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The 2-D Neumann problem in a

domain with cuts

P. A. KRUTITSKII

R1ASSUNTO: Si studia il problema di Neumann per l’equazione di Laplace in una
regione piana connessa con tagli. Si dimostra l’esistenza della soluzione con la teo-
ria classica del potenziale. Il problema é ricondotto ad una equazione di Fredholm di
seconda specie, che & risolvibile univocamente.

ABSTRACT: The Neumann problem for the Laplace equation in a connected plane
region with cuts is studied. The existence of classical solution is proved by potential
theory. The problem is reduced to a Fredholm equation of the second kind, which is
uniquely solvable.

1 — Introduction

The boundary value problems in domains containing cuts were not
treated in the theory of 2-D PDEs before. Even in the case of Laplace and
Helmholtz equations the problems in domains bounded by closed curves
[2], [5]-[8], [12]-[14] and problems in the exterior of cuts [5], [9]-[11] were
treated separately, because different methods were used in their analysis.
Previously the Neumann problem in the exterior of a cut was reduced to
the hypersingular integral equation [9]-[10] or to the infinite algebraic sys-
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tem of equations [11], while the Neumann problem in domains bounded
by closed curves was reduced to the Fredholm equation of the second
kind [6]-[8], [12]-[14]. The combination of these methods in case of do-
mains containing cuts leads to the integral equation, which is algebraic
or hypersingular on cuts, and it is an equation of the second kind with
compact integral operators on the closed curves. The integral equation
on the whole boundary is rather complicated to be effectively studied by
standard methods. The approach suggested in the present paper enables
to reduce the Neumann problem in domains with cuts to the Fredholm
integral equation on the whole boundary with the help of the nonclassical
angular potential. The Fredholm equation is uniquely solvable and can
be computed by standard codes. Our approach is based on [3]-[4], where
the problems in the exterior of cuts were reduced to the Fredholm integral
equations using the angular potential. In [16]-[18] our approach has been
applied to the Dirichlet and Neumann problems for the Helmholtz equa-
tion in domains with cuts. Some nonlinear problems of fluid dynamics
were studied in [15]. From practical stand-point domains with cuts have
great significance because cuts model cracks, screens or wings in physics,
mechanics and engineering.

In the present paper we consider the Neumann problem for the
Laplace equation in a plane domain with cuts. This problem is not
uniquely solvable unlike [16]-[18] and therefore is more complicated.
Nevertheless we reduce this problem to the uniquely solvable Fredholm
equation, which can be computed by the direct numerical inversion of its
integral operator.

2 — Formulation of the problem

By a simple open curve we mean a non-closed smooth arc of finite
length without self-intersections [5].

In the plane z = (z1,2,) € R?* we consider the multiply connected
domain bounded by simple open curves I'l,...,I'y, € C*>* and simple
closed curves I'7,...,T%, € C*° X € (0,1], so that the curves do not
have points in common and the curve I'? encloses all other. We put

N1 N2
r'=\Jr,, rr=Jr;, r=rturx
n=1 n=1
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The connected domain bounded by I'? will be called D. We assume
that each curve I'* is parametricized by the arc length s : T% = {z :
x = z(s) = (x1(s),22(9)), s € [ Kbk, m=1,..., Ny, k=1,2, so that
a; < by < ... <ay, <by, <af <bf <..<ai, <b3, and the domain
D is to the right when the parameter s increases on I'2. Therefore points
x € I' and values of the parameter s are in one-to-one correspondence
except a2, b?

-, which correspond to the same point = for n =1, ..., Ns.
Below the sets of the intervals on the Os axis

Ny

N- 2
Ut 5, a2, 2] Ul

n=1 n=1

d
an, by,

HCZ

will be denoted by the same symbols as corresponding sets of curves, that
is by I'!, I'? and T respectively.
We put C°(T2) = {F(s) : F(s) € Ca?,b?], F(a?)= F(b?) }, and

n’ n n

Na
=Ty
n=1
By D,, we denote the internal domain bounded by the curve I'2, if
n = 2,..., No. The external domain bounded by I'? will be called D;.
The tangent vector to I' at the point z(s) we denote by 7, = (cos a(s),
sin a(s)), where cosa(s) = z(s), sina(s) = x4(s). Let n, = (sina(s),
—cos a(s)) be a normal vector to I' at z(s). The direction of n, is cho-
sen such that it will coincide with the direction of 7, if n, is rotated
anticlockwise through an angle of 7/2.
We consider the curves I' as a set of cuts. The side of I'! which is on
the left, when the parameter s increases, will be denoted by (I'')* and
the opposite side will be denoted by (I'')~.
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We say, that the function u(x) belongs to the smoothness class K if
1) uw e CO(D\I'M) N C*(D\I'),
2) Vu € C°D\I'"\I'*\X), where X is a point-set, consisting of the
end-points of T'! :

