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Covariant second variation for first order

Lagrangians on fibered manifolds
I: Generalized Jacobi fields

B. CASCIARO - M. FRANCAVIGLIA

RiAssuNTO: Si considerano, da un punto di vista covariante ed in maniera Si-
stematica, la seconda variazione e le equazioni di Jacobi generalizzate dei problems
variazionali (del primo ordine). Si mette in evidenza il ruolo e il significato delle varie
integrazioni per parti. Infine, si danno esempi di applicazioni alla Meccanica e alla
teoria dei Lagrangiani armonici generalizzati.

ABSTRACT: The second variation of a (first-order) Lagrangian theory is revisited
and the notion of generalized Jacobi equation is considered from a systematic and co-
variant viewpoint. The role and significance of various integrations by parts are pointed
out. FExamples of application are given in Mechanics and in the theory of gemeralized
harmonic Lagrangians.

— Introduction

As is well known, the second variation of an action functional gov-
erns the behaviour of the action itself in the neighborhood of critical
sections. In particular the Hessian of the Lagrangian defines a quadratic
form whose sign properties allow to distinguish between minima, maxima
and degenerate critical sections [1].
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A fairly well known example is the case of geodesics in a Riemannian
manifold (M, g), whose variational properties have been the subject of
various investigations and have inspired whole chapters in the Calculus
of Variations [2]. In this case those fields which govern the transition
from geodesics to geodesics (i.e., those vectorfields which make the second
variation to vanish identically modulo boundary terms) are called Jacobi
fields [2] and they are solutions of a second order differential equation
known as Jacobi equation (of geodesics).

The notion of Jacobi equation as an outcome of the second variation is
in fact fairly more general than this. General formulae for the second vari-
ation and generalized Jacobi equations along critical sections have been
already considered in the Calculus of Variations (see, e.g., the review of
results contained in [3]). Strangely enough, however, in all current litera-
ture the second variation of functionals seems to be always considered in
a direct way, without resorting to general expressions, and integration by
parts to reduce it to more suitable forms are always performed by ad—hoc
procedures, in spite of the fact that fairly general formulae exist. Just to
mention a few examples we can quote the calculations of [4], [5], [6], [7].

Because of this, we have reached the conclusion that it is worthy to
revisit the theory of second variations (for the action functionals defined
by first order Lagrangians), also in view of a number of applications
which we shall mention later and will form the subject of forthcoming
papers. Working in the framework of jet—extensions of fibered manifolds
we discuss then in this paper the notion of generalized Jacobi equation.

Section 1 is devoted to recall the main concepts from Calculus of
Variations on jet—bundles and to discuss a geometric setting for covariant
variations in a trivial bundle M x N endowed with a “product connec-
tion” (see [8]). This situation is fairly general, since the case of fibered
manifolds 7 : M — N can be suitably recovered by restricting the at-
tention to (local) sections of the fibered product M x,; N satisfying an
obvious condition. In Section 2 we recall the first variation and calculate
the second variation §%A4 of an action A for curves in a configuration
manifold @ (“generalized Classical Mechanics”). We then show how a
number of different integrations by parts allow to recast the Hessian in
a more suitable form, which contains the Euler-Lagrange operator, and
to define some ordinary differential equations of the second order which
we call the generalized Jacobi equations. These are in fact the equations
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which define along critical curves those vectorfields in Q which make 2.4
to vanish identically (modulo boundary conditions); a description of these
equations as the Euler-Lagrange equations of the first variation §L will
be considered elsewhere ([9], [10]). Section 3 is devoted to discuss, along
similar lines, the second variation 24 and the generalized Jacobi equa-
tions for Lagrangians of Field Theory, i.e. defined on (local) sections of
fibered manifolds (B, M, ). In this case the generalized Jacobi equations
are second order partial differential equations for vertical vectorfields de-
fined on critical sections. In the subsequent Section the results of Section
3 are rewritten in an explicitly covariant form, based on the use of product
connections in the trivial bundle M x N (see above for a discussion about
generality). As a particular case in Section 4 we also consider the case
of “generalized harmonic Lagrangians”, which contain the Lagrangians
of harmonic mappings between Riemannian manifolds as a special case
(see, e.g., [4] and [5]).

As is well known, the classical Jacobi equation for geodesics of a Rie-
mannian manifold (M, g) defines in fact the Riemann curvature tensor of
g. Because of this we can say that the second variation 524 and the gen-
eralized Jacobi equations define the “curvature” of any given variational
principle in a fibered manifold. In the generic case, of course, this notion
has very little to say. In the second part of this investigation [11] we shall
show that this general concept of “curvature” takes a particularly signifi-
cant form in the case of generalized harmonic Lagrangians, giving rise to
suitable ”curvature tensors” which satisfy suitable “generalized Bianchi
identities”.

The case of generalized Jacobi equations for higher order Lagrangians
will be considered in a further paper [12]. The applications to second
variations of relativistic Lagrangians (i.e., Lagrangians depending on the
full curvature of a Riemannian metric) will form the subject of the further
papers [13] and [14]. Notation will follow [15], [16] and [17].

1 — Preliminaries and Notation
1.1 - The General Case

Let (B, M, 7) be a fibered manifold over an m-dimensional manifold
M, with r-dimensional fibers. We will denote by (z*) a local coordi-
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nate system on M and by (z*,y) a fibered coordinate system on B over
(z*). As usual, V B will denote the vector bundle of vertical vectors (i.e.,
vectors tangent to fibers of B) and the sections of this bundle will be
called wvertical vectorfields; the space of vertical vectorfields is denoted
by Xy (B). For any (regular) domain D (i.e., D C M is a compact n-
dimensional submanifold with boundary), I'p(7) will denote the set of
(local) sections o : D — B. Moreover, J'(B) will denote the 1-st or-
der jet-prolongation of B, with naturally induced charts (z*,y%, y;). If
o € I'p() is any local section, locally expressed by (x*,o®(z#)), thence
its 1-st jet-prolongation j'o has local expression (z*,0%(z"),c%(z")),
where o stands for do®/0x”. An analogous notation will be used for
the second jet-prolongation J?(B) over B. Let 0. be a homotopic varia-
tion of 0 = 0y € I'p(7), withe €] — a,a[= 5 C R and a > 0; the mapping
defining the homotopy will be denoted by A: D x S — B

(1.1) A (z;€) — 0.(x)

We shall set:

. _ a)\a " _ a a 82>\a
n(z;e) = ( 9 )(m;s)v Ma(w:6) = 82“ - (aruag)(m;s)’

. ' - 8na B 82)\a '
(12) p (1378) = 85 - ( 852 )(1;8)7

with some abuse of notation, we shall denote by the same symbol also
their values at e =0 .

