems
of partial differential-functional equations. The theory of bicharacteristics is applied
here.

— Introduction

Denote by C(X,Y) the set of all continuous functions defined on X
taking values in Y, where X,Y are arbitrary metric spaces. Let ag > 0
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b= (b,...,b,) € R}, Ry =[0,00), and E[a] = [0,a] x [=b,b], Eyla] =
[—70,a] X [-b— 7,04+ 7]\ (0,a] x (—b,b) for a € (0, ao], where 7, € R,
T=(T1,...,7,) € R}. Let D = [—7,0] x [-7,7]. We will write E and
E, instead of Elag] and Eylag) respectively.

For z : EyUE — IR and for (z,y) € E we define function z(, ) :
D — R by 2z, (&,n) = 2z(x + &y +n) for (§,1) € D. Given a function
z:EyUE — R and (z,y) € F, the function z(, (-, -) is the restriction
of z to the set [z — 79,2 + 7] X [y — 7,y + 7] translated to the origin
of the coordinates. The model of the Volterra functional dependence
represented by z(,,) is a natural extension of an analogous model in
the theory of ordinary differential-functional equations, compare [10]. So
called Hale’s operator has become classical for ODEs. Its generalization
on the ground of PDEs was introduced in [11]. Let Q@ = ExC(D,IR)xIR".
Assume that f: Q — IR and ¢ : Ey — IR. We consider the differential-
functional equation

(1) sz(x,y) :f(x,y,z(x,y),Dyz(x,y))
where D,z = (D,, 2, ... ,D,, z), with the initial-boundary condition
(2) 2z,y) = ¢la,y) for (z,y) € Eo.

For every k € IN, and for every = (n1,...,m) € IR* we define

yees

set of all functions A : I — IR for which f;f |A(t)]dt exists.

Function z € C(Ey U E,IR) is said to be CC-solution of equation (1)
iff:
1° derivative D,z exists on F,

2° functions z(-,y), Dyz(-,y) are absolutely continuous on [0, ag] for every
y e [_ba b]a
3° there are functions Ao, \; € £([0, ao], IR;) such that

[Dyz(z,y)l| < Xo(@),  [[Dy2(z,y) — Dyz(z,9)|| < Mi(2)]ly — gl on E,

4° for every y € [—b, b] equation (1) is fulfilled for almost all (in the sense
of Lebesgue’s measure) x € [0, o).



3] On CC-solutions to the initial-boundary-value problem etc. 175

Observe that in the above definition of C'C-solution, contrary to the
definitions of classical or Caratheodory’s solutions, the regularity of z
with respect to z is by far less than its regularity with respect to .
Especially, condition 4° suggests that the spatial variables are regarded
rather as parameters, while our approach to partial differential-functional
equation (1) has got some analogies to ordinary differential equations with
parameter y. Obviously, the appearance of the derivative D,z causes a
lot of technical problems to cope with.

We give three examples of differential and differential-functional equa-
tions which are covered by our model given in (1) and which illustrate
our existence theory developped throughout the present paper.

Example 1. Let f: E x R x IR" — IR. Consider the equation

(3) D.z(z,y) = f(w, Y, / z(x + &,y +n)ddn, Dy z(x, y)) :

D

It will be seen that integro-differential equation (3) is a particular
case of equation (1) if we define

f(x,y,w,q) = f(x,y,/w(f,n)d§dn, q> on .

D

The properties of D, f, D, f and D, f expressed in our Assumptions
H, ; and H,; are generated by the analogous properties of D, f. D, f and
D, f, respectively.

Example 2. Let f : ExRxR" - R, a: E - R and 8 =
(Bi,y ..., 0,) : E— IR". Consider the equation

(4) D,z(z,y) = f(w.y, 2(al,9), B(z,y)), Dy2(x,y)) -

Assume that a(z,y) < x on E, which means that equation (4) is
delayed. Suppose also that |8;(x,y) —y;| < 7; for j =1,... ,n. Define

(5)  fle.y.w,q) = f(wywlaley) - 2,8(z,y) —y).q) on Q.

Equation (4) with a delay at function z becomes a particular case of
(1), where f is defined by (5). Assumptions H; , and H,; will be satisfied
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in a similar way as in Example 1 when functions «, 5 are sufficiently
regular, a(z,y) and 5(z,y) —y do not depend on y. Otherwise, we ought
to introduce more complicated assumptions on D, f, D, f, D, f and the
space where we look for solutions.

Example 3. Let f: E x R x IR" — IR. Consider the equation

(6) D,z(x,y) = f(z,y,2(z,y), Dyz(z,y)) -

This equation will be found to be a particular case of (1) if we put

f(%yaw?@:f(1’7y,w(0,0),q) on .

It is clear that (6) can be specified from (4). It is enough to take
a(r,y) = x and f(x,y) = y on E. Nevertheless, we show this example
because it is a partial differential equation without any functional depen-
dence. If we are concerned with C'C-solutions of (6), some existence and
uniqueness results for the Cauchy problem to equation (6) can be found
in [6].

We shall consider C'C-solutions to problem (1), (2). The system of
integro-functional equations that we investigate in Section 3 has been
obtained from equation (1) by its quasi-linearisation with regard to the
last variable. We prove a theorem on the existence of absolutely contin-
uous solutions to the integral system by means of the Banach fixed point
theorem. Next, we prove that this function consists of the solution of
the problem (1), (2) and of its spatial derivatives. Let us mention that
the solution to the Cauchy problem for (1) is unique in a subclass of
Caratheodory’s solutions. Some more results on uniqueness can be found
in [3], [15].

C'C-solutions to differential equations were first treated by M. CIN-
QUINI CIBRARIO [6], see also the literature mentioned there. It is easy
to check that C'C-solutions are placed between classical solutions and so-
lutions in the sense of Caratheodory. What is more both inclusions are
strict.

A classical solution to the differential (or differential-functional) prob-
lem we call a function which is continuous in its domain (open connected
subset of an Euclidean space) and which has its partial derivatives at
every point of the domain and the differential equation is satisfied also
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everywhere. Classical solutions have been investigated by many authors
and under various assumptions. We do not pretend to list all of them.
Let us mention only [3], [11], [21], [22].

The class of C'C-solutions seems to be very important if we look for
classical solutions because the assumption that right-hand side of the
equation is continuous is sufficient to prove that every C'C-solution to
this equation is a classical solution. This observation is known in the
literature, see [6], [7].

The class of solutions in the sense of Caratheodory (or ‘almost ev-
erywhere’) is wider than the class of classical solutions and consists of all
functions which are continuous, have their derivatives almost everywhere
in a domain, and the set of all points where the differential equation is not
fulfilled is of Lebesgue’s measure zero. Existence, uniqueness and contin-
uous dependence on initial data and parameters have been discussed in
numerous literature, for example [1], [4], [5], [8], [12], [13].

