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Regularity of minimizers of a class

of anisotropic integral functionals

F. SIEPE

Ri1ASSUNTO: In questo lavoro si considera un funzionale scalare del calcolo delle
variazioni di tipo degenere ed a crescite anisotrope, il cui modello é del tipo (x) dove
si intende che 2 < p < p1 < p2 < --- < py. Si dimostra un risultato di maggior
sommabilita per il gradiente dei minimi di tale funzionale.

Tale risultato consente poi di ottenere una regolaritd pit forte (ad esempio lip-
schitziana), per mezzo di argomenti di iterazione standard.

ABSTRACT: In this paper we consider a scalar degenerate functional of the calculus
of variations under anisotropic growth conditions, which model is of the type

(+) / [|Du|p+iDau|Pa]dx,

where we assume that 2 < p < p1 <p2 < -+ < p,. We will prove a higher integrability
result for the gradient of the minimizers of such a functional.

This result will allow us to recover higher regularity (Lipschitz reqularity for in-
stance), by means of standard iteration arguments.

1 — Introduction

In this paper we study the regularity properties of minimizers of an
integral functional of the type

(1.1) /Q (1Dup + 3 (D] da
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where 1 < k <n (n > 2). To fix the ideas, from now on we assume that
the exponents p,, are such that p,, > p,_1 > -+ > p,. > p > 2. Asusual,
denotes a bounded open subset of IR" and w is in the class of functions
W) (Q) = {w € WH(Q) : Dyw € LP*(Q),Va = 1,... ,n} (that is a
Banach space with the natural norm ||u||y1.00) = [|ul|z1 + 20 | Date| Lra)-

The study of this problem was started by a paper of Marcellini, where
a non degenerate integral of the type

/Q[(H|Du| i (14 [Dauf™)|da,

is considered. In [17], it is proved that the minimizers of this functional
are locally Lipschitz continuous, provided that 2 < p, < % for every
aec{l,...,n}.

To get the regularity of the minimizers of functionals of the type (1.1),
an upper bound for the exponents p, is necessary. In fact, an example
given in [16] and [9], shows that if n > 6, the minimizers of the functional

n—1

/Q {Z |Doul* + %|Dnu\4} dx

a=1

can even be unbounded. Hence, to get regularity, the upper exponent p,
cannot be much bigger than p. For instance, it has been proved in [7]
(see also [14]) that if

_ -1 19t
(1.2) ax pa <p", where p= n{ + Zk p—J
and p* = n—ﬁ if p < n, while p* is any number larger than p otherwise,

then any minimizer u of a functional of the type (1.1) is locally bounded.
A counterexample given in [14], shows that the bound (1.2) is optimal.
However it is not known if this bound is enough to ensure that u is locally
Lipschitz, or even continuous.

In [18] the regularity of minimizers of a fairly general class of aniso-
tropic functionals is considered. However these results, when applied to
the model case

/ [(1 + \Du|2)g + 2“: |Dau|pa}d1‘
Q a=k
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with p > 2, ensure that Du € L (Q2), provided that the exponent p,, is
strictly less than "T”p, a bound which is quite far from (1.2).

More general results for anisotropic functionals in the scalar case are
given in [19] and for the vectorial case in [2] and [20].

In this paper we improve the regularity result of [17] and [18], by con-
sidering a degenerate functional of the type (1.1), where the exponents p,,

satisfy the following bounds

2
2§p<p1§"'§pn<ﬂ+p if k=1landp, <n
n

np pr— 2

2<p<pp<---<p, <
n—2 pyg

+ 2 forany 1<k <n.

Indeed, under these assumptions we prove (see Theorems 1 and 2 below),
that the minimizers are locally Lipschitz.

Instead of getting the boundedness of the gradient throughout a
Moser type iteration argument, we first prove that if v is a minimizer such

_np_
that Du € L(€), with p, < ¢ < 22 +p and p; < n, then u € VVIZC"’2 (Q).
The condition Du € L9(£2) is then dropped by an interpolation and ap-
proximation argument.

Similarly, in the case p, > n the first step of the proof is to show
np_
that Du € L*.? (). Once this summability property on the gradient is

loc
obtained, the boundedness of Du is achieved, arguing exactly as in the

standard isotropic case.

