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The relativistic Laguerre polynomials

P. NATALINI

Ri1AassuNTO: Viene definita una nuova classe di polinomi ortogonali relativistici
per mezzo dei polinomi di Hermite relativistici, recentemente introdotti da V. Aldaya
ed altri per esprimere le funzioni d’onda dell’oscillatore armonico quantistico relativi-
stico. Tali polinomi sono detti polinomi di Laguerre relativistict poiché essi si ricondu-
cono ai classici polinomi ortogonali di Laguerre nel limite non relativistico. Vengono
dimostrate alcune proprieta di tali polinomi, utilizzando proprieta note delle funzioni
ipergeometriche.

ABSTRACT: A new relativistic-type polynomial system is defined by means of the
Relativistic Hermite Polynomial system, introduced recently by V.Aldaya et al. to ex-
press the wave functions of the quantum relativistic harmonic oscillator. These polyno-
mials are called Relativistic Laguerre Polynomials because they reduce to the well-known
classical orthogonal Laguerre polynomials in the non-relativistic limit. Some properties
of these polynomials, by means of properties of the hypergeometric functions, are de-
rived.

1 — Introduction

Recently, V. ALDAYA, J. BISQUERT and J. NAVARRO-SALAS [1] have
found a relation between the wave function ¥, (¢,&,p; N) of the quantum
relativistic harmonic oscillator and a polynomial system {H N (€)}2,
called Relativistic Hermite Polynomials.

KEY WORDS AND PHRASES: Orthogonal polynomials — Generalized hypergeometric-type
polynomials — Hypergeometric functions.
A M.S. CLASSIFICATION: 33C45 — 33A30 — 33A35
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If we use the notation

N:m—ca fzg\/ﬁz,
hw c
a(f;]\”:( +§V)1/2, Po(f,p;N)z\/p2+m2c2a(§;]\7)27
(& piN) = QTZCQ arctan(\/ﬁ(Pjn_cfg‘ch))’

these wave functions can be written as follows
(1) Walt,€,p3N) = /e 972 0 00N V) ().

Here n is the principal quantum number, w represents the frequency
of the oscillator and p is the momentum. The polynomials H(N)(¢) are
called Relativistic Hermite Polynomials because they reduce to the well-
known classical orthogonal Hermite polynomials in the non-relativistic
limit ¢ — oo (i. e. when N — 00).

In [1], moreover, it is shown that the polynomials y,, (¢ ; N) = HM(€)
satisfy the following second differential equation

¢ _
(12) (14 5)00 — (N 4 n— gy, + (2N 0 1)y =0
and the three-term recurrence relation
2N +n—1 &2
(13) BE @ =2(1+ 2 )er - "ENE =V (1 Sy o).

From these two equations, (1.2) and (1.3), the following explicit ex-
pression of these polynomials can be obtained (see [1]):

[n/2]
(14) Hr(LN) Z ann 2k 25)” 2k
where

frn=2 = i — 2k)] (N + k — 1/2)] @N)"(2N — 1)1
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From eq. (1.1) it is clear that the study of the distribution of nodes
of wave functions of the relativistic harmonic oscillator is reduced to the
study of distribution of zero of the RHP.

Recently, A. Zarzo and A. Martinez have studies some properties
of these polynomials ad have shown, in [2], that the RHP constitute
and orthogonal polynomial system on the real axis with respect to the
varying measure (1 + £2/N)~V="d¢ and consequently, each H™)(£),
has exactly n real and simple roots, lying symmetrically with respect to
the origin. A. ZARrRzO, J. S. DEHESA AND J. TORES, in [3], have ex-
tended some properties, satisfied by the hypergeometric-type functions
(see [4]), to the RHP that are solutions of a differential equation of the
type (1.2) and that, therefore, are generalized hypergeometric-type func-
tions. B. NAGEL, in [5], has shown the following relation between the
RHP and the classical orthogonal Gegenbauer polynomials (ultraspheri-
cal polynomials)

(1.5) O VN) = (14 ) PV ()

V1+u?

where (see [9]) the Gegenbauer polynomials P (x) (i.e. the Jacobi poly-

nomials in the particular case « = § = N — %) are given as follows

(N +1/2)I'(n+2N) pN-1/2,N-1/2) (z)
F2N)I'(n+N+1/2) " '

N7

(L6)  PM(a) =

The Gegenbauer polynomials P{™)(x) can be represented by means
of the Gauss hypergeometric functions oF; (for simplicity we use the
notation F' for ,Fy). In fact we have

(2N)
n!

