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Transversally CR foliations

E. BARLETTA – S. DRAGOMIR

Riassunto: Si studiano foliazioni a struttura CR trasversa e la loro coomologia
di Kohn-Rossi trasversa. Per CR foliazioni non degeneri a struttura pseudohermitiana
trasversa si costruisce una connessione adattata che generalizza la connessione di Web-
ster di una CR foliazione per punti. Si ottiene un risultato di immergibilità locale per
CR foliazioni reali analitiche.

Abstract: We study foliations with transverse CR structure and their transverse
Kohn-Rossi cohomology. For nondegenerate CR foliations with transverse pseudohermi-
tian structure we build an adapted connection which generalizes the Webster connection
of a CR foliation by points. We establish a local embeddability result for real analytic
CR foliations.

1 – Introduction

The purpose of the present paper is to study the geometry of Γr
CR(N)-

foliations (with r = ∞ or r = ω) where Γr
CR(N) is the pseudogroup of all

local CR automorphisms of class Cr of a given (model) CR manifold N .

These are called CR foliations and CR manifolds correspond to the case

of the trivial CR foliation by points.
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Our motivation comes from the theory of complex (and Levi) folia-

tions on CR manifolds (cf. e.g. E.M. Chirka [5], p. 150). A complex fo-

liation F of a CR manifold (M,H(M)) (where H(M) is its Levi distribu-

tion) is one whose tangent bundle P is a complex subbundle of H(M) and

whose foliated charts restricted to plaques give biholomorphisms (there-

fore such foliations occur on degenerate CR manifolds). The quotient

H(M)/P carries a natural complex structure J and in cases of interest

(cf. our Theorem 6) J is parallel with respect to the Bott connection of

F , so that H = Eigen (i) (the eigenbundle of J corresponding to the

eigenvalue i =
√

−1) is a transverse almost CR structure. Moreover H is

integrable (for any x ∈ M there is an open neighborhood U and an ad-

missible frame {ζα} of H on U , that is each ζα is a transverse vector field

and [ζα, ζβ] ∈ H) in most examples at hand (cf. Section 6). To further

motivate our line of thought, let us recall (cf. [5], p. 155, or S.I. Pinchuk

S.I. Tsyganov [14]) that a complex foliation F of complex dimension k

of a CR manifold M is CR-straightenable if there are a domain Ω ⊂ Ck,

a CR manifold N , and a CR diffeomorphism ϕ : Ω × N → M so that

ϕ(Ω×{p}) is a leaf of F , for any p ∈ N . If F is CR-straightenable then the

transverse geometry of F is modelled on N , i.e. F is a Γ∞
CR(N)-foliation.

In the end, it is worth mentioning that the notion of (transversally)

CR foliation is implicit in [5], p. 157. There, a CR foliation is a foliation F
of a CR manifold M so that, for any defining local submersion f : U → U ′

(i.e. the leaves of FU are the fibres of f) the local quotient manifold U ′

is a CR manifold, f is a CR map, and f∗ : H(U) → H(U ′) is on-to. Such

F carries a transverse CR structure. Yet, on one hand Γ∞
CR(N)-foliations

make sense on arbitrary C∞ manifolds (not just on CR manifolds); on the

other, the requirement that f : U → U ′ be CR is somewhat misleading.

Indeed, this yields a “tangential” CR structure (so that each leaf becomes

a CR submanifold of M) thus prompting the choice of terminology (CR

foliations) in [5] (the transverse CR structure is not looked at there). Also

(at least in the CR codimension one case) the Levi form of M must have

a nontrivial kernel. Our point of view is, of course, that the tangential

CR structure of F is only incidental, and that E. Chirka’s approach to

CR foliations (requiring that the local quotient manifolds possess some

G-structure) is just the typical manner (cf. e.g. Proposition 2.6 in [13],

p. 51-52) of assigning a transverse G-structure to F .

Let N be a CR manifold. The group AutCR(N) of all global CR auto-
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morphisms of N is a Lie transformation group (by a result of S.S. Chern

and J. Moser [4]). In Section 2 we discuss foliations defined by suspen-

sion of a homomorphism h : π1(B, x0) → AutCR(N) (these turn out to

be CR foliations (with nontrivial holonomy), cf. Theorem 3).

When the normal bundle of the given CR foliation has odd real rank

we develop a foliated analogue of S. Webster’s (cf. [15]) pseudohermi-

tian geometry, cf. our Theorems 4 and 5. We introduce notions such as

transverse pseudohermitian structrure, transverse Levi form, and trans-

verse Webster metric gθ, as well as notions of (transverse) nondegeneracy

and strict pseudoconvexity. In the nondegenerate case, the transverse

Webster metric gθ is a transverse metric (in the sense of [13], p. 77) for F
and thus there is a bundle-like semi-Riemannian metric g on M inducing

gθ. Our main result in this direction is that there is an adapted connection

∇ in the normal bundle of the given nondegenerate CR foliation F which

parallelizes both the transverse Levi form and the complex structure in

the transverse Levi distribution (∇ is unique under some assumption on

its torsion, cf. Theorem 10). In addition, ∇ does not depend upon the

choice of bundle-like semi-Riemannian metric g (inducing the transverse

Webster metric) used in its construction. For the case of a CR foliation

by points ∇ is the Webster connection (cf. [15]).

We show that any CR foliation comes equipped with a natural differ-

ential operator ∂Q (a foliated analogue of the tangential Cauchy-Riemann

operator in complex analysis) acting on transverse (0, k)-forms. We look

at the cohomology of the resulting ∂Q-complex; for the case of a simple

CR foliation defined by a submersion this cohomology turns out to be

the Kohn-Rossi cohomology of the base CR manifold (cf. Theorems 7

and 8).

Let F be a CR foliation of type (n, k) of M and H its transverse

CR structure. We introduce a concept of embedding of (M, H). This is

essentially an immersion ψ : M → CN for some N > n+k which induces

a bundle monomorphism G of the normal bundle into T (Cn+k) so that

G maps H into the holomorphic tangent bundle over Cn+k. Any real

analytic transverse CR structure is shown (cf. our Theorem 11) to be

locally embeddable.

The second named author is grateful for discussions with prof. J.M.

Lee (University of Washington) during April-June, 1993.
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2 – Transversally CR foliations

Let M be a C∞ manifold and F a codimension q foliation (q = 2n+k,

k ≥ 1) of class C∞ of M thought of as (the collection of all connected

maximal integral manifolds of) an integrable subbundle P = T (F) ⊂
T (M). Let Q = ν(F) = T (M)/P be the normal (or transverse) bundle

of F . Let π : T (M) → Q be the natural bundle epimorphism. Let ∇0 be

the Bott connection of (M,F).

Let H ⊂ Q⊗C be a complex subbundle, of complex rankn. Set H =

Re{H ⊕ H} ⊂ Q. Throughout an overbar denotes complex conjugation.

Then H carries the complex structure J : H → H given by:

(1) J(α + α) = i(α − α)

for any α ∈ Γ∞(H). Here i =
√

−1. The following notations are central

for the rest of the present paper. We call H a transverse almost CR

structure (of transverse CR dimension n) if 1) H ∩ H = {0}, 2) H is

parallel with respect to the Bott connection of F and 3) LXJ = 0 for any

X ∈ Γ∞(P ). Lie derivatives are defined with respect to ∇0.

Let L(F) = L(M, F) ⊂ X (M) be the Lie subalgebra of all foliate vec-

tor fields (or infinitesimal automorphisms of F). Let 8(F) = 8(M, F) ⊂
Γ∞(Q) be the Lie algebra of all transverse vector fields (i.e. s ∈ 8(F) iff

s = πY for some Y ∈ L(F)). Let Γ∞
B (Q) consist of all s ∈ Γ∞(Q) with

LXs = 0 for any X ∈ Γ∞(P ). Note that Γ∞
B (Q) = 8(F) (so that the Lie

bracket [s, r] of any s, r ∈ Γ∞
B (Q) is well defined).

A transverse almost CR structure H ⊂ Q ⊗ C is termed integrable

if for any x ∈ M there is an open neighborhood U ⊆ M , x ∈ U , and

there is a frame {ζ1, · · · , ζn} of H on U so that ζα ∈ Γ∞
B (Q ⊗ C) and

[ζα, ζβ] ∈ Γ∞(H) for any 1 ≤ α, β ≤ n. Such a (local) frame of H
is termed admissible. An integrable transverse almost CR structure is

referred to as a transverse CR structure on (M, F).

A Γ-foliation of codimension q and class C∞ on M consists of the

following data i) an open covering {Ui}i∈I of M , ii) an additional C∞

manifold N and a pseudogroup Γ of local transformations of N , iii) for

each i ∈ I a C∞ submersion fi : Ui → N , iv) for any i, j ∈ I (with

Uji = Ui ∩ Uj 6= ∅) an element γji ∈ Γ so that fj = γji ◦ fi on Uji.

