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A uniqueness result for quasilinear

elliptic equations with measures as data

J. DRONIOU - T. GALLOUET

RIASSUNTO: In questo lavoro si dimostra un teorema di unicita per le soluzioni
ottenute come limiti di approssimazioni per equazioni ellitliche quasilineari con vari
tipi di condizioni al contorno e con dati misure.

ABSTRACT: We prove here a uniqueness result for Solutions Obtained as the Limit
of Approzimations of quasilinear elliptic equations with different kinds of boundary
conditions and measures as data.

1 — Introduction

1.1 - Notations

In this paper, € is a bounded domain in R" (N > 2), with a Lipschitz
continuous boundary. The unit normal to 9Q outward to € is denoted
by n. We denote by x - y the usual Euclidean product of two vectors
(z,y) € RY x RY; the associated Euclidean norm is written |.|. The
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Lebesgue measure of a measurable subset F in RY is denoted by |E[; o
is the Lebesgue measure on 99 (i.e. the (N —1)-dimensional Hausdorff
measure). I'; and I'; are measurable subsets of 92 such that 9Q = I';UI';
and O'(Fd N Ff) =0.

For q € [1, +o0], we denote by ¢’ the conjugate exponent of ¢ (i.e. ¢ =
q/(q —1)). Wh(Q) is the usual Sobolev space, endowed with the norm
llullwra@y = llullag) + [ VUl [|La)- Wédq(ﬂ) is the space of functions
of W14(Q) which have a null trace on T',.

When ¢ = 2, we write Hf, (©2) instead of Wi‘f(ﬂ). The space of the
traces of functions in H{ (Q2) is denoted by H;EZ(Q) and it is endowed
with the norm

||U||H;/2(Q) = inf{||fllme | f € H%d(Q)v fioa = u}.
d

The hypotheses on the function a that will define our quasilinear elliptic
equation are the following:

(1.1) a: QxR xRY - R" is a Caratheodory function,

Jv >0, © € L*(Q) such that a(z,s,&) - £ > v|€]* — O(x)

(12) .
for a.e. z € Q, for all (5,§) e R x R"™,

38>0 and he L*(Q) such that |a(z, s, &)| < h(z)+B|s|+B(¢|

(1.3) N
for a.e. x € Q, for all (s,§) e R xR,

Ja > 0 such that (a(x,s,€) —a(z,s,m)) - (€ —n) > al¢ —n)?

14
(1.4) for a.e. x € Q, for all (s,£,7) € R x RV x R",

JA > 0 such that |a(z, s, &) — a(x, s,n)| < Al — 7]

15
(1.5) for a.e. z € Q, for all (s,£,77) € R x RY x R",

36 > 0 such that
(1.6) la(x, s, &) —a(z,t,&)| < d|s —t| for a.e. z €,
for all (s,t,£) € R x R x RY .

REMARK 1.1. Hypotheses (1.1)-(1.3) are classical for the Leray-
Lions operators in divergence form acting on H*(2); Hypothesis (1.4) is
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a stronger form of the classical monotonicity hypothesis

(L) (a(z,s,&) —a(x,s,m)) - (£ —n) >0 for a.e. x €,
' for all (s,&,1) € R x RY x RY with £ #17.

of the Leray-Lions operators, but is nevertheless classical when we want to
obtain a uniqueness result, even in the variational case (see [7]). Hypoth-
esis (1.5) is not really demanding, since, for example, a(z,s,§) = a(s)§
(with @ € L>=(Q)) satisfies this hypothesis, but Hypothesis (1.6) is really
strong and we would rather like to impose a weaker hypothesis, of the
kind

36 > 0 such that |a(z, s,§) — a(z,t,&)| < 0|s —¢|(1 + |s| + |t| + [€])
for a.e. z € Q, for all (s,t,£) € R x R x RN

to handle the case a(z, s,£) = a(s)€ with a Lipschitz continuous.

REMARK 1.2. There are however many functions which satisfy Hy-
potheses (1.1)-(1.6). For example, for M >0, a(z, s, &)= (1-+inf(M,In(1+
s| + [E)))E + é(x, 5), with ¢ : Q x R — R" a Caratheodory function,
Lipschitz continuous with respect to s € IR (with a Lipschitz constant
not depending on z € Q) and such that sup, .y, [¢(., s)| € L*(Q).

Consider the problem
(18) —div(a(z,u,Vu)) = f inQ,
u=0 on JN.

It is well known (see [6]) that, when f is a bounded measure on 2 and
a satisfies (1.1)-(1.3) and (1.7), we can find a solution to this problem
(even when we consider an operator acting on Wy?(Q), 1 < p < oo —
see also [2] when p < 1 — 2 —, not only on H}(€2)). The main idea
of [6] is to approximate f by regular functions, find estimates on the
corresponding solutions and pass to the limit.

Moreover, when a does not depend on s and f is a function in L*(£2),
we can find (see [2]) a formulation (so-called “entropy formulation”)
for (1.8) which ensures the uniqueness of the solution (the existence is
still obtained by approximation).
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In [12], the author defines another sense of solution, the “solution by
transposition”, which gives an existence and uniqueness result when a still
does not depend on s but f is a bounded measure. This definition requires
the introduction of a particular matrix-valued function M(.,.) : R" x
RY — My(IR) satisfying a few properties (general algebraic properties,
completely independent of a); the formulation by transposition uses then
the matrix M(V, — V,,a(., Vu) — a(., Vv)), where u is the solution by
transposition and v is any function in Hg (£2). There can be many different
possible choices of the matrix M(.,.) (the matrix chosen by the author
depends on a parameter A, which is any real number in |0, [, where a
is given by (1.4)). The solution by transposition seems thus to depend
on the particular choice of M; however, an additional work allows to
see that, with the methods of [12], we can prove the uniqueness of the
solution obtained as the limit of approximations (when « is independent
of s). When f is a bounded measure, a satisfies (1.1)-(1.5) but does
not depend on s and is of class C' with respect to £, the uniqueness of
the solution obtained as the limit of approximations of Problem (1.8)
is proven in [3]. We will prove here that the ideas of [3] can lead to a
uniqueness result when f is a bounded measure, a depends on s (but
satifies (1.6)) and is only Lipschitz continuous with respect to £&. The
main difficulty brought by the dependence of a on s is in the resolution of
the “dual equation” (2.3) in which the operator is not coercive (because
of the convection term). We will also consider more general boundary
conditions; they bring a few more difficulties (in particular the regularity
result we need on the solution of (2.3)) which are solved by the results
of [10].

