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Stability and controllability of an abstract evolution

equation of hyperbolic type and concrete applications

S. NICAISE

ABSTRACT: We consider the stability of an abstract evolution equation using Liu’s
principle based on the exponential stability of the inverse problem with a linear feedback
and on an integral inequality. Russell’s principle also yields some exact controllability
results. Some concrete examples with new stability and controllability results illustrate
the interest of our approach.

1 — Introduction

Stability of different systems of partial differential equations of hyper-
bolic type with linear or nonlinear feedbacks has been recently the object
of several works. Let us quote the stability of the wave equation [18],
[19], [20], [23], [22], [43], [26], [10] and the references cited there, of the
Petrovsky system [11], [13], [15], [1], [4], of the elastodynamic system [1],
[4], [13], of Mawxell’s system [3], [21], [39], [7], [36] or combination of
them [17], [37]. We actually remark that the approach of recent works
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cited above has a similar structure, namely the use of Liu’s principle and
of some integral inequalities. Liu’s principle consists in estimating the
energy of the direct system by some terms related to the feedbacks using
a retrograde system with final data equal to the final data of the direct
system. These terms are then estimated using the exponential stabil-
ity of the inverse (retrograde) problem with a linear feedback (based on
Russell’s principle) and an appropriated integral inequality. Therefore
our goal is to present an abstract setting leading to the stability and
controllability (via Russell’s principle) of the abstract system, setting as
large as possible to include all examples of the aforementioned papers
and allowing even new applications.

More precisely we first present an abstract setting of hyperbolic type
and including the above systems. General assumptions guarantee exis-
tence results as well as dissipativeness of the system. In a second step we
show that the exponential decay of the energy of the solution is equiva-
lent to the validity of a stability estimate, estimate that can be checked in
some particular cases. In a third step we use the so-called Russell’s prin-
ciple “controllability via stability” to obtain controllability results for the
abstract system. Finally using L1u’s principle [28] and a new integral in-
equality from [7] we give sufficient conditions on a class of (quite general)
feedbacks which lead to an explicit decay rate of the energy. The strength
of our approach lies in the fact that the controllability and stability results
(with general feedbacks) are only based on the stability estimate with a
linear feedback, estimate that may be checked for an explicit problem
by different techniques, like the multiplier method, microlocal analysis or
any method entering in a linear framework (like nonharmonic analysis for
instance). This approach was successfully initiated in [36] for Maxwell’s
system and is here extended to an abstract system. We further illustrate
our approach by considering different examples for which new stability
and controllability results are even obtained.

The schedule of the paper is the following one: the abstract setting
and its well-posedness are analysed in Section 2. Section 3 is devoted to
the equivalence between the exponential stability and the stability esti-
mate. In Section 4 exact controllability results are deduced from Russell’s
principle. Section 5 is devoted to the stability results for a class of non-
linear feedbacks using Liu’s principle. Some applications are presented in
the last section.
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2 — Abstract setting

In this section we describe a general abstract setting of hyperbolic
type that will be used later on. It is motivated by the examples (and
other ones) given in Section 6 which all enter in this setting.

Let us fix two real separable Hilbert spaces H, )V with respective
inner products (.,.)y, (.,.)y and such that V is densely and continuously
embedded into H. Identifying H with its dual H’' we have the standard
diagram:

Vo H=H =V.
We suppose given a bounded linear operator A; from V into V' and a
(nonlinear) mapping B from V into V'. We now define two (nonlinear)
operators A* and A~ as follows

(1) D(A*) = {v € V|(+A, + B)v € H},
(2) At = (£A, + B)v,Yv € D(AY).

For shortness we often drop the superscript + at A™T.
Motivated by the examples we introduce the following assumptions:

(3) AT is maximal monotone,
(4) A~ is maximal monotone,
(5) D(A") is dense in H,

(6) D(A7) is dense in H,

(7) (Ayu,u) = 0,Yu € V,

(8) (Bu,u) > 0,Yu € V,

where hereabove and below (.,.) means the duality pairing between V'

and V.

LEMMA 2.1. Under the assumptions (3), (5), (7) and (8), the
evolution equation
Z—;L—i—Alu—i—Bu:O m H,t >0,
U(O) = Uo,

9)
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admits a unique (weak) solution u € C(IRy,H) for any ug € H. If
moreover uy € D(A), the problem (9) admits a unique (strong) solution
u € Wh(R,,H) N L>*(IR;, D(A)) and such that u(t) € D(A), for all
t>0.

