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From critical exponents to blow-up rates

for parabolic problems

M. CHLEBIK — M. FILA

Ri1AasSUNTO: Si espongono alcuni risultati sulla velocita di blow-up per tre sistemi
parabolici e per l’equazione di Chipot-Weissler. Si ottengono questi risultati da moti
teoremi del tipo di Fujita.

ABSTRACT: In this paper, we derive new results on blow-up rates for three parabolic
systems and for the Chipot- Weissler equation from known Fujita-type theorems.

1 — Introduction

The aim of the paper is to establish new results on blow-up rates for
parabolic systems using known Fujita-type theorems. Since the classical
paper [15] appeared, critical exponents have attracted considerable at-
tention. For surveys of a large number of Fujita-type theorems we refer
to [25] and its sequel [9)].

As far as we know, the first blow-up rate result derived from a Fujita-
type theorem appeared in [19]. There, positive solutions of the problem

u; = Au, T €€, t>0,
@
ov

(1.1)
=uP, x e, t>0,
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are studied, here 2 ¢ IRY is bounded and p > 1. It is known that every
positive solution u of (1.1) blows up in a finite time 7" > 0 (see [12]) and
it is shown in [19] that for every positive solution w of (1.1) there is a
constant C' > 0 such that

(1.2) u(w,t) < C(T — 1) 7D

provided p <1+ 1/N. The number p =1+ 1/N is the critical exponent
for the problem

uy = Au, reRY ={z; >0}, t>0,
ou
(13) _8_{121 = ’I,Lp, Ir, = 0, t> 0,

u(+,0) =ug >0, wuy€ L‘X’(]Rf),

in the sense that all nontrivial solutions of (1.3) blow up in finite time for
1 < p <1+ 1/N while nontrivial global solutions exist for p > 1+ 1/N
(see [8]).

Here, and in what follows, blow-up is meant in the following sense:
There exists 0 < T < oo such that u(-,t) is bounded for 0 < ¢ < T and

limsup Ju(-, #)||~ = oo.
t—T

To prove (1.2) for p <1+ 1/N in [19], a scaling argument is used to
obtain a contradiction with finite time blow-up of all positive solutions
of (1.3).

We illustrate the wide applicability of this method by establishing
blow-up rates for three parabolic systems and for the Chipot-Weissler
equation.

One of the systems considered here is of the form

uy = Au + 0P, v = Av +ul, zeRY, t>0,

(1.4) N
u(+,0) = ug >0, v(+,0) = vy >0, ug, vg € L= (IR™),

p,q > 0. This system was studied before i [2], [10], and [11], for example.
It was shown in [10] that all positive solutions of (1.4) blow up in finite
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time for

max(p,q) + 1

N
> 5
pqg—1 - 2

(1.5) pq > 1,

while positive global solutions exist for (max(p,q) +1)/(pg — 1) < N/2.
We shall use this result to prove that if (1.5) holds then for every positive
solution (u,v) of (1.4) there is a constant C' > 0 such that

p+1 g+1

(1.6) u(z,t) < C(T —t) »a-1, v(z,t) < C(T —t) pa-T,

here T is the blow-up time. This improves the corresponding result (The-
orem 1) in [2] where the strict inequality

max(p,g) +1 N
pqg—1 2

is required. Also, our proof is much shorter.

For certain radial monotone solutions of the system from (1.4) on a
ball, the rate (1.6) was proved in [3] for some p,q > 1, pg > 1. In [7]
it was shown that (1.6) holds for time-increasing solutions of the system
from (1.4) on a bounded domain (with the Dirichlet boundary condition)
for all p,g > 1, pqg > 1.