Ny

X = (z(ay) V(b)) ,

n=1

3) in the neighbourhood of any point x(d) € X for some constants
C >0, € > —1 the inequality holds

(1) Vu| <Clz —=z(d)|",

where z — z(d) and d = a} or d =0}, n=1,...,N;.
4) there exists a uniform for all z(s) € T'? limit of (n,, Vzw(T)) as
Z € D\I'! tends to € I'? along the normal n,.
By the designation T = x(s) € I'? we will stress that T tends to
z(s) € I'? along the normal n,.

REMARK. By C°(D\I'!) we denote functions, which are continuously
extended on cuts I'! from the left and right, but their values on I'! from

the left and right can be different, so that the functions may have a jump
on I'.

Let us formulate the Neumann problem for the Laplace equation in
the domain D\I'!.

Problem U. To find a function u(z) of the class K, so that w(x)
satisfies the Laplace equation

(2a) Au(x) =0, zeD\I''; A=092 +0;

x9 )
and the boundary condition

Ou(x) Ou(x)

= F*(s), =F"(s),
(2b) On; fo(sewny+ On; |y(ers)-
Ju(x) _F(s)
anw z(s)eT?
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All conditions of the problem U must be satisfied in the classical
sense. By du/0n, on I'* we mean the limit ensured in the point 4) of the
definition of the smoothness class K.

The edge condition (1) ensures the absence of point sources at the
ends of I''. If N; = 0 and cuts I'! are absent, then the problem U
transforms to the classical Neumann problem in a domain D.

Using the energy equalities and the technique of equidistant curves
[6] for I we can easily prove the following assertion.

THEOREM 1. Let ' € C%* T?e C*° Xe (0,1]. The necessary
condition for the solvability of the problem U is the equality

(3a) / F(s)ds + / (F~(s) — F*(s))ds = 0.

Tl

If the solution of the problem U exists, then it is defined up to an arbitrary
additive constant.
by

By [ik ... do we mean Y05 [ ... do.

ag;

PROOF. We envelope each cut T'Y (n = 1,...,N;) by a closed con-
tour and construct an equidistant contour for each closed curve I'? (n =
1,...,No), so that all contours lie in D\I''. Then we tend contours to I’
and use the smoothness of the solution of the problem U. The condition
(3a) can be obtained in this way, if we take into account the following
well-known property of the harmonic functions [6]. If the function W (x)

is harmonic in the domain  and enough smooth in Q, then

ow

/ lim ds = 0.
z—ax(s)EON 61’1m
o0

The limit is understood along the normal on those parts of the boundary
09, where OW/0n, exists in a sense of a uniform limit along the normal.
Consequently, if u(x) is a solution of the problem U, then in the domain

D\I'" we have
ou\" ou \ "~ ou
/Kanx) ~ () ]ds‘ | om, ="
T

Tl
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Here we consider I'! as a set of cuts. The limit values of functions on I'"
and I'” are denoted by the superscripts “+” and “—” respectively. The
equality (3a) follows from the boundary condition (2b).

If up(x) is a solution of the homogeneous problem U, then we write
the energy equalities for a domain, bounded by our auxiliary contours,
tend them to I' and use the smoothness of ug(x) ensured by the class K.
In this way we obtain

2 8U0 * _ a'LLQ B 6U0
Vol (pyrry = / [ué <8nw> — U (8—nm> ] ds — annwd&
1 2

r r

Taking into account the homogeneous boundary conditions (2b), we have
2
HVUOHLQ(D\FI) =0.

Hence ug(z) = const and the theorem is proved thanks to the linearity of
the problem U.

3 — Integral equations at the boundary

Below we assume that
(3b)  F'(s), F(s) € C**T"),  F(s)eC*T?), Xe(0,1],

and F*(s), F(s) meet condition (3a).

If B,(T'"), By(I'?) are Banach spaces of functions given on I'! and I'?,
then for functions given on I'" we introduce the Banach space B;(I'") N
B,(I'?) with the norm ||| 5, 1), r2) = [Ill 5, 1) + [Il] 5, (r2) - Examples of
such Banach spaces are C%*(T") = CONT) N CO*(T?), C°(T) = C°(TH) N
C°(T?).

