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Continuous Sobolev inner products on the unit

circle: canonical models

E. BERRIOCHOA - A. CACHAFEIRO

RIASSUNTO: Si studiano le proprieta algebriche ed asintotiche delle successioni di
polinomi ortogonali secondo due forme di prodotto interno di tipo Lebesgue-Sobolev. Si
tratta delle forme (1.2) e (1.3) che sono, in certo senso, canoniche.

ABSTRACT: We study the algebraic and asymptotic properties for the orthogo-
nal polynomials with respect to Lebesgue-Sobolev inner products of two different types,
which, in a certain sense, can be considered canonical.

1 — Introduction

The theory of orthogonal polynomials on the real line with respect
to an inner product of Sobolev type (discrete case) has been widely de-
velopped, while the study of the orthogonality with respect to a Sobolev
inner product (continuous case) has been done for particular measures,
generally classical measures ([12], [9], [14]). Moreover, an important part
of the study has been done from the point of view of the coherence of
measures (see [8]). The full description of the coherent pairs appears in
[13], where the author proves that, at least, one of the measures that
constitutes the coherent pair must be classical (Laguerre or Jacobi).
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sures on the unit circle.
A.M.S. CLASSIFICATION: 42C05
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With regard to the unit circle T, the theory of orthogonal polynomials
with respect to Sobolev products has been developped in the discrete case,
that is, for inner products of the following type:

)= [ HeGan0) + £(2)Ag(2)",

where f(Z) = (f(z1),. .., f9(21), ..o, f(Zm)s - o, fE)(2)), |2] > 1 and
A is a hermitian and positive definite matrix. The algebraic study has
been extensively developped and recently asymptotic properties were
found: relative asymptotics in [5] and strong asymptotics in [6].

The study of the coherent pairs on the unit circle is introduced in [4].
There it appears the characterization of the normalized Lebesgue measure
like the unique Bernstein-Szeg6 measure which has a coherent companion.
On the other hand, the first model in the Sobolev continuous case on the
unit circle appears in [10]. It corresponds to the Szegé polynomials 2™
which are orthogonal with respect to the inner product

o dl 2 o ——7~ df
()= [ FEaeg+ [ rEeng@

because the sequence of derivatives is also orthogonal with respect to the
Lebesgue measure.

As a previous step for the development of the general theory, it is
interesting to know explicit examples of orthogonal polynomials for ap-
propriate choices of the measures. Following this idea we have given in [1]
a complete characterization of the orthogonal polynomials with respect
to the inner product

W) b= [ @@ 5 [ ey

with du(8) = —2— ., |a| <1 and A > 0.

b _ 27

Taking int‘:o ac!:ount that the better known examples of orthogonal
polynomial sequences on the unit circle, in the standard theory, are those
corresponding to rational or polynomial modifications of the Lebesgue
measure or the addition of a Dirac delta to the Lebesgue measure (see
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[7], [15]); in this paper we discuss the properties of the orthogonal poly-
nomials with respect to inner products like (1.1) for these other two dif-
ferent choices of the measure p, which, in this sense, can be considered
canonical.

In inner products like (1.1), the second measure has a very important role.
Therefore we begin this study taking for the derivatives the normalized
Lebesgue measure in both cases. In this situation generalizations for
higher derivatives could be obtained in a natural way.

Caske L.

1 /2 o ——~ A0
(1.2) (g = | f( “)g(e?)dpn () +
with du, () = je—af” 4o a#0and A > 0.

It]a? 277
Cask 1II.

(18) (= [ @)+ 5 [ 5

with dps(0) = £ + db,(6), la] =1 and X > 0.

