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On the notion of general type

CLAUDE LEBRUN

Riassunto: Si dice che una varietà regolare compatta M ha invariante di Yamabe
negativo se tutte le curvature scalari di metriche riemanniane su M di volume unitario
e curvatura scalare costante sono (uniformemente) minori di una costante negativa.
Nel caso in cui M sia la 4-varietà soggiacente ad una superficie complessa algebrica
non singolare, la teoria di Seiberg-Witten può essere usata per mostrare che M ha
invariante di Yamabe negativo se e solo se la superficie è di tipo generale nel senso
della geometria algebrica. Questa osservazione suggerirebbe di definire una 4-varietà di
tipo (riemanniano) generale se e solo se ha invariante di Yamabe negativo.

Abstract: A smooth compact manifold M is said to have negative Yamabe in-
variant if all the scalar curvatures of unit-volume constant-scalar-curvature riemannian
metrics on M are less than some (uniform) negative constant. If M happens to be the
underlying 4-manifold of a non-singular complex-algebraic surface, Seiberg-Witten the-
ory can be used to show that M has negative Yamabe invariant i! the surface is of
general type in the sense of algebraic geometry. Based on this observation, it is sug-
gested that one should define a 4-manifold to be of (riemannian) general type i! it has
negative Yamabe invariant.

Compact 2-manifolds naturally fall into three types, depending upon

whether the Euler characteristic is positive, zero, or negative. Just as

all roads lead to Rome, widely varied points of view lead to this same

trichotomy.
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From the riemannian point of view, the trichotomy arises from the

fact that any compact surface admits metrics of constant curvature. The

sign of the curvature determines where the 2-manifold fits into the tri-

chotomy. The sign of the curvature is the same as the sign of the Euler

characteristic by virtue of the classical Gauss-Bonnet theorem:,

M2
s dµ = 2

,

M

K dµ = 4-1(M 2) .

Here K = R1212 denotes the Gauss (sectional) curvature, s = Rij
ij = 2K

is the scalar curvature, and dµ is the riemannian (area) measure. As-

suming that M 2 is oriented, we may instead think of it as the underlying

2-manifold of some compact complex curve C = (M,J). Let K = '1,0

denote the canonical line bundle (holomorphic cotangent bundle) of C.

Then the Riemann-Roch formula can be used to show that, for 8 > 1,

one has

h0(C, K/) := dim $(C, (%1)./) =

%
&'
&(

0 i" c1(C) > 0

1 i" c1(C) = 0

a8 + b i" c1(C) < 0 ,

where c1(C) = 1(M 2) is the Euler characteristic, and the constants a

and b happen to be (c1 and c1/2, respectively. Thus depending on the

sign of the Euler characteristic, the space of holomorphic sections of the

line-bundle K/ may grow like 8!%, 80, or 81. The exponent (7, 0, or 1

is called the Kodaira dimension of the curve. This can be generalized [2],

[6] as follows:

Definition 1. Let (M 2m, J) be a compact complex manifold of

complex dimension m, and let K = 'm,0 be its so-called canonical line

bundle. The Kodaira dimension Kod(M,J) is then defined by

Kod(M) = lim sup
/$%

log h0(M,K/)

log 8
= lim sup

/$%

log dim $(M, (%m)./)

log 8
.

The Kodaira dimension Kod(M,J) can be shown to coincide with

the maximal complex dimension of the image of M under pluricanonical

maps to complex projective space. Thus Kod(M) ) {(7, 0, 1, . . . , m},

and in particular, the Kodaira dimension is never bigger than the complex

dimension. The case in which the two coincide is of su!cient importance

to merit its own name.
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Definition 2. A compact complex manifold is said to be of general

type if Kod(M) = dimC M .

For example, a complex curve is of general type i" it has genus

3 2. Any product of manifolds of general type is again of general type,

so products of high-genus curves are examples of complex manifolds of

general type. These examples are by no means typical, however. In

particular, there are many simply connected manifolds of general type,

such as the locus in CPm+1, m 3 2, defined by a generic homogeneous

polynomial of degree 3 m + 3 in m + 2 variables.