In some papers terms ‘weak solutions’ or ‘generalized solutions’ often
refer to solutions of some integral equations which are equivalent to the
differential problem only in a class of its classical solutions, [18]. These
integral equivalents are obtained mainly by use of characteristics. An-
other type of generalized solutions can be found in [9], [19], [23]. These
solutions are called also ‘weak’ or ‘distributional’. Their definition is con-
nected with a class of some integral identities which can be obtained in the
way the differential equation is multiplied by an arbitrary test function
of class C'*° vanishing outside some compact set contained in the domain,
next the obtained product is integrated by parts. The procedure can be
applied only for linear or quasi-linear equations. An essential extension of
some ideas concerning distributional solutions on the ground of non-linear
equations is contained in the monograph [16], where generalized solutions
called ‘viscosity solutions’ are considered. Every continuous function that
is a viscosity solution to the differential problem satisfies this equation at
every point where it is differentiable. Thus the class of viscosity solutions
is wider than the class of solutions in the sense of Caratheodory.

Note that differential-functional equations have been applied in many
branches of science, for instance in biology, economics and physics, [1],
[2], [17] and many other papers. This has been discussed in our other
papers more extensively.

In [14] we prove an existence and uniqueness theorem for a class of
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unbounded C'C-solutions to the Cauchy problem in an unbounded zone.
Out proof methods either for local problem (1), (2) or for global with
respect to y problem are some generalizations of the results obtained by
M. CINQUINI CIBRARIO [6] concerning differential equations without a
functional variable. Our main result (Theorem 4.2) is an extension of
some existence results from [6] until we consider a rectangular domain.
It is easy to see, however, that our results can be also extended on initial-
boundary-value problems in domains with curvilinear boundaries. In
[15] one can find some uniqueness results concerning C'C-solutions to the
Cauchy problem for weakly and strongly coupled systems with right-hand
sides satisfying some non-linear comparison conditions much weaker than
the Lipschitz condition.

Initial-boundary-value problems for differential-functional equations
were considered in [18]. Existence and uniqueness theorems for classical
solutions proved by means of characteristic can be found in [20] and
the literature cited there. These theorems can be easily formulated and
proved in a local version, for example in a Haar pyramid, in a rectangle
and in a domain bounded by some curvilinear surfaces.

In the case of differential-functional equations it is easier to consider
the Cauchy problem in an unbounded zone than in a bounded domain,
because a consistency condition is needed on some parts of bounded sets,
see [24]-[25]. This condition causes particular problems if we want to
show that the solution to the integral analogue of the differential problem
is a solution to the initial-boundary-value problem. In order to prove
the theorem on existence and uniqueness and especially to prove that
the solution is differentiable with respect to y we use some theorems on
differential and integral inequalities, [21].

1 — Basic notations and assumptions

_ Let Cr(D,IR) be the set of all w € C(D,IR) such that there exist
LeR,; and A € L([—79,0],IR;), (dependent on w), satisfying

j A(t)dt

w(z,y) —w(z,7)| < +L|y—g|| on D.
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For w € Cp(D,R) we define ||w||, = ||w||p + inf {L + [°_ A(t)dt},
where ||w||p denotes the supremum norm.

Let O, = E x C(D,IR) x R". For p € R, define Cr(D,R;p) =
{we CL(D,R) : ||w|r <p}. Symbol || -], denotes the supremum norm
in space C(Ey[z]UE[z],R), (z € [0, ao)), whereas |- ||(») is the supremum
norm in C(E[z],IR). For a € (0, ao] let =, denotes the set of all functions
A:[0,a] x Ry — IRy such that (-, s) € £([0, ao],IRy) for every s € R,
and A(¢,-) : Ry — IR, is non-decreasing for almost every ¢ € [0,a]. In
the following Assumption H; ; we define the space of initial functions for
equation (1).

ASSUMPTION H, ;. Suppose that
1° ¢ € C(Eo, R) and there exists Dyp(z,y) for (z,y) € Ey,

2° there are Lo, L1, My € Ry and N, \; € L([0,a0],IR;) such that we
have on Ej

b

lp(z,y)| < Mo, ||Dyp(z,9)||< Lo, [0(Z,y) — @(z,y)] <

/ ny(t)dt

|Dyo(z,7) — Dyo(z,y)|| < + Li||g -yl

j X (t)dt

Denote by E? the set of all y € [—b,b] such that there exists j €
{1,... ,n} satisfying |y;| = b;. Define also the set E?[a] = [0,a] x E?.

Vector v = (v4,...,1,) € IR" is said to be an inner normal vector at
point y € E? iff v;y; < 0 for i € {1,... ,n} such that |y;| = b;, and v; = 0
for the other indices i. For every u = (pt1,... s ftn), v = (11, ... ,v,) € R"

let pov = jzl pivy, and ||v|j, = 3'21 lv;].

In the theory of bicharacteristics we consider some systems of ODEs
with the right-hand side which is the derivative —D,f (of the function
f from (1)), and D,f is taken at the point (¢,7, 2., u(t,n)), where
z € C(EUE,R)and u € C(E,UE,IR"). Now, we formulate assumptions
on D, f necessary in the construction of the theory of bicharacteristics.

ASSUMPTION H,,. Suppose that
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1° for (z,y,w,q) € Qp there exists D,f(z,y,w,q) € R", (D,f =
(Dg, fy--- s D.1)); for every (y,w,q) € [—b,b] x Cr.(D,R) x R" we have
D f(-,y,w,q)€L([0,ao], R"), D, f(x,-) € C([-b,b] x Cr(D,IR) xR", IR")
for almost every x € [0, ao],

2° there are Ao, \1 € 2, such that

||qu($7yaU),Q)H S )\0(1',]7) on B x CL(DalRap) X ]R'nv pe IR+5

1Dgf (z,y,w,q) =Dy f (z, 9, w, @)} < M2, p) [ly=ll+lw—wlp+[lg—ql]

for (y,w,q), (y,w,q) € [=b,b] x Cr(D,IR;p) x R" and for almost every
T € {0,@0],

yees

such that

D,f(z,y,w,q) ov > co(p)Xo(z,p) |||,
fOT (:E,y,w,q) € Ex CL(D7R’p) x R"

such that there exists § € E? and v = (v1,... ,v,) is an inner normal
vector at § and ||y — y|| < 2¢o.

