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Intersections of Riemannian submanifolds.

Variations on a theme by T. J. Frankel

T. Q. BINH — L. ORNEA — L. TAMASSY

RIASSUNTO: Sia M™ una varietda riemanniana completa e connessa di dimensione
n e siano V" e W* due sottovarietd compatte e totalmente geodetiche di dimensione r
eds. T. Frankel nel 1961 ha dimostrato che le due varieta si intersecano se é: r+s > n.
Risultati analoghi sono stati ottenuti successivamente da S. 1. Goldberg e S. Kobayashi
per le varieta kdhleriane, da A. Gray per quelle quasi-kdhleriane, da S. Marchiafava
per le varieta quaternioniche, da L. Ornea per quelle localmente conformi, da S. Tanno
e Y. -B. Baik per le varieta sasakiane regolari e compatte. Recentemente K. Kenmotsu
e C. Xia hanno ottenuto risultati simili per le varietd con curvatura positiva.

In questo articolo si dimostrano dapprima risultati dello stesso tipo per le ipersu-
perficie minimali di una varietd riemanniana. Si presenta poi un metodo per costruire
varieta sasakiane con curvatura k-positiva e, sulla falsariga del caso kdhleriano, si co-
struisce un sistema ortonormale di vettori tangenti, invarianti per parallelismo lungo
una geodetica di uno spazio sasakiano. Utilizzando questo sistema di vettori si rico-
nosce la validita di un teorema del tipo di Frankel, in uno spazio sasakiano, per due
sottovarieta compatte invarianti con curvatura bisezionale positiva.

ABSTRACT: Let M™ be an n-dimensional complete connected Riemannian manifold
with positive sectional curvature, and let V" and W* be two compact, totally geodesic
submanifolds of dimensions r and s. In 1961 T. Frankel proved that V" and W* are
always intersecting provided r + s > n. Later a number of analogous results were
achieved: for Kdhler manifolds by S. I. Goldberg and S. Kobayashi, for nearly Kdhler
ones by A. Gray, for quaternionic Kdhler manifolds by S. Marchiafava, for locally con-
formal Kdhler manifolds by L. Ornea and for compact regular Sasakian manifolds by
S. Tanno and Y. -B. Baik. Recently K. Kenmotsu and C. Xia, have obtained similar
results on manifolds with partially positive curvature.

In this paper we prove results of similar type in a Riemannian space for two min-
imal hypersurfaces. We present a construction of Sasakian manifolds with k-positive
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bisectional curvature. In analogy to the Kdhler case, an orthonormal vector system is
obtained in a Sasakian manifold, which is parallel along a geodesic. Using this vector
system, we prove an intersection theorem of Frankel type for two compact invariant
submanifolds of a Sasakian space with k-positive bisectional curvature.

1 — Introduction

Consider an n-dimensional complete, connected Riemannian mani-
fold M™ and two complete totally geodesic submanifolds V" and W?* of
dimensions r and s, respectively. These submanifolds need not intersect,
even if r + s > n, for example two parallel hypersurfaces of a euclidean
space or two deviating hyperplanes in a hyperbolic M™. However, if more-
over M™ has positive sectional curvature K and V" and W* (r + s > n)
are compact, then V" N W* # 0, as it was shown by T. FRANKEL [3].
(The statement is clear on the sphere S™.)

Later a number of analogous results were achieved by different au-
thors using basically the same method of which we will make use too.
This method is the following: Assume on the contrary that V" NW* = ().
Because of the compactness there exists a minimal geodesic between V7"
and W?, such that its second variation L” is positive. Then using an inte-
gral formula for L” which involves the positive sectional curvature K one
arrives to a contradiction proving that V™ N W* # (). We mention here,
only a few among these results. S. I. GOLDBERG and S. KOBAYASHI [5]
proved that the compact complex submanifolds V" and W* (r +s > n)
of a compact connected Kéahler manifold M™ with positive bisectional
curvature (the definition of this notion appears at the beginning of Sec-
tion 3) have nonempty intersection. A. GRAY [4] extended these results
on nearly Kéahler ambient spaces. S. MARCHIAFAVA [9] obtained simi-
lar results on quaternionic Kéhler manifolds. L. ORNEA [11] investigated
the problem on locally conformal Kéhler manifolds. S. TANNO and Y.-B.
BAIk [13] proved intersection theorems for two compact invariant sub-
manifolds with positive special bisectional curvature of a regular com-
pact Sasakian space. Recently K. KENMOTSU and C. X1A [7], [8] have
achieved similar results on manifolds with partially positive curvature
(or in other words, with k-positive sectional curvature), a weaker condi-
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tion than positive sectional curvature. (This notion is explained at the
beginning of the next section.)