Cf. [8]. Let x ∈ M and i ∈ I with x ∈ Ui and set Px = Ker(dxfi). Then
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P ⊂ T (M) is a well defined (by iv)) integrable distribution so that any

Γ-foliation gives rise to a foliation F of M .

Let N be a (2n + k)-dimensional C∞ manifold. Let T1,0(N) be a

CR structure (of CR dimension n) on N , i.e. a complex subbundle (of

complex rankn) of the complexified tangent bundle T (N) ⊗ C so that:

T1,0(N) ∩ T0,1(N) = {0}(2)

and

[Γ∞(T1,0(N)), Γ∞(T1,0(N))] ⊂ Γ∞(T1,0(N))(3)

Here T0,1(N) = T1,0(N). Let H(N) = Re{T1,0(N) ⊕ T0,1(N)} be the Levi

distribution. It carries the complex structure JN : H(N) → H(N) given

by JN(Z + Z) = i(Z − Z) for any Z ∈ T1,0(N). If (N,T1,0(N)) and

(N ′, T1,0(N
′)) are two CR manifolds then a C∞ map λ : N → N ′ is a

CR map if λ∗T1,0(N) ⊆ T1,0(N
′) (or equivalently λ∗H(N) ⊆ H(N ′) and

λ∗ ◦ JN = JN ′ ◦ λ∗). A CR automorphism of N is a C∞ diffeomorphisms

and a CR map. Let Γ∞
CR(N) be the pseudogroup of all (local) CR auto-

morphisms of (N,T1,0(N)) (of class C∞). Let F be a Γ∞
CR(N)-foliation

of M . Then F is said to be a (transversally) CR foliation (of transverse

CR dimension n and transverse CR codimension k).

Let F be a CR foliation and x ∈ Ui. The differential dxfi : Tx(M) →
Tfi(x)(N) descends to a R-linear isomorphism Fi,x : Qx → Tfi(x)(N) with

Fi,x ◦ πx = dxfi. Set:

Hx = F −1
i,x H(N)fi(x)

As γji ∈ Γ∞
CR(N) one has in particular (γji)∗H(N) = H(N) so that Hx is

well defined. It carries the complex structure Jx given by:

Jx = F −1
i,x ◦ JN,fi(x) ◦ Fi,x

Once again, as γji ∈ Γ∞
CR(N), in particular (γji)∗◦JN = JN ◦(γji)∗ so that

Jx is well defined. Then H is referred as the transverse Levi distribution

of (M, F). We may state the following:

Theorem 1. Let (N,T1,0(N)) be a CR manifold of class C∞ and

type (n, k). Let F be a CR foliation of M whose transverse geometry is

modelled on (N,T1,0(N)). Let H be the transverse Levi distribution of F .
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Extend J to H ⊗ C by C-linearity and set H = Eigen (i). Then H is a

transverse CR structure of transverse CR dimension n (and Fi,x(Hx) =

T1,0(N)fi(x) for any x ∈ Ui).

One may look at transverse (almost) CR structures as transverse

G-structures, as well. Let F be a codimension q foliation of M . Let:

B1
T = B1

T (M, F)

be the (total space of the) principal GL(q,R)-bundle of transverse frames

(cf. [13], p. 44). Let θ1
T ∈ Γ∞(T ∗(B1

T ) ⊗ Rq) be the fundamental 1-form

on B1
T (cf. (2.11) in [13], p. 45) and set:

P 1
T = {X ∈ T (B1

T ) : X < θ1
T = X < dθ1

T = 0}

If G ⊂ GL(q,R) is a Lie subgroup then a principal G-subbundle E ⊂ B1
T

is a transverse G-structure if:

(4) P 1
T,z ⊂ Tz(E)

for any z ∈ E. The distribution P 1
T is known to be integrable (cf. Propo-

sition 2.4 in [13], p. 47) so that it gives rise to a foliation F1
T of B1

T (the

lifted foliation, cf. [13]) each leaf of which is a Galois covering of some

leaf of F . Then the geometric meaning of (4) is that E is a union of

leaves of F1
T . We call E locally flat if for any x ∈ M there is a foliated

coordinate chart (U, y1, · · · , yq, x1, · · · , xp) at x so that σT (U) ⊂ E. Here

σT : U → B1
T is the natural field of transverse frames:

σT (x) = (x, {(π
∂

∂yj
)x}1≤j≤q)

Let H be a transverse almost CR structure of type (n, k) and (H, J) the

corresponding transverse Levi distribution. Let Ex consist of all R-linear

isomorphisms z : Rq → Qx with z(eα) ∈ Hx and Jxz(eα) = z(eα+n).

Here q = 2n+k while {eα, eα+n, ej+2n} denotes the canonical linear basis

in Rq (with 1 ≤ α ≤ n, 1 ≤ j ≤ k). Let G ⊂ GL(q,R) consist of all

nonsingular matrices of the form:



gα
β Ωα

β uα
j

−Ωα
β gα

β vα
j

0 0 wi
j



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Theorem 2. E is a transverse G-structure. If E is locally flat then

H is integrable.

We end this section by looking at an example of CR foliation. Let

B, T be two compact connected manifolds and h : π1(B, x0) → Diff(T )

a group homomorphism. Here π1(B, x0) is the first homotopy group of

B (with base point x0 ∈ B) and Diff(T ) denotes the group of all global

diffeomorphisms of T . Set G = h(π1(B, x0)). We may state the following:

Theorem 3. Let F be a CR foliation (whose transverse geometry

is modelled on the CR manifold (N,T1,0(N)) of the C∞ manifold M . If

F is defined by suspension of h : π1(B, x0) → Diff(T ) then T is a CR

manifold of type (n, k) and G a group of global CR automorphisms of T .

Conversely, if AutCR(T ) is the group of global CR automorphisms of a

CR manifold (T, T1,0(T )) then the foliation F defined by suspension of

h : π1(B, x0) → AutCR(T ) is a CR foliation.

Let p̂ : B̂ → B be the universal cover of B. Set M̃ = B̂ × T . There

is a natural action of π1(B, x0) on M̃ given by:

(x̂, y) · [γ] = (x̂ · [γ], h([γ]−1)(y))

for any x̂ ∈ B̂, y ∈ T and [γ] ∈ π1(B, x0). Let:

ρ : M̃ → M̃/π1(B, x0)

be the canonical projection. Let F̃ be the (simple) foliation of M̃ whose

leaves are the fibres of:

p2 : M̃ → T, p2(x̂, y) = y .

The asumption on (M,F) in Theorem 3 amounts to M = M̃/π1(B, x0)

and F̃ = ρ∗F (that is F̃ is the pullback of F by ρ, cf. [9] and [13], p. 28).

Then:

T (F̃)x̃ = (dx̃ρ)−1T (F)ρ(x̃)

for any x̃ ∈ M̃ . Consequently dx̃ρ descends to an isomorphism:

Πx̃ : ν(F̃)x̃ → ν(F)ρ(x̃) .
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Let H be the transverse Levi distribution of F and J its complex struc-

ture. Set:
H̃x̃ = Π−1

x̃ Hρ(x̃)

J̃x̃ = Π−1
x̃ ◦ Jρ(x̃) ◦ Πx̃ .

Then (H̃, J̃) makes F into a (transversally) CR foliation. This may be

seen in yet another way. Let {Ui, fi, γji}i,j∈I be the data defining F (as

a Γ∞
CR(N)-foliation, for some given model CR manifold N). We may

assume w.l.o.g. that Ui = ρ(V̂i × T ) where V̂i = p̂−1(Vi) for some simply

connected open subset Vi ⊂ B. Let Ũi = V̂i × T and define f̃i : Ũi → N

by f̃i = fi ◦ ρ. Then the data {Ũi, f̃i, γji}i,j∈I determines F̃ (that is F is

a Γ∞
CR(N)-foliation of M̃).

The differential dx̃p2 descends to an isomorphism:

Ax̃ : ν(F̃)x̃ → Ty(T )

for any x̃ = (x̂, y) ∈ M̃ . Let y ∈ T and x̃ ∈ p−1
2 (y). Set by definition:

H(T )y = Ax̃ H̃x̃ .

As H̃ is invariant under sliding along the leaves of F̃ (and p−1
2 (y) is a

leaf of F̃) it follows that H(T )y is well defined (i.e. its definition does not

depend upon the choice of x̃ ∈ p−1
2 (y)). Similar considerations apply to

the complex structure JT,y given by:

JT,y = Ax̃ ◦ J̃x̃ ◦ A−1
x̃

for any y ∈ T and some x̃ ∈ p−1
2 (y). Thus T becomes a CR manifold

(and H(T ) is its Levi distribution).

Let g = h([γ]) ∈ G. Consider Lg : T → T given by Lg(y) = g−1(y).

