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Hydrodynamic scale for a driven tracer particle

Rigorous results

M. SOLOVEITCHIK

To my parents

RIASSUNTO: Noi consideriamo la dinamica di una particella avente massa e carica
interagente con un ambiente omogeneo in equilibrio, consistente di particelle classiche
identiche. Noi discutiamo in modo rigoroso i risultati sulla transizione al limite per lo
spostamento della particella carica. In qualche caso speciale noi rappresentiamo una
consegquenza del Teorema del Limte Centrale e la relazione di Finstein.

ABSTRACT: We consider dynamics of a massive charged particle interacting with
a homogeneous equilibrium evironment consisting of identical classical particles. We
discuss rigorous results on the limit transition for the displacement of the massive par-
ticle. In some special cases we represent a derivation of the Central Limit Theorem
and the Finstein relation
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0 — Introduction
0.1 - Physical motivation

We begin with the fundamental Physical description of driven Brow-
nian motion, that is the motion of a charged massive particle in a neutral
gas in presence of a constant electrical field. We follow the approach
developed by Einstein and Smoluchowski. In modern and slightly sim-
plified terms the theory of Brownian motion accepted in Physics may
be exposed as follows. Consider a massive charged ball moving in the
Euclidean space IR? that is filled by a neutral gas of identical particles.
We assume that the ball undergoes on action of an external electrical
field f. The ball interacts with particles of the gas by a suitable repulsive
potential. (The reader may think of a gas of point-like material parti-
cles colliding elastically with the ball). Tt is assumed that the system is
in thermodynamic equilibrium. Namely, we set f = 0 and fix a Gibbs
measure on the space of all possible configurations of the system. This
Gibbs measure corresponds as usual to certain values of the inverse tem-
perature § and the average particle density. In the case of f = 0 this
measure is invariant with respect to the dynamics. Denote by Q(t) the
position of the ball at time t. The following fundamental relations are
accepted as main assumptions of the theory of Brownian motion. They
were discovered almost 90 years ago and agree with numerous physical
experiments.

1. Drift and diffusion.

(0.1.1) Q(t) = D(f)t + S(f)W; + o(V1), as t — 0.

KEY WORDS AND PHRASES: Brownian motion — Central Limit Theorem, drift, diffusion.
A.M.S. CLASSIFICATION: 82C21 — 82C22 — 82C31 — 60F05
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Here D(f) is a vector called the mean drift and X(f) is a positive
defined operator; 32 is called the diffusivity of the Brownian parti-
cle. W, denotes the standard Wiener process.

2. Einstein relation.

(0.1.2) D(f) = §EZ(O)f +o(f), as f =0

TERMINOLOGICAL REMARK. The principles indicated above are
known as “Einstein-Smoluchowski” theory. There exists an alternative
approach, called “Ornstein-Uhlenbeck” theory, which postulates that the
basic random process describing the wvelocity of the Brownian particle
should be the stationary Ornstein-Uhlenbeck process U, satisfying the
stochastic equation:

dZ/lt = —’yut + O'th .

If so, the Einstein-Smoluchowski theory for the displacement of the par-
ticle appears as a limiting case of the Ornstein-Uhlenbeck one. For
a detailed discussion of connections between the two theories see Nel-
son’s classical notes [18]. An attempt to obtain a unified theory is con-
tained in [29]. It seems that in physical literature the term “Brown-
ian motion” is more often associated to “Ornstein-Uhlenbeck” than to
“Einstein-Smoluchowski”. In the present text we deal with the Einstein-
Smoluchovsky theory only.

The main subject of our interest is a rigorous mathematical justifica-
tion of the physical picture described above. In more precise terms this
means the following.

1. We must consider a mechanical system of the type “classical test
object + constant external force acting on the test object 4+ gas of
classical particles”. The underlying dynamics of the system have to
be deterministic and Hamiltonian. No resorting to stochastic evolu-
tion is allowed.

2. Randomness may enter only through initial data. A measure on the
space of initial data is of the Gibbs type and allow to determine
correctly the temperature of the system. This measure has to be

invariant under the dynamics corresponding to the trivial external
field f = 0.
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3. The only “large parameter” is time. All physical parameters, for
instance, density of particles, temperature, masses of particles etc.
should be constant.

4. The Einstein relation should be considered in the physically correct
(strong) form. That means, the limit transition with respect to the
force value should follow after the limit transition in time.

In other words we have to consider the system in the hydrodynamic
limit. The problem of justification is difficult even if one resorts to
stochastic evolution, introduces additional parameter scaling or consid-
ers the Einstein relation in the so called “weak” form, when the limit
transitions in time and in force are coupled so that f = f,/v/t. (See for
example [29], [8], [6], [15].) In the present text we consider the “pure me-
chanical” case, described above, only. Our aim is to outline the progress
achieved recently in this area emphasizing mathematical methods moti-
vated by the problem.

0.2 — Description of the main models

So far, there have been no rigorous mathematical models based only
on the above physical postulates. A significant progress has been achieved
only under some “special” geometrical assumptions. Below we describe
the main models we shall deal with.

i) One-dimensional Rayleigh gas. This model consists of a massive
(charged) particle (M.P.) of mass M on a line immersed in an ideal gas
of identical point-like particles of equal mass m < M. Gas particles do
not interact and move according to the free dynamics until a collision
with the massive particle occurs. Collisions of M.P. with gas particles
are elastic. More precisely, let us define the extended phase space of the
system by O =1R?x Y, where

Y ={VY cR*:card(Y N K) < oo for any compact K C IR*}.

Any point of Y is called a particle of the ideal gas and denoted by (¢, v) €
Y € Y. Here q and v are the position and the velocity of the particle
respectively.

We will denote a point & € Q by & = ((Q,V),Y), where Q,V are
the position and the velocity of the massive particle. Let us define the
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action of the one-dimensional translation group on Q by the formula:

Ra(@)) =W : (Q7v) € Y(d}l) And (q - (l,U) € Y(dj)v
Q@) = Q@) +a,V(en) =V(®).

The phase space Q) is defined as the quotient of O with respect to this
action. We may and will identify Q with the subset of Q corresponding to
@ = 0. A point w € Q is written as a pair w = (V,Y). We endow Q (and
Q) with the standard topology and the corresponding sigma-algebra of
Borel sets. For this purpose we define a fundamental set of neighborhoods
of the point Yy € Y by Us(Yp) = {Y € IR? : card(Y' N S) = card(Y;NS)},
where S C IR? is bounded and open. The space Y with the given topology
is a polish space. The topology on both Q and Q) is the product one. We
denote by B (and B respectively), the corresponding Borel o-algebras.
Introduce the basic reference measure on (2, B):

fi(dw) = ,/52—]7‘? exp ( - 5MV7)dV PdY),

where P denotes the Poisson field on the one-particle phase space M =
IR? with the intensity measure

n(dq dv) = py/ 52—7: exp (_B;nUQ)dv dq.

Here p and B are positive constants corresponding to the density of parti-
cles and the inverse temperature of the system. Note that any P-typical
configuration of particles is locally finite with respect to the ¢ coordinate.
The main reference measure for the extended phase space is

i = p x exp(BfQ)dQ .

The dynamics {ft} on © corresponds to elastic collisions. All par-
ticles keep their velocities until they collide with M.P., which moves be-
tween collisions with constant acceleration %, where f is the force acting

on M.P. Since T*R, = R,T" we may correctly define the corresponding
dynamics {T*} on the quotient space . Note that p is invariant under
{T"} only by f =0. Our main object is the displacement of M.P. defined
on ) by

Ot w) = /Ot V(T () ds.
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ii) Modified Rayleigh gas. This system is a modification of one-
dimensional Rayleigh gas proposed by J. L. Lebowitz. The system lives in
the plane IR?, the points of which will be denoted by ¢ = (¢.g2). By con-
vention, we use the adjectives “horizontal” and “vertical” for the first and
the second coordinate axis, respectively. The system is two-dimensional
and consists of a rod of mass M and of a gas of infinitely many point-
like particles with equal masses m < M. The rod is supposed to be of
length ¢, and infinitely thin. Its center point is constrained to move on
the horizontal ¢;-axis, and the rod keeps a vertical position, i.e. its ori-
entation is fixed and orthogonal to the ¢;-axis. The horizontal velocity of
the rod will be denoted by V and its coordinate on the ¢;-axis by ). The
ideal gas in this case is described by a locally (in ¢) finite subset Y of the
one-particle phase space M = IR? x IR?>. A configuration of the whole
system is described by a point in the extended phase space Q. A point
& € Q will be written as @ = ((Q,V),Y), where Q,V denote the position
and the velocity of the rod, respectively, and Y is the particle configura-
tion. In the same manner as above, we define €2 as the quotient of Q with
respect to the group of horizontal space translations. A point w € ) is
written in obvious notations as a pair w = (V,Y). One can introduce the
Borel sigma-algebras B and B on Q and respectively, as above. The
main reference measure on (€2, 3) in this case is

M MV?
() = | S exp (- P

)av p(ay),

where P is the Poisson field on the one particle phase space M with the
intensity measure

n(dg dv) = py| 62—7: exp ( - Bm%)h(dw)dvl dq.

h(.) is a distribution of the vertical velocity. We assume that:
+oo
/ h(dw)|w] < o0

and that there exists a > 0 such that h([—a , a]) = 0.
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The last condition ensures that there are no particles whose vertical
velocities are too small and thus that any particle which is inside the re-
gion available to the rod will leave it after a renewal time. (This property
is crucial since it removes, at least partially, the conservation of memory
provided by recollisions of particles with the rod. We shall discuss it in
details somewhat later.) The dynamics on Q (and on ) is the usual
dynamics of elastic collisions. All particles keep their velocities until they
collide with the rod, and, upon collisions, the vertical velocities do not
change. The rod moves between collisions with constant acceleration %,
where f is the force acting on the rod. The main problem is to investigate
the displacement of the rod in the horizontal direction.

Let us emphasize that our list of appropriate models is far from being
complete. For instance, we do not consider hard rods systems and Lorentz
gas [7]. In the last system the absorption of energy by the medium is
simulated by the “Gaussian dynamics”. It is assumed that the Gaussian
dynamics can mimic the absorption of energy by the scatters when they
are not fixed. For the corresponding arguments see the discussion in [7].
In case the reader is interested in obtaining a more complete picture of the
subject we strongly recommend to make use of the references indicated
at the end of the text.

0.3 — Formulation of the results. Discussion
0.3.1— Existence of the Dynamics

Let us consider the dynamics associated with the above models. We
have chosen elastic collisions as a convenient idealization. On the other
hand this assumption leads to certain mathematical difficulties. There
are examples of initial configurations w for which the dynamics {7T"(w)}
can be constructed only up to some finite time 7. A more detailed analysis
reveals the following reasons for that:

a) there are infinitely many particles coming into some bounded neigh-
borhood of the M.P. (rod) in a finite time;

b) a non-transversal collision may occur. This means that the collision
is multiple (two or more gas particles and M.P. (or the rod) collide
simultaneously) or M.P. (or the rod) and the colliding particle have
equal (horizontal) velocities at the time of collision;

¢) infinitely many collisions may occur during a finite interval of time.
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In order to construct the dynamics mathematically rigorously we
have to show that all these situations occur only for a “small” set of
initial conditions. For our purposes it is sufficient to understand the ad-
jective “small” as “of p-measure zero”. The difficulty indicated in (a)
is typical for all infinite-particle systems. In our case one may easily
overcome it making use of the Gaussian distribution of velocities, which
guarantees good spatial localization of the particles placed far away from
M.P. (or the rod). The cases (b) and (c) concern actually the dynamics
of a closed subsystem containing finite number of particles. The difficulty
here is specific for systems with singular (elastic) interaction. It is easy
to see that the initial conditions leading to the case (b) correspond to a
subset of codimension at least 1. Thus the main problem is to estimate
the set Z, of initial conditions possessing a finite accumulation point of
collision moments. It turns out that this set is also of codimension at
least 1 and by f = 0 is empty. In Section 1 we consider the problem
in full generality. The techniques developed there is of independent in-
terest and has application to many systems important for mathematical
physics.

0.3.2 - One-dimensional Rayleigh gas

Assuming that the desired dynamics is correctly constructed, we
get down to the main business of the present text. Consider the one-
dimensional Rayleigh gas. The first problem we deal with is the lack of
a suitable stationary distribution when the external field f is not equal
to zero. The natural way to overcome this difficulty is to construct this
distribution as the limit of the main reference measure under the time
evolution. One can do this rigorously at the moment only for modified
Rayleigh gas. For one-dimensional Rayleigh gas the problem is open and
we have to restrict our attention to the equilibrium case (f = 0). We
are interested in proving the central limit theorem for the displacement
Q(t,w) of M.P. The first result was obtained for the degenerated case
M = m. The dynamics in this case is relatively simple since the motion
of the M.P. just copies the trajectory of the last collided gas particle.
This observation was used in the paper [26] (1969) where the displace-
ment of the M.P. was explicitly represented as a functional of the gas
configuration.
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THEOREM 0.3.1 [26]. Assume that M =m. Then the random process

1
—=Q(tN,.
converges (as N — o0) in the sense of week convergence of path measures
to the Wiener process W,2,. The limilt variance

UL-VE_J__
 VmpymB

The case M > m is much harder. The way of reasoning here is
based on “balance equations” which, roughly speaking, combine a suitable
conservation low with the stationarity of the reference measure. Balance
arguments relied on the conservation of the number of particles were used
in [22] to establish that the distributions of % are tight. Moreover, it
was shown that any limit distribution of this tight family has the following
properties:

1. It may be represented as a distribution of a sum of two identically
distributed Gaussian variables with variance

11
V2r py/mB’

2. It may be represented as a distribution of the random variable v+ &,
where « is the Gaussian variable with the expectation 0 and the
variance

eI L
" 8 pymp’
and £ is a random variable independent of ~;

3. It is absolutely continuous and its density is analytic;
4. The variance o2, of this limit distribution satisfies the inequalities:

1 8 1
0.3.2 o = T < af)o <g?=y-—.
(052) Vs ovms +=\'r pvmB

These properties are not sufficient for to conclude that each limit distribu-
tion is Gaussian. The inequality (0.3.2) is remarkable, since the boundary
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values of the asymptotic variance do not depend on M. D. SzAsz and
B. TotHn [28], by a completely different idea, obtained the same lower
bound for the limit variance and improved the upper bound:

2<o_2\/5 1
T VmpvmB

The upper bound above is sharp and coincides with the limit variance
in the case of M = m. Intensive numerical simulations [1] show that
the limit variance strongly depends on M. Moreover, as seen from the
simulations, the lower bound given above is also sharp and occurs when
M — oo. Existence of the boundary values for the limit variance inde-
pendent of M is perhaps a pure one-dimensional phenomenon. No similar
bounds are known for the modified Rayleigh gas. Note that the results
concerning the one-dimensional Reyleigh gas are obtained without use of
ergodic properties of the system. In fact there are no results of this kind.
Let us formulate the following open problem. Prove that in the case of
the Reyleigh gas and M # m the dynamical system is ergodic, mixing,
has K-property, etc.

The main reason why we expect this system to be ergodic and the
process V(t) to be “close to markovian” is based on the following ob-
servation: fresh particles which, after a long time, achieve M.P. become
statistically almost independent of its past trajectory since they come
from well separated regions of the space. The best situation is: when a
“new”, particle comes-“old” ones escape for ever and give no contribution
to the velocity of M.P. Of course it is not the case because recollisions are
possible. Moreover, we have no apriori restrictions on the number of pos-
sible recollisions between a given gas particle and M.P. This number may
be infinite as well. The following result shows that the situation is not so
hopeless: For p-almost every w each particle has finitely many collisions
with M.P. Let particle x € Y(w). Denote by A(z) the time interval be-
tween the first and the last collision of  with M.P. This interval is not
empty and due to what we said above is finite. Set D(w) = Uzey(w)A(2).
We say that w provides a cluster decomposition if D(w) = UJy, where
each J, is a finite interval and J, N J; = () provided ¢ # k. An abun-
dance of ergodic properties of the system is due to the fact that cluster
decomposition is a typical property. This fact was established for slightly
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different systems, where M.P. was localized by an external potential in-
creasing in infinity or by elastic barriers. It may be used to prove K and
Bernoulli regularity. We refer the reader to [13], [2], [24], [25].

In Section 2 we consider the one-dimensional Rayleigh gas and derive
the balance equations as in [22]. We do not prove all the known results
referring to the original papers indicated above.

In the case of Rayleigh gas, the problem of recollisions seems too
difficult.

0.3.3 - Modified Rayleigh gas

We return to the general non-equilibrium case and consider the mod-
ified version of Rayleigh gas described above. Introduce the part of one-
particle configuration and phase space available to the rod:

S={qeR’:|q| <£/2}, Ms ={(q,v) : g € &}.
The subsystem in S is described by
X(w) =(V(w),Y(w) N Ms).

The evolution of the configuration inside the strip & in terms of entire
configuration is given by

Xi(w) = X(T"(w)) ,

where the process X; is markovian. The transition probabilities are given
in terms of the Poisson measure:

(0.3.3) PHX,A) =P{Y: TH{X U (Y \Msg) € A} .

This reduction of a similar system to a Markov process appeared in a
different context in [13] and then later in [9]. The strategy of prov-
ing (0.1.1) consists of establishing strong ergodic properties of the process
X (t) which imply a central limit theorem for the velocity V. We empha-
size the lack of a natural invariant measure to X(¢) given in advance
(unless f = 0). The required values of o(f) and d(f) arise as asymp-
totic parameters in the central limit theorem and already their existence
presents a difficult problem.
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The next question we are dealing with is the validity of the Einstein
relation. The crucial observation is the following

PROPOSITION 0.3.4 [3]. Let py=p(T7*(.)) be the family of the mea-
sures generated by the dynamics. Then for each t the measure p; is equiv-
alent to the measure p and the Radon Nikodym derivative is equal to

Cg;t = exp (ﬁf /Ot V(T (w)) ds) :

This proposition implies the following summation rule:

(0.3.5) /Qu(dw) exp ( - B8f /Ot V(T*(w)) ds) =1.

independently of ¢. This equality is an important technical tool and gives
the basic argument for the following heuristic derivation of the Einstein
relation. Suppose for a minute that the “drift + diffusion” representa-
tion (0.1.1) is valid exactly:

t
| v @) ds = wen +o(Hw,
Substituting this equation into the summation rule we obtain that

E(exp(=pf(td(f) + ()W) = 1.

o (), 0)
d(f) = T8 = =BT +olf)
under the assumption that the variance is continuous with respect to the
value of the external field. In fact, the equality (0.1.1) is far from being
explicitly valid. We may understand it in an approximative form only.
To make the above arguments work we need a control of convergence in
the central limit theorem wuniform in f.

Section 3 contains the proof of the fact that the modified Rayleigh gas
in the hydrodynamic limit admits a complete diffusion theory including
the Einstein relation. This section is based on the results of papers [3],
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[4], though some proofs differ from those of [3] and [4]. Section 3 is the
center of the present text. Let us formulate the results rigorously:

I. EXISTENCE OF THE DRIFT. The limit

exists, is finite, and does not depend on w for p -a.a. w € Q. Moreover
fd(f) >0 for f #0.

II. DIFFUSION. The process
& =ve( QL w)—an?t)
€ €
converges weakly, as € — 0 in the space of continuous functions of t to the

Wiener process W2 (s, with nondegenerate diffusion constant a*(f) > 0.

ITI. EINSTEIN RELATION. The drift d(f) and the diffusivity o*(f) are
continuous functions of f. Moreover, the Finstein relation holds, i.e.,

d

1 — Dynamics of particles with elastic collisions
1.1 - Finite systems
1.1.1— Preliminary observations

Consider a mechanical system consisting of finitely many classical
point-like particles on a line colliding elastically with each other. Assume
in addition that between collisions the particles are subject to force fields
of a general type. We allow long-range interaction forces as well as exter-
nal forces acting on each particle. To be precise, denote by Q* < ... < Q¥

and V1 ..., V¥ the positions and the velocities of the particles respec-
tively. Let my, ... ,my be their masses. Suppose that

i 1 (@) (1 N

Vie— F QY ...,Q").

m;
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In coordinates ¢ = Q* - \/m;,v* = V' - /m, we have:
Gg=v,0=f(q) cv,qg € RY.

Moreover, elastic collisions ensure that the system is contained in the
(coordinate) polyhedral angle defined by

Q <™

or, equivalently,
q¢'/vmi < ¢ min

Trajectories of the system undergo elastic reflections at the boundary of
the angle, provided that the corresponding intersections are transversal.
From now on we deal with the problem posed for a conservative system
inside a polyhedral angle or more generally inside a polyhedron. The par-
ticular case of interacting particles we have started with will be referred
to as particle system.

We say that the evolution is well defined for a given initial condition z
if in any finite time interval at most finitely many collisions with the
boundary may occur and each collision is transversal. In the present
section we study the set of configurations for which the evolution (or
dynamics) is well defined.

1.1.2 - Conservative system in a polyhedron

The extended phase space of the system is X = IR*. Each point
x € X is represented as follows:

r=(g,v), wherege RY ;v e RY;q=(¢",...,¢"),v=(v",... v

We endow X = IR*" with the usual topology, sigma-algebra of Borel
subsets and Lebesgue measure m(dz) = [} dg'dv’. Set

N N

lall> =" (@), [lol? =Y (/)

Jj=1 Jj=1

and
21 = [lgl|* + [|v]|*-
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Let
Br={z:||z|| < R}.

By (.,.) we denote the standard scalar product in R". Let 6;,... ,0x €
IRY be given and satisfy:

[16:]|=1,i=1,...,K.
We introduce the linear forms

Ui(q) = (q,0:) — d;
and define
Q={reX:0,(q(x)>0foralli=1,... ,K},
E={qeR":9(q)>0 foralli=1,... ,K}.
Denote by 0f2 the boundary of €2
0N ={zreX:(q(x))=0forsomei=1,... ,K}.

We assume from the very beginning that € is not empty and does not
coincide with its boundary. This means that there exists ¢ € IR" such
that

(1.1.1) 9;(¢) >0 forall j=1,... K.

