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Sobolev-type orthogonal

polynomials and their zeros

D. H. KIM — K. H. KWON — F. MARCELLAN - S. B. PARK

R1ASSUNTO: Nello spazio P dei polinomi in una variabile, essendo o un funzionale
dei momenti quasi-definito su P, si considera la forma bilineare simmetrica ¢(-,-) defi-
nita in P X P da ¢(p,q) := (o,pq) + Apt™ (a)qm(a) +up™® (b)q<5) (b), dove A, p,a,b sono
numeri complessi e r, s sono interi non negativi. Si stabilisce una condizione necessa-
ria e sufficiente affinché esista un sistema {Rn(z)}nzq di polinomi ortogonali relativi
a ¢. Si discutono le proprieta algebriche di {Rn(x)}nlo e si riconosce che, quando o é
semiclassico, {Rn(x)}nzo deve soddisfare un’equazione differenziale del secondo ordine
con coefficienti polinomiali. Nel caso in cui o sia definito positivo e X\, u, a, b siano reali,
st analizzano le relazioni tra gli zeri di {Rn(z)}neo € gli zeri del sistema {Pn ()}
det polinomi ortogonali rispetto a o.

ABSTRACT: When o is a quasi-definite moment functional on P, the space of poly-
nomials in one variable, we consider a symmetric bilinear form ¢(-,-) on P x P defined
by ¢(p, q) == (o,pq) + Ap (a)q"" (a) + up (b)¢*) (b), where A, p, a, b are complex num-
bers and r,s are non-negative integers. We find a necessary and sufficient condition
under which there is an orthogonal polynomial system {R,(x)}n=o relative to ¢ and
discuss their algebraic properties. When o is semi-classical, we show that {R.(z)}neo
must satisfy a second order differential equation with polynomial coefficients. When o
is positive-definite and X\, u, a, b are real, we investigate the relations between zeros of
{Rn(z)}52o and of the system of the orthogonal polinomiels relative to o.
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1 — Introduction

Let P be the vector space of polynomials with complex coefficients in
one variable and ¢ a quasi-definite moment functional on P (CHIHARA [5,
page 16, Def. 3.2]). We consider a symmetric bilinear form on P x P:

(1.1) o(p, q) := (o, pq) + Ap" (a)q" (a) + up™ (b)q" (b)

where A\, p,a,b € C with A # 0 and r, s are nonnegative integers with
0 <r <s(r<sifa=5b). Asin the case of moment functionals,
we call ¢(-,-) to be quasi-definite if there is a sequence of polynomials
{R,(x)}5%,, which are orthogonal relative to ¢(-,-). When r = s = 0,
{R,(z)}>2, are ordinary orthogonal polynomials relative to the moment
functional o + Ad(z — a) + pd(z — b) and when r+s > 1, {R,,(z)}2, are
Sobolev-type orthogonal polynomials.

In this work, we view ¢(-,-) as mass point perturbation of o. Ever
since H. L. KRALL [10] found three new orthogonal polynomials (satis-
fying fourth order differential equations), which are orthogonal relative
to classical weights plus one or two masses at the end points of the in-
terval of orthogonality, many authors handled the problem of adding one
or more mass points to a quasi-definite moment functional. When o is
positive-definite and A, u > 0 and r = s = 0, see [6], [9]. When o is semi-
classical and p = r = 0, see [8,14]. When r = s = 0, see [7], [11]. When
o and A, a are real and r > 1, u = 0, see [8], [16], [17]. There are also
many results on various aspects of Sobolev-type orthogonal polynomials
when o is positive-definite and A and p > 0; see [12], [13] and references
therein.

We first find a necessary and sufficient condition for ¢(-,-) to be quasi-
definite (see theorem 2.1), which generalizes results in [7], [11], [14], [16]
and then investigate algebraic properties of {R,(x)}32, in connection
with {P,(z)}>2,, orthogonal polynomials relative to 0. When o is semi-
classical, we show that {R,(z)}>°, must be solutions of a second order
differential equation with polynomial coefficients, whose degrees are in-
dependent of n. Finally, when o is positive-definite and A, u, a, b are real

3). The third author was partially supported by Direccién General de Investigacién
Cientifica y Tecnoldégica (DGICYT) (PB 93-0229-C02-01) of Spain. This work was
finished during a stay of the third author in KAIST.
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so that R,(x),n > 0, are real polynomials, we discuss the behavior of
zeros of R, (z) in connection with zeros of P,(x).

