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On a class of variational integrals with linear

growth satisfying the condition of p-ellipticity

MICHAEL BILDHAUER — MARTIN FUCHS

RIASSUNTO: Si considerano gli integrali variazionali J(u) = fn f(Vu)dx con in-
tegrando f convesso con crescita lineare e soddisfacente alla condizione di ellitticita

D’ F(X)(Y,Y) > A(1+]XP) 2 |yP

con esponente 1 < p < 1+2/n, n =dim Q, dove nel caso vettoriale & assunta l'ipotesi
F(Vu) = g(|Vul?). Si dimostra la continuita di Hélder della soluzione duale del pro-

o
blema J — min in ug + Wll(Q,]RM) e si stabilisce, usando degli argomenti alla De
Giorgi, la CY*-regolarita dei limiti deboli delle successioni J-minimizzanti. Inoltre si
dimostra che i punti di accumulazione deboli delle successioni minimizzanti sono unici
a meno di una costante. Per domini Q bi-dimensionali questi risultati sono estesi
parzialmente al caso limite p = 2.

ABSTRACT: We consider variational integrals J(u) = fﬂ f(Vu) dz with convex
integrand f of linear growth satisfying an ellipticity condition of the form

D2 F(X)(V,Y) > A(1+]XP) F P

with exponent 1 < pu <1+ 2/n, n=dimQ, where in the vectorvalued case the structure
condition f(Vu)=g(|Vu|?) is assumed. We prove Hélder continuity of the dual solution

o
of the problem J — min in up + Wll(Q,IRM) and establish, using De Giorgi lype
arguments, CV*-regularity of weak limits of J-minimizing sequences. Moreover, it is
shown that weak cluster points of minimizing sequences are unique up to a constant. For
two-dimensional domains ) these results are partially extended to the limit case p= 2.

KEY WORDS AND PHRASES: Linear growth — Minimizers — Regularity — Duality — BV-
Sfunctions.
A.M.S. CLASSIFICATION: 49N60 — 49N15 — 49M29 — 35J
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1 — Introduction and statement of the main results

Consider a bounded Lipschitz domain 2 C IR™ and let
(1.1) T(u) = / F(Vu) de,
Q

where Vu = (9,u’) denotes the Jacobi matrix of the vectorial function u:
Q — IRM. We assume that f > 0 is of class C*(IR"™) (of course f > c for
some ¢ > —oo is also sufficient) satisfying the following set of hypotheses:
al X b < f(X);
V(X)) < A;
(D fX)I < A+ X)) 2
D*f(X)(Y.Y) = M1+ [X]%) Y.

[N

[N}

Here a, b, A, \, A denote positive constants, > 1 is some fixed exponent,
and (1.2)-(1.5) are valid for any choice of X, Y € IR". Note that (1.3)
immediately implies the linear growth condition

(1.6) alX|—b< f(X)<a|X|+b

with suitable constants @, b > 0. Combining (1.4) and (1.6) we see that f
is “balanced” in the sense that

(L.7) [D* f(X)||X]* < const(f(X) +1)
holds. Finally, the p-ellipticity condition (1.5) gives strict convexity of

our integrand f.
It is easily seen that

| X|  ps
f(X):/ /(1+t2)*% dtds, X eR™,
0 0

satisfies (1.3)-(1.5) (compare [7] for details). For (1.2) let us write f(X) =
»(|X]) with convex function ¢. Then, if t = | X| > 1, we get

FX) =) = o(1) + ' (M)(IX] = 1)
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with
_ kB
2

©'(1) = /01 (1+1t*) ?dt>0.

In the vectorial case M > 1 we suppose in addition to (1.2)-(1.5)
that f is of “special structure” in the sense that

(1.8) f(X)=g(X]"), XeR™,
holds with g: [0,00) — [0, 0) of class C?(IR). Note that this implies

o f

x o X) = 49" (XXX + 29/ (1X )30
a B

We also assume in case M > 1 that there are real numbers o € (0, 1],
K > 0 satisfying"

(1.9) [D*f(X) — D*f(X)| < K|X — X]|*.

The above example is easily adjusted to (1.9) (and in fact to much
stronger conditions) by letting

f(X):/0 o /OS(1+|t\2)*%dtds, e>0.

Next consider a given function uy € W, (Q,IRY) for some p > 1.
(By considering a suitable approximation it is also possible to include the
limit case p = 1, we refer to [4].) As a role the variational problem

(V) to minimize J(u) :/f(Vu) dr in uo—i—Vlo/ll(Q,]RM)
Q

in general may fail to have solutions in the non-reflexive space W} (2, RM).
For this reason one either studies suitable relaxations or passes to the dual
variational problem. In our note we try to handle both aspects: first of all,

due to (1.6), any minimizing sequence u,, € uy+ W,;*(Q, IRM) is bounded

M Although not explicitely mentioned, some Hélder condition of this type is also as-
sumed in [11] if M > 1.
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in the space BV (Q,IRM), hence there is a subsequence and a function u
in BV (Q,IRM) such that u,,, — w in L'(Q,IRM), and we define the set
of all generalized minimizers of problem (V) as

M ={uec BV(Q,RM): wuisthe L'-limit of a J-minimizing sequence
from wuo + I/Io/ll(Q, RM)}.