The boundary conditions we consider are of the mixed or Fourier kind
(that is to say a condition on u on I'y and a condition on a(z, u, Vu)-n+Au
on I'y). To get the coercivity that will ensure the existence of a solution,
we add the assumption

o(ly) >0and A € L=(9Q), A > 0 c-a.e. on 9
or
(1.9)
Iy=0and A € L*(0Q), A > 0 g-a.e. on 99,

o({z € 99 | A(z) > 0}) #0.
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REMARK 1.3. Under Hypothesis (1.9), a classical reasoning shows
that, for all g€ [1,+00[, g€ [1, q] and p> 0, there exists K, z(p, 2, Ty, A) > 0
such that, for all v € erdq(Q), we have

— a/q
(1.10) p/Q|Vv\‘i+(/Ff)\\v|qda) > Koo 2 Tas Vol e

The proof of uniqueness we present here uses an existence and reg-
ularity result of a solution to a dual problem. To obtain the required
regularity result, we need some hypotheses on the way I'; and I'; are
distributed along 99).

Let us introduce two kinds of mapping of 0€2:

O is an open subset of R™,

h:0 — B:={x € R" | |z| <1} is a Lipschitz continuous
(1.11) homeomorphism with a Lipschitz continuous inverse mapping,
MONQ) =B, :={x € B|zy >0},
hONoN) =B :={xcdB, | zy =0}

(since € has a Lipschitz continuous boundary, there exists a finite number
of (O;, hi)iep1,m), such that, for all ¢ € [1,m], (O;, h;) satisfies (1.11) and
N Cc U™, 0;) and

O is an open subset of R",

h : O — B is a Lipschitz continuous homeomorphism

with a Lipschitz continuous inverse mapping,
(1.12)
h(OﬂQ) :B++ = {I'EB ‘ TN >0, IN-1 >O}7
h(O ﬁl"f) = Pl = {1‘ S BB++ | IN—_1 = 0}7

hONT,) =Ty :={x€dB;; | zy =0}.
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The additional assumption we make on I'; and I is the following:

There exists a finite number of (O;, h;)ic(1,m) such that
o0 C UZ’;]Oz B‘Ild7 for all i € [177’71], (O“ hb)
(1.13) is of one of the following types:
(D)  O0;N0=0,NT,and (O, h;) satisfies (1.11)
(F)  0;no2=0,;NT; and (O, h;) satisfies (1.11)
(DF) (O, h;) satisfies (1.12).

1.2— The SOLA and the main result

We recall here some facts about the solutions obtained as the limit of
approximations for quasilinear elliptic equations with measures as data.

We denote by M () the space of bounded measures on 2 and M (92)
the space of bounded measures on 0f).

If p € M(2) and p? € M(95), we consider the problem

—div(a(z,u,Vu)) = p in Q,
(1.14) u=20 on Ty,
a(z,u,Vu) -n+Au=p’ on Ty.

The technique of approximation introduced in [6] is the following:
let (pin)nz1 € L) N (HE(Q))' (V) such that p, — p for the weak-x
topology of (C(Q))', (42)uz1 € L'(99Q) N (H/*(09))' such that ul —
for the weak-* topology of M(9€) and take u,, a solution to

Uy, € Hlld(Q) ,
(1.15) /ﬂa(xvunavun) -Vo+ Ff/\unSO do = <Nm<P>(H§d(sz))',H§d(sz)+

b 1
+ <Mn7 SO>(H1£22(HQ))’,HII‘;2(BQ) ) V‘fg € HFd (Q) .

We can prove that the sequence (u,),>1 is bounded in erdq(Q) for all
g < N/(N —1); thus, up to a subsequence, u,, — u strongly in L?(2) and

(W This means that p, is a function of L () such that there exists C' > 0 satisfying,
for all p € L=(Q) N HE,(Q), | [ pne] < Cllgll g (ay; by density of L>(Q) N Hp, () in
Ht,(£2), there exists then a unique extension of u, as an element of (Hlld (Q))'. The
same kind of definition and consideration apply to 2 € L(9Q) N (H;QQ(BQ))’A
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weakly in erf(ﬂ); it is then possible to prove that, up to a subsequence,
Vu,, — Vu a.e. on {2, which allows us to pass to the limit in the equation
of (1.15) to see that u satisfies

we (] W9,

g<N/(N-1)

(1.16) /a(x,u,Vu)VsoJr/ Auso=/sodﬂ+
Q Ff Q

[ e vee W@,

aQ >N

A Solution Obtained as the Limit of Approximations (a SOLA) for (1.14)
is any u obtained by the method detailed above.

REMARK 1.4. In [6], where the SOLA (without this name, used
for the first time in [8]) have been introduced, the authors study the
pure homogeneous Dirichlet case (with © = 0). But the adaptation of
their methods to the non-homogeneous mixed or Fourier case is quite
straightforward (see [14] for the Fourier case with © = 0), even with a
non-null © € L'().

When N > 3, the solution of (1.16) is not always unique; indeed, a
counter-example by J. SERRIN [15] modified by A. PRIGNET [13] gives a
non-null solution of (1.16) in the linear (a(x, s,§) = A(x)&) Dirichlet case
when u = 1% = 0 (see also [10] for the adaptation of this counter-example
to the mixed case).

However, there is uniqueness of the SOLA for this problem, and this
is the main result of this paper:

THEOREM 1.1. Under Hypotheses (1.1)-(1.6), (1.9) and (1.13),
Problem (1.14) has one and only one SOLA.

REMARK 1.5. In fact, the proof of the existence of a SOLA to (1.14)
does not use all our hypotheses on a (it only uses (1.1)-(1.3), (1.7)
and (1.9)). Our proof of the uniqueness of the SOLA does not use all the
Hypotheses we put on a too; indeed, we will see that we do not use (1.2)
and (1.3) in this paper, we only use the fact that a SOLA exists. Thus,
this result of uniqueness can be extented to other equations for which
we know a SOLA exists. For example, in [4], L. Boccardo proves a wide
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existence result (for a pure Dirichlet problem — this is quite important
— with a right-hand side in L') that entails the existence of a SOLA for
an operator defined by a function of the kind

a(x, S,f) = ao(xv 375) + ¢(S) )

where aq satisfies (1.1)-(1.6) and ¢ : IR — R" is a Lipschitz continuous
function; the hypotheses on ¢ in [4] are in fact much weaker and require
thus f € L}(Q), but our stronger hypotheses allow us to take a right-hand
side in M(Q). Thus, a satisfies (1.1), (1.4)-(1.6) and the existence and
uniqueness result of Theorem 1.1 is still valid for such an operator in the
pure Dirichlet case.

We will also see that this uniqueness result implies the following (very
simple) stability result.

THEOREM 1.2.  Let (fn)n>1 € M(Q) converges to u in (C(Q))
weak-+ and (u2),>1 € M(9Q) converges to u in M(0Q) weak-+. Under
Hypotheses (1.1)-(1.6), (1.9) and (1.13), if u,, is the SOLA of (1.14) with
(tin, 112) instead of (p, 1°) and u is the SOLA of (1.14), then u, — u
strongly in erdq(ﬂ) for all ¢ < 5.

