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Weighted norm inequalities
for the Hardy-Littlewood maximal operator

on radial and nonincreasing functions

Y. RAKOTONDRATSIMBA

RIASSUNTO: Si assegna una condizione necessaria e sufficiente sulle funzioni peso
u(.) e v(.) affinché risulti limitato l’operatore massimale di Hardy-Littlewood M :
L?(R.D.,v(z)dx) — LY (u(z)dx). Si intende che LP(R.D.,v(z)dz) sia Uinsieme di
tutte le funzioni radiali non-decrescenti che appartengono allo spazio pesato di Lebe-
sgue LP(v(zx)dx).

ABSTRACT: We give a necessary and sufficient condition on the weight functions
u(.) and v(.) for which the Hardy-Littlewood mazimal operator M is bounded from
LP(R.D.,v(z)dz) into LY (u(z)dzx). Here LP(R.D.,v(z)dx) is the set of all radial and
nonincreasing functions which belong to the weighted Lebesque space LP (v(x)dx).

1 — Introduction and the Result

The Hardy-Littlewood maximal operator on IR", n € IN*, is de-
fined as

(Mf)w) =sup{1Q1" [ fw)ldy: @ aenbewith @3}

Here @ is a cube whose sides are parallel to the coordinates-axes.
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Many authors (see [1], [6], [9]) investigated conditions on weight func-
tions u(.) and v(.) for which M is bounded from L? = LP(IR",v(z)dx)
into L2 = LY(IR", u(z)dz) i.e.

(1.1) (/ n(Mf)q(x)u(x)dx)éSC(Rnfp(x)v(x)dx); for all  f(.)>0,

with 1 < p,q < co. Here C' > 0 is a fixed constant. Let us remind some
facts about (1.1).

i) A well known necessary condition for (1.1) with 1 < p < oo, is
that v 7 1(.) € LL_(R",dz), (see [1] p. 390).

ii) By the Lebesgue differentiation theorem, the boundedness (1.1)
has only a nontrivial sense for g < p.

iii) A characterization of weight functions u(.) and v(.) for which
(1.1) holds with p = ¢ is due to SAWYER [6]. And the case ¢ < p is solved
by VERBITSKY [9].

iv) In general the characterizing condition found in [6] is not easy
to check since it is expressed in term of the operator M and arbitrary
cubes. The Verbitsky condition for (1.1) (with ¢ < p) is more difficult to
handle than the Sawyer’s one.

v) The boundedness (1.1) does not hold (in general) for p = 1 (see
[1], p. 146) so usually a weak version of (1.1) is considered and the case
0 < p < 1 remains open.

If in (1.1) only functions f(z) = ¢(|z|) > 0, with ¢(.) a nonincreasing
function, are considered then the corresponding inequality will be denoted
by M : LP(R.D.) — LZ. Our purpose is to characterize the weight
functions u(.) and v(.) for which this boundedness holds.

The present work is first motivated by the fact that during these last
years the problem 7' : L2(R.D.) — L2, for linear operators, has been
considered and studied by many authors [7], [2], [3], [4]. So it is also
natural to investigate on the same question for the maximal function M
which is only a sublinear operator. The second motivation in writing
this note is to collect the observations that for the boundedness M :
LP(R.D.) — L%, the points i), ii), iv) and v) are in some way violated.
In other words the following remarks can be found:

— it is not required that vip%l(.) € L . (R",dx);

loc
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— there are nontrivial weight functions u(.) and v(.) for which M :
L2(R.D.) — L% with p < ¢;

— a necessary and sufficient condition for the boundedness can be de-
rived when 0 < p <1 and p < g¢;

— all of the characterizing conditions for M : L2(R.D.) — L% we will
introduce are not expressed in term of neither the maximal operator
M nor arbitrary cubes, so for many cases (as for instance for radial
weights), they are easy to check.