2 — Orthogonal Polynomials related to (),

1

THEOREM 1. Let {:I;n} be the monic orthogonal polynomial sequence
(MOPS) with respect to (,)s,. Then forn > 1:

i) D,(2)=2"4 a, P, 1(2)
- n2 ’C1’2
ii) [ @0 5=1++ - —=
' A @ |
iif) B,11(2) = (2 + )P (2) — 2@, 1 (2)
) ~ ~ ~ 1
iv) o1(2) = (2 + i) @0 (2) = o (2) —.
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with H EI;o H?lz 1, e = <Za 1>/t1 and

Cy

(2.1) =t
[

PROOF. i) The matrix of moments for (, ), is tridiagonal, symmetric
and the elements on the diagonal are d;; = 1 + é for ¢ > 0. Thus
(zm,2F), =0 for k =0,...,n— 2 and therefore for n > 1 there exists a,,
such that @, (z2) =2"+ anén_l(z). Besides we can compute «,, as follows

(Z"7(I)n71(z)>51 _ <z"’<1>n71(z)>#1 —

| i |3, | @1 (2,
o <vazn_1>lt1 _ €1

I @na |2, I @y |3,

&%)

ii) Taking norms in (i, Theorem 1) we get || ®, 12, =1l 2" 12, —Jan|? ||
®,_, |2, . Thus if we use (2.1) we conclude (ii, Theorem 1).

iii) Let us consider (i, Theorem 1) for n and n + 1. Then if we eliminate
2"t we obtain (iii, Theorem 1).

iv) It is immediate that a,, = 0 if and only if ¢; = 0, which is equivalent
to @ = 0. Then, since a # 0, we can deduce the three-term backward
descending relation. 0

COROLLARY 1. It holds that

D, (z) = Zn: ( ﬁ aj) P

j=k+1

PROOF. It is straightforward from (i, Theorem 1) using induction. 0

THEOREM 2. Let {®,} be the MOPS with respect to (,),,. Then:

. . = 2

i) lim || @,, ||, = oo.
o, (2 1

. o 1Bl 1

n—oo0 n? 2\
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iii) There exists N € N such that {|| ®, 12,y n is an increasing se-
quence.

iv) lim (|| &, [ —”—2) = 1.

n—o00 A

PROOF. i) and ii) We apply the extremal property of the MOPS with
respect to an inner product. Thus if we denote ¢y = (2", 2™),, we have:

P 22 @ 2 i [P, s min | P52
co+— =| = min —  min —
0 A s1= n llsy = P(2)=2"+4... w1 by P(2)=2"+4... 60— Y )
T 2
and dividing by n?, we obtain <% + i > H<I>::2Hsl > % Therefore we get 1)
and ii).
. n2 (n—1)2 . . Aco+1
iii) It is easy to check that 5~ > co + **5~ if and only if n > %=,
Thus if we take N the greatest integer smaller than % we have for
n > N that
~ n? n—1)° ~
e

which proves iii).

Assertions i), ii) and iii) are valid for Sobolev products like (1.1) where
 is a Borel positive measure with infinite support on [0, 27].

iv) It is a consequence of i) and (ii, Theorem 1). g

COROLLARY 2. Let {a,} be the sequence in (i, Theoreml). Then
i) There exists N such that {|o,|}n>n s decreasing and lim,, o o, = 0.
ii) The sequence {a,},>n is on the straight line segment from 0 to —c;.

i) ®,(0) #0 forn >0 and o, = 5%7(0()0) for n>1.
n—1

_Cl

1t ooy + 50

iv) o, for n>1 with oy=0.
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PROOF. i) and ii) Taking into account that a,, = — T a E forn >1
n—1llsy

and Theorem 2 we get the assertions.

iii) From (i, Theorem 1) ®,(0) = o, ®,_1(0), with a; = —¢; # 0 and
®,(0) = 1. Since ®,(0) # 0 and «,, # 0 for every n, then ®,(0) # 0 and
therefore we get (iii, Corollary 2).

iv) From (ii, Theorem 1)

—C —C
o, 2 1an_ __laP
| I 1% [®n_1l12,
and using (2.1) we obtain (iv, Corollary 2). 0
COROLLARY 3.
. . = n (|12 __
i) Jim [ @, (2) — 2" [[5,= 0.
s: : & n |2 _ . & n—1 12__
i) lim || @,(2) = 2" [2,=0 and lim || B),(z) - ne""" 3= 0.
PROOF.

H &)n(z) —2" Hil: <<I)n(z) - Zn7&)n(z> - Zn>81 =
1) 2 T 2 n2 T 2
=215 = 1 2a(2) =14 = 11 2al2) 5, -

Applying (iv, in Theorem 2) we get 1).
ii) It is immediate from i). a

Next we see that we can reduce the study of all orthogonal families
with the same |¢;| to only one.
Let ¢; = |e1]e”. If we denote the sequence a, in (i, Theorem 1) by a, .,
then

LEMMA 1.