2 — Orthogonal polynomials {R,(z)}°,

For any p(z) in P, we let deg(p) be the degree of p(x) with the
convention that deg(0) = —1.

By a polynomial system (PS), we mean a sequence of polynomials
{P,(x)}>2, with deg(P,) =n, n > 0.

For any symmetric bilinear form ¢(-,-) on P x P, we let

¢ij = ¢(z',27),  iandj>0,
the moments of ¢(-,-) and call ¢(-,-) to be quasi-definite if
Ay (¢) = det[dy ]} o # O, n>0.

It’s easy to see that ¢(-,-) is quasi-definite if and only if there is a unique
monic PS {R,(z)}>2, such that

O(Rumy Ry) = knmns mandn >0,

where k,,n > 0, are non-zero constants. In this case, we call {R,(z)}>,
the monic orthogonal polynomial system (MOPS) relative to ¢(-,-).

In the following, we always assume that ¢(-,-) is given by (1.1), where
o is quasi-definite. Let {P,(z)}5°, be the MOPS relative to o and

Kn(z,y) :zi%, n>0,

the n-th kernel polynomial for {P,(z)};>,. We denote 0.0} K, (z,y) by
K9 (x,y).

=0

THEOREM 2.1. The symmetric bilinear form ¢(-,-) is quasi-definite
if and only if

1+ AK"(a,a) pK*)(a,b)

2.1 d, =
(2.1) AK (™) (a,b) 1+ pK% (b, b)

# 0, n>0.
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When ¢(-,-) is quasi-definite, we have

A | P (a) K(m)(a b) (0,7)
Rn = Pn e 5,8 Kn_r )
(z) = Fulw) = 3~ | POW®) 14 pk o) | T
(2.2) ()
B 1" 1 =+ )\Kn_’l (CL, CL) Pﬁr) ((1) K(O,s) (ZL' b)
ot | AEU(@b) PO

and
(2.3) #(R,, R,) = —— (0, P?), n=>0,

n—1

where K_y(z,y) =0 and d_; = 1.

PROOF. Assume that ¢(-,-) is quasi-definite and expand R, (x) as

R,.(z) = P,(z) + z_: C7Pj(z), n>1,

where

on - (0 BB —AP{"(a)R{" (a) — pP" ()RS (b) 0<icn 1

I Ao, P?) (o, P?) o PEIERT L
y 4 g y 4y

So, we obtain
(2.4) R,(z) = P,(2)— ARV ()K" (x, ) — RS () K9 (2,0), n >0,

and

1+ AK" ) (a,a)  pK"(a,b) R™(a) P (a)
(25) r,s (s,s) ( (s) > = (s) y > 0.
)\Kn—l ((I, b) 1+ HKn—l (b7 b) R” (b) Pn (b)

We also have from (2.4)

¢(R,., P;) = (0, R, P;) + AR (a) P\ (a) + uRY (b) P (b) =
= (0, P,P;) = AR\ (a) (0, K\ (w,0) Py(x)) +
— uRY (b) (o, K (2, b) g(x)>
(2.6) + AR (a) P\ (a) + pR() (b) P (b) =
= {(0, P?) + AR (a) P") (a)+

n (
+uRD(B) P (D)} 0<j<n,

since (o, K7 (2,a)Py()) = (1 - 8,,)P" (), 0 < j < n.

