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Strongly nonlinear elliptic unilateral problems

having natural growth terms and L' data

A. BENKIRANE - A. ELMAHI

RIASSUNTO: Si dimostra un teorema di esistenza per una disequazione ellittica
fortemente non lineare in L' con una condizione naturale di monotonia per la parte
non lineare.

ABSTRACT: An ezistence theorem for a strongly nonlinear elliptic inequality with
an ezact natural growth condition on the nonlinearity and an L* data is proved.

1 — Introduction

Let Q be a bounded domain in R" and let A(u) = —div a(z,u, Vu)
be a Leray-Lions operator defined on W'?(Q), 1 < p < oo. Let f €
L'(Q).

L. BoccArRDO and T. GALLOUET [8] proved the existence of at least
one solution for the following nonlinear Dirichlet problem:

A(u) + g(x,u,Vu) = f in D'(Q),

(1.1) 1y )
ue Wy?(Q) and g(z,u,Vu) € L°(Q)

where ¢ is a nonlinearity having an ”exact natural growth” with respect
to |Vul (of order p) and which satisfies the classical ”sign condition” with

Key WORDS AND PHRASES: Strongly nonlinear elliptic inequality in L* — Truncation
A .M.S. CLASSIFICATION: 35J25 — 35J65



290 A. BENKIRANE — A. ELMAHI 2]

respect to u (see also [1]-[5] and [11] for related topics in the setting of
Orlicz-Sobolev spaces).

It’s our purpose in this paper to prove an existence theorem for the
corresponding obstacle problem. Indeed, we prove the existence of at
least one solution of the following unilateral problem:

u € Ky, g(x,u,Vu) € L' (),
(1.2) < (A(u), Tp(v —u)) —i—/g(x,u, Vu)Ty (v — u)dx > / [T (v — u)dx,
Q Q
for all v € K and all £ > 0,

where K = {v cWyP () :v>1 ae. in Q} with 1 a measurable func-

tion on Q such that * € W, * (Q) N L*® (Q), and where T} is the trun-
cation operator at height &k > 0, defined on IR by:

(1.3) Tus)=s if |s| <k, Tk(s):kﬁ it |s| > k.
S

Note that the use of the truncation operator in (1.2) is justified by the
following facts: ) If f € L' (Q2), the solution does not in general belong
to L () (see [8] and Remark 2.3 below); 4i) If f € W% (Q) then, a
solution of (1.2) is also a solution for the classical variational inequality,
and conversely (see Remark 2.2 below). If g = 0, existence results can be
found in [12], [13].

2 — Main result

Let Q be a bounded open subset of RY, and let
K, = {v eW,P(Q):v>19 ae. in Q}
where 1 : Q — IR is a measurable function on €2 such that
Yt e Wy () NL® ().
Let A: Wi? (Q) — W2 (Q) be a mapping given by

A(u) = —div a(x, u, Vu)



3] Strongly nonlinear elliptic unilateral problems etc. 291

where Il) + i =1 and where a : 2 x R x RY — R" is a Carathéodory
function satisfying for a.e. = € €, for all s € R and &,&* in RY with

§# &

(2.1) ja(z,5,6)] < ex) + ky |s|” + ke €]
(22) [a(xv S, 5) - a(a;, S, 5*)} [é- - §*] >0
(2.3) alé” < a(z,s, )¢

where ¢(z) belongs to )4 (Q),c>0,k >0,kp >0and a>0.

Note that taking & = te, with |e] = 1 and letting ¢ tend to £0, (2.3)
implies that a(x,s,0) = 0.

Furthermore let g(x,s,£) : @ x R x RY — IR be a Carathéodory
function such that for a.e. z € Q and for all s € R, ¢ € R :

(2.4) g(x,5,6)s>0
(2.5) lg(z,5,6)| < b([s]) (¢ (=) + (1€]")
(2.6) lg(,5,8)] > B[ for |s| >~

where b : R* — IR is a continuous and non decreasing function and ¢/ ()

belongs to L' (Q),¢’ > 0 and 3 > 0,7 > 0. Remark that in view of (2.5)

and (2.6), |g(z, s,£)| has a growth ezactly of order |¢[” when |£] — oo.
Finally let

(2.7) feLY(Q)

THEOREM 2.1.  Under the assumptions (2.1)-(2.7), there ezists at
least one solution of (1.2).
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REMARK 2.2. Let us remark that if the data f lies in W' (Q) and
if u is a solution of the following variational inequality (see [6] for the
existence of u):

u€ Ky, g(x,u,Vu) € L' (), g(x,u, Vu)u € L' (Q)
(2.8) (A(u),v —u) + / g(x,u, Vu)(v —u)dx > (f ,v—u)
"
VUGKwﬂLOO(Q),
then u is also a solution of (1.2). Conversely, if u is a solution of (1.2)
and if f € W17 (Q) then w is a solution of (2.8).