In this paper we prove results of similar type in Riemannian and
Sasakian spaces. We present a construction of Sasakian manifolds with
k-positive bisectional curvature and we construct a special orthonormal
vector system in this space which is parallel along a geodesic.

2 — Intersection of minimal hypersurfaces in a Riemannian man-

ifold

Let M™ = (M,g) be a Riemannian manifold of dimension n, p €
Mm™ande,eq,..., e, € X(U,), (k <n—1) asystem of orthonormal tangent
vectors of M in a neighbourhood U, C M. K(eAe;) i =1,2,...,k
denotes the sectional curvature of M" belonging to the plane spanned by

e and e;. If
k

(1) Ricgy (p) == Z K(eNe) >0 (respectively > 0),
i=1
for any orthonormal e,eq,..., e, and for every p € M, then M" is said

to be of k-positive (k-nonnegative) Ricci curvature (see [7], p. 130). It
is clear that for K =1 (1) means positive (nonnegative) sectional cur-
vature, for Kk = n — 1 it means positive (nonnegative) Ricci curvature
Ric(M™); and that Ricg)(M™) > 0 = Ricy)(M™) >0 (K <n-—2).

THEOREM 1.  Let M™ = (M,g) be a complete, connected Rie-
mannian manifold with Ric(M™) > 0, V and W two complete minimal
hypersurfaces of M™ immersed as closed submanifolds into M. Let one
of Vand W be compact and Ric(M™) > 0 either at all points of V' or at
all points of W.

Then V and W are intersecting: V NW # ().

This theorem is analogous to Theorem 2.1 of [7] and to Theorem 1
of [8]. There V and W are two totally geodesic submanifolds V" and
W*# with dimensions r and s, respectively, of an M™ with k-positive Ricci
curvature, such that r +s > n+ k — 1. In [8] also an example is given
showing that the positivity of Ric, on V or W is necessary (Example 2
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on page 248). The proof of our Theorem 1 runs similar to that of The-
orem 2.1 in [7]. However, the fact that dimV = dimW = n — 1 and
that V and W are not totally geodesic, but minimal surfaces only, makes
throughout certain differences.

PROOF. Our proof is indirect. Assume that V N W = ). Since
V and W are closed and one of them is compact, there is a pair of
points p € V and ¢ € W such that the distance d(p,q) is a smallest
among {d(a,b) | a € V, b € W}. Since M" is complete there exists
a geodesic v : [0,]] — M such that L(y) = d(p,q) = [, where L(7)
is the length of 4. We choose the parametrization +(¢) of v in such a
way that the length ||4(¢)|| = 1 (i.e. that (¢) is a normal geodesic).
We know that v meets both V and W orthogonally. Now consider an
orthonormal basis Iy, Fs, ..., F,_; of T,V and translate it parallel along
v(t) to v(I) = ¢ € W. The resulting vector fields F;(t) i =1,2,...,n—1
are perpendicular to §(t) and hence E;(l) € T,W.

Then (see [12] Chap. III., §2, p. 88-91) there exists to each vector
field E;(t) a variation «; : [0,1] x (—e,e) — M of « with curves in the
variation «;(t,s), such that a;(0,s) C V, «a;(l,s) C W and E;(t) is the
variational field ‘98? (t,0) = E;(t) of a;. Moreover, 680:' (t,s) =: Ei(t,s) is
an extension of F;(t) = E;(t,0) to the range of ;. By fixing s € (—¢,¢)
we obtain the curves ;c,(t) := «;(t,s) whose arc length is denoted by
L, (s) or simply by Li(s). So £L; |,—o= L}(0) = 0, for y(t) = ;co(t) is
a shortest curve between V and W, and hence also among the curves in

the variation «;.
According to the second variational formula for L (see e.g. [12], p. 91
formula (2.9)) we have

d2
ds?