We also assume that none of the forms 94,... ,9x may be omitted. In
other words, for any k=1,... , K

Uy & {Zpﬂ% D 20}~
J#k
We say that = is a polyhedral angel if d; =0, 7 = 1,..., K or, in other
words, 9;(0) = 0 for any j. Define

7 ={z € Q: 9:(q(x)) =0, (v(x),0;) > 0;9;(gq(x)) #0 forall j#i};
r<= |J If;

i=1,...,
r=rtur,I,=rfurl;;
Oing = OQ\ T
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The phase space of the system is
D =(Q\00Q) U Tt.

Notice that

(1.1.2) e < (U Rig) U (UML)

i#]

where

Rij={z € X : ¥i(q(x)) = V;(q(x)) = 0};
I, = {x € X : 9;(q(z)) = (v(x),0;) =0}.

Each R, ;, i # j, as well as TI, is a linear submanifold in IR*" of codimen-
sion 2.

The force field FF = F(q) is assumed to be defined on the whole
configuration space IR". We also assume that F' is sufficiently smooth
(at least C*). Set

(1.2) f(a) =D v'( " ag Yg(=))

We assume that the vector field € is complete. That is, there exists a one
- parameter group of transformations {S*};cr such that

25" () = €(a).

For z € T we define ®(z) called a boundary reflection transformation. To
this end for x € I'; set:

q(®(2)) = q(x);
v(®(x)) = v(x) = 2(v(),0;) - 0;

Notice that ®(®(z)) = 2 and ®(I'*) = I'F. It will be convenient in the
sequel to define ®(x) for = ¢ I' just putting ®(x) = z. We shall also use
the notation T for (¢(z), —v(x)).
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DEFINITION. For x € €y a positive semitrajectory is said to be
defined up to time 7 > 0 if there exists a right continuous mapping t —
T'(x) € Qp of the closed interval [0, 7] satisfying the following conditions:

a) T%(z) =

b) Card{t € [0 7] : T"z) €T} < 00

c) If {t € [0,7] : T"(z) € T} = {m,..., 7}, 7; < Tj41 then for any
telr, min) TH) = ST (2)).

d) T7(z) = ®(T7~(z)), where T~ = limy,, T"(z).

e) If {t €[0,7]: T"(x) € T} = 0 then T (x) = S*(z).
Denote by Q,,7 > 0 the subset of phase points x € €2, for which a

positive semitrajectory is well defined up to time 7. €2, is an open subset
of the phase space. Observe that

QT = ﬂ QT+€7 Tt(Q‘r) g Qr—t .

e>0

A negative semitrajectory is said to be well defined for z € Q4 up to time
7 < 0if ®(x) € Q. In this case we put:

T'(w) = S(T1(®(x))).

€2, is defined for 7 < 0 by €, = ®(Q,).
It is easy to see that T (x)=T*"(T*(z)) provided that T""*(x) and
T¢(x) are correctly defined. For x € € define:

Ti(x) =sup{t >0: z € Q,}

T (x)=inf{t <0: ze€Q,};
D(z) = (7-(2), 74 (2));
D.(z)={te D(x): T"(z) e T"}.

Notice that D.(z) is a discrete subset of D(z). Set

Q=2 =0,

TER TEZ

Q= () %= () 2.

TER4+ Tel
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Clearly ., is an invariant (under {T"}) subset of the phase space. A
fundamental property of the dynamics described above is contained in the
following assertion: {T"} preserves the Lebesque measure. More precisely,
assume that ¢ € D(z) for any = contained in a measurable subset A C €,
then:

(1.1.3) m(T*(A)) = m(A).

Henceforth we accept the following

ASSUMPTION. For any given R > 0,7 > 0 one may find a constant
R = R(R,7) such that for any ¢t : 0 <t < 7 and any = € Bz N, holds

(1.1.4) IT:(2)|] < R.
This assumption is valid under usual requirements concerning the force
field.
Namely, it is sufficient to suppose that

IF(@Il < Clgll + 1)
In the Hamiltonian case where

F(q) = —grad(U(q))

we may require that

U(q) > =Cllqll*,.C > 0.
In the forthcoming sections we will prove the following

THEOREM 1.1.5.
m(Qp\ Q) =0.

Since Qo = N,y € and each €2, is open in the phase space, we get

COROLLARY 1.1.6. Q¢ \ Qo is a first category subset in €.
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In some particular cases (of a constant or linear force field, for in-
stance) we give much more strength topological characterization of Qg \
Qoo It is worth mentioning the following strong result of SINAT [21] and
GALPERIN [12] which concerns the case F' = 0.

THEOREM 1.1.7.  Assume that F' =0 and = is a polyhedral angle.
Then there exists a constant C' > 0 such that Card(D.(z)) < C for any x.
Under the same assumption

m(Qo\ L) =0

1.1.3 - Proof of Theorem 1.1.5

It is sufficient to prove that
m(Qo\ Qi) =0.

That is,
m({z € Qo : 7 () < 00}) =0.
Set
Zo ={x €Qy: 7 (x) <00, Card(D.(z) NIR,) = o0},
Ztn ={x € Qo : 7 (z) < 00, Card(D.(z) NIR) < oo} .
Clearly
QO\Q+OO = Zoo U Zgy .

LEMMA 1.1.8. The set Zg, is measurable and m(Zg,) = 0.

PROOF. Set
A =S (0%ing) -
>0
Clearly A is a measurable subset of X. Due to (1.1.2) m(A) = 0. Define
for x € Q
o(z) =inf{t >0: S'(z) € 00} .

Let
A={z: 57 € 00ng} .
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Notice that o is a measurable function of x and that
(1.1.9) Q\A={z: o(x) =00} U{x: §°@ cT}.

The first set in the r.h.s. of (1.1.9) is measurable, the second one is open
in the phase space. Hence A is a measurable set. Since A C A, m(A4) = 0.
Consider x € Zg,. There exists
= lim T'(z) = lim  SYT"(x)),
Y= i @) thry (2)-n(x) (@)
where n(x) = sup{t € D.(x)}. Clearly y € 04yng, otherwise we should
come to a contradiction with the definition of 7. This observation shows
that
Zan = |J (Q:nT'(A4)).
tEQ+

Taking into account 1.1.3 we obtain the result. 0

In addition to the assertion of the lemma the preceding proof shows
that Zg, is in a certain sense of codimension 1. The next and the main

step is to show that
m(Zy) =0.

Let x € Z_, be given. Define
I (xz)={i:Card{t € D.(x) "R, : T*(z) € T;} = co}.

Since x € Z., this set is not empty. Let D.(x) NIR; = {1 < ... <7 <
... }. We have
(1.1.10) kgrfm T = Ty .

This follows from the fact that D.(z) is a discrete subset of D(x) and
T € L.

LEMMA 1.1.11. Let xz € Z,, be as above. There exist:

a) g (z) = lim q(T"());
b) vy(x) = lim o(T"(z)).

ttry (z)
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PROOF. Due to assumption (1.1.4) we see that
(1.1.12) sup{|[v(T*(z)|| : t € [0, T4 (2))} < C(z) < <

Thus there exists

(1.1.13) q+(z) = lim ¢(T"(z —1—/ ds.
ttry (x)

Moreover,

(1.1.14) 9,(q+(2) = 0

for any j € I.(z). Indeed:

0 = liminf [J;(q(T*(x)))[ = [9;(q+(x))|

st (x)

To prove b) we notice that

(1.1.15) o(THz)) = v(z) + /Ot F(q(T*(x)) ds + > Av(T*(x)),

where Av(T%(z)) = v(T*%(z)) — v(T* (z)) differs from 0 only for
€ [0,tND.(x).

Thus the sum ), Av(T*(x)) contains a finite number of terms and is
correctly defined for any ¢ < 7, (x). The second term in (1.1.15) converges
as t T 7, () since

sup{||F(¢(T°(x))|] : s < T4 (2)} < F < 0.
To estimate the last term in (1.1.15) choose ¢ > 0 and ¢ € IR" such that
9i(Cp) > ¢ forall i=1,... K.

Set ¢ = (o — q+(z). Taking into account (1.1.14) we conclude that

<9j7<> >c
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as j € I.(x).
By (1.1.12) and the previous observation we see that

sup {H zt:Av(Ts(m))H 1t €0, T+(£L‘))} < 00.

Thus .
sup{)<§, ZAU(TS(CIJ))>‘ 2t e|o, T+(:L‘))} < 0.

On the other hand the boundary reflection rule gives, provided that
T#(x) €T, and j € Io(x),

(€, Av(T*(x))) = 2(C, 0;)[|Av(T*(x))]| -

Thus
(¢, Av(T*(z))) > 2¢|[Av(T*(2))]] -

Note that for all s € D.(x) except a finite number holds:
T°(z) €T and j € Io(x)

Hence

7(x)—

3 Av(Ts(x))H<C(x)+2lcsup{‘<c,zt: Av(Ts(x))>‘ €0, 7, () <oo.

Summarizing:
T(z)—
(1.1.16) > Av(T* (2))]| < .
0
This implies the assertion b). 0

LEMMA 1.1.17. Under the previous assumptions
Vi(g+(x)) = (vi(z), 0;) =0

for any j € I.(x).
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PROOF. The equality 9;(¢(x)) = 0, as § € I.(x) is already proved.
(See above.) If T%(z) € T'; then

Av(T*(x)) = 2( v(T*(x)) , 0;)0; .
(1.1.16) implies

0= liminf | o(T*(2)) , ;)] = |( vs(2) , 6)]. 0

st (x)

Define
ZR,t - {I S Zoo : ||.’13|| < R7 T+(I) < t}

We complete the proof of Theorem 1.1.5 by the following

LeEMMA 1.1.18. Forany R >0 andt >0

m(ZR’t) — 0 .

PrRoOOF. Let z € Z,. We introduce

Bx) = sup{[(v(T*(x)) , 0;)] : t € [0, 7-(2)), ] € Loo(2)} -

Note that B(T%(z)) is a non-increasing function of s. Moreover, by
(1.1.11), (1.1.17)

(1.1.19) lim A(T*(x)) =0.

sty (x)

Furthermore, choose R(R,t) as in assumption 1.1.4. This choice guaran-
tees that T°(x) € By for all

x € Zpy, s <T1i(x).
We define then

V(2) = min{|9;(q(z))] : j € Ino()} .
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Clearly,

(1.1.20) m{z € R:v(z) <6} <C-§

for some constant C'(R) > 0. Note that

(1.1.21) v(z) < B(x) -1 (x), ifzeZ,.

To see this, note that there exist s € [0, 7,(x)) and j € I (z) such that

9,(¢(T"(2))) = 0.

Thus:
V() < 19;(q(x))| < Blx)s < Bx)7y4(2).
Set . .
i ‘
™ (z) = max{? Fon <7 (x), 1=0,1,... };
G ={we Zp,: T¥(x) = ;7} i=0,1,...,[25].
Let 8% (z) = B(T™" @ (x)). Clearly r(z) — 7®)(z) < 5 Thus

i (k) -
To conclude the proof, choose ¢ > 0 and arbitrary integer £ > 0.
Consider A® = {z € Zg, : ¥ (2) < }. Denoting for simplicity s; =
we may write

2" 4] 2k
(1.1.22)  m(A) =3 m(AY NGY) =3 m(T* (A" NGY)).
=0 i=0
Let
Yy € TSi(A{-(:k’) N Gz('k))7 y = Tsi(x)’ where z € Agk) n ng) '
We have

(1.1.23) Bly) =M () <e,
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since x € A%, Moreover,
(1.1.24) () = mo(2) — 7V (2) <

In view of (1.1.21) this implies that

13
WM§§.

Hence
T%@ﬁ@(ﬂ%@)c{y:y@)g2k}ﬂB§.

Taking into account (1.1.20), we see that

m(T* (AP nGM)) < (27* -

Hence
m({x € Zp,: ¥ (2) < e}) < Cte.

Since limy,_, 1o, 8% (2) =0, the previous inequality implies that m(Zg,) <
C'te. Since € is arbitrary, m(Zg,) = 0. 0

1.1.4 — Dimension of Z.,: some examples

In this section, we develop sufficient conditions for the set Z,, to be of
codimension 1 or even empty. The results obtained here are of indepen-
dent interest and much stronger than those provided by Theorem 1.1.5.
Throughout, a set B € X = IR*" is said to be of (at least) codimension L
if there exists a countable family A;, ¢ = 1,... of smooth submanifolds
such that dim(A;) < N — L and satisfying B C U2, A;. We will write
codim(B) > L.

For a subset I C {1,..., K} let us denote by ©; the linear space
generated by the vectors 6;, i € I and by P; the orthogonal projection
onto ©7. In the case of polyhedral angle a self-adjoint linear operator
¥ :RY — R" is said to be compatible (with the polyhedral angle) if

PV = WP,
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for any I C {1,..., K}. By definition
\IJI:PI\IJ:\IJP[:P[\IJP[.

From now on we make the following assumptions on the force field F:

There exist an open neighborhood O containing the boundary of the
polyhedron =, a constant vector F, and, in case, where = is a polyhedral
angle, a compatible self-adjoint operator ¥ such that

(1.1.25) F(q) = F.—Y(q)
forany g e ONE.
PROPOSITION 1.1.26. Under the assumptions above codim(Z.,)>1.

PRrROOF. We expose the proof for the case of a polyhedral angle. In
the general case we assume just that the force field is constant near the
boundary and the proof becomes simpler. A point x € Z,, is said to
be regular if for any t € [0, 7, (2))¢(T"(z)) € O and T*(x) € T, =
i € Io(z). By W, we denote the set of all regular points. Clearly, for
any © € Z, there exists a rational number r € [0, 7,(z)) satisfying
T"(x) € W,. Thus it is reasonable to estimate first codim(W,,). For
IC{1,...,K} we define

Hi(w) = PRI + 4 (Wila(@)], a(e)) — (F., Pla@)])

Set
H*(LL‘) = H]oo(x)(l') .

Let x € W, be given. Consider the trajectory

:(t) = Pro[a(T"(@))], v:(t) = Pl [v(T"(2))] -

It is governed by the equations ¢. = v., 0. = Py ) [F] — Vi (2)(q.) and
by elastic reflections at the boundary of ©; ) N {q : ¥;(¢) > 0, i €
I.(z)}. Hence we have the following conservation low:

(1.1.27) H,.(T"(z)) = H.(z),t € [0, T4 (2)) .
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On the other hand Lemma 1.1.18 implies that
Pr @) (v4+(2)) = Pr(2)(q+ (7)) = 0.
That is, lim,, (o) H.(T*(x)) = 0. Thus
(1.1.28) H.(z)=0.
We conclude that

(1.1.29) Wec |J A{z:Hi(x)=0}.

Thus

This representation implies the result. U

PROPOSITION 1.1.30. Suppose that in addition to the assumptions
of proposition (1.1.26):

for any

IC{l,....,K}, ¢geONE

and, in the case of a polyhedral angle, V; is non-negative defined as
I1C{1,...,K}:

(1.1.32) U, >0

Then Z., = 0.
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PRrROOF. We present the proof for the case of a polyhedral angle. Let
x € W, be given. We have

~(PEL )+ 3 (Bila(@)] a(a)) >0,

for any I C {1,..., K}. Since H,(z) =0,

2

~{PrewlFL @) + 5 (o la@)] , 4@ + 3P @] =0.

Hence

2

APrw P @) + 5 (Urwla(@)] , 1@) = 5l Prn @)l =0.

Thus
Proo @ [v(T"(2))] = 0, t € [0, 7(2))

and ¢;(T"(z)) = const for any i € I.(z). That is, 9;(T"(x)) =0, i €
I.(x),t €0, 7, (x)). It is impossible, since D.(x) is discrete. 0

REMARK TO PROPOSITION 3.2. In the particular case, where ¥ = 0,
it is sufficient to require that (1.1.31) holds for all I : Card(I) > 2. It
follows from the observation that Card(I.(z)) > 2 for any x € Z.,. To
see this suppose that I.(z) = {i}. Without any loss of generality we
may assume that © € W, . Due to the previous argument (F,,6;) > 0.
But it implies that at most one collision with I'; is possible.

ExXAMPLE 1. Particle system in a constant force field.

Let us return to the particle system. Assume that all the external
forces are constant : FO(Q',...,QN) = F®. The scalar product we
have to consider corresponds to the quadratic form

@, Q) = Zmi(Qi)Q :

The polyhedral angle is given by N — 1 linear inequalities (in coordinates

Q17"' 7QN)

QM —-Q'>0,i=1,...N—1.
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Note that in this case |i — j| > 1 implies that (¢, ;) = 0. That means
that we may verify condition (1.1.31) only for each integer subinterval I
of {1,..., N—1} containing at least 2 points. This observation has a clear
mechanical interpretation. Letz € W,. Thus I (z) may be decomposed
into subintervals:

Io(x) = ur™

such that 1™ = {i™ i 41 ... i®™ 4+ |I™| -1} and |i— j| > 1 provided
i€ Im) 5 eI n +£n, Itis easy to see that each I™ corresponds
to a group of particles (cluster) moving separately, i.e. without collisions
with other particles. Hence |I(™| > 2 which means that there are at
least three particles in each cluster. Condition (1.1.31) applied to a given
cluster of particles assumes the following form.

Consider a cluster labeled by J c {1,..., N}, J ={j, j+1, j+
2,...,7+L—1}, where L denotes the number of particles in the cluster.

Set
M;= Z m,;- the mass of the cluster,
iceJ

1 .
A;j=— Z F®_ the barycenter acceleration .
Iieg

Then

(1.1.33) Z(Fm —m;A;)Q" <0,forany Q7 < Q' < ... < QITETL,

icJ

This is equivalent to the following monotonicity condition:
For any subcluster with the same leftmost particle, that is, labeled
by J c J,J" =3, ..., 54 r holds:

(1.1.34) A,y > Ay,

or, equivalently

(1.1.35) Ay > AJ\J(T) .
Summarizing we obtain the following assertion.

PropPoOSITION 1.1.36. If the above monotonicity condition holds for
any cluster J containing at least three particles, then Z., = ).
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In particular, this is the case when the particles move with nonin-
creasing accelerations:

A{]_} Z A{Z} Z e A{N} .

If all the inequalities above (1.1.35) are strict then we have a particle
system which provides infinitely many collisions between any two neigh-
boring particles but satisfying Z., = (). If all the accelerations are equal:

Apy = Apy = A

then the system is equivalent to that of Sinai and Galperin, since we may
place the origin at the barycenter.

EXAMPLE 2. A system of one - dimensional balls with gravity (due
to M.P. Wojtkowski).
This is a particle system satisfying
F@)

=-9,9>0
m;

and with the following additional restriction: @' > 0. In other words,
the particles are restricted by an elastic wall from the left. From M. P.
WoJTKOVSKI [30] this system, under certain conditions on the particle
masses, has nonvanishing Lyapunov exponents almost everywhere.

PROPOSITION 1.1.37. Z,, = 0 for any masses and any number of
particles.

PrOOF. The conditions of Proposition 1.1.30 have the following form.
First of all the monotonicity condition introduced in the previous exam-
ple has to be valid - that is, no accumulation of collisions is possible when
the particles move separately and do not interact with the wall. This con-
dition holds automatically, since the accelerations are equal (See above).
In addition to that, the following inequalities have to hold:

L
Y FOQ <Oforany L>1,0< Q"' <--- <Q".

i=1

The Lh.s. equals —g Y%, m,Q' < 0. 0
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ExaMPLE 3. Harmonic Oscillator in a Polyhedral angle.
Set
U =9k, 9>0;

F.=0.

Obviously, Z., = 0 independently of the angle geometry.

1.2 — Infinite systems

In this section we study the dynamics of one - dimensional Rayleigh
gas and its modified version introduced above. Our aim is to construct
the dynamics, corresponding to the interaction we have assumed, and
correctly defined on a “large” set of phase points. We present a detailed
proof for Rayleigh gas, the argument for modified Rayleigh gas requires
just an unessential change of notations. Recall that we work in the ez-
tended phase space of the system

O=R*’xY,
where
Y = {VY c R*: card(Y N K) < oo for any compact K C IR*}.
Any point of Y is called a particle of the ideal gas and denoted by (¢ , v) €
Y € Y. Here q and v are the position and the velocity of the particle
respectively. A point @ € Q is given by © = ((Q,V),Y), where Q,V are

the position and the velocity of the massive particle (M.P.). The basic
reference measure we are dealing with is (infinite) Gibbs measure

(a2) = \| 2 exp (~ BT+ B1Q)avaQ P(aY),

where P denotes the Poisson field on the one-particle phase space M =
IR? with the intensity measure

n(dq dv) = py/ 52—7: exp (7/6;“}2)&0 dq.
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Introducing the energy of M.P. by

H(QV)= M-~ 1Q,

we see that

() = | DL exp(—8H(Q.V)dVdQ P(aY)

We recall some elementary properties of the ideal gas (Y,P(dY)). Let
B C M be a measurable subset of the one-particle phase space and t € IR.
Define

C(B) ={(q,v) e M : q+ sv € B for some s € [0,¢]}.

That is, C;(B) contains all the phase points whose (free dynamics) tra-
jectory up to time t intersects the set B. Furthermore, set

vt (B) = sup{|v| : (¢,v) € B}.

For L >0
Ap={(q,v) : gl < L}.

Elementary calculations show that
P{Y s vt (Y NC(AL)) > a}

is estimated from above by

mp3 mBv? 2 mpBa>
2pL\ | — — d 2plt — .
Y R Y

Therefore, for C' > 1 and arbitrary ¢ holds:

(1.2.1) S P{Y (Y A G(AL) > 2010 < o

LEN mf3

This implies
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PROPOSITION 1.2.2. Let C > 1 be given. There exists a measurable
subset Y, CY such that

PY\Y.) =0
and for' Y € Y, holds:

Jim su (Y NCi(Ar)) - 2C
Lﬁoop Vlog L vmp

for any t. Moreover, the set Y, is invariant with respect to the free
dynamics {T}}.

PROOF. Set

- N (YNG(AL) | 20
Y*—QELOLGJ]NLQ {Y. N <\/m_5}'

>Lg,
LelN
Note that
vHTE(Y)NC(AL)) <ot (Y NC(AL)),
as [s,t +s] C[0,7]. 0

From now on we identify Y and Y,. To construct the infinite-particle
dynamics we approximate the system by a finite-particle one.

