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Morrey spaces and local regularity

of minimizers of variational integrals

G. CUPINI - R. PETTI

RIASSUNTO: Si studia la regolarita (hélderianita, BMO, maggiore sommabilita)
dei minimi locali di funzionali integrali del Calcolo delle Variazioni nel caso scalare. Si
assume che la funzione integranda soddisfi una condizione di crescita in cui é presente
una funzione che appartiene a un certo spazio di Morrey. Non si fanno ipotesi di
differenziabilita. Risultati analoghi sono dimostrati per soluzioni deboli di equazioni
ellittiche non lineari del tipo del p-laplaciano.

ABSTRACT: We study the reqularity (Holder continuity, BM O, higher summability)
of local minimizers of integral functionals of the Calculus of Variations in the scalar
case. We assume that the integrand satisfies a growth condition involving a function
which belongs to a certain Morrey space. No differentiability assumption is required.
Analogous results are proved for weak solutions of nonlinear elliptic equations of p-
Laplacian type.

1 — Introduction

We consider an integral functional of the type
(1.1) F0;Q) = / F(e,v(x), Do(z)) de ,
Q

where F : O x R x RY — IR is a Carathéodory function satisfying the
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following growth assumption:
(12) 2P < F(z,v,2) < L(|2" + [v]") + ¢(x)

with N > p > 1, L > 1. We are concerned with the regularity of local
minimizers in W1?(Q) of such functional.

r (Q) with 7 > & then a minimizer (or
even a @-minimizer) of F is locally Holder continuous (see [6] and [11]).
On the other hand, if r» < % simple examples show that the minimizer
needs not to be either continuous or locally bounded. In the case r = %,
and under slightly more restrictive assumptions on F, in [8] it is proved
that any minimizer v is locally in VMO(Q). If 1 <r < % summability

results are stated in [4] for solutions of elliptic equations and in [9] for

It is well known that if ¢ isin L

the case of minimizers; more precisely in [9] the authors prove that if
2" < F(z,0,2) < LIz|" + ¢(2)

and ¢ € L, (), then a local minimizer u is in L") (Q) (see also Remark
3.5 below).

As a further step in the study of regularity one can investigate the
case when ¢ belongs to intermediate spaces with respect to the L? spaces
In the framework of Lorentz spaces the problem has been studled in[8]. I

particular it is proved that if ¢ is in the Lorentz space Ll (Q) then w is
continuous (see Theorem 3.3 below); this result is sharp in the sense that
examples exist proving that the continuity of a minimizer u is no more

guaranteed if ¢ € Lloc ( )\Lloc (Q), for any £ > 0. Summability
results for solutions of elliptic equations in this framework are stated
in [2].

In this paper we study the regularity and the summability properties
of local minimizers of a functional F satisfying assumptions (1.1) and
(1.2) as ¢ varies in a Morrey space M, ] (2) (see Definition 2.1 below),
with 1 <r < %. Our first result deals with the case when v > N — pr.

THEOREM 1.1. Let u € W'P(Q) be a local minimizer of a functional
F of the type (1.1) satisfying (1.2) with ¢ € M;;](Q), where 1 < r < %
and 0 <y < N.
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(i) If N —pr <~y < N, then u is locally Holder continuous in €;
(ii) if vy = N — pr, then u is locally in BMO().

In other words this result states that, differently from what hap-
pens when v = 0 (in this case the Morrey space M;-2(2) reduces to the

loc

Lebesgue space Lj, (£2)), we still have locally Hélder continuous minimiz-

ers when ¢ € Lj, (Q) with r < %, provided that the decay of the integral
of || in a cube @, is of order p” with 7 large enough. Moreover, in view
of the Sobolev imbedding Theorem 2.5 (ii) (which is sharp), also the con-

clusion (ii) is sharp. In order to compare this result with what is proved
N1 N
N then L,2.7(Q) € L2.(Q) € My 7" (Q).

; loc loc loc

In the case 0 < v < N — pr we may only expect, in the same spirit of

in [8], notice also that if r <

[4], [2] and [9], to improve the summability properties of the minimizer
u. To state the result let us set ¢, = IN=Y) whenever q, v > 0 and

N-v—q
N—-—~v—¢>0.

THEOREM 1.2. Let u and F be as in Theorem 1.1 above. If ¢ €
M2Y(Q), with 1 < r < % and 0 < v < N — pr, then u is locally in

loc

M= +N=2(Q) for any § > 0 such that (pr),(1 —3) > 1.

