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The limit class of Gehring type G

in the n-dimensional case

L. BASILE - L. D’APUZZO - M. SQUILLANTE

RIASSUNTO: Si stabilisce un teorema di propagazione per una classe di funzioni
verificanti una disequaglianza limite di tipo Gehring estendendo al caso n-dimensionale
un precedente risultato degli autori. Fondamentale per tale estensione é la caratteriz-
zazione di tali funzioni mediante disuguaglianze inverse di tipo Chebychev; tale carat-
terizzazione é ottenuta utilizzando un teorema di ricoprimento stabilito da BOJARSKI,
SBORDONE e WIK in [3].

ABSTRACT: We consider a class of functions verifying a limit case of Gehring
inequalities and we state a propagation theorem that extends a previous result of the
authors to the n-dimensional case. A crucial property to get this extension is a char-
acterization of the functions in terms of Chebychev reverse inequalities; the main tool
for obtaining this characterization is a covering lemma stated by BOJARSKI, SBORDONE
and WIK in [3].

1 — Introduction

The functional classes related to Gehring and Muckenhoupt condi-
tions have been widely investigated (see, for instance [4], [7], [14], [17];
these conditions and the limit cases have been considered in some recent
papers ([1], [2], [3], [5], [10], [11], [13], [16]). Let us recall some definitions
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and notations; through the paper, interval stands for an open bounded
rectangle with sides parallel to the coordinate axes; furthermore, for a
given real function defined over a set X, fy stands for the restriction of
ftoY, forevery Y C X.

In the sequel, we will consider classes of non negative measurable
functions defined over open bounded intervals of R*. The class A, =
A,(Iop; k), k > 1, is the class of functions that verify the inequality

(11) (f r@e)(4 f@)71de)" <k,

for every interval I contained in the open bounded interval I,, where
f; f dx stands for the mean value of f over I: ﬁ J; fda.

The Muckenhoupt class A, = A;(ly;¢), ¢ > 1 is the class of the
functions that verify, for every interval I C I, the inequality

(7[1 f(oc)dx) < ccsslinff(x) .

In [2] it has been introduced the Gehring limit class Goo = Goo(Lo; €),
¢ > 1, of the functions f verifying the inequality

(1.2) €8s SUp flz) < cf[ f(z)dz,

for every interval I C I,. We have proved a theorem concerning, in
the one dimensional case, the propagation of the inequalities (1.2) to
inequalities of kind (1.1). The main tool in the proof is the increasing
rearrangement f, of a function f: indeed, if f is in G, then f, is in
G too, with the same constant. This argument fails to be true in the
n-dimensional case (n > 2) as can be shown by a counter-example that
uses an argument of [3] and the implication f € A; = 1/f € G.

Our goal in this paper is to extend the above result to the n-dimen-
sional case. Indeed we prove the following

THEOREM 1. Let f be in Goo(Iy;c), that is f verifies the inequal-
ity (1.2) for every interval I C Iy; then f is in A,(lo; %(E)p_l) for every
p > c. The constant %(E)”*l and the lower bound c for the exponents
cannot be improved.
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This theorem states for the class G, a result corresponding to one
stated for the class A; in [3] in the one-dimensional case and extended
in [10] to the n-dimensional case.

The class G is related to the class A; by the implication f € 4; =
1/f € G, but the reverse implication does not hold (see remark (2.8)
in [2]): this justifies the interest for investigating the properties of the
class G, as in the above theorem.

To get our result, in the same line of thinking of [10], but applying
a covering lemma proved in [3], we obtain a characterization of G, in
terms of a reverse Chebychev type inequality.

The method we follow doesn’t yield, immediately, the propagation
when the inequalities (1.2) are satisfied over cubes, because we should
need a suitable covering lemma and a related characterization in terms
of reverse Chebychev inequalities that are not available at the moment;
propagation results, without the optimality for the exponent, related to
the condition A; over spheres and cubes have been obtained in [11]; the
similar problem for the class G, is an open question.