This system is dissipative since its energy

£(t) = I

is non-increasing. Moreover for uy € D(A), we have

(1) &(S)—&(T) = /T<Bu(t),u(t)> dt,¥0 < S < T < oo,
(12) %E(t) — _(Bu(t),u(t)), ¥t > 0.

Under the assumptions (4), (6), (7) and (8), the same results hold for
A~ (with the same expression for the energy and the same identities (11)
and (12) for ug € D(A™)).

ProOF. The first assertions follow from nonlinear semigroup the-
ory [42]. For the second assertions it suffices to show (12) since D(A) is
dense in H. For ug € D(A), we have

ou

GE0 = (5 0.00) =~ u(t)

by (9). From the definition of A and the fact that u(¢) € V, for all ¢ > 0,
we get

d
56 = —(Au(t), u(t)) — (Bu(t), u(t)).
This yields (12) owing to (7). 0
REMARK 2.2. The identity (11) remains valid for u, € H indeed for

a sequence ug, € D(A) such that ug, — ug in H, let u, be the solution
of (9) with initial datum ug,, then they fulfill

T

£.(S) — E.(T) = /3 (Bun(t), un (1)) dt.
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Since the left-hand side tends to £(S)—E&(T) (because u,, —u inC(IR, H)),
the right-hand side admits also a limit that we denote bnyT<Bu(t), u(t))dt.
This is the so-called hidden regularity of u.

3 — Exponential stability

In this section we find a necessary and sufficient condition which
guarantees the exponential stability of (9). This condition is the validity
of a stabilility estimate that will be checked in some particular cases in
Section 6. We closely follow the arguments of the beginning of Section 3
of [36] given in the case of Mawxell’s system and that can be easily
extended to our abstract setting. The proofs are nevertheless given for
the sake of completeness.

In the whole section we suppose that (3), (5), (7) and (8) hold.
We start with the following definition.

DEFINITION 3.1. We say that the pair (A;, B) satisfies the stabilility
estimate if there exist T > 0 and two non negative constants C,C,
(which may depend on T') with C; < T" such that

(13) /OTS(t) dt < CLE(0) + C, /OT<Bu(t), w(b) dt,

for all solution w of (9).

That property admits the following equivalent formulation:

LEMMA 3.2. The pair (A, B) satisfies the stabilility estimate if and
only if there exist T > 0 and a positive constant C (which may depend
on T) such that

(14) s <0 [ (Bulo),uio)

for all solution u of (9).
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Proor.
=: Since £(t) is non-increasing, the estimate (13) implies that

TE(T) < CLE(0) + Cy / CBut), u(t)) dt.
By Lemma 2.1 we get
TE(T) < CLE(T) + (Cy + Cs) /0 *But), u(t)) dt.

This yields (14) with C' = 942

T—-C1 °
<: From the monotonicity of £ we may write

/TS(t) dt < TE(0).

Again Lemma 2.1 yields

/OT Et)dt < %5(0) +§ (5(T) + /(;T<Bu(t)7u(t)>dt) .

Using the assumption (14) we obtain

T T

/0 E(t)dt < SE0) + 5 (1 +C)/0 (Bu(t), u(t)) dt,

which is nothing else than (13). 0

Examples of pairs (A, B) satisfying the stabilility estimate may be
found in Section 6 below (see also Section 3 of [36]).

We now show that the stabilility estimate is equivalent to the expo-
nential stability of (9).

THEOREM 3.3. The pair (Ay, B) satisfies the stabilility estimate if
and only if there exist two positive constants M and w such that

(15) E(t) < Me“'€(0),

for all solution w of (9).
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PRrOOF. Assume that the stabilility estimate holds, i.e., by the pre-
vious Lemma, (14) equivalently holds. The identity (11) of Lemma 2.1
then yields

E(T) < C(E(0) = &(T)).

This estimate is equivalent to

E(T) <~&(0),

with v = HLC which is < 1.

Applying this argument on [(m — 1)T, mT], for m = 1,2,--- (which
is valid since our system is invariant by a translation in time), we will get

EMT) <~AE((m—-1)T) < - <A™EWO0),m=1,2,---
Therefore we have
E(mT) < e “mE0),m=1,2,---

with w = % ln% > (. For an arbitrary positive t, there exists m = 1,2, - --
such that (m — 1)T < ¢ < mT and by the nonincreasing property of &,
we conclude

Et) <E((m—1)T) < e DTE(0) < e “'E(0).