L(s) = H/Ol (V5 754+

s=0

(2)
— (R(X*,4)5, X4))dt + (45X, X) ]

where X () is the variational field along the variational curve v(¢), and A
is the shape operator of V', respectively W, with respect to the corre-
sponding normal vectors %(0),¥(1). X*(¢) denotes the vertical component
of X (t) with respect to §(t) : X+ = X — (X,4)%. V is the Riemannian
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connection in M", R is the curvature tensor and (,) denotes scalar prod-
uct in M™. We apply this for X (t) = E;(t). Then E-(t) = E;(t), for the
parallel translated E;(t) V5E; =0, (AyE;, E;) |I= (Vg E;, %) |2, and
(R(Ei, 7)Y, Ei) = K(¥ A E;). Thus we obtain

3) j—;_OLi<s>zL;'<o>—l[<vEEm /KvAE)dt]

Since the FE; restricted to the transversal curve «;(0,s) through p are
tangent to V', we can apply the relation

(Ve E)(p) = (Ve Ei + ov(Ei, E;))(p),

where inEi means the component of Vg, E; tangent to V, and oy de-
notes the second fundamental form of the imbedded V. We have a similar
formula for (Vg, E;)(q) with the second fundamental form oy, of W. Sub-
stituting these into the right-hand side of L7 (0), taking into consideration
that V g, I as tangential component is perpendicular to 7, and summing
up on ¢, we obtain

zZL;'(o) = <ZUV(EiaEi)(p)7;Y(O)> +
<ZUWE,,E > /anlKvAE

Now, since V and W are minimal hypersurfaces, 37" oy (E;, E;)(p)
= S 0w (B F2)(g) = 0. Further S K(3(1)AEL(1)) = Rie(y(1)) > 0
and at the endpoints of v Ric(p) or Ric(q) is positive according to the
assumption of our Theorem. So we obtain I3 ""' L”(0) < 0. However
L?(0) > 0, for 7 is a shortest curve between p and ¢g. This contradiction
shows that V N W = ) cannot hold. a

3 — Construction of Sasakian manifolds with k-positive bisec-
tional curvature

Let M?"t' = (M, ¢,&,n,G) be a 2n + 1 dimensional Sasakian man-
ifold, where ¢ is a vector-valued 1-form, £ is the structure field, n is
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a 1-form and G is a Riemannian metric. They satisfy the relations (see
eg 1))

(&) (Vxp)Y = (X, V) —n(Y)X
(b) nop=0
(c) ¢*=—id+n®¢

(4) (d) @) =0
(e) (pX,9Y)=(X,Y) —n(X)n(Y)
(f) Vy§ =Y
(8) (pX,Y)+(X,pY)=0.

The bisectional curvature of a K&hler manifold M"™ = (P, J,g) of
complex dimension n with the complex structure J is defined on a plane
spanned by X and Y as (see [5], [7])

R(X,JX,)Y,JY) R(X,Y,X,Y)+R(X,JY,X,JY)

HXY) =" 2wy, XX V.7 ’

where
R(X,Y,Z)V) = <VXVYZ - VyVxZ - VixyvZ, V>.

Hence
HX)Y)=K(XAY)+ K(XAJY),

where X, JX,Y,JY is an orthonormal system. M™ is said to be of k-
positive (respectively, k-nonnegative) bisectional curvature (1 < k < n)
(see [7], p. 133) if for any orthonormal system X, e, Jey,..., e, Je, €
T,P
k
ZH(X, e) >0 (respectively > 0),
i=1
at every p € P.
Similarly we call a Sasakian manifold M?" ! of k-positive (k-nonne-

gative) bisectional curvature (k < n) if

k k
S H(XAE;) =Y (K(XAE)+K(XApE;)) >0  (respectively > 0),

i=1 i=1

for any orthonormal system X, Ey, pE,, ..., Ey, oE, € T,M.
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First we want to give examples for Sasakian manifolds with k-positive
bisectional curvature. These examples show at the same time the exis-
tence of manifolds of this kind. To this end let us consider the Boothby-
Wang fibration (see [2]) of a compact regular Sasakian manifold
(M, ¢, &, n,G) on the Kahler manifold (P = M/, J, g) with fiber S! iden-
tified with an orbit of ¢ (cf. Blair’s book [1], for instance). It is known
that the construction is reversible (see Y. HATAKEYAMA [6]). In other
words if one starts with a compact Kéhler manifold whose fundamental
2-form € defines an integral cocycle (this is called a Hodge manifold) then
the Sasakian manifold can be constructed. (K. YANO and M. KoN [14]
p. 291).

The above Boothby-Wang fibration = : M — P is, moreover, a Rie-
mannian submersion with totally geodesic fiber S'. Denoting with A
and T the O’Neill tensors of the submersion (see O’NEILL [10]) we have
T = 0, because the fibers are totally geodesic. Let H,V be the hori-
zontal, respectively vertical distributions of the submersion, and A, v the
corresponding projectors. Obviously, V is locally spanned by £. We recall

that AxY = U%XY, AxU = h%XU, ApX =0, X, Y,U € x(M) for
any horizontal X,Y and vertical U.