The main result reads as follows:

THEOREM. Let 0 < p,q < oco.
Forp <1 and p < q, then M : LP(R.D.) — L2 if and only if for
some constant C' > 0 these two inequalities hold for all R > 0:

(1.2) (/QCKRu(a:)da:)é < C</|$I<Rv(x)dx>% ,
(1.3) R" <~/R<|I| |gc|"‘1u(a;)da:)é < C</|$I<Rv(x)dx>;

Forl<p<gqandp = p%l, then M : LP(R.D.) — L% if and only if
both (1.2) and

1

(1.4) (/Rdml\w\_"qu(w)dx) ! (/lrdz[/qul v(y)dy} 7pl\x|"17'v( )d:c) L/_ <C

are satisfied for all R > 0.
Let g <p withq#l,%:%—p,q’— . (s0q <0ifqg<1). Then
M : LP(R.D.) — L2 if and only if the following inequalities hold:

0 L ) ([ o) <o
K/|L|<|y [y~ uly )dy>a><
(

/z<|JL ly|<|z| (ly)dy} ‘Z‘nplv( )dz>
x [/y|<|x| dy] " 2" v(x)dz < co.

U=

(1.6) X

'
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To justify the above claims in the introduction, examples would be
needed.

COROLLARY. Let 0 < p,q < oo, u(z) = |z|?~" and v(z) = |z|~".

A) Forp<gq,0<f<ngand0 <~y <npthen M : L*(R.D.) — L2
if and only if% = %.

B) If% = 2 and q < p, then the boundedness M : L}(R.D.) — Li
does not hold.

C) Let w(z) = |z’ "<y (z) + |2]° " Ljp>1y(z). For ¢ < p with
q# 1 then M : L?(R.D.) — L% whenever 0 < g <l<n< g.

REMARKS. For the following observations 1) to 3), the integer n is
taken equal to 1.

1) For u(x) = |z|~2 (ie. 8= 1) then M : LE(R.D.) — L% for all
1 < p < oo. Better, it is well-known ([1], Corollary 1.13 p393) that (1.1)
is valid since u(.) satisfies the A;-Muckenhoupt condition. Part A leads
to state that for all p with % < p <1 the above boundedness also holds.

2) For u(z) = |z|2, v(z) = 1 (ie. 8 = 3.~y =1), then by Part A,
M :L2(R.D.) — L} (ie. p=2< qg=4).

3) Part B says that for power weight functions the boundedness M :
LP(R.D.) — LY is false when ¢ < p. However nontrivial weights for
which this boundedness holds can be obtained by modifying power weight
functions as it is stated in Part C. Take for instance v1(x) = 1, us(z) =
|2 Wj<i (2) + |2 H M1 (), (e B =3, 4 = 1,6 = 1); then M :

3
L? (R.D.) — LZ,. Also for vs(x) = 1, us(x) = Lyj<r (z) + |25 Wy (@),

(ie. B=1,7=1,6=1); then M : [2 (R.D.) — L,

4) While this paper has been submitted, the author [5] has got a
characterization of inequality (1.1) for general functions f(.) and 0 < p =
g < 1. It appears from this last work [5] that many usual weights must
be excluded contrary to the situation for M : LP(R.D.) — L% studied
above.

2 — Proof of results

PROOF OF THE THEOREM. The first key for the proof is
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PROPOSITION 1. Let 0 < p,q < co. The following statements are

equivalent:
1) the boundedness M : LP(R.D.) — L2 holds;
2) for some constant C' > 0 and for all ¥(.) > 0 with ¥(.) N\

(2.1) ( /0 M(Hw)q(t)ﬂ(t)dtﬁ <o / h wp(t)ﬁ(t)dt)% .

0

Here (H)(t) = 1/t Y(s)ds, U(t) and u(t) are weight functions on |0, c0]
defined by ’

B(t) = FIE(ER), B = / v(rw)dw
S.

n—1

a(t) = ROmIgEE) a(r) = /S w(rw)du

n—1
and dw 1is the area-measure on the unit sphere S,_1 of R,
The second key for the proof is a result about inequality (2.1).

PROPOSITION 2. Let 0 < p,q < 0.