PN (g) = "F(—n,n+2N,N+1/2;(1 -2)/2).
where (a), :=a(a+1)(a+2)...(a+s—2)(a+s—1) is the Pochhammer
symbol.

From (1.5) and (1.6) various properties of the RHP can be obtain, in
particular the complete “orthogonality” relation (see [5]).

In this paper a new polynomial system is defined {L(*N)(x)},
called Relativistic Laguerre Polynomials (RHP), depending on a parame-
ter IV, that represent another example of polynomials that are solutions of
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a second order linear differential equation of generalized hypergeometric-
type, i. e. a differential equation of the form

(1.7) o ()Y, + 7(T; )y, + At =0,

where o and 7 polynomials of degree not greater than 2 and 1 respectively
and A, is a constant depending on n and such that A\, = —n7’ — (n(n —
1)/2)a”. Moreover, the polynomials L{*")(x) reduce to the classical
orthogonal Laguerre polynomials when N — oo (non-relativistic limit).

The structure of the paper is as follows: In Section 2 we define the
Relativistic Laguerre Polynomials through a differential equation of the
type of (1.7). By means the hypergeometric function theory, we show that
these polynomials satisfy a differential relation and derive a Rodriguez
type formula and an explicit representation for the RLP in Section 3.
In addition, we found a relation between the RHP of even degree and
the polynomials L(~1/2")(z) and a relation between the RHL of odd
degree and the polynomials L(}/2™)(x) (it will be easy to verify that this
relation reduces to the classical ones when N — o0). In Section 4, we
show the complete “orthogonality” and the varying orthogonality of these
polynomials, through a relation between the RLP and the classical Jacobi
polynomials.

2 — The relativistic Laguerre polynomials

It is known that between the classical orthogonal Hermite polynomi-
als and those of Laguerre the following relations true (see [6])

Hy(€) = (=1)"22"m! L2 (8%),
(2.1) {
Hypar (€) = (—1)" 22l LG/P(E2) .
We consider, for the RHP, the following relations
Hyp,(€) = Alm, N)LGV>M(€2),
(2.2) {
Hypl1(€) = B(m, N)ELG/>M(€),

where A(m,N) and B(m,N) are suitable constants depending on the
degree m and on a parameter N (see Section 3). From (2.2), by using the
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substitution z = &2, the families of polynomials {L{~*/2N)(x)}> ; and
{L(/2N)(z)}o2 ) are defined. It is clear that each polynomial L{1/2M)(z)
and L{/*N)(z) has exactly n real and simple zeros belonging to the pos-
itive real axis.

By putting, in (1.2), n = 2m, x = £ and by using the first relation
of (2.2) we obtain the following differential equation

1 d? 1
s N(:Uz—FNx)@Lf;l/Q’N)(x)—i-ﬁ[(—2N—4m+3)x+N]x
' d
x L2 () + %(2]\7 4 2m — 1)LEY2N () = 0.

In the same way by putting, in the (1.2), n = 2m + 1, z = £* and by
using the second relation of the (2.2) we obtain the following differential
equation

1 2 1
(2.4)
d
x LGV () + %(2]\7 +2m — 1)LE/2N(z) = 0.
X

The differential equations, obtained in this way, can be generalized
to the following differential equation

1 N 1 (—2N—4m +3)
- ~ (@ Na) 5 L >(x)+N[ . 4+ (1+a)N|x
' d m
7 (o,N) - _ (a,N) —
X dem (x) + 2N(2N +2m — 1)Ly (z) =0,

with a € R and o« > —1.