REMARK. If n = 1 then condition 3° of Assumption H; , means the
same as

- qu(l‘avav(I) Z CO(p))‘O($ap) fOI‘ Yy € [_b7 _b + 250] )
- qu(x7y7w7Q) S _CO(p))‘O(:r7p) fOI' Yy € [b - 2507b] )

for (z,y,w,q) € E x Cp(D,IR;p) x R". Compare with the assumptions
in [18]. If we replace the right-hand sides of the inequalities by 0 and
‘>7 ‘<’ by ‘>’ ‘<’ respectively, we get the conditions whose geometrical
meaning is that the bicharacteristics of equation (1) go into the set E,
which is necessary for the well-posedness of problem (1), (2). Due to the
Lipschitz condition and the above inequalities we have

)\O(x7p) > _qu(x>y7 w, Q) > Co(p>)\o($,p) for ye [_b¢ —b+ 250] ’
—Ao(l‘,p) S _qu(x)vaaq) S _CO(p))‘O(map) for Yy € [b - 28071)]7
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which means that the angle between the bicharacteristics entering the set
E and the boundary of this set is controlled by the tangents \y(x, p) and
co(p)Ao(x,p). The above given definition of an inner normal vector has
at least two main advantages. First, we can easily formulate condition 3°
of Assumption H;,, which means that bicharacteristics of equation (1)
enter the set E under an angle controlled by the functions Ao(z,p) and
co(p)Ao(x,p), similarly as in the one-dimensional case. Consequently, we
can claim not only that problem (1), (2) is well posed but also that it has
a solution in a subclass of the class of absolutely continuous functions.
Secondly, the cost of the proofs of lemmas on the properties of bicharac-
teristics will be as minimal as possible, because we observe that a factor
of an inner product turns to be undoubtedly an inner normal vector at a
suitably chosen point of the boundary.
Let a € (0,a0], Q, Q, Qo, Q1 € Ry, A\, A € L([0,a],IR,), Q > M,.

We say that the function z : Ey[a] U Eja] — IR is of class C'L,, ,[Q, A, Qol,
iff

z :€ C(Eyla] U Ela],R), Z|Egla] = P|Egla) 5 [zlle <@, and

/i)\(s)ds

We say that function v : Efa] — IR" is of class CL,[Q, \, Q4], iff

HZ((L’,y)—Z(.f,g)H S +Q0Hy—g|| on E[CL]

v e C(E[GLIRH) ’ HUH(a) < Qy and

]A(s)ds

Suppose that Assumption H,; is satisfied and a € [0,a0], h € Ry,
A A€ L([~7a], Ry ). Assume also that Q > My, Qo > Lo, h > Qo +
Q1, A(s) > Xj(s) on [0,a], and 2z € CL,.[Q, A Qo], v € CL,[Q, A, Q1].
Consider the problem

[o(z,y) —v(@,9)|| < + Qully — || on Eld].

(1.1) 1(8) = =Dof (000, ey 0 (E0(0)) . n(@) =y,

where (x,y) € FElal, z : Epla] U E[a] — IR, v : E[a] - R". We de-
note by g[z,v](:;x,y) a solution to problem (1.1). If Assumptions H ;
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and H,, are satisfied, then by Caratheodory’s theorem there exists a
unique solution to problem (1.1). This function is said to be a bicharac-
teristic. Denote by a[z,v](x,y) the minimum of all ¢ € [0, z] such that

{(s,g[z,v](s;x,y,)) (s € [t,x]} C Elal.

2 — Auxiliary lemmas and further assumptions

In this section we give some basic properties of bicharacteristics. The
theory of bicharacteristics for differential-functional equations is a natural
extension of the theory of characteristics for differential equations. We
are able to extend this theory due to a suitable model of the functional
dependence in our equation (1).

LEMMA 2.1. Suppose that Assumptions H,, e Hy 5 are satisfied and

2,2 € CLy,,[Q, N\, Qo v, € CL,[Q, )\, Q4] a € (0,a],
(z,9), (z,9) € Ela].

Then we have

1) folz.eltw) ~glzal(te )| <ly = gllesp  [Au(a o)1+ mys)

forte {max {alz,v](z,y), alz,v](x,7)}, x} , where 7, =Q+Qo+ [ A(t)dt,
and

(2.2) |lglz,v](t;z,y) — gz, 7](t; z,9)|| <

S/M@mawp(/MWJJO+hM@HV—ﬂL+M—@MWB
t t

forte {max{a[z,v](w,y),a[i,@](z,y)},x},
(2.3) lglz, v](t; 2, y) — glz,v](t 2, 9)|| <

/ Ao(s,74)ds

min{z,z}
< exp < Ar(s,ra)(1+ h)d.9>
t
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forte {max {alz,v](z,y), alz,v](x,y)}, min{z, :E}} .

PROOF. Let us observe that from Assumption H;, we have

gz, v](t; 2, y) — glz,v](t2,9)]] <

<lly—7l+ /M(S, ra)(1+ h)|\glz, v](s; 2, y) — glz, v](s; 2, 7)) ds .

Thus we get (2.1) by the Gronwall inequality. In a similar way, from
Assumption H, , we get

gz, v](t; 2, y) — gl2, 0] (t; 2, y)|| <

T

S/Al(sfa){Hg[z,v](s;w,y)—9[5,17](8;9679) 1125 gt s50)— 2.2, s |

+ lo(s, glz vl(s; 2, ) = (s, [2,9](s 2, ) || }ds

Moreover, we have

126 gtz 01si00) = Zs.glzalsman | =

< |lz = 2l + Qollglz, v)(s;: 2, ) — glZ, ](s3 2, 9],
(s, glz, ol(ss2.y)) = v(s, glz,0)(s5 ) | <

<l = ol + @il flz, v (s:.2,y) = glz, 0] (s 2, )],

thus we obtain
lglz, vl(t; 2, y) — g[Z,](t; 2, v)|| <
< /Al(s,ra){Hg[Zv”](S;%y) — g[z,9)(s; 2, y)||(1 + ) + ||z — 2|+

+[lv = lls bds -
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Applying the Gronwall lemma to the above inequalities we get (2.2).
To prove (2.3) one can assume (without loss of generality) that ¢t <z < z.
Then we have

gz, v)(ta, y) — glz, v](t; 2, )| =

= ||glz, )t 2, gl 0] (23 2, ) — gl 0] (2, 9)]| <

min{z,z}

<otz sl ([ w0 ] <

t

<

/)\O(S,ra)ds

min{z,z}
exp ( / A1(s,m0)(1+ h)ds>
t

this finishes the proof.
Define B[z, v] = {(z,4) € Bla] : gz, v)(alz, v](a, v);2,9) € BY}.

