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A Hausdorff HS-space which is not regular

A. LE DONNE

RIASSUNTO: In questo lavoro si dimostra, costruendo un controesempio, che il
teorema di H.-J. SCHMIDT [6], che afferma che ogni HS-spazio di Hausdorff é regolare,
é falso. M. PAOLI e E. RIPOLI [4] avevano notato che la dimostrazione del teorema
non era corretta, ma avevano lasciato aperta la questione sulla verita dell’enunciato.

ABSTRACT: In this paper I disprove, with a counterexample, a theorem of H.-
J. SCHMIDT [6], which states that each Hausdorff HS-space is regular.

M. PaoLl and E. RIPOLI [4] noted that the proof of this theorem is incorrect, but
they left the statement open.

1 — Introduction

A topological space X is called a HS-space if, for every subspace A
of X the map i, : C(A) — C(X), defined by i4(B) = clx(B), for each
B € C(A), is a continuous map, where we denote with C(X) the set of
all non-empty closed subsets of X, with the Tychonoff topology, which is
generated by the sets C(X,U) = {F € C(X) : F C U}, for each U open
subset of X.

In [6] H.-J.SCHMIDT gave it as a theorem that if a HS-space is Haus-
dorff then it is necessarily regular. M. PAoLI and E. RIPOLI in [4] and [5]
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noted that the proof of this theorem is incorrect, but the question of the
correctness of the statement remained open.

S. BArROV, G. DiMov and ST. NEDEV in [1], [2] gave a partial proof
of the theorem, in particular they showed that the theorem of Schmidt is
true for all spaces with countable character. About HS-space see also [7]
and [3]. In this paper I show, by constructing a counterexample, that the
theorem of H.J. Schmidt is false.

2 — The construction of the space X

Our space X will be the set of all finite sequences p = (z¢, 1, ... ,Z,)
with z; € w;, where w; is the (i + 1)-st infinite cardinal and n € w.

The topology of X will be defined in several steps.

Given p,q € X we put p < ¢ if p is a restriction of ¢ (i.e. p =
(Xoy @1y yxn) < @ = Yo, Y1s--- ,Ym) if n < m and z; = y; Vi < n).
If p < qorq < p, we say that p and g are comparable. The empty
sequence pg is hence the initial point of X.

Note that X is a tree, each {x : © < a} for each a € X is a finite
totally ordered set and hence each non empty set has minimal elements.

Given p € X,

NotaTION 1. X, = {q € X : ¢ > p}.

Note that p and ¢ are not comparable if and only if X, N X, = 0.

Put
A= Hwn.

new

IfAe A,n€wput A\, €w, sothat A= (Ao, A1,..., Ap,...)
For each A\ we define

W,\:{Z)EX: p:(l'o,l'h,$n):>($12>\2v7,§n)}

NoOTATION 2. W = {W, : A € A}

Note that the correspondence A —— W, is one to one and that if
W € W then

a) Vre W dse W, s> r;
b) s<reW —secW.
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Given p € X,

NoOTATION 3. W, ={WNX,:pecW e W}

Clearly X, € W,.

REMARK 1. W and W, are closed under finite intersections.

Given Z € W,

NOTATION 4. Denote by Z* the biggest W €W such that WNX,=Z.
Note that if p=(xq, 21,...,z,) and Z* =W, then \g=XA;=...=\,=0.

NoOTATION 5. Denote by V, the family of all sets V' such that:

1) V= UXT for some R C X
reER

2) geX,, ZeW,=VNZ#.

(Note that we can say that V' € V, if and only if V is open in the
topology generated by the X,’s and V N X, is dense in X, with the
topology generated by the traces on X, of the elements of all W,’s.)
Note also that
a) property 1 is equivalent tot >s€eV =t eV
b) X,, X, \{p} €V,
c¢) the union in property 1 can be taken disjoint, (by taking the minimal
elements of V).

REMARK 2. V €V,,q>p=V €V,
PROPOSITION 1. V), is closed under finite intersections.

PROOF. Let V;,V, € V, and V = Vi N V5. Clearly V satisfies property
1. Let ¢ € X, and Z € W,; as a consequence of property 2 for V;, there
exists s € V1 N Z. From s € Z € W, it follows that Z N X, € W;; hence,
by property 2 for V5, there exists t € V5 N (Z N X,). By property 1 for V;
we infer that t > se Vi =—=teVisot €V NZ. 0

NoOTATION 6. Denote by F the family of all the sets F' C X which
have only finite chains.

NOTATION 7. Let U, the family of all the sets U having the form:

U=X,\|J(X,\V,) with FEF,V, €V, forallzeF.

zeF
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(Note also here that X, \ V; is closed in X, in the topology generated by
the X,’s and closed nowhere dense in the topology generated by the by
the traces on X, of the elements of all W,’s.)

REMARK 3. U elU,, q>p=UNX, €lU,.
PROPOSITION 2. U, is closed under finite intersections.