We consider an angular potential [1] for the equation (2a):

(4) wilul(@) = =5~ [ ulo)V (@ 0)do

The kernel V(z, o) is defined (up to indeterminacy 2rm, m = +1, +2,...)
by the formulae
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r1 — (o)
[z —y(o)]

Ty — y2(0)

, sinV(z,0) = P—y

cosV(z,0) = .

where
y=y(0) = (y:1(0), y2(0)) € T,

&~ y(@)] = /(@1 — 41(0))? + (22 — ya(0))2.

. —
One can see, that V(x,0) is the angle between the vector y(o)x and the

direction of the Ox; axis. More precisely, V(z,0) is a many-valued har-
monic function of z connected with In |x —y(o)| by the Cauchy-Riemann
relations.

Below by V(x, o) we denote an arbitrary fixed branch of this function,
which varies continuously with o along each curve I', (n =1,..., N;) for
given fixed z ¢ T'".

Under this definition of V' (x,0), the potential w;[u](z) is a many-
valued function. In order that the potential w;[u](z) be single-valued, it
is necessary to impose the following additional conditions

b,

(5) /,u(a) do=0, n=1,...,N;.

Below we suppose that the density u(o) belongs to the Banach space
Ce(I'), we (0,1], ¢ € [0,1) and satisfies conditions (5).
We say, that u(s) € Co/(T') if

Ny
u(s) [T Is = an|"[s = b |" € C™(1),
n=1
where C%“(T'!) is a Holder space with the index w and

Ny
6 s o1y = Hu(s> T Is - atf*}s — 8]
n=1

C0,w (Fl)

As shown in [1], [3], for such p(o) the angular potential = wy[u](x)
belongs to the class K. In particular, the inequality (1) holds with e = —q,
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if ¢ € (0,1). Moreover, integrating w;[u|(x) by parts and using (5), we
express the angular potential in terms of a double layer potential

wli(@) = o- [ plo) 5l — y(o)| do,

On,
Tl

with the density p(o) = [ p(§) d, o € [a},br], n = 1,...,N;. Conse-
quently, w; [u](x) satisfies equation (2a) outside T'.

Let us construct a solution of the problem U . This solution can be
obtained with the help of potential theory for the equation (2a). We seek

a solution of the problem in the following form

(6) uly, pl(z) = ni[v](z) + wlpl(z) + C
where C' is an arbitrary constant,

nll(z) = —% /1/(0) In |z — y(o)| do,

wlp](x) = wi[p](x) + walpu] (z),
1

2
2

wop)(z) = (o) Infz —y(o)|do,

and w;[p](z) is an angular potential given by (4).

We will look for v(s) in the space C%*(T').

We will seek p(s) from the Banach space C(I'') N C°(I?), w €
(0,1}, ¢ € [0,1) with the norm H'Hcy;(rl)mco(F?) = ||'”cg(r1) + H'HCO(F2)'
Besides, pu(s) must satisfy conditions (5).

It follows from [1], [3], [6], that for such pu(s), v(s) the function (6)
belongs to the class K and satisfies all conditions of the problem U except
the boundary condition (2b).

To satisfy the boundary condition we put (6) in (2b), use the limit
formulas for the angular potential from [1], [3] and arrive at the integral
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equation for the densities u(s), v(s) :

1 1 cos po(z(s),y(0))
+ 51/(8) + %F[ V(U) \x(s) — y(a)] do+
1 sin o (z(s), y(0))
(7(1) - % /L(U) ’:C(S) _ y(0)|

Tl

[y

do+

do+

1o cos po(x(s),y(o))
o / @) als) — y(o)]

W -5 / Sm“”o )y’(i()"’)) do+

L L [ eose(a)y0) e
u()+27rllu() e = Fs),  seT”

By ¢o(z,y) we denote the angle between the vector z7j and the direc-
tion of the normal n,. The angle py(x,y) is taken to be positive if it is
measured anticlockwise from n, and negative if it is measured clockwise
from n,. Besides, ¢q(x,y) is continuous in z,y € ' if 2 # y. Note, that
for z(s),y(0) € I' and x # y we have the relationships

0 0 0
5 I017(9) = (0)] = 5V (@(s).0) = 5V (a(s).0) =
cos o (x(5), (7)) __sin (V(a(s),0) — afs)
[2(s) — y(o)| 2l —y@)
SV (a(5),0) =~ nla(s) — y(o)| = — - Infa(s) — y(o)]| =

 singo (a(s),5(0)) __cos (V(a(s), ) — as))
|(s) = y(o)] z(s) —y(o)] 7
where a(s) is the inclination of the tangent 7, to the Oz, axis, and V' (z, o)
is the kernel of the angular potential from (4).
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The third term in (7a) is a Cauchy singular integral. Equation (7a)
is obtained as * — z(s) € (I'")* and comprises two integral equations.
The upper sign denotes the integral equation on (I'')*, the lower sign
denotes the integral equation on (I'')~.