We cannot expect u to be in a Morrey space M2 () with ¢ >
(pr), or with ¢ = (pr), and A > ~. In fact, in Section 4 we give an
example showing that u is neither in the Lebesgue space L7 ™(Q) nor
in the Morrey space Mlifi,r)”’wg(ﬁ)7 for any € > 0. However, the question
whether © may belong or not to the borderline Morrey space ]VII(Q')!)"’A' ()
remains open. As far as we know the only case in which this inclusion
holds is the special case v = 0, proved in [9], in which the borderline
Morrey space reduces to L ().

All the results which are proved here have a natural and almost
straightforward counterpart in the case of nonlinear elliptic equations

of p-Laplacian type. These results are stated at the end of Section 3.

2 — Notations and preliminaries

In the sequel © denotes a bounded open set in IR”, Qr(z) is the
N-dimensional cube centered in x with sides of length 2R parallel to the
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axes, that is {y € RY : |y; — ;] < R, for any 1 < i < N}. We write
Q(zg, R) instead of QN Qr(xy).
If f is an integrable function we set

1
foro) = fao.r = ][ z) do = ——
Qr(zo) |Qx] Qr(zo)

We omit @ if no confusion may arise. If @ < N then we set a* = %

In the sequel the letter ¢ stands for a generic constant which may

vary from line to line.
We recall now the definition of some functional spaces.

DEFINITION 2.1. Let us consider a measurable function f: Q — IR.
For any p > 1, A > 0 and p > 0 we say that
(i) f is in the Lorentz space LP*(2) if

s = [ [ (553" d} <o,

S

where f* : [0,+00) — [0,+00) is the decreasing rearrangement of f
in 2, that is

Fr(s) == sup{t = 0: [{z € Q: |f(a)| > t}] > s}

(ii) f is in the Campanato space LP*(Q) if f € LP(£2) and

g = sup o /ﬂ( : If = fa@.ol" dy < oo;
. Jow.e

0>0

iii is in the Morrey space MP*(Q) if f € LP(Q) and
Y
p = su 7’\/ Pdy < oo}
Hf”Mp,)\(Q) Lig 4 e.0) |f| y
e

(iv) £ is in the Sobolev-Morrey space W-PN(Q) if f € W'(Q) and

Hf”f/vl,(p,)\)(&z) = ||f‘|zj)up,/\(g) + ||Df”§)mm(m < o0
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(v) fisin BMO(Q), where Q is a cube in R", if f € L'(Q) and
s i=sup . 11 = fol dy < oo,
QeA’Q

where A is the family of cubes included in Q with sides parallel to
those of Q.

In particular we recall the following lemma (see [12], [13]) which will

be used in the sequel.

LEMMA 2.2. Let Q be a bounded open set of RY and let Q be a
cube in RN with sides parallel to the coordinate azes. Then
(I) f € MPQ) if and only if there exists § > 0 such that

sup Q’*/ |fIPdy < oo
Q(z,0)

[139)
0<pe<s

D) 11 prq) i equivalent to

sup Q’*/ |17 dy .
Qe .

In the following proposition we briefly recall some properties of these
spaces (see [1], [12], [13] for proofs and more details).

ProprosITION 2.3. Let Q and Q be as in Lemma 2.2. Then for any
p=>1

(a) MP2(Q) = LP(Q);

(b) MPAQ) C LPAQ) and MPAQ) = LPMQ) if 0 < A < Ny

(c) MPN(Q) = L=(Q);

(@) £7¥(@Q) = BMO(Q);

(e) LPANQ)=C""% (Q) if N <A< N +p;

() L"(Q) € LP(Q) € LP#(Q) = L(Q) C LP#(Q) € L(Q) if 1 < ¢ <

p<rand < A<p<p
(g) MP*Q) € M**(Q) if and only if 1 < q <p, 0 < A\ u < N and
N-XA « Ny
p — q’
where the symbol = means that the spaces coincide and have equivalent
norms.
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We will also make use of the following theorem, due to F. Riesz (see
[15] and [16]).

THEOREM 2.4. Let Q be a cube inIRY, f € LY(Q) andp > 1. Then

e [rdy=sp 3 {Qi|-<1-%>_/w)f|dy} :

Q;eP

where P = {Q;} is any decomposition of Q in a finite number of subcubes
with pairwise disjoint interiors and sides parallel to those of Q.