DEFINITION. We say that the dynamics is well defined up to time ¢
for o = ((Q,V),Y) if there exists

Ly e IN, Ly > |Q)]

such that for any L € IN,L > L, the dynamics is well defined for the
finite system

wr, = ((Q, V), Y)NCi(Ayp).

The evolution of @y will be denoted by

(@), s € [0,1].
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For L large enough velocities of all the particles contained in @y, including

M.P., satisfy
|v| < Const v/log L.

Without loss of generality we may also assume that

Q@) < Vlog L.

By the evolution {T"}, |s| < ¢ the following estimate holds:

v (T*(w)) < Const \/log L + %M .

As L is large enough, this guarantees that M.P. is up to time ¢ inside
the segment [—v/L,+/L]. Therefore, no particles of ¥ N C,(AL)¢ moving
according to the free dynamics interact with M.P. Thus for s € [0,¢] it
makes sense to write:

T5(@) = T°(&) UTE(Y N C(AL)S).

Clearly the expression above is independent of L, as L is large enough.
Denote by Q. the set of all configurations for that the dynamics is well
defined up to t. Set

Q.= %

tel

It is casily seen that €. is a measurable {7} invariant set. We want to
show that this set is of full i measure and that

ATt = fi.

To this end for N € IN and @ € 0 such that |Q(@)| < N we define T% (&)
as follows. First,
TL(@O)NAS =@ NAS,
i.e. the configuration outside the interval [—N, N] remains constant. In-
side the interval [— N, N| all the particles, including M.P., move according
to the usual dynamics and reflecting elastically at the boundary {—N, N'}.
For |Q(w)| > N we set
TH(@) =&,
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Our previous results concerning dynamics of finite particle systems show
that T\ (@) is correctly defined for all ¢ and & contained in a full /i -
measure invariant set (1y. Moreover, each Tt preserves the measure [i.
Set

Q. =
For w € Q* holds:
(1.2.3) TH®) = lim TH(@).

Moreover, for fixed ¢ and any given L > 0 there exists Ny(L,t, @) such

that
n AL - m AL }

as N > Ny. To see this, note again that for N large enough velocities of
all the particles inside [—N, N], including M.P., satisfy

|v] < Const v/log N .

Without loss of generality we may also assume that

@)] < Vlog N,

and

vH(T% (@) N Ay) < Const y/log N + |—]\];||8| .

As N is large enough this guarantees that M.P. is up to time ¢ inside the

segment [—v/N,V/N] and
wn Ct(A\/N) C A% .

Therefore, no particle of @ N C,(A ) may collide with the boundary,

since any particle, which does, will never achieve the segment [—Z, .

272
Choosing Ny so large that the previous assertions hold true and L < /Ny

we see that particles of W contained in

Ct(A\/N—O)
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evolute separately and their evolution is independent of N > Ny:

Th(@)NA gz =T(@NC(A7,) N A o

This implies

~

Q. C Q...

As Q* is of full & measure so is ﬁoo.

PROPOSITION 1.2.4.  The measure i is invariant with respect to the

shift {T*}.

PROOF. Suppose, a function ¢ satisfies the following conditions:

(1.2.5) [19]loc = sup{[p(@)[} < o0;
(1.2.6) P(@2) = d(@1),

as (I)lﬂAL :d)QmAL,
(1.2.7) (@) =0,
as |Q(w)| > L.

Consider ¢(T};(.)). Since ¢ depends on the configuration of particles
inside the segment [—L, L], it is easily seen that for any ¢

(1.2.8) lim ¢(Th (@) = $(T"(@))

N—o0

as w € (.. Let us study the convergence above. Evidently,
O(Tx) € L1(2)

and

(T = [l @ll: -

We state that for a given ¢ there exists ¢ > 0 such that

(1.29) [ o @)ad) < - exp(—eR?).
Q@)>R ¢
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Indeed,

[ e@@)ie) <
{le@)>Rr}
<C h erQdQ/exp(—

[QI>R

LMV?

JAVP(Y)Ipy o (V,Y),

Ipy,(V.Y) denotes the characteristic function of the set

Do ={(V.Y): |Q(TH((V,Q = 2),Y))| < L}.

On the other hand

Duvo € {(V¥) s max((V], o (C(Ag)} > (D=2 My

as |Q| > L. Thus

(B o
/DNer( 2 )JAVP(dY) < Cexp(—cQ?).

and therefore (1.2.9) holds. It is easily seen that the estimate (1.2.9)
provides uniform i -integrability of ¢(T%), N = 1,...,. (¢ is fixed.) Hence

[o@@itaa) = tm_ [ (T @)ida) = [ o(@)yitda).

Noting that the functions ¢ under consideration are dense in £(ji) we
complete the argument. 0

2 — One - dimensional Rayleigh gas in equilibrium

The goal of this section is to present several rigorous results con-
cerning the asymptotic behavior of a massive particle (M.P.) of mass M
moving in one direction under the action of elastic collisions with particles
of equal masses m. We do not have a goal to represent all the known re-
sults, instead we derive the balance equations - at the moment, the main
tool of obtaining rigorous results on the one-dimensional Rayleigh gas.
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The external force field acting on the M.P. assumed to be trivial: f = 0.
Rigorous definitions and notations are given in the introduction. For a
mathematically correct construction of the dynamics we refer the reader
to the previous section. We work in the phase space ) of configurations
related to the position of the M.P. By convention, the position of M.P.
is identified with the origin. The main reference measure p is invariant
under the dynamics {7"}.

2.1— The case of equal masses

We start by studying the simplified case, m = M.

THEOREM 2.1.1 [26]. Assume that M = m. Then the random process

1
\/—NQ(tN7 )

converges (as N — 00) in the sense of week convergence of path measures
to the Wiener process Wait- The limit variance

Q_ﬁ;
oL = P B

PROOF. We present briefly the argument which is due to Diirr, Gold-
stein, and Lebowitz. Let us label the positions of all the particles, i.e.
gas particles and the M.P., at time ¢ in their natural order:

e < qa(t) < g (t) < qo(t) 0O < qi(t) < ...

For instance ¢o(0) = @Q = 0. Whenever a particle crosses the origin the
above labeling shifts by one unit. Set

(g,v) €Y :q¢<0,q+tv >0},

N*(t) = {(a,
N~ (g,v) €Y :¢>0,qg+tv <0}.

{
{
Define
Nt (t) = card{N*(t)},
N~ (t) = card{ N~ (¢)}.
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Evidently N*(¢) and N~ (¢) are independent identically distributed Pois-
son variables with parameter

pt
2rmp
Set
Y(w) = Ivsoy(w)
and let

The key observation is
Q) = g -

By stationarity the ideal gas particles including the M.P. are Poisson
distributed at any time ¢. Thus estimating “large deviations” we see

that
of s {Ja.— 2]} > VE) < ep(oan)

In|]<N

for some constant ¢;. A similar estimate holds for j(t):
p{sup {15 (0)1} 2 T4} < exp(—e,T™).
t<T

The estimates above imply that

t<T

hm,u{sup\/_‘QNt—i‘>N } 0.

Further,

I

converges as N — oo, to the Wiener process ng +, where

o 2 1 O
T VmpymB
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2.2 — The case of unequal masses M # m

The case where M # m does not provide a precise expression for
Q(t). The dynamics is too complicated for to be analyzed directly. The
arguments working relatively effective in this situation may be called
“balance arguments.” They make use of various conservation laws and
stationarity of the reference measure.

2.2.1 - An estimate of the displacement of the M.P

LEMMA 2.2.1. For a given € >0 there exists a constant ¢; >0 such
that

. S € _ 2e
ww s max [V(T"(w))] >} < exp(—ert™).
PRrROOF. Take L(t) = (1 + t?). Set
By ={w: [V(w)| <t v (C(A)) <t
Evidently p(B;) > 1 — exp(—ct*). For w € B,

max |V (T°(w))] < t° 0

0<s<t

THEOREM 2.2.2. For any € > 0 and p - almost every w there exists
to(w, €) > 0, such that for all t > to(w,€)

sup{|Q(s,w)| : 0 < s <t} < t1/2He,
There exists a constant ¢ > 0 such that

p{w :sup{|Q(s,w)| : 0 < s <t} > tY/2+} < exp(—ct™).
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PROOF. Let us start by proving the second assertion. Suppose,

Q(t,w) > R(t),

where t € IZ, 0 < ¢t < t. Set R(t) = t'/*, d(t,w) = Q(t,w) — JR(t).
We will consider the configuration of particles at the moment ¢ inside the
segment

At,w) = [d(t,w), Q(t,w)] .

The M.P. at the time ¢ coincides with the right vertex of the segment A.
Since 4 is an invariant measure, the distribution of particles inside A(t)
is equal to that of particles inside [-2R(t), 0] at the moment ¢ = 0. Set

CW ={w:Q(t,w) > R(t)}.
For w € O we define
7(w) = max{s: Q(s,w) =d(t,w); 0 < s < t}.

Then )
t7

C(t) — U O]gf) ,
k=0

where
CY = {w:k<7t(w) <k+1}.

Our next goal is to estimate the p measure of each C’,gt). Let us define
the following set

N_(t,w) ={(q,v) €Y : q(t) € A(t,w),v(t) <0},

where ¢(t) and v(t) denote the position and velocity of the particle at
time ¢. Set
N_(t,w) = card{N_(t,w)}.

The random value N_(¢,w) is easy to handle since

N_(t,w) = card {(q,v) € Y(T"(w)) : g € | - %R(tm},u <0}.
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Taking into account that the measure p is stationary under the dynam-
ics we conclude that N_(t,w) is a Poisson variable with the parameter
1pR(t). Further, define

K(t,Y)={(¢g,v) €Y (w):q(t) <d(t),v(t) <0,q(s)=Q(s) for some S € [r,]}.

K(t,Y) contains the particles which had a collision with the M.P. in the
time interval [7,¢] and then left the segment A(t). Set

K(t,w) = card{K_(t,Y)}
By a similar manner we define
M(t,w) ={(g,v) €Y : ¢ <0,q(s) = Q(s) for some s : 7 < s < t},
and

M (t,w) = card{ M(t,w)} .

The key observation is contained in the obvious inequality:
(2.2.3) N_(t,w) < M(t,w) — K(t,w)

As we mentioned above, the left hand side of this inequality is easy to
handle: it is a Poisson variable. The values on the right hand side are of a
more complicated structure. We will estimate them by poisson variables
as well. First, if some particle at the moment ¢ is on the left of d(t),
has negative velocity and under the inverse free dynamics will cross the
point d(t) up to time k + 1, then this particle belongs to K(t,w), as
w € C,gt). This long statement may be expressed formally as follows. For
w e C,it).
KW (t,w) € K(t,w),

where
KD (t,w)={(q,v) €Y :q(t) <d(t),v(t)<0,q(t)— (t—(k+1))v(t) >d(t)}.

Thus
K(t,w) > KW (t,w),
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where
KW (t,w) = card{KW (¢, w)}.

The random variable KV (¢,w) has Poisson distribution with parameter

y = Q;:mﬁ(t— (k+1)).

Tt remains to estimate the value M (¢,w) from above. To this end set
D, ={w: max V(T*(w)) < t°}.
We know that there exists a constant ¢; > 0 such that
w(Dy) > 1 — exp(—cit*).
Put

MU (t,w) = {(q.v) €Y : q(k) < Q(k), v(k) >0,
q(k) + (t = k)o(k) > Q(k) — t°},

and
MW (t,w) = card{ MWV}

The random variable M) has Poisson distribution with parameter

/ 0 oo 2
5=" mfs dq/ exp(—mﬂv )dv.
V21 —oo max{O,—%} 2

Evidently

/7 0 2

5§p mﬂ/ dq/ eexp(—mﬂv )dv:
vV 21w —o0 7% 2
t—k t2e te 00 2
_ plt—k) (7 mp )+p \/mﬂ/ exp(—mﬂv)d

2rmp 2(t — k)? V2r o 2

Thus
t—k

(2.2.4) p< PP | e
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The inequality
MWD (t,w) > M(t,w)

holds under the condition
Q(k,w) < d(t) +t°.
On the other hand
Q(r,w) =d(1)
fork<7<k+1.
Thus if Q(k) > d(t) + t° then

max V(T°(w)) > t°

k<s<k+1

Thus

(2.2.5) MY (t,w) > M(t,w), as w e D;.

This means that

(226)  w(CNDy) < pfw: No(tw) < MU (tw) - KW (t,w)}

The right hand side of (2.2.6) contains Poisson variables only. Thus it may
be easily estimated by using “Large deviations” of a Poisson distribution.
For a given constant co > 0 we set

/)(;T/_—mlg + ot + R(5) ),
p(t— (k+1))
2mmf

Ay ={w: MO(t,w) >
A= {w KW (tw) < - CQR(t)} .
From general properties of Poisson distribution it follows that for ¢; > 0

H(As) < exp(—est).

Further, for
weCH ND,\ (A, UA.)
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we have:
N_(t,w) < pt° + 2¢,R(t) .

But N_(t,w) has Poisson distribution with parameter fR(t). If ¢, is
chosen sufficiently small then for a constant ¢, > 0 we have:

uCPND\ (AL UAL)) <
< p{w: N_(tw) < ER(t) +pte+ (o2 — g)R(t)} < exp(—cst).

Thus, taking into account the estimations of p(Ay) and u(D;), we get
p(C) < exp(—cst™) .

Hence
t—1

p(C0) <37 u(CF) < exp(—cet™),

k=0
where the constant ¢g > 0. Thus

p{w :sup{|Q(s,w)| : s €1Z, 0 < s <t} > t/27} < exp(—ct™),
for some constant c¢; > 0. Taking into account that

(2.2.7) p{w: sup [V(T")] >t} < exp(—cst™),
0<s<1

we obtain the required assertion.
Further, Borell-Cantelly argument shows that

sup{|Q(t,w)|, 0 <t <t} < tL/2+e/2

as
tel,,t>to(w).

This implies the result. 0

2.2.2 — Restriction on the number of collisions

The following theorem may be considered as an infinite - particle
analog of that of Sinai and Galperin (see the previous section).

THEOREM 2.2.8. For p - almost every w each particle of the ideal
gas has finitely many collisions with M.P.
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PROOF. Let us denote by I'*(w) the set of all particles of Y (w) that
are at the left of M.P. and undergo infinitely many collisions as t > 0.
It follows from the previous theorem that the velocity of any particle
contained in I'**(w) has to be positive for each ¢ > 0, because if it becomes
negative, then the particle escapes to infinity. Define

(¢"(w), v (w)) € T™(w)

by
¢ (w) = max{q : (¢,v) € T*(w)}.

Set w(w) = vH(w) if T(w) # 0 and w(w) = 0 otherwise. Evidently
w(w) > 0. The key observation is:

t
[ T @)ds < Qtw) - ¢* (@),
0
as I'>°(w) # (. Tt follows from the previous theorem that

1
lim gQ(t,w) =0 a.e.

t—o0

Thus

1 t
lim — [ w(T*(w))ds =0 a.e.

t—oo t Jy
and by the ergodic theorem w = 0 a.e. This is equivalent to ' =} a.e.
The same argument works for particles at the right of M.P. O
2.2.3— An expression for the displacement of the Massive Particle
We start with several notations:

At (t,w) ={(q,v) €Y (w): ¢ <0, g+ tv >0},

A (tw) ={(q,v) €Y (w) : ¢ < Q(t), ¢ —tv > Q(¢t)}.
The values A*(t,w) = card{A*(t,w)} are identically distributed Poisson
variables. Note that these variables are, however, strongly dependent

and we have no information on their joint distribution. Our purpose is
to present the displacement of the M.P. as a function of A*. Set

B(t,w) ={(¢g,v) € Y(w) :q <0, q(s) = Q(s) for some s:0<s<t},
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and
B(t,w) = card{B(t,w)} .
LEMMA 2.2.9.
A*(tw) = gQ(t, w) + B(t,w) + alt,w),
where
a(\%.) S0

i probability as t — oo.

PRrROOF. In view of Theorem 2.2.2 we may consider only those w and ¢
for which
sup{|Q(s,w)], 0 < s <t} <t/

for sufficiently small e. Assume that Q(¢,w) > 0. The set
L(t,w) = A" (t,w) \ B(t,w)

consists of particles (¢, v) € Y (w) such that:

L q(t) € [0, Q(t,w)],
2. v(t) >0,
3. q(s) < Q(s), for all s € [0,¢].

Denote

E(t,w) = {(g;v) € Y :u(t) > 0,4(t) € [0,Q(D)]},
E(t,w) = card{&(t,w)} .

Evidently
L(t,w) C E(t,w).

Considering the difference

E(tw)=E(t,w)\ L(t,w),
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we see that it consists of particles with positive velocities which are at
the moment ¢ in the segment [0, Q(¢)] and interacted with the M.P. at
the moment s € [0,t]. We state that

Ei(t,.)
Vit

— 0

in probability, where
E\(t,w) = card{& (t,w)} .

To see this, for (¢,v) € & (t,w) we introduce the moment 7((q,v),w)
equal to the last moment of collision with M.P. in the time interval [0, ¢].
Consider separately two cases.

CASE 1. 7 < 1—t¥%. Denote by p; (t,w) the number of particles with
this property. Each of these particles moves freely in the time interval
(7,t) with a positive velocity and therefore, for the displacement dq(7,t)
of this particle during the interval (7,t) we have:

5q T7t Qtaw _QT7W — 3
() < B0 L QD) =QE)

Also for these particles holds the inclusion:

q(t) €[0,Q(t)] C [Q(t) — t/°T,Q(t)].

Thus the p; (¢, w) is no more than the number of particles (¢, v) €Y (T"(w))
such that ¢ € [—t1/27¢,0] and 0 < v < ¢t~1/4+<. Thus p, (¢,w) is estimated
from above by the Poisson variable with parameter

v < const t1/4F¢

For sufficiently small ¢ we have

pl(t7 )

Vi

—0

in probability as ¢ — oo.
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CASE 2. 7 >t — t3/*. The number of particles with this property is
denoted by po(t,w). Let us put

0(t,w) = max {|Q(,w) - Qs,w)[}

se[t—t3/4 1]
It follows from Theorem 2.2.2 that a.e
H(t,w) < t3/8+25

as t is sufficiently large. Assume that we deal with so large t. Thus

The number of particles satisfying ¢(t) € [Q(t) — 6(t), Q(t)] has Poisson
distribution with parameter

v < const t¥/8F¢

Assuming € to be sufficiently small, we conclude that

p2(ta )

Vit

—0

in probability as t — oco.
Finally we get

1 1 .
%El(t,w) = %(E(t,w) — card{ A" (t,w) \ B(t,w)) — 0.

Taking into account the equality
At (t,w) = B(t,w) + By (t,w) — card{B(t,w) \ AT (t,w)},
we see that
AT (t,w) = B(t,w) + E(t,w) — card{B(t,w) \ A" (t,w)} + ou(t,w) ,
where

aq (t,.)

Vit

—0
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in probability. From the strong low of large numbers

B(t,w) = gQ(t,w) +as(t,w),

where
(0%)] (ta )

Vit
in probability. To complete our argument (in the case Q(t) > 0) we have
to show that

—0

card{B(t,w) \ AT (t,w)}

is o(v/t) in probability. The set B(t,w) \ A" (t,w) consists of particles
(¢,v) € Y with ¢ < 0,v < 0 and of particles (¢,v) € X with ¢ < 0,v >
0,¢+tv < 0 and interacting with the M.P. during the interval (0, ¢). The
set of particles of the first (second) group is denoted by Ps(t,w)(Py(t, w)).
Set

card{P;} = p;,i = 3,4.

For the particles of the first group we have
q € [—t/*,0].

Again we introduce the moment 7 of the last collision with the M.P. If
7 < t3/%) then as above ¢ € [—t3/4(1/2+9 (]. and the number of such
particles is o(v/t) in probability. If 7 > 3% then the velocity of the
particle must be small:

0<v<t/*

which together with the inclusion
q € [~t1*%<0].

shows that

pS(ta ) = 0(\/5

in probability. Now we shall estimate p,(¢,w). Define

71(g, v, w) = inf{s : g(s) = Q(s)}, (¢,v) € Pu,
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and put
ni(t,w) = card{(q,v) € Py : Q(1) > _t1/2_€}’

ni(t,w) = card{(q,v) € Py : Q(11) < 7t1/2_€}.
We have
pa(t,w) = ny(t,w) + na(t,w) .

To estimate n, (t,w) we observe that if Q(7;) > —t'/27¢, then
q+tv>q+mno=Q(r) > —t"/*c,
that is,
q+tv e [—t/*0].

The number of particles satisfying the last inclusion has the Poisson dis-
tribution with the parameter v < const ¢'/27¢. This gives

in probability. In order to estimate n,(t,w), we remark that from in-
equalities
Q(my) < —t'/>

and
Q) =0

we have Q(t) — Q(m;) > t'/?7¢. Thus we may restrict our consideration
to the case
(t o 7_1)1/2+e > t1/27e )

Hence
t—7 > /20

as ¢ is sufficiently small. From another side
q+1)7'1 —|—'U(t—7'1) = Q(Tl) ‘I—’U(t—’rl) <0.

Thus
v(t — 1) < —Q(m) < /2

and
v < /A
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This yields
q+tv € [—t/?€ 0], 0 < v < /20

This immediately gives ny(t,.) = o(1/t) in probability. Thus the lemma
is proven in case Q(t) > 0.
Now we assume that Q(¢) < 0. Introduce

F(t,w)={(qg,v) €Y :v>0,¢<0,g+tv>Q(t,w)}.

If Q(t,w) < 0, then
AT (tw) € F(t,w).

Our next goal is to show that
card{B(t,w) \ F(t,w)} = o(V4)
in probability. We have
B(t,w)\ F(t,w) = Ly (t,w) UL_(t,w),
Where L hw) = {(q.0) € B(tw) v < 0},
L

w) = {(g,
+(tw) ={(g,;v) € B(t,w) : v>0,q+tv < Q(t)}
For a particle (¢,v) € L4 (t,w) we define

t
t

)

7((¢q,v),w) =inf{s: s € [0,t],q(s) = Q(s)}.