A fibered morphism £ : J'(B) — A™TM is called a Lagrangian. It
defines a variational problem (of the first order) on (B, M, ). Locally:

(1.3) (Lojlo), = L(z", 0% (z"),0%(z"))ds
for any section o € I'p(7), with:

(1.4) ds =dz' A+ Ada™.
Moreover we put:

(1.5)  ds, =i, (ds) = (=1)*dz" A--- Ada* " Adz"T A Ada™
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The variational problem determined by the bundle morphism £ is based
on the action:

(1.6) Alo) = [ £oj'(@).

whose critical sections are those sections along which the first variation
0A of A vanishes if it is taken with respect to homotopic variations A
with fixed values at the boundary dD. As is well known, critical sections
are those sections o which satisfy the equation:

(1.7) e(L)jzg =0

which is called the Fuler—Lagrange equation. Here the Fuler—Lagrange
morphism e(L) : J*(B) — A™(TM) ® V*B, where V*B is the dual bun-
dle of V B, is locally defined by:

0 ) .
e(L>j20 Z[(aaL) — %(pg OJIU)}dS ® dy

(1.8) =e,(L)j2,ds ® dy“.

There is a further global bundle morphism f(L) : JY(B) = A™Y(TM) ®
V*B, having local expression:

(1.9) f(L), = (ph ojlo)dsu ® dy® ,
with
oL oL
1.1 L= d P = ([
( O) o aya an Dq ayz pa( )a

where p#(L) are the canonical momenta. This morphism enters the fol-
lowing expression for the total differential T'L of L:

(1.11) (T'L)j15(v) = (e(L)) j2, (v) + d[f (L)1, (v)]

for any local section o € I'p(m) and any vertical vectorfield v, which
projects onto o; equation (1.11) is called the global first variation formula
of L. For more details see, e.g., [15], [16].
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1.2—- A Simpler Case

Here we are interested in the simpler case (which shall be useful
in Section 5) in which B =M x N and 7 = pr; : M x N — N is the
canonical projection, where N is any r-dimensional manifold. In this case
the bundle chart (z*,y*) can be taken to be the product chart of (z*) by
a local chart (y*) of N. Moreover, if 0 : M — M x N is a (local) section
of this bundle, then o(z) = (z, f(x)), where f : M — N is a (local)
differentiable mapping. In the sequel we will identify o to f, so that the
previous notation can be used. Notice that, by choosing B = M x N,
we do not loose generality. In fact, if N is a fiber bundle over M, with
canonical projection v : N — M, in order to obtain the sections of this
bundle one needs only to impose the constraint v o f(z) = z, for each
x € M, to any section 0 : M — M x N. The above constraint can
be implemented by restricting our attention to the closed submanifold
M xu N of M x N.

Consider now the splitting of the whole tensor algebra of M x N,
determined by the splittings TB = T(M X N) = TM x TN and T*(B) =
T*(M x N) =T*(M) x T*(N) of the tangent and cotangent bundle of
M x N, respectively. For any quadruple of integers (v, s, ¢,u) the bundle
TP*(MxN) =T (M)®T(N) is hence defined. In particular, the bundles
TH(MxN)=T*(M)RT(N) and T} (M x N) =THM)@®p T (M x N)
of the tensor bundle T} (M x N) will be used. If 0 = 09: M — N is a
differentiable mapping, from (1.2) we have:

(1.12) (jla):JZ(x)aiw®dx" €T (M) ® Ty (N), Vo e M.

Moreover, the total differential T'o of o, thought as a section of the trivial
bundle pry : M x N — M, is given by:

® dx¥ + UZ(J:)i ® dx”

(113)  (To)y=Ku+(j'0), =9 oy

H_-
Y Oz

where K, is the Kronecker tensor in M. We have then (To), € T} (M)
By Tﬁ}(z’o@))(M x N) for each x € M. Usually (1.12) is considered as
a tensorfield along the mapping o : M — N and (1.13) as a bundle
morphism induced by the section associated to . Here we consider both
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of them as tensorfields on M x N, defined on the graph G, = o(M) =
{(z,y) € (M x N)/y = o(z),z € M}, the mapping o being identified
with the associated section. Obviously, G, is a closed submanifold of
M x N diffeomorphic to M.

Let 0. be a homotopic variation of 0 = 0 € I'p(7), with € €] —a, a[=
S and a > 0, and let A : M xS — N be the mapping defining the
homotopy. Then for each ¢ € S, the graph G,. can be identified with
the closed submanifold G, x {¢} of G. Then the tensorfields defined
by (1.12) and (1.13) can be split by the product structure on M x S.
In accordance with the notation (1.2) this allows to define the following
objects:

j(l))\zjlae =0, ® dz" |

oy
0 5 . 0

TyA=To. =6 — @da" + o0, -— @ dz";
ozt oy°

(1.15)

1 — a

JoA= n =1 ® de;

(2) aya

d 0
T(Q)/\E 7 :—®d€+77a ® de.

de oy
In this notation the lower index k in j(lk) (k = 1,2) denotes either deriva-
tion with respect to variables in M (k = 1) or with respect to € in S
(k = 2). Since the standard chart (.5, ¢) has been fixed on S, by an abuse
of notation we can identify the tensorfields n and 77 with the vectorfields:

0 d d 0
1]_ N p—— d n— — = — @ .
(1.16) n=mn By and 7= - +1 pE +n By

Now we fix two connections V and V on M and N , respectively, and
denote by I';;, and I'j, their respective local components. Then the prod-

uct connection V.=V x V on M x N defines a covariant differential by:
(1.17) C[(VZ)®@ X]=VxZ; VX e X(MxN),VZeZI(MxN),

where X' (M x N) is the Lie algebra of vectorfields on M x N, ZtH(M x N)
is the C'*°—module of tensorfields of type (t,s) on M x N and C' is the
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standard contraction C[(VZ) @ X|}*"% = (V,Z;171t)€" (by an abuse
of notation here indices run from 1 to m + r). The following generalized

Leibnitz rule holds:

VZeZzZ)=1(VZ2)2 Z)+ZeNVZ,
(1.18)
VZ eI, (M xN), YZ'eZI)(M xN),

where I : 7%, (M x N) — I,t%, . (M x N) is the linear bundle iso-

morphism defined by

I(Z@weZ =27 @w;
(1.19)
VZ €I,(M x N), VYZ'€ZI)(M xN), VYweI}(MxN).

We have also:
(1.20) V(CLZ)=CL(VZ), VZ €L, (M x N),

whenever the contraction C}, of the t-th upper index with the t’-th lower
index can be considered (i.e.,if s > 1,8 > 1,1 <t<sand 1<t <s'). The
definition (1.17) may be generalized to the following differential operator:

VpZ =C[(VZ)® P] € T, (M x N)
(1.21)
VP eINM x N), VZeTI'(M x N)

locally given by C[(VpZ)|}= = (ViZ;i:j:jjéi)Pj (also in this case Latin
indices run from 1 to m + r). This operator satisfies (1.18) and (1.20).
The same construction can be repeated by replacing M by M x R
and V by V x V, where V = d/dt is the standard connection on R.
In particular we have the following: (i) if P is a family of elements of
Z}(M x N) smoothly depending on £ € R then the product connection
V x V x V operates as V for any ¢; (i) if P(z,¢,y,) € Tiw)(M X N)®
T*(R) then V x V x V operates as in (1.17) provided P is replaced by the
vectorfield of M x N obtained from P by dropping de as in (1.16); (iii)
finally, in all the other cases the new connection operates exactly as the
derivative with respect to € € R. By an abuse of notation we shall identify
V xVxV with V. The new differential operator above allows us to extend



[9] Covariant second variation for first order etc. 241

to connections the notion of “formal derivative” (see [16]). Notice that
the operator defined by (1.21) induces a ”differential operator” on each
submanifold of M x N. Consequently, from the tensorfields defined by
(1.15) and (1.16), the following tensorfields defined on the graph G, of A
can be obtained:

0
VﬁTl)\ == Vﬁjlas :(VﬁO'Z)— & dil?u,

oy®
VTI,\ﬁ = VTogﬁ = VTosn :(vTaena)/L 83/“ ® dx” ’
(1.22) 5
Vin = Vin =p° oy
0 o 0 v
Ve Tid =V, To. = Ve jlo. =(Vr,.00), gge & 42" ©da,
with
VﬁO'Z ZT]Z —+ f“blCO'ZﬁC s
(Vron®),, =n + Thn’oy,
(1.23) a . Ta .
Pt =p" +Thn’n®,
a . UZ« Fp a f\a b __c
(VTUEO-M)V o wo, +yo,0,.
We have also:
~ Ta c J
(1.24) ViiA = Vi = Tionn By ® dx*

where T}, are the local components of the torsion tensorfield T of V. Now
we set:

9 |
DH :% + y'y]‘—‘Zp. ayz ]
(1.25) p .9 e 9

:8ya - yu caa—yz7

Dyt =dyt — y°T7,dz" + ny‘chyc )
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It is well known that (D,, Dq, 5 ﬁ) is a local basis of the tangent vector
bundle T'(T}; (M x N)), while (dz*,dy®, Dy?) is its dual basis. The ele-
ments of the above bases (called adapted bases) obey the same trasforma-
tion rules as d%, By dy 2_®dy® and will be identified
with them, in the given order. Moreover if F:T% (M x N)— R is any
differentiable mapping we can consider the following tensorfields along
the canonical projection 7%} : TP (M x N) — M x N, defined by:

OF oF
h — T ay M
diyF = (D, F)da" = (am# + yvfuuayg>dx ,

<8F Cb8F>da

(1.26) diyy P = (D F)dy" = aye  Unbeagyp

9 9
d'F = (d"F )5 @dy" = plio - @ dy".

A simple local calculation shows that the following identity holds for the
total differential dF"

dF = (D,F)dz" + (D,F)dy® + (dF)" Dy’
(1.27)

Let now X be a vectorfield along 7%, i.e. locally: X = X*-2. +

It OxM
X 6(3‘1' In the sequel we shall use the following notation for some of the

local components of the covariant differential defined by (1.19):

vVVX# =D, X" +Th X7,

VX = DX +T5X°,

(1.28) oy 9X"
(d" X" = oy

v Ya\v aXa
(d" X)), = oyl

Since (X o j'o.) is a vectorfield defined on the graph G, of A the
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following covariant derivatives can be calculated:
(1.29)

)
Vo (X 0jlo.) =[VIVX" + 05 Dy X* + (Vo 00), (d" X"} ]@ ® dx’+

. . )
[D, X+ o' VP X + (V. 00), (d°X )] ]8—ya®dx”,

VAXof%%%WmX“(VUXWX%];

[PV X+ (V0b) (d X ) ]

This is the required “formal derivative”. This “derivative” can be ex-
tended to the whole tensor algebra on (M x N), so that, using local
coordinates, the rules (1.18) and (1.20) still hold as for standard connec-
tions. Let us also remark that if F': 77 (M x N) — R is a differentiable
function the following holds:

8 - a a v
S (F 0 jo.) = 1" DuF + (Va0 (@ F)2

Suppose now that M is an orientable manifold and that € is a glob-
ally defined volume form. Then we replace (1.3) by the global formula

L =L, where L : T} (M x N) — R is a function. Then for an arbitrary
coordinate system (z*) equation (1.4) must be replaced by:

(1.30)

(1.31) 2 = ads,

with « a positive function defined on the domain of the chart (x*). If X

is a vectorfield on M, locally given by X = X* we set:

oz ;m
1.32 diviX =90, X"+ X"9,Ina.
7 3

Hence divX = (div® X)Q, and div" X defines a differentiable function
on M. We also consider the 1-form w = w,dz", with:

(1.33) w, =TI, -0, Ina.
By (1.32) and (1.33) we have:

(1.34) C(VX) = div' X + w(X),

where C' is the unique possible contraction.
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2 — The Second Variation Formulae and Jacobi Equations for
Mechanics

2.1— The general setting

In this section we shall consider the first and second variation formu-
lae for the case of Classical Mechanics and discuss some of their relevant
features. Let then M = R, B = R x @ (where Q is the configuration
space) and J*(B) 2 RxTQ (where T'Q is the tangent bundle of Q). Local
coordinates in J'(B) will be denoted by (¢,¢%, u®), a =1,...,n = dimQ.
Consequently (1.1) simplifies to:

L= L(g" ut)dt.

The canonical momenta, in this case, are:

oL

(21) Pa = pa(L> = ou

and they behave as sections of the phase space R x T*(Q). The Poincaré—
Cartan form is

(2.2) O = Ldt + pa(dg” — u"dt)

and the Euler-Lagrange equations (in J?(B) ~ R x T?Q) are:
(2.3) ea(L) =0

where e,(L) is the Euler-Lagrange morphism:

(2.4) €a(L) = 0oL = pa

and the dot denotes (as usual) time—derivative. The first variation of the

action
A:/Lﬁ,
I

(I = [to,t1] € R being a compact interval) is evaluated by assuming
q* = q*“(t;¢) and u® = (9q¢*/0t)(t; €) to depend smoothly on a deformation
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parameter ¢ € R and by taking the e-derivative at ¢ = 0 of the real
function:

6 a
(2.5) Ae) = [ Llat:2), o), ).
I ot
As is well known this gives:

_ dA(e)

(2.6) sA =

oL oL
= 0q” out)dt
/I(aq“ 1 +8u“ u)

e=0

where:

a a a4, ¢ = 8 “(t;

One goes then “on shell” by setting u* = ¢* and du® = §¢* = (6¢*)". An
integration by parts then gives:

(2.7) SA = pan’l;) + / (9L — pu)n“dt

where n = 1?0, = (d¢*)0, € Xy (B) is a vectorfield representing the “first
variation”. Notice that we are using a notation consistent with (1.2).
The Euler-Lagrange equations (2.3) then follow by requiring

0A = pana’:; for any n = naaa c )(‘V(B) .

Obviously, the boundary term disappears if one imposes the standard
condition:

(2.8) n*=0 for t=t, and t=t,

or under other suitable conditions (see e.g. [2]). Alternatively, the result
(2.7) may be obtained by Taylor expanding ¢* and u® = ¢* as follows:

q“(t;e) = qfy) +en” + o(e?)

(29) a a -a 2
u®(t;€) = uy) +en’ + o(e”)
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and e-differentiating:
Ae) = [ Liaty +en® + o), uy + <1 + o(e?). )it
I

To calculate the second variation of A one has to go one step further and
Taylor expand g% and u® as follows:

1
q"(t;€) = gl +en® + 52" + o(€?)

(2.10) 2
a a P 3
u®(t;€) = ufy) +en +§6 P+ o(e),
where

a a a a a 2 a 82 a

" =0q" = 5-q"(hie)ly and " =8%" = 554" (5e) |

are the first and second variation, respectively. Calculating then the
second e-derivative (at € = 0) of A(e), after an integration by parts on
the term 2% p* = p,p® one finds:

t
52 A = p.p” tl + /(&LL — Pa)ptdt + /HeSS(L)(n,ﬁ)dt
(2.11) N !
=pap° . +/Iea(L)p“dt+/IHess(L)(n,ﬁ)dt
where
O*L 0*L O*L
2.12)  Hess(L)(n,n) = “n® + 2 P P’
(2.12) ess(L)(0,1) = 5 2o T 259" 1 Guage 1
is the Hessian of L, which depends quadratically on n and 7. (Actually,
2 2
one finds two terms afa Len®)® and 8fa8qu7‘7“nb, which sum up to the

second term in (1.12) because of the Schwarz’ simmetry of the second
derivatives. This is a non—trivial remark, since, as we shall see below, the
procedure to derive Jacobi equations is based on integrating by parts just
one of these two terms!). From (2.11) we see that the following holds “on
shell”:

(2.13) (8 Al = pup| ) + [ Hess(L) (i)
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i.e., along solutions of (2.3). Obviously the first term disappears under
the further boundary conditions:

(2.14) p' =0 for t=t, and t=t;.

There are now various integrations by parts which can be performed
on (2.11) to re-express under more convenient forms the second varia-
tion 624 “on shell”. To this purpose, let us first introduce the following
notation:

- 8]?1, . 82[/ .
(2.15) 0= 500 = v
O*L
(216) hab - hab(L) == W )
(2.17) F(n) = (Dapo)n*n’.