For complex curves, we have observed that there is a correlation

between the Kodaira dimension (an invariant of complex analytic ori-

gin) and the integral of the scalar curvature (an invariant of riemannian-

geometric origin). My aim here is to point out a similar correlation in

real dimension 4.

The integral of the scalar curvature is not, however, actually an in-

variant of a compact smooth manifold Mn of real dimension n > 2.

Indeed, not only is the functional

g 4"
,

M

sgdµg

non-constant on the space of smooth metrics g, it isn’t even scale-invari-

ant! We can at least remedy the last di!culty by instead considering the

scale-invariant functional

S(g) =

/
M sg dµg

(
/

M dµg)
n!2

n

.

This functional is still non-constant on the space of metrics. However, it

gives rise to an invariant of M by a two-step procedure [8], [15] which we

will now describe.

First recall that a conformal class on M means a collection of smooth

riemannian metrics of the form [g] = {ug | u : M " IR+}, where g is

some fixed riemannian metric. For each conformal class [g], we can define

an invariant Y[g], called the Yamabe constant of [g], by

Y[g] = inf
ĝ&[g]

S(ĝ) .

While Y[g] has been defined as an infimum, it is actually always a mini-

mum; a truly remarkable theorem [1], [14] of Yamabe, Trudinger, Aubin,

and Schoen asserts that any conformal class [g] contains a metric which
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actually minimizes the relevant functional. Such a metric is called a Yam-

abe minimizer. Any Yamabe minimizer has constant scalar curvature;

conversely, a constant-scalar-curvature metric g with s # 0 is automati-

cally a Yamabe minimizer.

The numbers Y[g] are automatically bounded above. Indeed [1], [14]

any conformal class on any compact n-manifold M automatically satisfies

Y[g] # n(n ( 1)-

-
2$( 1

2
)

$(n+1
2

)

.2/n

,

with equality i" M is Sn and [g] is the conformal class of the standard

“round” metric. We can therefore [8], [15] associate a real number to any

compact n-manifold by

Y (M) = sup
[g]

Y[g] = sup
[g]

inf
ĝ&[g]

/
M sĝ dµĝ

(
/

M dµĝ)
n!2

n

,

where the supremum is taken over all conformal classes on M . By con-

struction, this is a di"eomorphism invariant of M , which we will call its

Yamabe invariant. Note that this supremum is typically not achieved;

with a modicum of extra work, this can, for example, be deduced from

the fact that the critical points of S are exactly the Einstein metrics,

whereas many 4-manifolds do not such metrics [3].

Now in real dimension 4, there is a relation between Kodaira dimen-

sion and the Yamabe invariant that is exactly parallel to the phenomenon

we observed for complex curves:

Theorem 1. Let M be the underlying smooth compact 4-manifold

of any complex surface (M 4, J) with b1(M) even. Then

Y (M) > 0 i! Kod(M,J) = (7
Y (M) = 0 i! Kod(M,J) = 0 or 1

Y (M) < 0 i! Kod(M,J) = 2 .

The proof [13] of this result involves Seiberg-Witten theory in con-

junction with some explicit riemannian constructions; the main ideas

will be sketched below. Before we go further, however, notice that the

di"eomorphism invariant Y (M) is not a homeomorphism invariant; for

example [2], there are complex surfaces homeomorphic to CP2#9CP2

with Kodaira dimension (7, 1, and 2.
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It is now time to introduce the reader to the rudiments of Seiberg-

Witten theory [5], [9], [11], [16]. The story begins with the observation

that any compact orientable 4-manifold M admits spinc structures [10].

This means that there are always complex line bundles L " M such

that c1(L) 5 w2(M) mod 2. If g is any metric on M , one can therefore

construct rank-2 complex vector bundles V± " M which formally satisfy

V± = S± > L1/2 ,

in the sense that if U + M is any spin open set — e.g. any coordinate

neighborhood — there is a line bundle L1/2 over U with (L1/2).2 = L

and an isomorphism(1) between V± and S± > L1/2, where S± are the left-

and right-handed spinor bundles of U .