Now let us write (see [10])

(1.10) J(u) = sup {/QT:VudJ:—/Qf*(T)dx},

TEL>(Q,R"M)

u € ug+ W, H(Q,RM), where f* is the conjugate function of f. We define

the Lagrangian I(u, ) for (u,7) = (ug + ©,7) € (ug + V[Ofll(Q,IRM)) X
L>°(Q, IR™M) through the formula

l(u,7) := / 7: Vudx —/ (7)) dz = l(ug, T) +/ 7:Vpdr.
Q Q Q
Then the dual functional is by definition
R: L=¥(Q,R"™) - TR,

R(7) := inf lu,7) = {

o
u€ug+ W, (2, RM)

—00, if divr#0
lug,7), if divr =0,

and the dual problem reads
(V¥*) to maximize R among all functions in L>°(Q, R™).

It is well known (see, again [10]) that

inf J(u) = sup R(7),

o
uEuo-‘rWll(Q,]R]M) TEL>®(Q,R"M)

moreover, (V*) admits a unique maximizer o (compare [3] for a unique-
ness theorem valid under much more general conditions and not formu-
lated in terms of the conjugate function). Let us first assume that

2
(1.11) p<14=.
n
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Then our main results are summarized in

THEOREM 1.1. Let (1.2)-(1.5), (1.11) hold and assume in addition
that in case M > 1 (1.8) and (1.9) are valid.

a) The dual solution o is of class C**(Q,R"™) for any 0 < o < 1.
Moreover, o has weak derivatives in the space L2 (£, TR™M).

b) Any generalized minimizer u € M is in the space C*(Q,IRM), 0 <
a < 1.

¢) Foru, v € M we have Vu = Vv, i.e. up to a constant uniqueness of

generalized minimizers holds true.

We like to remark that for functionals with linear growth arising in
the theory of perfect plasticity partial regularity of o was established in
the papers [23], [25] (see also [12] for an exhaustive list of references),
whereas the general vectorial setting of Theorem 1.1 with only partial
regularity results was studied in [4]. (Note that in [4] p-ellipticity is
replaced by a much weaker condition.) The case of functionals with
linear growth satisfying an ellipticity condition of minimal-surface type
was investigated in [16], see also [5].

Let us now look at the limit case p = 1+ 2/n which unfortunately we
could include only for n = 2. An example satisfying (1.2)-(1.5) with
u =2 is given by

X 1
f(X)= / arctan s ds = | X| arctan | X| — ) In(1+|X%),
0

and we have

THEOREM 1.2. Let n = 2, let (1.2)-(1.5) hold with p = 2. In case
M > 1 we also assume that (1.8) and (1.9) are valid. Then there exists
an at most countable subset ¥ of Q0 with no interior accumulation points
such that the following is true:

a) The dual solution o is of class C**(Q — X, IR*M) for any 0 < a < 1
(still having weak derivatives in the space L% (2, R*M)).

b) Any u € M is of class C**(Q — X, RM), 0 < a < 1.

¢) Foru, ve M we have u = v + const a.e. on Q.
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COROLLARY 1.3.  Under the assumptions of Theorem 1.2 we have
u € W (Q,RM) for u e M and any t < oo. In particular, u is locally
Holder continuous with any exponent o < 1.

Our paper is organized as follows: in Section 2 we first replace (V)
by a sequence (Vs) of approximate problems with regular solutions wg
being convergent to some u* € M. In Section 3 we apply De Giorgi type
arguments to show that this particular generalized minimizer is smooth
provided the assumptions of Theorem 1.1 hold. The regularity of o then
follows from the duality relation o = V f(Vu*). Section 5 contains the
proof of the remaining results from Theorem 1.1, in Section 6 we discuss
the case n = 2 together with p = 2.

2 — Regularization of the original problem and weak differentia-
bility of the dual solution

Let the assumptions of Theorem 1.1 or 1.2 hold. We fix some real
number 1 < ¢ < 2 satisfying ¢ < p and in addition for n > 3 (recall (1.11))

n

(2.1) < @-ps

For any 0 < 0 <1 we define

Ty(w) = 5/9 1+ Vo) do + J(w), weu+ W, (QRM),
and denote by us the unique solution of
(Vs) to minimize Js;(w) in the class ug+ Wo/ql(Q, RM).
Thus, letting f5(-) = 6(1+ |- |2)% + f(+), we obtain
(2.2) /QVfa(Vu,;) :Vedr=0 forall pc qu(ﬂ,mﬂf).