2 — Statements and preliminary results

We consider a more general functional than (1.1), of the type
(2.1) F(u, ) = / (F(Du) + Z caFa(Dau))dx,
Q a=1

where the numbers ¢, may eventually vanish (it will happen for instance,
that ¢q, ..., c,—1 = 0 as we assumed for the model functional (1.1)). More-
over we assume that F : R" — IR and F, : R — IR are C? functions
satisfying, for some positive constants ¢, v, L and, for any &£, 17 € IR" and
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a=k,...,n, the following growth, coercivity and convexity conditions:
1

(H1) Sl = F(&) = e+ [€]7)

1

E‘ga’pa < Fa(ga) < C(l + ‘ga’pa)
(H2) ID*F(§)] < L(1+ [¢]772)

0 < F/(€) < L1+ |&al™?)

(H3) (D*F(&)n,m) > v[E[~?In)?

We prove the following result

THEOREM 1. Let u € WH®)(Q) be a minimizer of functional (2.1),

_np_
satisfying growth conditions (H1), (H2), (H3). Then u € VVIZC’“”’2 (Q), for
the exponents p, satisfying

2
(2.2) 2§p<p1§~--§pn<%~l—p if k=landp, <n

np pr— 2
n—2 pyg

(23) 2<p<pr<---<p, <

+2 forany 1 <k<n.

REMARK 1. Notice that both conditions (2.2) and (2.3) give an
improvement of the upper bound obtained in [18].

It follows from the higher integrability result that we obtain in The-
orem 1, by mean of Moser’s iteration technique, that the minimizers of
functional (2.1) are Lipschitz functions. More precisely the following re-
sult holds

_np_
THEOREM 2.  Let u € VV;’C”_2 (Q) be a local minimizer of func-
tional (2.1) and let us suppose that assumptions (H1), (H2), (H3), (2.2)
or (2.3) hold. Then u € W,5>°(€).
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Fix h > 0 and a direction in IR", e,. Let us define the difference

quotient
v(x + hey) — v(x)
h

(we shall write simply Aj,v, if no confusion arises). If a function v is
defined in €2, then A,v is defined in Q, = {z € Q : d(z,00) < h}
and, obviously, if v € W'?(Q), then Ay € WhP(Q,) and for every
i=1,...,n, D;(Ayv) = Ay(D;v).

Some properties of the difference quotients are stated in the next
lemma. Their proof can be found in [18].

S,
Ajv =

LEMMA 1. If Y CC Q and hg = d(¥,090), for all h < ho the
following properties hold
(i) If f or g are supported in Qy,, then

| 1@ug)de == [ (Aupgde.
Q Q
(i) If v e Wh®)(Q), then
/ |ApvlPide < / |Dv|Psdx for all s=1,...,n.
0% Q

(iii) If v € LP+(R2), and if there exists a constant ¢ > 0 (independent on
h) such that || Apv||Les oy < ¢, then Dgv € LPs(Y) and

||DSU||Lps Q) S C.

(iv) If v € WhP)(Q), then for all s = 1,...,n, Ayv — D strongly in
Lps ().

We recall the following technical lemma.
LEMMA 2. If§ >0, then for all§,n € R" there exist two constant c
and c; depending only on d, such that
1
/ [t&+ (1 —t)n|°dt
cp < 20

4
z4 (eP + )
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PROOF. See for example [10]. a

Let us fix 0 < p < 1 and ¢ such that p, < ¢ < %. With F, we
denote the functional

(2.5) F.(v,Bg) = / G, (Dv)dx = F(v,Bg) + i |Dv|%dx .

Br Br

By hypothesis (H1), (H2) and (H3), it is easy to check that G, € C*(R")
and satisfies the following conditions

(H4) Vel + wlel® < Gu(€) < &1 + fel)

(H5) |D*G ()] < L(1+[¢7%)

(H6) (D*Gu(&)n,m) = vIEPnl* + ul€]*|nl*

for some constants ¢, L depending on ¢, L, n, p, q, pk, - - . , p, but not on p.

Let us prove the following higher integrability result about the minimizers
of (2.5), assuming for now that k = 1.