2 — Characterization of G,

In the following, p(™(-) stands for the n-dimensional measure of
a measurable subset of R"; if f is a non negative measurable func-
tion defined over a set X, the notation {f < A} stands for the set
{reX: flz) <A}

The following lemmas will be useful to obtain the characterization of
G in terms of Chebychev like inequalities.

LEMMA 1 [3]. Let E be a measurable bounded set of R; then for
every € > 0 there exists a sequence (I1,)0°, of subintervals with mutually
disjoint interiors such that

i ENU, LI = |E]|
i) (1—=¢)|L| <|LLNE|<|L| v=12...

LEMMA 2. Let f be a nonnegative measurable function over a
measurable set X of R" of finite measure. Then the inequality

(2.1) )\|{f</\}|§c/ fdr  e>1

{f<Ad
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holds for every A < esssup f if and only if the inequality

F@Hf <f@i<ef fa

{r<f(@)}

holds a.e. in X.

PROOF. Fix a representative of f(z), call it f and denote by f(X)
its range. Of course, it is enough to prove the “if” part of the statement,
by choosing A & f(X), A € [0,esssup f].

Suppose A # esssup f and set \* = sup{y € [\, esssup f] : ¢t € f(X)
vt e [Ny}

If 2* € f(X) then

Mz f(2) < A < M f@) < MY < c/{fw}fdx - c/{m}fdx.

If A* ¢ f(X) then we can consider a sequence (\,),en such that
An € f(X) and A, — A*: indeed it is enough to choose A\, € [A*,\* +
1/2°] N f(X) Vn € N.

Then we get

Az fla) <M <Az : fo) <A =Tim A [{z: f(z) <A} <

gclim/ fdt:c/ fd:c:c/ fdz,
T J{f<An} J{F<A} {r<x}

from which (2.1) immediately follows.
Suppose now A = esssup f ¢ f(X). If A < +oo then consider a
sequence (A, )nen such that A\, € [A—1/2" AN f(X) Vn e N.
Obviously A, = A and {z : f(z) < A} = U, {z : f(z) < A,}. Then
we get

Mz f(z) <A} = lirrln)\n\{x s f(x) < A <

§clim/ fdzgc/ fdx.
T J{f<An} {f<x}

If A = 400 (2.1) follows in a similar way by choosing a suitable sequence
(A)nen in f(X). 0
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LEMMA 3. Let Iy = (ay,by) X -+ X (an,b,) be an open interval of
R™ and f in Goo(Ig;c). Then, for a.e. x, € (an,by,), the function f(-,x,)
lies in G (Jo; c), where Jo = (ay,by) X -+ X (@n_1,b,_1).

PROOF. Let J be an open (n — 1)-dimensional subinterval of J, and
Z,, € (an,b,). Choose § > 0 such that I; = (Z, — §,Z, +0) C (an,b,). As
f lies in Goo(In; ) it is

c c
esssup f < ——— dr = —— / / S xp)d, =gy, =
Mﬁpf T, Maf s Jf( )y

= o FCm)dp N,
J 15 g

therefore for a.e. Z, € (a,,b,)

esssup f(2,) < esssup f < of f flow)an® Ve,
J IsJ J

JIxIs

and, by Lebesgue differentiation theorem, we get, for 6 — 0,
esssup f(win) < C][ f(a jn)dll<n71) vz, € (am bn) a.e. 0
J J

The following theorem give a characterization of the functional class
G in terms of reverse Chebychev inequalities; it states a new result also
in the one-dimensional case.