Finally we prove an imbedding theorem for Sobolev-Morrey spaces.
See also [5], [16], [13] and [12] for related results. In the sequel if p, A > 0
and N — A —p >0, we set

(2.2) Dy = ]1\77(11[7;—)\)])

THEOREM 2.5. Let @ = Qr(wo) be a cube in RY. Let f €
WEE(Q) withp >1,0< A< N.
(i) IfA> N —p then f € "5 2(Q);
(ii) if A= N —p then f € BMO(Q);
(iii) if A < N —p then f € MP2(Q).

PROOF. Poincaré inequality implies that for any Q,(z) C R"

1

5 o M Tyl dy < / IDfIP dy < co®
o x

QNQy(x)

with ¢ not depending on z or g, so that f € LP**P(Q). Using (e) and (d)
of Proposition 2.3, we respectively obtain (i) and (ii).

Let us finally consider the case A < N — p.

Let P = {Q;} be a decomposition of a cube Q,(z) C @ in a finite
number of subcubes having pairwise disjoint interiors and sides parallel to
those of @,(z). Let us denote by S the family of such decompositions P of
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Q,(z). Using Theorem 2.4, Holder inequality and the Sobolev imbedding
theorem, we have

|fIP> dy = sup
/qu-) pes 2

€5 Qiep

Qi t=H) [ ] <

P

<

1
11 * p*
<o 3 [IQH* ([ 1 a)
PeS o cp Qi
19Px

<eswp 3. {|Qi|ﬁ‘f* (f aosr+ f|p)dy>1

Pes 5op

where p, is defined as in (2.2). Since f € WH®Y(Q,(z)), it follows that

P

[, ar< s S (@it [ qpseiim a] "

QicP ‘

< [ DS+ 1117) dy <
PA—DP P P
S CHfHle(P:*)(QQ(m)) /Qg(l') (‘Df| + |f‘ ) dy
From this inequality we have

_
sup (Q, 7 |
Q

[fIP> dy <
Qo(z)CQ z)

e

_ A
<c sup |IfIPA Q \-w/ (IDfI” + |fIF) dy| <
Qu(@)cQ WLEA) (Q,(x)) ¢ Qulo)

<c||f| |€[//\1,([),%)<Q)

and the theorem is proved because of (II) of Lemma 2.2. O
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3 — Proof of the main results

In this section we give the proof of the regularity results Theorems 1.1
and 1.2 stated in the introduction. Before that let us recall the following
definition.

DEFINITION 3.1. We say that u € WLP(Q) is a Q-minimizer of F if
there exists a constant () such that

F(u; K) < QF(v; K)

for any v € W57 (Q), with K = spt(u — v) CC Q.
In particular if Q = 1 we say that u is a local minimizer of F.

As we deal with local results it is not restrictive to assume global
regularity assumptions on ¢ (see (1.2)), instead of the corresponding local
assumptions. Hence, from now on we will assume that ¢ is in L"(),
M7 (Q), L>*(Q) etc. instead of LT, (), M2 (Q), LIM(Q).

Let us state an a priori estimate that will be crucial in the proofs.

PROPOSITION 3.2.  Let u € W'P(Q) be a local minimizer of the
functional (1.1) with the integrand function F satisfying (1.2).

If p € L"(Q), with 1 < r < %, then for any € > 0 and for any
Q,o(z) C Qr(x) C Q, with R <1,

| (pur+uydys e
Qo(w)

0 N—p+po
(%) +e+RP} [ (Dup + ) dyt
R Qr()

T

+ . RVO-D) V |30|Tdy} ,
Qr(@)

for some 0 <o <1 and c¢,c. > 0 not depending on x, o or R.

PROOF. The proof of the result closely follows the one of Proposition
3.6 in [8] . Henceforth we shall only indicate the necessary changes.
Define Fy, F; : @ x R x RY — IR,

FO(xv u, Z) = min{F(aj,u, Z)7L(|Z|p + |u‘p)}7
F(z,u,z2):= F(z,u,z) — Fy(z,u, z) .
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By (1.2) it follows that

2" < Fo(w,u,2) < L(|z” + [ul”) ,
0< Fi(z,u,z) < p(z).