A) For p <1 and p < q, the Hardy inequality (2.1) holds if and only
if for some constant C' > 0 the following two inequalities hold for all
R>0:

(2.2) ( /0 " E(t)dt)% 0( /0 "’ E(t)dt)% ,
(2.3) R( /R h t‘qﬂ(t)dt)% < c( /0 ’ W(t)dt) ’

B) Forl <p<gqandp = p%l, inequality (2.1) holds if and only if
both (2.2) and

IN

B

(2.4) (/R Oot‘%(t)dt) ' (/0 R[/Ot os)ds] pl#”ﬂ(t)dt) 7 <0

are satisfied for all R > 0.
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1

C) For g < p with q # 1, % = 5 and q = #, inequality (2.1)

holds if and only if the following two inequalities hold:

1
q

0

(2.5) /OOO {(/Oru(t)dt); (/Orv(t)dt)_;} a(r)dr < oo
(2.6) /O h K / h t-qa(t)dt> : ( /0 i /0 o(s)ds]

/

X [/OT ﬁ(s)ds} 7 ' o(r)dr < co.

Qe

T

tp'@(t)dt)

Part B and also Part C with 1 < ¢ < p were first due to SAWYER ([7]
Theorem 2, p.148). Part C was proved by STEPANOV ([8] Theorem 3, p.
175). Part A with p # 1 is also contained in this last paper. The full case
of Part A, was found by HEINIG and MALIGRANDA ([3] Corollary 3.5, p.
150).

Assuming for the moment the validity of Proposition 1, the theorem
follows once we prove that conditions (2.2), (2.3), (2.4), (2.5) and (2.6)
are equivalent to (1.2), (1.3), (1.4), (1.5) and (1.6) respectively. The
conclusion is just based on the following computations:

R R
/ a(t)dt ~ u(e)dz, / wdt~ [ v(e)de,
0 |lz|<R™ 0 |lz|<R™

1
R R <|z|

/O {/0 E(S)ds}_ ' 5(t)dt ~ et [/|y<z|v(y)dy] || () dx.

PROOF OF PROPOSITION 1. In fact we will prove that the bounded-
ness M : LP(R.D.) — L2 holds if and only if for all f(z) = ¢(|z|) > 0
with ¢(.) \, the following is true:

/ () dt ~ | () d,

(2.7) (/n[/qugg| f(y)dy}q’w‘*”qU(x)dx)% < C( - fp(x)v(m)dx)%.

And this last inequality is also equivalent to

o

29 ([ Heowpumon)’ <o [Torronon)’
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for all p(.) \, where ®(t) = t#. So the conclusion will follow by the
immediate equivalence between (2.1) and (2.8).
The equivalence between (2.8) and (2.7) holds because

/Rn fP(x)v(x)de ~ /000(4,0 o ®)P(t)v(t)dt

Jool [y f] et utonde = [0 @ ot

Finally it remains to see the equivalence between inequality (2.7)
and M : LY(R.D.) — L. Since |z[™" [, -\, f(y)dy < c(Mf)(z) for all
f(.) > 0, then clearly the boundedness implies (2.7). For the converse it
is sufficient to find a fixed constant C' > 0 such that

(Mf)(a) < Clal™ [ pllyl)dy

lyl<|z|

for all f(z) = ¢(|z]) > 0 with ¢(.) \,.

We have just to bound the quantities Z(z,r) =r=" [, »(ly|)dy,
r > 0, by the right member of (2.9). First consider |z| < 2r. Then

(2.9)

I(x,r) < cl\x\’”/ p(ly1)dy + cap(|a]) since |z < 2rand ¢(.) N\

lyl<|z|

<alal™ [ ey +eslol ™ | (I dy
ly|<|z| 3 lzl<lyl<|z|
<Claf [ ellyldy.
lyl<|z|

Next take |z| > 2r. Then

I(x,r) < 7“_"/

|lz—y|<r;g|z|<|y|<|z|

1
” iz<|y|<;|mw(2‘ |) y < Clal y e(lyl)dy

[<|z|

ellydy < cxp (5l

PrOOF OF THE COROLLARY. Since 0 < # < ng, then

(2.10) / u(z)dr ~ R’ for all R >0
|z|<R

(2.11) / |z| " %u(z)dz ~ R*™™ for all R > 0.
R<|a|
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The hypothesis 0 < v < np implies for all R > 0

(2.12) /Iw<Rv(a:)da: ~ R"

/

(2.13) / [/ U(y)dy} - 2| v(z)da ~ RY "3
lz| <R = |yl<|z|

By (2.10) and (2.12), condition (1.2) is satisfied if and only if% = 1. And
by (2.11) and (2.12), condition (1.3) is equivalent to this last equality. It
is also the case for (1.4) in view of (2.11) and (2.13).