Moreover, the following lemma is seen to be true:
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LEMMA 2.1. There is a real number ¢; > 0 such that for any
n e Cge ()

/QUQDQf(;(Vu(;)(asVu(;, 0Vus) dx <
(2.3)
< all Vol [ 1D*f5(Vus) [VusP da

where we always take the sum w.r.t. s =1,...,n.

PROOF. The idea is to choose the test function ¢ = 9,(n?dsus) in
equation (2.2). However, in the vectorial case M > 1 it is not immedi-
ately obvious if ¢ is admissible in (2.2). In the paper [6], Lemma 3.1,
we overcame this difficulty by some technical approximation argument
leading to inequality (2.3). We like to remark that now we do not need
the full strength of the arguments used in [6], Lemma 3.1, since the struc-
tural condition (1.8) together with [1], proposition 2.7, already implies
us € W3 1,.(2,IRM) (compare (3.4)).

Let us look at the scalar case. Then, from standard arguments (see,

g. [20], Chapter 4, Theorem 5.2) we get us € W3 () N W ..(Q)
using also the fact that us is locally bounded which is proved under very
weak assumptions in [14]. Alternatively we may quote [8] or [9] to get
us € CH*(Q) for some @ > 0. Let us fix a subdomain Q' € Q and let
K = 2||Vus|| Lo (o). Following [19], p. 97, we replace V f5 by a coercive
vectorfield A of class C! in such a way that A(X) = V f5(X) for | X| < 2K.
From (2.2) we get

A(Vus) -Vodr =0 forall ¢ € C;(Q),
Q/

and the well known difference quotient technique implies us € W3 ,,.(Q).
Let us fix a coordinate direction v € {1,...,n}. Then

/ Uop ()00 (04us)Oppdr =0 for all p € Cj()
Q/

with elliptic coefficients a,z = gQii(Vué) of class C°(€Y). Quoting “LP-
theory” for equations with continuous coefficients (see [22], Theorem 5.5.3,
or [13], Chapter 4.3, pp. 71) we get 0, us € W}, .(€) for any finite ¢. Thus

t,loc
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we have us € W7,.(Q) and 0,(n°0,u;) is admissible in (2.2), the claim
follows after partial integration and using the Cauchy-Schwarz inequality
for the bilinear form D?f;(Vu;) (compare [7], Lemma 2.3, and [11] for
similar calculations). 0

REMARK 2.2. In the papers [7] and [6] the bound (1.11) was im-
posed but obviously the statement of Lemma 2.3 can be obtained for any
positive p.

For the study of the dual variational problem we let

Ts 1= vf(VU5) , 05 1= 5X6 + 75 = Vf5(vu5) )
—2
X; 1= 1+ [Vus?) ™ V.

Note that o5 € W3 ,.(Q,IR*") which for M > 1 follows from [1], propo-
sition 2.7. Next we argue as in [4], where the case ¢ = 2 was considered:
since Js(us) < Js(ug) < Jy(ug), the existence of a real number ¢, > 0 is
ensured such that

. .

(2.4) 5/ (14 |Vus ) do < s, / F(Vug)de < ey ||slloe < 2.
Q Q

The first inequality implies

(2.5) [|I0°7 X;s]| _a < ¢y, hence 6X;5 — 0 in LaT(Q,IR™M)

a1 (Q,]RnM)

as 0 — 0. Here and in the following we always pass to subsequences if
q

necessary. By (2.4) and (2.5) it is possible to define o € La-1(Q,IR"M)

via

(2.6) 75,05 —io in LTT(QR™) as § — 0.

In addition, dive = 0 (in the sense of distributions) is a consequence of
divos = 0. We now claim that the weak limit o is the unique maximizer
of the dual problem (V*). To prove this, we recall the duality relation
(compare [10])

Ts - Vu(; - f*(T(;) = f(VU5) 3
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which together with the definition of o5 and with divos = 0 gives

J(;(u(;) = 6/9 <1+ \Vu5|2)% dl’+/ﬂ(0’g : VU,O - f*(T(;))d.%*

—2
- 5q/ (1+ |Vu§|2)qT|Vu(;|2 dx .
0

This yields for any » € L*>(Q, IR"™M)

R(5) < inf J(u) < J(us) < Js(us)=

o
u€ugty 1(Q,RM)

(2.7) _/(75 Vo — f(rs)) dae+6 | Xy : Vo dat
Q Q
—2
+(1fq)5/ (1+|Vu5|2)%dx+6q/ (1+ |Vusl?) '™ da,
Q Q

and, passing to the limit § — 0, the second and the last integral on the
right-hand side vanish according to (2.5) and since ¢ < 2. Finally, lower
semicontinuity of [, f*(-) dz w.r.t. weak-* convergence proves the claim
R(x) < R(o) as well as

(2.8) 6/ (1+\Vu5|2)%dx—>0 as 0 —0.
Q

To proceed further, we observe that the left-hand side of (2.3) is estimated
via Young’s inequality

