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Natural quantum Lagrangians

in Galilei quantum mechanics

J. JANYSKA

RiAsSUNTO: Si classificano le lagrangiane quantistiche naturali che appaiono nella
meccanica quantistica relativistica in senso galileiano,utilizzando metodi di tipo fibrati
gauge-naturali ed operatori naturali. Piu precisamente tutte le lagrangiane quantistiche
naturali sono multipli della forma volume canonica scalata, con fattori moltiplicativi
che sono funzioni invarianti. Viene descritta una base di tali funzioni invarianti co-
stituita da tre funzioni, delle quali l'unica non banale ¢ la funzione corrispondente alla
lagrangiana constderata da Jadczyk e Modugno.

ABSTRACT: The natural quantum Lagrangians which appear in Galilei general rel-
ativistic quantum mechanics are classified by using methods of gauge—natural bundles
and natural operators. Namely, all natural quantum Lagrangians are multiples of the
canonical scaled volume form, where multiplicative factors are invariant functions. A
base of these invariant functions is described: the base is constituted by three functions
and the unique non trivial function in the base is just the function corresponding to the
natural quantum lagrangian considered by Jadczyk and Modugno.

— Introduction

In the geometrical description of Galilei general relativistic quantum
mechanics, [2], [3], the authors deal with geometrical operations which
are invariant with respect to local isomorphisms of the underlying struc-
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tures. Such invariance conditions can be very effectively described by
using natural and gauge—natural operators, [1], [6]. Moreover the general
theory of natural and gaugenatural bundles makes the classification of
natural operations possible. Such classification is based on a one-to—one
correspondence between natural operations and G—equivariant mappings,
where G is a Lie group.

The aim of this paper is to describe the set of natural quantum La-
grangians by using methods of natural geometry. Such a set turns out
to be determined by multiples of the Lagrangian cosidered by Jadczyk
and Modugno, [2], [3], where multiplicative factors are invariant functions
defined on the quantum bundle and the bundle of potentials. A base of
such invariant functions is described. In this paper we do not discuss
the physical interpretation. For physical meaning of the operators under
discussion and for further details of the constructions we recommend to
see [3] and the references quoted here.

In the paper all manifolds and mappings are supposed to be smooth.

1 — Quantum bundle

In this paper, according to [2], [3], we assume the space—time to be
a 4-dimensional oriented fibred manifold

t:E— B,

over a 1-dimensional oriented affine space B, associated with the vector
space T.

We assume a wvertical Riemannian metric to be a regular symmetric
section (with respect to a fixed unit of measurement of length)

g:E— V*E%)V*E.

We denote the inverse section by g: £ — VE Qg VE.

A time unit of measurement is defined to be an oriented basis ug € T™
or its dual u® € T+*.

The typical space-time coordinate charts, adapted to the fibring, to
a time unit of measurement uy and to the space—time orientation, will be
denoted by (2, 4"). Throughout this paper, the index 0 will refer to the



3] Natural quantum Lagrangians etc. 459

base space, Latin indices i, j, p,... = 1,2,3 will refer to the fibres, while
Greek indices A, p,--- = 0,1,2,3 will refer both the base space and the
fibres. Vertical restrictions will be denoted by “ v”.

In coordinates

g= gijczi ®Czjv =30 ® i, Gijs g7 € C*(E), gug" = 5ga lg| > 0.
The canonical scaled natural volume form on E generated by g is
e: E-TeNTE,
with coordinate expression
e:\ﬂﬁm®quFA¥Ad?

We deal with the jet bundle J'E — FE and the natural complemen-
tary contact maps

n:J'E—-T®TE, eleE—>T*E<§VE,
with coordinate expressions

where (z°,y%,y}) is the induced coordinate chart on J'E.
An observer is defined to be a section

0:E— J'E.

An affine and torsion free connection vr of J'E — E and the vertical
metric g yield the natural contact T*—valued 2-form  on J'E given

by, [3],
Q=vpA0: J'E > T @ N°T*J'E

with coordinate expression

Q = giu’ @ (dy — (Ti,yp + Lo, )d?) A(d — y3d’) .



460 J. JANYSKA [4]

In [4] it was proved that €2 is the unique, up to a multiplicative constant
factor, natural T*—valued 2—form on J!'FE induced by v and g.

We assume, according to [3], the quantum bundle to be a Hermitian
line bundle over space—time

T:Q—>FE,

ie., m: QQ — FE is a Hermitian complex vector bundle with one-dimen-
sional fibres. Let us denote by h : @ Xz @@ — C the Hermitian product.
Let b : E — @ be a (local) base of @ such that h(b,b) = 1. Such a
local base is said to be normal and the fibred coordinate chart (2°,y°, 2)
induced by a normal base of () is said to be a normal coordinate chart on
Q. In any fibred normal coordinate chart h(v, 1)) = 11 for every section
v eSQ— E).