The next system we study is

u; = Au, v, = Av, e, t>0,
ou ov
_— = p e q

(1.7) 5, = 5 = U z €, t>0,

u(+,0) =ug >0, v(+,0) = vy >0, U, Vg € L(£),

p,q > 0, and © c RY is bounded or Q = ]Rf. This system was con-
sidered before in [5], [6], [7], [8], [21], [26], [30], and [37], for instance.
The following Fujita-type result was established in [8] for Q@ = RY: All
nontrivial solutions of (1.7) blow up in finite time if

max(p,q) +1

1.8 pg > 1, >
(1.8) P

N,
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while nontrivial global solutions exist if (max(p,¢)+1)/(pg—1) < N. We
employ the global nonexistence result to show that if (1.8) holds then

+1

(1.9)  w(z,t) <CO(T —t) TaD,  w(z,t) < O(T —t) T,

for some C' > 0. The blow-up rate (1.9) of solutions of (1.7) was estab-
lished before for p,q > 1, pg > 1, in the case when 2 is a ball, u,v are
radially symmetric, and u,., u; > 0 (see [7] and also [31] for a similar result
for a more general system). More recently, the restrictions p,q > 1 and
u, > 0 have been removed in [26]. In the case Q = IR, it was shown in [§]
that (1.9) holds for some suitable solutions of (1.7) if pg > 1, p,q > 1.
This result was improved in [37] by removing the restriction p,q > 1 and
allowing a larger class of solutions.
The third system we are interested in is

uy = Au + 0P, v = Av, xGIRf, t> 0,
ou Ov
1.10) —— =0 ——=u? =0, t>0
( ) 81:1 9 811?1 u 9 Ty 9 I
u(-,0) = uy >0, v(-,0)=vy >0,  ug,vy € L®(RY),

where p,q > 0. It was studied before in [14] where it was shown that all
nontrivial solutions of (1.10) blow up in finite time if

max(p + 2,2q + 1)

1.11 pg > 1, > N,
(1.11) g1
or
229 +1
(1.12) pq > 1, max(p +2,2q + )ZN, Pq>1;

pqg—1

whereas nontrivial global solutions exist if max(p+2,2¢+1)/(pg—1) < N.
We use this result to prove that if (1.11) or (1.12) holds then

2gq+1

(1.13) u(z,t) < C(T — t)_2(§q+—21)7 v(z,t) < O(T — ) Zea-1)

provided u,,,v,, <0.
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The Chipot-Weissler equation
(1.14) uy = Au — |Vu|? + u?, p>1, ¢q>1,

was introduced in [4]. There, and in [22], [13], [28], [29], [32], [33], and [35]
it was studied on a bounded domain Q € IR" with the Dirichlet boundary
condition. The main issue in those works was to determine for which p
and ¢ blow-up in finite time (in the L>°-norm) may occur. It turns out
(see [35]) that it occurs if and only if p > ¢q. Equation (1.14) in R" was
considered in [1], [35], and [36] from a similar point of view. In this case,
blow-up in finite time is also known to occur when p > ¢ (see [35]) but
unbounded solutions always exist (see [36]). However, as far as we know,
the only previous study of the blow-up profile for (1.14) was performed
in [34] for ¢ = 2p/(p+ 1).

In this paper we establish the blow-up rate of blowing-up solutions
of (1.14) with the initial condition

(1.15) u(-,0) =up >0, g, |Vuo| € L= (RY),
when 5 5
D
< P <14 .
I<yyv PN

It turns out that in this case the rate is the same as for

(1.16) Uy = Au+ uP, reRY, p>1,
this means
(1.17) w(z,t) < C(T — )77 T,

here T' < oo is the blow-up time.
We also prove that

(1.18) Vu(z,t)| < C(T — ) 0.

To prove (1.17) and (1.18) we use a scaling argument and the fact
that all positive solutions of (1.16) blow up in finite time if p < 14 2.
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This was shown in [15] for p <14 %, and in [18], [23] for p =1+ 2. It
was also shown in [15 that global positive solutions exist if p > 1 + %

We remark that the exponents in the estimates (1.6), (1.9), (1.13)
and (1.17) are optimal because there exist solutions that blow up precisely
with the rate from these inequalities. This is obvious for system (1.4) and
equation (1.14) since in those cases one can take spatially homogeneous
solutions. For system (1.7), selfsimilar solutions which blow up with the
rate from (1.9) can be found in [8]. For system (1.10), selfsimilar solutions
which decrease in z; and blow up with the rate from (1.13) are given in
this paper.

Finally, let us remark that we do not assume any symmetry or mono-
tonicity of solutions that is often required if one uses other methods
(cf. [3], [7], [8], [26], [31], and [37], for example). On the other hand,
we impose restrictions on the exponents p and gq.