In addition to the integral equations written above we have the con-
ditions (5).

Subtracting the integral equations (7a) we find

(8) v(s) = (F*(s) — F~(s)) € C"X(I).

We note that v(s) is found completely and satisfies all required con-
ditions. Hence, the potential v;[v](x) is found completely as well.
We introduce the function f(s) on I' by the formula

) F6=F ) - 5 [ (7o)~ (o) g, e

Tl

where
Fls) = % (F*(s)+ F(s)), seT",

and F'(s) on I'? is specified in the boundary condition (2b). As shown in
[4], if s € T, then f(s) € COMT). Hence, f(s) € CONTY) N CO(T?).

Adding the integral equations (7a) and taking into account (7b) we
obtain the integral equation for p(s) on I'

1 sin o (2(s), y(o))
o 277/ O )~y 7T
10
1 coscpo(wS),y(U))U: ). s
5000 QW/” OEGIEAR

where f(s) is given by (9) and

0, ifsel"
5(5):{ if s

1, ifsel?

Thus, if p(s) is a solution of equations (5), (10) from the space
Cy(r')ynCc°(r?), w € (0,1, g € [0,1), then the potential (6) with
v(s) from (8) satisfies all conditions of the problem U.
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The following theorem holds.

THEOREM 2. Let T'' € C?*, T? € C*° and conditions (3) hold.
If the system of equations (10), (5) has a solution u(s) from the Banach
space C2(T) N CO(T?) for some w € (0,1] and q € [0,1), then a solution
of the problem U is given by (6), where v(s) is defined in (8).

If s € T'?, then (10) is an equation of the second kind with a weak
singularity in the kernel. If s € T'!, then (10) is a Cauchy singular integral
equation of the first kind [5].

Our further treatment will be aimed to the proof of the solvability of
the system (5), (10) in the Banach space C¢(T'") N C%(I"®). Moreover, we
reduce the system (5), (10) to a Fredholm equation of the second kind,
which can be easily computed by classical methods.

Equation (10) on I'* we rewrite in the form

(11) pls) + [ n(0)Aa(s,0)do = ~2f(s), s €T,

where

Ag(s,a):—{—%(l—c;(a)) aiV(x(s),aH
(o) g tula(s) — (o)} =

X

T 2(s) —y)] 7 Ja(s) — y(o)]

and V(z,0) is the kernel of the angular potential (4). Note, As(s,0) €
CO(T? x T), because I'> € C?°.

REMARK. Evidently, f(a?) = f(b?), and Ay(a2,0) = Ay(b?,0) for

n

cel,o#d,b2 (n=1,..,N;). Hence, if u(s) is a solution of equation

n’-n
Na

(11) from C° <U [aZ, bi]), then, according to the equality (11), u(s) au-

B VLT ACO T PO G

n=1

tomatically satisfies matching conditions p(a2) = p(b2) for n =1,..., Ny
and, therefore, belongs to C°(I'?). This observation is true for equation
(10) also and can be helpful in finding numerical solutions, since we may
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drop matching conditions p(a?) = wu(b?), (n = 1,...,N,), which are
fulfilled automatically.
It can be easily proved that

singo(2(s),y(0)) 1

2(s) —wlo)] o—scC LX)

(see [3], [4] for details). Therefore we can rewrite (10) on I'! in the form

12— [u)

s
Tl

do

o —

-+ /M(U)Y(S,U)da — _2f(s), seT",

where

{11 s L (sn#la(0)v(0) 1
Y(s,a)—{(l o( ))ﬂ ( 2(s) — y(o)] J_S>+
0

5o lnla(s) - y(a)\} € COMT! x T,

+ %5(0)

In the next section we will study the solvability of equations (5),
(10). In this section we will prove two lemmas to analyse properties of
functions in equation (10).

By the subscript (0) we will denote the Banach spaces of functions
F(s), which satisfy the condition

/f(s)ds =0,

for example, Cf, (I'?), Cf,(T'), and so on.

LEMMA 1. If Tt e C%* T? e C*°, and conditions (3) hold, then
the function f(s) from (9) belongs to C*(T'") N CR, (T?).