Let us estimate the number of particles contained in £_. As above, we
consider separately two groups of particles:

) 7((g,0)) < 71},
q

s :
£ :

)1 7((g,0)) = £7/1}

{(g,v
{(g,v
For (q,v) € £ we have:

q > Q(T) > _7_1/2+e > —t3/4(1/2+6),

which implies
qge [_753/8-&-3/457 0] ]
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and therefore

card{£"} = o(V1)
in probability. If (¢,v) € £ then

q=q+ 374y > 0@32,62(3) > _4l/2te
This implies
o] < ¢4
Taking into account that
q € [t/ 0]
we conclude:
card{L?} = o(V1)

in probability. Estimating
card{L}

we remark that
q+71v=Q(r) € [t/ 0].

Again we decompose
L. =rPuc?,

where

E(j) ={(q,v) : (q,v) € Ly, q+Tv < 27},
E(f) ={(q,v): (q,v) € Ly, q+Tv>—t"/>}.

In the first case as above

Qt) = Q(r) > t'/*7<.

Considering convergence in probability we may restrict to the set where

(t o 7_)1/2+6 > t1/276

and thus
t—71 >t
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Notice that
Qt) > q+tv>q+ v+t " = Q(7) + vt' %,

which gives
vt < Q) — Q(7).

Thus
0<v < 2t1/2+6t4671 — 2t71/2+56 )

Taking into account the inclusion
g+ tv € [—/27,0],

we easily get that
card{£" (t, )} /vt = 0

in probability. If (¢,v) € Ef), then
(22.10) g+t €[Q(r), Q)] C [Q) — 7%, Q)] < [-2¢1/,0].

This implies that
card{LP(t, )} /VE— 0

in probability. The last step is to show that in probability

o1 . _
(2211)  Jim W(C;M{Jf(t,w) \ AT (W)} - Slotw)l) = 0.

The set F(t,w) \ A" (t,w) consists of particles for which
q+tvelQt),0l,v>0.
Setting

“up |card{(q,v) : v > 0,q+tv € [-L,0]} — £L|

Cet(w) = L1/2+e
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and noting that the average value of ¢ ; is uniformly (in ¢) bounded we
get (2.2.11). Summarizing we have

card{ F(t,w)} = card{B(t,w)} + o(vt) =
= card{A*(t,w)} + card{ F(t,w) \ B(t,w)} + o(\V/t) =
= A (tw) + £1Q(t W) + (V).

Thus
A*(t,w) = B(t,w) + gQ(t,w) +o(VA). 0

THEOREM 2.2.12.

Qt,w) = %(A*(t, w) — A" (t,w)) +e(t,w),
where .
%e(t, J)—=0

in probability with respect to p as t — oo.

ProOF. Consider the involution
¢: Q=0
changing the signs of velocities. It is clear that
poT' =T "o¢p.

We remark that
At (t,poTHw)) = A (t,w).

The number of particles colliding with the M.P is the same for the “back-
ward” dynamics:
B(t,¢oT'(w)) = B(t,w) .

At the same time

Qt,w) =-Q(t,poT"(w)).
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We know that
(2.2.13) A*(t,w) = B(t,w) + gQ(t,w) +altw)),

where ;
lim oft, )

t—o0 \/Z

=0

in i - probability. Substituting ¢ o T instead of w we get

N = w _L w o oTHw
(2.2.14) A (tw) = B(t,w) = 5Q(tw) +a(t, ¢ o T'(w)),

a(t,po T'(w)) = o(V)

since ¢ o T" is measure preserving. Comparing (2.2.13) and (2.2.14) we
conclude that

Qt,w) = %(A*(t, W) — A= (t,w)) + o(V) 0

Let us write the assertion of the previous theorem in the following
form. Set

Gt (L w) = A% (L, w) — / A% (1 w)p(dw)

Since

[ A twntde) = [ At w)pldo)
we get:
(2.2.15) Qt,w) = ;(aw, W) — a=(t,w)) + et w)

a*(t,w) are identically distributed centered Poisson processes and the

distribution of
a*(t,.)

Vit

converges as t — oo to the Gaussian one with the variance

p
2rmp
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This implies immediately that the family of distributions corresponding
to the variables
Q(t,w)

Vit

is tight. Hence we may introduce the set of limit points O, which contains
all the distributions representable as

teR,

Given a random variable £ we shall write £ € R(9) if the distribution of &
is contained in O. We know that O is not empty and weakly compact.
Our next goal is to study the distributions contained in 9. Unfortunately
we are not able to prove the Central Limit Theorem, which says that O
consists of the unique Gaussian distribution. We may, however, get some
precise results in this direction.

THEOREM 2.2.16.  Any random variable & € R(D) may be repre-
sented in the form

£=¢"+¢,
where £ are identically distributed Gaussian variables with the variance

1
p2mmB

The variance of £ € R(D) is estimated from above by
\/E 1
mpv/mpB '

Qtn, )
\/t: —

in distribution. Due to the Prochorov theorem the joint distributions

PROOF. Assume that

(a+(tn,.) _a*(tn,.))
oVt pVit,
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are tight. Thus, considering if necessarily a suitable subsequence of t,,
we may and will assume that

@ (t) 0 (ta,.) .
(p\/a’_pm)_)(§+7§)'
Thus
E=¢"+¢7,
where

+
th,.
et = him )
PVt
are the required identically distributed Gaussian variables. The estimate
for the variance of £ follows from the Schwartz inequality. U

Let us emphasize the surprising fact that the upper bound for the
variance does not depend on M, i.e. on the mass of the M.P. On the other
hand the results we have do not exclude that the scaling rate v/¢ is trivial
and O consists of the distribution concentrated in 0. We know that it is
not true as M = m. The general case needs additional arguments.

2.2.4— Lower bounds for the limit variance

In this section we briefly represent an elegant argument, invented by
D. Szasz and B. ToTH [28], to show that that the limit variance of the
normalized displacement of the M.P. is bounded from below:

lim inf]E(@) > g2

- — 7

where
o2 = \/f L
- 8 py/mpB -
1. Return first to the Lemma 2.2.9. The assertion of the lemma deals

with a number of particles contained in certain regions of the phase space.
It is easily seen that replacing the counting function

card(A) = Z 1

(gv)eA
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by an additive translation invariant function

cards(A) = Z fw)

(qgv)€A

we do not violate neither the assertion nor the proof of the lemma. Let
us formulate the refinement, we obtain this way.
Let f:R' — IR' satisfy

/f2(v)exp ( - m§v2)dv < 00.

Set as before
At (t,w) ={(q,v) € Y(w) : ¢ <0, g+ tv >0},
and define A} (t,w) = card;{A*(t,w)}. Analogously for

B(t,w) ={(q,v) € Y(w):q <0, q(s) =Q(s) for some s:0<s<t},

set
By(t,w) = card{B(t,w)} .
LEMMA 2.2.17.

Af (t,w) = a* (f)Q(t,w) + Bs(t,w) + a(t,w),
where

(=5 [ 1w (=55,
and

a(\%.) 0

i probability as t — oo.
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PROOF. A straightforward inspection of the arguments, applied to
Lemma 2.2.9, but replacing card( ) by card;( ) everywhere. See also [28].0

LEMMA 2.2.18. Under the previous assumptions the correction

converges to zero in Lo(§2, 1).

PROOF. See [28]. The way of reasoning is close to that of (2.2.9) but
makes use of a more precise information concerning the fluctuations of a
Poisson point process. 0

2. Which choice of the function f is reasonable? To make arguments close
to those of the previous section work, the function f should correspond
to a certain conservation law. For instance, f = 1 corresponds to the
number of particles. Consider in addition:

1. f(v) = mv. Conservation of momentum.
2.

Conservation of energy.

The second case contains no new information in addition to the case
where f = 1, since in the both cases the function f is even. The first
case is expected to be more interesting. To make the notations more
transparent, set

We have

(2.2.19) PH(t) = RH(t) + —=2—Q(t) + o(V1) .
In addition we have, as before,

(2.2.20) AT () = gQ(t, w) + B () + 0(V4),



[61] Hydrodynamic scale for a driven tracer particle etc. 61

where

AT()=AT(),BT()=B{().

3. There exist two natural measure preserving involutions of 2. The
involution ¢ : Q — § changing the signs of velocities was used in the
preceding section. The involution v : © — € reflects the configuration
with respect to the origin:

PV, Y)) = (=V,=Y),
where —Y = {(¢,v) : (—q,—v) € Y}. Clearly

Yol =T o),

A(t,w) = AT(t,w) = AT(t, P(w)), B(t,w) = B*(t,w) = B (t,9(w)) ,

(2.2.21) P(t 1/ Q +of

(2.2.22) A(t) = B(t) + pQ(t)
Denote by Z; the process
Z7(t,w) = Z(t, o T'(w)) .-

The values involved into equations (2.2.21), (2.2.22) have the following
properties with respect to the transformation *

B(t) = B(1),Q"(1) = =Q(t), R(t) + R*(t) = (V(t) = V(0)) M .

Since ¢ o T" is a measure preserving transformation, we conclude from
the preceding equations that

E(Q(t)B(t)) = 0.
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t 2 t t
Thus
2(t 1 A? 1 2
limsup]E(Q ( )> <=l ]E(&) =—/—
t—00 pr oo p\ mmp
Further,

E(B(t)R(t) =IE(B" () R* (1)) = —E(B() R(t)) + MIE(B(t)(V (1) = V(0))) -

Since B(t)/v/t and V (t) are both £, bounded,

Let us multiply the both sides of (2.2.22) by P(t)/t. Taking then the
expectation we have

A@P()y _ o BOP®) Q) P()
w(ALPO) _ p(BOPWY | oy QOPOY )
Replace in the first term of the right hand side above P(t) by its repre-
sentation in (2.2.21):

E(A(t)tP(t)) :E(M)WIE(Q(”P@)M(U

t

We have used the equality

Recalling then that

we obtain
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By Schwartz inequality

(LY > (5(AOLO) ) (2O o),

Note then that the values
A(t)P(t) P2(t)
IE( t )’ IE( t )
do not depend on ¢ and may be easily calculated directly. Omitting this

elementary step we obtain

E(Q2t(t)) > % % +o(1).

Summarizing we have

PROPOSITION 2.2.23.

The upper estimate is sharp and coincides with the limit variance in the
case where M = m.

REMARK. A completely different method of proving the lower esti-
mate is contained in [22]. The arguments there are more complicated,
essentially make use of the Gaussian distribution of velocities, but give
more information concerning the structure of possible limit distributions.

2.2.5— Numerical evidence

It is a very nontrivial numerical and statistical problem to simulate
the process of displacement of the M.P. for large times and to test whether
it is asymptotically Wiener. From our point of view the highest level of
computational precision was achieved in [1]. The results obtained there
support the following assertions:

1. The process
£°(t) = VeQ(t/e)

is, for small €, asymptotically Wiener for all values of the mass M.
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2. The limit variance o2 (M) of the normalized displacement depends
on the mass M. The theoretical lower bound obtained above is sharp
and appears as M — oo.

3. The Einstein relation holds for any value of M.

3 — Complete diffusion theory for the modified Rayleigh gas

This section is the center of the text. We consider here a mechanical
system in the plane, consisting of a vertical rod of length ¢, with its
center moving on the horizontal axis, subject to elastic collisions with
the particles of a free gas, and to a constant horizontal force f acting
on the rod only. The rigorous construction of the system and the basic
notations the reader may find in the introduction. Recall that the initial
measure f is chosen so that the vertical velocity distribution of a gas
particle has a “hole” in 0, i.e. we assume that the vertical velocity v,
satisfies |va] > ug > 0 for all particles. This ensures that all particles
which are at a given time available for the rod will get out of it after a
renewal time 7 = £/uy. The distribution “in the horizontal direction” is
assumed to be a Gibbs measure for the system for f = 0, corresponding to
some particle density p and some inverse temperature 8. That is, particle
positions are Poisson distributed in the plane IR®, and the horizontal
velocities of the rod and of the particles have maxwelian distribution.
The verticle velocity distribution is denoted by h(dv,) and is assumed
to have at least finite first moment. The special choice of the vertical
velocity distribution and the geometrical restrictions on the motion of
the test object remove, at least partially, the problem connected with
possible recollisions. The dynamics of the system is still very nontrivial:
an arbitrary number of recollisions of a particle with the rod are possible,
though we control their duration in time. The evolution of the rod is
not markovian and, what is very special for this system, the presence of
the external force destroys the equilibrium: there is no natural invariant
measure given in advance, unless f = 0. We consider the displacement
of the rod Q(t) in the hydrodynamic limit

VeQ(te™)

and establish existence of the two basic macroscopic values: drift d(f)
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and diffusion constant o?(f). From the probabilistic point of view we
prove the central limit theorem for the displacement of the rod. As the
values d(f) and o?(f) are correctly determined (which is alone a very
nontrivial problem) we establish the famous FEinstein relation between

them: i B

. 2

jm = =5 )
Let us emphasize that we follow the physically correct order of the limit
transitions: first we consider the limit as ¢ — oo and then the limit
f — 0. Abusing a bit the standard terminology, we say that the Einstein
relation is valid in the strong form. (There exists a weak form of the
Finstein relation where the limit transitions are coupled so that f =
fo/V/t.) Tt is worth mentioning that, so far, it is the unique example of a
deterministic mechanical system, describing Brownian motion, for which
all axioms of the classical diffusion theory are proved completely and in
the strong form. Another example of the diffusion theory constructed for
a deterministic (but not mechanical) system is Lorentz gas with Gaussian
dynamics.

3.1 - Basic properties of the dynamics
3.1.1 - Definitions and notations

In this section we deal with a family of dynamical systems {7%}
depending on the parameter f € IR (external force acting on the rod.)
The phase space of {T}} denoted by Q; C € consists of configurations
for which the dynamics is well defined. We know that for any f

p(€y) =1.

Without loss of generality we may and will assume that the external force
f > 0. Moreover, it suffices for our purposes to consider f contained in a
finite interval [0, fiax]-

A particular role will be played by the region of the plane accessible
for the rod:

S={qeR*: |g| <£/2}.
The corresponding subset of the one - particle phase space M is denoted
by
M5 =8 x R?
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and, more generally, for t > 0 we set

o

MSt: U T—S(MS).

Here 10” denotes the free dynamics on the phase space M. Thus M?,
consists of the points that pass through M?® by the free dynamics in
the time interval [0,¢]. Recall that the distribution of vertical velocities
h(dvs) is chosen so that for some ug > 0 h([—ug, uo]) = 0. Set

1
T=—.
Ug
The notation & will be used for the subset M®,. C M. Let us also
introduce some special notations related to &:

M* = {(q,v) € M\ & : £qy0, > 0},

and
Yo =YnNnGs, Y =YnM", Y"=YM .

MT(M™) is the portion of the phase space where the particles that visit
& in the future (in the past) are located. Y™ and Y°" are called the
“ingoing” and “outgoing” configurations respectively. The corresponding

spaces are
Y= {Y": Y € {Y}

and
Yo ={y° .Y e {Y}.
The marginal distributions of Y Y°% induced by P will be denoted by
the same symbol P.
An important object of interest is the subsystem in &. That subsys-

tem is described by
X=Xw) =(VY®).

The corresponding phase space and o - algebras are denoted by X and
B respectively. Let 7 be the measure induced by y on &:

m(A) = pf{w: X(w) € A}, A€ B®.
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The evolution of the configuration inside & in terms of the entire
configuration is given by

Xy(t,w) = X(Tj(w)),

where the process X((t) is markovian. The transition probabilities are
given in terms of the Poisson measure:

(3.1.1) P;(X, A)=P{Y : T;(X uy™) e A}.
To be precise, we define the phase space of the Markov process X ;(t):
X ={X :P{Y: XUY"€Q;}=1}.

Clearly w(x;) = 1. We leave to the reader a slightly tedious inspection
of the fact that X; is an absorbing set with respect to the transition
probabilities indicated above.

3.1.2 — Transformation of the main measure

As just asserted the initial measure y is not invariant under the dy-
namics as the external force f # 0. We start considering evolution of u
under the dynamics {7%}.

LEMMA 3.1.2.  Let iy = p(T;*(.)) be the family of the measures gen-
erated by the dynamics. Then for each t € R the measure i, is equivalent
to the measure p and the Radon Nikodym derivative is equal to

sz_/:f —exp (8F [ V(7" 0) ).

PROOF. Let us consider the dynamics in the extended phase space.
In coordinates & = (Q,w) we have:

TH(w) = (Q + /Ot V(T}(w)) ds,T;(w)) .

The Gibbs measure iy = exp(8fQ)dQu(dw) is invariant for {f;} Define
(@) =T;(Q)p(w), where ¢(.) is a bounded measurable function and 1 ;
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denotes the indicator function of the finite interval (a,b). ¢ is summable
with respect to fif. The invariance condition for the Gibbs measure im-
plies that fiy() = fig(¢(T}(.)) After elementary manipulations we get

[ o) [ exp(ar@)aq =
= [ wanorin- [Cew (o5(@- [ virenas)) dq.

a

Thus .
[ ndsw) = [ adw)oryee v
and the result follows if we replace w by T} *(w). 0

Note that the same argument works for the standard Rayleigh gas as
well. The previous proposition implies the following summation rule:

(3.1.3) /Qu(dw)exp(— Bf /OtV(T;’(w))ds) _ 1.

LEMMA 3.1.4. For anyt > 0 the measures ﬂ'P} and 7 are equivalent
on B® and the Radon Nikodym derivative o;(t, X) ofﬂ'P} with respect to ™
is given by the formula

d7rPJf
dm

0;(t,X) = T (x) = /P(dY) exp (5f/0tV(T;S(XUYOM))ds).

PRrooF. For A € B® we have:
TP{(A) = p{w : X(w) € A}.

Thus, in view of the previous lemma

WP;(A):/W(dX)/YP(dY)eXp (ﬁf(/OtV(Tf‘s(XUY"”t)ds». 0

A
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3.1.3 - Construction of a Lyapunov function

In this section we construct a function W defined on X. This function,
roughly speaking, controls the deviations of the subsystem in & from the
“normal” or in certain sense typical state, where the energy of the rod
and the neighboring particles is relatively small. The term “Lyapunov
function” will be justified somewhat later.

For B € M and X € X introduce the quantities

1
W (B) = sup{|u| : (.0) € B : 7los] > Jlail},

(3.1.5) W (X) = max{|V(X)[,W(Y®(X))}.
Let X = (V,Y®) The condition W(X) < U implies that |V| < U and
Ve (@) ol < drfusl, ol > U} =0.

Assume that W (X) < U and consider the dynamics {T}7(X), s € IR}, i.e.
the dynamics of the point w = (V,Y®). If (¢,v) € Y© is a particle with
|vi| > U then

Il

4T

If no collisions occurs then the horizontal position at time 27

|U1| <

q1(27_) = ({1 + 2’7"01

and
lq1(7)] > 47|vy| — 27|v1| > 27U .

So its distance from the origin (L.e. from the position of the rod at
tome 0 is larger then 2UT for all s € [0,27]. If the rod does not collide
with particle having velocity larger than U in absolute value it cannot
travel more than a distance

Ut + %(27’)2.
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If U is so large that
2fr 1
=<z
UM — 4
then Ut + 5L-(27)? < 2Ur. Hence the condition W(X) < U implies that

oM
in the dynamics

{T7(X)}

the rod does not collide in the time interval [0, 7] with particles having
velocity larger in absolute value than U. The preceding assertion holds
true for all U > Uy, where U, may be chosen uniformly in all values of f
under consideration. (Recall that 0 < f < fiax.)

LEMMA 3.1.6.  There is a constant ¢ > 0 such that for all U large
enough

HX W(X)>Ul < eV,
PROOF. Set dj, = max{l,|k| — 1} and
Ay, = {max{|v,| : (¢,v) € Y®,q € [4kT,4(k + 1)7U)} > d U} .
We have

wx)>vyc |JalJvi>u}.

kelz

. 272 .
Since m(Ag) < e %Y for some ¢, ¢y > 0 we get the result summing
over k. 0

As a consequence we have W(X) < oo 7, a.e. We may and will
assume that the condition

W(X) < oo
is included into the definition of X. For U > 0 we set

(3.1.7) Ay ={X € x: W(X) < U}.
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3.1.4 - Properties of the transition kernels P;(X,,dX)

In this section we prove some important properties of the dynamics
{T’}}. We formulate these properties as assertions concerning the tran-
sition probabilities P;(XO,dX ). First, introduce some notations. For
(¢,v) € M we consider the parameters

t°(q,v) = inf{t : ¢ + tv € M®}, t°(q,v) = sup{t : ¢ + tv € M*},

which are the entrance and exit times in S. Introduce also the horizontal
coordinates of the particles at those times:

qf(qa U) ={q1 + te(q,U)’Ul, qtl)(qa U) =q1 + to(qa U)vl .

For t; <ty and B C M we denote by

Nt t:,B)= |J T7(B).

te(ty,ta)

the set of the points that pass through B by the free dynamics in the
time interval (¢;,t3). For L > 0 set

Sc={¢qeS:|qu| <L},
M, = {(g,0) € M < o] < L}

and
6. ={(q;v) €6 :|q| < L}.

LEmMmA 3.1.8. For any X, € Xy and t > 47 the measure 7 is
absolutely continuous with respect to Pp(Xo,dX).

PRrROOF. We begin with brief intuitive arguments which explain our
strategy. The main idea of the proof relies on a simple mechanism that
brings the initial point X, into any other fixed but arbitrary point X at
time ¢. Consider the image 7 **(X) of X under the backward dynamics
in the absence of particles outside &. Here s; > 7.