2 — System (1.4)

In this section we prove the following:

THEOREM 2.1.  Ifp,q > 0, pg > 1 and max(a, ) > %, where
a = Zf’q—tll and B = pqqtll, then for every positive solution (u,v) of (1.4)

there is a constant C such that

(2.1) u(z,t) <C(T—t)"*, v(z,t) <O(T —t)"
in RN x (0,T), where T < oo is the blow-up time.

PROOF. Let

M,(t) .= sup wu and M,(t):= sup v, te (0,7).

RN x(0,t] RN x(0,t]

Clearly, M, and M, are positive, continuous and nondecreasing functions
on (0,7). At least one of them diverges as t /' T. We show later that
there is § € (0,1) such that

1
(2.2) F<MIBMMT (1) <67, te(5.7),
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and, consequently, both M, and M, have to diverge as t A~ T. To
establish the blow-up rates (2.1) we use a scaling argument similar as
in [16] and [17]. The proof is divided into several steps.

STEP 1: Scaling. a) If M, diverges as t /T the following procedure
can be applied. Given t, € (0,T) choose (Z,%) € RY x (0,t,] such that

(2.3) (@, i) > %Mu(to)
Let
(2.4) A= Alto) = M % (t,)

be a scaling factor and define the rescaled functions ¢* and ¢* by
(2.5) My, 8) = Nu(hy + 2, N%s + 1),
(2.6) DMy, s) = Aoy + &, N5 + 1),

where (y, s) € RY x (=A%, \"%(T —1)).
Then (¢*,9*) is a solution of the system

(27) Ps = A‘p+¢pa ¢s = A¢+gpq

in RN x (=\724, \"%(T —1)).
If we restrict s to s € (—A~2¢,0], then clearly

(2.8) 0< ¢ <1 and 0< 9> < Moa(to)M,(to)

in RY x (=A72£,0], and ©*(0,0) > 1.
b) If M, diverges as t /T we can proceed in the same way changing
the role of v and v.

STEP 2: Schauder’s estimates. We need interior Schauder’s estimates
of the functions ¢ and v on the sets

Sk :={yeR" : |y < K} x [-K,0],
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where (¢, 1)) is a solution of the system (2.7) in Sax satisfying there
(2.9) 0<p<B and 0<% <B.

We claim that for any K € [1,00), B € (0,00) and o > 0 small enough
there is a constant C' = C'(K, B, o) such that

(210) H<‘0||C’2+U’1+%(S’K) S C

(2.11) HQ’Z}HC“”’”%(SK) <C.

Most of the argument is standard. Applying the parabolic interior
regularity theory (cf. [24]), we obtain uniform estimates of the C3-
norms. If, in addition, o < p, (0 < g, respectively), the uniform esti-
mates of P (p7) in the C%%-norms follow. Now the parabolic interior
Schauder’s estimates imply (2.10) and (2.11).

STEP 3: The proof of (2.2). a) Let us prove the lower bound of (2.2)
first.
Suppose that this lower bound were false. Then there would exist a

_1 L
sequence t; T such that M, 2 (¢t;)M;” (t;) — 0. Then clearly M,
diverges as t /* T'. For each t; in the role of o from part a) of Step 1 we
scale about the corresponding point (Z;, fj) with the scaling factor

A = Mo (1)

to obtain the corresponding rescaled solution (¢*i,1*7) of (2.7). It holds
that .
0<d% <1 and 0<oN < M, s(t;)M,(¢;)

in RY x (=A;%;,0], and ¢*(0,0) > 1.

Clearly A\; = 0 and t; = T.

Using our uniform Schauder’s estimates derived in Step 2 to (o ,49),
compactness and diagonal arguments yield a subsequence converging to
a solution (p,v) of (2.7) in R" x (—o0,0] such that 1) =0 (as 0 < 1 <

lim; o My “(t;)M,(t;)) and ©(0,0) > L. But that is impossible. This

2
contradiction completes the proof of the lower bound of (2.2).
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b) To prove the upper bound of (2.2) we can proceed similarly as in
the part a) changing the role of u and v.

STEP 4: FEstimate on doubling of M,. As M, is continuous and
diverges as t /T, for any given ty € (0,7) we can define tJ by

(2.12) te = max{t € (to,T) : M, (t) = 2M,(t0)}.