PROOF. As stated above, f(s) € CO*I'") N C°(I'?). So, to prove the
lemma we must show, that

/f(s)ds =0.
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We have

/f(s)ds:/F(s)ds—/ lim 0 vy [v](x)ds,

z—z(s)€r?2 8113:
T2

where v(s) is given by (8). As noted above, the function v [v](x) is
harmonic in D\I'' and belongs to the class K. Moreover, v;[v](z) €
CY(D\I''). With the help of the property of harmonic functions, which
was used in the Theorem 1 to derive condition (3a), we obtain

. 0
/x—mlcl(g)lerz Oon, vlv)(w)ds =

2

. 0 . 0
- / {m%m(lsl)ren(l"lfr on, npl@) - m%r(lsl)ren(rl)* on, ] (m)} ds =

= [vs)ds = [ (F*(s) = F(s)) ds.

ri ri

Hence,
[ s)as= [ F)ds — [ (F*(s) = F~())ds

and the lemma is proved since we assume that condition (3a) holds. All
limits in the proof exist thanks to smoothness properties of vy [V](z).

Now we prove

LEMMA 2. Let ' € C** T2 € C%° X € (0,1]. If p(s) €
Ce(r')ync(r?), we (0,1, q € [0,1), and conditions (5) hold, then
the identity holds

/

r2

wu(s) + /M(O’)AQ(S,O’)dO’] ds = 0.

T
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The proof is based on the same property of harmonic functions, which
was used to derive condition (3a) in Theorem 1. Clearly,

o |

T2

_ [ 1 2)d / I ds.
/m—»ml(rsneﬂan 5t Iﬁxl(rsnepz ll(w)ds

(s +/,u 0)As(s, a)do] ds =

The second term is equal to zero because ws[u](x) is a harmonic function
in the domain D bounded by I'2. Let us show that the first term is also
equal to zero. The function w;[u](z) is harmonic in D\I'!, and for the
first term we obtain

0
/fall(mem on, wnp](x)ds =

T2

wlpl@yds— [ 1im 9 lul(@)ds =0,

s)e(rl)— on,

0

= im —
rz—z(s)e(TH)t 81’193
rt rt

since there is no jump of the normal derivative of the angular poten-
tial w;[pu](x) on T''. The proof is complete. Note, that all limits in the
proof exist because our potentials belong to the class K, and, in addition,
wi[p)(x) € CHD\IM).

4 — The Fredholm integral equation and the solution of the
problem

Inverting the singular integral operator in (12), we arrive at the fol-
lowing integral equation of the second kind [5]:

Ni1—1

p(s) (s,0)do

(13)
1 1
= Ql—(s)(bo(s), sel s
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where Ly
Aufs.o) =~ [0,
It

\/s —akly/bl —s

_L [0,

s g —S
Tl

a)=11

SigH(S - a’}L) )

Dy (s)

)

and Gy, ..., Gn,—1 are arbitrary constants.
To derive equations for Gy, ..., Gn,—1, we substitute p(s) from (13)
in the conditions (5), then we obtain

Ni—1

(14) /u(a)ln(a)da + 3 BunGr=H,, n=1,..N, ,
T m=0
where
(o) = — / Q7 (5) Ao(s, 0)ds,

(15) Bun = [ Q' ()s"ds,

)

H, =— [ Q' (s)®o(s)ds
/

By B we denote the N; x N; matrix with the elements B, from (15).
As shown in [4, Lemma 7], the matrix B is invertible. The elements of
the inverse matrix will be called (B™1),,,,. Inverting the matrix B in (14),
we express the constants Gy, ..., Gy, -1 in terms of pu(s)

Ny

Gn = Z (B_l)nm

H, — /,u(a)lm(o*)da] .

T

We substitute G,, in (13) and obtain the following integral equation for
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w(s) on T
1 1 X
16 w6+ 50 / H(o) A (5,000 = o i(s), s €T
where [
Ai(s,0) = Ay(s,0) — Z_: s" Z_(B_l)nm,l (o),
D (s) = Py(s) — i s" Z_l(Bl)anm

It can be shown using the properties of singular integrals [2], [5],
that ®y(s), Ao(s,o) are Holder functions if s € I'", o € TI". Therefore,
®,(s), Ai(s,o0) are also Holder functions if s € I'', o € T'. Consequently,
any solution of (16) belongs to C%,(I'"), and below we look for p(s) on
I'! in this space.

We put

Q(s) = (1 =46(s)) Q:(s) +d(s), sel.

Instead of u(s) € Cy)y(T') N C°(T?) we introduce the new unknown
function p.(s) = u(s)Q(s) € C%* (') N C°(T?) and rewrite (11), (16) in
the form of one equation

(17) 1 (s) + /u*(U)Q’l(U)A(s,a)da — &(s), seT,

where

A(s,0) = (1 —=46(8)) Ai(s,0) + 6(s)Ax(s,0),

O(s) = (1 = 6(s)) P1(s) — 20(s) f ().