Given a metric g and a spinc structure on M , one can now consider

the Seiberg-Witten equations
D+& = 0

F+
+ = i"(&)

for an unknown unitary connection ' on the line bundle L " M and

an unknown twisted spinor & ) $(S+ > L1/2). Here D+ is the twisted

Dirac operator induced by the connection ', F+
+ is the projection of the

curvature of ' to the bundle '+ of g-self-dual 2-forms, and " : S+>L1/2 "
'+ is the real-quadratic map induced by the natural isomorphism @2S+ =

'+ > C. The group of smooth maps f : M " S1 acts on the solution

space by (', &) 4" ('( 1
2
d log f, f&), and the orbits of this action are called

gauge-equivalence classes of solutions. The set M(g, L) of such gauge-

equivalence classes, equipped with the quotient topology, is called the

Seiberg-Witten moduli space of the the spinc structure. If b+(M) > 0 and

c1(L) &= 0, this moduli space is a smooth compact manifold of dimension

dimM(g, L) =
c2
1(L) ( (21 + 35)(M)

4

for any “generic” metric g. Choosing an orientation on a certain(2) finite-

dimensional vector space induces a canonical orientation on this moduli

space. Moreover, if b+(M) > 1, the moduli spaces M(g, L) associated

(1)Canonical, up to sign.
(2)Namely, H1(M) ( [H2(M)]+.
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with any two generic metrics are oriented-cobordant, and cobordism in-

variants of the moduli space thus, in principle, yield di"eomorphism in-

variants of M . In practice, however, non-trivial invariants only arise when

the moduli space has dimension 0, and the only interesting invariant is

therefore obtained by counting the number of gauge-equivalence classes

of solutions with orientations. A similar story works when b+(M) = 1,

though there is the added complication that the invariant no longer de-

pends on just M , but also on an open set of metrics called a “chamber.”

When a Seiberg-Witten invariant of a 4-manifold with b+(M) > 1 is

non-zero, there must be a solution of the corresponding Seiberg-Witten

equations for each and every metric g on M . However, these equations

imply the Weitzenböck formula

0 = 4;+#;+ + s& + |&|2& ,

where s is the scalar curvature of g. Taking the inner product with &

and integrating, this tells us that

0 =

,

M

[|2;+&|2 + s|&|2 + |&|4]dµ ,

which in particular shows that there cannot be a metric with s > 0.

To strengthen this conclusion, we may apply the Schwarz inequality to

obtain

#,

M

s2 dµ

$1/2 #,

M

|&|4 dµ

$1/2

3
#,

M

((s)|&|2 dµ

$2

3
,

M

|&|4 dµ .

We must therefore have
,

M

s2dµ 3
,

M

|&|4 dµ = 8

,

M

|F+
+ |2dµ

for any metric. However,
,

M

|F+
+ |2dµ 3 4-2([c1(L)]+)2

where [c1(L)]+ is self-dual part of the [g]-harmonic de Rham representa-

tive of c1(L). Thus
,

s2dµ 3 32-2([c1(L)]+)2 .
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Thus every conformal class on M must satisfy

Y[g] # (4-
>

2([c1(L)]+)2 ,

as follows by applying the previous inequality to metrics of non-positive

constant scalar curvature. By considering all the non-trivial Seiberg-

Witten invariants on M , and then considering all possible decompositions

H2 = H+AH! of the second cohomology into self-dual and anti-self-dual

parts, one can in practice obtain rather good upper bounds for Y (M).

The same method also works when b+(M) = 1, although more care must

be exercised in order to keep track of the chamber-dependent nature of

the invariants.

To be specific, let us now suppose that (M,J) is a compact complex

surface of Kähler type. There is a spinc structure associated with the

complex structure J , essentially characterized by the fact that L is the

anti-canonical line bundle for J . If g is a Kähler metric with S(g) < 0,

then one can solve the corresponding Seiberg-Witten equations explicitly,

and it turns out that there is exactly one solution up to gauge equivalence.