Indeed, assume first that w is a solution of (2.8). Take £ > 0, v € K,
and let h large enough such that h > k + [[¢*]|_ . Define w = T}, (u) +
Ty (v —u). It is easy to see that w € K, NL> ().

Using in (2.8) w as test function yields:

(29) { (Aw), ()~ i)+ [ o, V) (T4 () e T =)
> (f ,Th(u) —u+Tp(v—u)).

Note that T),(u) — u strongly in Wy” (Q) as h — oo and that for
a.e. € )

]g(:c, u, vu)(Th(u) _u—i_Tk(U_u))’ < 29('7’" U, vu)u_‘—k ]g(x, u, vu)’ el (Q)
Passing to the limit as A — oo in both sides of (2.9) gives:
(A(w), (o = w) + [ gl Va)Tilv — uda > (. Tilv — )
Q

and w is thus a solution of (1.2).

Conversely, assume now that u is a solution of (1.2). Let us first
prove that g(z,u, Vu)u € L'(Q).

Using v = ¢" in (1.2) we obtain

/Qg(x,U, Vu)Tk(u - er)d(E < <A(u)7Tk(¢+ - u)> B <f7 Tk(¢+ - u)> :
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Since (u — ¢1) and w have the same sign, we have g(z,u, Vu)(u —
Y1) >0 for a.e. x € Q. Letting k — 0o we get by using Fatou’s lemma

[ 9t Fuy(u = )de < (A, 0 = u) = (f.07 =) < +oc
which implies, since g(z,u, Vu) € L'(2) and ¢* € L*>(Q) that
g(z,u, Vu)u € L' (Q).
Note that for a.e. x € Q2 we have
lg(z, u, Vu) Ty (v — u)| < |g(z,u, Vu)| |v]| + g(z,u, Vu)u € L* (Q)

when v € L™ (). Going back to (1.2) and letting k& — oo we obtain by
using Lebesgue’s theorem in the second term and Ty (v — u) — v — u in
Wy ? (Q) in the first and third one:

(A(u),v — u>—i—/g(w, u, Vu)(v—u)dx > (f,v —u), for all ve K,NL> (),
o

and v is thus a solution of (2.8).

REMARK 2.3. The condition 8 > 0 is necessary in order to obtain
u € WyP (), since in the case of equations, the solution of A(u) = f
does not belong to Wy* (2) when f belongs only to L' (Q): indeed it is
well known that the solution belongs only to Wy (Q) with ¢ < %
(see [9]).

PROOF OF THEOREM 2.1. Some tools of this proof are inspired by
(6], 7], [8] and [10].

STEP 1: Consider the sequence of approximate problems:
un € Ky, g(x,upn, Vu,) € LY(Q), g(z,u,, Vu,)u, € L'(Q)
(2.10) ¢ (A(un),v —uy) —|—/g(x,un, Vu,) (v —u,)dx Z/fn(v — uy,)dz,
VvngwﬁLOO(Q), ’

where f, is a sequence of smooth functions which converges strongly to
fin L' (Q) with || f,]|, < Co for some constant Cj.



294 A. BENKIRANE - A. ELMAHI [6]

By Theorem 3.1 of [6], there exists at least one solution w,, of (2.10).
Applying Remark 2.2, we also have:

A(uy), T (v—u, T, Up, V)T (v—uy,)dx > | f,T,(v—u,)dx,
AT >>+Q/g< T (0—1) Q/f (v—1)

Vv € K, and Vk > 0.

We shall prove that (u,) is bounded in W, (Q). For that we fix
k for the remainder of this step, with & > ~ (where 7 is given by (2.6))
(take for example k = 7).