Vas|? < eaD? f5(Vus) (9, Vus, ,Vuy)
whereas (1.7), (2.4) and (2.8) prove the right-hand side to be bounded
by:
q
Cs (5/ (1 + |Vu5|2) 2dx + / (f(Vus) +1) dx) < cg.
Q Q

Summarizing the results have established:

LEMMA 2.3. Let o be the weak limit defined in (2.6). Then divo =0,
o is the unique maximizer of the dual variational problem (V*) and we
have o € W}, .(Q,R"M).
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3 — Construction of a smooth generalized minimizer

In this section we again concentrate on the original problem (V):
(2.7) proves {us} to be a J-minimizing sequence, and, by definition, each
L'-cluster point of {us} is seen to be a generalized minimizer.

LEMMA 3.1. Let the assumptions of Theorem 1.1 hold.

a) There is a real number c; > 0, independent of &, such that
HVU’SHLT&(Q’RWM) § Cr.

b) Let u* denote a L'-cluster point of the sequence {us}. Then u* is of
class C+*(Q, IRM) for any 0 < o < 1.

REMARK 3.2. With Lemma 3.1 the results of [7] formulated for the
unconstrained case are also seen to be true in the vectorial setting M > 1
assuming the hypotheses (1.8) and (1.9).

PROOF. As in [7], Lemma 2.4, we first use Lemma 2.1 to prove that
we have local higher integrability of Vus which holds uniformly w.r.t. 4.
For simplicity let us first assume that n > 3 and let x = n/(n — 2).
Moreover, fix a ball B, satisfying By, € € and choose n € C§°(Ba,),
0<n<1,n=1on B,. Then, by Sobolev’s inequality,

2—p)
1

[ @ Vu) S e < [ (Va5 <
By 2

T

ool [ 1900+ Vusl)
2r

+ n*(1+ |Vu5|2)7%|v2u5|2dx>x.

Bo,

(-

2#) do+

Hence, Lemma 2.1 and (1.7) imply the bound (observe (2 — u)x > ¢
by (2.1))

(3.1) /B‘(l + |Vus)?)

@—p)
7 da < co(r),

which corresponds to Lemma 2.4 of [7]. If n = 2, we let x denote some
number > 1 such that (2 — pu)x > g. Writing as before

. L . L
([ @ vus) S ae)™ < ([ @+ vasP) 5 ar) ™
By B

2r
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we may estimate the right-hand side by Sobolev’s inequality

_ 1
([ @0+ 190 )an)™ <
B,

(D)
1

el [ VO [Vusl) T de)
2r

s being defined through 2y = 2s/(2 — s). Applying Hélder’s inequality
we get as before

[ 019 S e < en)( [ 1900+ 00 5P ax)’

Bar

-

and (3.1) follows also in case n = 2 with a different constant ¢;» depending
also on the chosen value for .

In the scalar case we may now exactly follow the lines of [7], Lem-
ma 2.5, Lemma 2.6 and step 5 (conclusion) to get a) of Lemma 3.1. We
have to show that Lemma 2.5 of [7] remains also valid in the vectorial
case with the additional assumption (1.8), i.e. we claim that there is a
real number ¢;3 < 00, depending only on the data and not on § such that
for any k>0

_u
/A(k N (1+ |Vu5|2)1 7| Vws|*n? do+

NIE

(3.2) + (1+|Vus|?) % (ws — k)’0?|V?us|* de <

A(k,R)

< 613/ (1 + [Vus?) 2 V2 (w5 — k)2 da.
A(k,R)

Here we have set
ws =In(1 + |Vus*), A(h,r)={z€B,:ws>h}, h>0, r<R,

the ball By is chosen such that Byp € Q and n € C°(Bgr), 0 < n <
1. Assuming (3.2) for the moment, we see as in the scalar case that
De Giorgi’s technique works exactly as outlined in [7], i.e. the uniform
bound (3.1) gives a) of Lemma 3.1 and proves any L'-cluster point u* to
be locally Lipschitz.
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To verify part b), we quote the well known explicit formula for the
relaxation of J (see, for instance, [18])

Viu

[Veul

J(u,B,) = | f(V)dx +/ foo( ) d|Viu|, u e BV(B,,IRM).
By By
Here, f.. is the recession function of f,

foo(X) = lim sup (X

)
t—4o00 t

the absolutely continuous part of Vu with respect to the Lebesgue mea-
sure is denoted by V®u, the singular part by V*u and V*u/|V*u| is the
Radon-Nikodym derivative.