J
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We now show that d,, # 0, n > 0, by induction on n. For n = 0,d, =
% =% (0. Assume d,, # 0,0 < n < m for some integer m > 0. Then the
system of equations (2.5) is uniquely solvable for 0 < n < m + 1 so that

we have from (2.6)

¢(Rn7 Rn) = ¢(Rna Pn) = <Ua Pv?) + )‘Rg)(a)ngr)(a)jL

+uRY (D) P (b) =
AP™ P"(a K" (a,b
— (o, pry 4 2B Bl nEa D)
(2.7) doo1 | PO() 1+ pK,>Y(b,b)
L HPOW) 1+ AK" (a,a)  P{(a)
ooy | AKU(a,b)  POD) |

0<n<m+1.
On the other hand, we have

PM(a)  pK(a,b)
PE(b) 1+ pKS (b,b)

AP (a)

d, =d,_ —n 7
LG P

1+ MK a,a)  PT(a)

pP) (b)
AK (a,b)  PO(®) |

(o, P)

Hence, (2.3) holds for 0 < n < m + 1 and d,,;1 # 0. Therefore, by
induction, d,, # 0,n > 0, and (2.3) holds for all n > 0. We also have (2.2)
from (2.4) and (2.5).

Conversely, we assume that d,, # 0,n > 0, and define R, (z) by (2.2).
Then {R,(z)}>°, is a monic PS and (2.5) holds. We also have (2.4) so
that (2.6) and (2.7) hold. Hence, ¢(-,-) is quasi-definite since {R,,(z)}>2,
is the MOPS relative to ¢(-,-). 0

REMARK 2.1. Several special cases of theorem 2.1 are proved in [7],
[12], [14], [16] under various stronger restrictions on ¢(-,-). See also [6],
[8], [9], [17] for other special examples.
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We now set

x if p=0,r=0
(x —a) ! it pu=0,r>1
U(z) = fz_b)sﬂ i M#O,ris:o
nw#0,0=r<sa#b
or u#0,0<r<s,a=b
(x —a)" ™z —b)" if p#0,rs>1.

and deg(¥) =u (1 <u <r+s+2). Then

o(¥p,q) = (0, ¥pq) = d(p,Vq), p(x)and q(z) < P.

PROPOSITION 2.2 (Recurrence Relations). The MOPS {R,(z)}>,
satisfies 2u + 1-term recurrence relations:

(2.9) U(R,() = 3 CIR(x).  (n>u)

j=n—u
where

cn — QZS(\I/RTL,RJ) _ <O', \I’RJRn>
(2.10) T o(R;, Ry) O(R;, Ry)

n—u<j<n+u(Cr,=1,Cr_, #0)

and

n—i n—j
Cn—j Cn—i

(2.11) (Ruis Ruei) — ¢(Ru-j Ruej)

0<i<n—-—wand i—u<j<i4u.
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PrOOF. We may expand ¥(z)R,(x) as

n—+u

U(z)R,(z) = Z CI'R;(x).

Then

so that
SRR T\ S iz,
an ¢(R,, VR, )
cr =T T o0 O =1,
n—u ¢(Rn_u,Rn_u) # ) n+u
Now, it’s easy to deduce (2.11) from (2.10). 0

Explicit expressions for C7' in terms of coefficients of the three term
recurrence relations for {P,(z)}>2, are given in [7], [11], [14] in case
r=s=0and in [15] in case p =0, r = 1.

We now let
~ R;(z)R;(y)

Ln(xa y) = Z

ST >0,
= $(R;.R,)

be the n-th kernel polynomial for { R, (z)}>%,.

PROPOSITION 2.3 (cf. propositions 5.1 and 5.2 in [15]).  For any
integers n,k > 0 and any polynomial p(x) of degree at most n, we have
(reproducing property):

(2.12) S (2,y), p(w)) = p®(y)
and
Ln(z,y) =
_ LA KIayy) pK()(a,b) (0.)
K, (x,y) Ko apy
(2.13) Ao | KEO (b)) 1+ pE(9(0,0)
_p |VHARE@a) K@) | oy
d, | \NK(™) (a, b) K&O®0,y) | "
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PRrROOF. Let p(z) € P be such that deg(p) < n. Then

so that
¢(L510,k) (IB, y),p(x)) = zj: gfi%,%j) (b(L;O k) (x,y), Rz(x)) _
_ - 0 R g~ BOW) _
- iz:; ¢(R17Rz) jz:;) (b(RJ,RJ)qb(RJ( )’Rz(x)) =