REMARK 1.6. In fact, we will prove the following more general result:
under Hypotheses (1.1)-(1.3), (1.7) and (1.9), if u, is a SOLA — of a
slightly particular kind, see in the proof of Theorem 1.2 — of (1.14)
with (u,, 42) instead of (u, u?), there exists a subsequence (u,, )r>1 and
a SOLA wu of (1.14) such that u,, "Z% 4 strongly in Wpldq(Q) for all
g < N/(N —1). The fact that we can, with stronger hypotheses, get rid
of the subsequence is of course due to the uniqueness of the SOLA in this
case.

REMARK 1.7. Once again, the proof of this stability result only uses
the existence and uniqueness of the SOLA, not all the hypotheses on a
(especially, we do not use (1.2) and (1.3)); thus Theorem 1.2 is also valid
for other kinds of quasilinear equations for which we know a SOLA exists,
such as the example given in Remark 1.5.

A uniqueness result for a linear equation is very often linked to an ex-
istence result for a dual equation. It is also the case here, although (1.14)
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is not a linear problem; so, before the proof of Theorem 1.1, we study in
Section 2 an equation which will appear as the dual equation of a problem
coming from (1.14).

2 — The “dual” equation
We make the following hypotheses:
A:Q — My(IR) is a measurable matrix valued

function which satisfies:
Ja > 0 such that A(x)¢ - € > al¢)?

2.1
(2.1) for a.e. z € Q, for all £ € RY,
3M > 0 such that ||A(z)| = sup{|A(z)¢], € € RY,
|¢] =1} < M for ae. z €9,
(2.2) v e (L)Y,

and we take a4 a coercivity constant for A, A4 an essential upper bound
of ||A(.)|| on £ and A, an upper bound of || |v| || ge(q)-
We will prove the following existence result:

THEOREM 2.1.  Under Hypotheses (2.1), (2.2), (1.9) and (1.13),
if 0 € L>®(2) then, by denoting by Ay an upper bound of ||6]|L),
there exists k €]0,1[ depending on (0, aa,Aa, Ay, ), Cy depending on
(g, aa,Aa, Ay, N, Ag) and Cy depending on (Q,T4, aa, Ay, Ap) such
that there exists a solution to

feHE (Q)NCo(Q),
(IO e
/QAVf th—O—/Qv Vf<p+/Ff/\fgod —/Qego, Vo € HL (Q)

satisfying || fllcory < Co and || f|m1) < Ci-
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REMARK 2.1. We have denoted by C%%(Q2) the space of x-Holder
continuous functions on €2, endowed with the norm

s = ey + sup LD =L
oty |7 =yl
REMARK 2.2. Without Hypothesis (1.13), we obtain a solution of
the equation in Problem (2.3) in the space Hyp () N L>(Q), with the
same kind of estimates (we will notice it in the course of the proof);
Hypothesis (1.13) is only useful to apply the results of [10] in order to
obtain the Holder continuity of the solution.

To prove the existence result of Theorem 2.1, we need an a priori
estimate on the solutions of (2.3) (an L' estimate is enough). This is the
aim of Lemma 2.1 for the proof of which the authors wish to thank Lucio
Boccardo (for having given them the key estimate of Step 2).

LEMMA 2.1.  Let A satisfy (2.1), w € (L=(Q))Y and 7 € L>(Q);
we denote by Ay, an upper bound of || |W| | () and A, an upper bound
of |7|lpee(y- Under Hypothesis (1.9), there exists Cy depending on (£,
Ty, aa, Ay, A\, A;) and a solution to

g € Hp () NL¥(Q),

2.4

(2:4) { /ATVg~Vg0+/gw~ch+/ Aggpdo:/ﬂo, Ve H%d(Q)
Q Q Ff Q

such that ||g|| 1) + |9l L) < Co.

REMARK 2.3. Once we know that g satisfies (2.4), since ¢ = [, gv -
Vi isin (W;;(Q))’ (because g is essentially bounded), the results of [10]
show that, under Hypothesis (1.13), g is in fact Holder continuous on €.

REMARK 2.4. The conclusions of Theorem 2.1 and Lemma 2.1 also
hold when 6 or 7 only belong to Up>N(W§r’lpl(Q))’ (the proof of this uses
the same ideas we present here; see [16] or [10] for the details concerning
the treatment of right-hand sides of this kind).

REMARK 2.5 (Lucio Boccardo [5]). A close examination of the second
step of the proof of Lemma 2.1 shows that the bound we obtain on || In(1+
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\gn\)HH% () depends on the L'-norm of the right-hand side 7. Thus, we
d

can easily prove (by approximation) an existence result for

—div(ATVg) —div(gv) =7 inQ,
(2.5) g=20 on Iy,
ATVg-n+Xg=0 on Ty,
(this problem has, when 7 is regular, (2.7) as variational formulation)
when 7 is a bounded measure on §2; we must however be careful with the

formulation of (2.5) since we only obtain a “solution” g such that, for all
k>0, Ti(g) € H (Q) (where Ty(s) = min(k, max(s, —k))).

REMARK 2.6. Using the results of Theorem 2.1 and Lemma 2.1 and
the ideas of their proofs, we can prove, when L € (H'(Q)), the existence
and uniqueness of solutions to

feH, (),
(2.6) /AVf'VL,O'l’/V'Vf(P"'/ Afpdo =
Q Q Ty
= <L7 ¢>(H%d<ﬂ))/’Hlld<ﬂ) ) VSO € Hll‘d(Q)

and

g € H} (),
(2.7) /ATngV<p+/gv-V<p+/ Agpdo =
Q Q r;

_ 1
= (L, <p>{H1£d(Q))’,H1£d(Q) V€ Hi (9).

REMARK 2.7. In fact, to prove Lemma 2.1 and Theorem 2.1 (as well
as the results of Remark 2.6), we only need v € (L"(Q))" with a r > N.
But since such an hypothesis on v would not allow us to consider really
better conditions in Theorem 1.1 (using the result of Theorem 2.1 with
v € (L"(Q))Y for ar > N would allow us to weaken Hypothesis (1.6), but
not enough to handle the case of functions of the form a(s,&) = a(s)f),
we prefer to consider the stronger Hypothesis (2.2), which is sufficient to
our purpose here.

PROOF OF LEMMA 2.1. We will approximate Problem (2.4) by prob-
lems for which we have, thanks to the Schauder fixed point theorem, a
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solution; then, by proving estimates on the solutions of these approxi-
mate problems, we will obtain a solution to (2.4) (without passing to the
limit!).

STEP 1. The approximate problems.
For t > 0, define T;(s) = min(¢, max(—t, s)). Let n be an integer and,
if g € L?(Q2), define F(g) = g as the unique solution to

g € Hy (Q),

ATVg -V / Mg d =/
(2.8) /Q g »+ N, gy ao QTGD+
—/QTn@w-w, Vo e HE ()

(the bilinear form is coercive on Hf (Q2) thanks to (1.10) applied to ¢ =
g=2and p=ay).