Then:

(5) p2 ◦ R[γ] = Lg ◦ p2

where R[γ] : M̃ → M̃ is the right translation with [γ] ∈ π1(B, x0). If

X ∈ T (F̃)x̃ = Ker(dx̃p2) then (by (5)) we obtain:

(dx̃·[γ] p2) ◦ (dx̃R[γ])X = 0
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that is T (F̃) is π1(B, x0)-invariant. Thus dx̃R[γ] descends to an isomor-

phism:

Bx̃,[γ] : ν(F̃)x̃ → ν(F̃)x̃·[γ] .

Furthermore:

(dyLg) ◦ Ax̃ = Ax̃·[γ] ◦ Bx̃,[γ]

and:

Πx̃ = Πx̃·[γ] ◦ Bx̃,[γ]

yield:

(dyLg)H(T )y = H(T )g−1y .

It may be shown similarly that (Lg)∗ comutes with JT . Thus Lg ∈
AutCR(T ), Q.E.D.

Given a CR foliation F defined by suspension of the homomorphism

h : π1(B, x0) → AutCR(T ) one may attempt (in analogy with the case of

Riemannian foliations, cf. [13], p. 97-99) to describe the closure of the leaf

L passing through a point of the fibre p−1(x0) ≈ T , under the assumption

that AutCR(T ) is compact.

3 – Transverse pseudohermitian geometry

Let (N, T1,0(N)) be an orientable CR manifold of hypersurface type

(i.e. k = 1). Set Ep = {ω ∈ T ∗
p (N) : Ker(ω) ⊇ H(N)p} for any p ∈ N .

This gives a real line bundle E ⊂ T ∗(N). As N is orientable and H(N)

is oriented by its complex structure JN it follows that E admits nowhere

zero globally defined sections θN ∈ Γ∞(E) each of which is referred to as

a pseudohermitian structure on (N,T1,0(N)). Cf. [15]. The Levi form GN

is given by:

(6) GN(X, Y ) = (dθN)(X, JNY )

for any X, Y ∈ Γ∞(H(N)). Then (N,T1,0(N)) is nondegenerate if GN is

nondegenerate for some choice of pseudohermitian structure on N (and

thus for all).

The basic ideas of pseudohermitian geometry carry over to the con-

text of CR foliations, as follows. Let (F , H, J) be a CR foliation (whose

transverse geometry is modelled on the CR manifold N (of hypersurface
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type)). On each Ui one may consider the 1-form θT,i given by θT,i = f∗
i θN .

Next, define θi ∈ Γ∞(Q∗) by θi,x ◦ πx = (θT,i)x for any x ∈ Ui. Clearly

Hx = Ker(θi,x) for any x ∈ Ui. Let j ∈ I with Uji 6= 0. As γji ∈ Γ∞
CR(N)

it follows in particular that γji is a contact transformation. Therefore:

(7) θj = (λji ◦ fi)θi

(on Uji) for some nowhere vanishing C∞ functions λji : fi(Uji) → R. To

investigate the properties of (Ui, θi) we only need to look at the case of a

simple foliation (defined by a submersion). We may state:

Theorem 4. Let f : M → N be a C∞ submersion with con-

nected fibres from a C∞ manifold M on-to an orientable CR manifold

(N,T1,0(N)) (of hypersurface type) on which a pseudohermitian structure

θN has been fixed. Let F be the foliation of M tangent to the vertical

bundle of f . Let θT = f∗θN and θ ∈ Γ∞(Q∗) given by θ ◦ π = θT . Then

LXθ = 0 for any X ∈ Γ∞(P ), i.e. θ ∈ Γ∞
B (Q∗). Assume that (N,T1,0(N))

is nondegenerate and set ξx = F −1
x (ξN,f(x)) where ξN is the characteristic

direction of dθN and Fx : Qx → Tf(x)(N) is given by Fx ◦ πx = dxf for

any x ∈ M . Then ξ ∈ Γ∞
B (Q) and:

(8) θ(ξ) = 1, ξ< dQθ = 0

Throughout Γ∞
B (ΛkQ∗) consists of all ω ∈ Γ∞(ΛkQ∗) with LXω = 0

for any X ∈ Γ∞(P ).

Recall that a CR automorphism λ : N → N is isopseudohermitian if

λ∗θN = θN . Clearly, if F is a Γ-foliation of M where Γ ⊂ Γ∞
CR(N) is the

subpseudogroup of all (local) isopseudohermitian (with respect to a fixed

pseudohermitian structure θN on N) CR automorphisms of N , then the

(local) sections θi glue up to a global section θ ∈ Γ∞
B (Q∗). We are led to

the following general considerations. Let (F , H, J) be a CR foliation (of

transverse CR codimension k = 1). A globally defined nowhere vanishing

section θ ∈ Γ∞
B (Q∗) is a transverse pseudohermitian structure if H =

Ker(θ). By Theorem 4 any simple foliation given by a C∞ submersion

on-to a CR hypersurface N carries a transverse pseudohermitian structure

(induced by a fixed pseudohermitian structure on N).
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Let Ωk
B(F) = Ωk

B(M, F) be the Ω0
B(F)-module of basic k-forms,

where Ω0
B(F)=Ω0

B(M, F) is the ring of all basic C∞ functions λ: M → R.

Let F be a CR foliation and θ a transverse pseudohermitian structure.

Let θT = θ◦π be the corresponding basic 1-form. Set D = Ker(θT ). Then

H = D/P . Next, set:

Kx = {α ∈ Q∗
x : Ker(α) ⊇ Hx}

for any x ∈ M . This furnishes a real line subbundle K ⊂ Q∗ and any

transverse pseudohermitian structure may be viewed as a (globally de-

fined nowhere zero) section in K. Thus, if θ̂ is another transverse pseu-

dohermitian structure then θ̂ = λθ for some nowhere vanishing basic

function λ on M .

With each ω ∈ Γ∞(ΛkQ∗) we associate a differential k-form ωT = Φkω

on M given by:

ωT (Y1, · · · , Yk) = ω(πY1, · · · , πYk)

for any Y1, · · · , Yk ∈ X . The map Φk yields a R-linear isomorphism:

Γ∞
B (ΛkQ∗) ≈ Ωk

B(F) .

We shall need the differential operator:

dQ = Φ−1
k+1 ◦ d ◦ Φk : Γ∞

B (ΛkQ∗) → Γ∞
B (Λk+1Q∗) .

Let F be a CR foliation and θ a transverse pseudohermitian structure.

The transverse Levi form Gθ is defined by:

(9) Gθ(s, r) = (dQθ)(s, Jr)

for any s, r ∈ Γ∞(H). Then Gλθ = λGθ. We need the following:

Lemma 1. For any α, β ∈ Γ∞(H):

(10) (dQθ)(α, β) = (dQθ)(α, β) = 0 .

That is Gθ (as a real (0, 2)-tensor field) is symmetric and Gθ(Js, Jr) =

Gθ(s, r) for any s, r ∈ Γ∞(H).
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A CR foliation (F , H) is nondegenerate if Gθ is nondegenerate for

some transverse pseudohermitian structure θ (and thus for all). Any

simple foliation given by a C∞ submersion on-to a nondegenerate CR

manifold (of hypersurface type) is itself nondegenerate. We establish the

following:

Theorem 5. For any transversally orientable nondegenerate CR

foliation (F ,H) on which a transverse pseudohermitian structure has been

fixed, there is a globally defined nowhere vanishing section ξ ∈ Γ∞(Q) so

that ξ < θ = 1 and ξ < dQθ = 0. Such ξ is unique and invariant under

sliding along the leaves.

Let Null(dQθ) be the null space bundle of dQθ, i.e. z ∈ Null(dQθ)x iff

z ∈ Qx and z < (dQθ)x = 0. Then rankR Null(dQθ) = 1 by the nondegen-

eracy of dQθ on H. Note that:

(11) Null(dQθ) ≈ Q/H

(a vector bundle isomorphism). To check (11) it suffices to show that

the map z ?→ z + Hx, z ∈ Null(dQθ)x, is a bundle monomorphism. This

follows from Null(dQθ) ∩ H = {0}.

As Q is orientable and H oriented by its complex structure it follows

that Q/H admits a globally defined nowhere zero section S (M is assumed

to be connected). Next there is γ ∈ Γ∞(Q) so that S(x) = γ(x) + Hx for

any x ∈ M . Set λ = θ(γ) ∈ Ω0(M). Then λ is nowhere zero. Indeed,

if λ(x) = 0 for some x ∈ M then γ(x) ∈ Ker(θx) = Hx, i.e. S(x) = 0,

a contradiction. Set s = (1/λ)γ. By (11) there is ξ ∈ Γ∞(Null(dQθ)) so

that ξ(x) + Hx = s(x) + Hx. Consequently ξ(x) − s(x) ∈ Hx = Ker(θx),

i.e. θ(ξ) = θ(s) = 1. To prove the last statement in Theorem 5, note

that LXθ = 0 and θ(ξ) = 1 yield 0 = (LXθ)ξ = X(θξ) − θ(LXξ) that is

LXξ ∈ Γ∞(H) for any X ∈ Γ∞(P ). Next, for any s ∈ Γ∞(H) we have

0 = (LXdQθ)(ξ, s) = X((dQθ)(ξ, s)) − (dQθ)(LXξ, s) − (dQθ)(ξ,LXs) so

that (by the nondegeneracy of dQθ on H) we get:

(12) LXξ = 0

for any X ∈ Γ∞(P ), i.e. ξ ∈ Γ∞
B (Q).
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The transverse vector field ξ in Theorem 5 is referred to as the char-

acteristic direction of (F ,H, θ). Note that:

(13) Q = H ⊕ Rξ .