Let X* be the horizontal lift on M of a vector field X on P. Then
one can easily prove the following relations (see [14] page 456):

(']X)*:QDX*v G(X*,Y*)ZQ(X,Y),
P M
(VxY)" = =VxY + G, oX")E,

(the superscripts M, respectively P, denote notions in the Sasakian man-
ifold M, respectively in the Kédhler manifold P). Thus one deduces
(RP(X,Y,Z))" = RM(X*,Y*)Z" + G(Z", oY " )p X"+
—2G(Y*, X" )oZ* — G(Z*, pX*)pY™,
and consequently, for the sectional curvature (X,Y orthonormal) one
obtains:
KP(XAY)=KM(X*AY*)+3G(X*, oY)
Note that G(X*, oY *)? = [|[AxY||?. As for an other type of a 2-plane
in M, using the O’Neill formulae for the curvature, we have:

KM(X N E) = [ Axg]l”.
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Consider now a local orthonormal system of vector fields
Ei,pF,...,E, oE, on M as in the definition of the k-positive bisec-
tional curvature. Three possibilities may arise:

(1) All E; and X are horizontal. In this case they can be considered
the “stars” of some vector fields ey, ..., e,, x on P. We have:

KM(XNE)+KM(X ANpE) = KP(x Nep) + K- (A Je;)+
—3(|AxEi|* + [[AxEi|%).

Since E; and X are horizontal (normal to £) and mutually orthogonal,
M M M
we obtain (Vxp)E; = 0. Thus VxpFE; = ¢VxE;. But ¢ preserves the

M
horizontal distribution and & = 0, consequently Vx@FE; is horizontal.
This means that AxpF; = 0. Moreover

M M M
AxE; =vVxE; = U(VXEi) - G(VXEiaf) =

because X is orthogonal to all E; and @F;. Hence

SHAKM(X NE) + KM(X,0E)} =Y {K"(z Aep) + K (x, Je;)}.

i=1 i=1

(2) All E; are horizontal, and X = ¢ is vertical. It is known that
on Sasakian manifolds the two-planes containing ¢ have sectional curva-
ture 1. Hence the sum in the definition equals 2k.

(3) X is horizontal, and one of the E;-s is vertical. We may sup-
pose £ = Ej. Since o = 0 and, as above, KM (X A &) = 1, using the
computation of case 1), we obtain

zk:{KM(X ANE)+K"(X NpE;)} = ]S{Kp(x Ne)+ KP(zAJe;)}y +1.

i=1 i=1

In conclusion, in order to obtain examples of Sasakian manifolds with
k-positive bisectional curvature it is enough to choose as base space of
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the Boothby-Wang fibration a Kéhler and Hodge manifold with (k — 1)-
nonnegative bisectional curvature. Kahler manifolds with non-negative
k-bisectional curvature are considered and investigated in Section 3 of
KENMOTSU and X1A’s paper [7]. The above statements are summarized in

THEOREM 2. The above construction yields (shows the existence of)
Sasakian manifolds with k-positive bisectional curvature.

4 — Orthonormal and parallel vector fields in a Sasakian mani-
fold

Let Ei(t), JEi(t),..., Ex(t), JEL(t) be vector fields along a curve
v(t) of a Kéhler manifold (P, J,g). If they are orthonormal at v(0) and
E\(t),..., Ex(t) are parallel along y(t), then the whole system is orthonor-
mal at every point of y(¢). This is not true for Ey(t), oE:(t),..., Ex(t),
@B (t) in a Sasakian manifold, because of Vi # 0. However we want to
prove the following

PROPOSITION.  Let y(t) be a normal geodesic in a Sasakian mani-
fold M*" ' and N a linear subspace of TyoyM of dimension 2 < dim N =
m < n, such that N is perpendicular to 4(0) = T(0). Then there exist
orthonormal vector systemsey,...,e, € N, k= [%] —1, such that the par-
allel translated E;(t) i,5 =1,2,...,k of e, = E;(0) along v(t), completed
with E;(t) (i.e. Ei(t),pE(t),..., Ex(t), oEx(t)) form an orthonormal
system at any point of ().