We notice that F : L*(Q) — L*(Q) is continuous; indeed, if g,,, = Goo
in L3(€2), and if (for m € IN or m = 00) L,, is the linear form

(L, ¢>(H%d(ﬂ)),’H%d(Q) = /Q TP — /Q T,.(G,,)W -V,

then L,, — Lo in (H:,(Q)), so that g,, = F(g,,) = goo = F(gs) in
Hy (Q), thus in L*(Q).

Moreover, there exists R > 0 such that, for all g€ L*(Q), [|[F(9)|| 1) <
R; indeed, by taking g as a test function in (2.8), we get

aall Vgl Hi%m+/ﬁM9|2 do < HT”(HIEJ(Q))’||g||H1(Q)+nH |w| ||L2(Q)H9||Hl(n) )
which gives, thanks to (1.10),

Koo(aa, 0, Ta, Mgl ) < ”TH(H%d(Q))’ +nll w220 ;
thus, R = IC2,2(O¢A7(271"4,)\)’1(|\T||(H%d(9)>/ + 0|l [w] || 2(q)) satisfies the
property.

F : L*(Q) — L*Q) is thus a compact application (thanks to the
Rellich theorem) which sends the whole space L(£2) in the ball of center
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0 and radius R in L?(Q2). By the Schauder fixed point theorem, F' has a
fixed point in the ball of center 0 and radius R; we have thus proven that
there exists g, solution to

gn € Hp (Q),
2.9 / ATVQn : VSO +/ Tn(gn)w : VSD+
CXONER A 6
+/ )\g"gpdaz/rgp, V@EHﬁd(Q)
Jr; Ja
satisfying
lgnll a1 (@) < Koo(ea, Q,Ta, /\)71(||T||(H11,d($2))' + 0l w22 <
< Kap(oa, 2.0, ) 7 (AS]Q% + nAw[22).

StTEP 2. We prove that (In(1+ |gn|))n>1 is bounded in Hy (€2), using
the technique introduced in [6].

Let us first prove an estimate on frf Agn|do. Take ¢ = Ty (g,)/k €
H} (Q) as a test function in (2.9). We obtain, since |Ty(s)/k| < 1 for

all s € R and V(Ti(gn)) = Lio<igni<k}VGn a.e. on Q (where 1p is the
characteristic function of a set E),

Ti(gn 1 Ti(gn
)\Mgn do S—/ATVgnV(Tk(gn))-‘r/ )\Mgn do <
Jo, "k kJa 0k
‘ Vgn
(210 <[ [ e <
Q {0<|gn|<k}

. g 1
2
< [ il ez Vaal?)"
Q {0<lgn|<k}

But ¢,7%(9n)/k — |gn| on 0Q as k — 0 (if g, (x) = 0, g,(2) Tk (gn(2))/k =
0 and, if g (z) # 0, Ti(ga())/k — sgn(gn(x))) and |g.Ti(gn) /K| < |ga| €
L'(09); thus, by the dominated convergence theorem, frf Agn(Ti(gn)/k)
do — ij Algn|. Moreover, since Vg, € L*(Q) and [{0 < |g.| < k}| — 0
as k — 0 (this is the non-increasing continuity of the measure, associated
to the fact that Nyo{0 < |ga| < k} = 0), we obtain [;,_ 1 [Vgal* = 0
as k — oo. Thus, passing to the limit £ — 0 in (2.10), we obtain

1) [ A +lgdo < [ Ngldo < [ Ir]<9la, .
B Ff B Ff JQ
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Let us now prove an estimate on the derivatives of g,. Let k € IN
and denote 74,(s) = Ty (s — Tk(s))7 that is to say

ri(s) = ifs<—-k—-1
rp(s) =s it—k-1<s< -k
re(s) =0 if—k<s<k
rp(s) =s ifthk<s<k+1
rp(s) =1 ifk+1<s.

We know that 7y,(g,) € Hp () with V(ri(g,)) = 157Vg,, where
B ={zeQ|k<|g,| <k+1}.

Using r(gn) as a test function in (2.9), we get thus, since |g,| < k+1
on B} and ¢,7x(g,) > 0 on 99,

Qall V(gD 22 < [ AT (00(00) - Viralga)+ [ Agari(gn) do =
Q Ty
= / ATv.gn ’ v(rk(gn)) +/ Agnrk(gn) do =
Q Ty

_ / 7(gn) — / T (ga)w - V(ri(g.)) <

< 7llzre +/Bn (WllgnllV (ri(gn))] <
k
SAAQL+ (B + DIHw] 22z HY (re(gn)] | 22(2) <

[ [w] Hi%};g)

2
S, (k+1)°.

«
< AJQI+ 2 V)] e +

Thus, we obtain

2
2A,|Q| N [ Iw] “L?(BE) 0

2

+1)2.
(e (&)

(2.12) Y (relga) 120y <

We will use this to show that (V(In(1+4|gy,|)))n>1 is bounded in L?(£2).
We have, since € is the disjoint union of (B});>0, and |g,| > k on B},

/|V(]n(1 + |gn|))|2 :/ % -

By 1+|9|2_k> 1+k‘

k>0 0
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Using (2.12), this gives

2A,|Q
[ 19mc+ gy < 229 5

lw|* <
A >0 1+ k O‘A k>0/
WZAT‘Q‘ [l [w] ||L2(Q)

3oy a?

IN

This last estimate, associated to (2.11) and to (1.10) (with ¢ = 2 and
g =1) gives
AV o2 p2
+ 2 0A2) = Gy

3ay oy

1 <7r2AT|Q|

In(1 2 <
[ In( +|gn|)”H](Q) = Kon(L,Q,Ta, )

(Cy depends on (Q,T4, aa, Aw, N\, AL)).

STEP 3. We conclude by proving that (g,),>1 is bounded in L>(€2).