It is easy to observe (2.5) reduces to (2.3) and (2.4) where o = —3
and a = 1, respectively. The polynomial solutions {L{*™)(z)}2° of the
differential hypergeometric equation (2.5) constitute a generalization of
the classic orthogonal Laguerre polynomials {L{*(x)}22, because, in the
non relativistic limit N — oo, they reduce to the last ones. For this
reason these polynomials are called Relativistic Laguerre Polynomials.

These polynomials constitute, together with the RHP, another exam-

ple of polynomials that satisfy a differential equation of the type of (1.5),
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that is of polynomial solutions of a generalized hypergeometric type dif-
ferential equation. Furthermore, by using the same techniques of [2] and
[3], it is possible to extend the relativistic Laguerre polynomial system
some properties arising from the theory of hypergeometric functions (see
[4]) and therefore from the theory of the classical orthogonal polynomials.

3 — Representation formulas for the polynomials L{*")(z) and
their properties

It is possible to represent the RLP by means of the Gauss hyperge-
ometric functions. Indeed, by putting * = —Nz and y,, := L{*)(=Nz)
we obtain from eq. (2.5) the following differential equation

1-2N—4n

(3.1) z(l—Z)yiiJr[(Ha)_( 2

+1)e] y;—g(zNHn—l)ynzo,

which represents the standard form of the hypergeometric differential
equation.

The integral solution of eq. (3.1) is given as follows (see [7])

L™ = Ay oF(a,b,ciz) =
(3.2)
= An,aF(_n bl —n — N + 1/2) 1 + Oé, _:B/N) ’

where F' = o F} and A, , is a normalization factor.

Now, we prove a representation formula for the RLP that constitutes
a Rodriguez type formula.

PRrROPOSITION 1. The RLP satisfy the following differential relation

(33) LON(z)= A, o (1+%)N+2n+a+1/2 ﬂ( potn >
' n (a+1), o dxm \ (14§ )Nrtetl/2
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PRrROOF. We consider the differential relation for the hypergeometric
functions (see [7])

A
(3.4)  dz"

=(c—n)pz " M1 —2)""""Fla—n,b—n,c—n;z).

(2741 — 2)**°F(a,b,c;2)] =

Here we need conditions: a,b, c.
By putting a = 0 and observing that F'(0,b,¢;z) = 1 from (3.4) we
have

dn

(3:5) —

[z (1—2)" = (c—n)pnz " (1—2)"“"F(-n,b—n,c—n; z).

If we choose, in (3.5), the following values for the parameters b, ¢ and
for the variable z

1
c=a+n+1
T
=N
we obtain
d?L

[Za+n(1 o Z)fonfozfl/Q] —

dzn
=(a+1),2%(1 —2) N2 12p(pn, —n — N +1/2,a + 1;2)

and so, for (3.2),

LN (=Nz) = A, oF(—n,—n — N +1/2,a+1;2) =

An N (1 o Z)N+2n+o¢+1/2 dn Za+n
(a+ 1), S dzm ((1 n Z)N+n+a+1/2)

By putting z = —+, we obtain formula (3.3). 0
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REMARK I. Denoting by y, a solution of eq. (1.5) the Rodriguez type
formula, for the RLP, can be also obtained, by using the Nikiforov and
Uvarov ideas (see [3]-[4]), by means of the following formula satisfied from
satisfied from the classical orthogonal polynomials and generally from all
polynomials of hypergeometric type

Vi 1 d"
Cn,n pn,O(x) dxn

(3.6) Yn = (o (2)" pn.o(z))

where p, o(x) is the symmetrization factor of the eq. (1.5) and % is a
normalization factor.

By using the representation formulas (3.3) and (3.6), we can obtain
the normalization factor A, ,. Indeed, by choosing ZL—: = # and by

comparing the formulas (3.3) and (3.6), we have

Ay, = @F

n! ’

and so

a+1),

(3.7) L™ () = ( F(—n,—n—N+1/2,a +1; _%) .

n!

REMARK II. Since F(a,b,c;0) =1, we can observe that
lemN)(O) = An,a )

then the constant A,, , represent the value of the RLP at the origin.
By using the Gauss hypergeometric function theory, a general formula
for the RLP can be directly shown.