LEMMA 2.2. Suppose that Assumption H,, are satisfied and
2,2 € CLLP,G[Q7 )‘7 QO] ; U,V E CLa[@a 5\, Ql] , a € (07 aO] :

Then there is € > 0 such that
1°if (z,9), (x,9) € Ef[z,v] and if ||y — yl| <&, then
alz,0)(2,7)
Ao(s,74)ds

alz,v)(z,y)

(2.4)

<eolra) "y — gl exp ( / A1<s,m><1+h>ds> ,

2°if (z,y) € E[z,v]) N EY[Z,0] and if ||z — Z||o + ||[v — 0]|(a) < &, then

az,7](z,y)
/ Ao(8,74)ds

alz,v](z,y)

(2.5) <

x t
< co(ra)fl/[Hz = Z|le + [Jv = 0|y ] A1 (¢, 70) exp </)\1(S,Ta)(1 + h)ds) dt
0 0
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3°if (x,y), (Z,y) € EY|z,v] and ’fj )\O(s,ra)ds’ < g, then

alz,v](,y)

(2.6) Xo(8,74)ds| <
alz,v](z,y)
T min{z,z}
< co(re) ™" /)\O(s,ra)ds exp < / A1(s,7rq) (1 + h)ds) )
x 0

PROOF. First, we shall prove (2.4). Denote o = afz,v](x,y), & =
afz,v](z,y). Without loss of generality we can assume that @ < «. Since
we have (a, g(z,v)(a;2,y)) € E?[a] and (&, g[z,v](a; x,9)) € E|a], there
exists o : {1,...,n} — {0,1} such that the following conditions hold true

27) IT {slz.vi(ase,0) — (178} =0,

—.

(2.8) {glzv](@2,5) — (—1)7b;} = 0.

7=0

Subtracting (2.7) and (2.8) we get
(2.9) > {levl(esz,y) — glz,v)(@ 2, 9) by =0,
j=1
where v = (v4,...,1,) is defined by

(2.10) v, = ﬁ {0gr|z,v](as 2, y) + (1 — 0)gx [z, v](@; 2, §) — (—1)7F },

k=1,k#j

for j =1,...,n, where 0 = 0(x,y,y,z,v) €
vector v is inner normal at § = (41,... ,Yn)

glz,vl(es2,y),  when g(o;2,y) = (=1)77b; ;
uj = { ji=1,

glz,v|(a;x,y), otherwise,
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There is £ > 0 (independent of z,y, 7, z,v) such that if ||y — g|| < &,
then

17 = glz, vl(es 2, )| < |lglz, v](@ 2,9) — glz, vl(as 2, y)|| < o,
and for t € [@, o] the following inequality is satisfied
lglz. vl(t; 2. §) — glz, v)(@ 2, 9) < e
Now, from condition 3° of Assumption H; , we obtain

qu(tag[zvb](t;xvy)’Z(t,g,[z,v](t;w,y))’U(tvg[zvv](t;x’y))) ov >

> CO(Ta))‘O(t7 TG)HVHl

(2.11)

for ¢ € [@, a]. Condition (2.9) can be rewritten as follows

(2.12)

i {g[z’v](a; z,y) — glz,v](a; x, g)}yj

( ) [Zvv](t;xvy)?Z(tag[zfv}(t;%y))’v(thg[z?v](t;xay)))yjdt .

From (2.11) and (2.12) and from Lemma 2.1 it follows that

(2.13) Z\VJH\y yllexp (/)\1 $,74)(1+h) ds) Z]VJ] Co(ra)No(t, 7a)dt .

=1

Thus we have the first part of our lemma (i.e. (2.4)) proved. In order
to prove (2.5) we denote o = «az,v](z,y), & = «[z,0](x,y). Once again
one can assume that @ < «. Similarly as in the proof of (2.4), there is
o:4{1,...,n} = {0, 1} such that condition (2.7) is satisfied and

(2.14) [T {o,[z.01(@52,9) — (1)} =o0.
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Subtracting (2.6) and (2.14) we get
(2.15) > gz vl(es 2, y) — 951z, 0)(@ 2, 9) vy = 0,
j=1
where vector v = (vy, ... ,v,) is defined by

(216) v, = T {00512 o)(@ss ) + (1 = 0)gy[2,0)(@s 2,) — (~1)°*be}
o

for j = 1,...,n, where = 0(z,y,z,v,z,0) € (0,1). Let us observe
that v is inner normal at § € E? such that ||§ — g[z,v](a; 2, y)| < &0 for
|z = z|la + [|[v = 0l <& Ift € [@,a], we have also |g[z,v](t;z,y) —
glz,v)(as z,y)|| < e for ||z — Z||o + ||v — 0]|(a) < &. From Lemma 2.1 and
from condition 3° of Assumption H; , we have

@11 Sl [ o2l o=l exp ( [hu(o.7) (4R >

Jj=1

[}

> 3 1w [ colra)Nolt, )t
j=1

[e%

This finishes the proof of estimation (2.5). Assume that z < z. Then
we have

alz,v](Z,y) alz,v](@,9[z,0](x;2,y))
/ Ao(s,74)ds| = /)\O(s,ra)ds .
alz,v)(z,y) alz,v](z,y)

It follows by (2.4) that

alz,v](Z,y)

Ao(s,74)ds| <

alz,v])(z,y)

< Co(ra)ley — g[z,v](m;a’:,y)” exp <//\1(s,ra)(1 + h)ds) <

0

min{z,z}
< Co(T‘a)*l exp ( / )\1(8, T‘a)(l + h)ds) ,
0

/)\O(s,ra)ds
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this finishes the proof of formula (2.6) and Lemma 2.2.

REMARK. Assuming formula (2.5) to hold for ||z — Z|| + |[v — 0| < &
and for (z,y) € E{[z,v]NE}(z, 0], (for (2.1), (2.3), (2.4), (2.6) everything
works in the similar way), it is easy to get it for arbitrary (z,u), (z,u) €
CL,..[Q,\, Qo] x CL,[@, X\, Q1], because the domain is convex. Thus, in
further considerations we can think that the above given formulae and
their consequence hold for all z, z, v, v,y,y and so on.

Denote by CL(D,IR) the set of all linear continuous real functions
defined on C'(D,1IR). Let || - ||, denotes the norm in CL(D,IR).

ASSUMPTION H, ;. Suppose that

1° for (z,y,w,q) € S there exist derivatives D, f(z,y,w,q) € IR",
D, f(z,y,w,q), where D,f = (D,, f,...,D,,f), and D, f is the Frechet

derivative,

2° Dy f(y,w,q), Duf(y,w,q) are measurable for (y,w,q) € [=b,b] x
CrL(D,R)xIR", and D, f(z,-), Dy f(z,-) are continuous for almost every
x € [0, al,

3° for every (y,w,q) € [=b,b] x Cr(D,R;7,) x IR" and for almost every
x € [0,a] we have

||Dyf($7y7w7Q)|| é >\0(37a7‘a)> HDwf(xayaw?(DH* S )‘O(l'vra)7

4° for (y,w,q), (g, w,q) € [-b,0] x Cr(D,R;r,) x R" and for almost
every x € [0,a] we have

||Dyf($7y7w7Q) - Dyf(xagaw76)|’ S
< Mz, ra)[ly = gl + [lw — @b + [lg — all] ,

w,q)||, <

||Dwf(‘r7y)w7q) D f( gu
(@,7a)[lly = 7l + lw — @llp + lla — all],

5° there is M € R, such that for (y,w,q) € [=b,b] x Cr(D,IR™;r,) xIR"
and for almost every x € [0,a] we have ||f(z,y, w, q)|| < MXo(z,7,),
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6° there are M), M € R, such that almost everywhere on [0,a] the
following inequalities hold true

Ag(z) < M(O))\O(:r,ra), Al(z) < M(l)/\o(x,ra) )

In Assumption H,; we took p = r,. Note that in view of the prop-
erties of bicharacteristics proved in Section 1 we do need to extend our
Assumption H,; onto all p € IR, .