Hence, we have

n

— pLEO (b, y) K (z, b)

(2.14) L(z,y) = Ko(z,y) — ALY (a,y) K" (2, a)+

so that
(2.15) L+AK(a,a) pK () (a,b) L (a,y) K9(a,y)
' AK(*)(a,b)  1+pK 9 (b,0) ) \LEO(b,y) ) \KEO(b,y) )

Now, (2.13) follows immediately from (2.14) and (2.15). 0
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From the recurrence relation (2.9) and (2.11), we can easily deduce
the following Christoffel-Darboux type formula for { R, (x)}22,.

PROPOSITION 2.4 (cf. proposition 4.3 in [15]). The MOPS{ R, (x)}>>,
satisfies

(W(z) = W(y)) Loz, y) =
Zt: n CerJ

Z m(Riﬂ (@) Ri(y) = Ri(2)Riy;(y)), n > 0.

We now set
(x —a)*t! if a=b and N\£0, u#0
(2 — ) Vsl (g — p)(s+Dsenlul if g £

(2.16) m(x) :{
and deg(m) =t (0 <t <r+s+2). Then

o(mp,q) = (o, 7pq) = ¢(p,7q), p(x)and g(z) € P.

PROPOSITION 2.5 (quasi-orthogonality). The MOPS {R, (x)}52, is
quasi-orthogonal of order 2t relative to o:

n+t

(2.17) m(x)R,(z) = Z D} Pi(z), (n>t),
Jj=n—t
where
<O-7 WPjRn> QS(Rnaﬂ-Pj) .
D" = = —t <1< Dl = =1, Dr .
ki <0_, Pj2> <0_7 PJ2> 9 n t —= .7 —= n+t7 ( n+t n—t 7& 0)

PrROOF. We may expand 7w (z)R,(x) as

Then
Dj (o, P}) = (0, 7R, P}) = ¢(R,,mP;), 0<j<n+t,

so that the conclusion follows. 0
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3 — Second order differential equations

The MOPS {P,(x)}2, satisfies three term recurrence relations:

Ppi(z) = (2 — ba) Po(z) — cn P (),

(31) nZO (P_l(x)ZOand Cn#oynzl)

In the following, we will denote 7, (x,n) a polynomial such that its coef-
ficients may depend on n but the degree is at most k, independent of n.
The polynomial 7 (x,n) may not be the same in different contexts.

We have by (3.1) and induction on £ =1,2,--- that

(3.2) P,y (x) = m(z,n)P,(z) + mp_1(z,n)P,_1(x), n>0,

and

(3.3)  P,_1(x) =m_1(z,n)P,(x) + mp(z,n)P,_1(x), n>k+1
We now assume that o is a semi-classical moment functional satisfying
(3.4) (A(z)o) — B(z)o =0,

where deg(A) >0, deg(B)>1. We set deg(A) =« and S =max(deg(A)—2,

deg(B) — 1). Then {P,(x)}2, satisfies the so-called structure rela-
tions [18]

(3.5) A@P) = S @P), n>p41.
n=p-1

By (3.2) and (3.3), we may review (3.5) and (2.17) as

(3.6) A(@) P, (x) = T2 (2, ) P () + mp 42 (2, ) Poa ()

and

(3.7) ()R, (z) = m(x,n) P, (x) + m—1(x,n) Py_1(2).
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Differentiating (3.7) and then multiplying by A(z) yields via (3.1)
and (3.6)

Az)m(z) R, (x) + A(z)7'(2) R (2) =

(38) = T4 4+1(T, 1) Po () + Toppi2(2, n) P ().

We then obtain from (3.7) and (3.8)

(3.9) 7r2t+ﬁ+2(l‘» n) P, () = Torya—1(, ”)R;L(JU) + 7T2t+ﬂ+2(33a n)R, ()

and
(3.10) moypr2(z,n) Py 1(2) = Torpalz, n)R,(z) + Torypr1(T,n) Ry () .