Applying (2.11) with v = ¢ as test function one has
(Al Tl = 9) + [ 90t V) Tt — 67 )
(2.12) @
< / fnTk(un _¢+)d‘r'

0

Since (u,—% ") and u,, have the same sign one has g(z, u,,, Vu, ) Ty (u,—
¥*) > 0 and since a(z, s,0) = 0, we have then:

/ a(x, un, Vu,)V(u, — p1)de = (A(uy,), T (u, — ™))
R

< [ fTulun — 97)da < Cok.
Q
We deduce that:

a(x, U, Vu,)Vu,dr <

/{\un—w+sk}
< Cok + la(z, up, Vu,)| [Vt | da
{lun—vt|<n}
which gives by using Young’s inequality

/ a(z, Uy, Vi, ) Vu,dr <

{ons| <)

1 v
;a(x, Up, Vuy,)| dr+

+; <g>p/{|unw|<k} Vot da

1
S Cok+ —eP

v /{run—wr@}
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where we choose p = 3max(ky, ko) and Epi/ = 5. This implies

/ a(x, U, Vu,)Vu,dr < Ci+
s}

(2.13) o

1 v
- [— la(z, u,, Vun)} dx
D" H{lun—vt|<k} LK

where C; (i = 1,2,...) are various constants which do not depend on n
(but which can depend on k,e,9", c(x), ki, ke, 8 and «).

Using (2.1) in (2.13) yields since (a+b+c)” <3 (@ + 0 + ')

/ a(z, Uy, Vi, )Vu,dr <
(vt |5}

’
P

<Cy+ 6—/ |un|” dz + — |V, |” dx <
P (vt <k} P St}
(2.14) o o
P Ja D" J{un—pt|<k}

p/
§C3+6—

ky |Vu,|)Pdzx.
G

. .. p’
Consequently using the coercivity (2.3) and =3

«

(2.15) : /{WWM}

|Vu,|” dz < Cs.

On the other hand one has because of (2.12) and a(z,s,£)€ >0

g(x> U, vun)Tk(un - ¢+>d$ S
Q
< Cok — / a(®, un, Vu,)V(u, —pt)de <
{Jon-v]<i}

< Cok +[{ a(z,u,, Vu,)Viptdz.

jun | <k}
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Since (“nx{\un—/wﬂgk}) is bounded in L*> () and (VU"X{‘un—w+‘§k )
is bounded in(L?())N then in view of (2.1), (a(x, u”’vu”)x{|un—w+|§k}>
is bounded in (L (Q))". This implies that

a(x, u,, Vu,)Vitde
</{|"nw+|<k} ( v >

n

is bounded. So

/ g(xaunvvun)Tk(un - ¢+)d$ S 047
Q

which gives
|g(x, Unp, vun)| de < Cy.

g/
{Jun—y+|>k}

Since |u,| > k when |u,, — | > k, and since we have fixed k > 7,
one has |u,| > v whenever |u, —¢*| > k. Consequently by (2.6)

(2.16) |Vu,|” dz < C,.

’ k/{\ww}

Combining (2.15) and (2.16) we deduce that (uy, ), is bounded in W, ?(€).
Passing to a subsequence, if necessary, we can assume that:

(2.17)  u, — u weakly in W, *(Q), strongly in L? () and a.e. in €.
Note that u € K, which is the first statement in (1.2).

2
STEP 2: Let now k such that & > |[¢"||_ and let § = (M) . Let

2«
582

w(s) =se, z, = Ti(u,) — Ti(u), n = e~ 4 and v = u, — ne(z,). 1t is

2
easy to see that we have v € K, and that when § > (%) one has for
all s € R:

N | =

(218) ?(5) = 22 (o)) 2

Using v as test function in (2.11) we get, for all h > 0 :

<A<un)aTh(nw<zvz))>+/ﬂg($aunvvun)Th(n‘P('zn))dx S/anTh(USO(Zn))dx-



[9] Strongly nonlinear elliptic unilateral problems etc. 297

Choosing h > 2k one has since |ne(z,)| < |z,| < 2k

(219)  (A(un), ©(zn)) +/

g(lf,un,Vun)so(zn)da:S/fnw(zn)d:c.
Q Q

Denote by e1(n),e2(n), ... various sequences of real numbers which con-
verge to zero when n tends to infinity.