(Notice that h,;, is the u-Hessian of L, i.e. the matrix which controls the
regularity of L and of the corresponding Legendre transformation). A
first integration by parts can be now performed as follows. Split again the
second term of (2.12) as the sum of two identical addenda (9,p,)n®n® and
integrate only one of them by parts, leaving the second unchanged. Using
the definition (2.4) of e, (L) and performing some easy manipulation, this
simple artifice allows us to re-cast as follows the Hessian:

(2.18) Hess(L)(n,7) = Hi(L)(n,7) + [F ()],

where the “modified Hessian” H;(L) is given by:

(2.19)  Hi(L)(n, ) = [(Daes(L))0" + (Fopa — upo) |1 + haiy* 1"

(to obtain (2.19) one uses in fact the equality of (9ye,)n*n® with (9.€5)

n°n®). The second term of (2.18) is a boundary term, so that the second
variation (2.11) can be re-expressed as follows:

(220)  8°A = (pup + F(n))

:)+/Iea(L)padt+/IH1(L)(7777‘7)dt'
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This expression reduces “on shell” to the following:
(221) 5 Al = [ Hi(L) . )

provided (2.8) and (2.14) hold. Roughly speaking, Hess(L) and H,(L)
are quadratic forms which determine the directions along which the ac-
tion A increases, decreases or is stationary in a neighborhood of a critical
curve, provided (2.8) and (2.14) or other suitable boundary conditions are
satisfied. A simple consequence of the observation above is that Hess(L)
and H;(L) have the same number of eigenvalues with the same multiplic-
ity and the same signature. To our knowledge, the “modified Hessian”
H, (L) has not been previously considered explicitly in the literature. We
stress, however, that it is worth considering it because of a number of
reasons: first, it is explicitly written in terms of momenta and field equa-
tions (2.4); second, it seems to be best suited to determine the sign of the
second variation; third, as we shall see below, it generates an alternative
new Jacobi equation.
A further integration by parts based on the following identity:

(2.22) R0 = (hasn®™1")" — a0’ — Rap®ii®

can now be performed into the Hessian to obtain “Jacobi equations”,
under a number of equivalent forms. We can first use (2.22) to recast
(2.12) as follows:

(2.23) Hess(L)(n,n) = Ji(L)(n,%,7) + [P(n,0)]",

where we set

(2.24a) S (5%n) = "I (5%n)
with

o 0%’L dhey . . .
(2.24b) TG = g + (20 - SN = haii”
and

(2.25) P(n, 1) = han".
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With these positions equation (2.11) can be written as follows:

(2.26) 8*A = [p.p® + P(n,1)]

+/ ad”/IJl(L)(n,ﬁ,h’)dt,

+/J1 (n,m, 1

This generates the (generalized) Jacobi equation (of the first kind):

which “on shell” reduces to:

(2.27) 02 Alshenn = [pap® + P(n,7)]

(2.28) T (0,7, = 0.

The solutions of equation (2.28) are the Jacobi fields, i.e. those vertical
vectorfields n € Xy (B) along which §%A reduces to the boundary value
given by the first term of (2.27).

Performing the same integration by parts on (2.18) gives instead:

(2.29) Hess(L) = Jo(L)(n,%,7) + [G(n,9)]
where

(2.30a) Jo(L)(n, 1, i1) = n*J> (n, 1, i)
and

7 .« e . dhu .
(2.300)  JP(n,n,i1) = [Opea(L)]n" + (Qaps — Oopa))® — pn 27— Bayi®

being
(231)  Gn) = F(n) + Pn,5) = n"[(0aps)n” + hayi’] -
With these positions equation (2.11) can now be written as follows:

/ “dt+/?7 @ (n,n,i)dt

(2.32) 6*A= [pap” + G(n,n)]

Equivalently:

(2.32") A = [6(pap®

+/ €a “dt+/n“j§2)(n,7'7,f7‘)dt,
I
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since it is easy to see that the following holds

G(n,1) = 6(pan®) — pap” .

Equation (2.32") becomes “on shell”:

tl = . .
(2.33) 8% Alape = [8pan®)]|, + /1 0 I3 (0,0, i)t
which gives us the Jacobi equation of the second kind:

(2.34) JE (n,n,i1) = 0.

Using the fact that partial derivatives 9, and the formal derivative %
commute, this can be shown immediately to be equivalent to the following
equation:

2

5000 1"+ (Bape)” = [(Oaps)n® + havii’] =0,

(2.35)  J7 (0,0, 0]) =

which is well known in the literature (see e.g., [3]) and can be called the
standard Jacobi equation.

Before proceeding further it is interesting to provide an alternative
and more compact description of the above constructions using a language
which is more suited to applications in differential geometry. Let then
v : R — @ be a curve and let us denote by 7., ¢ €] —a, a[= S a homotopic
variation of v = 9. Each 7. defines a section 0. : R = B = R x @, by
o. it (t,7:(t)). The action is defined by the integral:

A(y.) = /IL(A,Z—;\,t)dt

where A : S x R — @ is the mapping defining the homotopy. The first
variation §.A is thence:

A= %/“L(A,%,t)dt:/ttl [e(L)%(g—i)]dH

to 0

(2.36) |
[ D[R g ()]

to
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having identified, by an abuse of notations, (OA/0t). with j'o. and
(0%X\/0t?). with j2o., for each € € S. Here, f(L) is the relevant part of
the Poincaré—Cartan form Oy, i.e., f(L) = p,(dg® — u*dt). The second
variation §%2.A can now be expressed as:

(2.37)

, & i N
6A—d—[A( )] = / [e(L)d (aggﬂdt

O Oy /O
" agat[f(L)%—t(ag>(ag)]dt‘

[ [ (etmmy) (5 +

This gives “on shell”:

238)  SPA-H= o | T ety )] (52

ot2 Oe

and the boundary term is zero under the assumptions (2.8) and (2.14).
Let us remark that for ¢ = 0, equation (2.37) coincides exactly with
equation (2.32), apart from the change of notation. Consequently, for
e = 0, the quantity H coincides with (2.33). The standard Jacobi fields
(2.35) thence determine homotopic variations A verifying the equation:

(2.39) [%(e(L)azx)}

2.2 — Examples

To illustrate the previous results let us consider two simple examples.
We first discuss the Lagrangian for a simple harmonic oscillator. One has
@ = R and the Lagrangian is:

(2.40) L— %(ﬁ _P).