Differentiating (3.8) and then multiplying by A(z) yields via (3.1)
and (3.6)

AR, (z) + A(A'm + 2A7")R. () + A(A'T + A7")R,(2)

(3.11)
= Tir2p44(2, 1) P (T) + Tiq0p15(z,n) Py ()

From (3.9), (3.10), and (3.11), we finally obtain:

THEOREM 3.1. When o is a semi-classical moment functional sat-
isfying (3.4), the MOPS {R,(x)}2, satisfies a second order differential

equation with polynomial coefficients of the form
(3.11) S(x,n)R!(z) + T (z,n)R. (x) + U(z,n)R,(x) =0,

where deg(S) < 3t+2a+ f+2,deg(T) < 3t+a+26+5, and deg(U) <
3t + 38+ 6.

Theorem 3.1 was proved in [16] for 4 = 0 and » = 1 and in [17] for
positive-definite o, u = 0, A > 0. Explicit construction of the differential
equation (3.11) can be found in [7], [16] for o to be the Bessel moment
functional and in [17] for o to be the Hermite moment functional.
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4 — Zeros of R, (z)

We now consider the quasi-definite bilinear form ¢(-,-) as in (1.1) for
which we assume further that ¢ is positive-definite and A, i1, a, b are real
so that {R,,(x)}52, is the real MOPS relative to ¢(-,-). We let

Tn,1 < Ln,2 << Ln,n
be the zeros of P,(z),n > 1, and

so that I = [, n] is the true interval of orthogonality for o (see [5, page 29,
Definition 5.2]).

Then the quasi-orthogonality (2.17) of {R,.(z)}22, relative to o im-
plies that 7(z)R,(x) has at least n — ¢ nodal zeros (i.e., zeros of odd

multiplicity) in I = (&,m). Hence, R,(x) has at least n — ¢t — 2 nodal
zeros in I. Zeros of R,(z) are handled by many authors [1]-[4], [11],
[15], [19], [20], [21], in all of which, except [1], ¢(-,-) is assumed to be
positive-definite.

Let N = N(n)(0 < N < n) be the number of nodal zeros of R, (x)
in I and ®x(z) the monic polynomial of degree N having simple zeros
at nodal zeros of R, (z) in I. Then ®y(z)R, (z) has the constant sign on

Io , which we may assume to be positive.

In order to find a lower bound for N(n), we consider

Case I: 4 =0, Case II: a = b, X\ # 0,4 # 0, and Case III: a # b, A #
0, u # 0 separately.

In the following, we always assume n > r 4+ 1 unless stated otherwise
since if 0 < n < r then R,(z) = P,(z) and N(n) =n.

Case I: 4 =0.
Then 7(z) = (x — a)"** so that N(n) >n —r —2.

PROPOSITION 4.1.  Assume 1 =0 and a € Io If a is a nodal zero
of R.(x) orr is odd, then N(n) >n—r —1.
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PrOOF. When a is a nodal zero of R, (z), it is trivial. Hence, we
assume 7 is odd. Then 7(x)®y(x)R,(z) > 0 on I so that by (2.17)

n+r+1

(0,7®yR,) = Y Do, ®xP;) > 0.
n—r—1
Hence, deg(m®y) = N(n)+r+1>n. 0

PROPOSITION 4.2. Assume u =0 anda ¢ I. Then N(n) > n—1 so
that R, (x) has n simple real zeros. Moreover, zeros of P,(x) and R, (x)
interlace each other.

PROOF. Assume a > 7. (Proof for a < & runs the same.) Let

P (x)

xr — fL’n,k

ln,k(x) =

and 7w, k(z) =lp(z)Ru(2), 1<k<n.

Then by Gauss’ quadrature formula, there are positive constants A7,
1 <7, k <n, such that

(41) O' 7Tn k Z AJ kﬂ'n k nj AZkP/( )Rn(zmk) .

On the other hand, we also have from (1.1) and (2.5)

-
1) ()P (a) .