PROOF. Let v and p be the projections of ¢T'(0) respectively £((0))
= ¢y on N. Thus ¢T'(0) = (¢T(0))" +v and & = & + p, where (¢T'(0))"
and & are the normal components with respect to N. Let now ey, ..., e
k = [%] — 1 be unit vectors in N with the following properties:

e1 € ({v,p}* NN) = Ny;
es € ({v,p,e1, e} N N) = NQ;

ex € {v, p,e1,0€1,. .. €41, 061} NN) = N,
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These ey, ... e, exist, since for 1 < k

dim N; = dim({v, p,e1, pe1,...,€i_1,pe; 1} N N) >
2m—2i2m—2<{%} —1> >m—(m—2)=2,

and ey, weq, ..., e, ey are orthonormal.

Let us translate e; i = 1,2,...,k parallel along v(t). We get FE;(t),
E;(0) = e;. We state that Ey(t), oFE;(t),..., Ex(t), pEx(t) is an orthonor-
mal system at any point of y(¢). Indeed:

(i) (Ei, E;) = (e, e;) = 445, (ii) For (E;, pE;) we show that its co-
variant derivative along « in the direction of 4(t) = T'(t) vanishes, and
therefore it is constant. Indeed

V(B oE;) = (Ei, (Vrp)Ej) = (E;, (T, E;)§ — n(E;)T) =0,

by (4) and the parallelism and orthogonality of E; and T. Therefore
(Ei, oF;) |i= (es, pe;) =0. (iii) Using again (4) and the parallelism and
orthogonality of E; and T, we obtain (pE;, pE;) =(E;, E;) —n(E;)n(E;)=
dij — n(E;)n(E;). Hence the ¢E; are orthonormal if n(E;) vanish. We
know that n(FE;(t)) = (E;(t),£), and we denote this by f;(t). We show
that f;(t) satisfies the differential equation f/’ = —f; and f;(0) = f/(0) =
0. Indeed fi(t) = Vr(E;,§) = —(E;,¢T) and f/'(t) = VI(E;,§) =
—(Ei, (Vro)T) = —(Ei, (T, 1), —n(1)T) = —(E;,§) = —fi(t). Fur-
thermore f;(0) = (E;,&)(0) = (e;, &) = (e, & + p) = 0, and also
—[1(0) = (Ei, ¢T)(0) = (ei, oT(0)) = (e, (¢T(0))" +v) = 0. However,
the solution of our differential equation with the given initial conditions
is unique. Now f;(t) = 0 satisfies this differential equation and the initial
conditions. Therefore f;(t) = n(E;) = 0. g

REMARKS. (1) If v = 0 or p = 0, then dim V,, > 0 is satisfied even

for £ = [%]. The other parts of the proof of the Proposition remain

unaltered. Thus, in this case the statement of the Proposition is true

also for k = [Z].

(2) If m is odd and v = p = 0, then dim Vi, > 0 and the Proposition
is true even for k =[] + 1.
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5 — Intersection of submanifolds in a Sasakian space

A submanifold V' of a Sasakian space M is called invariant if it is
tangent to the structure vector field £ and, moreover, for any X € X(V)
also ¢ X € X(V). We note that an invariant submanifold of M is odd
dimensional and minimal (see for example [14] page 313).

THEOREM 3. LetV and W be two complete invariant submanifolds
of dimension 2r + 1, respectively 2s + 1, tangent to the structure vector
field & of a complete connected Sasakian manifold M***1 and one of them
compact. If M?"*! has k-nonnegative bisectional curvature, k-positive
bisectional curvature on' V-or W andr+s>n+k—1, then VAW # (.

This theorem was proved for Kéhler spaces P by KENMOTSU and
X1A ([7], Theorem 3.2) and for compact regular Sasakian spaces M in
case of k =1 by TANNO and BAIK ([13], Theorem 4.1). Now we want to
prove this without the assumption of the regularity and the compactness
of M, and for k > 1.

PROOF. Assume that V N W = ). Now we can repeat the first
part of the consideration of the Section 2. There exists a pair of points
p € V and ¢ € W which represent the distance of V and W, and there
exists a normal geodesic v : [0,{] — M such that L(v) = d(p,q) = [ and
T(0) = 4(0) L V and T(I) = 4(I) L W. Then we can translate T,V
parallel along v to ¢g. Denoting the translated vector space of T,V by
T‘\/q, we obtain

Am(TV,NT,W) =2r +1+2s+ 1 —dim(TV, + T,W) >
>2r+1+2s+1—-2n+1-1) =
=2(r+s—mn)+2> 2k,

for (1) L TV, NT,W. But also @¥(l) L TV, NT,W is true. Let
namely v, a = 1,...,2k a vector system which spans T‘\/q NT,W. So
v, € T,W and also v, € T,W, for W is an invariant submanifold. Then
((1),va) = —(5(1), pv,) = 0 showing that p¥(l) L TV, NT,W.