2

Let us now show the converse implication: from Lemma 2.1, for any
T > 0, we may write

/O " Bult), u(t)) dt = £(0) — E(T).
With the help of (15), we get
(16) /0T<Bu(t),u(t)> dt > E(0)(1 — MeT),

The exponential decay (15) also implies

1— e—wT

w

/ " eyt < M)



90 S. NICAISE 8]

Consequently for all C; > 0, we may write

(17) /O.Tc‘?(t)dt < CE00) + <M(1—€_“T)

" - Cl> £(0).
Choosing 7" large enough so that 1—Me=*“T>0 and C'< min{M(l+wT), T},
(16) and (17) yield (13) with

o, = (M(l‘Te“T) _ cl> (1 — MeT)1, 0

4 — Exact controllability results

Using the results of the previous section and Russell’s principle we
deduce exact controllability results for the evolution equation associated
with the operator —A; with controls in L*(]0,T[; U), the control space U
being a given real Hilbert space such that V is continuously embedded
into U. We then denote by Iy the embedding from V into U and Zy the
mapping identifying U as a subspace of V', i.e.,

(Zru, v) = (Iyu, Ipv)y, YVu,v € V.

The exact controllability problem may be formulated as follows: for all
uy € H, we are looking for a time 7' > 0 and a control J € L*(]0,T[; U)
such that the solution u of

@—Aluzjin]/’,tzo,
(18) ot

u(0) = uy,
satisfies
(19) u(T) = 0.

THEOREM 4.1.  If the assumptions (3) to (8) hold for the pair
(A1, Zy) and if the pair (Ay,Zy) satisfies the stabilility estimate, then
for T > 0 sufficiently large, for all uy € H there exist a control J €
L?(]0, T[;U) such that the solution u € C([0,T],H) of (18) is at rest a
time T, i.e., satisfies (19).
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PROOF. For concrete problems the proof is quite standard. We adapt
it to our abstract setting as follows. For further purposes we prefer to
solve the inverse problem (so that the asumption “(A;,Zy) satisfies the
stabilility estimate” is replaced by “(—A;,Z) satisfies the stabilility es-
timate”): Given p, € H, we are looking for K € L?(]0,T[;U) such that
the solution p € C([0,T],H) of

dp
— 4+ Ap=K i "t >
(20) { or TP i V,t=0,
p(T) = Do,
satisfies
(21) p(0) = 0.

Indeed if the above problem has a solution the conclusion follows by
setting

u(t) = —p(T —t).

We solve problem (20) and (21), using a backward and an inward system
with linear boundary feedbacks Zy: First given fy in H, we consider
f € C([0,T],H) the unique solution of

of -
) {(%+A1fof_0mH,tzo,
f(T) = fo.

Tts existence following from Lemma 2.1 by setting 4(t) = f(T —t). More-
over applying Theorem 3.3 to u(t) we get

(23) E(f(t)) < Mem*T=VE(f,).

Second we consider g € C([0,T],#) the unique solution of (whose exis-
tence and uniqueness still follow from Lemma 2.1)

ot
9(0) = £(0).

0 .
(24) {_9+Alg+IUg:01nH7t207
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We now take p = g — f. From (22) and (24), p satisfies (20) with
(25) K=-Iyg-1vf.
Let us further consider the mapping A from H to H defined by

A(fo) = 9(T).

We show that for T' > 0 such that d := Me T < 1, the mapping A — I
is invertible by proving that ||Al|4r,%) = Vd. Indeed using successively
the definition of A, Lemma 2.1, the initial condition of problem (24) and
the estimate (23) we have

[Afoll7, = 2E(g(T)) < 2E(g(0)) <
< 2E(f(0)) < 2Me “"E(fo) = d|| foll3,-

Since A — [ is invertible for any p, € H, there exists a unique f, € H
such that

(26) po=p(T) = g(T) = f(T) = (A= 1) fo.