3 — Integral fix-point equations and preconditions of the Banach
theorem

We shall consider the following system of integro-functional equations

B IRVEUR WU

alz,ul(z,y)
(32) ulz,y) = Dyp(alz ul(z,y), glz u)(afz, u)(@, y); 2, y) ) +

+ / {Dyf(P(1) + D f (P(#)) (1) gtz .00 P

alzul(z,y)

for (z,y) € E, where P(t) € Qy is defined by

(83)  P(t) = (t.9lz ul(ti2,y), 2l ult, gLz )t 2,9))
and
(3'4) Z(xvy) :@(SCay)v u(:c,y) :Dygo(xay)v for ($ay) € Ep.

Classical solutions to differential-functional problem (1), (2) are
bounded and their derivatives are bounded. Because we look for CC-
solutions, any subspace of the space of bounded functions with bounded
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derivatives is not appropriate here. Solutions to problem (3.1)-(3.4) will
be found in a subclass of class X,, a € (0,a0] of all functions (z,u) :
Eyla] U Ela] — IR x IR", such that the following conditions are satisfied

1°z € CLLp,a[Q? )\7 QO]a u € CLa[Q07 X? Ql] and U|Egla) = DyS0|E0[a]7
2 |2(z,9)| < i (x) for (z,y) € Eola] U Ela], where

(3.5) ul(x):Mo—i-/)\o(taT‘a)

M+(14L;)exp (/)\O(s,ra)ds> —1] dt,

3° JJu(z,y)| < po(z) for (z,y) € Eola] U Ela], where
(3.6) 1a(x) = (1+ Lo) exp ( / )\O(t,ra)dt> 1.

Now, we define auxiliary functions W, Z,U € C([0,a],IR;) in the
following way

(3.7) W(z) =

— [Co(a) + Cy(a)] exp ( [ Broltra) + Mt )@+ bt 2u2(t)]dt> 4

+ / [)\o(t, o) + M(t,7ra) (1 + 2/@(75))]

- exp </ (3)\0(5, o) + M(s,70)(24+ h + 2u2(s)))ds> dt

for x € [0, a], where

MO+ Lo+ M+ ps(a)

co(Ta)

MO+ Ly +1+p5(a)

co(Tq)

Co(a = +L0 s Cl(a): +L1
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(3.8)  U(x) = C(a) exp ( Do(tma) + A (£ 7a) (1 + h)]dt)+

o—

+ /Al(t,m)(l +pa2(8) (1 + W(1))-

xT

- exp (/ Mo(s,7a) + Ai(s,ma)(1+ h)]ds) dt

t
for z € [0, al,

x

(39)  Z(z) = Co(a)exp ( / Mt ) (1 + h)dt>+

0

x

[ {Dotra) + Ml (0] (1 + (1) +

0

F holt,r)U (1)} exp (]Al(s, ra)(1 + h)ds> dt

for x € [0,a]. From (3.8) and (3.9) it is clear that Z(z) + U(x) < W (x)
for z € [0, a.

The functions Z and U will play the role of the Lipschitz coefficients
of functions z and u respectively, where (z,u) € X,. Moreover, W > Z4+U
and the function W simplifies solving an integral inequality.

Now, we formulate an assumption on relations between given con-
stants, given functions and the length of interval [0,a] (a € (0, ao)).

ASSUMPTION Hs . Suppose that

1°Q > pi(a), Qo > p2(a), Qo > Cola) and Q1 > Ci(a),
2° a is so small that Z(x) < Qo, U(z) < Q1 for xz € [0, al,
3° for 0 < x <t < a the following inequalities hold

Z(x)Xo(t,ra) < At) and U(z)No(t,74) < A(E).
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We give a lemma on integral inequalities for functions U, Z defined
by (3.8), (3.9).

LEMMA 3.1.  If functions U, Z : [0,a] — IR, are defined by (3.8),

(3.9), where W is given by (3.7), then the following inequalities hold

(3.10) Z@)zaﬁﬂwppikﬂﬁdﬂ+hmo+
+/ Mot ra) + Mt ma)pe(0)] (1 + Z(8) + U(2)) +)\o(t,ra)U(t)}~
- exp (/Al(s,m)(l +h)ds>dt

for z €[0,al], and

311)  U(z)> Cila wp(/&tra1+hmg+

+/ (172 (L4 pa(0) (14 Z(0) +U(0) + Aol ra)U (1) }-

x

- exp </)\ (5,ma)(1 +h)ds>dt

for x € [0, al.

Integral inequalities (3.10), (3.11) will be applied in the proof of an
existence theorem for a fixed-point integral operator generated by (3.1)-
(3.4). This operator will act on functions from a space ), which we define
in the following way. The space ), is the set of all (z,u) € &, such that

12(z, ) = 2(, )] < Z(2)lly —ll,

[u(z,y) — u(z, )| <U@)]y -9l

(3.12)
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for (z,y), (x,y) € Eyla] U Ela], and

2(@.9) ~ 2(w.9)| < Z(a) [ Ma(t.rat.
(3.13) "
u(z,y) —u(z,y)|| < U(x) /)\o(t,ra)dt

for (z,y), (Z,y) € Ey[a] U E[a] such that z < z.
On Y, define operator 7 = (TW,7®), T?) = (ﬂ(Q), o, T?), as
follows. Let (z,u) € V,. For (x,y) € Ey[a] put

(3'14> T(l)[zvu](xvy) = go(a:,y) ’ T(z)[z,u](az,y) = Dysﬁ(%y) :

Let (x,y) € E[a], then we put
Tz, u)(@,y) = ¢(alz,ul(z,y). gz u)(alz, ul(@, y); 2,9) )+

19+ [ {00 - S0y PO et

alzu](x,y) =1

Tz, ul(x, ) = Dyp(alz, ul(w,y), glz ul (alz, ul(x, y); 2,0) )+

x

(3.16)  + / {Dyf(P(1)) + D f (P(#)) (i) gt a0 i

alz,ul(z,y)
where P(t) € Q is defined by (3.3).

LEMMA 3.2. Let a € [0,a0]. Suppose that Assumptions H,; - Hj,
are satisfied, then operator T = (TW,T®) defined by (3.14) - (5.16) on
Y, takes values in Y,.