Let Si(s) = s — Ti(s); we have Si(g,) € Hyp () with V(Sk(g,)) =
152 Vg, (where E = {z € Q| |g,(z)| > k}). Since Sy(gn) = 0 outside
B} and since g,Sk(9n) = [9nl|Sk(9)] > |Sk(gn)]?, we have, using Sy (gn)
as a test function in (2.9),

all9(Selga) 320 + [ REIAIE
S/QATVgn-V(Sk(gn))-i‘/r AgnSe(gn) dor <
f
<A [ 18uanl+ [ Wl lIV(Su(g.))] <
(213) < Ao B3+ [ [WI(1Su(9) ) 9 (Skg.))] <
k

n|d
< A |1Sk(gnll 2oy [EE 12+ TV (Sk(gn)] 22 () (Rl W | 22yt
+ [ [wW[Sk(gn)ll2(E7))
< A||Sk(g n)HHl(Q)|En|2 + EAWI [V (Sk(gn)| |2 | EX |Z+
+ 1V Sk (ga))] l20)Aw | Sk (gn) [l 2 (i) -

Thanks to the Holder inequality we have, when p > 2,

nid—1
19k ()l L2y < 1Sk (gn)ll oo [ EX[277
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Since 2 < 2N/(N — 2), there exists, by the Sobolev injection, p > 2 and
Cs only depending on €2 such that

1Sk (gn)ll ey < CollSk(gn) |l (o) -
Thus, with (2.13) and (1.10), we get

1
Kaa(aas QT 1Sk (gn) 571 ) < A+ lISk(9n) 11 | B 24

(2.14) 1 i )
FAWE(Sk(gn) | ()| B3 |2+ CoAw | ER 27715k (gn) 1 0 -

The Tchebycheff inequality reads

. 1
EE] = Hin(1 -+ gul) > (14 K} € otz 1+ LoDy <
1 C?
< - 2 <
= (111(1 n k‘))2 || 111(1 + |gn|)||H1(Q) = (111(1 + k))'_}

where C is the constant given by Step 2. Since 1/2 > 1/p, there exists
thus ko depending on Cs, Ay, p, C1 and Kaa(as,Q, Ay, A), ie. depend-
ing on (Q, Ty, aa, Aw, A\, A;), such that, for all £ > ko and all n > 1,
Col|EP 1275 < Kan(oa, 0,Ta, A) /2.

We obtain thus, for all k > kg, thanks to (2.14),

[N [ - L
KInllH @) = Koo(aa, Q,Tq, N)  Koo(aa, QT4 N)
< C5(1+k)|Ep|?,

TLl
)|Ek‘2§

where C3 depends on (2, Ty, ava, Ay, A, AL).

By noticing that, when h > k, |S.(g,)| > (h — k) on E}', we get,
thanks to the Sobolev injection W1(Q) — LN®W=1(Q) (the norm of
which, denoted by Cy, only depends on ),

(h = B) BN < [|Si(ga) [l pvov-ny < CallSi(ga) lwre) <

< CHlER|2]1Sk(gn) 110 < CoCal1 + R)| B

Thus, as soon as h > k > ko, we have, with § = N/(N —1) > 1,

(C5C0)P(1 + k)°
(h—k)?

(C5C4 (1 + ko)) (1 + K — ko)?
(h— k)8

B3| < |ERl” < B2



[17] A uniqueness result for quasilinear etc. 73

(because, when k > ko, (1 +ko)(1 +k — ko) > 1+ k). Lemma 2.2 given
just after the end of this proof, and applied to the non-increasing function
Gn(k) = |E} 4, |, allows us to see that, if

1 B—1
Hy =exp ( Z 2130304(1[:_ ko)) 7 ) >

1
m>0 (QT )m

1 B-1
>exp (Y 27 C3Cy(1 + ko) G (0) 7 )

m>0 (2 B )m

)

(notice that Hy < +oo depends on (2, Ty, aa, Aw, A, A,)), then G,,(Hy) =0,
that is to say |g,| < Hy + ko a.e. on Q for all n > 1.

Thus, by taking ny an integer greater than H, + ko (ng depends on
(Q,Tq, a4, Aw, X\, A7) and letting g = g,,, we have a solution to (2.4)
(because T (gny) = 9n, = g) which satisfies ||g||r=@) < Ho + ko and
lgllz1i0) = llgny 1) < Kaz(ea, @,Tas A)7H(AL|Q]2 + noAw|Q]?). This
completes the proof of Lemma 2.1. 0

LEMMA 2.2. Let G : R" — IRY be a non-increasing function. If
there exist f > 1 and C > 0 such that

B B
_CP+k)

h>k> h — 7 G(k)?
Vh>k>0, G(h) < h— k) G(k)
then, with
B—1
25CG(0) 7
Hzcxp(z ﬁf(l) ><+OO7
m>0 (QT)m

we have G(H) = 0.

For the proof of this lemma, which is a slight generalization of a
lemma by G. STAMPACCHIA ([16] Lemma 4.1, i)), we refer the reader to
Lemma 2.2 in [10].

Proor oF THEOREM 2.1. The proof of the existence of a solution
to

feHr (),
(2.15){ Ao .
f-Vot [ v Vie+ | Modo= [ 0o, VoeH} (),
./Q <p./ﬂv s@_/rfsoa_/nso @ (€)
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(i.e. Problem (2.3) without the regularity f € C®*(Q)) uses the topologi-
cal degree (see [9]); the proof of the Holder continuity of the solution, as
well as the estimates in the Holder space, uses a result of [10].

STEP 1. On a cut-off problem.

Let n be an integer. Recall that T,,(s) = min(n, max(—n,s)). We
know that, for all p € H{ (Q), To(p) € HE (Q) with V(T,(p)) =
Ljel<n} V. B

Let f € Hy (Q); since v-V(T,,(f)) € L*(Q) C (Hy (), there exists
a unique solution f = F(f) to

feHL (),
(2.16) /S)Avf.v(p_g-/rf)\ftpda:/(z@@%—
—/QV‘V(Tn(f)ﬁp? VS‘Q € Hlld(Q)

This defines an application F : Hy (Q) — H{ (Q).

We will prove, using the topological degree, that F' has a fixed point
(conversely to the proof of Lemma 2.1, the Schauder fixed point theorem
seems not applicable here).

Notice first that F' is continuous; indeed, if f,, — f in Hf (), then
To(fm) — Tu(f) in HE,(Q), so that v - V(T,(f,,)) = v - V(T,(f)) in
L*(9), thus also in (H} ()" and the solution F(f,,) of (2.16) when f is
replaced by f,, tends thus in Hy () to the solution F(f) of (2.16).

We will now prove that, if (f,,)m>1 is 2 bounded sequence in Ht (), then

there exists a subsequence (still denoted (f,,)m>1) such that (F(f,,))m>1

converges in Hy (Q). Since (f,,)nz1 is bounded in H} (Q), (v-V(T,,(f,,,))m1
is bounded in L?*() and there exists thus a subsequence, still denoted
(f)m>1, such that v - V(T,(f,,)) — ® weakly in L2(Q).