THEOREM 2. Let Iy = (a1,by) X - -+ X (an,b,) be an open interval
of R". Then the following propositions are equivalent:

a) fis in Goo(Lo; )
b) for every open subinterval I of Iy and for every A < esssup f it results
I

(2.2) AN{fr < M) gc/ fdz

{fr<r}

¢) for every open subinterval I of Iy and for a.e. every x € I it results

Sl <s@y<e|  fa

{fr<f(=)}
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PRrROOF. The equivalence between b) and c) immediately follows by
Lemma 2; then we have just to prove that a) is equivalent to b). Let I
be a subinterval of Iy; by (2.2) we get

C/I fv= C[‘/{hE)\} Jdwt {fr<x} fdx] =
> e\{fs 2 A} + M < ) 2 N1

and this ensures, for A = esssup; f, that f lies in Go.(Io; ¢).

Conversely, let us suppose that f belongs to G (lo; ¢); we shall prove
the validity of (2.2) by induction on the dimension n.

In the case n = 1, let I be a subinterval of I, A < esssup, f, £ =
{z € I: f(z) <A} = {fi < A} and D the set of the density points of
I-E={zel: f(z)>A}.

If |E| = |I|, then A\ = esssup; f and (2.2) follows.

If |E| < |I| then we apply Lemma 1 to E and we get

(2.3)  MINIL|<esssup flINI,|< 67[ fdz, for every v.
n1, n1,

Indeed by the strict inequality in ii) it results |I, — E| > 0 for every
v=12..;ifitis also |, NI — E| = |{fr, > A}| > 0 then

A < esssup f, r=12...,

v

and so, because f is in G (Io;c), (2.3) follows.

Let now |I, NI — E| = |{fin1, > A}| = 0: by the strict inequality in
ii) and the maximality of the intervals I, =]a,, b, [ (see proof of Lemma 1
in [3]), if we consider, for h € N, the interval I} =]a, — 5-,b, + 3-[, then

we get |[I"NT — E| = |[{finm = A} > 0and X\ < esssup f; so
v nIpk

MINT,| <esssup flINT" < 07[ fdx
h

nIp Inry

and for h — 400 we obtain (2.3) again.



7 The limit class of gehring type G . .. 213

Moreover the conditions i) and ii) in the Lemma 1 ensure that

(1—5)]U1V <M ILNE =Y INL,NE|=

(2.4)

=|Unne|=E <[inUL
and from inequalities (2.4) and (2.3)

/\|E|§/\‘IOUI,,

:A?mmy; [/mm fdx+/lmlrEde] _
:C[/Uu B deC—O—/ImUUIrEfdx} :C[/Efdx+/QUIV—Efdx] ;

as |U, I, — E| — 0 for ¢ — 0 because of (2.4), the above inequality gives

NE| < ¢ [ fo)d,
E

that is (2.2) is verified in the one dimensional case.

Let now I, be an open interval of R", n > 2, and f in G, (Iy;c).
Let us suppose the validity of (2.2) in the dimension n — 1. Given I =
(a1,b1) X +++ X (an,b,) and A < esssup; f. We apply Lemma 1 to the set
E ={z, € (an,b,) : f1(-;z,) < A} and we find that, for every v

(2.5) I, — E| = {x, € L : fi(-,z,) > A} > 0;

further, if we set 1Y = (ay,b;) X -+ X (@n_1,b,_1), We get

(1—o)| U x 1) <|Ju" Y x (1,0 E)| =
(2.6) v v
=100 < (U nE)| = 1" x B < YU x 1)

Because of (2.5), for every v, it is [I"™D x (I, = E)| = [{f;n-1,;, >
A} >0 and so A < esssup -1, f-
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Then, by i) in Lemma 1 and as f is in G (Ip;¢)

NI 5 Bl < MO s | J 1| = AX 1Y < 1| <

SZ esssup fII"™Y x I, §CZ/( ) fdx =
—~ Jrn-1)x1,

v I=Dxp,
:c/ fd:c:c[/ fd:c—i—/ fd:c].
JU, a(r=1kxi,) JU, dnx(1,nE)) JU, a1 x(1,~E))

