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Sharp integrability of nonnegative Jacobians

L. GRECO

RIASSUNTO: Si mostra che i risultati di migliore sommabilita, noti per lo jacobiano
di una applicazione che conserva l’orientamento, sono consequenza diretta delle stime
per loperatore massimale. In questo modo si estendono alcuni risultati di [11]. Si
dimostra anche Uottimalita dev risultati ottenuti.

ABSTRACT: We show that improved integrability results for the jacobian of an ori-
entation preserving mapping can be obtained as a consequence of maximal inequalities.
With this approach, we extend some results of [11]. We also show sharpness of our
results.

1 — Introduction

Let Q be an open subset of IR", n > 2. We shall consider mappings
=" ..., f™) on Qin Sobolev classes; the distributional gradient will
be denoted by V f. For such mappings, the Jacobian determinant

J =det Vf = det(df"/0z;)
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is defined almost everywhere on 2. Our basic assumption will be J > 0,
that is, f is an orientation preserving mapping.

When studying the Jacobian, the natural assumption is f € W"
(Q,IR"), as it ensures obviously that J € L*(Q2). Actually, the property
of the Jacobian we are mainly concerned with is expressed by the following
identity, which holds for any ¢ € C§°(9):

(1.1) /QdetV(fl,... o fYde =0,

This is easily proved for regular functions f by Stokes’ theorem, and then
by approximation for functions f € W'™ or, more generally, f € WP,
with p = (p1, ... ,pn) an n-tuple of Holder conjugate exponents: p; > 1,
pi+-+1/p, =1

In [17] S. MULLER first stressed out the local Llog L-integrability
of the Jacobian of an orientation preserving mapping, under the natural
assumption. This result can be deduced from (1.1). Indeed, choosing ¢
a cut-off function we obtain the uniform estimate

n+1
n

(1.2) f@ Jdz < C(n) (fw |Vf|n”—+21dx> ,

for each cube @ such that the double cube 2@ is contained in €2, with C'(n)
independent of Q. Throughout the paper, the symbol f denotes, as usual,
the integral mean over the domain of integration. Estimate (1.2) yields
a pointwise inequality between maximal functions of J and |V f |"n_Jfl and
then Miiller’s result follows by maximal inequalities, see e. g. [11].

Subsequently to the paper by MULLER, in [13] for the first time the
natural assumption was relaxed. There, the following estimate was proved
for a mapping f € W' ¢(IR",IR"), —oco < & < 1 (with no conditions on
the sign of the Jacobian)

(1.3) /}R V1 T da < C(n) |g|/Rn IV f|" da

and a local version of this for an orientation preserving mapping f €
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W= (Q,IR")

n+1
n(

n—e) n
nF T dw) +

f < o) (fm v/

(1.4)
FOMm)lel f VST e,

for 2QQ € Q. From (1.4), an improved integrability result for the Jacobian,
dual to the Miiller’s one, was deduced: if |V f|" is in the Zygmund class
L'log™' L(Q), then J € L. (). Furthermore, estimate (1.2) is still valid.
The problem in relaxing the natural assumption is that, in general, the
Jacobian may not be integrable and (1.1) is meaningless. To prove (1.3),
the key ingredient in [13] for overcoming these difficulties was Hodge

decomposition to write

VIV =Vg+h,
where g € W5 (Q) and h € LT (Q,IR") is a divergence free vector
field. Hence (1.1) can be used with Vg = |V |V f! — h in place of V f!
and (1.3) follows by estimates for Hodge decomposition, see [12], and [14]
for a more recent presentation.

The approach of [13] was then carried on in many papers [3], [6], [7],
9], [11], [18], [19]. In particular, in [11] the phenomenon of the improved
integrability of the Jacobian is deeply studied. Essentially, the result
of that paper can be stated as follows: for an orientation preserving
mapping f on Q, if ®(|Vf|") € LL.(Q), then U(J) € L .(Q), where
U and ¢ are suitably related Orlicz functions. To present in a clear
fashion the tools used there for the proofs, we consider separately the
integrability results for the Jacobian which are above L'-degree and the
results which are below L'-degree, i.e. the convex case and the concave
case, respectively, in the terminology of [11].