The proof will be complete if we can show that K € L*(]0,T[;U). For
that purpose, we remark that Lemma 2.1 (identity (11) applied to @ and
¢ which has a meaning thanks to the hidden regularity) yields

£~ £ O) = [ 1ur @l ar

£60) - ) = [ Mool

Summing these two identities and using the initial condition of prob-
lem (24), the final condition of (22) and the definition of A, we obtain

/O (o PO + Mog (@) dt = EF(T)) — E((T) < 21l

Using the identity (26) and the boundedness of (I —A)~! we finally arrive
at the estimate

SN
2(1_\/3)2 Po H

This proves that K given by (25) belongs to L*(]0,T[; U). O

@) [ FO o1 < 1) pol <
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REMARK 4.2. Thanks to the assumptions (5) and (6) the (weak) solu-
tion p € C([0,T]; H) of (20) and (21) can be approximated (inC'([0, T]; H))
by a sequence p, € Wh°(IRy, H)NL>*(IR4,V), € > 0, of (strong) solution
of (20) with K. € L*(]0,T[;U) and py. € V such that

(28) K. — K in L*(J0,T[;U) as € — 0,
(29) Iype — Iyp in L*(]0,T[;U) as € — 0.

Indeed as fo = (A — I)"'py, by (5), there exists fo. € D(A) such that

(30) lfo = foelln < e

Consider f. the strong solution of (22) with final datum fy,.. By the
dissipativeness of the energy, we get

(31) 1£(@) = fe@)ll < [1fo = foelln < €, ¥t € [0, T].

Similarly since f(0) belongs to H, by (6), there exists go. € D(A™) such
that

(32) g0 = fe(O)[|3 <e.

We then consider g. the strong solution of (24) with initial datum gq..
The dissipativeness of the energy yields

lg(t) = ge(@)[l3e < [l9(0) — goell2 <
< IF(0) = £e(O) I3 + [1£e(0) = gocllo < 26,V € [0, T,

by (31) and (32).
The estimates (31) and (33) show that p. := g.— f. tendstop = g— f
in C([0,T); H) as € goes to 0. Finally by Lemma 2.1 we may write

|1 ® = 1.0l dt < 210 = fodl
| 10att) = a0 dt < 219(0) = 0.0}

These two estimates, the estimates (30), (33) and the definitions of K, :=
—Tyg. — Iy fe, of p., K and p lead to the properties (28) and (29). 0
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5 — Stability in the nonlinear case

Here we use Liu’s principle [28] and an integral inequality from [7] to
deduce decay rates of the energy using appropriate nonlinear feedbacks.
In view of the examples below we assume that the control space U is of
the form

(34) U= f[ U,

where for all j =1,---,J € IN" := IN\ {0}, U; is a closed subspace of
L2(X;, ;)i when ( (X;,TA;, pj) is a measure space such that 11;(X;) <
oo and N; € IN*. For all j = 1,---,.J, we suppose given a mapping
g; : R — IR such that

(35)  (g;(x) —g;(v)) - (x —y) > 0,Vz,y € R (monotonicity),
(36) g9;(0) =0,
(37) |9 ()] < M(1+ [2]), V2 € R,

for some positive constant M. We finally suppose that B is given by
() (Buw) / 9,((Ivu)s () - (T)s (@) diay ().

where we recall that [;; is the embeding from V to U and therefore (Iyu);
is the j** component of I u.

Remark that the conditions (35) and (36) guarantee the assump-
tion (8) on B, while (37) guarantees that B is well defined. In most
examples these conditions guarantee that the assumptions (3) and (4)
hold (see Section 6 for some illustrations). We further remark that these
conditions always hold for g;(x) = z, corresponding to linear controls,
ie., B=1p.

We now recall the integral inequality obtained in [7] (compare with
Theorem 9.1 of [22] or its extension by P. Martinez [31], [32]).

THEOREM 5.1.  Let € : [0,400) — [0,+00) be a non-increasing
mapping satisfying

(39) /S T B(E()) dt < TE(S),VS > 0,
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for some T'" > 0 and some strictly increasing convexr mapping ¢ from
[0,400) to [0,400) such that $(0) = 0. Then there exist t; > 0 and ¢,
depending on T and £(0) such that

(40) Et) <o <%) V>t
where 1 is defined by
(41) Y(t) = /t1 qs(lg,) ds, ¥t > 0.

REMARK 5.2. Theorem 5.1 yields exactly the same decay rate as
in Theorem 9.1 of [22] when ¢(t) = t'™* for some a > 0 (case leading
to polynomial decay). Note furthermore that the integral inequality of
P. Martinez [31], [32] is different from our integral inequality but gives
similar asymptotic behaviour for the energy. 0

We now give the consequence of this result to our system (9).