PROPOSITION II. For everyn € N(n > 1) and a > —1 the following
explicit formula for the polynomials L{*N)(x) holds true

n

(38) LMz =) (T_?) ﬁ (1+ 21;;1)(_‘35)11.

|
=0 k=n—i v
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PROOF. Since the parameter a = —n of the hypergeometric function
F(—n,—n — N +1/2,a 4 1; 2) is a negative integer, then we can write
this function as follows (see [7])

" N +1/2
F(—n,—n—N+1/2, 1+a—— Z ZQ)NJZF /2): (i') .

Then we have
Loy = 32 0 @l (0= N +1/2) (~o
—~ Y 1+a) Ni it

and furthermore

(I+a)n(=n)i _
nl(1+ a);

:(1+a)(2—|—a) . (n=14a)(n+a)(-1)' n(n—-1)...(n—i+2)(n—i+1)
nn—1)...2-1(14+a)24+a) ... (i—1+a)(i+a)

) n4+ o [ nt o
= (-1 ) —<—1>’( )

n-—1

so that

(—m — N +1/2); _

Ni
_(n=N+H(n-N+3) .. (n=N+i-3)(-n-N+i-3})
Ni
~C (14 ) (4 55 - (10 B ) () -

n—1
= (_1)1']6:1;[4 (1 n 2]62]4\—71) ‘ D

REMARK III. In eq. (3.8) we assume, by definition

n—1

H(1+2]€2;\;1):1.

k=n
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REMARK IV. In the non relativistic case, by taking the limit N — oo
on both sides of eq. (3.8), we obtain the explicit representation formula
for the classical Laguerre polynomials

0@ =3 (n“.“) Co

Z\n—i) 1

By means of the representation formula (3.8), the expression first few
RLP can be evaluates,

LN (z) = (1+%) +(a+1),

L(a N)( ) = 21 [(H‘%) (H_%)x —2(14-%)(oz+2):r+(a+1)(a+2)},

LN (z) = ; [ - (1+ﬁ) (1 +%) (1+ %)x +

> )(a+2)(a + 3)x+

+ 3(1+i) (1+i)(a +3)2-3(1+ SN

2N 2N

+ (@ + 1)(a +2)(a +3)]

and so on.
To determine the constants A(n, N), B(n, N) which appear in for-
mulas 92.2) we can proceed by induction with respect to the polynomial

degree n. Indeed, in the particular cases @ = —1 and a = 1, we obtain
the following expression for the RLP

LA @) = —(14 5 o)a+ 5,

L(1/2N)( ) = _(1+ %)x—i- ;

LS @) = C[(14 2+ gag)a® — o (24 o)+ 2],

LN @) = S[(1+ % + )T - g(2+ St
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L§‘1/2’N)(m):l[( 9 23 15 , (g 30 225)2

1 _
ton Tave st Tl Ty Taae )

45 225 15
(e )
B0 =g ( gy ¢ vt )+ (G )

105 252 105
<4 +8N) 7?}

and so on. By comparing these expression with those obtained through
the definition of the RHP (see [1]), from (2.2) we have

(n=1) A(1,N)=—22 B(1,N) = —2*(1+ %) :

(=2 A2N) =221+ 1), BN =221+)(1+2),

(n=3) A(3,N)= —263!(1 + %) (1 n %) :

B(3,N) = —2731(1+ %) (1+ %) (1+ %) :

and so on. Therefore the following proposition holds.

PRrROPOSITION III. For everyn € N (n > 1), the constants A(n; N),
B(n; N) which appear in relations (2.2) have the following expression

Aln,N) = (-1 nz%n'ﬁ(wﬁ) B(n,N) = (-1 )”22”“71'1_[(14-]]:[)

We can easily observe that the relations (2.2) reduce to the classical
relations (2.1) when N — oo.
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4 — Orthogonality and complete orthogonality of the RLP

The RLP are actually polynomial hypergeometric functions. They
can be expressed, by a suitable transformation of the independent vari-
able, taking the positive half-axis to the interval (—1,1), in terms of
Jacobi polynomials P{4#)(x). This gives the complete “orthogonality”
relation and the orthogonality relation with respect to the varying mea-
sure for the RLP.