Thus, the system of equations (5), (10) for u(s) has been reduced to
the equation (17) for the function u.(s). It is clear from our consideration
that any solution of (17) gives a solution of system (5), (10).

As noted above, ®,(s) and A,(s,c) are Holder functions if s € T'!,
o € I'. More precisely (see [4], [5]), ®1(s) € COP(T''), p = min{1/2, \},
and A (s, o) belongs to C%?(I'!) in s uniformly with respect to o € T'.

We arrive at the following assertion.
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LEMMA 3. Let I'" € C** T? € C?° X € (0,1], and ®(s) €
COP(Th) N Clpy (T?), where p = min{A, 1/2}. If j1.(s) from C°(T') satisfies
the equation (17), then u.(s) belongs to COP(T'') N C°(T'?).

The condition ®(s) € C*?(T'") N C{,(T?) holds if f(s) € CO*(T") N
Cfy (T?). According to the Lemma 1, f(s) € C*NI") N CR,) (I?) if condi-
tions (3) hold.

Hence below we will seek 1, (s) from C°(T).

Since A(s,0) € C°(T" x I), the integral operator from (17):

(18) Apn(s) = [ 1(0)Q () Als,0)do

is a compact operator mapping C°(T') into itself. Therefore, (17) is a
Fredholm equation of the second kind in the Banach space C°(T").

Let us show that if p(s) is a solution of the homogeneous equation
(17) from Cfj) (T'), then it is a trivial solution, that is p0(s) = 0. We will
prove this by a contradiction. Let u)(s) € C;(I") be a non-trivial solution
of the homogeneous equation (17). According to the Lemma 3, p(s) €
Cor(Th) N CRy(T?), p = min{A, 1/2}. Therefore the function u°(s) =
p2(s)Q71(s) € CF,(T'") N Cfpy(T?) converts the homogeneous equations
(11), (16) into identities. Using the homogeneous identity (16), we check,
that u(s) satisfies conditions (5). Besides, acting on the homogeneous
identity (16) with a singular operator with the kernel (s —¢)~', we find
that u°(s) satisfies the homogeneous equation (12). Consequently, u°(s)
satisfies the homogeneous equation (10).

On the basis of Theorem 2, u[0, u°](x) =w[u’](z) is a solution of the
homogeneous problem U. According to Theorem 1: w[u’](z)=cy= const,
x € D\I'". Using the limit formulas for tangent derivatives of an angular
potential [1,3], we obtain

0 w[p’](z) = u°(s) =0, sl

o .
w[lu ](x) B a:—)a:(sl)rél(l—‘l)_ 87—1

1m
z—x(s)e(T1)+ 8Tx

Hence, w[u’](x) = wo[u’](z) = ¢, x € D. Clearly, wo[u’](z) €
C?(R*\I'?) N C°(R?) and the potential w,[u"](x) satisfies the following
Dirichlet problem

Awy, =0 in D,; wslrz =co,
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for n = 2,..., N5. According to the uniqueness theorem for the Dirichlet
problem, wy[u](z) = ¢y, x® € D,,, n =2,...,No. Using the jump of the
normal derivative of the single layer potential ws[u°](x) on I'?; we obtain
ul(s) =0, s€Tl?, n=2 .. N, Since in our assumptions the function
1°(s) meets the identity

[#t)ds = [ ()ds = o,

2 2
r Fl

the potential wy[u’](z) satisfies the following external Dirichlet problem
n Dl
Awy, =0 in Dy; wglpf =co; |we| < Const,

which has unique solution wy[u°](z) = ¢y, x € D;. Using the jump of
the normal derivative of wy[u°](z) on T'?, we obtain u°(s) =0, s e I'?,
and therefore p°(s) =0, seT.

Consequently, if s € T', then u°(s) = 0, p2(s) = u°(s)Q'(s) = 0, and
we arrive at the contradiction to the assumption that x2(s) is a non-trivial
solution of the homogeneous equation (17). Thus, the homogeneous Fred-
holm equation (17) has only a trivial solution in Cf, (T').

We have proved the following assertion.

THEOREM 3. If T' e C%* T? € C*° X € (0,1], then (17) is
a Fredholm equation of the second kind in the space C°(T'). Moreover, if
1l(s) € Cipy(T) is a solution of the homogeneous equation (17), then it is
a trivial solution, that is u%(s) =0, seT.

If T'! is absent, then the homogeneous equation (17) has a non-trivial
solution r(s), which is known as a Roben density.

In our case, when the boundary contains open curves I'! in D, equa-
tion (17) has a non-trivial solution ry(s), which is equal to zero on I'" and
is equal to the Roben density on I'? that is ro(s) = §(s)r(s).