By i) in Lemma 1 and as ||, """ x (I, — E)| — 0 for ¢ — 0 because
of (2.6), by the above inequality we get

NIV x B| < c/ fdzx,

(n=Hxp

that is

2.7 /\/ dz < / dz.
27) fnnyy g SN S € 1<n—1)fo *

On the other hand the formula (2.2) is true in the n — 1 dimensional case
and this fact, with Lemma 3, ensures that

/\/ X dx =
10D x (an b)) N
= / dmn : )‘/ X{f<)\}d,un—l <
(an,bn)—E 1(n=1)
S / dmn . C/ fX{f<>\}d/'Ln—1 =
(an,bn)—E 1(n=1)
=c dx .
/I(nil) X ((an,bn)—E) fX{f<>\}

By (2.7) and (2.8) it follows

(2.8)

>\|{f1</\}|:)\/1>({f<A}d:c§c/{ fda. 0

fr<A}
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REMARK 1. An alternative way to get the implication a) = b) in
the one dimensional case is suggested by the proof of Lemma 3.4 of [10]
as it follows.

}=
A

Let I be a subinterval of Iy, A = esssup, f, E={x € I: f(z) <
) = A}

{fr < A} and D the set of the density pointsof I-F = {z € I : f(x
If |E| = |I|, then A = esssup; f and (2.2) follows.
Suppose |E| < |I|. Then for every ¢ €]0,|I — E|[, we consider an
open set U, C I containing the set EJ[(I — E) — D] with |U,| < |E| +e¢.
Since U, is open there are countably many pairwise disjoint open
subintervals I, of I such that U. =, L,.
For o > 1, and for every v, set J, = ol, N 1. It results I, C J, C I
and [J, N (I — E)| > 0, then A = esssup;, f and so

A
>

N S essup T < e [ fa)de
Jy Jv

that is
Ao|l,| < c/

o

f(z)dx
Iy
and, as 0 — 1,
AL gc/ Fx)da .
Iy

So we have:

ME| < AU =AY |L) SCZ/I fd:c:c/U fdr =

:c/ fd:v-i—/ fdzx,
JE Ju.—E
and, because |U. — E| — 0 for ¢ — 0, we get A|E| < ¢ [, f dz.

COROLLARY. In the hypotheses of Theorem 2 if f is in G (lo;c),
then the inequality (2.2) holds for every open subinterval I of Iy and for
every A < oy = cf, f(z)dz.

PRrROOF. If A < esssup; f, then the assertion follows from the impli-
cation a) = b) of Theorem 2. If esssup; f < XA < oy = ¢f, f(x)dx, then
itis {ff <A} =T and so Al{fi <A} S eylI| =c [,y [ da. a0
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3 — Propagation

The following lemmas are crucial to obtain the propagation of the
inequalities (1.2), characterizing the class G, into the inequalities (1.1)
with suitable constants and exponents.

LEMMA 4. Let p be a o-finite positive measure on a o-algebra
over a set X and f : X —]0,4o00] measurable. If ¢ :]0,+00[—]0, +o0] is
decreasing, absolutely continuous in |0, t] for every t < 400, and it results
limy oo p(t) = 0, then

[ooran== [ pouls < mar.

ProOF. It follows by Fubini theorem and the equality ¢(f(z)) =
f (o P'dt (see also [15]). a0

LEMMA 5. In the hypotheses of Lemma 4 it results, for every A >0

1) [ )=~ [ utlr <)+ el <A,

PROOF. By applying Lemma 4 to the set Ex = {f < A}, we get
[ etandn=— [ dmlr e B ) < )t =
{f<r} 0
/ o' (Ou({z € By : f(z) < t})di+
- / O (Oul{e € Ex: f(z) < 1))dt =

[ oute e By g@ < i —um) [ =
/ @' (Ou(Er)dt + (N p(Ey) -
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REMARK 2. By choosing ¢(t) = t", r < 0, the equality (3.1) becames

B2 [ drdu=r [0 < B vl <.