T/ (X) = (VT (X)), V(T (X)),
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and the particles of Y (T, ' (X)) are outside S. Let now Y be such that
in the dynamics T7(X, UY™) the following happens:

(i) no particles of Y™ enter the strip Sy up to time sy > 27, except
one particle (¢*,v*). Suppose that L > 4s,U, where U > W (X)) is
large enough. The particle (¢*,v*) is such that it collides with the
rod at time sy and the velocity of the rod jumps from V(T7°(X,)) to
V(T (X)). ‘

(ii) the configuration of the particles of Y that at time ¢t = sy + s; are
in &, shifted forward by sy in time and seen from the rod position at
that time (i.e. the configuration

o

T* (Y™ 1 T~*1(&) — Q(s0, Xo))

coincides with Y (7 *")(X). If no recollisions with the particle (¢*, v*)
occur it is easy to see that X (T7(X,UY"™))) = X, since the particle
(¢*,v*) is out of & by time ¢ and the dynamics 77" applied to

V(T ™ (X)), Y(T; 71 (X))

will restore X.

The technical part of the proof consists in showing that the configu-
rations Y™ constructed in this way such that X (T}(X,UY™)) € A with
m(A) > 0 have positive measure P. Condition (i) may be changed into
a positive measure condition for each Xy by assuming that the colliding
particle is in a small neighborhood U of (¢*, v*). To accomplish the proof
we then use the fact that the velocity of the rod after collision is a C!
map of full rank on ¢ and the absolute continuity of the time shift of u
with respect to p.

REMARK. Some of the formulas we use are valid only for f # 0. The
case f = 0 is simpler but requires to rewrite certain expressions. We omit
this evident modification leaving details to the reader.

Let Xy € X be fixed. Choose a positive number U > W (X,). Fix
some positive numbers 7/, 7”7 and L so that

" / f 2
(3.1.9) 27 + 71 <t—T<t—T,L>4(Ut+Mt>.



[73] Hydrodynamic scale for a driven tracer particle etc. 73

We split the incoming configuration Y™ as Y = Y UY,UYs5. The particles
of Y cross & and are out of & at time ¢ — 7. That is, t°(q,v) < t—7' for
any particle (¢,v) € Y:. The particles of Y, are defined by the condition
t°(q,v) > t + 7 Those particles enter Mg only after time t + 7 and &
after t. Set

V= Y™\ (ViUYs).

For the particles of Y; holds:
t°(q,v) <t +71,8%(qv) >t — 7"
We further set R
)/1 - }/1 mN—<07t77—/7MSL)7
Y, =Y,UY;,

where 3
Y2 :Y2mT_t(6)772:}/2\}/2

We shall construct a subset Y, C Y™ by giving Y, Ys, and Y, a special
form so that at some time s € (27,¢—7) the velocity of the rod is brought
close to the value V(T "*(X)) for X € Ay. The difference
A(X) = V(T (X)) = V(T7(X0))

is constant for s € (27,t — 7) as no collision take place in the dynamics
T#(X) for u < —7 or u > 27 (all particles are out of S).

We fix v; € supp h(dvy) and denote by

T =L/vy <T

the corresponding “crossing time”. Let X € Ay be fixed and such that

(3.1.10) |mxn>a—@ﬁ%:Am

where the collision parameter
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We choose

Yi={(¢"v")}
with the value of v} fixed above and ¢; such that ¢¢ = t(¢*,v*) € (27, 27+
7). This ensures, by the first inequality in (3.1.9), that t° = t°(¢*,v*) <
t¢ + 7% < t—1'. That is, the particle (¢*,v*) is out of & at time t — 7’.
The values g7, v are chosen as functions of

e

Vo= V(I (Xa)), V' = V(T (X)), Qo = [ V(Tj(X0))ds.

Suppose that V* — V, = A(X) > 0. We should have
4t =qf +uits —Q, <0,
since the velocity of the rod has to increase, and the collision is on the

left. We fix the collision time ¢, € (¢5,t?) and determine ¢; and v; solving
the equations

* 1/ ~ f AQ .

(3.1.11) (v = Vol + 2637 = =y
. M. — A

(3.1.12) t,— 1 = 7(1}1 ~ Vo — m) .

The dynamics 77 (X,UY}) is then such that a single collision with (¢*, v*)
takes place at the time t,, and the velocity of the rod jumps by A. For
A < 0 the collision is on the right, i.e. gf > 0. We can again determine
(g7, v7) by the conditions (3.1.11), (3.1.12) but we have to discuss possible
recollisions. Inequality (3.1.10) shows that no recollision occurs for the
configuration X, U (¢*,v*), since recollision time is

M M
b+ 27 (VT (X0) = ) > #4275 (1= a)|A] > £ 47

Only for |A| < Ag/2 recollisions may occur for negative A. We then
construct Y; as a configuration of two particles . The first one (g™, v") is
chosen exactly as above, for a velocity jump A" = —2A,. Denote by ¢
and ¢, the entrance and the collision time of (¢*,v™). The second particle
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(¢*,v*) € Y] is now fixed in such a way that the entrance time ¢¢ and the
collision time ¢, satisfy the inequalities

e @2r2r+7")

and
t* (S (t+,t+ +7'*) .

¢; and v} are then determined by equations analogue to (3.1.11), (3.1.12)
in such a way as to provide further jump of the velocity of the rod by
2A0+ A > Ay. The collision with (¢*,v*) is on the left, since the velocity
of the rod has to increase. Possible recollisions with (¢*,v*) are avoided
by choosing ¢, so that t,—t¢ € (6*,7*) where ¢ is some constant close to 7,
depending on A, and on the parameters of the model. Summarizing,
we have shown that for all X € Ay we can construct a configuration
Y1, card(Y;) < 2 depending on X, such that in the dynamics of X, UY)
the rod collides with a particle (¢*,v*) at some time ¢, € (27,27 4+ 7"),
and the outgoing velocity of the rod for s > ¢, is given by V(T ""*(X)).
From now on ¢5,v; and t, are assumed to be fixed and independent of
X € Ay. Let Os(x,y), (x,y) € R” denote the open disk with radius &
and

Z/{(;(q,v) = O(s(ﬂhﬂh) X 05@27@2)-

For X € Ay, and denoting symmetrization by [.]s, we set

(3.1.13) Y =Us(q"(X),v* (X)) if |A] > A,
(3.1.14) Y = [Us(gH(X), v (X)) x Us(q"(X),v*(X))]s else.

Let Z(X) = (g (X),0" (X)) if |ACX) > A and Z(X) =(q+(X), v* (X))U
(¢"(X),v* (X)) if |A(X)| < Ay. For any X € Ay and V; € Y the
dynamics {T7(Xo U Z(X)} and {T7(X, U Y1} are close for s € [0, — 7')
if § is small. (Moreover, the mentioned dynamics are close uniformly in
f € [0, fmax)) In particular the particles of Y] collide only once, before
t — 7 and produce a jump in velocity which is continuous function of
Y; € Y and close to A(X). Set

(3.1.15) YO = () Y.

XeAy
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For Y7 € YO we set:

!

3.116) Quvi) = [ VITX UV, VoY) = VT (%U%:)).

Introduce the set
Yo={YeY™": Ve YD Yo+ QoY) NN(t—7,t,6,)=0.

Remind that Y, consists of particles which are in & U M* at time t — 7/
and by time t have left &. Our next goal is to find a proper expression
for the P measure of Y. For the sack of simplicity we use the same
notation P to denote restriction of the measure P on some subset of Y.
We have

P(Yo)= [ | PUYVIPUY & (V= QoY) N N(E = ,,61) = 0}) =
=P(YYV)-p,
where

p=PHY : (Yo — QoY1) NN(t —7',t,6.) =0}) =
—PUY Y N (M\M)NT" (M )AN(0,7,6,) = 0}) > 0.

Here we have used the independence of Y; and 172, as configurations in
nonintersecting regions of M*, and the invariance of P with respect to
horizontal translations and to the free dynamics. Let now A be fixed and
such that m(A) > 0. We can assume that A C Ay for some U < oco. If
Y € Yy, then

(8.L.17) X, = X(THXoUY)) = X (T} (Vo(Y1), T" (¥2) - Qo(Y1))) -

In fact, in the time interval (¢ — 7/,¢] the rod can only collide with the
particles of T~ (Y3), since, by the last inequality in (3.1.9) and by the
definition of Ay, it cannot get out of Sy, and thus cannot collide with the
particles of T~ (Y,). Hence X, is a function of ¥; and Y = T~ (Y,) —
Qo(Y7). Taking into account that Y7 and Y, are independent and that the



[77] Hydrodynamic scale for a driven tracer particle etc. T

distribution P(dY>) is invariant with respect to horizontal translations
and the free dynamics we see that Y; and Y are independent and the

distribution of ¥ coincides with the restriction of 7 on 70“*7/(6). Set
G=T7"(e),
Y9=YNgG.
Suppose that |A(X)| > Ag. Then

YV = YYcyy.

XeA

is an open set of one particle configurations. Set

U= {(qlavl) : (q,U) € YS)} .
We have
P'(X,, A) > P(dY)]IA(X(T;(XO uyY))) >

Yu

> | PAY)PHYT : (Vo(V1),Y9) € T;7 (A)}) =

= Jx®
YA

= [ mdas, dv)PAY Vol 00). ) € 777 (A)}).

where m is the measure induced on U by the restriction P(dY;) on YS).

m is equivalent to the Lebesgue measure dq;dv; on the open set U, since
/ dgsh(dvs) > 0.
Os(g*,0%)

The function V,(Y;) depends, as ¥; € Y only on the horizontal coor-
dinates (qi,v;). That justifies the notation Vy(gqi,v;) in the above for-
mula. The same holds for Qo(Y2) = Qo(q1,v1). Set Cy = {Y : (V;Y) €
Ty ™ (A)} and note that we have to prove that the set

u = {(qlvvl) eU: P(CVO(‘]LUl)) > 0}
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is of positive Lebesgue measure. First we show that the set
YV ={V:P(Cy) >0}

is of positive Lebesgue measure. To do this let us add to all configurations
X € A configurations in M\ & constructed in a special way. Namely, set

D=M NT" (M\M).

In words (g,v) € D means that (¢g,v) is an outgoing particle, which by
the backward free dynamics

o]

T7°,5€0,7),

cross 6. By YP = Y ND we denote the particles of Y contained in D.
Set

(31.18) A={w:X(w)€A,(YP(w /V T(X))ds) WN (.0, 841) =0}

By translation invariance of P(dY) and independence of X and Y, we
have

w(A) = r(APHY : YPNN(=7,0,64) =0}) >0

By Lemma 3.1.2
Wy (A)) > 0.

Let us consider what the set TJTT/(.A) is. As X € Ay,
]/ V(T (X))ds| < Lr € [0,7).
0

This means that the particles of Y (w) do not intersect S;, and do not
interact with the rod. Recall that

G=T"(s),
Y9=Yng,
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and set

Y'w) =Y N (M\M)NT" (M),
We have

Ty (A) = {w: (V(w),Y9(w)) € Ty (A); Y7 () NN (0,7, &41) = 0}
Hence, using the independence of Y9 and Y* we find:
(3.1.19) W(T7 (A)) = py / 9 dVYP(dY9)le, (Y9) > 0.

Here p, is a positive constant and g denotes the Gaussian distribution
of Y induced by p. Thus V is of positive Lebesgue measure. Return to
the mapping

Vo:U — ]Rlyvo = Volqu,v1) -

By our construction ‘/0(71)(1/) C U'. The function Vj is differentiable with
derivatives

Vo _ —(1—a) f
I M(V(T§(Xo)) —v1)
Vo

f
B, 0T (1~ M(V(Ty(Xo)) - vl)) ’

where t. is the collision time which is close to ¢, as § is small. The
expression above shows that dV # 0 on I and thus V; is a C' mapping
of full rank. Hence the Lebesgue measure of V; *(V) C U’ is positive and
the Lebesgue measure of U’ is also positive.

If A is such that |A(X)| > Ag on A the proof is somewhat more
complicated but goes the same lines. We omit the details. O

We prove next a property of nondegeneracy of the distribution of
the displacement which will be used for to establish nondegeneracy of
the limiting brownian motion. In what follows we denote by AP, the
distribution of the markov process X;(w) = X (T}(w)) with initial mea-
sure A. By IE;(.|X,, X;) we denote the conditional expectation with re-
spect to the g-algebra generated by X, and X,. Formally the previous
value involves the initial distribution of the process X,. In fact it is of
no importance, since it may be represented as IE;(.|X;), assuming that
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the expectation corresponds to the distribution § XOP;. Recall that for a
given o-algebra £ the conditional dispersion of a random variable &

D(¢le) = E((§ — E(¢|2))*2)

where IE(.|€) denotes the conditional expectation with respect to the o-
algebra £. Recall some basic properties of the conditional dispersion we
shall use. If o-algebras £ and & are such that £ C &, then

D(£|€) = E(ID(£]R)[£) .
For a finite o-algebra £:
22{01,,On}, ClﬂCJ :®,Z7é],

we have: .
D(¢[e) =Y T, D, (€),
Jj=1
where D¢, denotes the dispersion with respect to the probability re-

stricted to C; and properly normalized.
By the sigma algebra generated by X, X; we use the obvious notation

D (.| X0, Xy) -

Introduce
D(X07Xt) = IDf(Q(t)|X07Xf) .

COROLLARY 3.1.20. Lett be as in the previous lemma and A € B®
be of positive m-measure. Then the function

J4(Xo) = /A PY(Xo,dX,)D(Xo, X,)
18 m-almost everywhere positive. In particular
Jx(X0) = [ Pi{(Xo,dX)D(Xo, X,)

18 m-almost everywhere positive.



[81] Hydrodynamic scale for a driven tracer particle etc. 81

PROOF. The result is intuitively obvious, since D(Xy, X;) = 0 on a
set of positive measure would imply that on that set Q(¢) is a function of
Xy, X; only, which is impossible since X, and X, are relative to the rod
position and cannot determine the absolute shift Q(t).

Let X, € Xy be fixed. It is not restrictive to assume that for some U
large enough we have both W(X,) < U and A C Ay, where as above

Ay = {X : W(X) < U}.

Going back to the mechanical system we express X,,0 < s < t as a
function of Y™™ € Y™

X, =X(T7(XoU Y™y,
We denote by 9 the o-algebra of subsets of Y generated by
X, 0<s<t.

By 2, we denote the o-algebra generated by X;. Obviously 2, C 9.
IE; x, denotes the expectation with respect to the measure induced by P
on MY. Clearly,

Ja(Xo) = Ef x, (Qt) — Iy x, (Q(1) M) ?[9M )P (dY™) .

Xi€A

Assume that A is such that |[A(X)| > Ag for all X € A. Let Yy and
Y(Al) be the same as in the course of the previous proof. Set

Y={Y"eY,: YW eY}.

We again consider the variables Y3,Y. By (3.1.17) the restriction of 9,
on ) coincides with the o-algebra generated by

Vo(Y1) = Vo(qi,v1), (qu,v1) €U

and by ¥ = Yo’t’T/(YQ) — Qo(Y1). We denote this restriction by ;. Ob-
serve that on ) holds

Q) = QuM) +Q;, @ = [ VTG0, T)ds.
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The value @ is 9M;-measurable, in other words it is a function of X,
only. Thus, with respect to the distribution ¢ XOP}, restricted to Y and
properly normalized, we have:

D(Q()[27) = ID(Qo|M7) = ID(Qo|V) ,
where U is the o-algebra of subsets of U generated by V. The equality
ID(Qo|M7) = ID(QolB)

holds, since Y; and Y are independent. By the properties of the condi-
tional distribution we have:

Ta(X) > /y o, PQURIP@Y) =
—P() /{ <oy Q) ~ @) )i Py(ay) 2
> P(Y) /{ <on, DIQID)P(aY)

where Py (dY’) denotes the normalized restriction of P on ). The value

ID(Qo|B) = ID(Qo| Vo)

is almost everywhere positive. Indeed, V; and @, are functions of Y;.
Recall that Y} may be identified with (¢;,v;) € U and the distribution
P(dYy) coincides with some measure m(dgq, dvy) on U equivalent to the
Lebesgue measure. On the other hand the jacobian of the transformation

(q1,v1) = (Vo(qu,v1), Volqu,v1))
is positive everywhere. (In fact the jacobian is equal to the constant
(1 — «)?.) Hence Ja(Xy) is positive if P(Y N {X; € A}) > 0. But this
property is, as shown in the course of the previous proof, a consequence

of the condition 7w(A) > 0. The proof when A is such that |[A(X)| > A,
on A follows the same line. 0

COROLLARY 3.1.21.  For given U > 0 and t > 41 there exists a
positive nontrivial measure Ay on X such that for all f € [0, fmax]

(3.1.22) PL(Xo,dX) > Tay, (Xo)A(dX) .
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PRrROOF. The proof again makes use of the construction of the previous
lemma. Let X, € Ay be fixed. Set A(Xy) = —V(T*(Xy)). Suppose that
|A] > Ay. We determine (¢*,v*) as a function of A and t* < ¢t — 7’ by
equation (3.1.11), (3.1.12):

* I7 Ak f A2
(vf = Vo)? +2‘J1M = m;

M, - A
t*—tj=7(v1—vo—1_a).

Here, as above

e _s€ — ti
Vo = V(I} (X0), V" = V(T (X)), Q= [V (TH(Xo)ds.
i = q; +oits — Q.

In words, we choose the particle (¢*,v*) so, that after a single collision
the velocity of the rod becomes equal to 0 at time t¢.

Consider the dynamics {T°(X, U Y1)} for Y7 € Us(¢*,v*). 6 may be
chosen here uniformly in Xy € Ay, f € [0, fuax]- Let Vi = V(T X UY1))
and

Q= /0 V(T3 (Xo UYh))ds

denote the velocity and the displacement at time t. Define the mapping
U, : Os(qi, v) = IR by

U, (g1,01) = (Q(1), V(#)) -

Note that
det (dqjxoyf) = (1 — a)2

and there exists a constant C; > 0 such that
||d‘~I’X0,f|| < Cl < 0

uniformly in Xy € Ay, f € [0, fuax)- These two properties imply that
there exists a constant C' such that

max(|[dW¥x, ¢[],[|(d¥x, ;) V) < C.



84 M. SOLOVEITCHIK (84]

Since the dynamics brings the velocity of the rod to 0, we have:
Vx,.r(gi,v7) = (@, 0).

The image of Os(q;,v}) is an open neighborhood of (Q*,0) which,
due to the properties of the mapping Wy, ; indicated above, contains a
square

Q-Q<0,|[V] <0,

where 6 > 0 may be chosen uniformly in Xo € Ay, f € [0, fuax]. Taking
into account that

det (d\IfXO’f) = (]. — Oé)27

we conclude that for all Xy and f under consideration the measure in-
duced on

J={V:|V| <6}

by the Lebesgue measure on Os(q;,v}), via the mapping V; is absolutely
continuous with respect to dV, with some density Gx,;: 0 < a <
Gx, ¢(V), where the constant a does not depend on X, and f. For a
given X, € Ay let

VX ={Y 1 Y € Us(q",v"), (Yo — QTH X UY)) NN (t—7',,61) = 0} .

Then, by repeating the arguments used in the proof of the lemma , we
see that:

P'(X,, A) > / P(dY )I4(X) Iy x0) (Y) > constA(A)
AdV,dY®) = dVP(dY ), (V) (Y),

where

N ={Y : Y AN(~7,0,6,) = O} .

Hence the result follows. On the set X, € Ay : |A] < Ay we can repeat
the same arguments, by taking Y; in a set of two - particles configurations.
The procedure is a bit more complicated but straightforward. We omit
the details. U
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In the following lemma we turn to the Lyapunov function W (X).
We use this function for to describe the phenomenon of energy relaxation
in the system. Roughly speaking, we show that large velocities in a
neighborhood of the rod slow down with large probability. Recall the
definition of W. W(B) is defined for any B C M by

1
W(B) = sup {|v] : (¢,v) € B: vy > i|ql|}.
W (X) is also defined for X € X by

(3.1.23) W (X) = max{|V(X)|, W(YS(X))}.

LEMMA 3.1.24.  Let 47 < t < 107. There exists a positive num-
ber Uy such that the following inequalities hold for U > U, and some
positive constants k,cq,Co:

PHX AW 2 U)) < exp(—a.?), if W(X) <U — 1,

Pi(X,{W > U}) < exp(—coU), if W(X) < Uexp(kU).
The constants ci.ca, Uy, k do not depend on f.

PRrROOF. We begin with a short description of the main idea. Suppose
that the rod keeps a high velocity U for some time . Then typically it
will collide with particles with horizontal velocity not exceeding log(U#) in
absolute value, except for a set with measure of the order e~ ¢o»stlos U, This
follows from the Gaussian distribution of incoming horizontal velocities.
If no particles with velocities larger than log(U%) collide with the rod,
then the rod can keep a velocity larger than O(log(U)) only if it collides
with a small number of slow particles. Indeed, each time that it collides
with a slow particle its velocity drops by a factor c. The probability to
collide with a small number of slow particles turns to be of the order
e—clos() Passing to the proof of the first assertion set

ﬁ:(U_%t)
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and
L =100tU .

Consider the event By defined by the following condition on the incoming
particles: all incoming particles passing through & until the time ¢ have
horizontal velocities in absolute value not larger than 7U , where v € (0,1)
is a fixed constant. Formally this event is defined as follows. Set

Y =Y" AT M\ M),
Y consists of particles crossing & up to time ¢. Divide Y into two groups:
Y, =YNN(0,t,6.), Z, =Y \Y,.

Then
By ={Y :sup{[us| : (a1, m) € Y1} < 7T}

Elementary estimates show that for some constant #; > 0 and U large
enough

(3.1.25) P(By) > 1 —exp(—6,U%).

Consider the dynamics T3(X UY), 0 < s <t for X : W(X) < U — Lt
and Y € By. Evidently the conditions W(X) < U — Lt and Y € B,
imply that as long as the rod collides with particles of Y ,UY® its velocity
is bounded in absolute value by U. Thus the displacement of the rod is
bounded by tU < L/100. That shows that the rod does not collide with
particles of Z; at all:

THXUY)=T;(XUY.L)U(T*(Z) — Qs(YL))-
for 0 < s <t. Here
0.(Y1) :/ V(T (X UY,))dr .
0
All the particles included into X UY ;, keep the horizontal velocities

not larger in absolute value than U and thus may not violate the condition
W(X,;) < U. Hence the condition W (X,) > U implies that

(3.1.26) W(:Ort(ZL) ne — /t V(T} (X UYp))ds) > U.