Fixed Qr(zo) C Q, with R < 1, we set V = u+ Wy (Qr(zy)). We define
the functional Fy: V — IR U {+o0}, by

Fo(w) :=/ Fy(z,w, Dw) dz .
Qr(zo)
For any 0 > 0 there exists us € V such that
Folus) < irg/]-'o(w) + 8RN .
This inequality, together with the minimality of u, implies
Fo(u) = F(u) f/ Fi(z,u, Du)dx <

QRr(zo)

< Folus) + [y (x, us, Dus) — Fi(z,u, Du)] dz <
QRr(zo)

< Inf Fo(w) + SRN + H(R),

with
H(R) = / o(z) de .
Qr(zo)

From now on, the proof goes as in [8] with obvious variations. a

Using Proposition 3.2 instead of Proposition 3.6 of [8] , we can restate
Theorems 3.9 and 3.1 of [8] under slightly more general assumptions.
More precisely:

THEOREM 3.3. Let u € W'P(Q) be a local minimizer of a functional
F of the type (1.1) satisfying (1.2), with 1 <p < N.
() If o € L7 (Q) then u € VMO,0o(Q);
(ii) fp € L%%(Q) then w is continuous in ).
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We are in position to prove Theorem 1.1, that is if ¢ € M™7(Q), with
v € (N — pr,N), then a local minimizer u of the functional (1.1) is in
CY(Q); if instead v = N — pr, then u € BMOy..(Q).

loc
PROOF OF THEOREM 1.1. Let Q2r,(z9) C Q. Proposition 3.2 im-

plies that for any € > 0, z € Qg,(xo) and Q,(z) C Qr(r) C Q2r,(z0),
with R <1,

N—p+po
[ (pup+apydyze|(2) v re| [ (Dup+up)dys
Qu(x) R Qr()

_N O
+ RV |l [arrvey

where ¢ and c. are constants not depending on z or R. By an iteration
argument (see e.g. [8] , Proposition 3.7) it follows that there exists R; <
min{1, Ry} such that for any = € Qg,(z¢) and ¢ < R < Ry

0 N—p+po’
[ oparrpupyay<e(g) [ (DuP ) dyt
Qo(x) Qr(z)
N
+ eV el o)

with 0 < ¢’ < ¢ and ¢ not depending on = or p. In particular for any
o< Ry

N—p+po’
(Dup+ ydy <c(£) [ (Dul + ful)dy
(3:2) JQo 1 Q2ry (20

_N_
+ oV Tl v -

If v > N — pr, taking a = %min{pa’,N - Y42 (N-p)}, from (3.2)
we have that 1
[ Dup ) dy < c
@)

QprHm Ja,
for any « € Qp,(x¢) and 0 < ¢ < Ry, with ¢ not depending on z or o.
This implies u € WhHEN-PP)(Qp (24)). By Theorem 2.5 (i) we have
u € CO’G(QRO(%))
If v = N — pr, from (3.2) we analogously have

1
oN-p

[ pup +1a) dy < c.
Qo(x)
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that implies u € WH®N=P)(Qp (z0)). Theorem 2.5 (ii) yields that u is
in BMO(Qr,(0)). o

We turn now to the proof of Theorem 1.2. As a starting point we

state some preliminary result.

LEMMA 3.4.  Let u € W'P(Q) be a Q-minimizer of F, with F
satisfying assumptions (1.1) and (1.2). If ¢ € L"(), with 1 < r < %,

then
/ Durdy < [ ol dy+
Qr(@)N{|u[>k} Qt(@)N{|u|=k}

N / Jul?
C
Qun{julzky (E—T)P

holds for any 0 < 7 <t < Ry, Qg,(x) C Q and k > 0, where c is a
constant not depending on x or Ry.

A proof of this lemma for local minimizers of F with F' satisfying the
growth condition

2P < F(z,v,2) <Lz + ¢

can be found e.g. in [9]. The same proof actually holds for Q-minimizers
of F with F satisfying the growth condition (1.2).

REMARK 3.5. We notice that, using Lemma 3.4 above in place of
Theorem 4.1 of [9], the regularity result stated in Theorem 2.1 of [9] can
be extended, with no other changes in the proof, also to Q-minimizers.
More precisely we have that if u is a Q-minimizer of a functional F with
F satisfying (1.2) and ¢ € L™(Q), then u is locally in L*)"(Q).

The next lemma is proved following an idea contained in [4].

