Rendiconti di Matematica, Serie VII
Volume 16, Roma (1996), 109-115

Blowing up of solutions to nonlinear

Schrodinger equations

D. BAINOV — E. MINCHEV

R1ASsUNTO: Vengono studiate le soluzioni del problema di Cauchy-Dirichlet per
equazioni non-lineari di tipo Schrédinger. Si individuano condizioni sui dati iniziali
affinché la soluzione globale esploda in un tempo finito.

ABSTRACT: Solutions to the initial-boundary value problem for the non linear
Schrodinger equations are considered. Conditions on the initial data and on the non-
linear term are given so that the solutions do not exist globally on t > 0.

1 — Introduction

In [2] R. GLASSEY investigated the Cauchy problem
(1) e =AY+ Y[y, >0, zeR",

(2) ¥(0,2) = o(z), ze€lR",

where p > 1 and ¢y(x) is smooth and small at infinity. Roughly speaking,
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R. Glassey proved that if p > 1+ 4/n, E; <0 and V(0) < 0, where
By= [ IVoo@)de - —= [ ho(@)lide
B 0 D+ 1Rn 0

and

V(0) = ~41m [ (o V(@) (),

then the solution to Cauchy problem (1)-(2) can not exist for all ¢ > 0.

Later, M. TsuTsuMI generalized the preceding result to the case that
p>1+4/n, E; <0and V(0) <0 in [6].

In the present paper we consider the initial-boundary value problem
for the nonlinear Schrédinger equation and obtain sufficient conditions
on the initial data and the non linear term such that the solutions to the
problem under consideration do not exist globally on ¢ > 0.

Let us note that nonexistence of global solutions to Cauchy problem
(1)-(2) was shown first in [7] for radial solutions when p = 3 and n = 2.
More general cases were considered in [3], [5], see also chapter 3 of [4].
For system of Schrodinger equations we refer to [1].

2 — Preliminary notes

Let Q C IR" be a bounded domain containing the origin, with smooth
boundary 9Q and Q = Q U 9. We assume that - 7 > 0 for any fixed
Z=(x1,...,x,) € 0, where I is the unit outward normal vector at the
same point.

We consider the initial-boundary value problem (IBVP) for the fol-
lowing nonlinear Schrédinger equation

(3) Wy =AY+ f([U)y, t>0, ze€Q,
(4) Y(0,2) =o(z), z€Q,
(5) Y(t,x)|peon =0, t>0,

where f is a given real-valued function, v, is a given complex-valued
function.
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Let

q q 1/q
£(2) = {w(@): [0lle = ( [ W@)tdz) " < o0}
Q
Denote by 1 the complex conjugate of .

3 — Main results

Introduce the following assumptions:

(H1) E, <0,

(H2) E, =0, V(0)<o,

(H3) E, >0, V(0)<0, V*0)>16E,W(0),
where

||

By = Vool — [ F(ibo(a) P, F(P) = [ f(s)ds.,

V(0)=—-4 Im/(a: - Vho)hoda

and

W) = [ laPlioldr.
Q

THEOREM 1. Let the following conditions hold: 1) 1 is a suitably
smooth solution of IBVP (3)-(5), 2) one of assumptions (H1)-(H3) is
satisfied, 3) f € CMR,R), (1+2/n)F(s) <sf(s),¥s>D0.

Then, ¥ can not exist for all t > 0.
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PROOF. Suppose that 1 exists for all ¢ > 0. We multiply the both
sides of (3) by #|z|?>. Then, taking the imaginary part and integrating it
with respect to x, obtain

d -
(6) %E/Wwdx _ Im/div(V1/z¢)|ac]2dx.
Q Q

The right-hand side of (6) can be rewritten as

Im/div(VwE)\ar\zdx = —2Im/(a: - V)pda .
Q !

Let
W= [16PlaPde.
Q
Thus, (6) has the form
(7) % = —4Im/(:r V) pdz LV
Q

Integration by parts yields

% - ¥
= —Atm (o Ve)Pde — 4T [ (o V)Ddo =
Q Q

=4nIm [ Ypdr +8Im [ (z - Vi)ihda .
[veeam |

The first term on the right-hand side can be written as

®)  Antm [ Gide = 4Vl — 0 [ 0Pl
Q Q

while the second term can be written as

Stm [ (- VE)uda = 42 = ) [Vel3q +dn [ F(l)do+
Q Q

+ 4/@ V)|V Pdo — 8Re/(m V) (v - Vi)do
o0

[5}9]
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where v is the unit outward normal vector on 9. Since (5) implies
Re{Vy}//v, Im{Vy}//v on 00, we get

Re/(:c V) (v - Vib)do = /(x V)| V|2do

o0 o0

Thus, we have
©) 81 [(0- Vi)bde < 42— 0|Vl 0+ dn [ F(oP)do.
Q Q
Therefore, by virtue of (8), (9) and the energy identity
Vel ~ [ FloP)de = B,
Q

and noting condition 3), we obtain

W 8B, + 42 +n) [ FwP)ds —an [ $(oPlvPds < SE;.
Q Q

dt
Consequently,
V(t) <V(0)+ 8Et
and
(10) W(t) <W(0)+ V(0)t + 4E .

Suppose that assumption (H1) holds. The right-hand side of (10)
becomes negative in a finite time. This leads to a contradiction.
The case that (H2) or (H3) holds are analogous. 0

REMARK 1. Suppose that f(|¢)]*) = |¢[P~'. Then condition 3 of
Theorem 1 is satisfied if p > 1+ 4/n. This can be compared with results
in [2] and [5].

THEOREM 2. Let the hypotheses of Theorem 1 hold. If

: 2 2 _
tim [ laf?pfds = 0

t<T Q
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then
(11) lim [[¥(t) e =0, if 1<qg<2
t<T
and
(12) 11_)H1T (@) lgo =400, if 2<qg<+o00.
t<T

PROOF. Let ¢ € [1,2) be a fixed number. We choose a constant -y
such that

0<7<m1n(q,2(2—q))

Then, by Holder’s inequality we get

/ [ylrdz = / ol e lplrde < ( / o iaa) © ([ 1ol ¥ ) -
Q

= A( 1Tl TP V) < a( [ 1) / yia)'7 =
Q

Q

[\

|~2

4

= Aot / ol ldz)* — 0

ast — T, t <T, where A is a positive constant. Therefore

lim [|¢()]40 =0, if 1<¢g<2.

t—T
t<T

Let € > 0 be a sufficiently small fixed number. We have

0< lnlEa = I6®IBa = [ lPdo+ [ e <

|zi<e o] >e
e

1
< Wllagorco [Wllagoio + 5 [ lofloPda,

|z|>e
zeQ
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where s € [1,2) such that 1/¢+1/s = 1. Noting (11) and the assumption
that [|z*|¢?de — 0 ast — T, t < T, we conclude from (13) that
Q

i {19 (#)[lg,(z1<e) = +o0, i 2 < g < o0,
t<T

which implies (12). 0
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