THEOREM 5.3.  Assume that the assumptions (3) to (8) hold for the
pairs (A1, B) and (A, Zy). Let g;, j = 1,---,J satisfy (35) to (37) as
well as

(42) gi(x) -z >mlz|?, Ve e RV : |z| > 1,

(43) |22+ |g;(z) > < G(g(z) - ),V € RN : |z| < 1,

for some positive constant m and a concave strictly increasing function
G : [0,00) = [0,00) such that G(0) = 0. If the pair (—Ay,Zy) satisfies

the stabilility estimate, then there exist cy,c3 > 0 and Ty > 0 (depending
onT, £(0), u;(X;), j=1,---,J) such that

Y (eat)
(44) E(t) < G (W) V=T,
for all solution u of (9), where 1 is given by (41) for ¢ defined by
(45) o) =TuG (1),

where p = min;_q ... yp;(X;).
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PROOF. By the density of D(A) into H, it suffices to prove (44)
for data in D(A). In that case let u be the (strong) solution of (9)
and consider p the solution of problem (20) and (21) with py = u(T) €
D(A) with T' > 0 sufficiently large (whose existence was established in
Theorem 4.1). Consider further a sequence p, of strong solution of (20)
with final data po. tending to p in C([0,T],H) as € goes to zero and
satisfying (28) and (29) (see Remark 4.2).

By (9) and (20) we may write

(Oyu + Ayu+ Bu,pe)yry + (Oipe + Aipe — K, u)yry = 0.

This may be written equivalently

(Orty pe) e + (Orpe, u)a + (Aru, pe)yr v + (Aipe, u)yr v+
+ (Bu, pe)vry — (Ke,u)yry =0

As the assumption (7) yields

(Ayu, p)vry + (Aipe, u)yry =0,

the above identity reduces to

(atuape)’H + (8tpe7u)’H + <BU7P5>V’,V - <K67U>V’,V =0

Integrating this identity for ¢ € (0,T"), we get
T
(U(T)7pe(T))H - (u(o)ape(o))H + /O ((BU,pJV',V - <K67 U>V'-,V) dt = 0.
By the definitions of K, and B we arrive at

(u(T), pe(T))a¢ — (u(0), pe(0))3 = /OT ((Ke,lyu)y +

_Z/X 9;((Tvw);(z;)) - (IUpe)j(xj)dﬂj(xj)) dt

j=17%;
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Passing to the limit in € and using the initial and final conditions on p,
we have obtained

sen)= [ ((K, towyy =3 [ () () - (tuw)y ) duj(xj)) at

Cauchy-Schwarz’s inequality leads finally to
28(T) < K| 20,70 ol L2 0,700+

1/2
46 J T
(16) + [ upll 20,10 (Z:/O /X l9;((Tyw);(x;))[? d#j(%‘)dt) .

Let us remark that the estimate (27) and the final conditions on p yield

LN
(1 - Vd)?

This estimate, the definition of K and p = g — f lead to

[ Wos @l + g a < ).

T
2
K@)} dt < ———==&(T
) I @ e < e
T ) 2
Iyp(t)||; dt < ——==&(T).
) Wop@l de < =z
Inserting these estimates in (46) we arrive at
E(T) < — &
T (1-Vay
(47)

x (Z L/ _{<1Uu>j<xj>|2+|gj<uUu>j<xj>>|z}duj(mj)da |

We now estimate the right-hand side of (47) as follows: For all j =
1,---,J introduce

o7 ={(z,t) € X; x (0, D)[|(Iyw);(x, )] > 1},
{(z,1) € X; > (0, 1)|[(Iyw);(z, )] <1}
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Let us split up

/ ) /. AT )+ oy () () ) e = 17+ 17
where
= AP + Loy () @ )P) d (o)
= A @) + Lo ()P )
The assumptions (42) and (37) lead to
e (003(23) 0 (T a3) ds o)

for some positive constant ¢, (depending on m and M). By (11) and the
property

(48) g;(x) - x>0,V € RN,
following from (35) and (36) we arrive at
(49) I < es(E(0) = E(T)).
Similarly by the assumption (43) and the monotonicity of G we have
1< [ Gy @,) - (T ) di )it <
7

= /OT /Xj G((Iyw);(z;) - g;((Tyw);(z;))) dp;(z;)dt.