Take A = A(to) as in (2.4).We claim that
o s T
(2.13) A2(t)(t5 —to) <D, to€ (3.T),

where the constant D € (0, 00) is independent of ¢.

Suppose that this estimate were false. Then there would exist a
sequence t; /T such that A\=2(t;)(t] —t;) — oc.

For each ¢; we scale about the corresponding point (Z;,;) (with
t; < t;) with the scaling factor \; = A(t;) = Mu_%(t]) to obtain the
corresponding rescaled solution (¢*i,1%) of (2.7), as in the part a) of
Step 3.

Clearly ¢*(0,0) > %, and in RY x (—\;%¢
that

LAt — 1)) it holds

Jr 7%
0< <2 and 0<yph <2852,

where § € (0,1) is from (2.2).
(To verify the second inequality, notice that for

~ ~

(ya 5) € ]RN X (_)‘j_2tja/\j_2(t;r - tj))

we have

) _ B
PNy, s) < XM, (E) < AP Mg ()

2 g B
by (2.2), and A2 M7 (t]) = 25.)
The uniform Schauder’s estimates derived in Step 2 for (¢*i, ™)
yield a subsequence converging in C’iﬁa’u% (RY x R) to a solution (¢, 1))
of (2.7) in RY x IR such that

0<p<2 and 0<q <2562
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in R x R, and ¢(0,0) > 1.

This is a contradiction, as it was shown in [10] that all positive so-
lutions of (2.7) under our assumptions blow up in finite time. This com-
pletes the proof of (2.13).

STEP 5: Rate estimates. This step is analogous to Step 3 of the proof
of Theorem 2.1 in [19].
As in Step 4, for any to € (£,T) we define ¢; := t§ € (o, T) such
that
Mu(tl) = 2Mu(t0)

and, due to (2.13),
1
t, — to < DM % ().

Now we can use ¢; as the new ¢, and obtain t; € (¢;,T) such that

MU(tQ) = QMU(tl) = 22Mu(t0)7

ty—t, < DM, #(t;) = 2-a DM #(t,).
Continuing this process we obtain a sequence ¢; /T such that
ti—t; <2 EDMI%(t), j=0,1,2,...
If we add these inequalities we get
T —to < (1—27%) ' DM = (t)
and

(2.14) M,(t)) < (1 —27%)" DT —t))™™ for t, € (%T)

follows. Using (2.2) we obtain

B
a

Mv(tO) S 5726Mu(t0) 9 tO S (§7T)7

T
M,(to) < const (T —t,)™" fort, € (E’T)

follows as well from the above estimate of M,,.
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3 — System (1.7)

In this section we consider the system (1.7) where p, ¢ > 0 and
Q c R" is a bounded domain in RY with 9Q € C? or Q = ]Rf
We prove the following:

THEOREM 3.1.  If pg > 1 and max(a, ) > &, where o = 2(%711)

and B = 2(%—11)7 then for every positive solution (u,v) of (1.7) there is
a constant C > 0 such that the estimates (2.1) hold true in 2 x (0,T),

where T < oo s the blow-up time.

PRrooOF. We will closely follow the scheme of the proof of Theorem 2.1.
Let

M,(t) :== sup wu and M,(t) :== sup v, te(0,7).
Qx(0,t] Qx(0,t]

STEP 1: Scaling. a) Given t, € (0,7) with M,(ty) > M,(0+),
there exists (#,%) € 9Q x (0,t,] such that (2.3) holds. This can be easily
seen in case of bounded Q C IRY, by the maximum principle. We can
even require u(Z,t) = M, (to) in this case. If Q = IRf, we employ the
Phragmén-Lindel6f principle (cf. [27]) instead. Let A = A(t) be defined
by (2.4). Now define

oMy, 8) == Nu(ARy + 2, \%s + 1),
My, s) = MPu(ARy + &, \s + 1)
for (y,s) € Qx x (=A"24, \"%(T — 1)), where
Oy :={yeRY : \Ry + & € Q}

and R is an orthonormal transformation in IRY that maps (—1,0,0,...,0)
into the outer normal vector to Q at #. Clearly, (—1,0,0,...,0) is the
outer normal vector to €2, at 0, and €2, approaches (locally) the halfspace
]Rf as A — 0+.
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Now (*,1*) is a solution of the system

Ps = A(p7 ws = A"?Z)? ye Q)\v s € (_)‘_2£7 )\_2(T - f))?