Since (F(f,,))m>1 is bounded in Hy (Q) (because of the coercivity of
the operator in (2.16) and of the fact that (v-V(T,,(f,,)))m>1 is bounded
in L*(Q)), its trace is bounded in L?(92) and we can also suppose that,
up to a subsequence, (F(f, ))m>1 converges to F,, weakly in Hy (Q),

strongly in L?(Q) and its trace weakly in L2(9Q); we see then that Fj is
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the solution to

Fy € H (),

(2.17) 1
/AVF0~V<,0+ /\F0<pda:/0<p—/<1><p, Ve HL (Q).
Q ry Q Q

We have now to prove that the convergence of (F(f,,))m>1 to Fy
is strong in Hlld(Q); to see this, we subtract the equation satisfied by

F, from the equation satisfied by F(f, ) and we use the test function
o=F(f,)-F € H () to find

AV F) = Foll iy + [ NF(T,) = Falt do <
f

< [ AV(F(f,) = Fo) - V(F(f,,) - Fo)+

Q

+ [ NEF) ~ F)E(F,) ~ Fo)do =

Ly
- [@-v V@O NET) - F) <
<@ —-v- V(Tn(fm))”L?(sz)HF(?m) - F0||L2(sz) .

Since (v-V(T,(f,,)))m>1 is bounded in L?(Q) and F(f,,) — Fy in L?(12),
this inequality, associated to (1.10), gives

”F(?m) - FOHHl(Q) —0.

Thus, F : HE (Q) — Hf () is a compact operator. To prove that
F has a fixed point by an application of the Leray-Schauder topological
degree, it remains to find R > 0 such that, if ¢ € [0,1] and f € H} (9)
satisfies f — tF(f) = 0, then H7||H1ld(9) # R.

Suppose we have such a t € [0,1] and such a f € Hlld(Q); then f
satisfies

/AV7~V<,0+/ Mo dU:t/ ng—t/v V(T.(f))y forall p € H%d(Q)
Jo Jr; Q Ja
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Take ¢ = f; since V(T,,(f)) = 1{|?\<n}V77 we find, with (1.10),

Kaa(a 2L N Tl < o [ (VTR + [ AT do <
f

< 10l @y Il + nll W2 1V T 20y <

< (||9‘|(Hgd(9))/ +n|v] ||L2(Q))||THH1<Q) ;
which gives

191l oy all 1] [ 22(0)
Koo(aa, Q,Tq, N)  Kaoplaa,Q,Tg,A)

I Fll ey <

Thus, by taking R= 1+(H0H(H% @y Tl VI 2 )/ Koz, ,Ta, A),
we deduce from the properties of th% topological degree that F' has a fixed
point in the ball of center 0 and radius R in Hy ().

We denote by f, such a fixed point, which satisfies

fo € Hy (),

(2.18) /QAan'Vgo+/Qv-V(Tn(fn))<P+
+ )\fngpdor:/ﬁgo, Ve Hy,(Q)
Ty JQ

and [|fullm ) < 1+ (1l @y + nA|Q|2)/Kas(aa, Q, Ty, \).

STEP 2. We prove an L' estimate for the sequence (f,),>1 con-
structed in Step 1.
Let w,, = 1(|1,|<nyV; we have, for all ¢ € H} (),

(2.19) /Aan-Vgo—i-/wn-ancp—k/ )\fncpda:/bhp.
0 0 Ty Q

Since A, is an upper bound for || |w,| |1 ), we can find, thanks to
Lemma 2.1, a g, € Hlld(ﬂ) satisfying, for all ¢ € Hlldl(Q)7

(2.20) /ATVgn~V¢+/gnwn-V<p+/ /\gnsodaz/sgn(fn)%
Q JQ Ff JQ
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and such that [|g, || < Ko, where Ky depends on (2, T, s, Ay, A)
but not n (sgn denotes the sign function, and we have thus ||sgn(f,)|| =)
<1).

By putting ¢ = f, in (2.20) and ¢ = g, in (2.19), we get

221) [l = / sgn(fo)fr = / 09 < Koll0]|11 sy -

STEP 3. With the same methods as in Step 3 of the proof of Lem-
ma 2.1, we prove an L* estimate on (f,)n>1-

Define S} as in Step 3 of the proof of Lemma 2.1, and use Si(f,,) as a
test function in (2.18): we get, by denoting E}' = {z € Q| |f.(z)| > k},
and since f,S,(fn) > |Sk(fn)l?,

(222) aull V(S ooy + [ MSu(h) dor <
Ly
< [ AL VS + [ MaSilf) do <
JQ JL¢

1
< Mgll Skl oo | BRI + /{ |

n|<n

| VIVAIS(G)l <

< Mol ez | ER1E + [ MID(SUADISHE] <
<Al o @ B+ DS s | 1S 2200 <
(223) <A o B P+ VSN a2 A 1S () oo

because V f, = V(Si(f,)) where Si(f,) # 0.
As before, we notice that, thanks to the Sobolev injection of H!,
there exists p > 2 and K; only depending on 2 such that

11 nilo1
HSk(.fn)||L2(Q) < HSk(fn)HL”(Q)|EIZ|2 r < I(lHsk(fn)||Hl(Q)|Elc|2 Py
which gives, introduced in (2.23) and thanks to (1.10),

K:Zﬂ(a/herdv/\)HSk(fn)H?{l(Q) <

(2.24) il i1 2
< Aol Se(fu)llrr o |EX 2 + KA EL 277 {|Sk(fo) [ o -



78 J. DRONIOU — T. GALLOUET [22]

But, with (2.21) and the Tchebycheff inequality, we see that

KAy
k

n 1
|EL| < E”anLl{Q) < ;
there exists thus kg depending on (K1, Ay, p, Ko, Q, Ay, Koo(aa, 2, T4, N))
(i.e. on (,Ty, aa, Ay, A\, Ag)), such that, for all n > 1 and all k > ky,
KA ER 275 < Kaalaa, ©,Ta, )/2.
Returning to (2.24), we have then, for all k > ko,

2A,

1 1
E’VL E — K ETL E
Kz,Q(OéA,Q»Fm)\)‘ ¢l 2|

1Sk (fulll ey <
where K, depends on (2, T4, aa, A, Ap).
Then, reasoning as in the end of Step 3 of the proof of Lemma 2.1,
we get, for all h > k > ko,

MK?

<
‘Eh| = (h*k)ﬁ

BP,
with 8= N/(N —1) > 1 and M depending on €.

Using Lemma 2.2 (or, more directly, Lemma 4.1 i) in [16]), we see
thus that there exists Hy depending on (€2, 8, M, K5), i.e. depending on
(2, T4, a, A, Ap) [notice that a dependence on € takes into account a
dependence on N] such that, for all n > 1, |E%_,, | = 0, that is to say
| falloe () < K3 = Hy + ko, where K3 depends on (€2,I'q, aa, Ay, A, Ag).

By taking any integer no > K3 (such a choice of ny depends on K3,
thus on (Q, T4, aa, Ay, A, Ag)) and letting f = f,,, we get a solution to

{feH%d(Q)
(2.25) _ _ - )
/QAVf V<p+/ﬂv Vfap+/rf)\ftpda—/n€<p, Ve HL (9),

(because, since ng > Ks 2> || fuollzoo(9)s Tng(frg) = fne = f) such that

1
100 o + oI a0l 4 A0l
]CQ,Z(QAandeA) - ’Czyg(aA,Q,Fd,/\) ’ L

[f 1l 2y < 1+
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where C) depends on (2, Ty, a4, Ay, A, Ag); notice also that
(2.26) [fllzee) < K.