If (°,y, 2) is a new fibred normal coordinate chart on @, then the
transformation relations are

2’ = A’ + A,y =y (ayy), 2=z,

where A4, 4° ¢ R, A > 0. We set A = 1/A. Tt is possible to prove
that () admits a bundle atlas constituted by normal fibred charts; the
associated cocycle takes its values in the group U(1, C). Hence @ can
be viewed as an associated gauge—natural vector bundle functor defined
on the category PB1 3 (U(1, C)) of principal U(1, C)-bundles over fibred
manifolds with 1-dimensional bases and 3—dimensional fibres. Hence any
local principal bundle isomorphism (called the change of gauge) ¢ €
Mor PB 3 (U(1, €)), covering a fibred isomorphism f, can be viewed as
the linear fibred diffeomorphism ¢ : Q — @, covering f.

By using the identification U(1,C) ~ SO(2,R), 7 : Q@ — E can
be considered also to be a real vector bundle with 2-dimensional fibres
equipped with a complex structure given by a mapping J : @ — @, such
that J o J = —idg. Let us denote by (2%, v*,w*), a = 1,2, the induced
real fibred normal coordinate charts.

The Liouville vector field n: Q@ — VQ = @Q xg @ will be identified
withm=idg : F — Q" ®g . In a normal base n= z ® b.

A linear connection on @ is said to be Hermitian if it preserves the
Hermitian fibred product h. In a normal fibred coordinate chart Hermi-
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tian connections are expressed in the form, [2], [3],
q:d)\®(8)\+7;‘I)\I/I), q)\ECOO(E).

Expressing a Hermitian connection in a new normal coordinate chart
(2°,9", z) we get from (1.4) the transformation relations

aj

(1.6) 9; = (4 +619)61,
aj
(1.7) a4, = (2o + V) A + (4 +az9)8x0

(1.6) and (1.7) imply that Hermitian connections form a gauge—
natural bundle C, @ defined on the category PB i 3)(G), where the group
G= Gé1+3) xT U(1, C) and G}, is the subgroup in G§* given by the first
jets of ﬁbred diffeomorphisms of IR x IR?, here >< denotes the semidirect
product. The gauge—natural bundle C,@Q is a subbundle in the gauge—
natural bundle CQ of all linear connections on Q.

Let us consider the pullback bundle 7" : QT := J'E x5 Q — J'E of
the quantum bundle 7 : Q — E, with respect to J'E — E. Let us recall
that a connection 4 : QT — T*J'E ® ;15 TQ" is said to be the universal
connection of the system of connections £ : J'E x5 Q — T*E @5 TQ if,
for every observer o : E — J'E, the associated connection £(0) : Q —
T*E ®p TQ of the system is obtained from u by pullback according to
the formula £(0) = o0*u.

A connection u: QT — T*J'E @15 TQ' is said to be a quantum
connection if, 2], [3],

Q1) u is Hermitian,

Q2) u is a universal connection,

Q3) the curvature of 4 is given by

1

where h € T* is the Planck’s constant (computed with respect to suitable
units of measurement). We shall set hy = h(ug) and h® = 1/h,.

The definition of the quantum connection can be reformulated by
saying that we assume a system of Hermitian connections ¢ : J'EXzQ —
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T*E @5 TQ, whose curvature is given, for each observer o : E — J'E,
by Rf(o) =3 1/ﬁO*Q X 1.

In any chart adapted to an observer o, the coordinate expression of
the quantum connection u is of the type

, ) 1 o o
(1.8) a=d" @0\ +dy © 0] +ih° (=5959040d° + 9isthod’ + arod”) @ m
ie.,

1 )
(1.9) = = h®(gipyh + aio) » € = h' (—igpqygyg + aoo) , 95 =0

where ayy € C*°(F) are the components of a local potential a : F — T* ®
T*E of the 2-form 20*Q). From (1.6) and (1.7) we get the transformation
relations

oy

oy’

1 OyP oy oy’
(111) Qog = (aoo + gpqa 0 8 0 + ho 80 )AA+ (CLJQ + ho@ ’19)14.8 0

which implies that the potential can be regarded as a section of a gauge—
natural bundle P, called the bundle of potentials, defined on the category
PB(1,3(G). Let us note that P contains as subbundles the bundles S*V*
and T (via the Planck’s constant). The coordinates on the standard fibre
Py are (ho, gi;j,axo) and the coordinate expression of the action of G' on
Py is given by

hy = hOA: Q = gqu A Q9 = (aJO + ngA + ho 0, 79)‘4121{ )

oy? N
(1.10) Q0 = (ajo + gjpﬂ + ho 8329)14

(1.12) T N o
gy = (@oo + igqué’Ag + ho 9p9) A* + (ajo + ho 0;9)AAy .

Here (A, A%, e",i0\19) are the canonical coordinates on G and ~denotes
the inverse element.

Let us note that quantum connections can be viewed as natural op-
erators

(1.13) q:Png—wQ

with the associated fibred morphisms given by (1.9).
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2 — Natural quantum Lagrangians

We assume a natural quantum Lagrangian to be a natural operator
L:P ;E<Q — AT},

which is of order one on @, i.e., we have the associated invariant fibred
morphism

(2.1) L: P3E<J1Q — NT*E.