__ _if
Qnep = € O ey
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PROOF. We prove by induction that «,, = —c; f(n,|ci|) where f is a
function which depends only on n and |¢4].
Forn =1, ay = —¢; then f(n,|c;|) = 1. If we assume that the result

is valid for n — 1, by using (iv, Corollary 2) we obtain

—C1
an c1 g =
> — (n—1)2

1 + anfl,clcl + by

—G i0
= — = —af(n,]al) = e“ay ). O
1—|01\2f(n—1,\61\)+( /\1) '

By using the previous lemma we prove that the families of orthogonal
polynomials corresponding to different values of ¢; with the same modulus
can be related in a very simple way.

THEOREM 3. If we denote ®,,(z) = &5”’51(2) then it holds

&)nm('z) = 6i"9‘i’n,\c1\ (e_f@).

PRrROOF. From Corollary 1 and taking into account Lemma 1 we get

n—1 n
= _.n k __
(I)n,c1(z) ==z +§ : H Qjey | 2 =
k=0 \j=k+1
n—1 n
. k
_ et [ (Z "+Z H Qjer | (2 _
et 6729 ei@
k=0 \j=k+1
n—1 n
Z\" z \k o z
__ _in@ § . = _ ,inb _
=e (eig) H a],|C1\ (eig) =€ (bn’\cl\(eie)' D

k=0 \y=k+1

COROLLARY 4.
i) @, (20) =0 if and only if @, ., |(Z%) = 0.
ii) The zeros of &)117\01\ are symmetric with respect to the real line.
iii) The zeros of ®,., are symmetric with respect to the straight line
segment from 0 to c;.
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PROOF. i) It is immediate from Theorem 3 and it means that the
zeros of ®, . can be obtained from the zeros of ®, .| making a rota-

n,lcl
tion €.
ii) Since <I>n,|cl| is a polynomial with real coefficients we get the result.
iii) It is a consequence of i) and ii). g
THEOREM 4.

i) &, and ®,_; do not have any common zero.
ii) For i and j large enough ®; and ®; do not have any common zero.

PROOF. i) Let 3 be a common zero of ®,, and ®,,,,. Then, if we use (i,
Theorem 1) we have ®,,,1(8) = 8" + o, 11®,,(3), which implies 5 = 0.
This yields a contradiction if we take into account iii) in Corollary 2.

ii) It suffices to prove for &)1-7_@‘ and 5j7_|01| which are polynomials with
positive coefficients. We assume, without loss of generality, i > j.

Next we use the following result due to Enestrom (see [11]), concern-
ing the boundness of the zeros for polynomials with positive coefficients:

“Let P(z) = Y1_,arz*, n > 1 be a polynomial with a > 0 for all
0 < k < n. Setting a = m1n0<k<n(%) and b = maXo<g<n (72 e k), then
all zeros of P(z) are contained in the annulus a < |z| <b.”

Since in our case a[®,;] = min; <,<;j{ax} and b[<I> ] = maxy<p<;j{ou},
the zeros of ®; are in the annulus a[®;] < |z| < b[®;].

Applying Corollary 2 we know that for € > 0 there exists N € N
such that for n > N |a,,| < € and {a,}n,>n is a decreasing sequence.
Let €1 > 0 such that e; < min;,—; n{o;}. Then there exists j > N
such that for n > j |a,| < e1,{an}n>; is a decreasing sequence and
a; <o k=1,...,5 — 1. If we take j in this way then a[zﬁj] = «; and
therefore the zeros of ®; are in a; < |z| < maxy—y,_;{ou}.

Now assume there exists 8 such that @, (B) = 0y ;(B) = 0 which implies
a; <|B.