LEMMA 3.6. Letp € L"(Qgr(x)) andu € WP (Qr(x))NLP (Qgr(z)),
with ¢ > 1, be two functions such that for any k >0

. ulP
CON Dupdy < [ (1ot + 25 ay
Qo(@)N{lul>k} Q2 (@)N{|ul2k} oF

with0 < o< 2.
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(i) If ¢ <r then

[ DLl + Jul) dy <
o(x)

1

: -}
<ot ¥ ( / Wdy) ( [+ dy> -
Q2,() Q2o(x)

e [ (ul+ 1y
20 (T

of

(i1) if ¢ > r then

4 ,2
L, (D= ) ay <

1

T

<(/ /Iw"dy> (/Q 29@)(“'*1)%) *

1-3+1
tepr TP (/ (lu| + 1)P2 dy>
Q20(7)

where ¢ is a constant not depending on x, ¢ or R.

PROOF. Let us write Qp instead of Qr(z) and let Q(n) = {z € Qr :
n < |u| < n+1}. Let m be a positive number to be chosen later.

By (3.3) it follows that

Sty [ pupdy <
k=0 n=k

QoNQ(n)
IR U (Iw\ 4 W) dy} .
i n=k [/ Q2,NQ(n) or

Exchanging the summation order we get

7L

Z Y INCTD SRSV
QoNQ(n) k=

0

<(’Z {/QQQOQW (m ful” );(k—l—l)pm‘ldy} .
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Since m > 0, there exist two positive constants c;, ¢, not depending on
n such that

c(n+1)Pm™ < Z(k + 1P < ey(n + 1)Pm
k=0
so that the previous inequality yields

Loplatrdy < e fl(ul + 17 dy+ co |
Q2o

[ul(Jul + 1) dy.
QQ Q?g

Adding [, |u|P(m+Y) dy to both sides we get

[ Dty dy < c [y
Qo

e

+C/ |so\(lu\+1)”’"'dy+ce”’/ (|l + 1)+ dy <
Q2

e Q20

<c [ lpllul+ 1y o [ (ul + 10 dy.
Q2o Q

2¢

Since ¢ € L"(Qr), using Holder inequality we obtain that

% 1-1
/ <|D|u'”+1|+|u'"+1)f’dy<c</ |<p"dy> (/ <|u|+1>’i-1dy> ¥
(3.4) Y Q2 Q

20

YeoP /Q (Ju| + 1P+ dy .
2

20

If ¢ < r we choose m such that m +1 = ¢, thus m—"5 = ij < ¢q. Using
Holder inequality in (3.4), we get (i).

Analogously, if ¢ > r we choose m such that m—"5; = ¢ and so
m+1=¢q—241<q. Holder inequality again gives (ii). 0

The following proposition gives a first information on the summability
of u.

PROPOSITION 3.7.  Let w € W'P(Q) be a local minimizer of a
functional F of the type (1.1) satisfying (1.2) where ¢ € M™(Q) with
l<r< % and 0 <y < N —pr. Then u is locally in MP™7+P"(Q).
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PROOF. As in the proof of Theorem 1.1, (3.2) holds; since v < N —pr

we have
1

—~
‘QN*TJFT{

where ¢ is a constant not depending on = or g. This implies that u is
locally in Wh®N=5+3)(Q) with N — ¥ + 2 < N —p. By Theorem 2.5

(i) we have that u is locally in MP%-20(Q), with A\g = N — £ 4+ 2 and
N-X
qo = N*)\ng'
If go = r the thesis is proved. If ¢y > r Proposition 2.3 (g) implies

that w € MEDTP7(Q). If gy < r let us define

loc

[ Dup +fup) dy < c
Qo()

Ai =X —ip,

N -\
9= 3
N-X-p

for any i € IN. Let n € INU {0} be such that ¢, < r < g,41. By Lemma
3.4 and Lemma 3.6 (i) if u € MP%(Q) and i < n then

loc

/ " (|D|u|% P + u|P%) dy < CQ%7%+%+)\’(17%) + oM < cptiHt
olT

so that |u|% is locally in W®*+1(Q). Theorem 2.5 (iii) implies that
M’)\i
lul% is in M,_% “'(Q) and henceforth u € M+ +1(Q). Iterating
this argument we get u € ME™ 17 (),

As before, if ¢,,.1 = r we have the result; if ¢,,,; > r we use Proposi-

tion 2.3 (g). 0
We are now in position to prove Theorem 1.2.