Note that in (2.19), / fanp(zn)dz — 0 when n — oo, since p(z,) — 0

0
weak® in L™ () and f,, — f strongly in L' ().

Since g(x, U, Vu,)p(2z,) > 0 on the subset {|u,(x)| > k} we deduce
from (2.19) that

(2.20) (Aun), p(zn)) + 9(x, Uy, Vu,)p(z,)de < g1(n).

{lun|<k}
On the one hand writing Q@ = {|u,| <k} U {|u,| > k} and using

a(z,s,0) =0, we have:

(A(un), p(2n)) :/Qa(x,un,Vun)(VTk(un) — VT (u)¢'(2n)d
_ /Q a(@, tn, VT () (VT (1) — VTe(w))¢' (20)da+

- / a(z, u,, Vu,)VTi(u)g'(z,)dz.
{lun(z)|>k}

Since VT () X{jup ()| <k} — 0 in (LP Q)" strongly while
, N
(a(z, un, Vu,) ¢ (2,)), isbounded in (Lp (Q)) , and since VT (u,,) —
VT (u) in (L7 (Q))" weak, we have

(A(un), p(zn)) = /Q [a(z, un, VT (un)) — a(@, up, VI (uw))] x
X [VTy(u,) — VTi(uw)] @' (2,)dx+
+ /Q a(, i, VT (1)) [V Tk (1) — VT (w)] X
X @' (z,)dx 4+ e3(n) =
_ /Q (a(, wn, VT () — (e, n, VT (w))] X
% [VT(tn) — VT(w)] & (z0)dz + e5(n).

(2.21)
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On the other hand

<

/ g(a:,un,Vun)cp(zn)dx
{lun|<k}
< () (@) + V") ()| do <
{zeQ:|un|<k}

(29 Sea®)+b(k) [ VTP e()] de <

< eu(n) + b(ak) /Q (2, 1, VT (1)) V T (1) | (20| dae <

U

o /Q [a(x, upn, VT, (u,)) — a(z, u,, VT, (u))] X
X [VTi(un) — VTi(w)] |o(2n)| dz + €5(n)

Combining (2.20), (2.21) and (2.22) yields

/Q [a(z, tn, VT (u,)) — a(x, u,, VI (u))] x

< [VT() — VT0)] (2'(2) — 2 (2, dr < ()

(2.23)

which gives by using (2.18)
0< /Q [a(z, U, VT (1)) — a(x, Uy, VT (w)] [VTk(u,) — VT (u)] <
< 2e(n) =0

Therefore Lemma 5 of [7] implies
(2.24)
VT (un) — VT (u) strongly in W, P(Q) for any fixed k > |t -

Consequently there exists a subsequence, still denoted by (u,),, such
that:

(2.25) Vu, = Vu ae. in Q.

STEP 3: We shall prove in this step that

g(z,un, Vu,) = g(z,u, Vu) strongly in L' (Q2)
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by using Vitali’s theorem. Since g(x,u,, Vu,) — g(z,u, Vu) a.e. z € Q
thanks to (2.17) and (2.25), we only have to prove that (g(x,u,, Vuy,)),
is uniformly equi-integrable in €.

Let E C Q) be a measurable subset of {2. We have for any m > 0:

/\g(w,un,Vun)]dx S/ lg(x, up, Vu,)| de+
+ ’g(x7un7vun)|d$7

En{|un|>m}
/ 92t V) [ do < (m) [ (@) + [T T do
En{|un|<m} E

Let £ > 0 be given. In virtue of the strong convergence (2.24), there
exists some p(e,m) > 0 which depends only on e and m such that

E measurable, |E| < p(e,m) =

(2.27) = lg(z, un, Vu,)| dz Vn.

En{|un|<m}

l\DI(‘f)

We now turn to the second term of the right-hand side of (2.26).
Define v,, = u,, — Sy (u,), where for m > 1,

Sm(s
S(s
Spn(s

If u, < m — 1 then
then since 0 < S,,(u,)
m> 2+ ot

Consequently v,, belongs to K. Using v,, as test function in (2.11)

if |s|]<m—1

i if |s| >m

ifm—1</|s| <m.