Moving this spinc structure by self-di"eomorphisms [5] of M and applying

the above estimate then allows to the following result [11]:

Theorem 2. Let M be the underlying 4-manifold of a complex

surface of general type. Then Y (M) < 0. Moreover, if X is the minimal

model of M , then Y (M) = Y (X) = (4-
B

2c2
1(X).

Recall [2] that the minimal model X is characterized by the fact that

M can be blown down X and that X cannot be blown down any further.

The minimal model X of a surface M of general type is unique, and has

c2
1 > 0.

The above result includes an assertion that the Seiberg-Witten esti-

mates are sharp for such M . This is proven by applying the solution [1],

[17] of the Calabi conjecture to produce orbifold Kähler-Einstein metrics

g on an orbifold generalization of the minimal model, and constructing

sequences of metrics gj on M such that Y[gj ] " Y[g] by gluing in electro-

gravitational instantons.

Now Kähler surfaces of Kodaira dimension (7 are rational or ruled,

and so admit metrics of positive scalar curvature for rather obvious rea-

sons. To prove theorem 1, it remains to show that a surface of Kodaira
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dimension 0 or 1 admits a sequence of conformal classes with Y[g] B 0.

The key step is to show that there is a sequence of metrics with uniformly

bounded scalar curvature and volume tending to zero. This is done by ex-

ploiting the fact that the surfaces in question can be deformed to surfaces

which admit elliptic fibrations. After collapsing S2’s of self-intersection

(1 and (2, this eventually leads to an orbifold with an F -structure in

the sense of Cheeger-Gromov [4]. The idea of the proof is thus to

modify the Cheeger-Gromov metrics by gluing in electro-gravitational

instantons.

Theorem 3. Any complex surface M with Kodaira dimension 0 or

1 has Y (M) 3 0. Moreover, if M is also of Kähler type, then Y (M) = 0.

For surfaces of Kähler type, we thus get a precise calculation of the

Yamabe invariant Y (M) provided Kod(M) &= (7. Even in that case,

however, these techniques turn out to be of some assistance. Namely,

the study of perturbed versions of the Seiberg-Witten equations leads to

non-trivial scalar-curvature estimates if b+ = 1, even when Y (M) > 0.

These allow one to prove the following result [12]:

Theorem 4. The Yamabe invariant of CP2 is realized by the

Fubini-Study metric. That is, Y (CP2) = 4-
B

2c2
1(CP2) = 12-

<
2.

However, it is still unknown whether blowing up CP2 leaves the

Yamabe invariant unchanged. Certainly this does not follow from the

arguments used to prove the analogous statement for complex surfaces of

Kodaira dimension 3 0.

To conclude, we now have an extremely detailed knowledge of the

Yamabe invariant when M is a compact complex surface of Kähler type

— i.e. with b1 even. Even without the last assumption, however, the

above discussion provides us with considerable information. In particular,

we know the following:

Theorem 5. Let M be the underlying 4-manifold of a compact

complex surface. If Y (M) < 0, then M is either of general type or of

type V II.
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Recall that Kodaira defined a surface to be of type V II if its Ko-

daira dimension (7 and its first Betti number 1. Sharpening the above

result further is principally impeded by our limited a priori knowledge of

such surfaces. In practice, however, surfaces of type V II seem to have

non-negative Yamabe invariant. For example, surfaces with a global

spherical shell (such as Hopf surfaces and their blow-ups) are di"eomor-

phic to (S1 ! S3)#kCP2, and so admit metrics of positive scalar curva-

ture. It thus seems reasonable to conjecture that a complex surface has

negative Yamabe invariant i" it is of general type. Such a result would

completely justify making the following definition:

Definition 3. A smooth compact 4-manifold is said to be of (rie-

mannian) general type i" Y (M) < 0.

Lest the reader be tempted to generalize this terminology to higher

dimensions, notice that any compact simply connected 6-manifold admits

metrics of positive scalar curvature [7], [10] and that there are plenty of

simply connected complex 3-folds of general type. Thus, while the prop-

erty Y (M) < 0 is obviously of intrinsic interest even in high dimensions,

its close relation to complex analysis is definitely a low-dimensional phe-

nomenon.
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