PROOF OF THEOREM 1.2. For any i € INU {0} let

11'
%::=7+p7"<17;> ,

N—7
=T .
¢ N —~—pr

The sequence +; is decreasing and converging to v and the sequence g; is

. . . N—v
increasing and converging to r jp—

We will prove by induction that u € MP% " (Q) for any ¢ € IN.
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As v = v + pr and gy = r, by Proposition 3.7 u € MP?"(Q) and
the first step of the induction is proved.

Suppose now that w € MEM™™(Q). Since ¢, > r we can apply
Lemma 3.6 (ii) with ¢ = ¢,,. Noting that N/r — N/q, — p +7u/qn = /7
and v/r + 7, (1 = 1/r) = vn41, we have

/ <|D|u‘qn—”’%+1‘p + |u‘p(qn—%+1)) dy <
Qolx)

N_N 1,1
< CQ%Jr’Yn(l*%) + CQT*W*PJr’Yn(l*?Jrﬁ) < cpintt |

that is [u|on~ %+ € WL P)(Q). Since

N_’Yn+1_p
N—~vy—pr

)

Qn_ql_"lzr
r

Theorem 2.5 (iii) implies u € M+ ().

For any € > 0 let n € IN such that ¢, > 7“%7:—;. Asu e MPI(Q),

(Pr)~(1=0),7+6(N—7)
ML g () where § = ~v—- 0

Proposition 2.3 (g) implies u €

As in [8] and [9] analogous regularity results can be proved in the
case of weak solutions of nonlinear partial differential equations.
Let us consider the equation

(3.5) div(A(z,u, Du)) + H(z,u) = divf

where 4: Q@ x Rx RY - R" and H : @ x R — IR are Carathéodory
functions satisfying the following assumptions:

(1) [A(z,0, &) < L+ [€PY) V(@€ € @ x R x RY;

(I) For all (z,7) € Q x Rand &, & € RY

(A(z,m,&1) — Az, 1, &), — &) > v|& — &P ifp>2
<A($7777£1) - A($7777§2)7£1 - £2> >
>vle - PGP+ 6P ifl<p<2;

(III) |[H(z,n)| < L1+ |nP~ ") V(z,n) e AxR.
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THEOREM 3.8. Letu € W'P(Q), 1 < p < N, be a weak solution of
(3.5) with A and H satisfying assumptions (I), (II), (III) and |f\1% €
M™(Q), with1 <r < % and 0 <y < N.

(i) If N —pr <y < N then u is locally Holder continuous in €;
(if) 4f v = N — pr then u is locally in BMO();
(iii) 0 <y < N —pr then u is locally in M@= +N=9(Q) for any

0 > 0 such that (pr),(1—0) > 1.

PRrROOF. Under the assumptions of the theorem an analogous result
to Proposition 3.2 is proved in [8] with (3.1) replaced by

0 N—p+po
[ pur sy g <e|(4) +s} | ADul? + ) dy+
Qe() R Qr(@)
P
vo [ (1T 41 dy.
Qr(@)

On the other hand it is easy to prove that Lemma 3.4 still holds (see the
proof of Theorem 5.1 in [9]). Arguing as in the proofs of Theorems 1.1
and 1.2 with ¢ = |f\%, the thesis follows. o

A different approach has been used in [14] (see also [7]) to prove
analogous regularity results for weak solutions of linear elliptic differential
equations in the case p =2 and r = 1.

4 — Example

We now give the example mentioned in the introduction. This ex-
ample is inspired by the one given in Section 10 of [13].
In the sequel N =3,p=2,1<r<2and 0 <vy<3—2r. Let

3
1 T r7 1 1\8
ri=(2)"7, di:(e2>377 %{(Feyi—?)} ,

where i € IN and [-] stands for the integer part. Let S; = {(z,y,2) €
Q- (0) : 741 < z < 1} In each S; let us consider v; cubes D;; =
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Qu,/2(c;;) where the centers ¢;; = (¢ijy » Cijy, Cijy) are defined as follows:

Cij T + d; +n 2ri — ds
ij1 i 2 wj/?’ 1 )
Cijo ri+ i + Jo 2”, ds
2 Tyt -1
dl Ty = Tip1 — dz
('213 T 5 J3 1/]3/5 1 b

for .j1>j27j3 =0,1,... 7%’”3 — 1. Let

i — i1 — di
io = min ielN:%ZZdi .
P77 =1

We notice that if i > i, the cubes D;; are disjoint.
We divide each D;; into six pyramids. In particular we define