(42) (o mus) = —ALL(@) R (@) = o1
n—1

Since sgnP! (x, k) (=) k,lfgc(a) > 0, and P (a) > 0, we have

from (4.1) and (4.2)
(4.3) senR,(z,x) = (=1)" *lsgn(Ad, 1), 1<k<n.

Hence, R, (x) has at least one and, in fact, exactly one nodal zero in each
interval (z,, k, Tpry1), 1 <k <mn—1. 0
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Proposition 4.1 and proposition 4.2 are also obtained in [20] in case
A >0 and r = 1. MEIJER [20] also showed that a may be chosen so that
R, (x) has two complex zeros for large enough \. In this case, a must be

in I by proposition 4.2.
Proposition 4.2 implies that R, (x) has n simple zeros

Zn,1 < Zn,2 < < Zn,n

all of which, except z,1 or z,.,, lie in (2,1, 2, ). The location of z, ; or
Znn DOt in (21, %, ) depends on sgn(Ad,,—1), sgnR,(£), and sgnR,(n).

Below, we handle the case a > 1. The case a < & can be handled
similarly.

LEMMA 4.3. Assume p=0 and a > n. Then

-1
(4.4) Ad,_1 <0 if and only if —o < < A<0;
K, {(a,a
-1
(4.5) Adp—y >0 ifand only if A < —7———o0or A>0.
K,V (a,a)

PROOF. Since a > n and P;(z) is a monic polynomial with all zeros
in (—oo,a), Pj(r)(a) =0for 0 <j <rand Pj(r)(a) > 0 for j > r. Hence

K" (a,a) > 0 so that d,_; = 1 + AK"(a,a) > 0 if A > 0. Now (4.4)
and (4.5) follow immediately. 0

PROPOSITION 4.4. Assume =0 and a > n.

2p1 KEL T < 2o < < Zpp < Ty < 7).
(11) If W < A <0 and (_1)n+1Rn(£) < 0, then

E<2p1 < Tpa < 2o < < Zpp < Ty, <.
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(iii) If A < W or A >0 and R, (n) > 0, then

E<Tp1 <2p1 < < Tpp < Zppn <N

(iv) If A < # or A>0 and R,(n) <0, R,(a) >0, then

7L1

E<Tp1 <2p1 < < Tpp <N< 2y, <a.

(v) If A < or A\>0 and R,(n) <0, R,(a) <0, then

K(T T)(

<1 <2p1 < <Tpp<N<a< 2y
Hence, N(n) =n only in cases (ii) and (iii).

PrROOF. (i) and (ii): Assume <A <0. Then M\d,_; < 0

W
Kn 1( )
by lemma 4.3 and R,(x,,) > 0 by (4.3). Hence, 2,1 < z,; and
sgnR,(x,1) = (—1)"*' from which (i) and (ii) follow immediately. In
particular, we note that £ > —oco in case ()

(iii), (iv), and (v): Assume A < or A > 0. Then A\d,,—; >0

by lemma 4.3 and R,(z,,) < 0 by (4.3). Hence, x,, < z,, and (iii),
(iv), and (v) follow immediately. 0

(rr)( a)

Special case of proposition 4.2 and proposition 4.4 is also handled by
MELJER [19] when A >0, a =0, r > 1, and [£,n] = [0, c0].

PROPOSITION 4.5.  Assume =0 and a >n. If A < or

K\ ”( a)
A > 0, then zeros of R, (x) also interlace with zeros of Pn_l(a:). More
precisely, we have

(4.6) Toge < Znk < Tk < Tkl < Znktl 1<k<n-1.
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PROOF. Assume A < ) or A > 0, that is, Ad,_; > 0. Then,

I S
KT(LT_’TI) (a,a
by proposition 4.4, R, (z) has n real zeros {z, }}_; such that

(47) T,k < Zn,k < Tn,k+1 < Zn,k+15 1 S k S n— 1.