Jensen’s inequality then yields

17 <Tp;(X;)G (TM;(X)/O /X_(IUU)J‘(%‘) ‘gj((IUU)j(ffj))de(xj)dt>-
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By (11), we arrive at
(50) ijgTﬂﬂﬁ%ﬂ;(ggggﬂégv>'

The estimates (49) and (50) into the estimate (47) and the monotonicity
of G give

E(T) < ey {5(0) &)+ G (%jm)}

for some positive constant ¢; (depending on 7" and max; u;(X;)), where
we recall that p = min; ;(X;). This finally leads to

- &(T
£(0)=E(0)—E(T)+E(T) <max{1, 05}{@(0)— 5(T))+G<%j’())}.

As M < %2), the concavity of G yields a constant ¢ (depending

n
continuously on 7', £(0) and ) such that

£(0) - &(T)

£(0) —E(T))
Ty '

ScﬁG( Ty

These two estimates lead to

£(0) < G (W) ’

for some ¢; > 0 (depending on T', £(0), max; p,;(X;), and min; u;(X;)).
Using this argument in [¢, ¢ + T instead of [0,T] we have shown that

=¢ 1 (E(t) - E(t+T)),¥t >0,

(51)  E(t) < 3G (M)

Tp

when we recall that ¢ was defined by (45).
We conclude by Theorem 5.1 since Lemma 5.1 of [7] shows that the
estimate (51) guarantees that £ actually satisfies (39). 0
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The assumption (42) forbids the use of bounded functions g; which
could be a drawback for some applications. Our next purpose is to obtain
a variant of the above result when some mappings g; do not satisfy (42)
adapting the arguments of Theorem 9.10 of [22]. The price to pay is to
assume some regularity results for elements of D(A).

THEOREM 5.4.  Assume that the assumptions (3) to (8) hold for the
pairs (A, B) and (A1, Iy). Letg;, j=1,---,J satisfy (35) to (37) as well
as (43) for some concave strictly increasing function G : [0, 00) — [0, 00)
such that G(0) = 0. Assume further that J = J, U Jy with J, N Jy = 0,
that for all j € Jy, g; satisfies (42) and there exists ¢z > 0 and o > 2
such that for all j € Jy and all w € D(A), (Iyu); belongs to L*(X;, ;)
with the estimate

(52) ( /.

where we recall that ||ul|pay = || Aulls + ||ulls. If the pair (—A1, Iy)
satisfies the stabilility estimate, then for every ug € D(A), the solution u
of (9) satisfies

J

1/c
|(Tyw)j(x;)|* dﬂj(%)) < crllullpeay,

¥1 ' (eat)
(53) E(t) < 3Gy (W) V> 1T,

for some ca,¢c5 > 0 and Ty > 0 (depending on T, £(0), p;(X;), j =
1,---,J, a and ||uo|| pay), where )y is given by (41) for ¢, defined by (45)
with G instead of G, the function G| being defined by
Gi(x) =G(z)+2*,Vx >0,
with s = =2 € (0,1).
PROOF. We repeat the proof of Theorem 5.3 except for the estimation
of I ]* when j € Jy, where we now obtain the following estimation: First

by (37) we remark that

(54) IF<(1+4M?)J}.
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where

7= [ 0w, (@) day (o).

j
So it remains to estimate J;’ . For that estimation we remark that the
assumption (43) yields

(55) g() - > mylal,ve € RV : o] > 1,

for some positive constant m;. Indeed we notice that (43) and the prop-
erty G(0) = 0 directly imply that

9;(§) - €>0,V[¢g] = 1.

Denoting by m; = min=(g;(§) - £) we have already proved (55) for
|z| = 1. For |z| > 1 let £ = x/|z|, then by the monotonicity of g; we have

(9;(x) = g;(€)) - (J«] = 1)§ =0,

which implies
9i(x) - & = g;(§) - & = my.

Multiplying this inequality by |z|, we arrive at (55).
Now using (55) we may write

Jj+ <mj* /2+ |(IUU)j(l’j)|2_S((IUU)J‘(%') g ((Tyw) ()" dpi ().

By Holder’s inequality we get

o< (f.

J

X (/z.*(IUu)j(mj) -gj((IUU)j(Ij))duj(xj)> .