Consequently, the operator of equation (17) is not invertible in C°(T").
This is not convenient for practical purposes, when we need numerical
solution. Instead of equation (17) we consider the following equation

(19) pe(s) + Ap(s) = ®(s), seT,



(19]
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where

Apn(s) = Ap.(s) +6(s) [ pu(0)do

and A is the integral operator from (18).

Obviously, (19) is a Fredholm equation of the second kind in C°(T").

Now we prove the following statement.

LEMMA 4. LetT' € C%* T? € C*% X € (0,1].

The Fredholm equation (19) is uniquely solvable in C°(T') for any
P(s) € CO(T).

If ®(s) € COP(I')NC°(I'?), where p = min{\, 1/2}, then the solution
of equation (19) in C°(T') belongs to C*P(I'') N C°(T?).

If ®(s) € COP(I') N CR,(T?), then the solution of equation (19) in
C°(T") satisfies equation (17).

PROOF.

Since (19) is a Fredholm equation, we must prove that the homoge-
neous equation (19) has only a trivial solution. We give a proof by
a contradiction. Let p2(s) € C°(T") be a non-trivial solution of the
homogeneous equation (19). Repeating the proof of the Lemma 3,
we can show that u%(s) € C’OP(Fl) NC°(T?), p = min{), 1/2} and
therefore 1i°(s) = pl(s)Q~"(s) € C7 (") N C(T?). Besides, u’(s)
satisfies the homogeneous equation (16), because (19) transforms into
(16) if s € T''. With the help of the homogeneous identity (16) we
check, that p°(s) satisfies conditions (5). Integrating the homoge-
neous identity (19) on I'? and using Lemma 2, we have

/ [12(s) + Apl(s)| ds =

—l—/ A280d0+/,u* da]d
/lds /u*( )ds = 0.

T2

-]

From the latter identity it follows that 1) (s) belongs to Cf;(T") and
satisfies the homogeneous equation (17), because Ap(s) = Aud(s).
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It follows from the Theorem 3 that u%(s) = 0, and we arrive at the
contradiction to the assumption that p%(s) is a nontrivial solution of
equation (19). The 1-st point of the lemma is proved.

2) If p.(s) is an arbitrary function from C°(T"), then repeating the proof
of the Lemma 3, we show that the integral term in (19) belongs to
CoP(TY) N C%T?) in s. If p.(s) € C°(T) is a solution of equation
(19) for ®(s) € C*P(I'") N C°(T'?), then it follows from the equality
(19) that u.(s) € C*?(T'') N C°(T?). The 2-nd point of the lemma is

proved.
3) Let u.(s)€C?T) be a solution of equation (19) with ®(s) € C*/T)N
C(T?),  p = min{\,1/2}. According to point 2) of this lemma,

p.(s) € COP(I')y N C°T?), p = min{\,1/2} and therefore u(s) =
1 (8)Q7(s) € CF () N CO(T?). If s € T, then the identity (19)
transforms to the identity (16) for u(s). Based on (16) we check that
u(s) satisfies conditions (5). We integrate the identity (19) on I'?
and with the help of Lemma 2 we obtain

[ [(5) + Apua()] ds =

T2

,u(s)—l—/u(U)AQ(s,a)da—i—/,u*(a)da] ds =
:/1ds /,u*(s)d.S:O.

Therefore A, (s) = Apu.(s), and p.(s) is a solution of (17). The
lemma is proved.

-

T2

As a consequence of the Lemma 4 we obtain the corollary.

COROLLARY.  Let T' € C** T? € C*% X € (0,1]. If ®(s) €
COP(Th) N CR, (T'?), where p = min{\, 1/2}, then equation (17) has a so-
lution p(s) € COP(TH)NCY(T'?), which is a unique solution of the Fredholm
equation (19) in C°(T).

We recall that ®(s) belongs to the class of smoothness required in
the corollary if f(s) € CO*(T) N Cf,(I?).
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As mentioned above, if u.(s) € C*?(T'')NC?(T?) is a solution of (17),
then u(s) = p.(s)Q'(s) € CF ,(I'") N C°(I"?) is a solution of system (5),
(10). We obtain the following statement.

THEOREM 4. If T' e C**, T? € C*°, f(s) € C°NI") N CR,(T?),
A € (0,1], then the system of equations (5), (10) has a solution p(s) €
C1 () N CT?), p = min{1/2,\}, which is expressed by the formula
w(s) = p.(s)Q(s), where p.(s) € COP(I'') N C°(I'?) is the unique solu-
tion of the Fredholm equation (19) in C°(T).