Since

Jt+1
D,(2) :p(z)—i—(H ak> ®,(2) with p(2)=z'4+z" '"+.. +a;... a0
then p(f8) = 0. Therefore 0 is a zero of p(z) and the other zeros are in

the annulus min{a;, ..., o2} < |2| < max{ay,...,a;;2}. This implies
B =0or |B| < a2, which leads to a contradiction with a; < |3]. g
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n|ai’ S

77777

11111

ProOOF. Following the same ideas of the previous theorem we obtain

the result.

le1] le1] .
= _ )
I®n—1ll3, = 14250

Besides for n large enough min;—,;

which gives a lower bound for the zeros.
Note that for A <1 and n > 2

|c1] < c1]

||

= = = < ’61’.
= —1)2 —
H <I)n—l Hgl || q)n—l Hi +%

Since || = |e1| < 1, then in this particular case the zeros are in the unit
disk D = {z: 2| < 1}. 0

THEOREM 6. Let 6 > 0, then lim,_, ész) = 1 uniformly for
|z| > 4.

PROOF. From (2.1)

lc1 < lc1] Aci |

(2.2) | = —= < _
1Dt 12, ~ | oy [ +252 T (- 1)2

and for |z| > §

M| _ Ala| _
2| — 0

(2.3) 7.

Therefore from Corollary 1 and applying (2.2) and (2.3) we get

&)n(z) - n—1 n O[j
‘ AL N ‘_‘kz—%j—l;!q(znk)‘<
Aled] Ay |”
2[(n=1)2 " |2 (n — 1)2(n — 2)2
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+ At " + A" <
2" M (n=1)2(n—2)2...12 " |z["(n—1)*(n—2)...12
2 n—l
¥ Y v
R R T T T R g ) RS EA
,Yn

Xm0 =22, 12

Let K be a natural number such that (K — 1) < v < K?. Then for
K<i<n-1, ﬁ§%§K2<laHdsowehavethat 1)

bound for the first n — K terms. For the last K — 1 terms m is a
bound. Therefore

(et o) i)

k=1

—L is a

7" (n-Kyy K"
X —1r 2 S 1 Ty

with 7 = max{1, %} Since these two last sequences converge to zero, we
get the result. 0

COROLLARY 5. Let 6 > 0. For n large enough the zeros of ®, are
in|z| <4.

PROOF. It is a consequence of Hurwitz theorem (see [3]). 0

3 — Orthogonal polynomials related to ()

s2°
In order to study the Sobolev orthogonal polynomials with respect

to the inner product (,),, we recall the following results:
1) Since dus(0) = £ + dé,(9) then

<Zn7 Zm>u2 = <Zn’ Zm>9 +a" " =

{2 forn=m

n—m

a forn #m

and the MOPS(p2) {®,,(2)} is given by

an
S, (2)=2"—— L K,
n(2) =2 1+ K,_1(a,a) " 1(z,0)
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where K, (z,y) are the kernels with respect to the normalized Lebesgue

measure and || @, ||2 = %, (see [2]).

2) Let us consider
2
1 o 1+ 5 formn=m
2" 2™ s = (2" 2™ e + —nm (2", 2" =
< s = Jo A < Jo {0 forn #m
Then it holds that {2"} is the MOPS((,)s) and || 2™ ||3= 1+ %
Taking into account these facts the inner product (, ), can be written as

1
<Zn,2’m>52 — <anzm>u2 + _nm<zn717zm71>0 — <vazm>s + a” ™

A
and it holds

THEOREM 7. Let {U,} be the MOPS((,),,). Then

n

~ a
I N4 =2 — /= H, .1(%,0q),
i) a(2) =z T o, (a.a) 1(z,a)
with H,_1(z,y) the kernel related to () g, that is H,_1(z,y) =Y 1y fjc .
n2
1
ii) 1, [P =1+" +

A 1+ H, (a,a)

PROOF. i) It follows from 1) and 2) above.

n

. I T n n a
i) | @, |2, = (T, 2", = <z -

H’I’L* ) 9 " =
1+ H, 1(a,a) 1(z,0), 2 >

52

H, (z, a),z"> +

H2

< 1+Hn 1(a,a)

n i< @
A 1 +H, (a,a)
H, (z,a), z”>9+

HY(2,0), nz"_1>9 =

< 1+Hn 1(a,a)
H, i(a,a) n
2n __ onlH I
+al ( 1+ H, (a, a))+ A
n? 1

* A + 1+ H, 1(a,a)