PROPOSITION IV. For everyn € N(n > 1) and a > —1, the follow-
ing formula holds true

(A1) L@ = (D) (14 ) PN (-

1—x/N
o) B 7/)

1+x/N

where PSP (x) is the Jacobi polynomial with parameters A = N — 1/2
and B = «.

PrOOF. The Gauss hypergeometric functions F(a,b,c;z) and the
Jacobi polynomials P{*?)(z) are related by the following identity (see [7])

|
F(-n,A+B+n+1,A+1;2) = ﬁpﬁﬂa —22).

By putting A= N —1/2,B =« and z = N/(x + N), we have

1 1 N n! 1—x/N
4.2) F(=n, N Nt )= pNv1/20 (_ '

By using, in (4.2), the following formula (see [7])

I'(c)I'(c—a—b)
I'(c—a)T'(c—0b)
()T (a+b—c)
" T(a)L(b)

F(a,b,c;z)=
(4.3)

2 F(a,a—c+1,a+b—c+1;1-1/2H4

(1—2)"""2°F(c—a,1—a,c—a—b+1;1-1/2)
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and observing that the last addendum of the second member of (4.3)
vanishes when a = —n (n positive integer), we obtain

1 1 N
F(—n,N — N4 - —
(—n, +a+n+2, +2,$+N)

I(N + HI(~a) ( N

)nF(—n, —n—N—i—%,a—i—l;—E).

(N +n+3)l(—a—n)\z+ N N
Since % = (2),, we have
(N + %)F(—Oz) _ (a—n), _ (a+1),

L(N+n+3)l(-a—n) (N+1/2), =1 (N+1/2),
and the we obtain, by some substitutions, relation (4.1). 0

The complete orthogonality relation and the orthogonality with re-
spect to a varying measure for the RLP can be derived by relation (4.1).
In fact we have

[ PAP@PAP €)1 = )1+ dE = b,

where §,,,, is the Kronecker symbol and h{*%) is a constant (see [9])

BAB) _ 24+ B+1 I'n+A+1I'(n+ B+1)
" 2+ A+B+ITn+ 1) (n+A+B+1)’

then, in particular
1
(@) [ PR (€ PR ) (1N (L4)" dE = G b
21

By putting £ = ;’:x and by means of some transformations, relation

(4.4) becomes

+oo _ N — N 2N N
0/ng_yg,a)(x_N>p75N_1/2,a)(i+N)(x+N)N vz

x ( 20 )a( 2N gp = 5y hN120)

x+ N/ (z+ N)?
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By substituting formula (4.1) in the above relation, we have

xOé

(4.5) / LEN (@) LN (2)(N + 2)™(N + )" dz =

(SU + N)N+a+3/2

(~1)m

=9  hWN=1/2a)
m,nlty IN+a+1/2 Nm+n+N+1/2 °

Moreover, from relation (4.5), we have

+oo

(a,N) (a,N) x —
/ Lm (:E)Ln (CL’) (x + N)N+m+n+a+3/2 dr =
0

(4.6)

- (=1
=4 h(N 1/2,a)
m,nttn IN+a+1/2 Nm+n+N+1/2 °

Rewriting eq. (4.6) in the following form

—+o0
«

0/ Lffj’N) (z) |:L'EL(X7N) (z)(1+ %)"‘m_l} (1 L )£+2n+a+1/2 dr =

z|

(_1)m+nN(x+1

_ (N-1/2,a)
- 5m7"hn IN+a+1/2 ?

and noting the linear independence of the family of the functions between
the square brackets, the following relationship is obtained

—+oo
/x” LN () NEaadr =0, v=01,.. -1
, (1+%)

Therefore the following result hold true

PROPOSITION V. The hypergeometric functions LN (z)(N + x)™"
(n > 0) satisfy the complete orthogonality relation (4.5), in [0, +00), with
respect to the fized measure Wﬁﬁda&

PROPOSITION VI. The polynomial system {L{N)(x)} satisfies
the varying orthogonality relation (4.7), in [0,400), with respect to the

; xXr
Varying measure o SN TararI/e dx.
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In some forthcoming paper further properties of the RLP and appli-

cations will be shown.
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