Let Q(x) = R, (x)—P,(z) and 7,1 () = Q(z)l—1.1(x). Then deg(Q) <
n — 1 and deg(m,_1) < 2n — 3. As in the proof of proposition 4.2, we
have positive constants A;{;l, 1 <4,k <n—1, such that

— _)\ r r
(o, 7rn—17k> :Az,kl (xn—l,k)Pr/Lfl(xn—l,k) = d 1l1('L—)1,k(a>P’VS, )(a)a

1<k<n-—1,

so that sgnQ(z,_14) = (—1)"*, 1 < k <n — 1. Since sgnP,(z,_ 1) =
(_1>n—k’

(4.8) sgn Ry, (2 14) =g (Pu(Tn-14) + Q(Tpn-11)) = (_1)n_k7
1<k<n-1,

so that R, (x) has at least one and at most three zeros in each interval
(Tn-1ky Tno1skt1), 1 < k < n—2. If a certain (x,_1x, Tp_1,4+1) has
three zeros of R, (z), then they must be in (x,k, Zpnks2), which is im-
possible by (4.7). Hence, R,(x) has exactly one zero in each interval
(Tn—1gs Tt p41), L <k <n—2.

Since Zpn < Znn, Ro(Tnn) < 0 by (4.3), and R, (xy—1,-1) < 0
by (4.8), R, (z) has no zero in (2,11, Tnn). Hence, 2, -1 < 2ppn-1 <
Zp—1,n—1 from which (4.6) follows inductively on k =n—1,n—2,---,1. 0

When,uzranndagé.;

so that we can modify proposition 4.4 as:

PROPOSITION 4.6. Assume p=1r =0 and a > n.
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O If =¥=wo M) <A<0and (—1)""'R, (&) >0, then

21 LEL T < 2po < < Zpp < Ty <1
(i) If % (a T <A<0and (- )" R, (£) <0, then

E<2p1 < Tpi < Zpa < < Zpp < Tpp <7
(iii) If A > 0 and R, (n) > 0, then R,(a) > 0 and

E< Ty <2p1 < < Tpp < Zpn <n<a.
(iv) If A > 0 and R, (n) <0, then R,(a) > 0 and

E<Tp1 <2p1 < < Tpp <N< 2y, <a.
(v) If A < ﬁl(a,a)’ then R, (a) >0 and

E<Tp1 <2p1 < < Tpp<N<a< Zyg.

PROOF. (i) and (ii) are the same as in proposition 4.4.

(iii) and (iv): Assume A > 0. Then d,,_; > 0 and R, (x,,) < 0 so
that R,,(a) > 0 since P,(a ) > 0. Hence, the conclusions follow.

(v): Assume A < % (a 5 Then A <0, d,—1 <0, and R, (x,,) <0

so that R, (a) < 0. Hence a < Zpnp. d
When p=r =0,
é(p,q) = (7, pq),
where 7 = 0 + Md(x — a) is a moment functional. Let

-1
lim K, (a,a)’

n—oo

)\0 =

Then
—<0', 1> < )\0 < 0
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since 0 < (0,1)™' = Ky(a,a) <K (a,a)<--- and K, (a,a) < K, 12(a,a),
n>0.

LEMMA 4.7. For 7 = o+ A(z — a), the following statements are
equivalent:
(i) 7 is positive-definite;
(i) e, : =14+ AK,(a,a) >0, n >0;
(ii)) A > o.

PrOOF. When p=r =0, d, = e,, n > 0, so that 7 is quasi-definite
if and only if e, # 0, n > 0 by theorem 2.1. Moreover, when 7 is quasi-
definite (cf. (2.3))

1Q%) = —"(0,P2), n>0, (e1=1),

€n—1

where {@Q,(x)}22, is the MOPS relative to 7. Hence, (i) < (ii). Then
(i) « (iii) since {7 5}, increases to Ao. 0

When A > g so that 7 is also positive-definite, let I; = [£1,7;] be
the true interval of orthogonality of I. How are I and I; related? If A > 0

and a ¢ .;, then 7 is positive-definite on [, 7] U {a} so that

[517 771] g Ch({fa 7]] U {a’}) ’
where ch(A) stands for the convex-hull of A. More precisely we have:

COROLLARY 4.8. Assume p=1r=20,a>mn, and X\ > Xy so that T

s also positive-definite.