The convex case, essentially, was proved using (1.2) in conjunction
with maximal inequalities. We have to mention here that in the results
of [11] a gap was left, concerning the case t < W(t) < t loglogt. This gap
was filled then by [16] and [19].

The concave case was treated by a technique (first introduced in [7])
of averaging (1.4) with respect to e, see also [19]. See [10] for further
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developments of this technique. The drawback of this method is that it
seems to yield the result for the Jacobian only for particular functions ®
and ¥, namely, functions which are somehow Laplace transforms; see [11]
for more details.

Our goal in this paper is to show that the results of [11] can be
obtained and to some extent generalized as a quite direct consequence of
maximal inequality, via the following classical approximation argument.

LEMMA 1.1. There exists a constant C = C(n) > 0 with the
following property: for anyuw € WHP(Q,IR™), 1 < p < oo, and any t > 0,
there exists g = g, € Lip(Q,R™) N W'?(Q,R™) such that g(x) = u(x)
for a.e. x € Q verifying M |Vu|(z) <t, and ||Vg|lo < C't.

Here Q is a cube or the whole space IR", and M denotes the (local
to Q) Hardy-Littlewood maximal operator. A proof of Lemma 1.1 can
be inferred from some calculations in [1], see also [8].

To illustrate our approach, we consider a sample case: we derive (1.3)
with 0 < ¢ < 1 for a mapping f not necessarily orientation preserv-
ing. Notice that the essence of that inequality is the presence of the
factor e, for € small. To prove it, we apply Lemma 1.1 to the function
u = f!and find g € WH"¢(IR") N Lip(IR"). Then, by Stokes’ theorem
det V(g, f2,..., f") has zero integral over IR", and therefore

JdacSCt/ IVf" e .

M<t M>t

Now we multiply both sides by ¢t ~°~! and integrate over (0,c0) with re-
spect to t; notice that it is legitimate to use Fubini theorem to change
the order of integration. So we get

M~—<Jdz < C L/ M|V " da .
R" 1 — & JRn

By Young and Hadamard inequalities we find that
VI I <(1—-e)M =] +eM" |Vf|*!

Moreover, the integral of M*~¢|V f|"~! can be estimated first using Holder
inequality and then maximal theorem as follows

n—1

< ( RRM"Eda;)i__i(/Rn\Vf\”fdx)n__s < C/}Rn\Vf\”*de.
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Hence we conclude with (1.3).

Now we come to present our results. We consider a nonnegative
increasing function ® € C'(0,00). Even though some of our results can
be stated in greater generality, for simplicity we assume that

(1.5) t— ®(t)t~ 7T s increasing.

Also, since we are interested in integrability properties of local character,
if necessary, we modify ® in order to guarantee that ®’(¢)/t is integrable
near the origin.

First, we consider the convex case, that is,

(1.6) /100 ¥'(r) dr =00 .

T

The following result fills the mentioned gap in [11].

THEOREM 1. Let @ be a cube of R" and f = (f*,...,f"):2Q — IR"
be an orientation preserving mapping with ®(|Vf|") € L'(2Q). Then
J e LY(Q) and

n+1
n

(1.7) ][Q Jdz < C(n) (fw |Vf|nn_+21da;>

As already remarked, estimate (1.7) can be used in conjunction with
maximal inequalities, to obtain improved integrability results for the Ja-
cobian in Orlicz spaces. Here we do not examine this topic and refer
to [11] for more details.

Next, we consider the concave case:

(1.8) /lw@dmoo.

Now we define

(1.9) w(t) = t/oo LA
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The following result generalizes analogous results of [11] for the concave
case.

THEOREM 2. Let Q be a cube and f:2Q — IR™ be an orientation
preserving mapping with ®(|V f|"*) € L*(2Q). Then ¥(J) € L*(Q) and

n+1

(1.10) ][Q U(J) dz < CO(n, ®)(1 +7[2Q o(|VfI") dz) "

In this paper we are mainly concerned with orientation preserving
mappings. It is however appropriate to mention here that regularity
properties of Jacobians and other non-linear quantity for general map-
pings are studied in [4], [15].

2 — Notation and preliminary results

We begin by introducing the (local) maximal operator. For simplicity,
we assume that Q is a cube of R". For 0 < h € L'(Q2), the Hardy-
Littlewood maximal function of h is defined by

Mh(at)zsup{f@h; xGQCQ},

the supremum being taken over all subcubes of €2 containing the given
point = € ). We recall the following result from [11].