Then, according to [4] (see the proof of Theorem 5.1), each general-
ized minimizer of problem (V) is seen to minimize J on a.a. balls B, € Q.
In particular, this result can be applied to the sequence {us}, whose L!-
cluster points are already known to be locally Lipschitz. Thus, if we
fix one of these cluster-points u*, then the singular part of Vu* can be
neglected and we obtain the Euler-equation

(3.3) / Vf(Vu*): Vodr =0 forany ¢ € C;(Q,RM).
Q

In the scalar case, again by strict ellipticity of D?f (see (1.5)) together
with local boundedness of Vu*, the assertion of part b) immediately fol-
lows from known regularity results for weak solutions of (3.3) (compare
the references quoted in the proof of Lemma 2.1). In the vectorial setting
we follow the lines of [21] where an auxiliary integrand f is constructed
satisfying f(Z) = f(Z) whenever |Z| < 2K, K = ||Vu*|| oo oy mnn)
for some subdomain €’ € ). Then Theorem 3.1 of [15] can be applied
(choosing m = 6 and recalling the Holder condition (1.9)) to prove C*:°-
regularity of u* for any 0 < o < 1.

It remains to verify (3.2) for M > 1: the structure condition (1.8)
allows us to cite [1], proposition 2.7. We obtain, as already remarked in
the proof of Lemma 2.1
(3.4) Vus € Wy oe N LS

2,loc loc

(Q,R™)
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and, as a consequence, for any s = 1,...n, and for any ¢ € C} (2, RM)

(3.5) /Q D2 f5(Vug) (8, Vg, Vi) da = 0,

In addition to (3.4) we have D%f; € L*>, hence 9 € V[ole(Q,IRM) is
admissible in (3.5) (by approximation arguments), in particular we may
choose 1) = n?0,us; max{ws — k,0} with the result

/ D? f5(Vus) (0sVus, 0;Vus)n*(ws — k) do+
A(k,R)
(3.6) + D? f5(Vus)(0:Vus, Osus @ Vws)n? de =

A(k,R)

= —2/ D? f5(Vus) (0, Vus, Vi @ Ogus)n(ws — k) d .
A(k,R)

The first integral I on the left-hand side is non-negative, the second one IT
is handled as follows (letting f5(Z) = g5(|Z]*) = (1 + | Z|*)¥* + g(|Z]?))
II:/ (495 050,000 513051} 03ws 42950506 us 0 usDpws ) n'dr=
JA(k,R)
:/ (297 0| Vus |*05w;5 05105l + 9500 | Vs | *Oaws)n? do =

Ak, R)
(3.7) S
:/ (294 0sws0pws 0 ut0pul + g5 O0awsOaws ) (1 + |Vus|*)n® do =

JA(k,R)

L 0*fs
= ————(Vu;)0sws0sws (1 + |[Vu 202 doe
2 Jag.my 3Xé8Xé( 5)0pwsOuws (1 + [Vus[F)n

If e; denotes the j' coordinate vector, then we have

1

T2 A(k,R)

nl-% 2 2
> 014/ (1+ |Vus|?) |Vws|*n® dx .
A(k,R)

I
(3.8)

D?f5(Vus)(Vws @ e, Vws @ e;) (1 + |Vui|)n® do >

Similar calculations show the right-hand side of (3.6) to be bounded from
above by

(3.9 s /A L‘V(vué)asw(gaﬂnn(u|vu5|2)(w5—k)dx).

(k,R) anaxg
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Finally, for each fixed j € {1,... M}, the Cauchy-Schwarz inequality can
be applied to the bilinear form

0 fs

R">¢6—+ ———
¢ 0X%0X1

(Vus)€s8s

and, together with Young’s inequality, (3.6)-(3.9) prove that the first term
of the left-hand side of (3.2) is bounded in the desired way. (Note that
from the growth assumptions imposed on f it follows that | D?f5(X)|X|? <
ci6(f5(X) +1) < c17(1 + |X|?)%/? with suitable constants c;s and ci7.)
The second integral on the left-hand side of (3.2) is studied by inserting
1 = n*dyus max{ws — k,0}? in (3.5). This gives

/A(k' R) D2f6(VU5)(aSVU5, 8svu6)772(w5 _ k)Q dr + IT =
(3.10) ’

=_-2 D?f5(Vus)(0sVus, Osus @ Vn)n(ws — k)? dx
A(k,R)

where we have abbreviated

I = 2/ D?f5(Vus)(9sVug, Osus @ Vws)(ws — k)n* dz =
A(k,r)

(3.11) _/ PFs oo V9ot o .
A(k.R) 8Xé8Xg( us)OpwsOsws(ws — k)(1 +[Vus[)n” do

>0.

Here the second equation in(3.11) again uses the special structure f5(X)
95(JX|?). Given (3.10) and (3.11) the proof of (3.2) (and of Lemma 3.1
is completed by applying Young’s inequality once more.

[~

4 — Holder continuity of the dual solution

We apply the results of the previous section to get regularity of the
maximizer o, more precisely

LEMMA 4.1. Let the assumptions of Theorem 1.1 hold.

a) If u* denotes a L'-cluster point of {us}, then we have

o=Vf(Vu).
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b) o is of class CO*(Q, R"™) for any 0 < a < 1.