PROOF. Let

U=X\ U &X\V) . =X\ @& \V).

rckFy recly

It is enough to note that Fy U F, € F and that if x € F; N F, then

(XA VUGNV =X\ (VN V). 0

REMARK 4. U e U,, F e F = U\ F € U,.

In fact it is enough to take V, = X, \ {z} for all z € F' to see that
X, \ F' € U, and intersect it with U.

NOTATION 8. Let 7, = the family of all the sets 7" having the form:
T=UnNnZwithU el,, Z e€W,.

REMARK 5. 7, is closed under finite intersections.

ProposiTiON 3. IfT=UNZ withU €U, Z€W,, and if g € Z
then TN X, € 7,.

ProoOF. By Remark 3 and Notation 3. O

3 — The topology 7 of X

DEFINITION 1. Given p € X, a neighborhood base of p will be given
by the sets having the form:

{p}uT with T' € 7,,.

By Proposition 3, this gives really a topology 7 on X and each {p}UT
is open, in particular each element of W, is open, (in fact clopen).
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Each U,cp(X, \ V,) with F' € F, V, € V, is a closed set in (X, 7)
and the topology 7 is the coarsest one in which these sets are closed and
the elements of W, are open. In particular the elements of F are closed.

4 — Clopen partition associated to an element of W

Let W = W, € W. Given p = (zo,...,%,), let W(p) € W, be
defined by

NOTATION 9. W(D)={(Y0s--- » Ym) €EXp:Ynt1 > Anst1s - s Ym = Am -

NOTATION 10. Denote by Py the family of all maximal (with respect
to the inclusion) elements of the set {W(p) : p € X}.

PROPOSITION 4. Py is a clopen partition.

PRrROOF. Since Py is an open cover of X, it is enough to show that
its elements are disjoint.

Let p = (o, 21,--- ,Zn), ¢ = (Yo, Y1, --- ,Ym) and suppose that there
exists 7 € W(p) N W(q). Hence r > p and r > ¢, and so p and ¢ are
comparable.

Suppose p < q. Then n < m and r > g > p. Hence y; > \;, for all 4
with n < i < m. Hence W(q) C W(p). a

Clearly

a) Wy C Wy = Wi(p) C Wa(p),
b) pe W = W(p) =WnX,.
c) pe W(g) = W(g)N X, =W(p).

5 — Some lemmas
LEMMA 1. Ter,=T #0.

PROOF. Let T'= Z \ U,cp(X, \ Vo) with Z e W, F € F, V, € V,,
V, C X, for all x € F.

Since Z C X, if x is not comparable with p, we can erase it from F;
since, if z < p then (X, \V,)NX, = X, \V, and V, € V,, we can assume
that F' C X, and even that ' C Z.
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Let 1 < 3 < ... < x, be a maximal chain of F'. By Remark 2 we
have V,, , Voo, oo, Vi, € Vi3 80

V:ﬁﬁemw

=1

Being x4, ... ,z, the only elements of F' comparable with x, we have
that, if € F is different from them, then X, N X, = () and hence
VN (Upep(Xa\Va)) =0,1e. ZNV CT.

Being ZNnX,, € W,, and z,, € X, , by property 2 for V' we conclude
that T >V NZ # 0. 0

LEMMA 2. Let U; € Uy, for all s € S. Then {p} U U,cgUs is a
neighborhood of p in  {p} UU,cq Xs.

PrOOF. We can suppose that S C X, and p ¢ S. By taking the

minimal elements of S we can suppose that (J,.g X, is a disjoint union.
Let Uy = X \U,ep, (X2 \V2) with Fy, C X,. We have F={J,.g F, € F.
If we take U = X, \ U,ep(X, \ Vi) € U, it results that

(Tuphn(pruUX.) = {pruJU.. 0

ses ses

LEMMA 3. LetT, € 7, for allp € A C X. There exists a clopen
partition P of X so that ifp € A, p € M € P, then there exists U, € U,:

T,NM=U,NM.
PROOF. Let T, = U, N Z, with U, € U,, Z, € W,

Let, for each p € A, \? = (A)ic, € A be such that Z; = W,,
(see Notation 4 for Z¥). Then Z, = Z; N X, for each p € A and if

p = (zo,...,x,) then A =0 for each i <n.
Let
w=_2.
peEA

We have that W € W, since sup,., A € w; because \] # 0 = p =
(o, ... ,x,) with n <. (i.e. A # 0 for a number < w;_; of p’s).
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Let Py be the clopen partition associated to W, hence Py C U,cx
W,; since W C Z we have that W(p) C Z>(p) = Z; N X, = Z,.

If pe MNA with M € Py, there exists ¢ so that M = W,, then
X, "M =W(p) C Z, hence Z, "M = X, N M, then

T,NM=U,NZ,NM=U,NX,NM=U,N M. 0

LEMMA 4. HNXy C U,epXr C Xy, and r ¢ cl(H) for all v €
R=d ¢ cl(H).

PROOF. We can suppose d ¢ R.