LEMMA 2.1. If T € C'(0,00) is a nonnegative function such
that T'(t)/t* is increasing for some p > 1, then

n

3p/
T'(2h) dx
p—1 Q( )

(2.1) / T(Mh) dz <

By (1.5), I'(t) = ®(t") verifies assumptions of Lemma 2.1 with p =
n?/(n+1).
In the sequel, we shall use the

LEMMA 2.2. Ifu e WHY(Q), then for a. e. x € Q we have

() ][Q u(y) dy| < diam (@) M|Vu|(z)
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PROOF. The inequality is proved easily for a function of class C*(Q),
and then for a general function in W'!(Q) by approximation.

We shall need to study formula (1.9). For notational simplicity, we
introduce the operator

d'(7)

T

dr

(2.2) Fo(t) =t / h

on the set £ of nonnegative increasing functions ® € C'(0,00) such that
®’(t)/t is integrable in a neighborhood of co. We collect some elementary
properties of F in the following lemma. These properties are intended
for ¢ large.

LEMMA 2.3. For ® and ®, € L, we have:
i) if ®(t) =t, with 0 < a < 1, then F®(t) = ;2 t°;
ii) the map ® — F® is “monotonic”, in the sense that, if &, = 6 & with
& decreasing, then F®, < § F®;
iii) if t = ®(t)t™* is decreasing, with 0 < o < 1, then F®(t) < 1% ®(t);
if t — ®(t)t* is increasing, then F®(t) > 2= d(1).
PROOF. Assertion i) is trivial. To prove ii), we see that &} = §' & +

dP" < 69" and hence FP; < 6 F®. Finally, iii) is an easy consequence
of i) and ii).

Notice that iii) and (1.5) imply that ¥ = F& is “larger” than P,

hence Theorem 2 exhibits an integrability improvement for J.
We prove now another inequality relating ® and V.

LEMMA 2.4. If (1.8) holds and U is given by (1.9), then for any t,
s > 0 we have

U(s)

(2.3) U(t) <t —

+ ®(s)
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PROOF. As 7 +— U(1)/7 is decreasing, inequality (2.3) is trivial if
t > s. Assuming ¢t < s, we then compute

‘I’(t)Zt/tmwch:t[@chﬂ/:owdr<

T

< S‘P’(T)dT—i—t/oo (I)/7(_T) d7§®(5)+t¥.

3 — Proof of Theorem 1

Let R denote the edge of Q. We pick ¢ € C5°(2Q),0< o<1, p =1
on @ and |[Vy| < C(n)/R, and set F = (f',...,f" Lo (f* = fio),
where [, is the integral mean of f" over the cube 2¢Q). On the other
hand, applying Lemma 1.1 to f € W' (2Q,IR"), for each ¢t > 0 we find
g = g: € Lip(2Q,IR") such that g(z) = f(z) if M(z) := M|V f|(x) < t,
and [Vg| < Ct. Weset G =G, = (¢9",...,9" " ¢ (9" = f3p)). Clearly, by
Stokes’ theorem det VG has zero integral on 2(Q), that is, by the properties
of g

(3.1) det VF dx = — det VG dx
M<t M>t
Moreover
(3.2) / 2U(E/2)") / det VG d:c] dt < oo
0 13 M>t

To not distract ourself from the main course of the proof, we postpone
the verification of (3.2) until the end of this Section. By (3.1) and (3.2),
we see that the function

'((t/2)")
t

tis / det VF dz
M<t

is integrable over (0, 00). As by assumption (1.6) the function ®'((¢/2)")/t
is not integrable, then the limit

(3.3) lim det VF dx

t—o00 M<t
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must to be zero, if it exists. Let us compute the limit. Obviously, we
have the following point-wise equality

(3.4) det VE = o det Vf + (" — f3) det V(1 ..., f" 71 ).