Op 8_¢_ .

T = — N—2f -2/}
5 5, =@ Yo s (-ACEAT(T — D).

VP,
If we restrict s to s € (—A~2£,0], then again (2.8) holds true in Q, x
(=A72,0], and ©*(0,0) > 1.

b) Changing the role of u and v the same scaling procedure can be
applied.

STEP 2: Schauder’s estimates. We need parabolic interior - bound-
ary Schauder’s estimates of the functions ¢ and v on the sets (€2, x IR) N
Sk, where (¢, 1) is a solution of

PYs = A@a 1/13 = A¢7 (ya S) € (Q)\ X IR) N SQKv

oo _ o _
E_@ZJ’ %_SO’ (yvs)e(aQAXIR)mSQK?
satisfying there (2.12).
We claim that for any o > 0 small enough, B € (0,00) and K €
[1,00), there are A\g = A(Q2, K) > 0 and C = C(Q,0, K, B) > 0 such that
if A € (0, o) and (¢, 1) are as above, then

HsOHCl"'”’H—TG((ﬁ)\x]R)ﬁSK) =G, and Hq/)|’CI+U’HTU((§)\><R)ﬁSK) =

The argument is again standard. Applying the regularity theory up
to the boundary for the heat equation with a Neumann boundary condi-
tion, we obtain uniform estimates in the Holder C°*%-norms (or one can
simply represent the solutions in terms of Green’s function for this bound-
ary value problem and obtain the Hélder estimates immediately). Similar
estimates of ? (¢?) follow, if, additionally, o < p (¢ < g, respectively).
Now the standard parabolic estimates in C'+* 2% -norms follow (cf. [24],
Chapter 4, formulae (2.3), (2.16-2.20) for more details).

STEP 3: The proof of (2.2). This is almost the same as the cor-
responding part in the proof of Theorem 2.1. For example, to prove
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the lower bound of (2.2), we proceed by contradiction. Suppose that
this lower bound is false. Then there exists a sequence of correspond-
. . . . 1o .

ing rescaled solutions converging locally in C't% "2 -norms to a solution
(¢, ) of system (1.7) in RY x (—oc, 0] such that 1) = 0 and ¢(0,0) > 1,
which is impossible. This contradiction proves the lower bound of (2.2).
The upper bound can be proved similarly, changing the role of « and v.

STEP 4: Estimate on doubling of M,. Given t, € (0,T), define t7
by (2.12). To prove the bound (2.13) we proceed by contradiction in
the same way as in the proof of Theorem 2.1. If this bound were false
then there would exist a sequence of rescaled solutions converging, due to
our uniform Schauder’s estimates and compactness, to a positive global
bounded solution (¢, %) of system (1.7) in RY.

This is a contradiction, as it was shown in [8] that all positive solu-
tions of the system in ]Rf are nonglobal.

STEP 5: Rate estimates. Now the rate estimates (2.1) can be derived
as in the proof of Theorem 2.1. They immediately follow from (2.2)
and (2.13) which have been derived in Step 3 and Step 4, respectively.

COROLLARY 3.2. Under the assumptions of Theorem 8.1 blow-up
may occur only on 9. More precisely, if ' C Q is such that Y C ,
then

3.1 su u(-,t =i 1 ||[v(, T = | < oo.
(3.1) sup ([luC, Do, + 100 Ollo@)

PRrOOF. This follows immediately from Theorem 3.1 and [20, Theo-
rem 4.1].

REMARK. It was shown in [6] that (3.1) holds if Q is a ball, p,qg > 1
and u,v are radially symmetric. This result was improved in [30] where
it was established that (3.1) holds if Q is a ball and p,q > 1, pg > 1 or if
Q is bounded p,q > 1, pg > 1 and uy, v, > 0.
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4 — System (1.10)

In this section we prove the following:

THEOREM 4.1. If p,q > 0, pg > 1 and either max(c, 3) > 5 or
max(a,8) = 5, p, ¢ > 1, where

p+2
o= —/——— and =
2(pg — 1) o

2q+1
2(pg — 1)’

then for every positive solution (u,v) of (1.10) satisfying w,,, vy, < 0
there is a constant C' > 0 such that the estimates (2.1) hold true in
RY x (0,T), where T < o is the blow-up time.