[87] Hydrodynamic scale for a driven tracer particle etc. 87

The configuration Z; = T*(Z;) N & is P - independent of Y. Since P is
translation invariant, we have:

PUAW(Z" Qi) >U}NY ) = PUW(Z; - Q:) > U}) < P{W(Y®) > U}).
We have then
PUY : WX(THX UY)) > U}) < P(Bg) + P(Bo)PUW(Y®) > U}).

Taking into account lemma (3.1.6) and (3.1.25) we obtain the required
assertion.

Consider the second assertion of the lemma. Choose some constant
k > 0. The restrictions on x will be formulated somewhat later. We set

wo, J
L=100(tUe + Mﬁ)
and define Y, Z,, By as above. We may and will assume that U is
large enough to imply (3.1.25). Repeating our analysis of T} (X UY'), for
Y € By we see that the rod cannot travel by the time ¢ more than a
distance L/4 and no collisions with particles of Z; occur. The resulting
configuration
X, =T;(XUY)

may be again represented as follows:
Xs - Xs U (Z: - Qs)a

where R o
X, =X(T;(XUYy)),

o

Zr=T(Z,)Nnea,
and @, is defined as above. Let

Dy={YeBy: inf [V(X,)|<U}.

se(2T,t—T)

Suppose that Y € Dy, then W()?t) < U. In fact all particle that collide
in the time interval (27,t) come from Y ; and have velocity less than vU
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in absolute value. Some of those particles may be accelerated by the
rod but then become “outgoing” i.e. directed away from the rod and
cannot accelerate it. Once the absolute value of the velocity of the rod
has fallen under U it can only increase by the acceleration up to the value
U+t f < U. The particles of Y, that have been accelerated by the rod
to velocities larger than U will leave & during the time interval (¢t — 7, ¢].
Hence all the particles involved into X, (and the rod) have velocities not
exceeded U. This implies

W(X,) <U.
Then the conditional probability
PEW(X,) > UyNDy|Y ) <PW(Z; —Qi(Y1)) > U)
for Y, € By. As above,
PW(Z; —Qu(YL)>U) < P(W(Y®) >U) < exp(—constU?).

Thus
PH{W(X,) > U} N Dy) < exp(—constU?).

It remains to estimate the probability of
I'v =By \Dy.

In other words, we estimate the probability of configurations in By sat-
isfying
inf  |V(X,)|>U.
se(2r,t—T)
The collision rule
Vi=aV+(1-a)n

shows that if V' and V' have opposite signs, then
V] < (1 =a)lul.
Hence in the dynamics

T;(XNY), Y € By,
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the velocity of the rod cannot change sign in the time interval (27,¢ — 7)
without dropping below 7(7 < U. Thus Ty splits into two nonintersecting
subsets I'j;, according to the sign of the rod velocity. The arguments
we use in the sequel are analogous for I'y and I'", so we may and will
consider I'; only.

Another consequence of the collision rules is that for Y € By, a
particle that collides at some time s € (27,¢t — 7), when the incoming
velocity of the rod

V(X)) =lmV(X, ) >U,

cannot recollide. To see this, note that for such a particle |v;| < ~U, and
the outgoing velocity

V=V +aV —v) >V +a(l—9)U.
The outgoing velocity of the rod
VX )=V +(1l-a)(vy=V7) < V™.

The next incoming particles can not accelerate the rod up to V- + «a(1 —
~)U since their horizontal velocities are smaller than vU. If U is so large
that

f

al—NU > (t—1 —
(=T > (t— )3
then any recollision can occur only after the moment ¢ when the particle
will leave the strip S.

From now on we take
BUa PT() = P(lBU)

as the main probability space. V, = V(X,) is a random process on
By, Pr(.). Define a stopping time

t* =min{s >0:|V,| < U}

and set
Vs - V;/\t* .
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We consider then the process V, at the time interval s € [37,t — 7]. The
basic observation is that V restricted to the mentioned time interval is
a Markov process with jumps and absorbing boundary conditions. In
fact, by the observation above, the condition |V;| > U implies that all
particles that collide in the interval [37,¢—7] cannot recollide, while those
that collided in the time interval (0,27] are out of the game. Assuming
positive velocities v, > U we conclude that collisions may occur only with
“fresh” particles on the right. That is, for given v, > U r € [3r,t—7T)
the distribution of
‘N/S, s>r

depends on V,. and the configuration of particles

Y, =T (Y™ N ({(g,v) € M\ M :qu € (0,L/4)} +Q,).

This observation relies on the fact that at time r no particles with ¢;-¢,
and |v;| < 4U could collide with the rod in the past. The distribution of
Y, induced by Pr is Poisson with intensity measure

n(dq, dv)lLs, ,
A= ({(q0) € M\ M :q1 € (0,L/4), [nn] < T} +Q,).

Using invariance of the Poisson distribution with respect to translations
and free dynamics we conclude that the process 175, 3r <s<t—r
corresponds to a collision process with Poisson distributed particles, no
recollisions, instantaneous collision rate

1/ / Ve — vy e B2 gy,
270 Jjor|<n0

and absorbing boundary conditions in the region |V|] < U. To estimate

Pr(D{|Vs,) = Pr( inf V., >U|Vs,)

3r<s<t—r
we may and will assume that

Vi, =V € [(7, Ue'QU—i-%ZT}.
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Summarizing and simplifying notations we may reduce the problem the
following one. Let
V,, t>0

be a right continuous Markov process with jumps governed by the in-
finitesimal operator A:

\/7/ |V =0|(F(aV+(1—a)v)—F(V))e /2 dpt
2m [v1 |<yU

R
T MoV

The collision rate of this process is

V) = ply/ ﬁ_m/ |V — v\e<_ﬂm“2/2)dv.
27 o1 |<yU

Suppose that the starting point

Vg € [ﬁ, Ue™V + %27} .

We are interested in estimating
Ry (inf V. > 0),
se

where I = [0,¢ — 47] is a fixed interval of time.
Let 0 =1t, < t; <ty <... be the moments of jumps and

Vi s Vigs oo
the corresponding velocities. Introduce
T =t —th_1.
The conditional distribution of 7, as V,, , is fixed, is given by

]:Vtk,1 (t) = Pvtk,71 (e < 1),
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where

Fv(t)=1 —exp(— /tR(V—l- %S)ds) .

[

If V> U then R(V) > CU for some suitable constant C' > 0. Set
v(U) = CU and introduce

G(t) =1 —exp(—v(U)t).

Evidently G(t) < Fy(t) provided

f ~
V4+2s>U,0<s<t.
Tt =S
Define new random variables o1, Kk =1,... by

O = Q<71> o} ]:V"k—l (’Tk) .

That is,
1

(0) /OTk R(Vy)ds .

By construction, the distribution of g is exponential and independent of
Vtk—l .

g —

Py, (m <) =G(1).

Thus o3, k= 1,... is a sequence of independent identically distributed
exponential variables. On the set where

inf V.>U

tp—1<s<tg

we have o, > 7. Let j be the number of jumps inside the time interval
I =10,¢ — 47]. For any integer n the inequality j > n is equivalent to
dom <[ =t—dr.
k=1

Thus, setting as above

D = {infV, > U},
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we have: .
{So<ll}nDf c{j>n}nDf.

k=1

The probability of
{>X o<t}
k=1

is easy to estimate since it coincides with the probability that a Poisson
variable with parameter v(U)|I| is larger than n. Take for definiteness

n(U) = [iy(U)m] .

We have, using the standard large deviations estimate for a Poisson vari-
able:

P({ iak <|I]}) > 1~ exp(~al),

where a > 0 is a suitable constant. On the other hand, on Dj; by each
jump inside the interval I value of V decreases by a constant factor:

Vi, <aVy, 4+ (1-— a)fyﬁ <OV,

where § = a + (1 — a)y < 1. After n(U) jumps we have:

v <0m(U)(Ue + 27%) .

This value is o(1) for U large enough if we assume r to be sufficiently
small:

C
K< —Elog(ﬁ)m .
Hence, for U large enough
{j>nO)}NDs =0

and thus .
{So<ll}nDf=0.
k=1
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This implies
P(Df) <1-P({ iak <|11}) < exp(—aU).
k=1

The proof is complete. 0

3.1.5— Transition to a Markov chain

We now discretize time and consider the Markov chain (X;,1P;),
where IP; = P7. The results above imply some important properties
of the chain (X;,IP;) that we formulate in the following

PROPOSITION 3.1.27.  The chain Py is defined on the absorbing set
X¢ of full m - measure. Moreover:

(1) The chain (X¢,TPy) is w - irreducible and aperiodic.

(ii) 7IP; are equivalent to ™ and 7 is a mazimal irreducibility measure.
(i) For all X € Xy m is absolutely continuous with respect to ]P?(X7 ).
(iv) For a m - almost everywhere positive function W, defined on X, and
U > Uy the following conditions hold:

/ exp(W? (X)) 7(dX) < C < 50

Py (X AW > U}) < exp(—aU?), if W(X)<U — %77

P (X, {W > U}) < exp(—cU), if W(X) < Uexp(rU),

for anyn : 5 < n < 10. Here the constants U,,cy,cy, k,b,C do not
depend on f € [0, fuax]-

(v) The set Ay = {X : W(X) < U}, U > U,y is a uniformly “small”
set for the family of chains Py, f € [0, fumax]. That is, there exists a
nontrivial positive measure \y such that

P} (Xo,dX) > Iy, (Xo) Ay (dX).
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Our main object, the displacement of the rod, may be represented in
terms of the Markov chain introduced above. Set

Vi(X) = /0 V(X)) ds.

Then
Qs(nT) =Y Vi(Xi),
i=0

where X; denotes a trajectory of the chain. It easily seen that the func-
tion V; satisfies the following inequality

(3.1.28) [Vi(X)| < Const(1l + W(X)),

where Const does not depend on f € [0, fiax]-

Suppose we forget the concrete dynamical system under consideration
and just deal with an abstract family of Markov chains IP; and functions
V; satisfying the above conditions. Which results may be obtained in
this general situation? We find that this problem (in a bit more general
setting) is of independent interest and devote a separate section to it. The
corresponding considerations appeal to relatively advanced probabilistic
techniques. Now we just formulate the main results.

THEOREM 3.1.29.  Under the conditions on Py and V; formulated
above the following statements hold true:

1. For each f there exists a unique probability measure vy, which is
invariant with respect to the chain P :

l/f]Pf = Vf .
The measure vy 1s equivalent to 7.

/yf(dX) exp(bW (X)) < Const,

where b and Const do not depend on f.
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There exist k > 0,Const > 0 and . > 0 such that

N—

( exp (a W(X )) < Const exp(kN«)

Jj=0

,_.

for 0 < a < auax, arbitrary N =1,2,... and f: |f| < fmax-
3. There exists an absorbing subset

Hy C Xy m(Xp\9Hy) =0

such that the chain (IPs, $) is Harris recurrent. Moreover there exist

exist positive constants A, B and vy independent of f such that for any
X € 9y

(3.1.30) |[IP7(X,dY) — vy (dY)|| < Aexp(—von)log(2 + W (X))
and
(3.1.31) [P’ (dY) — v (dY)|| < Bexp(—yon)

foralln=1,2... and f : |f| < fuax-
4. There exist positive constants v, D independent of [ such that

(3.1.32) | /]P?(deX) (Vr(X) = (V) | <
< D(1+logW(Xo))exp(—vin),

forn >my=05.
5. For any initial distribution of X, the sum

Qs(rn) —d(f)
Stn = Tn Z Vi(X;) —ve(Vy))
converges in distribution to the centered Gaussian variable with the
variance

r0?(F) = [ v dX) V() = vy (Vy)*+

23 [ @)W (X) =3 (V) [ (XY )0, (V) = vy ).
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6. The sum
S [or@x) ;0 =, V0) [PV I0L0) - g )

converges absolutely and uniformly in f.
7. There exist positive constants oo, L such that

(3.1.33) E;exp(0Ss,) <L
forany o: |o| < 0o, n>1 and f:|f| < fumax-Fach function
@, (w) =IE, exp(wSy,,)

is analytic inside the strip T' defined by the inequality |R(w)| < o.
The family of analytic functions

{@s0(w): n>1,|f| < frnax}

1s tight with respect to the topology of uniform convergence on each
compact subset of I'. A sequence @y, ,,, : n, — 0o converges in the
mentioned topology to a limit analytic function O if and only if
a?(fr) converges to some o2 and

w2To?

D (w) :exp( 5 OO).

3.2 — Drift and diffusion

In this section we introduce the drift and diffusion constant. In view
of Theorem 3.1.29 the existence of the mentioned values is pretty obvious.
The nontrivial part of the section contains the proof of their nondegen-
eracy.

We first proof that the measure vy is invariant with respect to P}
and has strong mixing properties.
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LEMMA 3.2.1. Foranyt >0
I/fP; = I/f .
Moreover there exists constants x > 0,C > 0 such that for X €

||P;(X, ) — vl < Clog(2 + W (X)) exp(—xt).

ProOOF. By Theorem 3.1.29 v;P{ = v; and by 3.1.30 we have

|1PF(X,dY) —vp(dY)]| = [[IPF(X,dY) — v (dY)]| <
< Aexp(—on)log(2 + W(X)),

provided X € ;. Note first that v;P" is equivalent to 7. (We shall
denote it by vy P ~ 7.) Indeed, vy ~ 7 implies that

VfPt ~ 7Pt~
Thus
v P (X, \ 7)) = 0.

Hence
l/fP; = l/fP}”P; = l/fP;P;” — Vg

as n — oo. Taking

we have, for any X € ©:
1PHX, ) =gl = [[(P4(X, ) — ) PO < TPy (X ) — vy <
< Clog(2 + W(X)) exp(—ym(t)) <
< Clog(2 +W(X))exp ( - Zt) .
T

Hence the result. |

PROPOSITION 3.2.2. There are finite constants d(f) and o*(f)
such that such that for any initial distribution A of the Markov process
{X:,t > 0} for which

lim AP} — ]| =0
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the following assertions hold:
(i) (Ezistence of the drift)
t

lim 1 V(X,)ds = v (V) =d(f)

t—oo t Jg

wPy or vy Py a.e. In particular

i QT _ g

t—o0

for u - typical w.
(i) (Diffusion) The distribution of the process

t
& =ve [ vx) s
induced by APy converges as € — 0 to that of Wiener process W25y,

PROOF. The first statement follows from Theorem 3.1.29 and the fact
that |V(X)| < W(X) and the function V' is exponentially integrable with
respect to vy. As for assertion (ii), let MM" and M, be the o - algebras
generated by the variables {X,,s > t} and {X,,s < ¢} respectively.
Consider the operator

H;,T : LP(Q,Dﬁt,I/fPf) — L,.(Q, M, vpPf), p,r>1

defined by setting

where the expectation IE refers to the measure v, P;. By Lemma 3.2.1
I ]| < 2C exp(—xt) [ vy(dX)log(2 + W(X)).

and obviously
1T, 1] < 2

for any p > 1. Taking p = 4 and noting that

1, 1y 1
+50-3)=3

1
3 3
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we get using the Riesz-Thorin Interpolation theorem (see [20]) that
114 || < Consteexp (- %t) .
Since V(X;) € L,(Q,M", v;Py) for any p > 1, we have:
t X
BV (X2) = d(DIMol |2, < [Vl < Comstexp (= 5t) .

We can apply, for example, Theorem 3.79 of [14] and obtain the result. [

The constants d(f) and o?(f) defined above coincide, of course, with
those mentioned in Theorem 3.1.29. The following proposition concludes
the proof of the (nontrivial) diffusive asymptotic behavior of the rod
displacement.

PRrROPOSITION 3.2.3.  The following assertions hold.

1. o*(f) >0 forall f € R
2. fd(f)>0if f#0.

ProOF. We denote by

5tn+1
AQ, = / V(X (T3w))ds

™

the displacement between 57n and 57(n + 1), and by

3
~

0

el
Il

the total displacement up to time dm7. Let ¥ denote the o - alge-
bra generated by the variables Xg, Xs5,,..., X5:%,... The displacements
AQ,, n=1,2,... are conditionally independent with respect to €. De-
noting by ID(- |T) the conditional variance, we get

m—1 m—1
ID(5,|%) = Z ID(AQ|T) = Z ID(AQw| X5k, X5r(k+1))
=0 =0
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By Corollary 3.1.20, we have
IEVf (D(AQk|X57ka X5‘r(k+1))) =a>0.

Hence

\Y
= 3|~

D(S,) > —IE,,

—1
]Euf(]D(AQk|X5‘rk»X5‘r(k+1))) =a>0.

=0

(]D(SM) |‘I) =

3=

3

kol

The first assertion is proved.
As for the next assertion, assume f > 0 and suppose that d(f) <0
Recall the summation rule 3.1.3:

t
/ p(dw) exp ( - Bf/ V(Tfs(w))ds) =1.
Q 0
By the Chebyshev inequality
(3.2.4) p{w: Qt,w) < —ev/t}) < exp(—BfeVt).
On the other hand, by the central limit theorem and the first assertion
p({w: Qt,w) —td(f) <
1 oo s

< —eVit}) — 7/ e — ds.
- } V2ro(f) Je P ( 202(f))
The right-hand side of (3.2.5) is positive, and the right-hand side of

(3.2.4) tends to 0 as t — oo, so that they are incompatible if f > 0
and d(f) <0. 0

(3.2.5)

Let us summarize the results we have proved concerning the displace-
ment Q;(t,w) and the initial distribution p(dw).

I. EXISTENCE OF THE DRIFT. The limit

d(f) = lim )

t—00 t

=vp(V)
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exists, is finite, and does not depend on w for p-a.a. w € . Moreover

fd(f) > 0 for f # 0.

II. D1rrUsION. The process
& =ve( @ (L w)—an?t)
¢ €’ €

converges weakly, as e — 0 in the space of continuous functions of ¢ to the
Wiener process W,2(y), with nondegenerate diffusion constant a*(f) > 0.

3.3 — Einstein relation

In this section we, assuming that the assertions of Theorem 3.1.29
hold true, prove our main result:

ITI. EINSTEIN RELATION. The drift d(f) and the diffusivity o?(f)
are continuous functions of f. Moreover, the Einstein relation holds, i.e.,

a8,

lim 7 5 (o).

As above we consider f:0 < f < fiax-

LEMMA 3.3.1.  The family of stationary measures vy : 0 < f < friax
is continuous with respect to f in the variation norm.

PrOOF. By inequality 3.1.31 of Theorem 3.1.28
|7} (dY) — vy (dY)]| < Bexp(—yon)

where the constants B, v, do not depend on f and || || denotes the variation
norm. Thus
lvy —wPf|]

converges to zero uniformly in f. It remains to show that the single terms

7
7'('Pf
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are continuous with respect to f. As asserted in Lemma 3.1.4, the exact
expression for the density

_ onpy
i = "o
is given by the formula
d PT?’L
00 (X) = 00 = [ Pavyes (51 [ VT CCUY)ds) .

We have to prove that gy, is continuous in L, (7). Further, g; is nothing
else than the conditional expectation of the density

ou(T: (.
Ralw) = 252 ),

given by Lemma 3.1.2, with respect to the sigma-algebra generated by
X (w). Thus it is sufficient to show that Ry, is continuous with respect
to f in Ly(u). We first show that it is continuous in probability. We
have:

Ry, (w) =exp (Bf /Om V(T;S(w))ds)) .

In the previous expression we assume that w belongs to the full y-measure
subset Q;”) C Q of those w € (), where the dynamics TJ‘E is well defined
up to time n7 and —7n and 0 are not collision times. Set by convention

Rf,n(LU) = 0,

as w ¢ Qgcn).
Suppose w € QEZ:) Note that if we take f in some small interval
containing f,, then the dynamics

T(w), t € (=7n,0]

is well defined and the rod will collide with the same particles as for f,
and the collision times and incoming velocities vary continuously with f.
Hence the function

f/ V(T (w))ds)
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is continuous at f. with respect to f. Thus Ry ,(w) is continuous with
respect to f at the point f,, provided w € Q}Z) Consequently, Ry, is
continuous with respect to f in u - probability. At the same time the
family of functions Ry, is uniformly u - integrable:

(332) J Ry () < [ exp(K,o, () de)
where K,, = mnfB(1 +¢), and

va(w) = sup [V(T7?;(w))].

s€[0,7n]

It is easily seen (Section 1) that
plw v, > a} < enexp(—cqa?),

where c1, co are independent of f for f in any bounded interval.

Hence the integral in (3.3.2) is uniformly bounded and Ry, is contin-
uous with respect to f in the space L;(u). This achieves the proof that
vy is continuous in f. O

LEMMA 3.3.3. Let Hy(X) be a family of tempered functions, that

is satisfying
|H;(X)| < Const(1 + W(X))?

and m - stochastically (i.e. in w -probability) continuous with respect to f.
Then

vy(Hy) = [ Hy(X)vy(dX)
is continuous in f.

PROOF. Observe that
/I/f(dX)Wp]I{WpZN} —0
as N — oo uniformly in f. This follows from the inequality

/ v (dX) exp(bW (X)) < Const,
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where b and Const do not depend on f. Thus it suffices to show that for
each N

/ v (dX)VH; (X) i<y (X)
is continuous in f. Note: H}N)(X) = H;(X)I{wr<ny(X) is uniformly
bounded and 7 - stochastically continuous in f. At the same time vy is
continuous in the variation norm. Suppose that f; — f..

N N N N
v (HEY) = vy, (HE)| < Const |lvg, — vyl + lvr (Hf = H)| -

The first term here converges to zero, as for the second one, we observe
that since m ~ vy,
H(N) N H(N)
fj I«

in vy, probability as well. As |H J(cjv)| < Const
N N
v (HY = H{Y) =0,

Hence the result. a

Since the function
Vi) = [ vEp)s

satisfies the conditions of the previous lemma, we have the following

COROLLARYT 3.3.4. The drift

1
d(f) = —vs(Vy)
1$ continuous in f.

