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On the Hausdorff-Young theorem for Hilbert

vector valued Besicovitch a.p. functions spaces

A.M. BERSANI

RIASSUNTO: In questa breve nota viene data l’estensione del teorema di Hausdorff-
Young per funzioni LP periodiche a funzioni quasi periodiche secondo Besicovitch, de-
finite in IR® e a wvalori in uno spazio di Hilbert H a wvalori vettoriali. Viene inoltre
fornita la generalizzazione del teorema di Riesz-Fischer.

ABSTRACT: We give the extension of the classical H-Y theorem for periodic LP-
functions to Besicovitch almost periodic functions, defined on IR® and with values in a
vector-valued Hilbert Space IH. The generalization of the Riesz-Fischer theorem is also
given.

1 — Introduction

Recently, the Hausdorff-Young (H-Y) theorem for L? periodic func-
tions has been extended to almost periodic functions, in the Besicovitch
sense (B, spaces), defined on IR and with values in IR ([4]).

The theorem has been proved again in [2] in a more straightforward
way, by means of the method of complex interpolation. This method has
been used also in [5], to prove the theorem for a.p. functions defined on
IR and with values in a complex Hilbert space.
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In this short note, following the same method, we generalize the
theorem to Hilbert vector-valued a.p. functions, defined on IR”.

We want to underline the importance of the H-Y theorem for regu-
larity results for the Besicovitch spaces B, and the Besicovitch-Sobolev
spaces (see [2, 4, 11]) and, in particular, for the study of their embedding
properties, and moreover, for the study of partial differential equations,
with coefficients in BY,.

2 — Notations, definitions and properties

Let (H, (-|-)) be an arbitrary complex Hilbert space, with norm as-
sociated with the scalar product

lu|| == +/(ulu) YVwveH.

Recall that, Vu € H,

‘ 0 if u=0
Slgn“—{ﬁ if weIH/{0}.
u

Let P(IH) denote the complex vector space of all trigonometric poly-
nomials P(x) so defined

P(z) = chei’\j“ VzelR®
=1

where ¢; e H, M € R* (A" £ N if i # j); w € IN.

If every ¢; (j =1,... ,w) is different from the null element of H, the
set o(P) = {A\',\%,... ) A} with M| < [N?| < ... < |\¥| is called the
spectrum of P.

Defined in the usual way (see (3], [6], [12]) the spaces C (IR*,TH) of
the functions f : IR® — IH which are uniformly almost periodic with their
first k derivatives, and the spaces B (IR”,H) (¢ > 1); using the notation

) 1
][f(x)d:r = TEI-POO |QT|QZ f(z)dx
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where Qr = [-T,T]° and we use the Bochner integral (see [14]), we
introduce the functions

Cj lf)\:>\],j:1,,

w
VP
0 ifA¢o(P) €r

a(\, P) :fp(x)e—m.mdx _ {
o0 )~ f e

that are respectively called the Bohr transform of P and f, and the scalar
product

(fl9) = (F@lg())dz | e Bly: g€ B,

The subset of IR®

o(f) = {} e R’la(A, f) # 0}

is called the spectrum of f.

Let us recall that o(f) is at most a countable set. In what follows we
will suppose that the elements of the spectrum can be ordered according
to the increasing values of their moduli, i.e.

N <N <.

The formal series

S a(N, e

J=1

is called the Bohr-Fourier series of f.
Clearly, if f € P, its Bohr-Fourier series coincides with f.
In what follows, we will use the following

PrOPOSITION 1.1. If (P,)nen, with P, € P, converges to f in BY

ap’
then

a) there exists

(Fiseira) ™ =g,
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and the following relation holds true
141l = lim [[124]1,
b) we have, uniformly with respect to A € IR®,

lim a(\, P,) = a(A, f).

n—oo
Given the generic polynomial P(z) and introduced the polynomials
- . " 1tz _
Q@) =) _de™ "5 Qu(x) =D |ldel| "+ (signdp)e™ "5 z€C
=1 =1

whose spectrum is symmetric with respect to o(P), we define a particular
holomorphic function

0(2) = f {IP@) T (sign (P) (Z 75 sign dje > ) o

Applying the Parseval equality to @, (z) and the theorem of the three
lines to interpolate [¢)(z)| on the strip

Y={zeCl0<Rz<1}

we arrive at the inequality

1+t
2

r 2
<Pl (Slal™) * veep
I+t N =1

r

> {ejldy)

j=1

which, together with the properties ([2,5])

T

> (Csld;)

Jj=1

r , 1/4'
(Xhesi)  =su{
j=1

1Pl = s |£ (P@)iQ)ds

llQllg<

, where Z]dZHqgl}
=1
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and ([1], p. 29)

T

7[< Z (¢j]d;)

Jj=1

gives the following Hausdorff-Young theorem for trigonometric polyno-
mials.