PROPOSITION 1. Letv € WL9(Q) be a minimizer of functional (2.5),
with q such that

2
o << Thtp,
n
and let us assume that conditions (H4), (H5), (H6) hold. Then v €

_np_

I/VIZC”_2 (Q) and for all r < R such that Byr CC ) there exist two con-
stants B8 = B(n,p,q,p1) > 1 and ¢ = ¢(p,q,p1,-.-Pn,7, R) > 0 such
that

]
(2.6) HDUHL%(BT) <c(1+ F(v,Bg))r
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PRrROOF. Let us start with the Euler equation
(2.7) / S G, (DV)Dypdz =0 Y € WH(Q).
Qi—1

Let us fix Q' CcC Q and h < d(Y, Q). Moreover let us consider a smooth
function n € C}(Q'), such that n > 0, and let us take as a test function
in the Euler equation (2.7)

p(x) = A_p(n*Anv).

Then we have
|3 804G (D) @D + 37 A (Dyv) da = 0
Q=1

and since we can write
1 &
G, (DV) = /O S e, (Do + thA,(Dv))dtA, (Do)
j=1
we get

1 n
/ / 22" Gree, (Dv + thid, (Do) Ay (Do) Ay (D) da dt =
0 Q

ij=1

1 n
_— / / 1810 Y Gee (Do + thA,(Dv)) DinAy(Dyv)da di: <
0o Ja Py}

1
2

<e /0 1 /Q (v 3 Grese, (Dv + thAAL(DV) Ay (D) A, (D))

i,j=1
n 1
% (|Awv2 Y Guee, (Do + thAw(Dv))DinD;n) " da dt
ij=1

by Cauchy-Schwartz inequality. Then, applying Young inequality we have

1 n
/ / 7S Guere, (Do + thAA, (D) A(D;0) Ay (D) da dt <
0 Q

4,j=1

1 n
S g/ / ‘A}LU‘Q Z Gﬂfzfj (_D’U —i—thAh(Dv))DmD]ndx dt+
0 Q

i,j=1

1 n
-0—66/ /172 ZG,U»fifj(Dv—"_thAh(Dv))Ah(DiU)Ah(Dj’U)dmdt.
0 Jo

4,5=1
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Subtracting the last integral on the right hand side and applying (H5)
and (H6) we easily get

1
/ / 72| Do + thAw(Dv)[P~2|Ap (Do) da dt <
0 Q

1
< c/ / D2 Apv[2(1 4+ | Do + thA, (Dv)|*2)dz dt
0o Jo
Finally, by Lemma 2 we have

/772(|DU(33)|2 + Do + he,)?) T | Ay(Do) Pda <

(2.8) ¢

< c/ IDnl?|Anol?(1 + |Do(2)[*2 + |Do(z + hel)|*2)dz .
Q

Let us fix R > 0 such that Bog CC €2 and for every r < R, let n be a
standard cut-off function between B, and Bg/, where r < r' < R’ < R,
ie. n€ C'(Br),0<n<1,n=1in By and |Dn| < 7%. With this
choice of 7, from (2.8) we get

/ (|Do()[?+|Do(x + he,)[?) T | Ay (Do) Pdz <
(2.9) "7

~wm—_r C_lr/)‘z/g L | SV Do@)T5+ Doz +he) 1) d
RN\Py/

Since v € W4, by Lemma 1 it follows that the right hand side of (2.9) is
finite. Thus letting h— 0, we get that |D(|D,v|%)|? < ¢(p)| Dv|P~2| D, (Dv) 2
belongs to L'(B,). Therefore, by Sobolev embedding theorem it follows
that D,v € Ln_fQ(BT/) for every s = 1,...,n. Adding up over s we have
(by Lemma 2.9 in [18])

np n2 Co
2.10 / Dul#—2dz) " Si/ 1+ |Dv|?)dx .
(210)  (f IDolFde) T < | (41D

r!

Now since p; < p, < ¢ < "%, we can apply the interpolation inequality

1DVl < [1Dv]|7p | D] 2
Ln—2
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where the number ¥ € (0,1) can be computed directly from the relation

1_9, (1-9)(n-2)

Y

q D np
obtaining that
np
g h (n 9 Q)
A
C](n D) P1)
Therefore we have
9q
/ |Dv|?dx < (/ |Dv]p1dx) "
Bp/\B,/ Bpr

(2.11)

g(1=9)(n—=2)

X (/BR/\BT/ |Dvl%dx) "

Next step in the proof will be now to apply Young inequality to the right
hand side of (2.11) and then to use the so called hole-filling argument on
the integral over the annulus Br/\ B,». To do this we need that @ < 1,
that is, by the definition of 1,

2p

n—2
M)—i—pl:T—i—p.

q<p(1— -

It is easy to show that this number is strictly smaller than ;. Then,
since p,, < 2’% + p, such a choice for q is always possible, and then we are
allowed to apply the interpolation argument showed before.