Df]+ ={(z,y,2) € Dyj 1 x —ciy, > |y — Cijp|, |2 — izl },
Dy = {(2,y.2) € Dyj : cijy —x > |y — ey |, |2 — ey}
DY ={(2,9,2) € Dy 1y — iy, > |1 — e, |, |2 — |}
DYy ={(2,y,2) € Dy cijy —y > |z — iy |, |2 = e}
DE ={(2,4,2) € Dij 2 — ey, > o — i, |, [y — iz}
Df; ={(®,y,2) € Djj : cijy — 2> |x — cijy |, [y — cijp|} -

Let Q = @, (0). Let us now define the function u : @ — IR, such that

if (z,y,2) € Q\ U, ;Dy;

i\ 1/2r . + —
e2> (di — |z —ciyy]) if (m,9,2) €Dy UD,

u(z,y,z) = i 1/2r -
) (di— ly—cil) if (w,9,2) € DY UDY

~— — — O

i\ 1/2r . + —
e’ ) (dl - ‘Z - cij:;l) if (I7y72) € Dlz7 UD% .
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Let f: Q — IR® be the vector valued function (fi, fa, f3) such that
i\ 1/2r
<¥ <€2 ) ,0,0> if (z,y,2) € Dj”]i
i\ 1/2r
(0, () ,o> if (2,y,2) € DY,
i\ 1/2r
(0, 0,F (62 ) ) if (z,y,2) € D5

We have that u is a W2(Q) solution of Au = divf. Hence u is a local
minimizer of the integral functional

flz,y,2) =

Fi) = [ (GIDo@P - (Do(a). f(a) ) da.

Setting ¢ = |f]?, that is

o(z,y,2) = { (ezi)l/r if (z,y,2) € Dy;,

we prove that
1) ¢ isin M™7(Q), but neither in L"*(Q2) nor in M™7+¢(Q).
2) u is in ]W]f!)"’w(ﬂ) but neither in L(QT)”H(Q) nor in M2t (Q).

loc loc

1) i) Let us prove that ¢ is in L"(£2), but neither in L"*¢(Q) nor in
M™7He(Q).
For any @ > iy is

: " 11 £
e T

k>i
So, for any € > 0, ¢ is not in L""¢(Q2). Observing that for any p > 0

1 n
w+u2§§23 0

Ty k>i

we have that ¢ is not in M™*"*(Q) if p > 0.
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it) Let us prove that ¢ is in M™7(Q).
Denote by @ a cube Q,(z,y, z). We will consider three different cases:

Casel.QcC S, for some 1.
If 0 < d;/2, Q intersecates at most one of the cubes D;; and we have:

1 lp|" < 1 lo|" = co® e < cdfﬂezi.

07 J@npy; 07 JQy(eij)

If o > d;/2, the number of cubes D;; intersecated by Q is less than cf—zzbi,

so that
3=y

3—v .

0 3 91 0
— " §c—3widfez ~C3—
0 /g ry ry i

as o < 1.

CasE IL. QN S; #0,QNS; 1 #0,QNS; =0 for j #1i,i+ 1.
If 0 < (rig1 — 1ig2)/2

1 s 1 s T
7/|w\ < — / leo] +/ lo|" ) <
07 JQ 4 Qo(z.y.rit1+0) Qo(z.y.rit1—0)

C i+1
S < 3'¢)zd3 z + —¢z+1d1+1€2 ) S

QW Tita

A

ﬁm|0

If 0> (riy1 — 7i42)/2 we have o > (%)H% {1 - (%)ﬂ r; and

Flre g (e )

7,‘/
C git1 C
_'y <¢zd3€ + ¢L+1dz+]e ) <

<
= =

~

with ¢ depending only on ~.
Case II1. QN S; # 0, for j =d,i+1,...,i+n withn > 2.
It follows again that ¢ > (riy1 — riy2)/2 > (%)H% [1 - (%)ﬂ r; and

1 7
< g [ el el S < <o

j>i §>i

with ¢ depending only on ~.
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loc loc

2) Let us prove that u is in M 777(Q), but not in L7"(€) nor in
M(ZT')%’Y+5(Q).

loc

Simple calculations show that

i i(27“)"(
r 2r 3+(2r)
/ S )V:c(eQ) d;

D;;

where ¢ does not depend on i. By definition of d; we have that

J,

RN

ij J Dij

and the thesis follows arguing as in 1).
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