By taking into account (13) we may extend the transverse Levi form Gθ to

a semi-Riemannian holonomy invariant bundle metric gθ in Q by setting

gθ(s, r) = Gθ(s, r), gθ(s, ξ) = 0 and gθ(ξ, ξ) = 1, for any s, r ∈ Γ∞(H).

The holonomy invariance of gθ follows from: i) the fact that H is parallel

(with respect to the Bott connection of F), ii) LXdQθ = 0 for any X ∈
Γ∞(P ), and from (12). Then gθ is referred to as the transverse Webster

metric of (M, (F , H, θ)).

The transverse Levi form may be viewed as a Hermitian form on

H ⊗ C, i.e. let Lθ be given by:

Lθ(α, β) = −i(dQθ)(α, β)

Lθ(α, β) = Lθ(α, β) = 0

Lθ(α, β) = Lθ(α, β)

for any α, β ∈ Γ∞(H). Then Lθ and the C-linear extension of Gθ

(to H ⊗ C) coincide. A CR foliation (F ,H) is strictly pseudoconvex if

(Lθ)x(σ, σ) > 0 for any σ ∈ Hx − {0}, x ∈ M , and some transverse pseu-

dohermitian structure θ. If this is the case then (F , gθ) is a Riemannian

foliation.

Let (F , H) be a nondegenerate CR foliation carrying the transverse

pseudohermitian structure θ. Let {ζα} ⊂ Γ∞
B (H) be an admissible frame

of H on U ⊆ M . Set hαβ = Lθ(ζα, ζβ) where ζα = ζα. Then hαβ : U → C

are basic functions. Let λα(x) be the eigenvalues of [hαβ(x)], x ∈ U .

As [hαβ] is Hermitian each λα is R-valued and C∞ thus Lθ has constant

index on U (hence Gθ is a semi-Riemannian bundle metric in H). Assume

the Levi form Lθ to have signature (r, s). Consider the Hermitian form:

〈z, w〉r =
r∑

j=1

zjwj −
n∑

j=r+1

zjwj

where n = r + s and z, w ∈ Cn. Let:

U(r, s) = {A ∈ GL(n,C) : 〈Az, Aw〉r = 〈z, w〉r,∀z, w ∈ Cn}
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Let G ⊂ GL(q,R) consist of all matrices of the form:




gα
β Ωα

β 0

−Ωα
β gα

β 0

0 0 1




with [gα
β + iΩα

β ] ∈ U(r, s). Here q = 2n + 1. Let Eθ,x consist of all z ∈ Ex

with z(e2n+1) = ξ(x) and gθ(z(eα), z(eβ)) = εαδαβ, gθ(z(eα), z(eβ+n)) = 0.

Here ξ is the characteristic direction of (F , θ). Also εα = 1 if 1 ≤ α ≤ r

and εα = −1 if r + 1 ≤ α ≤ r + s. Then Eθ is a transverse G-structure.

4 – Degenerate CR manifolds

Let (M,T1,0(M)) and (N,T1,0(N)) be two CR manifolds (of hyper-

surface type) of CR dimensions N = n + k and n, respectively. Let

f : M → N be a CR submersion (i.e. a C∞ submersion and a CR map).

Proposition 1. (M,T1,0(M)) is degenerate.

Proof.

Step 1. Let θM and θN be choices of pseudohermitian structures on

M and N , respectively. Then f∗θN = λθM for some nowhere vanishing

λ ∈ Ω0(M).

If ω is a differential form on M , we adopt the notation Sing(ω) =

{x ∈ M : ωx = 0}. Let x ∈ Sing(f∗θN). Then θN,f(x) ◦ (dxf) = 0.

On the other hand dxf : Tx(M) → Tf(x)(N) is on-to. Thus Tf(x)(N) ⊆
Ker(θN,f(x)) = H(N)f(x), a contradiction. Thus:

(14) Sing(f∗θN) = ∅ .

Let X ∈ H(M). Then (as f is a CR map) f∗X ∈ H(N). Hence:

(f∗θN)X = θN(f∗X) = 0

that is X ∈ Ker(f∗θN). Let x ∈ M and d = dimR Ker(f∗θN)x. Then

2N ≤ d ≤ 2N + 1. If d = 2N + 1 then x ∈ Sing(f∗θN), a contradiction.

It remains that d = 2N , that is:

(15) H(M) = Ker(f∗θN) .
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By (14)-(15) it follows that f∗θN is a pseudohermitian structure on M

(and Step 1 is proved).

Step 2. The Levi form GM is degenerate on the vertical bundle

P = Ker(f∗).

Let X ∈ P . By Step 1 we have:

θMX =
1

λ
(f∗θN)X =

1

λ
θN(f∗X) = 0

so that P ⊆ H(M). Then Step 2 follows from the calculation:

GM(X, Y ) = (dθM)(X, JMY ) = d
( 1

λ
f∗θN

)
(X, JMY ) =

=

((
d

1

λ

)
∧ f∗θN +

1

λ
d(f∗θN)

)
(X, JMY ) =

=
1

λ
(dθN)(f∗X, f∗JMY ) = 0 .

Proposition 1 is proved. By our Theorems 1 and 4 the vertical bun-

dle P = Ker(f∗) of f is the tangent bundle of a CR foliation F of M

whose transverse geometry is that of N . Also F is nondegenerate if so is

(N,T1,0(N)). Its transverse Levi distribution is given by H = H(M)/P .

One may say loosely that by passing to the quotient H(M)/P one ’factors

out’ the degeneracy.

In general, let (M,T1,0(M)) be a CR manifold (of hypersurface type)

of CR dimension n + k. Given a pseudohermitian structure θM set:

PM,x = {v ∈ H(M)x : (dθM)x(v, w) = 0, ∀w ∈ H(M)x}

for any x ∈ M . Then PM is involutive and JM -invariant (cf. e.g. [7]). Thus

(by applying both the Frobenius and Newlander-Nirenberg theorems) if

dimR PM,x = 2k = const. then M carries a foliation F by complex k-

manifolds (with T (F) = PM). This is referred to as the Levi foliation of

M . Set H = H(M)/PM ⊂ Q. If X ∈ Γ∞(PM) and s ∈ Γ∞(H) then:

0 = (dθM)(X, Ys) = −1

2
θM([X, Ys])
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(for some Ys ∈ Γ∞(H(M)) with πYs = s) yields [X, Ys] ∈ Γ∞(H(M)) and

thus:

∇0
Xs = π[X, Ys] ∈ Γ∞(H)

i.e. H is parallel with respect to the Bott connection of F . Define J :

H → H by setting:

(16) Js = πJMYs

for any s ∈ Γ∞(H). As JM descends to a complex structure in PM we

may extend it (by C-linearity) to PM ⊗ C and let P 1,0
M = Eigen(i) be

the eigenbundle corresponding to the eigenvalue i. Similarly, extend J to

H ⊗ C and set H = Eigen(i).

Proposition 2. H = T1,0(M)/P 1,0
M

Proof. Let σ ∈ H and Yσ ∈ H(M)⊗C with πYσ = σ. Then Jσ = iσ

yields:

(17) JMYσ − iYσ = Z

for some Z ∈ PM ⊗ C. By applying JM to (17) one gets JM = −iZ, that

is Z ∈ P 0,1
M (we set P 0,1

M = P 1,0
M ). Let us define W ∈ H(M)⊗C by setting:

(18) W = Yσ +
i

2
(Z − Z) .

Then W ∈ T1,0(M) and (by (18)) πW = σ, i.e. σ ∈ T1,0(M)/P 1,0
M .

As PM < θM = 0 there is a unique θ ∈ Γ∞(Q∗) so that θ ◦ π = θM .

We have:

Theorem 6. Assume LXJM = 0 and LXθM = 0 for any X ∈
Γ∞(PM). Then i) H is a transverse almost CR structure, and ii) θ is a

transverse pseudohermitian structure.
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Remark 1. 1) The Lie derivative LXJM is well defined because

[X, Y ] ∈ Γ∞(H(M)) for any X ∈ Γ∞(PM) and Y ∈ Γ∞(H(M)).

2) Due to (LXθM)Y = X(θMY )−θM([X, Y ]) = 0 for any Y ∈ Γ∞(H(M)),

the hypothesis LXθM = 0 in Theorem 6 may be weakened to

F <LXθM = 0

for some complement F of H(M) in T (M).

3) Recall that any CR-straightenable complex foliation is a CR foliation.