Denoting by 1 and p the first and second variation of ¢, we have:

6A—un\t / U+ q)ndt
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from which the field equation @ + ¢ = ¢ + ¢ = 0 follows. Moreover:
(2.41) A =uply,+ [ =)t~ [ (it
I I

being Hess(L)(n,n) = n* —n*. Since p(¢,u) = dL/0u = u, we have
Op/0q = 0 and consequently Hess(L) = H;(L). By an integration by
parts we have also:

@42) A= (i)~ [Gi+nndt— [+ gt

The Jacobi equation (of the first kind) is then:

(2.43) i+ =0

and it coincides, as for the Hessian, with the other Jacobi equations. It
is easy to see that (2.41) is a particular case of (2.11) and (2.20), while

(2.43) is a particular case of (2.28) and (2.35) at the same time.

As a second example we shall derive the classical Jacobi equation for
geodesics. Let then (@, g) be a Riemannian manifold, with metric tensor
g = gapdx® ® dz®. The Lagrangian for geodesics is then:

1
(2.44) L= igab(qc)u“ub

and the action is the energy of (Q, g)

245)  AG) = (Kl =5 [ aGe)3 @3 .
From (2.44) we have:

(246) pu(L) = gabub y hab(L) = Yab

and the Euler-Lagrange equation is given by:

(2.47) ea(L) = =[gap” + {bc, a}¢*¢°],
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where {bc,a} are the Christoffel symbols of the first kind. As is well
known, setting e,(L) = 0 characterizes the geodesics of (Q,g) as the
critical curves of A(7y), which are the solutions of the geodesic equation:

a

(2.48) i + {bc

pi'qe =0,

being { . } the Christoffel symbols of the second kind. From (2.46), (2.47)
and (2.30) we infer immediately the Jacobi equation for the unknown
vertical vectorfield Y € &y (R x Q) = X(Q):

- [(angcdb + 9, ({bd, c})qqu} Ye

. NS
(2.49) +((9ag0)d” = (Oegar)d”) —
dye d*ye
i ‘b— — _ =
(6bgac)q dt Gac dt2

Notice that the four terms of (2.49) correspond exactly to the four terms
of (2.30). We can now replace into (2.49) the value of ¢® given by the
Euler-Lagrange equation (2.48) and gather together its second and third
terms. We obtain thus:

aye d*ye

_acizo'
ar g

(250) [(Gugno)d ;3 —0elde,a}]d'a"Y* —2(ch, )’

Multiplying the equation by g/¢ and performing some further manipula-
tion, it is not hard to see that its first term generates the Riemannian
curvature tensor of (@, g) and that the equation is turned into the well—
known Jacobi equation for geodesics (see, e.g., [2], page 82):

(2.51) V2Y + Riem(Y,%,%) =0,

where v is any geodesic curve and Vﬁ denotes the second—order covariant
derivative along the curve ~.
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3 — The Second Variation Formulae and Jacobi Equations for
Field Teory

We are now ready to discuss the formulae for the second variation
and the generalized Jacobi equation for a (first order) Lagrangian defined
on a fibered manifold (B, M, 7). As in the previous section, we shall first
develop the equations in a coordinate language and later consider their
intrinsic rappresentation. Let us then consider a Lagrangian:

(3.1) L= L(z*y, y,,)ds

(see Section 1 for notation). Over a compact domain D with regular
boundary 0D any homotopic variation of the (local) section o € I'p(m)
can be Taylor expanded as follows:

2

(3.2) y"(@Y) = vl (@") + (@) + S () + o)

together with its 1-prolongation j'o:

2

(33)  ypa) =y @) +eni(@) + o) + ol

The first variation of the action A defined by (1.6) is thence given by:

— 1o a a
(34) sA= [ (pn)ds, + [ eu(Lynras.

where e, (L) is given by (1.7), p# are defined by (1.9) and we have made use
of Stokes’ theorem. Then the critical sections of £ are determined by the
Euler-Lagrange equation (1.11) under the boundary condition nsp = 0.
Taking the second e-derivative of A(e) we obtain after integration by
parts:

(35) A= [ (s, + [ (ealL)p)ds+ [ Hess(L)(j'n)ds,
oD D D
where the Hessian is defined by:

(3.6)  Hess(L)(j'n) = (82, L)n"n" + 2(8aph )1, + hoynen,, ,
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having set for simplicity:

0?L 0°L
. 2L = ——— REP(L) = .
(3 7) aab‘L 8ya8yb ) ab ( ) ayzayz

Integrating by parts, as in Section 2, half of the central term of the
Hessian and using the expression (1.7) for the Euler-Lagrange operator
we obtain the following splitting for the Hessian:

(3.8) Hess(L)(j'n) = H\(L)(j'n) + 8, F",

where H, (L) is the “modified Hessian”

(3.9 Hu(L)(F'n) = [Daes(D)] 11" + (Baph — Qopt)nin” + hiynin!,
and we set

(3.10) Fr(n) = (Qaphy)n*n".

Integrating the third term of (3.6) by parts gives instead:

(3.11) Hess(L)(j'n) = J1(3%n) + 8, P*

with

(312)  Ji(j*n) = [[Ovea (D)0’ + 20upf — 0,07l — WS, |0
and

(3.13) P*(j'n) = hignpn'”.

Finally, the two integrations by parts performed on (3.9) allow us to
re—express the Hessian (3.6) as follows:

(3.14) Hess(L)(j'n) = J2(5°n) + 8[0,(phn™)] — 9. (plip®) ,
with

(3:15) Ja(j*n) = [(Gbea (D))" + [(Dubl; — Oupl) — Dohf 1), — Bii), | 0"
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and

(3.16) [0, (phn™)] = F(n) +G(j'n) .
The second variation can thus be re—written as follows:

(317) A= [ (p'p" + FP)ds, + /D (ea(L)p")ds + /D Hy(L)(j'n)ds.

oD

Equivalently one has
(3.18) &A= / (plp® + GM)ds, + / (ea(L)p")ds + / J1(j%n)ds
oD D D

or, finally,

(3.19) 54 —5/ (ptn dsu+/ eq(L ds+/J21n()d

Under suitable boundary conditions (such as Njop = 0, or M = D and
0D = ()) equations (3.5) and (3.16) become “on shell”:

(3.20) (6% Al sheur :/DHess(L)(jln)ds:/DHl(L)(jln)ds.