PROOF. Let (z,u) € Y, and (z,y) € E[a]. Thus, from (3.16) by
Assumptions H; 5 and by condition (z,u) € &, (see: (3.6)), we have

BAT) Tl ]l < Lo+ [ Moftra)(L+ a(®))dt = o)
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Similarly, from (3.5) and (3.13) we have
318)  [TOLlw0)] < Mo+ [ Aolt,ra) (M + o)t = ().
0

Take (z,y), (2,) € Ela]. Denote a = alz,ul(z,y), & = alz,ul(z, §),
& = max{a,a}. Then from (3.15), using Assumptions H,, - H3; we
obtain

(3.19) [TW[z,ul(z,y) = TV [z, (2, 9)| <

<| [ ] + Lallgtas.y) - glas )|+
[ {Doltra) + Malt () (1 + Z(0) + U (0) +

+ ot r)U () ot 2, 9) — g(ts 2, 5)|[di+

+ ’ /a)\o(t,Ta)(M+/$2(t))dt’.

When (z,y),(z,y) € Efz,u], and |y — y|| < &, then from Lem-
mas 2.1, 2.2 and from (3.19) we get the estimation

(3.20) T ul(z,y) = Tz, u(z, §)] <

x

< ly gl Cot@esp ([ ntra)(1+ myat)+

0

+ [{Paltra) + Mt ra( ) (L+ Z0) + U () + Molt,ma)U (0}

0

- exp (/w)\l(s,ra)(l + h)ds) dt} :

Since set Ela] is convex, then inequality (3.20) holds true also for
all (z,y),(z,9) € Fla]. In a similar way from Lemmas 2.1, 2.2 and
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Assumptions H, 5 - Hs; we get
(3.21) TPz, (2, y) = TPz, ul(z,9)]| <
<lly- ﬂ\l{Cl(a) exp (/Al(t, ro)(1+ h)dt>+
[ Dl (14 () (14 20+

+U(t)) + Xo(t,m)U(t)} x exp (/)\1(8,7"(1)(1 + h)ds) dt} :

From estimations (3.20), (3.21) and from Lemma 3.1 it follows that
(3.22) [ TO e ul(2,y) = TO[2,ul(z, )] < Z(2) |y - gl
(323) [Tz ul(w,y) = Tz, u)(z,9)|| < U@)lly -7l

Similarly as in the proof of formula (2.6), from (3.22), (3.23) we get the
following estimations

B21) [Ty - Tk u(@y)] < 2@)] [ doltra)d].
3:25) T uly) - Ty < U@ [ ultr)d].

Since Z(z) < Qo, U(z) < @y and Z(z)A\o(t,7.) < A(t), U(z)Mo(t,7,) <
A(t), thus T[z,u] € X,. Moreover, from (3.22), (3.24), (3.25) it follows
that 7 [z, u] satisfies conditions (3.12), (3.13), thus it belongs to ),. This
finishes the proof of Lemma 3.2.

It we take in Y, the supremum norm ||(z,u)|| = max {||z|,[|ull.},
then the operator T does not occur to be a contraction. However, we are
in positions to define a norm in ), such that it preserves the topology
and function 7 : Y, — Y, is a contraction with a parameter 6 € (0,1),
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define functions 3,7 : [0, a] — (0,00) by

-~

A (s,10)(Z(s) +U(8))d8> dt

| =

2
(3.26) B(z) = 5/ (t,ra)Z exp(
0

(=)

t

M (s,70) (Z(s) + U(s))ds> dt

SR

(3.27) ~(z) = 1+% / Mt r)U () exp(

(=)

for x € [0, a], where W, U, Z are defined by (3.7)-(3.9).
We define norm || - ||, in Y, in the following way. Let (z,u) € V,,
then we put

(3.28) |Gz, )|, = sup maX{Hz!z’Hullx}_

LEMMA 3.3. Let a € (0,a0] and Assumptions Hy, - Hz are satis-
fied. Let || - || be defined by (3.28) with 3,7 : [0,a] — (0,00) given by
(3.26), (3.27), 6 € (0,1). Then we have

(3.29) | Tz, u] — Tz, 4l||,. <0|(z—z,u—

Hﬁ vy = )Hﬁ,'y
for (z,u), (z,u) € V.
PROOF. It is easy to check that [, ~ satisfy the inequalities

x

(330)  05(@) 2 [ [50) + 10Nt r) 20t w € 0,a],

x

(331 69@) > [ [B) + 1O M(Er)U @, 2 € 0.a].

0

Take (z,u), (z,u) € Y, and (z,y) € Ela]. Denote a = afz,ul(x,y),
a = alz,ul(x,y), & = max{a,a}. Then from (3.13) and from Assump-
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tions Hy; - Hy ;1 we get

(3.32) |_7'(1)[27u](f'373/) - TWz, a)(z,y)| <
< ‘/a [M© + Lo+ M + pa(t)] Xo(t, 74 )dt |+
+L0H9 z,u)(@; 2, y) — gz, (& 2, )|+
+/ {Polt,ra) + Mt r)pa()] (14 Z(0) + U(0) + Mo(t.r) UM}

'Hg z,ul(t; @, y) — glz,ul(t 2, y)||de .

If |z—Z||o+ |lu—1l]l, < €and (x,y) € E1[z,u], then from Lemmas 2.1
and 2.2 it follows that

(333) [Tl ul(z,y) = TV[z al(z,y)] <

x

< [Tz = 2+ = allo) e )

0

: {Co(a) exp (/t/\l(s,ra)(l + h)ds)—l—

+/'&wra+M@mMAﬂU+ﬂ@+W@H

+ Ao(s, ra)U(s)} X exp (/t)\l(ﬁ,ra)(l + h)dﬂ) ds}dt.

From formulae (3.10) and (3.33) it follows that

(334)  [TW[eul(z,y) = TY[z,d)(z, y)| <

x

< / [”Z - ZHt + ||’LL - aH(t)]Al(ta Ta)Z(t)dt :

0
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In a similar way, from (3.16) we conclude

(3.35) TPz ul(z,y) — Tz 4)(z, )| <

x

< [z = 2l + llu = o] Mt ) U )t

0

It is easy to observe that formulae (3.34) and (3.35) remain true
also for arbitrary (z,y) € Ela], (see: Remark. following the proof of
Lemma 2.2). By the definition of norm || - |5, and from (3.34), (3.35) we
obtain

(3.36)  |TW[z,u)(z,y) — TV[z al(z,y)| <

This finishes the proof of Lemma 3.3, compare (3.30), (3.31) and
(3.36), (3.37).

4 — The main result

First, we formulate a theorem on the existence and uniqueness of
solutions to system (3.1), (3.2) with the initial condition (3.4).