PROOF. Recalling (3.3), we choose ¢ = n*(us — u*), n € C}(Q),
0 < n < 1. Then, together with (2.2), the counterpart of (6.4), [4], is
established:

/Q PV F(Vug) = VF(Vur)) ¢ (Vus — Vurr) da+
+ 5/9712)(5 (Vs — V') da =

- _2/9 05+ (V1 ® (ug — u”)) da+
+2/Qw(vu*) (Vi ® (us — u))nda.

Clearly the second integral on the right-hand side vanishes as § — 0 and
by (2.5), (2.8) this is also true for the second one on the left-hand side.
Since the definition of o5 gives the same result for the first integral on
the right-hand side, it is proved that

1(;{51/9772(Vf(w5) LAV : (Vus — V) da = 0.

On the other hand we have by (1.5)

/QnQ(Vf(wg) _ V(YY) : (Vs — V) da >

_u
2

1
= C18/ / (1+ |Vu* + t(Vus — Vu*)[?) ?|Vus — Vu*|*n* dt dz
aJo

hence as § — 0

(14 |Vu*? + |[Vus — Vu*[?) "2 |Vus — Vu' > -0 in L}

loc

(Q) and a.e.
Thus, on account of p < 2, it immediately follows that a.e.

limsup |[Vus(x)| < oo,  which implies  Vus(x) iaY Vu*(z).
510
Hence Vf(Vus(x)) At V f(Vu*(z)) which together with the weak con-
vergence (2.6) completes the proof of the first assertion. The second one
follows from Lemma 3.1. U
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5 — Local C''*-regularity and uniqueness of generalized
minimizers

So far we have proved Theorem 1.1 a). Now we fix any v € M
and use ideas of [26] to show that the pair (u, o) satisfies an appropriate
minimax inequality. A variation of the tensorial argument will finally
give

LEMMA 5.1. Under the assumptions of Theorem 1.1 any generalized
minimizer u € M satisfies

Vu=Vf(o),
where the right-hand side is of class C%*(Q, R"M).

COROLLARY 5.2. Of course Lemma 5.1 implies uniqueness of gen-
eralized minimizers up to a constant.

PROOF. Consider a J-minimizing sequence {u,, } in ug+W,;*(Q, RM)

such that
Ln/(n—l) 1
Uy  —7 U, Uy — U.

Then let for any w € BV(Q,IRM) and » € U := {7 € L*(Q,R"M) :
divr € L"(, RM)}

i(w,%):/S;divx(uo—w)da:—/ﬂf*(x)dx—i—/@z:Vuodx.

The representation formula (1.10) implies

J(uM) = sup l(umv )‘) > l(uma 7") = (uma 7")
AEL®(Q,RM)

for any s € U. Passing to the limit m — oo we obtain

inf J(w) > sup(u, ).
weug+W, 1 (Q,RM) el
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On the other hand, given » € U, v € ug + Vf/ll(Q,]RM), we observe
(recalling that divo = 0)

l(u, ) < inf J(w) = R(o) = inf l(w,0) <

o o
w€u0+W11(Q,]R1M) u)€u0+W11(Q,]RJW)

<l(v,0) = i(v,0) = / o Vg dar — / F(0) de = i(0).
Q Ja
Thus, for any v € M and » € U it is proved that
(5.1) I(u, %) < (o).

To proceed further, fix A € C5°(2, IR"); by Lemma 4.1, o is a continuous
function taking values in Im V f and hence there is a real number v > 0
such that dist(o(x),dIm V f) > ~ for any x € spt A. If |¢] is suffienciently
small, then the same is true if we replace o by o; := o + tA and v by
~v/2. (5.1) implies

divoy - (ug — u) dx + o, Vugdr <
spt A spt A

g/spu(f*(at)—f*(a))dm—k o:Vuydz.

spt A

If we observe that

divoy - ugdx + at:Vuodx—/ o :Vugdr =

spt A spt A spt A

= tdiv - ugdx + t\: Vugdr =0,

spt A spt A

then we obtain

_/Spt/\tdiv)\.udmg/ (f*(o0) — f*(0)) da:.

Jspt A

Dividing through ¢ > 0 and passing to the limit ¢ — 0 we get

- divA-ude < V(o) : Az,

Jspt A spt A
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i.e., by definition, the first weak derivative of u is given by V f*(o) which
is a function of class C**(Q, IR™) on account of Lemma 4.1 and the fact
that dist(o(x),0ImV f) > ¢(©) > 0 on Q € Q. 0

6 — The limit case n=2, =2

Let the assumptions of Theorem 1.2 hold. For simplicity we just
consider the scalar case M = 1. With notation from Section 2 and
Section 3 it is easy to check that (3.2) extends to the case p = 2, i.e. we
have for any k > 0

/ |Vws|*n? dx—i—/ (1+ |Vu5|2)71(w5 — k)’n?|V2us|* dx <

A(k.R) A(k,R)

(6.1) .