The integral of the second term in the right hand side is easily bounded
by Hoélder and Sobolev-Poincaré inequalities

]L2Q|(f" ) det V(I ) e <

< S U a9 s <
o <G e)” (f wo) "

<c)(f, IvsFa) " <

) (14£, awsar) "

Last inequality is a consequence of (1.5), since this implies tmT < (1+
®(t)/®(1)). As also J > 0, it is now clear that we can pass to the limit
in (3.3) to get

(3.6) / det VFdx =0
2

which, in conjunction with (3.4) and (3.5), immediately implies (1.7).

Now we prove (3.2). First, notice that in (3.1) the integral in the
left hand side, and thus the one in the right hand side, is a measurable
function of ¢t. Moreover, if M|V f|(x) > t for a.e. z, then the integral
is zero. In the other case, we take xy such that M|V f|(zo) < ¢ and
9" (z9) = f™(xo) so that, by the properties of g and ¢ and also using
Lemma 2.2, we have

[det VG| < C(n) (" +t"" (19" —g" (zo) |+1 " (z0) = f10]) V) < C(n) 2"
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Therefore, by maximal inequality (2.1)

/°° ®'((t/2)")
0 t

(3.7) < C(n) /OOO ' ((£/2)") dt"/ dr <

M>t

<O [ a((u/2y)de <C) [ @(Vi) dr

Q

/ det Vde‘dt <
M>t

concluding the proof.

REMARK. Equality (3.6) means that integration by parts can be
carried on, that is, distributional and point-wise determinants coincide,
see [2], [5]. This generalizes a result of [6].

4 — Proof of Theorem 2

We define F' and G as in the proof of Theorem 1, thus we have (3.1),
(3.4) and hence

C(n)

pldo < 70 [ 9 dat
(41) M<t R M<t

+\/ detVGd;v‘.
M>t

Now we multiply both sides by ®'((¢/2)") /¢ and integrate over (0, co) with
respect to t; we examine each term of (4.1) in this process. Using Fubini
theorem to change the order of integration (J > 0), by the definition of ¥
we get

and similarly

[T gy [ gl e =
43 = B w2
:E/QQU — faol IVf] de-
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Finally, the integral of last term is estimated in (3.7).
Recall that W(t)/t is bounded, so the right hand side of (4.3) can be
controlled by

<Cm) [ 11"~ Fiol V1" de

and then we can estimate further as in (3.5). On the other hand, inequal-
ity (2.3) yields

v((M/2)")

(4.4) V) ST =G

+ ®d((M/2)") .

Using (4.4), (4.1), (4.2), (4.3), (3.7), (3.5) and maximal inequality (2.1),
we prove (1.10).

5 — An example

We show now that Theorem 2 is optimal, in the sense that for any
function © growing faster than ¥ at infinity, there exists a mapping f
whose Jacobian J does not change sign and ®(|V f|") € L', but ©(|.J|) ¢ L.
The results of this section complement Section 7 of [11].

We produce a mapping on the unit ball B = {z : r = |z < 1},
which is locally Lipschitz on B\{0}. Precisely, we prove the following

PROPOSITION 5.1.  Under condition (1.8), let the function ¥ defined
by (1.9) verify U(t) > Ct'/", for large t. Then, for every function © €
C'(0,00) such that

. Oe(t)
(5.1) Jim () o0,

there exists a mapping f on B such that J < 0, ®(|Vf|") € L'(B),
W(J]) € L(B), but ©(7]) & LL.(B).

loc
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We consider a mapping

f@)=~(z]) =,

where 7 € Lip,.(]0,1]) is positive. The following point-wise equality
holds

TRx

(5.2) Vi) =~(l=l) ] +y(j2)) Z
and so
(5-3) VIF=m-1D)y+ (O +ry),

J=detVf=~"1v+ry).

We assume J < 0, that is v+ r+' < 0. From (5.3) we get
1

(5.4) (ry)"=~1)"—n / P (p)dp

Moreover, if the function r — —r?J(r) is increasing for some p > n, then
(1) > 0 can be chosen so that

_7—1—7"7’ cbon

5.5 0<
(55) <-T <P

and |V f| ~ ~.

LEMMA 5.1.  Under assumption (1.8), if U is defined by (1.9) and
inequality (5.5) holds, then ¥(—J) € L' = ®(|Vf|"*) € L .