Thus (by a result of [14]) if M is realized in CN+1 then a sufficient con-

dition for the integrability of H in Theorem 6 is that the Gauss map

x ∈ M ?→ PM,x ∈ G(k, N + 1) is a CR map. Here G(k, N + 1) denotes

the (complex) Grassmann manifold of all complex k-subspaces of CN+1.

To prove Theorem 6 let s ∈ Γ∞(H). Then:

YJs − JMYs = V

for some V ∈ Γ∞(PM). Thus [X, V ] ∈ Γ∞(PM) and we may conduct the

calculation:

(LXJ)s = π{[X, YJs] − JM [X, Ys]} = π(LXJM)Ys = 0

Clearly H = Ker(θ). Also LXθ = 0 iff LXθM = 0, Q.E.D.

Remark 2. 1) Let f : M → N be a CR submersion and P = Ker(f∗).

Then:

(19) P ⊆ PM

Note that dxf : H(M)x → H(N)f(x) is on-to. Indeed, let v ∈ H(N)f(x).

As f is a submersion, there is u ∈ Tx(M) so that (dxf)u = v. Then:

0 = θN,f(x)(v) = θN,f(x)(dxf)u = (f∗θN)x(u) = λ(x)θM,x(u)

yields u ∈ H(M)x, Q.E.D. Let X ∈ PM . Then f∗X ∈ H(N) and:

(dθN)(f∗X, H(N)) = (dθN)(f∗X, f∗H(M)) =

= (dλ ∧ θM + λdθM)(X, H(M)) = 0 .
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Consequently:

f∗PM ⊆ PN

Assume (N,T1,0(N)) to be nondegenerate. Then PN = {0}. Hence PM ⊆
Ker(f∗) = P . Thus, if N is nondegenerate, then (by (19)) P is the Levi

foliation of M .

2) In practice, the hypothesis of our Theorem 6 often hold good. For

instance, let (N,T1,0(N)) be a nondegenerate CR manifold (of hypersur-

face type). The product manifold M = N × Ck carries the complex

foliation F whose leaves are {y} × Ck, y ∈ N . It is easy to see that M

is a CR manifold and F its Levi foliation. Indeed, if x = (y, ζ) ∈ M let

φζ : N → M and ψy : Ck → M given by φζ(y) = ψy(ζ) = x. Then:

(dyφζ)T1,0(N)y ⊕ (dζψy)T
1,0(Ck)ζ , (y, ζ) ∈ M

is a CR structure on M (and φζ is a CR immersion). Also, the natural

projection f : M → N is a CR submersion and F is tangent to PM =

Ker(f∗). Then (by Theorem 1) F is a CR foliation of M . In particular

(LXJM)Y = (LXJ)πY = 0 for any X ∈ PM and Y ∈ T (M). Next,

let θM = f∗θN (where θN is a pseudohermitian structure on N) and

θ ∈ Γ∞(Q∗) given by θ ◦ π = θM . Then (by Theorem 4) (LXθM)Y =

(LXθ)πY = 0. Clearly F is a CR-straightenable complex foliation of M .

A realized CR manifold is a real submanifold M ⊂ CN+1 whose CR

structure is given by T1,0(M) = T 1,0(CN+1)∩[T (M)⊗C]. A CR manifold

is realizable if it is CR diffeomorphic to a realized one. Assume that

the Levi form of M has a nontrivial kernel PM of constant dimension

and the transverse Levi form is positive definite (i.e. one may factor

out the degeneracy toward a strictly pseudoconvex transverse structure).

The (local) embeddability problem for degenerate CR manifolds is open

(in the C∞ category). However, in the light of our Theorem 11 it is

tempting to conjecture that “foliated” versions of known embeddability

results (e.g. any strictly pseudoconvex CR manifold M is locally realizable

if M is compact (cf. [3]) or if M is noncompact yet of CR dimension ≥ 3

(cf. [12] and [1])) should hold for strictly pseudoconvex transverse CR

structures (occurring on degenerate CR manifolds).
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5 – The transverse CR complex

Let (F ,H) be a CR foliation. We consider the differential operator:

∂Q : Γ∞
B (ΛkH∗

) → Γ∞
B (Λk+1H∗

)

defined by the following considerations. Let ω ∈ Γ∞
B (ΛkH∗

) and αj ∈
Γ∞(H), 1 ≤ j ≤ k + 1. Let Yj ∈ Γ∞(T (M) ⊗ C) so that πYj = αj,

1 ≤ j ≤ k + 1. Finally, set:

(20)

(∂Qω)(α1, · · · , αk+1) =
k+1∑

j=1

(−1)j+1Yj(ω(α1, · · · , α̂j, · · · , αk+1))+

+
∑

1≤i<j≤k+1

(−1)i+jω(π[Yi, Yj], α1, · · · , α̂i, · · · , α̂j, · · · , αk+1)

The definition (20) does not depend upon the choice of representatives

Yj of αj.

Theorem 7. Let (F ,H) be a CR foliation of M . Then:

(21) Ω0
B(F) ⊗ C

∂Q−→Γ∞
B (H∗

)
∂Q−→Γ∞

B (Λ2H∗
)

∂Q−→· · ·

is a cochain complex, i.e.

(22) ∂Q ◦ ∂Q = 0

This follows from (20) and the integrability property of H. We refer

to (21) as the transverse Cauchy-Riemann complex of (M, F ,H).

Let F be nondegenerate. Let θ be a transverse pseudohermitian

structure. Let ξ be the corresponding characteristic direction. Then

each η ∈ Γ∞
B (ΛkQ∗ ⊗ C) with H < η = 0 and ξ < η = 0 may be regarded

as an element of Γ∞
B (ΛkH∗), and conversely. Then η (respectively Φkη)

is referred to as a transverse (0, k)-form (respectively as a basic (0, k)-

form) on M . In this pseudohermitian setting the complex (21) may be

redefined by declaring ∂Qη to be the unique transverse (0, k + 1)-form

which coincides with dQη on H ⊗ · · · ⊗ H (k + 1 factors). By taking

into account Proposition 3.11 in [10], vol. I, p. 36, it follows that the
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two definitions of ∂Q are equivalent. Let Hk
∂Q

(F) = Hk
∂Q

(M, F) be the

cohomology groups of the complex (21). These are referred to as the

transverse Kohn-Rossi cohomology groups of (M, F , H).

Theorem 8. Let F be the simple CR foliation on M defined by a

C∞ submersion f : M → N on-to a nondegenerate CR manifold N (of

hypersurface type). Then the transverse Kohn-Rossi cohomology groups

of (M, F) are isomorphic to the Kohn-Rossi cohomology groups of the

base manifold N .

Let θN be a fixed pseudohermitian structure on N and ξN the char-

acteristic direction of (N, θN). Let α be a (0, k)-form on N , i.e. α ∈
Γ∞(ΛkT ∗(N) ⊗ C), T1,0(N) < α = 0, and ξN < α = 0. Pullbacks of forms

on N via f are basic. Thus f∗α ∈ Ωk
B(F) ⊗ C. Set Ψk = Φ−1

k and:

αf = Ψkf
∗α .

If σ ∈ Γ∞(H) then f∗Yσ ∈ Γ∞(T1,0(N)) (for some Yσ ∈ X (M) with

πYσ = σ) and:

σ < αf = Ψk−1f
∗ [(f∗Yσ) < α] = 0 .

Similarly f∗Yξ = ξN ◦ f yields:

ξ < αf = Ψk−1f
∗ [(f∗Yξ) < α] = Ψk−1f

∗(ξN < α) = 0

where ξ ∈ Γ∞
B (Q) is the characteristic direction of (M, F , θ) and θ ◦ π =

f∗θN . Thus αf ∈ Γ∞
B (ΛkH∗

). Assume that ∂Nα = 0 where:

∂N : Γ∞(ΛkT0,1(N)∗) → Γ∞(Λk+1T0,1(N)∗)

is the tangential Cauchy-Riemann operator of (N,T1,0(N)). Note that:

dQαf = (dα)f .

Thus:

(∂Qαf )(σ1, · · · , σk+1) = (∂Nα)(f∗Yσ1
, · · · , f∗Yσk+1

) = 0
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for any σj ∈ Γ∞(H). Let H0,k
KR(N) be the Kohn-Rossi cohomology groups

(of the tangential Cauchy-Riemann complex of N , cf. J.J. Kohn [11],

p. 83). Define φ : H0,k
KR(N) → Hk

∂Q
(F) by setting φ([α]) = [αf ]. To see

that φ([α]) is well defined let α′ = α+∂Nβ for some β∈Γ∞(Λk−1T0,1(N)∗).