)
) =
)
Spm(u,) <0 and v, > u, > ¢;ifu, >m-—1
< 1 one hasv, > u, —1 > m—2 > ¢ for

yields:
(A1), T (S (10))) + / 9, U, V1) T (S (1) e < / Fu T3 (S (1))
which implies by choosing k£ > 1

/ (IE unavun)vu S dm—i_/.q x un7vun)5m(un)dx S/ fnSm(u
Q Q
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So
[ e Vuldes [ . da
{lun|>m} {lun|>m—1}

Since f, — f strongly in L' (Q) and since |{|u,|>m —1}| — 0
uniformly in n when m — oo, there exists some m(e) > 1 which only
depends on ¢ such that:

€
/ |fn’dw§_7 \V/TL,
{un|>m(e)—1} 2

and thus

(2.28) / lg(x, up,, Vu,)|de < =, Vn.
{lunl>m(e)}

DN ™

Fixing first m = m(e), and combining (2.26), (2.27) and (2.28), we
obtain that there exists p'(¢) = p(e,m(e)) such that

/ lg(x, un, Vu,)|de < e ,Vn when |E| < p'(¢), E measurable
E

which shows that g(z,u,, Vu,) are uniformly equi-integrable in 2 as re-
quired.

STEP 4: Go back to approximate problems (2.11). We have in par-
ticular:

(2.29) / a(x, Up, VU, ) VT (v —uy)de + | g(x, un, Vu,) Tk (v — uy,)dz >
Q Q

> / foTk(v —uy)dz Vv e K, NL>(Q) and Vk > 0.
Q

Since f, tends to f in L' (Q) strongly and g(z,u,,Vu,) tends to
g(x,u,Vu) in L' (Q) strongly, there is no problem to pass to the limit
in the last and second terms of (2.29). For what concerns the first

, N
one, note that a(z,u,, Vu,) — a(z,u, Vu) weakly in (Lp (Q)) , since
, N
a(x,u,, Vu,) is bounded in (Lp (Q)) and u, = u, Vu,, — Vu a.e. in
Q; on the other hand, since v € L™ (Q), set h = k + |[v|| _ ; then
IVT(v = un)| = X{jo—uniziy [VV = V| <
< Xjunl<n} [VV = V| < Vo[ + VT (un)],
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which implies, using Vitali’s theorem with (2.24) and (2.25) that
VT (v — un) = V(v —u) in (L? ()" strongly

for any v € Wy* () N L*® ().
Letting n — oo in both sides of (2.29), we get

(A(u), Tr,(v — u)) +/Qg(az,u, Vu)Ty(v — u)dx E/Qka(v —u))dx
Vv € K, N L*(Q2) and VE > 0.

(2.30)

Taking for any v € K, the test function 7),(v) which belongs to
Ky, N L*(Q) for m > |97, and passing to the limit in (2.30) as m
tends to infinity completes the proof of Theorem 2.1.

REMARK 2.4 Since we only know that f € L'(Q) we can not hope
for the existence of a solution u of

u€ Ky, g(z,u,Vu) € L' (Q),
(2.31) (A(u),v —u) + / g(z,u, Vu)(v —u)dx > / f(v—u)dz,
Yv e Ky, N L™ (Q;2 "
because in general neither the right-hand side nor the term [g(z,u,Vu)@v—

QO
u)dz are defined. Note indeed that in general g(x,u, Vu)u ¢ L'(Q) (see
Remark 3 of [§]).

REMARK 2.5 If ¢ > 0 then we can show that in addition to (1.2) we
have

<mww—nw»+Amevww—nwmmzéfw—nmwm
Yo e K, N L (Q).

Indeed, the use in (2.10) of the test function v + T} (u,) — Tk (u,) with
h > k, which belongs to K, N L> (2) when v € K, N L> (), yields

(A(up), v+ Ty (uy) — up — Ti(u,)) +
+ /Qg(m, Upy Vuy ) (0 + Ty () — wy — T (uy,))dz >

> / Fo+ To(un) — up — To(un))dz, Vo€ Ky L™ (Q).
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Since for n fixed Tj,(u,) tends to u, in Wy (Q) strongly when h tends
to infinity, passing to the limit in A for n fixed gives

(A(wn), v—Ti (u,)) +/Qg(33,un, V) (0—Te(u,))dz Z/an(v — Ty(uy))d,

\V/’UEK,LZ,HLOO(Q),

in which it is easy to pass to the limit as n tends to infinity. This
proves (2.32).

(1]
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