THEOREM 4.1.  Assume that a € (0,a0] and Assumptions H;; -
Hs, are satisfied. Then there exists a unique solution to system (3.1) -
(3.4) in class Y,.
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PROOF. From Lemma 3.2 it follows that operator 7 = (T, T®)
defined by (3.14) - (3.16) acts from ), into ),. Let 6 € (0,1), 3,7 :
[0,a] — (0,00) be defined by (3.26), (3.27). Then from Lemma 3.3 it
follows that operator 7 is a contraction with norm || - |/5, given by (3.28).
From the Banach fixed point theorem we get our thesis.

Now, we shall prove that the first coordinate z of solution (z,u) to
system (3.1) - (3.4), obtained by Theorem 4.1, is a C'C-solution to prob-
lem (1), (2). Note that for the Cauchy problem is an unbounded zone
this has been proved without any additional assumptions. The consis-
tency condition on the boundary will take the form as weak as possible,
and it is essential.

THEOREM 4.2.  Suppose that a € (0,a¢] and Assumptions H;; -
Hs, are satisfied. Assume also that (zZ,u) € Y, is a solution to problem
(3.1) - (3.4), the following consistency condition is satisfied

(41) DIQO(I',Z./) = f(x7y72(z,y)va(x7y))
for (z,y) € E?[a]. Then we have

Dyz(z,y) = u(z,y), (z,y) € Eola] U Ela],
and z is a CC-solution to problem (1), (2).

PRrROOF. By the definition of class ), we have 4 = D,z on Eyla]. If
it cause no confusion, we shall drop [z, u] in expression o]z, u](z,y) and
gz, u)(-; z,y). For (z,y), (z,z) € Ela] and for t € [maxa(z,y), a(z,y), x|
one can define the following

(4.2) A(z,y,5) = 2(2,9) — 2(z.y) — Z u; (2, y) (U5 — v;)

(4.3) Atz y,5) = At g(t;z,y), g(t 2, 7)) -

Let a = a(z,y), alz,y), & = max{a,a}, and P(t), P(t) € Qp be
defined by

(4.4) { o=

(tv g(ta T, y)v E(t,g(t;x,y))v ﬂ(tv g(t7 xZ, y))) ) when t € [Ck, 33‘] 5
P(t) = (tv g(ta €Z, g)v z(t,g,(t;x,y))a ﬂ(ta g(t, €, g))) ) when t € [d7 LU] .
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For s € [0,1] we define P(t, s) by P(t,s) = sP(t)+ (1 —s)P(t). From
(4.3), (4.6) and the Hadamard mean-value theorem we obtain

(4.7) CZA(t ,Y,7) {/D f(P(t,s) quf(P(t))}'

[ gtz m) - a, (t,gj[z,v1<t;x,y>>]+

n

+ Zl{ Dyjf(P(t, 3))d3—Dyj (P(t))}[gj (2, 0] (t; 2, §) — g, [z, v] (t; 2, y) |+

- { O/Dwf(P(t, s))ds — Dwf(P(t))}[(Z)(t,g(t;z,m) — (Bt gtsman] +

+ Dwf(P(t)){(5)<t,g(t;x,y>> — (D) (tgttww)t
= S sty (92 )62, 5) — gy vt )] |
Jj=1

Integrating (4.7) with respect to ¢ from & to x and applying Assump-
tions H;, - Hs3 1, we obtain

(4.8) |A(z; 2,9, 9)| < |AG 2, y,7) [+

4 / Mt ra)llg(t 2. 9) — gt )| (L+ Z(E) + U) dt+

+/A tra) sup |A(t+€ g(tiz,y) +n, 9(t:2,9) +n)|dt

(&,meD

Now, we estimate the expression |A(&;z,y,9)|. If @ = @ = @, (in
particular it includes the case of & = 0), then from Assumption H;; we
have

(4.9) A 2,y,9)| < const[ly — g*

Let (z,y), (z,y) € Ef[z,u], and ||y — y|| < &. (Obtained inequalities
con be easily extended on the case ||y — y|| £ &). Let us consider two
cases:
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1° If @ = @ > @, then applying (3.1) we have

(410)  Al&z,y,9) = e(a g(a;2,9)) — (o glasz,y))+
+/{ F(P(t) ZDqu uj(t,g(t;x,y))}dt+
= Dy (o glase,) [otas .9) — gles ) — [ Dy FPE)aH]
where P(t) is defined by (4.4),
2° If & = & > a, then applying (3.1), (3.2) we have

(411)  A&wy.9) = o(a, g(a; x,7)) — (o, glas @, y))+

_/a{ ZD ) (t, g(t; @ y))}dt+

[

_Z{ y<POégoc:ch))Jr
+/ Dyﬂf ) + Do f(P(t ))(Uj)t,g(t;z,y))}dt}-
) {g(a;x,y) —g(asz,y) + /aquf(p(t))dt} ’

where P(t) is defined by (4.4).
ForallY = (V,...,Y,), Y = (Y,...,Y,) € R"let Y ©Y mean the
same as (Y1Yq,...,Y,Y,). Take a sequence of points Y = (Yl(j)7 e
LYY i =0,...,n, such that Y(© = g(a; z,y), and

Y(J) = Y(j_l) + (5a(j),17 e 760'(j),n) © [g<@7 xz, g) - g(a7 z, y)] )

j=1...,n,
where o : {1,...,n} = {1,... ,n} is a permutation such that YV) ¢ E9
for j = 1,...,n. This permutation is chosen so that all intervals between

neighbouring points in the above sequence are contained in the boundary
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of Ela], and - as a consequence - we can apply the consistency condition.
We have

(4.12) g(@;2,9) — g(os2,y) Z{Y“ — YU},
and applying consistency condition (4.1) we get

(4.13) o(a,g(e;z,) — oo, glaz,y)) =

= (3, 9(@ 2. )) — (o g(@ ) + - Lo, YO) — o, YO} =

Jj=1

= [ $(Pw)ae+

+Zn:/D (e, YV + (1 = 0)YY=D)df[g(a; x, ) — g(e; z,y)]

j=1

where

(414‘) ‘ﬁ(t) = (t g(a T y) 2(t,g(@z,7)) ),ﬂ(t,g(&,x,gj)) '
In case 1° , from (4.10) and from (4.12)-(4.14) we have

a@

@15) M@y = [{(P0) - 1 (P@) far+

n 1 “
+3 / [D, (0,079 + (1 - 0)Y )4
0

j=1

— D, (e, glasiz,y) b x [g(as,5) - glesz,y)]+

+ i quf(?(t)){aj (t,g(t;2,9)) — Dy, p(a, g(es , y))}df.



[31] On C'C-solutions to the initial-boundary-value problem etc. 203

In case 2° | from (4.11) and from (4.12)-(4.14) we have

(@16)  A@wy.g) = [ {#(P@) - F(PW) e+

2
Jj=1

— D, (e, glesz,y)) fdb x [g(as2,5) — glasa,y)]+

{Dy, (e, Y9 + (1 - )y U1

o—__

T zn: Dq].f(?(t)){aj (t, 9(t:2,7)) — Dy, (e, glo , y))}dt+

_Z / Dy, F(P®)) + Do f(P(1)) (1) iy I

: [g(a; z,9) — g(@ z,y)] .