Since, up to now, we have not used Hypothesis (1.13), this proves
what we have claimed in Remark 2.2.

STEP 4. Conclusion.

It remains to prove that the solution f € Hf () of (2.25) we found
in the preceding section is in fact in C%*(£2) for a x > 0. This is the only
part of the proof where we need Hypothesis (1.13).

We have, for all ¢ € H'(Q),

@A 2 AS 2
| [ ov-ve] < 1190l Aol < G2 Vel +g el -

2
Thus, by taking b =1+ 21;—‘;, the bilinear continuous form

(p) e I @~ [ AV Vot [ veVeu+ [ bou

is coercive (notice that the choice of b depends on (2, a, Ay)).
The function f is the solution to

feH (),
o1) | [4VfVer [vTfer [ Ao [ore=[ .
Ve HE (),

where § = 0+ bf € L=(1).

Thus, 6 € (Wlld1 ()’ and, thanks to (2.26), the norm of @ in (WI}(’i1 (DK
is bounded by K4 depending on (2,4, aa, Ay, A, Ap). With our choice
of b, a slight adaptation of the methods of [16] and [10] shows then
that (thanks to Hypothesis (1.13)), there exists x €]0, 1[ depending on
(Q,aa,Aa, Ay, A\ D), ie. depending on (Q, aa, Aa, Ay, N) and K5 depend-
ingon (Q, aa, Aa, Ay, A\, b, Ky), i.e. depending on (2, Ty, aa, Aa, Ay, A, Ay),
such that the solution f of (2.27) is in C**(Q) with || f||lcom) < K5. O
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3 — Proof of the uniqueness and stability theorems

We will use, in the course of this proof, the following result.

LEMMA 3.1. Let f: Q= R, F: Q= R" and G: Q - R" be
measurable functions such that |F —G| € L*(). Under Hypotheses (1.1),
(1.4) and (1.5), there exists a measurable matriz-valued function M : Q —
My (R) such that

(3.1) M(z)r-7 > alr|]? for a.e. z €Q, for all T € RY,

(3.2) |[M(z)|| <A for a.e. z€9Q,

(3:3) alx, f(x), F(x)) —alz, f(2), G(x)) = M(x)(F(z) — G(z))
for a.e. x € Q.

REMARK 3.1. Notice that o and A do not depend on f, F or G (only
on a).

PROOF OF LEMMA 3.1. When a is of class C! with respect to &, it
is very simple: just take

1o
M(e) = [ 5 f(2), F(@) + 1(Gl@) = Fl) de
0
(where %Zv the partial derivative of a with respect to &, is identified to a

N x N matrix; it is easy to see that this partial derivative satisfies (3.1)
and (3.2)).

When a is only Lipschitz continuous with respect to £, it has a par-
tial derivative for a.e. £ € RY, but we can not take the preceding ex-
pression since F(.) + ¢(G(.) — F(.)) could take (on the whole of  and
for any t € [0,1]) its values where a is not derivable with respect to .
We solve this problem by the following trick: by denoting (p,).>1 & se-
quence of mollifiers in RY, we take a,(z,s,&) = (a(z, s,.) * p)(€); a, is
a Caratheodory function which is of class C! with respect to £. We have
thus

(34)  an(z, f(2), F(2)) = an(, f(2), G(x)) = My (2)(F(x) — G(2)),
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where M, (z) = fo ‘98—(35 f(x), F(z)+t(G(x) — F(x)) dt; by noticing that
Ban (1, 5,€) = (g—ﬁ(ﬂc $,.) * pp)(€), we see that ngb — and thus M, —
satisfies (3.1) and (3.2) for all n > 1.

Thus, (M,),>1 being a bounded sequence in (L>(Q))V*N, there
exists a subsequence, still denoted (M,),>1, which converges to M in
(L>°(Q))V*N weak-x; it is then quite clear that M satisfies (3.1) and (3.2).
Moreover, since |F — G| € L*Y(Q), M, (F — G) — M(F — G) in the
sense of distributions. Since a,(z, f(z), F(z)) — an(z, f(z),G(z)) —
a(z, f(z), F(z)) — a(z, f(x),G(z)) for a.e. z € Q (for all z € Q such
that a(z,.,.) is continuous) and is dominated by A|F — G| € L*(Q), the
convergence is also true in (L!(€2))" (and thus in the sense of distribu-

tions). By passing to the limit (in the sense of distributions) in (3.4), and
since the limits are functions, we get

a(z, f(z), F(x)) — a(z, f(z),G(z))=M(z)(F(z) — G(x)) for a.e. z€Q,

and the measurable matrix valued function M is thus convenient. ]

PROOF OF THEOREM 1.1. Let p € M(Q), p? € M(0Q) and u, v
two SOLA of (1.14).

By definition, there exists (pin, n)n>1 € L'(Q) N (HE, () satisfying
fin — g and v, — g in (C(Q)) weak-*, (42, 12)uz1 € L) N (H}(Q))
satisfying p2 — p? and v2 — p? in M(99Q) weak-*, u,, a solution of (1.15)
and v, a solution of (1.15) with (v,,2?) instead of (u,,u2) such that
U, — w and v, — v in L*(2) (in fact, the convergence is much stronger
but we will not need it).

By substracting the equation satisfied by v,, from the equation satis-
fied by u,, we have, for all € H; (Q),

/ (a(z, un, Vu,) — a(z,v,, Vu,)) - Vo + Mty — vy)pdo =
(3.5) 72 Ly
= (in — Vm‘P)(Hl (@)=L (@) T (Md - Vda@ 1/2 vy g2y
r, (). Hp, n T U Y2 @)y @)

Let V: QxR xR xIRY — IR defined, for all (z,s,t,£) € QxR x

R x RN, by
{ V(:L',S,t,é-):a(x7s,£i:?(l”t7£) lfs#t,

V(x757t7£):0 ifs=t.
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Thanks to Hypothesis (1.1), V is Borel-measurable (it is Borel-measurable
on the Borel set {s # ¢} and on the Borel set {s = t}) and, by (1.6),
V(z,s,t,6)| <6 for ae. x€Q,forall (s,2,¢) € R x R x RY; we also
have, for all (z,s,t,6) € 2 x R x R x R",

a(z,s,§) —a(z,t,€) = (s —t)V(z,s,t,§).

If V is Borel-measurable and u,, v,, Vv, are measurable, then v, (.) =
V(oyun(.),va(.), Vo, (.)) is measurable on Q and, for a.e. z € 2, we have
|v..(z)] < 4.