Let usset 0 = ﬁ > 1, and let us apply Young inequality in (2.11),
with exponents o and ~7;. Then since

vgo  np—q(n—2)
pi(c—1)  2pi—n(g—p)

8= >1,

choosing § > 0 such that
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by (2.10) and (2.11) we easily get

n—2

_np_ o C B
(2.12) " R

n—2

+C4(/BR/\BT/ [Du|2dr) "

for some constant cs, ¢, depending of n,p,q,p1,... ,Pn-
Now let us raise both sides of (2.12) at —*5. We fill the hole, adding
up to both sides the quantity

n_
05*2/ |Dv| 72 da .
B

r!

Then we raise again to power obtaining finally

n—2
n

n—2
n

([ 1Dvf#ds) ™ < (RC_—ST)(S/ (1+ |Dof)da+
(2.13) By Br

n—2

—l—v(/B / ]DU\%dm>T

R

for some constants c3,y that depend only of n,p,q,p1,...,p., and in

particular v = C;jrl < 1. To proceed now we need Lemma 3 below.

By using this lemma in inequality (2.13), we easily obtain

n—2

(2.14) (/ |Do|#2dz) " < (1 + F(v, B))’

T

where ¢5 = ¢5(n,p,q,p1, ..., Pn, 7, R). This completes the proof. 0

LEMMA 3. Let f: [r,R] — IR be a bounded function such that for
0 >0 and 0 <~ <1 the inequality

F5) < 9 0) 4 s + B

(where A and B are constants) holds for all r < s <t < R. Then we
have

—_—+ B} with ¢ = ¢(,0).
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PROOF. See for example [13].

Let us now go back to the minimizers of functional (2.1).

PROPOSITION 2. Let uw € WH®)(Q) be a minimizer of func-
tional (2.1) and let us suppose that conditions (H1), (H2), (H3) hold
and that

np pr—2

2<p<pr<---<p, <
n—2 pyg

+2.

np_
Then u € T/Vli’cn_z (Q).

PROOF. The Euler equation for functional (2.1) is

/Q > Fe(Du)Dip+ " caFl(Dau)Dagldz =0 ¥ € Wy (9).
=1

a=k

Arguing with the difference quotient method as before we easily reach,
in the same way of (2.8), the following inequality

| (Du@)? + [Dula + he )7 | A (Dw)da <
Q

(2.15) <c [ Dal((+ Dul)+

+|Ahu|220a(1+|Dau($)|2+|Dau(ﬂ: + hes)|2)pa272)dac )

a=k

We change the previous approach, supposing first that s = n. Then

/ AP (1 4 |Dau(@)]? + | Dotz + hen)|?) ™5 dx <

Br

< 01/ |DypulPedr + Cz/ (1 + |DyulP*)dr < oo
Br Bg

for all & < n obviously. Then letting h — 0 we get that D, (|Dul%) €
L?*(B,) and thus that D,u € L%(BT). We are going to find conditions
under which it is possible to iterate this argument. Namely let us suppose
that for some s > k, D, ju,...,D,u € L%(B,.). Then we have for o > s
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(since it is easy to check that all the terms in the right hand side of (2.15)
with £ < a < s are finite)

/ Ay (1+ |Dau(w)? + | Dot + he,)[?) T da <

Br

(n=2)(pa—2)

g(/BR(HyDauM’B)dx) S

np—(pa—2)(n—2)

2np np
x ( |Apu| 7= Ta-202) dg;)
Br

The right hand side is finite if

2np
= Ps-
np = (pa — 2)(n — 2)
This inequality is satisfied if
—2
po< L P24
n—2 pg

Then letting A — 0 in (2.15) we obtain that

C

np nT72 o
(/B | Dyl der) gm[f(u, BR)+§/BR(1+|Dnu|P )dz| < o0

and, by induction, for all s=k,...,n—1
np 22 C
([, 1) ™ < s [P B+
(2.16) +3 / (1 + | Dyl )da+
a=k”BR

+ 3 /B (1+ | Dou| ™2 + | Dl dz |
R

a=s+1

2np

where g, = =0 00

< p. This concludes the proof. 0
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REMARK 2. If we compare the limitations for the exponents p,, given
in the statements of propositions 1 and 2, we find that
2 n -2
e P pe=2
n n—2 pg

if and only if p;, > n. This is obviously the meaning of this choice in the
statement of Theorem 1.