We denote H "9 (z,a) = LH, (2, a). O
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COROLLARY 6. Let {¥,} be the MOPS((,),,). Then
i) T, (2) = 2"z —a) + Bu1P,_1(2) for n>2,

with B,_1 = a(ig"%fgz’g) and therefore 3, 1 # 0 for n > 2.

ii) \Tfn(z) =(z+ ﬁn_l){fln_l(z) — ﬁn_gz{f/n_g(z) for n > 3.

iii) \I/n(z)znzl(ﬁ Bk) zk(z—a)—l—ﬁﬁj(z—g) for n > 2.

k=1 \j=k+1

n k  n—k

~ A a®z
i U, (2) = 2" — .
iv) W) = g ) kZ A+ (n— k)2

=1

PROOF. i) Let us consider (i, Theorem 7) for n and n — 1

(1+ anl(a,g))(‘f’n(z) —2") = —a"Hy 1(2,0),
a(l+ H, o(a,a))(V,_1(2) —2"") = —a"H, _5(2,a).

If we substract we get

1+ H,-1(a,a))(V,(2) — 2") — a(l + Hy-o(a,0))(Toi(z) — 2" 1) =

= 1 + (n_>\1)2

and then

(1+ H,_1(a,a)¥,(2) —a(l + H,_2(a,a))V,_1(2)+
— (14 H,_1(a,a))(z" —az""') =0,

which implies (i, Corollary 6).

i) From (i, Corollary 6) 20, _;(z) = 2" (2 —a)+ Bp_22V,_5(z) and sub-
stracting from (i, Corollary 6) we have W, (2)—2%,_1(2) = Bp_1¥,_1(2)—
Bn_22W, _5(z), that is (ii, Corollary 6).
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iii) (iii, Corollary 6) follows from (i, Theorem 7) and (i, Corollary 6)
proceeding by induction on n. Indeed Wy(z) = 2(z — a) + B ¥ (z) with
Uy(z) =2 — 5. Then if we suppose (iii, Corollary 6) is true for n — 1 and
take into account (i, Corollary 6) we obtain the result for n.

iv) Operating in (iii, Corollary 6) we obtain

U, (2) = 2"+ (Buc1 — a)2" L+ Br1 (Baea —a)2" 2 4+ ...
+Bn71 .. -BQ(Bl - CL)Z _671,1 . 51%

Taking into account that

Aa™
e Bia (B —a) = — , =1,....n—2,
Gt B ) = G G ey T "
By —a—— Aa
T A+ (= 1)) (A + Hya(a,a))
and .
a a
Br-1 ---515 1+ H, S (aa)
we deduce (iv, Corollary 6). g
COROLLARY 7.
. L= 2
i) Jim | @, [[,= 00 and  lim ——5=2 =+

ii) There exists N such that forn >N {|| ¥, 12, }nz>n is increasing.

PRrOOF. Although the result in Theorem 2 is also valid in this par-
ticular case, it is easy to obtain i) directly as follows. Since

-1

lim H, i(a,a) = lim )\Z

n
n—00 n—00
k=0

1
. _—Her
A+ k2
then if we take limits in (ii, Theorem 7) we get

. = 2 . || \T/" HgQ _ 1 1 1 =
kﬂHWH@—WMMﬂﬂfﬁﬁ__ﬂmgﬁ+x+ﬁimﬁ%ﬁ_
1
A
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THEOREM 8. Let {W,} be the MOPS ((,),,) and let {B,} be the
sequence defined in Corollary 6. Then

ii) By = —

i) [Bal <1 for n>1,{[Bulfnz1 is increasing and lim 5, = a.
= n—oo

PRrOOF. i) In (i, Theorem 7) taking z = a and z = 0 we obtain

U, (a) = g and ¥,(0) = — 7o Ho 1 (0,0) = =0, (a).

1+Hp-1(a,a o 1+Hp—1(a,a)

ii) From i) ¥, (a) # 0 n > 0 and from (i, Corollary 6) we get ii).

iii) From Corollary 6 |8, = |a|% < |a|. Moreover |3, 1| <
|8,| if and only if igzjgzzg < ﬁfg;(ﬂfi;), and this last inequality is
equivalent to (A + n2)(1 + H,(a,a)) > A+ (n— 1)*)(1 + H,_1(a,a)),
which is true. 0

In order to obtain a result about the situation of the zeros of \T/n we
first prove that we can reduce the study to the case in which a = 1.