The naturality of the quantum Lagrangian £ can be expressed, for
any change of gauge (¢, f), by the following commutative diagram

L

P3E<J1Q NT*E
PcngHp NAT™ f
P;E<J1Q L NT*E

where Py can be deduced from (1.10) — (1.11).

By using an auxiliary observer we shall describe in this Section the
natural quantum Lagrangian defined by Jadczyk and Modugno, [3].

Let us consider a section ¢ € S(Q — F) and a quantum connection
4. Since quantum connections are parametrized by J'E the covariant
differential of ¢ with respect to u is

Vut: J'E — T*E%Q
and the time—like and space—like differentials of 1) are
V=0V : J'EST ®Q, Vi: J'E = VESQ.

If 0 is an observer, then we define the observed covariant differential
of 1) as the section

Vo =Vioo: B~ T"ESQ
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and the observed time-like and space-like differentials as the sections
Vo =Vipoo: E =T ®Q, %szwoo:E—w*E%Q.

The observed time-like (respective space-like) covariant differential
is a natural operator from Ji X g P Xz @ to T* ® Q (respective V* Q5 Q)
which is of order one on . Hence we have the associated invariant fibred
morphisms
v TEXPXJ'Q = T'Q,
< gl 1 *
V:J E;Pg«] Q—-V E%;Q

given in a complex fibred normal coordinate chart by

0 . 1
V = (20 +ygz —ih° (igpqygyg + Ybam + ag)z)u’ @b,
V= (z; — i h° (g8 + ajo)2)d’ @b,
where (2°, 9", 2, z)) is the induced fibred coordinate chart on J'Q.
If ¢ € S(Q) then we obtain the following invariant fibred morphisms
over

(A, V) + WiV, v) ) e : J'E = AT E,

N SEN|

(§® h)(VY, Vip)e : J'E — NT'E,

Then L1y = ﬁow — Evz/J is projectable on F, i.e.,
Ly E— N*TE.

L is a natural operator (observer independent) from P x zQ to A*T}, which
is of order one with respect to (), i.e., we have the induced invariant fibred
morphism

L: P;E<J1Q — AN'T*E

with coordinate expression

1
(23) L=Ve= §u0( — ho " Z,2, — (202 — Z20) + 19" apo (242 — 224)+

+ Rh° (2a¢p — gpqapoaqo)fz)e.
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So L can be characterized by the following commutative diagram of
invariant fibred isomorphisms

1 1 pry X pry 1
J E3E<73>E<J Q PgJ Q
V x V L
T*@QEV*E%)Q L-L s A'TYE

It is easy to see that the quantum Langrangian described above is
natural in the sense of our definition. Then any natural quantum La-
grangian can be expressed in the form £ ¢, where £ is an invariant function
on P xgJQ.

3 — Main Theorem

In this Section we shall classify all natural quantum Lagrangians. To
classify natural quantum Lagrangians it is sufficient to classify invariant
functions on P xp J'Q. For coordinate calculations we shall use real
normal fibred coordinate charts.

LEMMA. A functional base of invariant functions on P xXg J'Q
s constituted by three functions which have in a real normal coordinate
chart the following expressions

1
(3.1) b =— 29 N wpwy +wiw?)+

+ (wew? — w'wi)h® — g ap(wiw® — w'w?)h’+
1
+ (02 (a0 — 50" 000 (' + wn?),
(3.2) ly = g (w'w] + ww)(w'w; + w’w?),
ly = w'w' + w?w?,

i.e., any invariant function is in the form € = f({y,4s,43), where f is a
function of three variables.
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PROOF. According to theory of natural operations, [6], all invari-
ant functions on P Xy J'Q are in a one-to—one correspondence with
G-equivariant functions on the standard fibre Py x (J'Q)o. By [8], [10]
and (1.12) such equivariant functions have to satisfy the following homo-
geneous system of 1st order partial differential equations

Oﬁfwbﬁfa.%fga ot =0
Oho 0 5w8 0 aaio 00 aaoo -
ol ot ol
2 o1 . _
v ﬁwé v 8w8 hO 8@00 07
ol or ol
2 IS _ _
w 9l w du? ho Bt 0,
o o o ot
2 o1 2 IS _
Y owt Y +w>‘8w}\ w’\f)wi 0
L N LA
Zaw}) zaw(g) 208 oo glpaapo -
pe O OO
gzp 89 l 8 b 10 3aj0 = VU.

This system is complete and having 21 independent variables and 18
equations a functional base is formed by three solutions. Clearly ¢1, {5, {3
are functionally independent solutions and form such a base. O

THEOREM. Let 1) € §(Q). All natural quantum Lagrangians are of
the form

f(él (w)a 62(¢)a ES(Qb)) €

where

(3:4) £:0) = 5 |5 (h(w.i90) + h(96,0) - (g © WV, V)
(35) fa(u) —i o(d h(w, 0), d b, 1),

(3.6) L) = h(¥, ),

and f is a function of three variables.
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PROOF. It is easy to see that, in a normal real fibred coordinate
chart, the coordinate expression of (3.4) is given by (3.1), (3.5) by (3.2)
and (3.6) by (3.3). Our Theorem is now a direct consequence of the above
Lemma. 0
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