<IUtoj<ag>|%-%(iuj<xj>) x

2—s
1-s

By (11) and the assumption (52) (since a = 2=2) we conclude that

(56) I < es(E(0) = E(T)),
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where cg > 0 depends on T, a and ||ug||p(a) (since Komura-Kato’s theo-
rem (see for instance Proposition IV.3.1 of [42] and Lemma 2.1 guarantee
that [[u(t)l|pea) < lluollpea))-

As before the estimates (50), (54) and (56) into the estimate (47)
and the monotonicity of G give

E0)—-&(T
&) < eofe - e+ 6 (B 4 o) ey,
for some positive constant ¢y depending on T', pu;(X;), j = 1,---,J, «

and |lug||pcay- The concavity of G and of the mapping x — z* yields

£(0) < 3G, <€(0);M€(T)> :

The conclusion follows as previously. O

REMARK 5.5. In (42) (resp. (43)) the proviso |z| > 1 (resp. |z| < 1)
may be replaced by |z| > n (resp. |z| < n), for some n > 0 without
changing the conclusion of Theorem 5.3 or Theorem 5.4. 0

Examples of functions g; leading to an explicit decay rate (44) or (53)
are given in [7]. Let us give the following illustrations.

EXAMPLE 5.6. Suppose that g, satisfies (35) to (37) and (42) as
well as

(57) - gj(x) = colz[", |g; ()| < Cola|®, V]a| <1,

for some positive constants ¢y, Cy, a € (0,1] and p > «. Then g, satis-
fies (43) with G(x) = 2@ and ¢ = PEL 1 (whichis > 1). If p=a =1
(then ¢ = 1) and under the other assumptions of Theorem 5.3 we get an
exponential decay (since ¢~!(t) = e*). On the contrary if p +1 > 2«
then we get the decay ¢ Pt (since Pt (t) = t%) A function g
satisfying all these assumptions is given by

() |z|*tz if |z <1,
P71 2 if |z| > 1,

for some a € (0,1]. In that case (57) holds for p = a.
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In the setting of Theorem 5.4 it suffices to take g; satisfying (35) to
2
(37) and (57) to get the decay rate ¢ ¥-1 with ¢’ = min{q, 2 — 1}. Such

a g is given by
|z|* e if |z <1,
glz) =y = if 2| > 1,

]

for some « € (0, 1], which satisfies (57) for p = .

EXAMPLE 5.6 (Logarithmic decay). Take g;(§) = exp(—ﬁ)#

for || small enough and for p; > 0. Then by Example 2.4 of [7] (43)
holds with
C

~ |loga|?

G(x)

and p = max; p; and some constant C' > 0. In the setting of Theorem 5.3
or Theorem 5.4 we will get the decay

E(t < Ll’
| log t|7

since 1! is bounded from below.

ExXAMPLE 5.8 (Log-Log decay). Take g;(§) = exp(— exp(1/|£|27’))#
for [£| small enough and for p > 0. Then by Example 2.5 of [7] (43) holds
with

C

)= —"—"7
| log | log x||?

and some constant C' > 0. In the setting of Theorem 5.3 or Theorem 5.4

we will get the decay
C

) ——.
|log | log t||?

Note that combinations of the above examples give rise to the worse
decay rate.
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6 — Examples
6.1 — Second order evolution equations

Some examples given below enter in the following framework: Let H
and V be two real separable Hilbert spaces such that V is densely and
continuously embedded into H. Define the linear operator A, from V
into V' by

(58) (Asu, v)yr_y = (u,v)y, Vu,v € V,

and suppose given a (nonlinear) mapping B, from V into V.
Consider now the second order evolution equation

9%u ou N

ﬁ_'_AQU_'—BQE :OIDV,tZO,
ou

U(O) = Uy, E(O) = Uq.

This system is reduced to the first order system (9) using the standard
argument of reduction of order: setting H =V x H, V =V x V with
natural inner products,
x = (u, 2),
with z = 2% (from now on we use the letter z for generic elements of H
since the letter u is already used in (59) as usual) and introducing the
operators
Az = (=2, Asu), Bx = (0, Byz).

Under appropriate assumptions on By, we can prove the

THEOREM 6.1. If By is monotone, hemicontinuous, bounded and
satisfies Bo0 = 0, then the assumptions (3) to (8) hold for the pair
(A}, B).

PROOF. In the above setting we see that
D(A*) = {z = (u,2) € V| + Ayu+ Byz € H}.

To check the assumptions (3) and (4), from the definitions of A;, A, and
the inner product in H we easily verify that

(A% (u, 2) — AT (W', ), (u, 2) — (U, 2)))y = (Boz — By’ 2 — 2 )yi_y.