< 019/ (14 |Vus?)? | Vn|* (ws — k)* dx
A(k,R)

being valid for all discs Bogp € © and any n € C3(Bgr), 0 < n < 1. Note

that estimate (6.1) is true in any dimension n > 2. In order to get a
variant of Lemma 2.6 in [7] we let

q
a(k,r) = /A(k )(1+ |Vus|*)? dx

(k. 7) ;:/ (1+|wg|)%( k) de.
A(k,r)

LEMMA 6.1. There is a constant coy independent of & such that

(6.2) a(h,r) < (h—k)77(k,7),
6.3 Co

<
7(k,7) < coo(R —7)*7(k, R)a(k, R)

valid for h > k and r < R < Ry, Bsg, € §.

PROOF. (6.2) is immediate. Let I' := 1 4 |Vus|* and choose 1 €
C}(Br),0<n<1,7p=1on B,. Then, by Sobolev’s inequality,

(k7)< / (T (w5 — )V da <
A(k,R)

q 2
< c21(/ V{00 (w5 — k)} | de) .
A(k,R)
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On the right-hand side three different terms arise which may be estimated
as follows:

2
([ vartws—mlde) < A®RB) [ VoPTH (s~ k) da <
A(kR) A(k,R)
< C22a(k7 R)(R - 7")_27'(]{3, R) )
2
(/ |77Vw5I‘%|dx) < (/ 772|Vw5|2dx)(/ r? dx) <
A(k,R) A(k,R) A(K,R)
(6.1)
< ew(R—1)27(k,R)a(k, R),
2
(/ W04 VT (w5 — Ky de) - <
A(,R)

2
< 624(/ nf%’%|v2u5|(w5 — k) dx) <
A(k,R)

< 024(/ |V2us[*n°T (w5 — k)? dw) . (/ I d:c) <
A(k,R) A(k,R)

< e(R—71)?7(k,R)a(k, R). 0

Let h > k and R > r. Then we get from Lemma 6.1 (o > 1 being
specified later)

() (h — k)27 (k, )

7(h,r)*a(h,r) <
< 7(k,r)*(h = k)*r(k, R)

<
<

< ca(R — )21 (k, R)*a(k, R)*(h — k)27 (k, R) =
= can(R— 1) (h— k) la(k, R)r(k, R) 5"
For a = (/5 + 1)/2 we see that (1 + a)/a = a, hence
W(h,r):=71(h,r)a(h,r)
satisfies the growth estimate
Y(h,r) < cog(R—1)"2(h— k) 2(k,R)*, h>k>0, r<R<R,y,
and from [27], Lemma 5.1, we deduce

w(da RO/2) - 07
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where the number d is determined by Ry and the quantity (0, Ry). Here
Ry is any radius such that Byp, € Q. Clearly this implies

(6.4) |Vus|* < e’ on Bgya,

and as usual (6.4) turns into a locally uniform gradient bound as soon as
we can estimate the quantity d. In order to get such a bound, we observe
first that the functions ws = In(1 + |Vu;|?) satisfy

(6.5) [Vwsl| 2y < c2r(2)
for any subdomain Q' € Q. In fact, (1.5) implies in the case p = 2
|Vws|* < cosD? f5(0:Vus, 0, Vus)

thus we may quote Lemma 2.1 by observing that the right-hand side
of (2.3) is bounded independent of 4.
According to (6.5) there is a Radon measure v on 2 such that

(6.6) vs = |Vws|? ny

in the sense of measures (at least for a subsequence). For ¢ > 0 being
determined later let

Y. ={zxeQ: 1:{{)1 v(B,(z)) = v({z}) > €}.

Being a subset of the atoms of v the set ¥, is at most countable with no
interior accumulation points.

LEMMA 6.2 (compare [17], Theorem 7.21).  Let G denote a disc
in IR?. Then there are constants cag, c30 > 0 as follows: if w € W}(Q)
satisfies for some K > 0

(6.7) / |Vw|dz < KR  for all Br(z) C IR?,
JGNBR(z)

then we have

(6.8) /Gexp (% w— (w)G|) dz < cso(diamG)? .
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Let us now choose xy ¢ %.. Then v(B,(x,)) < 2¢ for t < t_, thus

lim sup v5(By(x0)) < v(Bi(o)) < 2¢,
510

and in conclusion vs(B,(0)) < 3¢ for all § small enough. Let G := B, ().
Then

/ \Vw(;\d:vgx/?g\/ER,
GNBR(2)

thus we have (6.7) with K = \/7v/3¢, and (6.8) implies

Cag
ex ws — (Ws) By(eo)| ) dx < ea1(t
/Bz(wo) p<ﬁ\/§| 5~ (ws)u °)|) s1(t)

for § small enough. We select £ according to cg9/v/3me = 1, thus
| explws = @o)meg o < cat).
By (zo)

Observing (ws)p, (o) = f g, (ag) (1 + [Vus|*) dz < c32(t) we have shown
that

(6.9) / Vus|? dz < css(t)
Bt(zo)

holds for all § small enough.