By denoting M, : Q — My (IR) the measurable matrix-valued func-
tion given by Lemma 3.1 applied to f = u,, F = Vu, and G = Vv,
(notice that |F — G| € L*(Q) C L'(Q)), we obtain, for a.e. z € Q,

a(x, u,(x), Vu,(z)) — a(z, v, (), Vo, (z)) =
= a(z, u, (), Vu,(x)) — a(z, u,(z), Vo, (x))+
+ a(z,un(x), Vo, (2)) — a(z, v, (), Vo, (x)) =
= M, (z)(Vu,(z) — Vo, (x)) + (un(z) — vp(z))va ().

By (3.5), w,, = u, — v, is thus a solution to

w, € H (Q),

/ M, Vw, -V +/ W, V, - Vip+
Q Q

(3.6)

+ Y, Awyp do = (jin, — Vn, @)(Hlld(ﬂ))’,Hlld(Q)_'_

+<iu‘g - Vg’¢>(H1},22(BQ))’7H1122(BQ) ) VQO € HIl‘d(Q) .

MY is a measurable matrix-valued function which satisfies Proper-
ties (3.1) and (3.2) (notice that o and A do not depend on n) and we
have v,, € L>(Q) with § > || |v,|||r=(@) (notice that § does not depend
on n).

Thanks to Theorem 2.1, since sgn(u—wv) € L*(§), there exists K > 0
and C > 0 depending on (2,4, a, A, 0,A) (i.e. k and C' do not depend
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on n) and, for all n > 1, a solution to

fu € HE ()N CO(Q),

MV, -V / VS
+ | Afapdo = / sgn(u —v)p, Vo € Hy (Q)
Ff JQ

such that Hf"”CO"‘(Q) S C.
Using f, as a test function in (3.6) and w, as a test function in (3.7),
we obtain

/wnsgn(u —0v) = / M, NVw, -V f,+ / WpVy -Vt
Q Q Q

(3.8) o
+ [ o= /Q Fultin — va)+ /a Sl = v do

Since (f,)n>1 is bounded in C%*(Q), it is relatively compact in C(€2)
(thanks to the Ascoli-Arzela theorem) and we can thus suppose that, up
to a subsequence still denoted (f,)n>1, we have f, — f in C(Q). Since
tn — U, — 0in (C(Q)) weak-x and p? — 12 — 0 in M(0Q) weak-*, we
get

/an(ﬂn —v,) + /m Fa(ul =02y = 0.

Using the fact that w,, — u — v in L'(Q?), we deduce then from (3.8),
by passing to the limit n — oo, that

Oz/nsgn(ufv)(ufv)z/omfv\,

which gives u = v a.e. on {2 and concludes the proof. g

PrOOF OF THEOREM 1.2. We first prove the more general result
stated in Remark 1.6. We suppose thus, to begin, only Hypotheses (1.1)-
(1.3), (1.7) and (1.9) and we take (u,),>1 satisfying: for all n > 1,
there exists three sequences (fnm)m>1 € L'(Q) N (Ht, (), (13 ) m>1 €
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LY(09) N (H}(09)) and (unm)m>1 € Hi () such that

P =5ty in (C(R)) weak-x, ugm 2w in M(09) weak-#
3C > 0 such that [|gnm |l me) + 119 0]l mee) < C
(3.9) foralln>1and m>1,
VYm > 1, u,, is a solution of (1.15) with (un‘m,uim)
instead of (i, u2) ,

Up o "=, in Wpd(Q) for all g € [1,N/(N — 1)

((3.9) is the additional hypothesis we must make — see below for the
reason).

Let {¢r, k > 1} (respectively {t¢, k > 1}) be a countable dense
subset of C(Q) (respectively C(99)). For all n > 1, there exists m,, > 1
such that

o | [o0n dltnm, — Jq e dus] < 1/n for all k € [1,n],
i ‘ffm i dﬂg,m" - ffm Pr dﬂﬁ < 1/n for all k € [1,n],

o ||t m, — unHWFI,N/(Nfl)—l/n(XD <1/n.
d

It is then quite clear that (vn)n>1 = (Hnm, Jn>1 € L'(2) N (HE ()" and
(V) nz1 = (12 Jnz1 € LH(OQ2) N (H%f(BQ))’ converge respectively to
win (C(Q)) weak-+ and to u? in M(0Q) weak-+. Indeed, (Vn)n>1 =
(Hn,mn )n>1 is bounded in M(Q) by C' (this is where we need (3.9)) and,
forall k > 1,ifn >k,

)/@kdl/n—/tpkd,u‘ﬁl—}—’/Apkd,un—/gokdu‘%()asn%oo.
Q Q n Q Q

The bound of (¥,),>1 and this convergence on a dense subset of C(Q)
gives the weak-* convergence. We can do the same for (12),>.

Thus, by definition of a SOLA, since v,, = Uy, ,n,, is a solution of (1.15)
with (v, v0) instead of (i, 12), there exists a subsequence (v,, )x>1 and a
SOLA v of (1.14) such that v,, — u in erdq(Q) forall g € [1, N/(N—1)[.
Let g € [1, N/(N = 1)[; for all k > (N/(N — 1) — ¢)~!, since nj, > k, we
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have then (with r, = N/(N — 1) — 1/n;, > q),

ltn, — ullwra@y < Ntny, = v, lwra) + [[vn, — ullwia@) <

IN

|Q|1/l1*l/rk-H1,LnlC — Unk:HW:l,’r‘k<Q> + ank — uuwl,q(Q) <
sup(1, |©2])

s

IN

+ [|Un, — ullwra) — 0as k — oo,

which gives the convergence of (uy, )i>1 to u in Wﬁl‘f(ﬂ), for all ¢ €
LN/(N - 1)L

Suppose now that we add the hypotheses of Theorem 1.1, or that we
are in the case of Remark 1.5. We have then the uniqueness of the SOLA.

The SOLA wu, thus does not depend on the way we approximate
(ftn, 1), and we can always take (fi,,m, 412, )m>1 which approximate these
measures and satisfy moreover ||, mllr@) < |litnllrme) and |1, | meoo)
< H,U/,(Z”M(QQ) for all m > 1; in this case, since (fin)n>1 is bounded in
M(Q) and (u?),>; is bounded in M(d€) (they converge for the weak-*
topology), we see that (fn,m, 12, )n>1,m>1 satisfy (3.9).

By supposing that (u,),>1 does not converge to the SOLA w of (1.14),
we would take ¢ > 0 and a subsequence, still denoted (uy,),>1, such that,
for a gy € [1, N/(N = 1)[, |lun — ullw1.a0() > € for all n. Applying the
preceding reasoning, we get a subsequence (uy,, )r>1 which converges in
erfo (©) to a SOLA v of (1.14). The SOLA being unique, we have in
fact w = v and this leads to a contradiction, thus proving Theorem 1.2
and Remark 1.7. 0
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