PROOF. We again proceed as in the proof of Theorem 2.1. Let

M,(t):= sup wu and M,(t) ;== sup v, te(0,7).

R x(0,¢] RA x(0,1]

STEP 1: Scaling. a) Given t, € (0,T) choose (2,%) € ORY x (0, ]
such that (2.3) holds. (The choice of & € 9IRY is possible due to u,, < 0.)
Let A = A(ty) by defined by (2.4) and ¢*, ¥* be defined by (2.5) and (2.6).
Then (¢, ") is a solution of system (1.10) in IRY x (=A%, A\"%(T —1)).

If we restrict s to s € (—A~%,0] then (2.8) holds true. Clearly
©*(0,0) > 3.

b) Changing the role of u and v we can proceed similarly.

STEP 2: Schauder’s estimates. We need interior - boundary Schau-
der’s estimates of the functions ¢ and 1) on the sets

Si={yeRY : |yl < K} x [-K,0],
where (p,1)) is a solution of the system

Ps = A +YP, b, = A, in {y € RY : |y| < 2K}x[-2K,0],

¢ _ 9 _

- 0, ~ T2 — 0 on {y € ORY : |y| < 2K} x[~2K, 0],
o oy ¥ {y + 11yl Px| ]

satisfying (2.9) there.
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We claim that for any ¢ > 0 small enough, B € (0,00) and K €
[1,00), there is a constant C' = C(K, B, o) such that the functions ¢ and
1 as above satisfy

HSD||C2+U,1+%(S}) <C, and HQPHCH(,,H—TG(S;) <
To prove the above estimates one can use the same arguments as in the
proofs of Theorem 2.1 and Thoerem 3.1.

STEPS 3-5. We proceed as in the proof of Theorem 2.1. In order to
prove (2.13) by contradiction we now use the global nonexistence result
from [14].

Our next aim is to show that the estimate (1.13) is optimal. To do
this we look for selfsimilar solutions of (1.10) with NV = 1. They are of
the form

x
T—1

(4.1) u(@,t)=(T=)"U(y), v(z,t)=(T-t)"V(y), y=

)

where (U, V') satisfies

Yy —aU = v, V”f%V’fBV:O, y >0,

(4.2) 2
U'(0) = 0, —V'(0) = U%(0).

PROPOSITION 4.2. There exist a selfsimilar solution (u,v) of (1.10)
which is of the form (4.1) where (U, V) is a bounded positive solution
of (4.2). Moreover, it holds that u,,v, <0 for x > 0.

Proor. We shall find a positive bounded solution of

/I_Q /_ 1 _ P !
(43) W - W (a+2>W (VPY =0, y>0,
W (0) = 0,

and
V”—%V’—BV:O, y >0,

_V(0) = </0°° W (y) dy)q < oo.
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Then (U, V) will be a solution of (4.2) if

(4.4) Uly) = / W (z)dz.
Yy
Let GG, denote the unique positive bounded solution of

G”—%G’—szo, y >0,
G'(0) = —1.

The function G, can be expressed by an explicit formula and
G.(y) =Ky (1+0(y™") as y—oo
for some K > 0. Then

V(y) = cGsly), c= ( [ dy)q.

We are now looking for a solution of (4.3) of the form W(y) =
F(y)G oy (y) where F(0) = 0. The equation for f(y) = F'(y) is:

! ! y !
Ga+%f +<2Ga+%—§Ga+%>f—cp (GI[;’> =0.
It has a bounded solution of the form
—weiG2 () [ e he an) (s)d
f0) = e TG 0) | e TGy (<08) () ds

hence,

W) =G,y ) €762, (0) ( / Tt a9 (-68) (9 ds) do.