Then α′
f = αf + Ψkf

∗∂Nβ = αf + ∂Qβf . Already α ?→ αf is on-to

(indeed f∗α = Φkω with ω ∈ Γ∞
B (ΛkH∗

) may be solved for α as fol-

lows. Set α(Z1, · · · , Zk) = ω(πY1, · · · , πYk) for any Zj ∈ Γ∞(T0,1(N))

and some Yj ∈ X (M) ⊗ C with f∗Yj = Zj. Then α(Z1, · · · , Zk) is well

defined because X < Φkω = 0 for each X ∈ Γ∞(P )). To check that φ is

a monomorphism assume that αf = ∂Qη for some η ∈ Γ∞
B (Λk−1H∗

). As

Ωk−1
B (F) ≈ Γ∞(Λk−1T ∗(N)) there is a unique γ ∈ Γ∞(Λk−1T ∗(N)⊗C) so

that f∗γ = Φk−1η and therefore γ is a (0, k−1)-form on N and α = ∂Nγ,

Q.E.D.

In analogy with the study of the basic cohomology of foliated mani-

folds, and encouraged by the substantial progress there (cf. e.g. A. El-

Kacimi and G. Hector [6]) one may raise several questions related to

the cohomology of the complex (21) (e.g. existence of spectral sequences

abutting on H∗
∂Q

(F), finitude and vanishing theorems, etc.). However, we

expect a lack of relationship between H∗
∂Q

(F) and the basic cohomology

of (M, F) (as a foliated counterpart of the - not sufficiently understood

as yet - lack of relationship between the Kohn-Rossi and De Rham coho-

mologies of a CR manifold).

Let (M,T1,0(M)) be a CR manifold and CR(M) the set of all CR

functions on M (i.e. λ ∈ CR(M) iff ∂Mλ = 0). We establish the following:

Theorem 9. Let (M,T1,0(M)) be a CR manifold whose Levi form

has a nontrivial kernel PM with dimR PM,x = 2k, x ∈ M , and let F
be the foliation of M by complex k-manifolds tangent to PM . Assume

that LXJM = 0, for any X ∈ Γ∞(PM), and that H is integrable. Then

each λ ∈ H0
∂Q

(F) is a basic CR function on M . Also, there is a natural

injection of H1
∂Q

(F) into the first Kohn-Rossi cohomology group of M .

As LXJM = 0 it follows (by Theorem 6) that H is a transverse almost

CR structure. Next H is assumed to be integrable, so that F is a CR

foliation. Let λ ∈ Ω0
B(F)⊗C with ∂Qλ = 0. As (by (20)) ∂Mλ = (∂Qλ)◦π
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it follows that:

H0
∂Q

(F) =
[
Ω0

B(F) ⊗ C
] ∩ CR(M)

Next, let η be a transverse (0, 1)-form with ∂Qη = 0. Let η̃ be given by

(in view of Proposition 2):

η̃(Z) = η(πZ)

for any Z ∈ T0,1(M). Then (∂M η̃)(Z, W ) = (∂Qη)(πZ, πW ) for any

Z, W ∈ T0,1(M). The map H1
∂Q

(F) → H0,1
KR(M) defined by [η] ?→ [η̃] is

one-to-one. Indeed, if [η̃] = 0 there is λ ∈ Ω0(M) ⊗ C so that η̃ = ∂Mλ.

For any X ∈ P0,1 we see that 0 = X < η̃ = X(λ) so that λ is basic. Finally

∂Qλ = η, Q.E.D.

The authors hope that a theory of CR foliations may lead to a better

understanding of degenerate CR manifolds.

6 – The transverse Webster connection

Let (F , H) be a nondegenerate CR foliation endowed with the trans-

verse pseudohermitian structure θ. Let ξ be the characteristic direction

of (F , θ). Let H be the transverse Levi distribution. Let us extend its

complex structure J : H → H to a bundle morphism J : Q → Q by

requesting Jξ = 0. If gθ is the transverse Webster metric set:

gθ,T (Y, Z) = gθ(πY, πZ)

for any Y, Z ∈ X (M). Let g be a semi-Riemannian (i.e. nondegenerate

and of constant index) metric on M . Assume g is nondegenerate on P .

Then T (M) = P ⊕ P ⊥ where P ⊥ is the orthogonal complement of P in

T (M) with respect to g. Let σg : Q → P ⊥ be the natural isomorphism.

Then π(σgs) = s for any s ∈ Q. Also g induces a bundle metric gQ in Q

given by gQ(s, r) = g(σgs, σgr) for any s, r ∈ Q. Then g is referred to as

bundle-like if gQ is holonmy invariant (i.e. LXgQ = 0 for any X ∈ Γ∞(P )).

Also gT (Y, Z) = gQ(πY, πZ) is the associated transverse metric of g. By

slightly generalizing Proposition 3.3 in [13], p. 80, we see that there is a
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bundle-like semi-Riemannian metric g on M whose associated transverse

metric is precisely gθ,T . Indeed, let h be just any Riemannian metric on

M and Ph the orthogonal complement of P in T (M) with respect to h.

If Y ∈ X (M) then YP and YPh
denote respectively its components with

respect to the direct sum decomposition T (M) = P ⊕Ph. Then we define

g by setting:

(23) g(Y,Z) = h(YP , ZP ) + gθ,T (YPh
, ZPh

)

for any Y, Z ∈ X (M). If Lθ has signature (r, s) , r + s = n, then gθ has

signature (2r+1, s). Hence g (given by (23)) has signature (2r+p+1, 2s)

where p = dimR Px, x ∈ M .

Let ∇ be a connection in Q → M and T∇ its torsion tensor field

(i.e. T∇(Y, Z) = ∇Y πZ − ∇ZπY − π[Y,Z] for any Y,Z ∈ X (M)). If ∇
is adapted (i.e. ∇X = ∇0

X for any X ∈ Γ∞(P )) then we define Tor and

τ : Q → Q by setting:

Tor(s, t) = T∇(Ys, Yt)

τ(s) = Tor(ξ, s)

for any s, t ∈ Γ∞(Q) and some Ys, Yt ∈ X (M) with πYs = s, πYt = t. It is

easy to check that Tor(s, t) is well defined. Indeed, for any X, X ′ ∈ Γ∞(P )

we have T∇(X, X ′) = 0 due to the integrability of P and T∇(Ys, X) = 0

because ∇ is adapted. We may state

Theorem 10. Let (F ,H) be a nondegenerate CR foliation and

θ a fixed transverse pseudohermitian structure. Then there is a unique

adapted connection ∇ in Q satisfying the following axioms:

i) H is parallel with respect to ∇
ii) ∇J = 0, ∇gθ = 0

iii) τJ + Jτ = 0

iv) ∀α, β ∈ Γ∞(H) : Tor(α, β) = 0, Tor(α, β) = 2iLθ(α, β)ξ.

Let g be a bundle-like semi-Riemannian metric on M whose asso-

ciated transverse metric is gθ,T . To establish uniqueness, let ∇ be an

adapted connection in Q obeying to i)-iv). By i) and ∇J = 0 it follows

that:

∇XΓ∞(H) ⊂ Γ∞(H), ∇XΓ∞(H) ⊂ Γ∞(H)
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for any X ∈ X (M). Let ρ+ : Q ⊗ C → H and ρ− : Q ⊗ C → H be the

natural projections associated with the direct sum decomposition:

Q ⊗ C = H ⊕ H ⊕ Cξ .

By iv) we have:

Tor(α, β) = −2iLθ(β, α)ξ

or:

∇σgαβ − ∇σgβα − π[σgα, σgβ] = −2iLθ(β, α)ξ

which yields:

(24) ∇σgαβ = ρ+π[σgα, σgβ]

for any α, β ∈ Γ∞(H). Let ω be given by:

ω = −dQθ .

The axiom ∇gθ = 0 may be written:

X(gθ(s, r)) = gθ(∇Xs, r) + gθ(s,∇Xr)

for any X ∈ T (M), s, r ∈ Q. In particular for s = ξ one has:

(25) (∇Xθ)r = gθ(∇Xξ, r) .

If r ∈ H then (25) gives gθ(∇Xξ, r) = 0 or πH∇Xξ = 0 (where πH : Q →
H is the natural projection associated with (13)). Similarly, if r = ξ

then (25) becomes θ(∇Xξ) = 0. Therefore:

(26) ∇ξ = 0 .

Note that:

(27) ∇ω = 0

as a consequence of ii) and ω(α, β) = −igθ(α, β). Let us take the complex

conjugate of (24) and use (27) so that to obtain:

(28) ω(∇σgαβ, γ) = (σgα)(ω(β, γ)) − ω(β, ρ−π[σgα, σgγ])
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for any α, β, γ ∈ H. Set:

S(g) = σg(ξ) .

Next, define TS(g) by setting:

TS(g) = −1

2
J ◦ (LS(g)J) .

Then (by (26)):

(29) ∇S(g)r = LS(g)r + τ(r) .

By ii) and (29) we have:

0 = (∇S(g)J)r = ∇S(g)Jr − J∇S(g)r =

= π[S(g), σgJr] + τ(Jr) − Jπ[S(g), σgr] − Jτ(r) =

= LS(g)Jr − JLS(g)r + (τJ − Jτ)r

so that (by iii)):

(30) τ = TS(g) .