As a consequence, Hess(L) and H;(L) are both quadratic forms, whose
signature forces the solutions of the Euler-Lagrange equations (1.11) to
be a minimum, a maximum or a “saddle point” in suitable subspaces of
I'p(m). Moreover, (3.17) and (3.18) become “on shell”:

[52A]sheu :/ (p’;fp“ + G“)ds# ‘|‘/ Jl(j277)dsa
oD D

(3.21)
(52 Al pens = 6 / (p%)ds, + / Jo(5n)ds .
D D

A vertical vectorfield n = n*0, € Xy (B) along a critical section o is called
a Jacobi field (of the first kind) iff it satisfies the Jacobi equation (of the
first kind):

(3.22) Ji(5%n) =0,
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while it is called a Jacobi field if it satisfies the Jacobi equation:
(3.23) Jo(5°n) =0,

so that (3.16) and (3.17) reduce to their respective boundary terms when
(3.22) or (3.23) are satisfied.

The equations we have found have a fairly general structure. Spe-
cializing them to particular Lagrangians allows to re—obtain a number
of important results which have been already found in the literature in
various contexts (e.g., [3], [4], [5],[6], [7]). We can now re-express the
above results in a coordinate—free language. We consider then a homo-
topic variation o, € €] — a,a[C R, of the (local) section o € I'p(7), so
that the vertical vectorfield 7 is identified with do./0e, while p equals
0%0./0e*. The action is then:

(3.24) A(o.) = / L(z, A\, 0\)ds,

where A :] — a,a[xD — 7=*(D) C B is the mapping defining the homo-
topy. For the first variation we have then:

(3.25) GA= (f;‘(L)a)\a)dsu—i— /D [ea(L)a)\a]ds,

aD Oe Oe

with f/(L) = p#(L), as defined by the first variation formula (3.4).
A second variation gives then:

A= | [ (g, +

o2A" 9 L AN
/D |:€a(L) 92 }ds—i—/jj[%(ea(L)o] a€> e }ds’

which corresponds to the splitting (3.19), in exactly the same order.

(3.26)
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4 — A Covariant and Global Formulation for Trivial Bundles

With the explicit aim of applying our results to the particular case
of “generalized harmonic Lagrangians”, which shall be defined later in
this Section, we shall here re—express the results of Sections 2 and 3 in
the trivial bundle M x N, using the framework developed in subsection
(1.2). Replacing partial derivatives with formal covariant derivatives with
respect to product connections in M x N will provide, as usual, a glob-
alization procedure for the (globally valid) results of the above sections,
which were written there for convenience in their local form in a given
chart. Moreover, as we shall see below, these new expressions are partic-
ularly useful when dealing with Lagrangians and/or manifolds in which
one (or more than one) connection plays a role as a dynamical variable
or as a globalizing tool. As in subsection (1.2) we assume that M is an
orientable manifold; we recall that if N is a fibered manifold on M, the
case considered in Section 3 can be recovered by replacing M x N by
M x,; N and suitably identifying sections.

Let us first rewrite (3.25) under its differential form:

(@1 (Do) =i [(F(E) o (o)) (n)] — elL) ().

e

Using (1.22), (1.31), (1.32) and (1.37) we obtain, after some tedious but
easy calculations:

(6‘1(L))j20'5 - D“L +pZTjaazc/ + wVpZ_
(4.2)
— VOpk — otV PPl — (Vo 0h) bty

v/ ab o

where T is the torsion of V. Computing the second e-derivative of L o
(j'o.) and performing covariant integration by parts as in (2.11) and
(3.5), one obtains:

2

(43) 5

(Loj'o.) = Hessy(L)(n, Vro.n) + e(L)j2,.(p) + div™ (£ (L)p)
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with
Hesso (L), Vro.n) = { V(D) + WY T Thoiot+
9 V(Q) iz j’vd i Rd TdTe v(Q)j'vd c a, b
(44) + ( b pd) ca+pd( acb+ eb ca+ b ca) O-M n 77+

+ [2Vap) + piTE, + 20l T o0 (Vren') it

+ hng(VTogUa)u(VTasnb)v )

where R is the curvature of V. We recall that div*Y is defined as in
(1.32). To obtain (4.4) we have in fact to use the following formula:
ViVioi = (Ve Vin)u = (Rio + Vi Ty + TATS o+
(4.5) ~ ~
+ T;lb(VTaJla)unb + beffZVﬁn” )

which is identically vanishing for partial derivatives and thence had no
counterpart in Sections 2 and 3.

We can now perform, in the appropriate framework, calculations sim-
ilar to those which in Sections 2 and 3 gave rise to the modified Hessian
and the Jacobi equations. A first (covariant) integration by parts gives:

(46) HGSSV(L) (777 VTasn) = H(Vl) (777 VTUET/) + le* (FV (77)) ;
with
HE (0, Vr.n) = [ean(L) 20,10 0"+

(4.7) + [VOpp — VP pl o+ phTe, + 2kl T2 0] (Ve )t

a c ca~ v

+ hZZ(VTUsT,a)H(vTUs nb)v
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Here e,;(L) is given by:
ea(L) 2. = Vi DoL + w, VO pl — VOVOptit
+ 2V P T, — TVl + (VP T+

+T4T5,) = VOVl oit

+ [BEYTE TS, — B RS, otot — (Vro.0) V2R

It replaces the term d,e,(L) of (3.9) and, in a suitable sense, it is the
“covariant derivative of e(L) with respect to V”. To see this fact we
should however use a further “horizontal lift”, as in subsection (1.1) and
this would require further computations which we do not consider worth
to be reported here. The splitting corresponding to (3.11) is then the
following:

HeSSv (L) (777 VTO'E) = J(Vl) (777 vT{Ta’U’ VTO'E VTO'E 77)+

(4.10)
+ div* [Py (1, Vro.n)]

with
(4.11)

J(l) (777 VTUE’I’], VTUEVTUET]) { |:(v(2 D L) + hHI/Te T cO'g-f—
+ (VP T + Pl (R, + T4TE, + Vi To) ot |+
+ [2VDph + piT, + 20y T 0% + wohly — (Vo by )] (Vren”) ut
- thV (VTUE (VTO'Ele)V)H}T]a

and

(4.12) P& (0, Vra.n) = hig 1" (Voo -

Finally, the splitting (3.14) corresponds to:

HeSSV (L) (]177) = ‘](VQ) (77> VTG‘E m, VTU5 vTcrE 77) (77)+

(4.13) . . i
+0[div* (f(L)n)] — div™(f(L)p)
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being:
T (10, V0.0, Vo Vren) () = Vi(e(L) 0 j?0.) =

(4.14) = {(eab(L)jzgs)nb + [VOpl — VP ptt 4 pTE, + 20k T oS+
— (Vo) (Vo) = B (Vo (Vo))

Replacing (4.13) into (4.3) we get:
92

(4.15) oz (Lod'oe) = I 0, Ve, Vo, Vo) () +
+e(L) 20, (p) + O [div™(f(L)n)] -

We can compare this identity involving differential forms with the in-
tegral identities (3.18), or equivalently with (3.26), in their appropriate
differential form. This allows us to set:

oN 0%\
ELI(L)0. (50 50 ) =
(416) = G(L)j 05(~) J(v2) (777 VTUJ% VT@VTUEW)@) -
D2\ oA
_ ) g
ealL) 55 + I (%)

Since [(ELJ);2,.], belongs to Ty 5., (T'N) for each x € M and (4.6)
has a global meaning, we see that FLJ(L) is a globally defined 1-form
along the canonical projection v : T(T'N) = T(T,B) — T,B = TN.
The first term of (4.16) is simply the decomposition of ELJ(L) into its
horizontal and vertical part, with respect to the splitting determined on
N by the connection V. Accordingly, the form ELJ(L) will be called the
total Euler-Lagrange-Jacobi 1-form of L.

A particular case which is of great importance for our later purposes
is the case of generalized harmonic Lagrangians, i.e. the case in which L
is given by:

1 v a
(4.17) L= S99,

where g = ¢y =% Bzcl‘ % ®dy*@dy® is a tensorfield of type (2,2) on M x N.
The corresponding action is thence given by:

(418) A= [ g 0@ o )bar)ds.
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The solutions of the Euler-Lagrange equations corresponding to the ac-
tion (4.18) will be called generalized harmonic fields. Our terminology is
justified by the following fact: taking g = h ® k*, h being a Riemannian
metric on M and k* the dual tensor of a Riemannian metric on N, then
(4.17) reduces to the standard Lagrangian for harmonic mappings from
M to N with respect to the given Riemannian metrics (see [3]). Since L
is given by (4.17), the definitions (1.9), (3.7) and (1.28) give, respectively:

PL(L) = ghyyy . by (L) = gty , DoL = (VP g )yl .
Let us then set:

-1 _ ny b __c
. v ela —
(4.19) Hy(j'o.)e = H[ 0,0

be,a” pY v

with
v 1 v v v 1262 v
(420)  Hp, = §[Vz(,2)95c + Vg = Vg — ghi T — 9ie Thl -

The coefficients Hf.' will be called reduced generalized Christoffel symbols

be,a
of the first kind. With these positions, the Euler-Lagrange equations for
(4.17) turn out to be
(4.21)

ev(L)a = —[ght (Vro.00)u + Hi w000 + (ViDgly — wugiy)oy] =0,

c,a” pu v v

while the Jacobi equation (4.14) becomes explicitly:

— Jv(1, Vo1, Voo Vren)a = {(vt(iz)ggl’)/ +95:Tbcd)(vToUZ)u+
+ [V Hp + g Regy + 9V Ty + 2HE, T lofos+

(422) = [wu(V gl + g Ty) + VDV gty + (Vg ) Ty ol o'+
—{[2HL, + g T ot — woglt + Vgt HVaon®),t
+ 90 (Vro(Vron')), =0,

being ¢ = oy and n any vectorfield along 0. Assuming, in particular,
g = h ® k* as above, one recovers from (4.21) the equation for standard
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harmonic mappings (M,h) — (N, k), locally given by ¢% = o%(x¥). In
fact, if V and V are the Levi-Civita connections of (M, h) and (N, k),
respectively, then (4.21) is the standard equation for harmonic maps and
(4.22) is transformed into the following:

JV (77’ VTcr"77 VTJVTan)a = —gg:RidbO'ZUﬁnd—k

(4.23) ,

- ggb (VTU(VTUn )V)u =0,
which is the Jacobi equation for harmonic mappings (see, e.g., [4], [5]).
Moreover, if M = R, V = V and g is the Euclidean metric on R, then
(4.23) coincides with the standard equation of Jacobi field for geodesics

and R = R(k).

5 — Conclusions

We have been able in Sections 2, 3 and 4 to recast the second varia-
tion of the first order Lagrangians under various forms which are suited
to discuss the generalized Jacobi fields along critical sections. In par-
ticular, we have explicitly constructed the generalized Jacobi equations
for the family of Lagrangians (4.17), which we called “generalized har-
monic Lagrangians” and which include as special cases the geodesics La-
grangian (M = R) and the standard Lagrangians for harmonic mappings
between Riemannian manifolds. As is well known, the Jacobi equation
for geodesics of a Riemannian manifold (M, g) can be interpreted as an
equation directly defining the curvature of the metric g itself. In the
second part of this work [11] we shall discuss our general notion of “cur-
vature” for the variational principles of generalized harmonic Lagrangians
and see that this gives rise to appropriate generalizations of the notions
of Riemann tensors, as well as fundamental curvature identities, like, e.g.,
the Bianchi identities.
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