We note, that the function p.(s) mentioned in the Theorem 4 satisfies
equation (17), though this solution is not unique for (17). According to
the Lemma 1, if conditions (3) hold, then f(s) € C®T") NCf, (T?), and
so the Theorem 4 is true.

On the basis of the Theorems 2, 4 we arrive at the final result.

THEOREM 5. If Tt € C%* T2 € C*°, and conditions (3) hold, then
the solution of the problem U exists and is given by (6), where v(s) is
defined in (8) and pu(s) is a solution of equations (5), (10) from CY ,,(I'")N
C°(T?), p = min{1/2, A} ensured by the Theorem /.

According to the Theorem 1, the solution of the problem U is defined
up to an arbitrary additive constant.

It can be checked directly that the solution of the problem U satisfies
condition (1) with e = —1/2. Explicit expressions for singularities of
the solution gradient at the end-points of the open curves can be easily
obtained with the help of formulas presented in [4].

Theorem 5 ensures existence of a classical solution of the problem U
when ' € C%* T? € C*° and conditions (3) hold. On the basis of
our consideration we suggest the following scheme for solving the prob-
lem U. First, we find the unique solution pu.(s) of the Fredholm equation
(19) from C°(T'). This solution satisfies Fredholm equation (17) and au-
tomatically belongs to C%?(T'') N C°(I'?), p = min{\, 1/2}. Second, we
construct the solution of equations (5), (10) from C7,(I') N C°(T?) by
the formula u(s) = u.(s)Q'(s). Finally, substituting v(s) from (8) and
w1(s) in (6), we obtain the solution of the problem U.
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5 — Additional remarks

Consider the integral equation

ﬂr |z(s) — y(o)] 2
R R
= f(s), seT,

which differs from (10) only by the term

—%5(5) /,u(o*)da.

T2

Let us show, that the system of equations (5), (20) is equivalent to
the equation (19). Indeed, if s € I'?, then u(s) = u.(s) and equation (19)
coincides with (20). If s € I'', then equation (20) coincides with equation
(10), which takes the form of equation (12). As stated in the section 4,
if s € T, then the system (12), (5) is equivalent to the equation (16),
which, in turn, is equivalent to equation (19) on I'l.

So, any solution x(s) of the system (5), (20) yields a solution pu.(s) =
w1(s)Q(s) of equation (19), and, conversely, any solution of (19) gives a
solution of (5), (20).

It follows from points 1), 2) of the Lemma 4, that if f(s) € CONT!)N
C°(T'?), then the unique solution . (s) of equation (19) in C°(T') belongs
to C*P(T'Y) N C°(T?), p = min{l1/2,\}. Since the solution u(s) =
1+ (8)Q71(s) of system (20), (5) is defined in weighted Holder spaces on ',
we arrive at

THEOREM 6. Let T'' € C?*, T? € C?°) f(s) € COMNT') N CO(I?),
A € (0,1]. There exists the unique solution j(s) of the system (5), (20) in
CP,(I) N CO(T?) for any p, € (0,p], where p =min{1/2,A\}. This solu-
tion automatically belongs to C7,(T'') N C°(I'?) and the function p.(s) =
w(s)Q(s) is a unique solution of equation (19) in C°(T).
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It is evident from the Lemma 1 that if conditions (3) hold, then
f(s) € COMNTY) N CRy(T?), and so the Theorem 6 is true. According
to the Theorem 4, if f(s) € C*NI'") N Cf,)(I?), then the function pu(s)
mentioned in the Theorem 6 is a solution of the system (5), (10), though
this solution is not unique for (5), (10), because the system (5), (10) is
equivalent to the equation (17) and a solution of (17) in C°(T) is not
unique. On the basis of the Theorem 2, we arrive at

THEOREM 7. If T e C** T'? € C*°, and conditions (3) hold, then
the solution of the problem U is given by (6), where v(s) is defined in (8)
and p(s) is a unique solution of the system (5), (20) in C77,(I'")NC(I"?),
Po € (0,p], p=min{1/2, \}, ensured by the Theorem 6.

Theorems 6, 7 propose another way for solving problem U, than
Theorems 4, 5. The way, suggested in Theorems 6, 7, can be helpful for
finding numerical solution of the problem U. Indeed, it follows from the
Theorem 6, that the numerical solution of the system (20), (5) can be
obtained by the direct numerical inversion of the integral operator of this
system. In doing so, Holder functions can be approximated by contin-
uous piecewise linear functions, since they also obey Hélder inequality.
Numerical analysis of Cauchy singular integral equations is developed,
for example, in [7]. The simplification for numerical solving the system
(20), (5) is suggested in the remark to the equation (11).
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