Let us suppose that in the beginning a sequence § | 0 has been
chosen such that us — u* in L'(€2). By the choice of ¢ and the definition
of ¥(0,t) we see that (6.9) provides a uniform bound for d, and from (6.4)
we get Vu* € L™ (By2(x0)). Altogether we have shown

LEMMA 6.3. Let u* denote a L*-cluster point of the sequence {us}.
Then u* is locally Lipschitz (and hence of class C**) on the open set
Q-3
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Next we let Qy = Q — X, (which is an open set) and consider n €
C}(Q). Then, as in Section 4, we get Vus — Vu* a.e. on , thus
o = Vf(Vu*) on Qy which proves part a) of Theorem 1.2. Now let u
denote some generalized minimizer, i.e. u € M, and repeat the proof of
Lemma 5.1 with A € C5°(Qg,IR?). We get Vu = V f*(c) now on €, thus
Vu = Vu* on €y. But since ¥, has no interior accumulation points, we

see that )y is connected, hence u = u* + const on )y and therefore a.e.
Theorem1.2
on 2.

So far we have shown that any generalized minimizer u is of class C1®
except for a discrete set of possible singular points forming a subset of 3..
Let us have a closer look at the behaviour near isolated singularities x.
We fix a disc B,(o) such that no other singular point occurs in By (z)
and decompose the vector-measure Vu as

Vu = (Vu)* + (Vu)®

with absolutely continuous part (Vu)® in the space L'(B(zy),IR?). Ob-
viously (Vu)* has the form £4,, for some £ € IR? | and we claim § = 0. In
fact, this is a consequence of the fine properties for BV —functions stated
for example in [2], Lemma 3.76, saying that the measure |Vu| vanishes on
the set {zo} which is of H' measure zero. Alternatively we may assume
that & # 0 and recall that u minimizes J(-, By(x)) w.r.t. its boundary
values. Let v := n.u with n, € C*(By(2)), 0 < n. < 1,71 = 1on
Bi(zo) — Bay(20), 1, =0 on B,(xg), |Vn,| < czar™!, where r < t. Then

/B " )f(anu + Vnu)de = j(v,Bt(xO)) > j(u,Bt(xO)) _

= [ ()

Bt (=)

with foo(§/]€]) > 0 on account of (1.2). By convexity of f we have

f(’l],-VU) > f(UrVU + UV??T) - uvnr : vf (’m-VU + UV??r) 5
— —

=ix
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hence

J(v, Bu(wo)) < / oy Tudet [ Ve de =

By (o)

= f(Vu)*) de + f(n(Vu)®) do+

Bi(z0)—Bar(z0) Bay(z9)—Br(z0)

+/ uVn, - Vf(s)de <
Bi(zo)

<[ p(vwyde+ 7 (Vu)*) d+
Bi(zo)

Bayr(z9)—Br(zo)

1
+Cgo—/ |u| dz
T JBar(z0)

where we have used (1.3). Recalling n = 2 and u € BV(Q), we see
u € L*(Q), hence r=" [, |u[dz — 0 as r | 0. The linear growth of f
implies

710

/ Fo (V) dr < e [ (U4 |(Ta) ]z B0,
Bay(w0)—Br(z0)

Bar(z0)

and we finally get

/B (V) da - 00) 2 (v, Bila)) 2
o £

From (1.2) we deduce fo.(£/|€|) > a which is a contradiction if r is small
enough. Consequentely Vu = (Vu)* € L'(Bi(z0),IR?), and therefore
u € WY ,.(Q). To prove the corollary we recall that according to (6.5)
we may assume ws —: w in Wy, (). On the other hand, Vu; — Vu*
a.e. on {2, and since Vu* € L] () we have pointwise convergence a.e.
on Q, hence w = In(1 + [Vu*|*) € W5 ,.(Q). Suppose that ¢ > 1 is given,
and let xy denote a point of X.. Then we have

/ IVwldz < ||Vl L2, @) VIR,
Br(20)NBR(2)
and (6.8) implies

Cag 2
exp |w — (W) Bz | ) dz < c30(27)2 .
/Br(%) <\/E||VWHL2(BT-(IO)> o )
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Let us choose 7 small enough in such a way that

Cag

ﬁ||vw||L2(Br(x0))

>

N |

Then we get

/ |Vu*|" de < +o0
Br(z0)

which proves the claim of the corollary for «* and hence for any u € M.
Note that we can bound the mean value of w on B, (zg) in terms of the
L'-norm of Vu* due to the fact that we already know that u* is of class
W10 (9). 0
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