Foreachr € R,let T, € 7, such that T,NH = 0. Let T, = U, N Z, =
U.NZ: with U, €U, Z,. € W, and Z € W given by Notation 4. Since
d<rforallr e R,de W =,cgZ €W (as in Lemma 3). Hence
U.NW C T,. Since W is an open neighborhood of d, we have, by Lemma
2, that ({d} UU,cxr U,) N W is a neighborhood of d in ({d} U U,cp X)-
Hence d ¢ cl(H N X,), so d ¢ cl(H). 0

6 — Properties of the space X

THEOREM 1. X is a Hausdorff, non-regular space.

PRrOOF. Since all X,’s are clopen, the space X is Hausdorft.

Let po be the first point of X and C = {(n) : n € w}, so that
X ={po}t UU,ec Xe-

Since C' € F, C' is a closed set.

For each ¢ € C let {c} UT, be a neighborhood of ¢ with T, = U.N Z,,
U.eU, Z,.eW..

Obviously, Z D C for each ¢ € C (see Notation 4 for Z*). Further,
as in the proof of Lemma 3, we have that

N Z:=WeW and T.D2U.NW.

ceC
By Lemma 2, {po} UU,cc U. is a neighborhood of p, in X and hence
({po} UU,ec U:) N W is a neighborhood of p, in X contained in {p,} U

Uzec Te- We infer that, to be separated from C, p, must be isolated,
contrarily to Lemma 1. O
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THEOREM 2. X is a HS-space.

PROOF. To show that X is a HS-space we need to show that if Y is
a subspace of X, C' is a closed subset of Y and D is a closed subset of X
with D Ncl(C) = (), then there exists an open neighborhood U of C'in Y
so that if K is a closed subset of U in Y then D Ncl(K) = 0.

Since D is closed, for each ¢ € C there exists T, € 7. not intersect-
ing D.

By Lemma 3 there is a clopen partition P of X so that, if c € C,c €
M € P, then there exists U, e Y, with T, "M =U,N M.

Since M is clopen we can assume that M D Y, so that U, does not
intersect D for each ¢ € C.

Let C* be the set of all minimal elements of C. For each ¢ € C* let

z€F,

with I, e F,V, eV, forallz € F., ce€ F, C X..
For each x € F, consider the set R? of all minimal elements of X, N
U.NY \C. Put
R.= |J R..
zEFe

We have that R. € F. In fact if z;, € R™

Y1z € R¥2 with 27 < 2y,
then z; < z; < 25, 3 < 29. Hence z; and z, are comparable. We cannot
have z, < x; < 21 < 25, by the minimality of 2z, and so z; < x,.

Clearly R =U.cc+ R € F. By Remark 4
U \Rel.,

and, by Remark 3, {p} U (U, \ R) is an open neighborhood of p  for all
p > c. Hence
U=CuU |J(U.NY\R)
ceC*
is an open neighborhood of C' in Y, disjoint from D.
Note that
u\cc X, .
reR

Let K CU, K closedin Y. Call H= K\ C.
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We have H CU\ C C U, ep X

Since R ¢ Y\ U, K C U and K is closed in Y, we have that
r ¢ clx(K) for all r € R. Hence r ¢ clx(H) for all r € R.

We will show that d ¢ clx(H) for each d € D. This fact together
with the equality D Neclx(C) = 0 will imply that D Nclx(K) = 0. So,
let d € D.

i) If there exists ¢ € C* with d < ¢, since

HnX,c |J X, cX,

rcRNXy

we obtain, by Lemma 4, that d ¢ clx(H).

ii) If d is comparable with no ¢ € C*, then X; N (U,co+ Xc) = 0, hence
XaN (U,er X)) =0, therefore d ¢ clx(H).

iii) If there exists ¢ € C* with ¢ < d, (i.e. d € X.), then HN X; C
U.NY\Randalso HNX, CU.NY \C.
Since

xeFe

there is an = € F, with d € X, \ V,, and so
HnX,cX,NnU.NnY\C).

We have that H N X; € Xy NU{X, : r € R*}. Let’s prove that
there exists no r € R” such that » < d. Indeed, we have that d ¢ V.
The set V, is of the form V, = U{X, : s € S}. Since X, \ V, # 0, we
obtain that s € = for each s € S. Hence d ¢ U{X, : s € SN X,}. Since
x € F. C X., we have that R? ¢ X, NU, C X, \U{X,\V,:y € F.} =
X\ X)U X, NV,):ye F.} c X,NV, =U{X;:s€ SNX,}.
Suppose that there exists r € R? such that » < d. Then there exsists
s’ € SNX, such that r € X,/. Therefore, d € X,/. This is a contradiction.
So there is no r € R? such that » < d. This imply that

HnX,c |J X.cXy.

reRINXy

Again by Lemma 4, we have d ¢ cl(H). 0
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It remains open the
QUESTION. Is there a regular HS-space which is not normal?

The reason of this question is Theorem 2.14 from [BD2N2| where it is
proved that Schmidt’s conjecture is equivalent to the following one: any
Hausdorff HS-space is normal. So, it is natural to ask whether a regular
HS-space is normal. This question is raised in the cited above paper [3]
and an approach to its solution is proposed there.
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