Summing up (by (24), (26), and (28)-(30)) we have:

(31)





∇σgαβ = ρ+π[σgα, σgβ]

∇σgαβ = Uαβ(g)

∇S(g)β = LS(g)β + TS(g)β

∇ξ = 0

where Uαβ(g) ∈ H is defined by:

ω(Uαβ(g), γ) = (σgα)(ω(β, γ)) − ω(β, ρ−π[σgα, σgγ]) .

The uniqueness statement in Theorem 10 is completely proved. To es-

tablish existence, let g be a bundle-like semi-Riemannian metric on M

inducing the transverse Webster metric in Q. Let ∇ : Γ∞(T (M) ⊗ C) ×
Γ∞(Q ⊗ C) → Γ∞(Q ⊗ C) be defined by (31) together with:

(32)





∇σgαβ = ∇σgαβ

∇σgαβ = ∇σgαβ

∇S(g)β = ∇S(g)β
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and:

∇X = ∇0
X

for any α, β ∈ H, X ∈ P . Before going any further, note that the

definition (31) does not depend upon the choice of g. Indeed, if g′ is

another bundle-like semi-Riemannian metric inducing gθ then there is a

natural bundle morphism:

ε = εg,g′ : Q → P

given by εg,g′(s) = σg′(s) − σg(s) for any s ∈ Q. Then:

TS(g′)β = TS(g)β +
1

2
J{∇0

ε(Jβ)ξ − ∇0
ε(ξ)Jβ − J∇0

ε(β)ξ + J∇0
ε(ξ)β} .

Using ∇0J = 0 (as H is a transverse CR structure) and ξ ∈ Γ∞
B (Q) we

obtain:

(33) TS(g′)β = TS(g)β

for any β ∈ H. At this point we may use:

[ε(α), ε(β)] ∈ P ⊗ C

∇0
ε(β)α ∈ H

and the first identity in (31) to conduct the following calculation:

∇σg′αβ = ∇σgαβ + ∇0
ε(α)β = ρ+π[σgα, σgβ] + ∇0

ε(α)β = ρ+π[σg′α, σg′β] .

Next, using ∇0ω = 0 one may derive:

Uαβ(g′) = Uαβ(g) + ∇0
ε(α)β

so that (by the second identity in (31)):

∇σg′αβ = ∇σgαβ + ∇0
ε(α)β = Uαβ(g′) .

Finally:

∇S(g′)β = ∇S(g)β +∇0
ε(ξ)β = LS(g)β +TS(g)β +∇0

ε(ξ)β = LS(g′)β +TS(g′)β .
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Taking into account (33) we adopt the notation Tξ = TS(g). Note that:

(34) J2 = −I + θ ⊗ ξ .

Also:

(35) LS(g)θ = 0

as a consequence of:

(LS(g)θ)r = S(g)(θr) − θ(π[S(g), σgr]) = 2(dQθ)(ξ, r) = 0 .

It is straightforward that:

J ◦ (LS(g)J) + (LS(g)J) ◦ J = 0(36)

LS(g)ξ = 0, θ(LS(g)r) = 0(37)

for any r ∈ H. Next (36) yields:

(38) JTξ + TξJ = 0 .

Let β ∈ H. We have (by (36) and (38)):

J(LS(g)β + Tξβ) = LS(g)Jβ − (LS(g)J)β + JTξβ =

= LS(g)Jβ + (LS(g)J)J2β + JTξβ =

= LS(g)Jβ + JTξβ − J(LS(g)J)Jβ = i(LS(g)β + Tξβ)

that is:

(39) β ∈ H =⇒ LS(g)β + Tξβ ∈ H

We may conduct the following calculation:

0 = (d2
Qθ)(ξ, β, γ) = −(dQω)(ξ, β, γ) =

= −1

3
{S(ω(β, γ))+

+ (σgβ)(ω(γ, ξ)) + (σgγ)(ω(ξ, β)) − ω(π[S(g), σgβ], γ)+

− ω(π[σgβ, σgγ], ξ) − ω(π[σγ, S(g)], β)} =

= −1

3
{S(g)(ω(β, γ)) − ω(LSβ, γ) + ω(LS(g)γ, β)}
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which yields:

(40) LS(g)ω = 0 .

Next, the following calculation:

ω(Tξr, t) + ω(r, Tξt) =
1

2
{ω((LS(g)J)r, Jt) + ω(Jr, (LS(g)J)t)} =

=
1

2
{(LS(g)ω)(r, t) − (LS(g)ω)(Jr, Jt)}

leads (by (40)) to:

(41) ω(Tξr, t) + ω(r, Tξt) = 0

for any r, t ∈ Q. Finally:

(dQω)(α, β, γ) = 0

yields:

(42)
(σgα)(ω(β, γ)) + (σgβ)(ω(γ, α)) + ω(γ, π[σgα, σgβ])+

+ ω(α, ρ−π[σgβ, σgγ]) + ω(β, ρ−π[σgγ, σgα]) = 0

for any α, β, γ ∈ H. At this point one may check the axioms. Firstly

(by (31)-(32)):

Tor(α, β) = ∇σgαβ − ∇σgβα − π[σgα, σgβ] =

= ρ−π[σgα, σgβ] − ρ+π[σgβ, σgα] − π[σgα, σgβ] =

− θ(π[σgα, σgβ])ξ = 2(dQθ)(α, β)ξ = 2iLθ(α, β)ξ

Lemma 2.

α, β ∈ H =⇒ π[σgα, σgβ] ∈ H
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As Tor(α, β) = Uαβ(g)−Uβα(g)−π[σgα, σgβ] it follows (by Lemma 2)

that Tor(α, β) ∈ H. Then (by (42)) we have ω(Tor(α, β), γ) = 0 and ax-

iom iv) is checked. Using (31) we have Tor(ξ, α) = ∇S(g)α−π[S(g), σgα] =

Tξα. Noting also that:

(43) Tξξ = 0

we may conclude that:

(44) Tor(ξ, r) = Tξr

for any r ∈ Q. Then (38) yields iii) in Theorem 10. Finally:

(∇σgαω)(β, γ) = (σgα)(ω(β, γ)) − ω(∇σgαβ, γ) − ω(β,∇σgαγ) =

=(σgα)(ω(β, γ)) − ω(Uαβ(g), γ) − ω(β, ρ−π[σgα, σgγ]) =0

and:

(∇S(g)ω)(β, γ) = S(g)(ω(β, γ)) − ω(∇S(g)β, γ) − ω(β,∇S(g)γ) =

= S(g)(ω(β, γ))+

− ω(LS(g)β + Tξβ, γ) − ω(β,LS(g)γ + Tξγ) =

= (LS(g)ω)(β, γ) − {ω(Tξβ, γ) + ω(β, Tξγ)} = 0

(by (40)-(41)) yield ∇ω= 0(which together with ∇ξ=0 implies ∇gθ = 0).

It is known that with the Webster connection of a nondegenerate CR

manifold M (of CR dimension n) one may associate the pseudoconformal

curvature tensor Sα
βρσ (cf. (3.8) in [15], p. 35) and Sα

βρσ = 0 iff M is

locally CR equivalent to the sphere S2n+1 ⊂ Cn+1 (cf. [4]). In view of our

Theorem 10 it is tempting to look for a foliated analogue of this result.

7 – Embedding transverse CR structures

Let M be a m-dimensional C∞ manifold, m = 2n + k + p, and

(F , H) a CR foliation of M of codimension q = 2n+k and transverse CR

dimension n. An embedding of (M,H) is a C∞ immersion:

ψ = (g1, · · · , gn+k, f1, · · · , fr) : M → CN



80 E. BARLETTA – S. DRAGOMIR [30]

with N = n + k + r, r ≥ p, so that the following conditions are satisfied:

i) gj ∈ Ω0
B(F) ⊗ C,

ii) ∂Qgj = 0 , 1 ≤ j ≤ n + k.

Set g = (g1, · · · , gn+k) : M → Cn+k. As each gj is basic the differential

dxg induces a map Gx : Qx → Tg(x)(C
n+k). Finally, we request:

iii) for any x ∈ M , Gx is one-to-one.

The embedding ψ is generic if r = p. A pair (M, H) for which an embed-

ding ψ exists is termed embeddable.

Let ψ : M → CN be an embedding of (M, H). Then:

(45) Gx(Hx) ⊂ T 1,0(Cn+k)g(x) .

Here T 1,0(Cn+k) denotes the holomorphic tangent bundle of Cn+k. To

prove (45) let {ζα} be an admissible frame and Tα some foliate complex

vector fields with πTα = ζα. Then (by ii)) in the definition of ψ) we have

Tα(gj) = 0 where Tα = Tα. Let (ζ1, · · · , ζn+k) be the natural complex

coordinates on Cn+k. Finally:

Gxζα(x) = (dxg)Tα(x) =

= Tα(gj)
∂

∂ζj
+ Tα(gj)

∂

∂ζ
j ∈ T 1,0(Cn+k)g(x) .