(i) If o <A<O0, then & <& <m <n<a.

(i) If Ao < XA < 0 and (—1)""'R,(§) < 0 for all n large enough, then
G=¢{<m<n<a.

(iii) If A >0, then £ <& <n<mn <a.

(iv) If A > 0 and R, (n) > 0 for all n large enough, then § < & < n =
m < a.
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PROOF (i) AND (ii). Assume A\g < A < 0. Then ﬁl(au) <A < A0,
n > 0, so that by proposition 4.7 (i) and (ii).

Zn1 < Tpa and 2,, < Ty, <10

Hence, £ = lim 2z, < &= lim z,; and n; = lim 2,, <7 = lim x,.,.
n—oo ’ n— oo ’ n—oo ’ ’

n— oo

If furthermore (—1)"**R,(§) < 0 for n > k, then by proposition 4.7 (ii),
£<Zn,1 <$n,1, nzk

so that & = €&.

PROOF (iii) AND (iv). Assume A > 0. Then by proposition 4.7 (iii),
(iv), and (v)
E<xp1 <2Zp1 and T, < 2Zpp < a

so that £ <& and n < < a.
If furthermore R, (n) > 0 for n > k, then by proposition 4.7 (iii)

Ton < Znpn <N <a

so that n =n; < a. O

REMARK. It’s easy to see that 7 = 04+ Ad(z — a) cannot be negative-
definite.

Case II: a =0, A #0, pn #0,and 0 < r < s.
Then 7(z) = (z — a)**™* so that N(n) >n —s — 2.

PROPOSITION 4.9. Assumea =b, A # 0, p# 0,0 <r <s, and
a€ I. Ifa is a nodal zero of R,(x) or s is odd, then N(n) >mn —s— 1.

PROOF. The proof is the same as in proposition 4.1. U

PRrROPOSITION 4.10. Assumea=b, A#0, u#0,0<r < s, and
a¢ I. Then N(n)>n—1forr+1<n<sand N(n) >n—2 for
n>s+1.

PROOF. See theorem 2.2 in [1]. 0
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More results on zeros of R,,(x) can be found in [4] in case A > 0, u > 0,
and 1 <7 < s. Whenr =0and 7 = 0+ Ad(x—a) is also positive-definite,
we can have more precise information on the zeros of R, ().

PROPOSITION 4.11.  Assume a = b, A > Ag(A # 0), u # 0, and
r=0<s. .
(i) If a ¢ I., then R,(x), n > s+ 1, has n real simple zeros, which
interlace with the zeros of {Q,(x)}22,.

(ii) If x>0 anda ¢ 19, then R, (z), n > s+ 1, has n simple real zeros of
which at least n — 1 lie in (§,a) when a > n or in (a,n) when a < €.
Furthermore, if a = & orn, then N(n) >n — 1.

PROOF. When A > )¢ and 7 = 0, ¢(p,q) = (7,pq) + up'®(a)q'¥(a)
and 7 is positive-definite. When A > 0 and a ¢ I, 7 is positive-definite
on ch(I U{a}). Hence, the conclusion follows from proposition 4.2 0

Proposition 4.11 (ii) was also proved in [2] for A > 0, u > 0, r = 0,
s=1and a = £ or . See also [21] for further informations on zeros of
R,(x)incase A\>0,u>0,r=0,s=1,anda ¢ I.

Case III: a#b, A#0, u#0,0<7r <s.

Then 7(x) = (z — a)" ™ (x — b)** so that N(n) >n—r—s—4. In
this case, we have not much to say yet about zeros of R,,(x) unless r =0
and A> Xgorn<s+1. Whenr =0 and A > A,

o(p, q) = (7, pq) + up® (b)) (b),

where 7 = 0 + A\é(x — a) is positive-definite, so that it can be handled as

in Case I with o replaced by 7. When a ¢ .; andr+1<n<s+1, we
can show (see lemma 2.1 and theorem 2.2 in [1]) that

n—1 if n=r+lor r+2<n<s,
n—2 if 0<r<sand n=s+1.

N(n)Z{
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