0

The function
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is bounded on [0, 1] and on [1,00) we have

oo 52
e~ T g 2mWB2 g <

2
h(o) < 016%1_04’”2/

o

2 i _s2 _on_op3-3\’ 2a—2pB—
< CLeT glot? (76 T g 2020 3) ds < Cyo =2 2pB—1
o

for some positive constants C;. Therefore W (0+4) = 0 and for y € [1,00)
we obtain
Y oa—opp-1
W) < CiGopy ) (1+ [ " o) <
Yy
< C5y—2a—1(1 +/ o3 da) < Cey~ 201,
1

Similarly we obtain that W’ and yW’ are integrable at infinity.
Hence, we can integrate the equation

W= Yw — (a+ %)W— (v) =0

to see that if U is given by (4.4) then (U, V) is a solution of (4.2). Since

2

1= [ ¢a ‘et G T %o G?) ds)dold
= [ G| [ T2 ([ e TGy ()(-6Y) ds)do]dy<ox.
it follows that

c= </OO W(y) dy)q = <cpA>q, hence c=A"mT.
0

5 — The Chipot-Weissler equation

In this section we consider equation (1.14) in IR" with an initial
condition as in (1.15). We consider 1 < ¢ < 2p/(p + 1)(< 2) therefore
solutions may cease to exist in finite time only if they blow up in the
sup-norm (cf. [24]).

We prove the following:



466 M. CHLEBIK ~ M. FILA [18]

THEOREM 5.1. Ifl<p<1+ % and 1 < ¢q < 1% then for every
solution u of (1.14), (1.15) which blows up at a finite time T there is a
constant C such that the estimates

(5.1)  ula,t) <CT—1) 71,  |Vu(e,t)| < OT —t) %D
hold in R x (0,T).

PROOF. Let

M) = sup (u+|Vu[7iT),  te(0,T).

RN x(0,t]

Clearly M, is a positive, continuous and nondecreasing function on (0,7")
which diverges as t /' T. Put a = 1.

p—1

STEP 1: Scaling. Given t, € (0,T) choose (z,%) € RY x (0,t,] such
that

(5.2) w(@, ) + V(2,875 > =M, (t).

N =

Let A = A(ty) be as in (2.4) and define the rescaled function ¢* in
RY x (=A726, \"%(T — 1)) by (2.5).
Clearly, ¢ = ¢* is a solution of

s = Ap — X [Vo|? + ¢,
where § =2a+2 - (2a+1)qg = [1% —q];%‘;’ > 0.
Define further ¢ by (2.12).

Clearly,
2
’U’(mat) + ’vu(xut)’m < 2Mu(t0)

for (z,t) € RY x (0,t§] and, consequently,
P + [V 7 <2

in RY x (=A725, A\ 72(t5 — 1)).
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By (5.2) we have

©(0,0) + [V (0,0)[ 7T >

N =

The crucial point in the proof of the blow-up rate estimates (5.1) will
again be to prove that there is a constant D € (0,00) such that (2.13)
holds.

From (2.13) we obtain, as in Step 5 of the proof of Theorem 2.1,
that (2.14) holds. But this is equivalent with (5.1).

To prove (2.13) we will proceed by contradiction. Suppose that this
estimate were false. Then there would exist a sequence ¢t; /T, t; > %,
such that

A2 ()t —t5) = oo.

For each t; we scale the function w about the corresponding point
(2;,t;) (with t; < t; and £; — T') with the scaling factor \; = A(t;) :=

i
M, 2% (t;) to obtain a function ¢* satisfying
(5.3) @h = Mg = =XV [T+ (),

and ,
P+ VNI <2,

LAt — 1)) and

VRRAY]

in RY x (=A;*t

DO | =

£(0,0) + [V (0,0)[ 7T >

As for any K > 0 the functions o, Vp*i and the right hand side of (5.3)
are uniformly bounded in R" x (—K, K) independently of j > j(K), we
obtain (locally) uniform estimates in C'+o 5% norms (cf. [24]).

Consequently, we have (locally) uniform estimates in Hélder norms
on the right hand side of (5.3), and the Schauder’s estimates

A . . .
HSO J HCQ+U’1+%({yERN:‘y|§K}X[—K,K]) S CK7 j Z ](K)

with Ck independent on \;, j > j(K), follow as in the proof of Theo-
rem 2.1, Step 2.
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Using these estimates and compactness we can find a subsequence
converging to a positive solution ¢ of the equation

(5.4) s — Ap = ”
in IRY x IR such that

2

1
@+ Vel <2, and 9(0,0) + [V(0,0)/71 = 5.

This is a contradiction, as it was shown in [15], [18] and [23] that
all positive solutions of (5.4) in IR are nonglobal, if p < 1 + 2. That
completes the proof.
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