PROOF. As t+— WU(t)/t is decreasing, (5.5) implies for any k> (p—n)/n

+ry +ry Uk
\I,(_J)_\I,(_v vvn)>_7 v Y(ky")

> 5 A
and thus, integrating by parts twice yields, for r > 0

1 . 1 \ k/,,yn o
wk [ neapz - [ HE (o dp 2

> (1))~ [ (@) 0 dp 2

> W(hr(1)7) ~ Bk (1)) [ (k) .
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To conclude the proof, it suffices to let r go to 0.

To construct our example, for a given © verifying (5.1), we only need
to show a function J < 0 such that r — —r? J is increasing and

1 1
/ U(=J)r"'dr < oo, but / O(=J)r"'dr =oo.
0 0

The following lemma deals with the existence of such a function.

LEMMA 5.2.  Let ¥, © be continuous functions on [0,00[ verify-
ing (5.1) and ¥(0) = 0, U(t) > CtVP, for t large. Then there exists an
increasing function g:10,1] — [0, co[ so that

1 1
/ U(g(r)r?)r"tdr < oo, but / O(g(r)r™)r"tdr = cc .
0 0

Proor. We are going to construct g = >_ gi Xz, With g, constants
and [ pair-wise disjoint subintervals of ]0,1]. Let us pick up a se-
quence (by) of positive numbers such that Y b, < oo, but > kb, = oo.
By (5.1), for each k¥ € IN we can find T, > 0 so that t > T, —
O(t)/¥(t) > k+ 1. If we define M, = max {¥(¢), 0 <t < T}}, then

o(t

()
We want to define g, and I, = |ajy1,ax] recursively. Let us start with
ag = 1, set by = 1 and consider the equation

ag
(5.6) / V(g r ?)r" ' dr =b,
ay
in the two unknowns a; € (0,a0) and g; > 0. For every fixed g;, we have
“dr
”

= 0.

ag aQ
/ V(g r?)r"tdr=0 ,/ (g r?)r"Vdr > C g}'”
ag 0 0
Therefore we can solve (5.6). Moreover, as ¥(0) = 0 and ¥ is continuous,
choosing ¢; small enough, we can find a; as close to 0 as we like. Then
we select a solution (ay, g1) to (5.6) so that
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It is clear that we can iterate the above argument, to construct (g)
and (ay) decreasing sequences verifying Vk € IN

b,

ag ag
\\ r~P)r" ' dr = b, and / rldr <
/ak+1 (gk+1 ) ; 0 (k+ 1) My

Let us now show that
ag
(5.7) / O(geyrr™?)r"dr > kb .
Q41

Set Ay = {r € (ags1,ax) : V(grs177?) > My} and By, = (agi1, ax)\Ax.
Then

aj b
v )l d <M/ e ldr < —F
‘/Bk (9k+1 ) TS My ; T 1
and hence
by, k
g Pyt dr > by — —— = .
/Ak (Grpar™?)r r P r 1l kL1 k

From this, the definitions of A and M), we get (5.7) and by the properties
of the sequence (b;,) we conclude the proof.

Now we choose p = n?; we remark that condition W(t) > Ct¥/" of
Proposition 5.1 holds by iii) of Lemma 2.3 under the assumption that
t — ®(t)t~1/" is increasing, which is weaker than (1.5).

In conclusion, we set —J = pn’ g, with g increasing, and define v
by means of (5.4). Notice that ®(|Vf|") € L' = |Vf| ~~ € L'(B).
Moreover by (5.4) we easily get f € L71(B) and therefore equality (5.2)
holds also in the sense of distributions.

Proposition 5.1 shows also optimality of Theorem 1, in particular of
condition (1.6) for (1.7). Actually, if (1.6) is false, that is, (1.8) holds,
U(t) given in (1.9) measures the best degree of integrability of .J, for
general f, and it is essentially smaller than O(t) = t.

Concerning optimality of formula (1.9) and significance of Theorem 2
itself, the following remark is of some interest.

REMARK. Let ® € £, that is, (1.8) holds, and let ¥ =F®. Lemma 2.3
implies that, if ®(¢)¢~ is decreasing for some a € (0,1), e. g. a =
n/(n+ 1), then ¥(t) < a®(t)/(1 — a) ~ ®(t). By Hadamard inequality,
®(|Vf]") € L* trivially implies ¥(].J|) € L' and this is optimal, as shown
by the above example.
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