For ¢ < p and § = %, condition (1.5) is false since the integral

in (1.5) becomes equivalent to [;° P55l gy = fSrtdr = .
Consequently the boundedness M : L?(R.D.) — L2 does not hold.
As in (2.10), then

(2.14) / w(z)dr ~ r’ for0<r<1
|z|<r

(2.15) / w(a:)d:c:/ |x|ﬁ_1dw+/ |z|°~tdx < cr’ for r>1.
|z|<r |z|<1 1<|z|<r

Calling 7 the integral in (1.5) [with u(.) = w(.)] and using (2.14), (2.15)
and (2.12) then

Lo o a0
I< cl/ PP 75 x rﬂ_ldr+cl/ rp e x 0l =
0

1
1
=c / re[%_
=
0

This inequality leads to the finitness of Z since % —2>0and g -1 <0.
So condition (1.5) is satisfied. Asin (2.11), for 6 —ng <0

B2

I Tﬁldr—i—cl/ rola=3) x r1dr.
1

(2.16) / ly|"™w(y)dy ~ r°~" for all r > 1.
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If J denotes the integral in (1.6) [with u(.) = w(.)] then J = J1 + Ja,
where J; is the integral corresponding to |z| < 1 and [J; for |z| > 1.
Using (2.17), (2.12) and (2.13) then

1 /0 ol
p Z(n—-= — ! / _
J1§c3/ P 7 TR sl =1
0

1
= 03/ r3) x pldr < oo, since (n — 1) > 0.
0 p

From (2.16), (2.12) and (2.13) then

o0
05— /O (X o ’ _
j2§04/ ra@=na) s g P g () e =g
1

oo 0
= c4/ roli =30 % = ldr < o0, since (— - 1) < 0.
1 q P

These computations show that J < co. So the condition (1.6) is satisfied
and consequently M : L?(R.D.) — L.

Acknowledgement

I would like to thank the referee for his helpful comments and sug-
gestions.

REFERENCES

[1] J. GARCIA-CUERVA — J.L. FRANCIA: Weighted norm inequalities and related top-
ics, North Holland Math. Studies, North Holland, Amsterdam, 116 (1985), 103-
126.

[2] R. KERMAN — E. SAWYER: Convolution algebra with weighted rearrangement-
invariant norm, Studia Math., 108 (1994), 103-126.

[3] H. HEINIG — L. MALIGRANDA: Weighted inequalities for monotone and concave
functions, Studia Math., 116 (1995), 133-165.

[4] Y. RAKOTONDRATSIMBA: Weighted inequalities for the fractional integral opera-
tors on monotone functions, Zeit. Anw. Anal., 15 (1) (1996), 75-93.

[5] Y. RAKOTONDRATSIMBA: Weighted L — LY inequalities for the the fractional
integral and mazimal operators when 0 < p < 1, preprint (1998).

[6] E. SAWYER: A characterization of two weight norm inequality for mazimal oper-
ators, Studia Math., 75 (1982), 1-11.



496 Y. RAKOTONDRATSIMBA [10]

[7] E. SAWYER: Boundedness of classical operators on classical Lorentz spaces, Studia
Math., 96 (1990), 145-158.

[8] V.D. STEPANOV: The weighted Hardy’s inequality for nonincreasing functions,
Trans. Amer. Math. Soc., 338 (1993), 173-186.

[9] I.LE. VERBITSKY: Weighted norm inequalities for the mazimal operators and
Pisier’s theorem on factorization trough LP*°, Integr. Equat. oper.Th., 15 (1992),
124-153.

Lavoro pervenuto alla redazione il 16 maggio 1996
ed accettato per la pubblicazione il 11 dicembre 1997.
Bozze licenziate il 25 marzo 1998

INDIRIZZO DELL’AUTORE:

Institut Polytechinique St.-Louis — EPMI — 13, Boulevard de ’'Hautil — 95092 Cergy-Pontoise
cedex France — Tel: Ind+1 30 75 60 40 — Fax: Ind+1 30 75 60 41 — e-mail y.rakote@ ipsl.tethys-
software.fr