If additionally q = 2n + 1 then:

(46) GxHx = T 0,1(Cn+1)g(x) ∩ Gx(Qx ⊗ C)

for any x ∈ M . Indeed, let d be the complex dimension of the right

hand term in (46). Then (by (45)) n ≤ d ≤ n + 1. If d = n + 1 then

T 1,0(Cn+1)g(x) ⊂ Gx(Qx ⊗ C) and (by taking complex conjugates) one

gets a contradiction. Thus d = n, Q.E.D.

We call (M,H) locally embeddable if for any x ∈ M there is an open

neighborhood U of x in M and an embedding ψ : U → CN of (U,HU),

where HU denotes the portion of H over U . We may state the following:

Theorem 11. Let M be a m-dimensional real analytic manifold,

m = 2n + k + p, and (N,T1,0(N)) a real analytic CR manifold of type

(n, k). Let F be a Γω
CR(N)-foliation of M of codimension q = 2n + k

and H its (real analytic) transverse CR structure. Then (M, H) is locally

embeddable.



[31] Transversally CR foliations 81

Near x0 ∈ M , H is generated by n real analytic sections ζα ∈ Γω
B(H)

so that [ζα, ζβ] ∈ Γω(H). Using a real analytic foliated coordinate system

(y1, · · · , yq, x1, · · · , xp) for M , we may assume that M is an open subset

of Rq+p containing the origin and that ζα = πLα for some real analytic

foliate vector field Lα in T (Rq+p) ⊗ C. We write:

Lα =
q∑

j=1

aαj(y, x)
∂

∂yj
, 1 ≤ α ≤ n

for some Cω functions aαj : Rq+p → C. As both Lα and ∂/∂yj are

foliate, aαj are basic, i.e. aαj = aαj(y). Since {ζα}1≤α≤n are linearly

independent and {π(∂/∂yj)}1≤j≤q a frame of Q, the matrix [aαj(0)] has

complex rankn. By reordering the coordinates if needed, we may assume

the n×n block A = [aαβ] is nonsingular in a neighborhood U of 0 ∈ Rq+p.

Set y = (t, u), t ∈ Rn, u ∈ Rn+k. By multiplying the coefficients of {ζα}
with A−1 we obtain another admissible frame of H (over U) of the form

ζα = πLα where:

Lα =
∂

∂tα
+

n+k∑

j=1

λαj(t, u)
∂

∂uj
, 1 ≤ α ≤ n

for some Cω functions λαj : U → C (depending only on y = (t, u)). The

Lie product [Lα, Lβ] has no (∂/∂tα)-component. Also:

[ζα, ζβ] =
n∑

γ=1

Cγ
αβζγ

(because {ζα} is admissible) so that:

(47) [ζα, ζβ] = 0, 1 ≤ α, β ≤ n .

Let ζ ∈ Cn, w ∈ Cn+k and z ∈ Cp be the complexifications of t ∈ Rn,

u ∈ Rn+k and x ∈ Rp, respectively (so that t = Re(ζ), u = Re(w)

and x = Re(z)). By replacing t and u by ζ and w in the power series

expansion of λαj (about 0) we get functions λ̃αj : C2n+k → C which are

holomorphic in a neighborhood Ũ of 0 ∈ C2n+k and λ̃αj(t, u) = λαj(t, u).

Define:

L̃α =
∂

∂ζα
+

n+k∑

j=1

λ̃αj(ζ, w)
∂

∂wj
, 1 ≤ α ≤ n .



82 E. BARLETTA – S. DRAGOMIR [32]

Note that:

(48)
∂λ̃αj

∂ζα
(t, u) =

∂λαj

∂tα
(t, u),

∂λ̃αj

∂w0
(t, u) =

∂λαj

∂u0
(t, u)

(because λ̃αj(ζ, w) are holomorphic in ζ and w). At this point (47)-(48)

and the identity theorem for holomorphic functions yield:

[L̃α, L̃β] = 0

on Ũ ⊂ C2n+k. Therefore we may apply Lemma 1 in A. Boggess, [2],

p. 56, to conclude that there is a holomorphic map (W1, · · · , Wn+k) :

Cn × Cn+k → Cn+k (defined on a possibly smaller neighborhood Ũ of

0 ∈ C2n+k) so that:

L̃αWj = 0

Wj(0, w) = wj, (0, w) ∈ Ũ .

Similarly (i.e. again by Lemma 1 in [2], p. 56, for the operators:

L̃α +
p∑

s=1

µαs

∂

∂zs

with µαs = 0) there is a holomorphic function (V1, · · · , Vn+k, f̃1, · · · , f̃p) :

Cn × Cn+k × Cp → Cn+k × Cp so that:

L̃αVj = 0, L̃αf̃s = 0

Vj(0, w, z) = wj, f̃s(0, w, z) = zs .

Let ρ be the projection (ζ, w, z) ?→ (ζ, w) and set g̃j = Wj ◦ ρ for 1 ≤
j ≤ n+k. Next consider ψ̃ = (g̃1, · · · , g̃n+k, f̃1, · · · , f̃p) and define the Cω

map ψ = (g1, · · · , gn+k, f1, · · · , fp) by setting:

ψ(t, u, x) = ψ̃(t, u, x)

for (t, u, x) ∈ Rn ×Rn+k ×Rp. Note that Lαgj = L̃αg̃j = 0 on Ũ ∩ (Rn ×
Rn+k). Also gj are basic. Moreover ψ(0, u, x) = ψ̃(0, u, x) = (u, x). Let
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us show that ψ is a generic embedding. As Lαgj = 0 yields ∂Qgj = 0 one

should only check that d0ψ has real rank 2n + k + p. Set ψ = X + iY .

Note that (u, x) = ψ(0, u, x) = X(0, u, x) + iY (0, u, x) yields:

d0ψ =

(
(∂X/∂t)(0) In+k+p

(∂Y/∂t)(0) 0

)
.

Also, the imaginary parts of Lαgj = 0 and Lαfs = 0 may be written in

the following matrix form:

∂Y

∂t
(0) = −

(
In+k

0

)
· (Im λ)t(0)

where Im λ = [Im(λαj)]. Next (by H ∩ H = {0}) {ζ1 − ζ1, · · · , ζn − ζn}
are linearly independent (over C) and therefore:

1

2i
(ζα − ζα) =

n+k∑

j=1

Im(λαj)π
∂

∂uj

shows that (Im λ)(0) has rankn. Set g = (g1, · · · , gn+k). Similarly, to

show that rank(d0g) = 2n+ k set g = U + iV . Then g(0, u, x) = u yields:

d0g =

(
(∂U/∂t)(0) In+k 0

(∂V/∂t)(0) 0 0

)

and the imaginary part of Lαgj = 0 may be written:

∂V

∂t
= −(Im λ)t(0)

so that rank(∂V/∂t)(0) = n, Q.E.D.

To give an example of embedded transverse CR structure, let N ⊂
Cn+1 be a nondegenerate real hypersurface and M = N × Ck+1 with the

natural complex foliation F . Let H be the transverse CR structure of F .

Then:

ψ = (g1, · · · , gn+1, f1, · · · , f2k) : M → Cn+1+2k
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given by gj(z, ζ) = zj and fa(z, ζ) = ζa, fk+a(z, ζ) = 0 for 1 ≤ j ≤ n + 1

and 1 ≤ a ≤ k, is a generic embedding of (M, H). Indeed, let {Tα} be a

(local) frame of T1,0(N). Thus {Tα, ∂/∂ζa} is a (local) frame of T1,0(M).

The coordinate functions zj are holomorphic so that zj
|N ∈ CR(N) and

hence gj are CR functions on M . For each leaf S = {z}×Ck of F we have

(gj)|S = const. so that gj ∈ Ω0
B(F). Then (by Theorem 9) ∂Qgj = 0. If E

is a vector bundle over Ck let g∗E be the pullback of E by g : M → Cn+1,

g(z, ζ) = z. Finally, we need to check that G : Q → g∗T (Cn+1) is a bundle

monomorphism. To this end let Gxs = 0. There is Y = (V, W ) so that

πxY = s and V ∈ Tz(N), W ∈ Tζ(C
k). Then V = (dxg)Y = Gs = 0 so

that Y = (0, W ) ∈ PM,x, Q.E.D.

REFERENCES

[1] T. Akahori: A new approach to the local embedding theorem of CR structures,
the local embedding theorem for n ≥ 4, Memoires A.M.S., vol. 366, 1987.

[2] A. Boggess: CR manifolds and the tangential Cauchy-Riemann complex , Studies
in Advanced Mathematics, CRC Press, Boca Raton-Ann Arbor-Boston-London,
1991.
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litech., Paris, 1975.

[4] S.S. Chern – J. Moser: Real hypersurfaces in complex manifolds, Acta Math.,
133 (1974), 219-271.

[5] E.M. Chirka: Introduction to the geometry of CR manifolds, Russian Math.
Surveys, (1) 46 (1991), 95-197.
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