Now we want to apply our Proposition on N = TV ¢ NT,W. Then
(1), %) L N and so v = 0. Thus, according to the Proposition and
Remark 1, there exists an orthonormal vector system e;,...,e;, € N,
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k = [¥28] such that the parallel translated E;(t) of e; = E;(l) along
v(t), completed with ¢ E;(t) form an orthonormal system at any point of
V(1)

Then we again can construct the variations «; of v with variational
fields E;(t), and with curves «;(t, s) in the variations. These curves run
from V' to W, for E;(0) € T,V and E;(l) € T,W. We obtain L (0) = 0,
and formula (3) for X (t) = E;(t) yields again

l
1L, (0) = (Ve B i) [y = [ KA B,

Since V and W are invariant submanifolds, from E;(0) € T,V and E;(l) €
T, W follow also ¢ E;(0) € T,V and ¢E;(l) € T,W. Thus we can construct
variations «; of v also with variational fields @FE;(t), and with curves
;(t,s) in the variations running from V' to W. We obtain L{ ; (0) = 0
and from the formula (2) for X (t) = @F;(t):

l
L5, (0) = (VomBih) o+ [ 1950 B) P+
- <R((@EZ)L7 7)7a ((PEZ)L>dt

We denote the expression on the right-hand side of (5) by A.
Now we calculate the first term of A:

()

Using (4,a) and the fact that V is torsionfree, we get
Ver, 0B = (0Ei, E)§ — n(Ei))pE; + o(VE,pE; + [pEi, E).

An easy calculation yields (pF;, E;) = 0. Namely replacing in (4,e) X
by X and Y by X there results (p?’X,pX) = (pX, X) with respect
to (4,b). Then, applying (4,c) and (4,b) we get —(X,pX) = (X, pX).
Thus the first term drops out, and we obtain

= —1(E)eE; + o{(Ve ) Ei + ¢V, Ei + [pE;, Ei]}.
Finally, use of (4,a) and (4,c) yields

= =V, Ei + (Vg E)§ + o{(E, Ei)§ — 2n(E;) E; + [0E;, Ei]}.
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Since ¢(€) = 0 the third term drops out, and we obtain

<V<PE¢S0EZ'7;7> ’Z = _<VE1E177> ‘Z +77(VELE1)<£7/7> ’Z +
— 2(E)(@E;, ) [} +{eleEs, Ei], ) |3 -
However, at p and ¢ E;, oF;, and hence [pFE;, E;] and p[pFE;, E;] are
perpendicular to 4. Moreover, according to our assumption, £ is tangent

to V and W, ie. £ L 4 at p and ¢. So the first term only remains alive
on the right-hand side:

(6) <V¢E1¢Ei?ﬁ/> ’Z: _<VE1EZ77> ’Z :

This is the firts term of A.
We show that the second term of A vanishes:

") V. (pE)t =0,
By the definition of X+ (see Section 2)
Vi(pE)" = Vi(pEi — (0Ei, 4)%) = Vs(0Ei) = (Vs(0Ei), 1),
for V;4 = 0. However,
VioE; = (Vio)E; + Vs E;.
Here V4 E; =0, and because of (4,a)
= (¥, E))¢ — n(E)y = —n(Ei)7,
for 4 L F;. Hence

Vi(pE)" = —n(E)y — (—n(E:)¥, %)% =
= —n(E;)Y +n(E;)y = 0.

Finally, using again the relation (pFE;)* = pE; — (¢ E;,¥)%, we obtain
for the integrand of the last term of A

(8) (R((goEi)L,"y)"y, (SOEi)L> = (R(pEi, Y)Y, pE;).
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Taking into consideration (6), (7), (8) we obtain

l
L5, (0) = (Ve B i) |2 = [ KA Bt

UYL, (0) + L, 00) = = [ SR A B) + KA pE))dt =

1k
= —/ > H(Y A Ep)dt.
0 =1

However, according to the assumption of our theorem, the k-bisectio-
nal curvature >0, H(¥ A E;) > 0 on M and it is positive at p and ¢. So
the right-hand side is negative, while the left is nonnegative, for L7, (0),
L, (0) > 0, because v is a shortest curve between p and g. This contra-
diction shows that VN W = () cannot hold. 0
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