LEMMA 1.1. VP(z) € P and ¥V q €]1,2[, we have

w , l/q’
(1) (XHel’) < e,
j=1
w 1/q
(12 Pl < (X Ie17)
j=1

where ¢’ = S
q—1

Furthermore, we shall need some characterizations of the B{ -norm,
with ¢ €]1, 400[, whose proofs are similar to those ones included in [3], [5].

THEOREM 1.1. V¢ €]l,4+00[, VP € P one has

IPll, = sup {|(Plg)] ;9 € C3, . llglle <1}

THEOREM 1.2. Vq €]l,400], VP € P, one has

IPll, = sup {|(PIQ). @ € P, [IQlll, < 1}

THEOREM 1.3. Vf € Bf ; q€|l,+oc[, one has

I171ll, = sup {|(/1Q)]5Q € P, lQll, < 1}
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3 — The Hausdorff-Young Theorem for Besicovitch spaces of
vector-valued a.p. functions

The result that now we are going to prove, is the extension of the
Hausdorff-Young theorem for periodic functions to almost periodic func-
tions defined on IR’ with values in a complex vector-valued Hilbert space.

THEOREM (Hausdorff-Young).  Let f € B (IR°,H) and o(f) =
{00, L }; one has

0 . q/ 1/‘1/
@) (Shewinl”) <l i g€
e . q, 1/ql
@2 < (Sl nl”) 7 gl

and the series occurring in (2.2) may be divergent.

The proof is quite similar to that one used in [4] in the case of
B (IR, C)-spaces. However, we give the principal steps for reader’s con-

venience.
Proor. If ||| f|ll, = 0 the proof is trivial. Let us suppose ||| f]||,;#0.
Since o(f) € {A1,...,A\,...}, there exists some index k such that

a(Ag, f) #0, with Ay € {Aq, ..., A, 1

i) Let ¢ €]1,2],and let € > 0 and n € IN arbitrarily fixed.

Consider a sequence (P,,)men of trigonometric polynomials converg-
ing to f in BY .

Using Proposition 1.1 and applying Lemma 1.1 to F,,, by means
of (1.1), we have that there exists m. such that

n / 1/‘1/
@3 (Llhau ") <IIPll+e < ISl + 25 ¥m>m..
Jj=1

Since € > 0 and n € IN are arbitrary, (2.1) follows from (2.3).
ii) Let ¢ € [2,+00[. Setting

n

Py(x) =) _a(\;, fle,

Jj=1
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we have
B2
(2.4) pP—2 f.

since f € BL, — B2,

On the other hand, VQ € P such that o(f) Na(Q) # 0, by Holder
inequality and (1.1) , applied to @, we have

|(P.]Q)]

=[5 (. Dlaty. @ ]s(iuaumn")l ",

j=1

Passing to the limit, taking into account (2.4) and the continuity of
the scalar product, we obtain

o0 4 1/q'
Q1< (X latu017) 1l

V@ € P such that o(f) No(Q) # 0.

Recalling the characterization Theorem 1.3, we finally write

oo

N Vd
51l = sup {I(A1Q)]. @ € P 1@l < 1} < (X lah, 0]

j=1

and the proof is complete. O

REMARK 2.1 The series appearing in (2.1) and (2.2) are multiple
series, and it is well known that, in general, the convergence of such
series and the value of the sum depend on the summation method.

In the present case, the convergence does not depend on that, because
the series appearing in (2.1) and (2.2) have positive terms (which are
ordered according to the increasing values of the moduli of vectors A €
o(f)), and we can apply the result on multiple series which states that if
the series is absolutely €2-convergent with respect to a summation method
), then it is unconditionally convergent, that is to say it converges with
respect to any other summation method.

We can complete the H-Y theorem with the generalization of the
Riesz-Fischer theorem.
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THEOREM 2.2. For any fized countable set of real vectors
A={ANN% .00

with [AY] < |X\?| < ... and for any fized sequence (¢;)jen, ¢; € IH which
is q'-summable with q' €]1,2], there exists a function f € B (IR, H)

verifying
o(f)SA and ¢;=a(N,f);

furthermore, such a f is the sum in Bl, of its Fourier series.
Moreover, one has

S , 1/4'
st < (L lel”)
j=1

PROOF. Let us consider the sequence
n .
i .
P.(z) = che“\ 7.
j=1

Since ¢’ €]1,2], by Lemma 1.1 we have

n-+s , 1/q/
I1Puse = Pally < (3 llel”)  mose.

Jj=n-+1

This inequality implies that the sequence (P,) converges in B (IR" IH)
to some f.
By Proposition 1.1 and Lemma 1.1 we have the thesis. U

It is finally very easy to show the following result.

COROLLARY 2.1. If f € B}, o(f) ={\',A\*,...} and
> aV; HIIY < 400 ¢ €]1,2]
j=1
then f € B?, and

25) 1 < 3 la¥, P



[9] On the Hausdorff-Young theorem for Hilbert etc. 151
PROOF. By Theorem 2.2, there exists g € B{, s.t.
a(N,f)=a(XN,g9) VjeN
and

26) lgllf < 3 o, 1)

so that
=g in Bl
and the thesis follows from (2.6). 0
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