LEMMA 3.3.5. The limit variance

(1) = 2 (AVyrd(1))42 Y [oAdX) V()X PF X, Vird(1)

T

is a continuous function of f.
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PrOOF. We know that the sum above converges uniformly in f. It
remains to show that each term is continuous. In view of the previous
lemma we have just to show that P'(X, V) is 7 stochastically continuous
with respect to f. (It is evidently a tempered function of X). But

(n+1)7

P(X,Vy) = P(dY)(/ V(TH(X UY))ds) .

nTt

This representation implies the continuity with respect to f. To be pre-
cise, fix f,. The family of functions

/ V(T3(X UY))ds

0

is P stochastically continuous at f, with respect to f for 7 a.e. X. On
the other hand this family is P uniformly integrable:

r(n+1)7 2
P(ay ) / V(T}(XUY))ds) = P} (X, V3) < Const(L+log(W(X))%e ™).

Hence P} (X, Vy) is continuous at f. for 7 a.e. X (may be depending
on f,). This completes the proof. O

Consider the characteristic functions:
w TN

®, ;(w) = puf ex —/ V(TS) — d(f))ds) .

s) =p(exp (= [ (V(T]) = d($)ds)

We know that
@, s (w)| <L

as |R(w)| < go. This family of analytic functions is tight. Combining
results of Theorem 3.1.29 and the continuity of o2(f) we conclude that
for any sequence f, : f, = 0

Dy, n(w)
converges as n — oo uniformly on compact sets to

a2(0)Tw?
(=5™).

exp
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Choose a sequence {f, } satisfying:
fo=F,/Vvn;, 0<a<F,<b,

where a, b are (small) fixed constants. As ®;, ,(w) converges uniformly
in w from a compact subset of I' we may take w,, = —F, 8 and get:

—0.

‘u exp \/_/ V(Ty7)) - (fn))dS)) — exp (M)
That is,

(e (— 81 Om(V(T;n) —d(f)ds) ) — exp (w)

‘%0.

At the same time summation rule (3.1.3) says that:

p(exp (= 88, [ V(T )ds — d(£)) = explBrhund(f,)) =
d(fn)

= exp (BF2 3

Hence

o A(fn F,)
‘exp (ﬁFnT(jZ)) — exp (%)‘ —0.

This implies:

ANV Y

In 2
Since F,, > a > 0, we may conclude that
d(fn) a?(0)
o T
provided
(3.3.6) a< fo/n<b.

To avoid the restriction (3.3.6) notice that for any sequence {f,} : f,, > 0,
fn — 0 one may construct a sequence {f,} satisfying (3.3.6) and such
that

Card({fn} N {fn}) = o0
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This is because the intervals

(2,2
vn'/n
cover without leaving gaps an interval (0,7) for some r > 0. Thus

lim d(f) = 202(0)

f—0 f
as claimed. The Einstein relation is proved.

3.4 — Markov chains satisfying relaxation conditions

In this section we prove Theorem 3.1.29 which is a corollary of more
general assertions we consider. We think that the techniques developed
here is of independent interest.

Let (X, B) be a separable measurable space. That is, the o- algebra
B is generated by a countable family of subsets. For a Markov chain on
(X, B) we denote by P(z,dy) the corresponding transition probability.
X = (X;, 7=0,1,)... denotes a trajectory (path) of the chain. Let F
be a measurable function defined on the space of trajectories:

F: (X~,B*) - R'.
By IE}(F) we denote the n-shifted expectation:
ENF) = E,(T" 0 F); T" 0 F(X) = F(Xn, Xpy1,...) .
In the same sense we understand the notation P. M;(X’) denotes the

space of probability measures on X.
Suppose that the following objects are given:

e A positive valued, B measurable function W : X — IR;
e A probability measure 7 satisfying

/Xexp(bW2(:c)) m(dz) < oo

for an appropriate positive constant b;
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e A mapping R, — M;(X) which corresponds to U € IR, a probabil-
ity measure Ay absolutely continuous with respect to ;

e A real valued function 6 defined on R, such that 0 < 8(U) < 1 for
any U € IRy;

e An (at least) exponentially increasing function ¢ : IRy — IR,. (The
reader may have in mind ¢(t) = exp(kt), k > 0);

e Positive constants: Uy, c, a, ug;

e An integer number mgy > 1.

Introduce the class of Markov chains on (X, B) with transition prob-
abilities P satisfying the following relazation conditions:

(0) P is well defined and 7 - irreducible on a measurable absorbing set
Xp C X such that 7(Xp).
(i) ™~ 7P;
(ii) 7 = P"(z,.) for any € Xp and n > my;
(iii) Set W(X) = max{W(X;) : 0 < j < mo}. f U > Uy and W(z) <
¢(U) then:
PIO({W > U}) < exp(—al):

(iv)
P,({W > U}) < exp(—bU?),

provided U > W (z) + u;
(v) Set Ay = {x: W(x) < U}. Then the following inequality holds:

Pz, dy) = 6(U)la,, (2)Au(dy) -

The class of Markov chains introduced above will be denoted by

o = plm, Wymo,..).

We shall write P € p indicating that the Markov chain with the transition
probability P is contained in the mentioned class. The objects w, W, ...
defining the class p will be called parameters of .

Let us briefly comment conditions (i)-(v).

If no ambiguity arises, we will identify Xp and X as long as we deal
with a given Markov chain. Since only sufficiently large values of W are
essential, we may and will assume that W (z) > Wy > 0, where W, may
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be chosen large enough. More precisely, the conditions above hold true
if W is replaced by max{W, U,}.

Without any loss of generality we may assume that Ay (Az) = 1 for
U(U) large enough. Otherwise we could replace Ay by

Avla_/ v (Ag)

and 0(U) by 0(U) vy (Ax)-

Given a Markov chain X, we introduce the coupled chain X with the
state space X = X x X assuming that the projections are independent
Markov chains, coinciding (in the sense of distribution) with X. The
transition probability P = P x P. If P € g then, obviously,

Pep=pW,m,...),
where, for instance,
W (2™, 2®) = max{W(zM), W(z®)}, T=nmx 7.

Note that the myq - iterated chain X = (XmgjsJd = 0,1,...) with the
transition probability P =pmo belongs to p with my = 1.

Our main goal is to estimate the rate of convergence of P";n — oo
to an equilibrium measure vp uniformly in P € p. It will be often needed
to emphasize that certain constants C,a, ... depend on the parameters
of  rather than on a concrete choice of P € p. We shall indicate this

writing C(p), C = C(p), a(p), . ..

3.4.1 - Preliminary estimates

Let £ be a random variable defined on the probability space (2, F,P)
and taking values in IR ;. Suppose that the following inequality holds:
(3.4.1) PlweQ:&(w) >t} < f(t) <1, provided t >a>0.

The function f is assumed to be decreasing and vanishing in infinity.
Notice that (3.4.1) is valid only for ¢ > a, concerning ¢ < a no assumptions
are made. Furthermore, let g be a continuous, positive valued, strictly
increasing function on IR, satisfying

(3.4.2) /OOC gV (s))ds < o0,
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where g(~1) denotes the inverse function. We are interested in estimating

~ [ sle@)p(d)

Clearly
E(9(©) = [ Plol6) = s}ds =
= [Trtez g s =
—/ P{¢ > g(s )}ds+/ )P{s > g Vshds <
<g@)+ [ Flg=V(s))ds.

g(a)
Summarizing,
(3.43) E(9(€) < gla)+ [ (g V() ds.
g9(a)
This implies
(3.4.4) E(9(§)) < g(a) + C(f,9),

where

9= T eI (s)) ds

In the particular case of (3.4.3), where

g(s) =f"(s): 0 <y <1,
(3.4.3) becomes:

> ds

(a) 31/"/

E(g(¢)) < gla) + /
That is,

(345)  Eg©) < gl@)(1+ 2 f@) <g@)(1+ 7).
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It is sufficient to consider + : % >~ > 0 and thus to replace in (3.4.5)

(1+m)

by exp(27). Finally:

(46)  EE) <g@e = () 520> 0.

Let us apply the above assertions to the relaxation conditions in-
troduced above. Consider first condition (iii). The role of & is played
by W.

a = max{Up, ¢V (W (2))} = x(W(x)),

where we set for brevity x(t) = max{U,, (Y (t)}. Evidently f(s) =
exp(—as). We have:

E7"(g (W <g(x
(3.4.7) /

We may choose g. Take first

g(s) = f(s);0<y < %

That is,
g(s) = exp(vas) .
(3.4.6) gives:

(3.4.8) IE;° (exp(7aW)) < exp(yax(W (2)))e*” <
< (W(2)¥ exp(y(2 + ally)) .

In the sequel we will make use of the following estimate which easily
follows from the previous one:

IE7 (exp(aW)) < (exp(raW (z)))e™",
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where k(p) > 0 and r(p) < 1 are some suitable constants. « is assumed
here to be sufficiently small, namely:

<2
a< -.
2

Iterating we obtain:

(34.10) B (exp(aW) < exp(r”a () exp (")) <
(3.4.11) < exp(r"aW (z)) exp <1I€_Oér) '

By the same manner we may estimate the moments of W. For this
purpose set g(s) = s, p > 1. We get immediately:

E(W?) < (W) + [ e Vilas,
0
This obviously implies:
(3.4.12) B (WP) < oy (W (),

where 1, (t) = log(c, +t)?. The constant c, is chosen so that the function
1, is concave and has a unique stationary point. Iterating we have:

(3.4.13) B (WP) < (W (z)), n > 1
where %n) denotes the n-th iteration of v,. We may and will assume
that these iterations converge superexponentially to the unique stable

stationary point. Combining (3.4.13) and (3.4.9) we may obtain that for
n>2

(3414)  E(exp(aW) < (W @) E exp (a5 +U0))

Finally consider condition (iv). The same method gives:

E,(9(W)) < g(W(x) + ug) + Const(g) .
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In particular,
E, (exp(aW?)) < Const® exp(aW (z)?),
and analogously:
E,(exp(aW)) < Const” exp(aW (x)) .
Simplifying notations we summarize:

LEMMA 3.4.15. There exist constants amax(p) >0, k(p) >0,0(p) >0
and r(p) : 1 > r > 0 such that for any o : qmax > o > 0 and for any
Markov chain in @:

(1):
;"™ (WP) <o (W (x)), n > 1,

where ,(s) = log(c, + t)? is a concave function having a unique
stable stationary point. c, depends on the parameters of o only;

(2):
E" (exp(aW)) < ( £n71>(W(l‘)) ) exp(kar), n > 2;
(3):
B (exp(@W)) < exp(ral¥ (x)) exp(na), n > 1;
(4):
E, (exp(aW?)) < "™ exp(aW (x)?),
IE, (exp(aW)) < e"*exp(aW (x)).

LEMMA 3.4.16.  There exist k5 = rs(p) > 0 and as(p) > 0 such
that

N-—

(exp (a W(X )) < exp(ksNa) exp (fémo W(x))

i—0 -r

>_-

<.

for0 < a < as, arbitrary N = 1,2,... and uniformly in P € p. Constant
0 <r <1 is here the same as in Lemma 3.4.15
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PROOF. Set

J(N)={j: 0<j<N,j=kmodmg}, k=0,1...,m¢g—1;
card(Jx(N)) = Ny ;
X)) = Y W(X)).

JEJR(N)

Since

-

Il
(=]

B (e (- W) < T (Buexplemes (X))

J

it is sufficient to estimate each term
Er(x, N) = IE,(exp(ameX}(X)))

separately. Let ap.c be the same as in Lemma 3.4.15. Choose then «

satisfying
mox

amax .

1—7r

Fix k and set for simplicity of notations
Yo = Xevn-nymes n=1,... , Ny,
We may apply iterated conditioning and note that by Lemma 3.4.15
By, (explamoW (Yy,))) < e exp(ramoW (Y, -1)) -

Thus

Nj—2

E(xz,N) < e“mo“’IEx<eXp (am0< Z: W(Yj))—i-

+ amo(1+ )W (Yn, 1)) -

As amy(1 4+ r) < aumax, we may apply Lemma 3.4.15 to

IEYNK2 (exp(amo(1 + )W (Yy,—-1)))
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and obtain the following estimate from above:
exp(amor(1 + 1)) exp(mo(r + r*)aW (Y, -2)) .

Hence

Er(z, N) < exp(amok(2+1))X
Np—3

X ]Ew[exp (moa( Z W(Y})) +amo(l+7r+ TQ)W(YNk_Q))] .

We may continue iteratively and obtain:

am
Enl, V) < explacy(N))E, (exp (7= (W(X0))).
where
Ni—1
cx(N) = mok Z 7/ (Nj, — ) < ConstN .
=0
In view of Lemma 3.4.15 the result follows. 0

3.4.2 — Stationary measures vp

LEMMA 3.4.17.

1. For any chain P € @ there exists an absorbing set Hp C X such that
the chain restricted to Hp is Harris recurrent. There exists a unique
inwvariant probability measure vp. vp is equivalent to the measure w
and vp(Hp) = 1.

2. There exists a positive constant by(p) such that for sufficiently small
o < nax () and any Markov chain in ¢ holds:

E,,(exp(aW)) < exp(bia) .

lim ||P"(z,dy) — vp(dy)|| =0

n—00

for any x € Hp.
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PrOOF. Obviously the chain P is m-irreducible. Consider the poten-
tial kernel

G(x? ) - ij($, ) :
j=0
Inequality (3.4.11) implies that

liminf P7"(Ay) > 1—C(p)e Y >0

n—00

for U sufficiently large. Thus
(3.4.18) Gz, Ay) = o0

for any x. As Ay is a small set, (3.4.18) implies (see [19]) that the chain is
recurrent. Hence one can find an absorbing set Hp and a P-invariant o-
finite measure vp, supported on Hp, such that 7 is absolutely continuous
with respect to vp, and vp(B) > 0 implies that for z € Hp

PZ(iI[B(Xj) — oo) —1.

Since P ~ 7, the measure 7 is a maximal irreducibility measure. The
above equality shows that the chain P restricted to the absorbing set Hp
is vp irreducible. Hence vp ~ 7. According to standard terminology P
is a Harris recurrent chain. Relaxation condition (ii) implies that P
is aperiodic. We next show that vp is a finite measure. Since 7 is a
maximal irreducibility measure, A\y(dx) has to be absolutely continuous
with respect to m:
Av(dx) = o(x)m(dx) .

We can find a positive v and a set
D C{z:o(x) >}

such that (D) > 0 and vp(D) < oo. For any choice of z and n > ng(x)
large enough we have:

P (z, D) > [ PUV™0(z,dy) P (y, D) >

Ay

> yr(D)P" Dm0 (2 D) > 5 > 0.
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Thus

vp(D)= /X vp(da) P (2, D) > /

vp(dz) iminf P"™0(z, D) >7vp(X).
X n

Since v,(D) < oo, we conclude that
vp(X) < 0.

From now on we assume that vp is normalized to a probability measure.
As the chain is Harris recurrent and aperiodic, we have by Orey’s theorem
that for z € Hp

lim ||P(x,-) —vp(-)||=0.

n—o00

Uniqueness of the invariant measure vp is a standard fact. The inequality
IE,, (exp(aW)) < exp(b;«)
follows from (3.4.11) since
E!(exp(aW)) < exp(b;a),
provided n > ng(z). More precisely, for any L > 0

vp(exp(a(W A L))) = lim IE?™(exp(a(W A L)) ) < exp(bia) .

n—0o0

As L is arbitrary, the result follows. O

3.4.3 - Recurrence time 74,
For a measurable set B C X we define
75(X) =min{j > 1: X,,, € B}.
Set TS)(X ) = 75(X) and iteratively:
i)

7(X) = min{j > 75 V(X)) : Xjm, € B}.

Set
Ky (z) = min{n : W(z) < ¢ (U)},
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where ¢(™ = ¢("Vogp n=1,.... For U fixed Ky(z) is extremely slowly
increasing with respect to W(z), an appropriate upper bound is given,
for instance, by Const(U) loglog(W (z)).

LEMMA 3.4.19. There exist positive constants C3 and by such that
for U large enough and for all chains in o

P,(Ta, >n+k) < Cyexp(—bskU),
provided Ky () < n.

PRrROOF. It is sufficient to prove the assertion for mqy = 1, the general
case follows immediately by considering the chain P™0.

Recall that for all U large enough ¢(U) > W (x) implies that
(3.4.20) P(z, Af;) < exp(—aU).
Let n and k be given. Suppose that = satisfies the condition

Wi(z) < ¢™(U).

Consider P"(z, Af;).

P(e,Af) = [ P, dy) Ply. A7) =

= [ Pl edy Py A + [ P dy) Py, A
o) Ap)

According to (3.4.20) the second integral is not larger than
exp(—al)
is. As for the first one, it may be estimated from above by
Pz, AGr) -

Thus:
P"(z,U) < P" !z, A ) +exp(—al) .
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We may continue iteratively and obtain that

P"(x, A7) Zexp (—ap(U)) + P(x, Al 1)(U))

7=0

As W(z) < ¢ (U), we may apply (3.4.20) to the last term and get

ZeXp ap"(U)).

From here on we may and will assume that the values of U under consid-
eration are large enough for to imply

¢ (U) > (j+ 1)U, j=0,1,....

Hence we may conclude that

efaU

1 — e—a(n—1)U :

P(z,Af) < 6™(U) =
Let us define

Gl(cn)(x): P"(:c,dyo)/ P(ymdyl)"'/ P(ylc—deyk—l)/ P(yk—l»dyk)~
Af Af AL Af

Clearly
Po(tay, >n+k) <G

Splitting the integration in y;_; over the regions Ayw) and A we
obtain that

[ Plonady) Plus, A7) < exp(=all) + Plys-a, Ay
U
Thus

G () < exp(=al)Gy” (x)+
+/ P”(x,dyo)/ P(yo,dys) - . / P(yk-f?;;dyk72)P(yk72;A§>(U))~
A A A
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Iterating we get the following recursive inequality

k
(3.4.21)  G(x Z (=0 D (U))GLY, (x) + P, Ay )
where

G (x) = P"(x, AY) .
Since ¢ (U) > (k + 1)U, we have, setting ¢(U) = exp(—aU):

k
G ( ZeGﬁ;’b +5M (@M (U)).

Let us emphasize that the above inequality is similar to that arising in
the renewal theory. Suppose that we have

GM(z)<Co", 0 <1.

forr =0,1,...k — 1 and consider G\ (z) :

k
G (z) < CY €0+ 6 (M (U)) = COFA,,

s=1

where

ko evs g0 o® (U
A=y (o) PR

s=1

If A) < 1 then we may conclude that
G\ (z) < CO* .

Thus the condition sufficient to apply the inductive argument for all k is

2 rens M (¢ (U))
Z(E) +%<1, k=0,1,...

s=1

Suppose, we consider U large enough to imply

€(U) = exp(—al) <

ym»A
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and take
O(U) = 4e.

For k£ = 0 we have

1
G (2) = P"(2, Ap) < 8(U) < C = 1— 5

It remains to prove that for U large enough

SO _1
cor 3

for all k,n. Taking into account the precise expressions for 6™ (U) and
0(U) we have

s (6™ (1)) - exp(—a(¢™ (U) — kU))
oF 4F(1 — e-alh)

< Const exp(—al) . 0

The next is an obvious consequence of the preceding lemma.

LEMMA 3.4.22. There exists a positive constant k4(p,U) such that
for all chains in @ the following assertion holds:

IE, (exp(aTa,)) < ™ exp(aky(x)),
provided & < Qax ().
COROLLARY 3.4.23.
(n)

IE, (exp(aTy,;)) < ¢*" exp(aky(z)),

where ¢ = e sup{exp(aKy(z)) : © € Ap}.
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3.4.4— The split chain. Uniform convergence to equilibrium

Here and in the sequel we fix U > U, large enough. As U is fixed, we
will often, when no ambiguity arises, omit the symbol U in the notations.
Suppose that a chain (X,;n > 0) with a transition probability P is
contained in the class . Until otherwise stated we assume that my =1
(or, equivalently, consider the iterated chain X = (Xngjsd = 0)). We
correspond to P the split chain defined on the phase space Z = X x {0, 1}.
The points of Z will be denoted as z = (x,¢), with e € {0,1}. The
construction is as follows (see [19]). Set

s(x) =0(U)a, (2),
Q(x,B) = (1= s(x))"(P(z, B) — s(z)\u(B)),

where © € X, B € B. Clearly @ is a transition probability on X'. Let a
point zg € Z;zy = (xg,&0) be given. Define a rule of transition from z,
to a new state z. First, we choose © = z(z) according to the following
distribution:

Prob(z € B) = oA (B) + (1 — ¢)Q(x0, B) = def = G (z0, B) .

As © = x(z) is chosen, we obtain ¢ = £(z) by a random experiment,
setting
Prob ({e =1}) = s(z).

Note, that ¢ = 0, whenever x ¢ Ay. The rule described above defines the
transition probability P(zg,dz), which is easy to write down.

Let Z ={Zy,Z\,... Z,,...} denote the Markov chain, corresponding
to the transition probability P(zy,dz). Here Z, = (X,,e,). For the
conditional expectation and probability in the path space we will use the
symbols P, and E, respectively. The pleasing property of the split chain
defined above is that, roughly speaking, the natural projectionp: Z — X
transforms Z to the original chain X. To be precise,

Prob (p(Z;) € B| p(Z;-1) = 2) = Prob ({e(Z;1) = 1})G1(p(20), B)+
+ Prob ({e(Z;-1) = 0})Go(p(20), B) = s(p(20))A(B)+
+ (1= 5(p(20)))Q(p(20), B) = P(p(20), B) -
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In other words, with respect to the increasing family of sigma-algebras
{-Fn} : ]:’n = XJ{)(07 ey Xn y€0y - - 7€n71}

X, = p(Z;) is a Markov chain with transition probability P. The next
important property of the split chain 7 is the existence of a proper atom.
Namely, consider

A =X x{1}.

Clearly
P(z1,dz) = P(29,dz) = def = P(A,dz)

for any 21,20 € A. The stopping times
TA(Z) = TE)(Z), Tg)(Z)7 SR
called renewal moments for the chain Z, will be denoted by t@);j =1,....

Instead of t(!) we shall write t. Let m be a probability measure on X.
We correspond to m the measure m € M;(2) as follows.

w(dz, de) = m(dx)(s(x)d1y(de) + (1 — s(x))dg0y (de) .