The next lemma ensures the propagation of the reverse Chebychev type
inequalities (2.1) and the sommability of suitable negative powers of the
involved function f.

LEMMA 6. Let X C R"™ be a measurable set with |X| < +o0 and f
a positive measurable function on X. If there exist a > 0 and ¢ > 1 s.t.

(3.3) N < <e [ fa
{r<a}

for every A < a, then, for every A < a and r : i <r <0, it results
A"

34 / Tde < ——|{f < A}

(3.9 [ s oSl <y

PROOF. Let r be a negative number and dy = f dz; by applying the
equality (3.2) with exponent r — 1, we get

A
/{f<>\}f de = /{M}f dp=—(r - 1)/0 2u({f < t})di+
N Tu({f <A =

A .
- (1—r)/ t"z(/ du)dt+x—1/ =
0 (<t} (<N
A
:(14)/ tT*Q(/ fdm)dt+/\r’1/ fde;
0 {f<t} {f<x}

then, by (3.3)

" ’ T72t r—lé _
/{f@}f de(lfr)/O t E|{f<t}|dt+)\ C|{f<)\}|_

1—7 el AT .
= [ < B+ S < A
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by the above inequality and representing fo/\ t"~1|{f < t}|dt by means of
the formula (3.2), we obtain the inequality

r—1

/{f<A} frde = re [/{fd} frde = A"{f < )‘}ﬂ + /\—c’\{f < A}

or, in other terms

r—1—rc
re

—1 A\ " i
S SN TR <N T < Al == T <A

for ===r¢ > 0, that is r > 1, the above inequality is equivalent

to (3.4). ]
REMARK 3. The inequality (3.4), written for r = —Iﬁ7 holds for
p>c
-1
(3.5) / e < AP T < 0.
{f<A} p—c

REMARK 4. The lower bound = for the exponent r and the constant
in (3.4) are the best possible. Indeed for the function

)\’f‘
frx=(x1,29, - ,2,) € (0,1)" = x5 c>1
and for A < 1, it results

{(F<X={z:a <A ={z:a, <A1} = (0,A71) x (0,1)""!

and
1 1

/ fdz = /AH o ldy, = [ﬁ}“_l = Lt
<} 0 ¢-0 ¢

finally
e pdr=X{f <A
{r<a}
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so f verifies the condition (3.3) for every A < 1. Furthermore f is not
integrable for r < = and

r(e—1 A T Ae—T
/ frdx = / 1‘£<L_ )da3 — / .f;Cirdl'l _ {17] —
{f<A} {f<A} 0 rc—r—+1Jo

re—r41

AT _ A" )\+
re—r+1 re—r+1

AT
"dr = ——— < AH. 0
Akﬂf = —Hf <M

Once the above results have been acquired, we are able to exhibit the
proof of Theorem 1 (see the Introduction)

that is

PrOOF OF THEOREM 1. By applying the corollary of Theorem 2
and Lemma 6 with r» = —%1 (see Remark 3) we get, for every interval
IC Iy, A<cf, f(x)dz and p > ¢

/f,ﬁdx:/ ffﬁdfb‘l‘/ f*ﬁdxﬁ
’ {7/’1;” . {fr=A} L
< AT (%)Hff <A +/{f12)\}f s
~_1 /p—
<A pl(p_l > M <
Dy <
_1 -1
AP (B 2 A = AT (B,

DI < A+ A e

By choosing A = cf, f(x)dz we obtain

/fmd:c< ff = III

that is

b0 (f s f e < G
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The constant %(E)p’l and the lower bound c for the exponent p are the
best possible. Indeed the function

cx = (2, %0, ,2n) € (0,1)" = 2571 c>1,
f ( ) € ( i

is in G (Ip; ¢) and verifies (3.7) as equalities, for every p > ¢; furthermore
f lies in LT if, and only if, p > c. 0
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