Let us denote \Tln by \ff,w. If a =1 we write \Tln,l.Then

THEOREM 9.
) U, .(2) = a0, (2).
ii) If B is a zero of \Iln’l then af is a zero of \Ifn,a.
iii) The zeros of \Tfn,a are symmetric with respect to the straight line seg-
ment from 0 to a.
iv) \T/,W and \Tln_m do not have any common zero.



[15] Continuous Sobolev inner products on the unit etc. 103

PROOF. i) Applying (iv, Corollary 6)

ii) It is an immediate consequence of i).

iii) Since \Tlml has real coefficients, its zeros are symmetric with respect
to the real line and therefore from ii) we get iii).

iv) Assume 3 is a common zero of \Iln,a and \Alvln,l’a. Then taking z = S in
(i, Corollary 6) we deduce 8"~!(8 —a) = 0 which implies 3 =0 or 8 = a,
but this is impossible because ¥, (a) = —V,,(0) # 0 for every n. a

THEOREM 10. The zeros of ¥,, are in |z| < 2.

PROOF. First we recall the following result:
“If P(2) = Y_r_,ax2z" is a polynomial of degree n (n > 1) such that
ar, —Aay_1 >0 (k=1,...,n) for some A > 0, then P(z) has all its zeros

in the disk |z| < @n=ewA +laglA” »
- Alan| ’

We apply the preceding result to \Tln,l which has real coefficients. If
we take A = 1 we see that a;, —ai_; >0for k=1,...,n:

A 1 1 .
L+ G waorees > 0 and —xgrme + sqpon > O for i =

1,...,n—1. Besides “"_I‘ZOTLT'“O' =1+ 1+H7il(171) < 2 because H,,_;(1,1) =

AYiZo vz > L 0

Finally we study the asymptotic behavior of 0,

THEOREM 11.

lim

n—oo N

uniformly on compact subsets of |z| > 1.
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PRrROOF. Let r and R be positive numbers such that » > 1, R > 1 and
take z such that r < |z| < R. Given &’ > 0 take ¢ > 0 such that =5 < %/
Since {f,} — a there exists k € N such that for n > k |3, —a| < e.

Thus, applying Theorem 8

‘ (Bn-1—a) + Br-1(Bn—2 — a) Br-1---Brs1(Be — a)

2 2 4+ ...+ Tk ‘<
n—k /
€ € €
< — < <
;]zlﬂ r—1 2

On the other hand there exists m € N such that for n > m %n < %
and so & < % for z such that r < |z| < R. Thus

B

‘/Bn—l . ”kai%_l —a) +o+ Brn-1 - Zfzgﬁl —a) + Bn—lznﬂlg <

n—j 11 » /
]—|—§‘ <%f0rn2m—|—k—1.

k—1 1
<23
j=1

z

Therefore given &’ > 0 there exists N = m + k — 1 such that for
TLZN|\PZ—7SZ)—1‘<E'fOI“T§|Z|§R. a

COROLLARY 8.

i) lim {IVI"<Z) =2z

n—oo zn—l1

uniformly on compact subsets of |z| > 1.
v,
i) lim (2) __=z
n—oo 2 l(z —a)  z-—a

uniformly on compact subsets of |z| > 1.
PROOF. It is straightforward from Theorem 11 0

COROLLARY 9. Let e > 0. For n large enough the zeros of W, are
in|z| <1l+e.

PROOF. It is a consequence of Hurwitz Theorem. 0
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REMARK 1. As a conclusion we want to remark that there are some
important differences between the cases studied:

Although the Sobolev polynomials behave like the orthogonal poly-
nomials with respect to the second measure outside the unit disk; in the
first case the result remains true for |z| > § with § > 0 (Theorem 6), and
it is interesting to note that the Sobolev norm of the difference tends to
zero (Corollary 3). In the second case this last result is not true and the
asymptotic behavior cannot be extended into the disk.
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