If F=F(Xo,...,X,,...) is a measurable function on the path space of
the chain X, then

Note that

E2(F(p(.)) = Ge(o) (p(2), da) B} (F)sm =1,

z

LEMMA 3.4.24. There exist positive constants Co(p) and vs(p) such
that the following inequality holds for all o € [0,06), P € @ and z =
(r,e) € Z:

E.(e"") < C§ exp(aKy (@) .
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PROOF. Set, as above, X = p(Z) and consider the sequence

m=e(r (X)) i=1....

Note that n; are independent identically distributed variables taking val-
ues in {0,1} and P.{n; = 1} = 6. Moreover, 7, is independent of

TXJ(X),...,T{E,’(?(X);nl,...nn_l.

Let
J =min{j :n; =1}.
We have
t=75(X).
Thus

E.(expat) = i E.(I—j eXP(OéT,Exj; (X))

Jj=1

This implies

E.(expat) <3 \/P.{J = J}B. (exp(207y) (X)) =

Jj=1

= 3 /01— 6B exp(2a75) (X))

Consider .
E.(exp(2a7{) (X)),

where z = (z,¢). Suppose first that © € Ay. In this case s(x) = 6 and,
since the averaging with respect to € reproduces the original transition
probability, we have

[0E (1) + (1 — 0)Eq.](exp(2ar{))) = E, (exp(2ar§))).

U

Combining this with the assertion of Corollary 3.4.23 we obtain that:

[0y + (1 — 0)E.0)](exp(2075))) < ¢*,
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provided o < amax/2 and g is a sufficiently large constant. Hence, ap-
plying the Jensen inequality, we conclude that for @ < a; and ¢, large

enough
(7) 2aj

Eq o (exp(2a7i))) < @i
Let now z € Ay, and € = 0. In this case
Prob (X, € B) = P(z, B).
That is,
E (.o (exp(2075))) = E,(exp(2a7y)) < ¢ exp(20Ky ().

The estimate for z = (x,1),z € Ay, is the same as for € Ay, since P, 1)
does not depend on X. Finally,

E. (exp(?on'(]) ) < ¢** exp(2aKy(z)) .

E. (exp(at)) < exp(aKy (@ Zf___W

For o < ag(p) small enough the sum in the r.h.s. of the preceding in-
equality converges. The result follows then from the Jensen inequality. U

Thus

For each P € p we consider the product chain Z = (Z), Z®) con-
sisting of two independent copies of the split chain Z.

Z=2Zx2Z
is the phase space of the product chain and
P=PxP

is the transition probability. Expectations are denoted by E. We also use
the obvious notations zZ = (T, ) with

(zWrz (2)) g=(eW, E(2))

W (@) = max{W (@), W(x (2’)}

Ko (@) = max{Ky (), Ky ()}
A=AxA.

8| 8|
Il

~ ~—
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Consider the returning time to A

t=min{j >1:Z" € Aand Z"’ € A}.

LEMMA 3.4.25. There exist positive constants Cg(gp), as(g) such that
for any o € [0, a5) and all P € p

E ) (exp(at)) < C§ exp(aky ().

ProOOF. The way of reasoning is similar to that of the preceding
lemma. Consider

S; = TX[}XAU(Y) - TXJXAU(X(D,X@)) )

where as above X = pZ()_ The transition probability P = P x P of X
is contained in the class p depending on p. In particular the Lyapunov
function

W(XD, X@) = max{W(XD), W(XP)}.

Thus by (3.4.23):
E 1) @) (exp(as;)) < Const(p)* exp(aky(T)).

Set
n=e(2))-e(Z2P); j=1,....

Note that n; are independent identically distributed variables taking val-
ues in {0,1} and

Pl .on{n =1} =6%.
We proceed in very much the same way as we did in the proof of (3.4.24).
Set

J(n) = min{j : n; = 1}.
Next, note that

t=s,.
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Thus

Ex(expyt) < \/ P:{J = j}Ez(exp27s;) .
j=1

Repeating then arguments of Lemma 3.4.24 word to word we obtain the
result. 0

OBSERVATION. Let f be an arbitrary measurable function on Z
satisfying
1flloe = sup{lf(2); z € 2} < 1.

Let z = (2, 2®) € Z. We want to estimate

|EZ0) (f) — EZo) ()] -

For this purpose consider the product chain Z. Set
F(2) = (=) - f(z?).

We have:
Zm(f) - E:m(f) = Ez" (F) :
Furthermore:

=N

E*(F) = EE(]I{Q”}F(ZTL)) + EE(H{Kn}F(Zn)) .

z

The first term here is estimated from above by
Po({t 2 n})[|F|« < 2P=({t > n})

The second one is equal to zero:

E(po F(Z,)) = B=(I,2 g By, (F))) =

—n—t

= EE(H{n>t}EA><A(F))) =0,
since A is a proper atom and Ex, A (F) = 0 for any k > 1. Hence

B0 (f) — Bl (F) < 2PZ({n < t}).
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Taking supremum over f we obtain the coupling inequality:
(3.4.26) ||P"(2W,d2)—P"(21?,d2)|| < 2Pz({n < £}); z=(21,2).

Here || || denotes the variation norm. Making use of the estimate given
by the preceding lemma we obtain that for a fixed o < ag

[P (21, dz) — P"(2?,d2)|| <

< 2C§ exp(—an)) exp(aKy(T)) .

This inequality implies that for two given initial distributions v, , v, on Z
holds true:

[|hP" — 1, P"|| < 2C¢ exp(—an) (v (H) + v2(H)),

where H(z) = exp(aKy(x)).

We may choose v; = dy,,; where z; € X and obtain that

||[P" (1, dy) — P" (2, dy)|| <
< Const exp(—an)(log(2 + W (z™")) + log(2 + W (z?))).

Thus
|[P™(z, ) —vp()|] <

(3.4.27) < Const exp(—an)(log(2+W(LE))+/ ve(dy)log(2+W(y))),

where vp, as above, denotes the stationary distribution of the chain with
the transition probability P. Although vp depends on P, the integral

/ vp(dy) log(2 + W (y)) < Const(p)

for some suitable Const(p) independent of P € p. We have obtained the
estimate (3.4.27) under the assumption mgy = 1, and thus for the chain
Xjmo- This restriction is of no importance. Indeed, setting L(n) = [n/my)]
we have in the general case:

1P (@) = vp ()| < [P (@) = vp ()] < Constexp(—aL(n)). ..
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Thus (3.4.27) holds for arbitrary my (with a = «/mg and, may be, an-
other suitable Const). Simplifying notations we formulate the main result
of the present section towards which our efforts have been directed:

PROPOSITION 3.4.28. There exist positive constants A(p) and vo(gp)
such that the following inequality holds for any n = 1,2,... and for any
choice of P € p:

(3.4.29) [P (z,dy) — vp(dy)|| < Aexp(—on)log(2 + W(x)).
This implies, in particular, that

ImP" = vl < Aexp(—yon) [ m(do) log(2 + W()).
and
(3.4.30) ||mP™ — vp|| < B(gp) exp(—on)
uniformly in P € p.

3.4.5- The Central Limit Theorem for tempered functions

A real valued function V : X — R is said to be tempered if for some
p=>0

V() :xGX}<oo.

(r) — —
VI = aet = swp { s

Let Bg) denote the set
{V: VI < R}

Fix p and V such that ||V||(?) < co. Let P € p and vp be the correspond-
ing stationary measure. Clearly,

1V = v NI < VP + (1 + W)P) < (VI[P Const(p, p).

Note that the r.h.s. here does not depend on P € p. Let V be a tempered
function, satisfying vp(V) = 0. Consider

| Pradyvi).
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where n > mg. By linearity we may assume that ||[V||®") = 1. Write

| Pr@dayviy)

in the following form:

CXEN P (o, dy)Viy) + [ PPz, dg)V(y)
{IVI<exp(dn)} {IV[>exp(én)}
where 5
0
—>6>0
L >0>0,

7o is the same as in Proposition 3.4.28. By Proposition 3.4.28 the first
term equals

[ Miizessiony Ve (dy) + o),

where
[0 (2)] < Aexp(—(70 — 6)n) log(2 + W (x)) .

At the same time
/H{Iwgexp(an)}(y)V(y)VP(dy)=/]I{M>exp(an>}(y)V(y)Vp(dy) <
< [ Wi reton) (0) (L4 W ()P (dy) <

<\Wwp(1+W)?)vp{y : (14 W)P >exp(dn)}.

Recall that
/ vp(de) exp(b.WV () < C, .

Thus
/yp(dﬂc) (14 W (x))* < Const(p).

Hence vp((1+W)?)vp{y: (1 +W(y))" > exp(én)} may be estimated
from above by
Const(p, p)exp(—2dn) .

Thus the first term in (3.4.31) is estimated from above by

Const(p, p)exp(—dn) .
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Estimating the second term in (3.4.31), note that

‘ /{\V\»xpwn)} P (z, dy)V(y) \ < P (z,dy)(1+W(y))" <

/{<1+W>p>exp<an)}

< wgnm {1+ W) > exp(on)}) [ Pl dy)(1+ W ()"
By Lemma 3.4.15
[ P dy)(1 4+ W () <ol (W () < Const(p) (1+log,, W (@)
for n > mg. This implies
P(z, {(1+ W)? > exp(6n)} < exp(—26n)Const(p)(1 + log, W (z))>.

Summarizing,
’ / P"(z,dy)V(y) ’ < Const(p)(1 + log, W(x))* exp(—dn).
{IV[>exp(dn)}
Setting v; = min(d, o — 0), we may finally write
’ /P”(:E, dy) V(y) ’ < Const||V||P) (1 + log, W (z))* exp(—yin); n > mg
If n < myg, then, in view of Lemma 3.4.15 (4):
| /P”(x,dy) V(y) | < Const(p)(1+ W ()"

We have proved the following

LEMMA 3.4.32.  There exist positive constants v1(p), D(p,p) such
that

(3:433) | [P (@, dy)(V-v(V)) ()] < DIVIIY (1Hog, W () exp(—1n)
provided n > myq. If n < my, then

| [ Py V= o)) | < DIVIO (4 W ()
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We denote the r.h.s. of (3.4.33) by
D(,p)|[VI|&” exp(=mn) .

Lemma 3.4.33 states nothing else but the exponential rate of mixing for
the process V(X,,). The important point is that the estimate is uniform
inPGpandVEBg).

LEMMA 3.4.34.
(i) For a tempered function V and any initial distribution of X,

o= SOV
converges weakly to the centered Gaussian variable with the variance
o(PV) = [ve(d)(V = v)(@))+
+23° [up(dn)v v (@) [P )y - v0)0).

(ii) The sum

3 | / Vo (dz)(V — v(V))(2) / P (w, dy)(V — v(V))(y)

converges absolutely and uniformly in
Pecp Ve,
(i) The sum

> [P - v)w)

converges absolutely and uniformly in P € p, V € Bg). The function

Uw) = [P - 0))
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is correctly defined and belongs to the class of tempered functions as
well:
U(@)] < Cu |V (1 + W ())? .

(iv)
E-((V = v (V)XY = v(V))(Xi))) <

< (IIVII¥)*Const(p, p) exp(—m |k — j)
for a suitable constant Const(p,p).

PROOF. (i) The assertion is standard, provided the mixing is suffi-
ciently fast. (See [16]) or any suitable textbook).
(ii) Consider

[ Py = v() ).

If n < my, then
[ Py (v = v0) ()] < Const VW ).
According to 3.4.33, as n > my,
| [ Py = v ) )] < VIS D) exp(-yim).

Thus each term of the sum labeled by n > mg is bounded in absolute
value by

Const(|[VI[")? exp(~n) [ vp(d)W (@)D(a,p).
As n < myg the estimate becomes
Const(|[V]|@)? / vp(dz)(1+ W (z))+
Note that the inequality

[ vede)exp(o. () < C. (o).
implies that each term of the sum in (ii) is estimated by

Const(p, p)([V[|&)? exp(—yin)

Hence the result. (iii), (iv) In view of the preceding the assertions are
straightforward. 0
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The function U(x) satisfies

¥ = v(V)(@) =U(a) - [ PladpU(y).

Thus
'g(v S HV)(X,) = :g(U(XJ) o ) =
—U(X0) ~ UCK,) + ji(u@m W)
Set
ni(X) =n(X;, X;) =UX;) —Ex,_ U) j=1,2,...
and

n;(X) =0, for j <0.

Rewrite the previous expression in the following form

(3.4.35) Ti(v —v(WV))(X;) = U(Xo) — U(X,) + Z n;(X).

The advantage this representation has is that

IEXJ-A(??J‘(X)) =0.

PrOPOSITION 3.4.36.  Consider the tempered functions V € Bg).
There exist positive constants o,(p, R),L(p, R) such that
(3.4.37) E,exp(0S,) <L

foranymn >0, P €, 0:lo| <oy andV € Bg). Here
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PROOF.
E, exp(0S,) = E, exp ( (Z/{(XO )+ Zm )) <

1 30 3
< 3 (IE7r exp (ﬁ J; nj(X)) + IE, exp (\/—%Z/I(Xo))-l-

+ IE, exp ( — %L{(X,J)).

The last two terms are easy to estimate, since according to (3.1.17)
[U(z)] < Const(p, R)(1+ W(x)).

We have for instance,

IE, exp (\?’/EZ/I(XO)) < Const(p)ﬁ(exp (CIQE)_pTzQ'W)) = Li(p) < o0,
as || is small enough.
3 n C12
E, exp ( - \/—%U(Xn)) < Const(p)lEﬁ(exp(E)pﬁ)MW) <

SIE:(GX (C12 )) Lo(p

The main point is to estimate

B (o0 (72 S n().

Set
JOm)y={j:1<j<n,j=k mod 4my}; k=0,...4mg— 1,
and

f X

j€T®) (n)



[137] Hydrodynamic scale for a driven tracer particle etc. 137

Obviously
s (e (= Y ni(X))

is estimated from above by

4mp—1 .
TT [Exexp(dmoast))| ™

k=0

It is sufficient to estimate
E, (exp(vZ}))
for each k. First consider the value e(z, ) defined by
e(Xo, @) = Ex, (exp(an(Xuimg, Xamo-1)))
(ler| is supposed to be small). Since
Ex, ((Xamg, Xamo-1)) =0,

and in view of the elementary inequality e! < (1 +¢ + %e'”) we may
conclude that

e(X07 O{) S

04277(X4m07 X4m0—1)2
2

< T 1+ exp(0] (Xang: Xamg1) )] -

Making use of Lemma 3.4.15 and of the inequality |/ (z)| < RConst(p)W(x)
we may choose positive constants . (p) and . (p) < 1 such that the right
hand side of the above inequality is estimated from above by

(3.4.38) exp(a’k.) exp(r.a®W (X))

for any « : |a] < amax(p). To see this note that

|77(X4m07X4m0—1)| < COHSt(l + W(X4m0) + W(X4m0—1))
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and taking in account (3.4.15) it is easy to obtain that

a277(X4m07 X4m0—1)2
2

<1+a’C(l+/W(Xy)) <

Ex, [1 + exp(a| N(Xamg» Xamg-1) |)] <

< exp(a’C(1 4 /W (X)) < exp(a®C(r; " + r.W (X)),
where 7, € (0,1). The last estimate implies the required one. We have
(3.4.39) e(Xy, a) < exp(a’k.) exp(r.a®W(Xy)).
Denote by r the value max(r,,r) < 1 and by k - max(k, k.), where r

and x are introduced in Lemma 3.4.15. Consider then

52

W(Xo,7,8) = By [ exp ( —=1(Xamgr Ximo— D W (X)) -

\/’

Set s, = 5. Without loss of generality we may assume that s, < 2.

Using then Holder inequality we observe that:
\IJ(X(M v, 6) S
1
E 1
< (B (050 (21X amar Xamg 1)) )) 7 (i, 501200 (X))

In view of (3.4.39) and Lemma 3.4.15 we have:

TSy + Ort L KO + KS,
U(Xo,7,6) < exp (v TW(XO)) exp (v T) :

This implies:

25 kY2(2+ 48
(3.4.40) U (Xo,7,0) < exp (%W(XO)) exp (%) ,
where K
§ = h(d) =2r +r.
Return to the proof of the proposition.
Li(n)

I (exp(725)) = B (exp (e (X)), [exp (= > erimas) ] ) -
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Consider
Ly (n)

5n7k(Xk.) = IEx, (exp ( Z nk+47noj))

Applying the iterative conditioning and (3.4.39) we obtain:

L (n)—2

Sn,k(Xk) < EXk ( (% Z nk+4m01) Xk+4m0(Lk(n)72)a Vs 60)) X

Jj=1

x exp(ry?/n),

where 6y = r. Applying (3.4.40) and conditional expectation iteratively
we obtain:

72h(Lk(")—2)(50) 1 Ly (n)—2

Enk(Xy) < exp ( W(Xk)) exp (72’f(2+ﬁ Z_: h(j>(50)))~

n

Elementary properties of the function h(t) = 2r + tr* imply:

Enk(Xi) < exp(6(p)7y*W (X)) exp(v*R(p)) ,

where _
5(p)) = sup{h™(r),n=0,1,...} < o0
R(p) = /@(1 +sup{ Zh“ (r )}) < 00.
Jj=1
Hence
IEW(eXp('VE]:L)) = IEW(S”’;C(X;C)) < ConSt(p)
for any k < 4my—1, mn > 0. Hence the result. 0

For V e B(l) and P € p set
(I)RVJL (w) = ]Ew (exp(an)) )

where w € IC is a complex number satisfying |f(w)| < 0o(p). Proposi-
tion 3.4.36 implies

COROLLARY 3.4.41. Each function ®p. , ts analytic inside the strip
I' = {|R(w)| < o(p, R)} and satisfies

|(I)P,V,n(w)| < L(@’ R)
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The family of analytic functions
A={®py,; PecpVeBY n>0}

is tight in I'. This means that each sequence F; € A;j =1,2,... con-
tains a subsequence I, which converges with all derivatives uniformly on
compact subsets of I' to some analytic function F.

PROOF. Straightforward in view of Proposition 3.1.21 and of the fact
that any bounded family of analytic functions is tight. 0

Introduce

(wZUZ(p, V)) |

(I)p’v’()o(w) = lim (bP,V,n(w) = exp B

n—oo

PROPOSITION 3.4.42. For any € > 0 and oy > 0 there ezists an
integer number
N0(67 £, R) >0

such that for any n > Ny and any P € p, V € Bg):
(3.4.43) [Ppyn(ta) — Ppy oo (ta)| < e,
provided |a| < ay.
Proor. We have to study
E,(:S,) .

Recall that

where
n;(X) =U(X;) — Ex,_, (U(X;)).

According to the preceding results

IE, exp (za\/lﬁ(U(Xo) - U(Xn)))
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converges to 1 uniformly in P € o,V € Bg) and «. Consider the martin-

gale
1 n
M, = ﬁ<gz1m) .

The quadratic characteristic of this martingale is given by

1
D= (3

J

f(Xj—l)) )

1

n

where

Note that 0 < f(z) < Const(p)W (z)? and o?(P,V) = v(f). We shall
make use of the following general statement on the rate of convergence
in the the central limit theorem for martingales:

STATEMENT [Lipzer, Shiraev, Mori]. Let
M, =) ¢: IE(GF-1)=0
=1

be an Ly summable martingale with quadratic characteristic D, and o
be a positive number. Set d, = IE| D, — o*|. There exists another Lo
summable martingale M, defined on the same probability space and sat-
18fying:

]E|'\7|n - Mn|2 <d, ;

2

COY| < clalB( S IH) + S
j=1

(3.4.44) ‘IE(exp(zozlvln)) —exp ( -

where
1 1

__A'__'
2v/2 6

The proof is contained in [16] (Ch. 7 sec. 5), see also [17]. We shall
make use of the following obvious corollary of the above statement:

CcC =
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Under the same assumptions

(3.4.45) ‘IE(eXp(ZOéMn))*eXP (*ﬁ)‘

n;(X)

In our case (; = NG and
4= (|2 S0 00) )]
where,
$a) = [ Pl dyiy) - ([ P.ayu)
Take
0% =o*(P,V) =vp(f)
Consider o
Hy = 3 Y (106) = ve()

Set F(x) = f(x) — vp(f). Clearly,

12 2
E,(H?) = — S EL(F(X))) + = > EL(F(X;)F(Xy).
j=0 j<k<n—1
The function F' satisfies:
vp(F) =0;

F(z) < Const(p, R)(1 + W (x))?

n 2
. 5 [0
<clalE Y |G+ ditlal V.
j=1

In other words, it is a centered tempered function. Our previous results

on tempered functions guarantee that:
sup IEW(FQ(Xn)) < Ci(p, R);
B, (F(X;)F(Xy)) < Calp, R) exp(—milk — jl) -

Thus
E.(H;) < Cs(p, R)/n.
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This implies
Const(gp, R)

=IE,(|H,|) <
dn =B (|Hy) < NG

It remains to estimate the value
E (2 S F).
nz =

Since
n;(X)| < Const(p)(W(X;) + W(X;-1))

and in view of previous estimates
1 n 3
e (=5 2 I (X)I') < Const(p)/ v
j=1

The assertion of Proposition 3.4.42 is now straightforward. 0

LEMMA 3.4.46. If the sequence ®p, y, n converges (in the sense of
analytic functions in T') to ® then:

d =exp (w202> .

Moreover, the sequence o(P,,V,) converges, and

o’ = lim o¢*(P,,V,).

n—o00

PROOF. Since ® is an analytic function, it is uniquely determined by
the restriction to any segment |a| < aq of the imaginary axis. At the
same time Proposition 3.4.42 implies that

|Pp, v, (1) = @p, v, o (2)] < Const(p, ag)en ,

where €, — 0, as n — oo (in fact ¢, ~ \/[—14]) Thus

a?c?(P,, Vn))

5 — ®(a)

P p, vy .00(100) = exp ( —
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uniformly on each segment |a| < ap. It is possible only if the sequence
o*(P,,V,) converges to some o2. Hence

a?o?
@(za):exp(— 5 )
Since @ is analytic in I', we obtain that
2,2

d(w) = exp <U2w )
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