REMARK 3. In the special case of n = 2, (2.15) becomes (we suppose
in this case that k = 1, so that p < p; < ps)

AP (DUt <
[ 1A apufipdr < s | x
P

—2
(21T) [+ DuP)+ A U (14| Drue) 4+ Drue+he,) ) T+

] -2
+ AUl (1 + |Dou(x))? + |Dou(z + hes)m”T}dx

for s = 1,2. Using the method seen in the proof of Proposition 2, we
obtain for s = 2, that D(|Dyu|%) € L2 _(Q). Then by Sobolev imbedding

loc

theorem |Dyul% € LY () for any x > 2.

loc

If we now consider (2.17) with s = 1, the only term of the right hand
side that is not trivially finite is

AVU2(1 + |Dyu(x)|? + | Dou(x + hey)|? 2
B h

R
xp—2(py—2) 2(p2—2)

2
< (/ ‘Ag)u‘—xpfaz(p];a)dx) > (/ (1+ ‘DQU‘%)CZJJ) Xp

that however is finite if —2X2— < p; that is if y > 1222 o, 9
. ) xp—2(p2—2) . p(p1-2)
By the arbitrarity of x, we conclude that in the case of n = 2, we
have regularity for the minimizer u of functional (2.1) without further

conditions on the exponents p,.

3 — Proof of Theorem 1

In this section we will use the results obtained in Section 2, to get
the proof of Theorem 1. We observe that if condition (2.3) is satisfied,
the result follows immediately from Proposition 2. To conclude the proof
we shall restrict to the case that condition (2.2) holds.
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We will use an approximation argument as in [6]. Let u € WH®2)(Q)
be a minimizer of functional (2.1). Fix R > 0 such that Byg CC Q. Then
for 0 < e < min{1, R}, we can introduce a sequence of smooth functions
u., obtained by mollifying u, so that u. — u strongly in W'®2)(B). In
particular we can suppose that u. € W,59(Q). We fix 0 < p < 1 and
consider, as in Section 2, the functional F,,(v, Bg).

Notice that by (H4), (H5) and (H6) it follows that functional F,, has
the same growth ¢ from above and from below. Thus let us denote by

Ve, € ue + WyY(Bg) the solution of the Dirichlet problem
min{/ G,(Dw)dx : w € u.+ Wl’q(BR)} .
Br

We can now apply Proposition 1 to the minimizers v, , of functional F,,
thus obtaining

n—2

( ‘Dvsv“’%dl‘)T = 66(1 + ]:(,Us,lthR))ﬁ <
By
(31) S 66(1 +FM(UE7M73R))B S 66(]— +FM(UE7BR))B S
B
< er(L Flu Breo) 4 [ |Dul?)
Br

Since p < 1, we have that v, , is uniformly bounded with respect to p in
W22 and then we can say that up to a subsequence

Ve — Ve weakly in Wl’(Pa)(BR)

for some v. € u. + Wol’(p")(BR).
Since the functional F is lower semicontinuous with respect to the
weak topology of W1 (P2)(By), we can let ;1 — 0 in (3.1) obtaining

n—2

(3.2) (/B ’D’L)E|%dl‘>7 < c7(1+ F(u, Bryo))”.

These estimates are uniform with respect to €. But u. — wu strongly in
W) (Bg) and then by (3.2) we deduce that up to a subsequence

Ve — 0 weakly in = W) (Bp)

for some v € u + W, "*)(By). Then letting & — 0 in (3.2) we get

n—2

(3.3) (/B Do|#2dz) " < er(1+ Flu, Br))’.
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In particular by the lower semicontinuity of F in the weak topology of
W) we have

F(v,Bg) < limiglf]:(vs,BR) < limiglflimiglffu(vg,u,BR) <
e e— =

4
(3-4) < lim iglf limionf F.(uc, Br) zlimiglf]:(us, Bg)<F(u, Bg).
E— B> e—

By (3.4) and the minimality of u, we have finally that v = u in By since
they are both solutions to the same Dirichlet problem

min {f(w,BR) D wEu+ Wol’(p”‘)(BR)} :

np_
Then in particular u € I/VIZC"_2 (©) and so Theorem 1 is proved. 0
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