In both cases 1° and 2°, from Lemmas 2.1, 2.2 and from Assumptions
H, 1 - Hj, applied to formulae (4.15) and (4.16) we get the estimation

(417) 18G50, 9] <y~ gl esp (2 [ Dm0+ myar).
(14 co(ra)™) {nLl +eo(ra) (2 +h+ ,uz(a))} )
Denote by K a function of class C([0,a],IR.) defined by
(4.18) K(z) = (1+co(ra)™") [nLl +co(ra) 2+ h+ ug(a))} :
- exp (Q/Al(t,ra)(l + h)dt>+

4 / M(t,ra) exp (2 / M(s,ma)(1+ h)ds) (1+2(t) + U(t)))du

z €0,al.
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From (4.17), (4.18) and (4.8) and from Lemma 2.1 we obtain the
integral inequality

(4.19) Az, y,9)| <

x

<ly=IPK) M) sw B+ g(tse) +ngliag) )i
0 me

As function z(z, -) satisfies the Lipschitz condition (z € [0, a]), hence
for y # y we have

(4.20) Az, y, 9)|lly — 9l 7" < Z(2) + pa(2).

Consequently, one can define

a21) owe) =sup {20 ), (6.9) € B U B

0<ly-gl <<}

for every e > 0 and for every x € [0,a]. Function ¢ is non-decreasing.
From (4.19) and (4.21) we get

(4.22) (z,e) < k() +]A1(t,ra)exp (]Al(s,ra)(l + h)ds)-

: ¢(8,86Xp (]Al(s,ra)(l + h)ds))dt.

The last part of the proof of Theorem 2.2 will be divided into three
stages: (a), (b), (c).

(a) In this stage we formulate a lemma which gives an estimation
of function ¢. For arbitrary function K € =, and for every measurable
function S : [0,a] — IR, we define operation J,[K, S|(z) for k =0,1,...,
x € [0,a] in the following way

jO[Ka S](:B) = S($)7

(4.23) jchrl[Ka S] (:L’) — /K(t, x)jk[](] S] (t)dt’ k=0,1,....
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LEMMA 4.1. Let G,P € 2, and F : [0,a] — IR, be a measurable,
bounded function. Assume that measurable, bounded function 1) : [0, a] X
IR, — IR, satisfies the inequality

(4.24) W(x,e) < eF(z) + / G(t, 2)ib (¢, eP(t, @) dt

0
forz € [0,a], e € Ry. Then we have
(4.25) (x,e) <eW(z), zel0,q],

where W is defined by

(4.26) W(z) = ijk[GP, Fl(z), ze€l0,d],

k=0

and the right-hand-side series is convergent on [0,a] and bounded by a
constant independent of €.

REMARK. Proof of Lemma 4.1 can be found in [13]. In order to
find an estimation of series W it suffices to observe that W satisfies the
following integral equation

(4.27) W(x) = F(z) + / Gt,2)P(t,2)W(H)dt, € [0,d].

If function G(¢,-) P(t,-) is non-decreasing, we can apply the classical
Gronwall inequality to (4.27) to get the estimation

(4.98) W () < F(x)+ / G(t,a)P(t,a)F(£) exp ( ]G(s, o) P(s, a)ds) dt,

z €10,al.
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(b) Using Lemma 4.1 we shall estimate ¢(x,¢). If we substitute
V(x,e) = ¢(z,e), F(x)=K(z),

x

G(t,z) = M (t,r,) exp (/)\1(8,7’@)(1 + h)ds) ,

t

P(t,z) = exp (/Al(s,ra)(l + h)ds) ,

(4.29)

then, by formulae (4.20)-(4.22), all assumptions of Lemma 4.1 are satis-
fied, and we get

(4.30) 17—y~ <eW(ax)

“(.9) - 2(ay) — Y0, (=) 5 )

for (x,y), (x,7) € Ela), 0 < || — y|| < e, where W is given by (4.26)
with functions G, P, E defined by (4.29), and it satisfies equation (4.27),
or inequality (4.28).

From (4.30) it follows that D,z(x,y) = u(x,y) for (z,y) € Eyla] U
Ela). Since (z,u) is a solution to problem (3.1), (3.2), function Z satisfies
equation (1) almost everywhere on set Ela], (see [4], [6]), i.e. for almost
every y € [—b,b] this equation is satisfied for almost every = € [0, a].

(c) Now, we shall show that z is C'C-solution of (1). In stage (b)
there has been shown that for almost every y € [—b, b] we have

(431) 2(%, y) = (,0(0,:1/) + /f(tv Y, E(t,y)a a(ta y))dt7 T € [O,CL] .

Now, let § € [—b,b] be an arbitrary vector, and for y € [—b,b] let
condition (4.31) be satisfied. Then we obtain

(4.32)

Aa,) = 0l0.9) ~ [ F(t.5. 5700, 0t D)) <
< [2(@,y) = 2(2,9)| + [2(0,9) = ¢(0,9)|+

+ / ’f(t)gv g(t,y)vDyZ(tzg)) - f(t’yvg(t,y)vDyZ(tyy))’dt’
0
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for x € [0,a]. From the Lipschitz condition for functions z,u and f, and
by (4.31), (4.32) we have

T

Z(z,9) — »(0,9) — / f(t, 7, za,w,a(t,y))dt‘ <

0

<My = sl {2+ 260+ [ Nolt.r) (14 200 + U@)de .

(4.33)

for z € [0, al .

The set of all y such that condition (4.31) is satisfied is dense in
[—b, b], consequently from (4.33) we get

(434) 2(1’, ']j) = 90(07 g) + /f(t7 gv g(t,g)vﬂ(ta g))dt ’

for x € [0,a]. From (4.34) we obtain
(435) Dwé(xag) = f(xvga z(w,g)vDyz(xvg))

for almost every = € [0,a]. Because there are no restrictions on g, it
follows that z is a C'C-solution to problem (1), this finishes the proof of
Theorem 2.2.

COROLLARY 4.1. Suppose that the assumptions of Theorem 4.2
are satisfied and function f is continuous. Then there exists a classical
solution to problem (1), (2).

PROOF. By Theorem 4.2 there is C'C-solution z to problem (1) sat-
isfying initial condition (2). Since for every y € [—b, b] condition (4.31) is
satisfied and function f is continuous, thus for every y € [—b, b] equation
(1) is satisfied on whole interval [0, a], this finishes the proof.

REMARK. The result of our paper can be extended onto weakly-
coupled systems of the following form

szl(x7y) = fi($7y7 Z(x,y)7Dyzi(xay))7 (Z = 17 R 7m)7

Zi(x7y) = Qoz(xay) on EOa (Z = 17 s 7m) .
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