The monotonicity of A* then follows from the same property on B,.
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Let us pass to the maximality of A*: for all (f, g) € H we are looking
for (u,z) € D(A*) such that

uFz=finV,
z+ Asu+ Byz =g in H.

The first identity is equivalent to
u==zxz+ finV,
and eliminating u in the second identity we obtain
2+ Asz+ Byz=gF finV'.

The solvability of this problem is equivalent to the surjectivity of the
operator
AV =V :iz— 24+ Ayz + Byz.

For that purpose we make use of Corollary 2.2 of [42] which proves that A
is surjective if A is monotone, hemicontinuous, bounded and coercive.
The first three properties easily follows from the same property of Bs.
The coercivity also easily follows from the fact that

(Az, z)viev = |2l + 121 + (Bez, 2)vr—v > |25,
this last inequality following from the property (Bsz, z)y:_y > 0 conse-
quence of the monotonicity of By and the property B,0 = 0.
The assumptions (5) and (6) are reduced to the density of D(A) since

we easily check that (u,z) € D(A) if and only if (—u,z) € D(A™). Let
us now fix (u, z) in H, then let @ € V' be the unique solution of

Agﬂ/ = _B2Z7

whose existence follows from Lax-Milgram’s lemma. Applying Theo-
rem II1.2.B of [41] there exists a sequence of u,, € D(Aj;) such that

U, > u—uinV, asn — oo,
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where A, is the Friedrichs extension of A,. We conclude by remarking
that (@ + w,, 2) belongs to D(A) and tends to (u, z) in H.
The assumption (7) follows from the identity

(Ajz,x) = —(z,u)v + (Asu, 2)y/_v,

and the definition of A,. Finally the assumption (8) follows from the
identity
<B‘r7 CL'> = <B227 Z>V/7V7

and the positiveness of B,. 0

In view of this theorem the assumptions (3) to (8) are reduced to the
verification of the above properties of By that we now check for different
systems.

In the rest of the section €2 is a bounded domain of IR", n > 2 with a
Lipschitz boundary I". Some restrictions will be specified later on when
they will be necessary. We further denote by v the unit outward normal
vector along I

6.2 — Nonlinear stabilization of the wave equation
Consider the wave equation
O?u— Au+ f(Ou) =0 in Q := Qx]0, +o0],
u =0 on %, :=I;x]0, +o0],

d,u+ au+ g(Ou) = 0 on 3y :=T'; x]0, +00],
u(0) = ug, Oyu(0) = uq in Q,

(60)

where I'y is a open subset of I" and I'; = I' \ Iy is the remainder. The
functions f and ¢ are two nondecreasing continuous functions from IR
into itself such that f(0) = ¢g(0) = 0 and finally a is a nonnegative real
number. For the sake of simplicity we suppose that

(61) either I'y is not empty or a > 0,
and that

(62) ToNT, = 0.
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The stability of this problem was extensively studied in the litterature,
let us cite the papers [18], [19], [20], [23], [22], [43], [26], [10] and the
references cited there. Both papers are restricted to some particular
choices of I'y, a, f and g leading to some exponential or polynomial decay
rates of the energy of the solution of (60). In [25], [29], [31], [32], [33],
[34], some arbitrary decay rates are obtained for different f and g (even
with degenerate or local dissipations). Using the results of the previous
sections, we also obtain arbitrary decay rates for a large class of f and g.

The first point is that problem (60) enters in the framework of prob-
lem (59) from Subsection 6.1 once we take:

H=L*Q),
V={ve H(Q)v=0onT,},
(uvv—/Vu Vvdm+a/ u-vdo,

(BquV/V_/f vda:+/ w)v do,Yu,v € V.

Let us remark that the assumption (61) implies that the inner product
(+,-)v induces a norm on V equivalent to the usual one. In order to give
a meaning to By we simply require

(63) [f(@)] < C(1+[z]*), Vo € R,
(64) l9(2)] < C(1 +|2["), ¥z € R,

for some positive constant C, where o = *= and 3 = =5 if n > 3 and
a,B>1ifn=2.

Now we readily check that these assumptions guarantee that B, fulfils
all the assumptions of Theorem 6.1. Consequently the corresponding pair
(Ay, B) satisfies the assumptions (3) to (8). In order to deduce stability
results for our system (60) we need to check that the pair (—A;,Zy)
satisfies the stability estimate (note that we just check that the pair
(—A;,Zy) satisfies the assumptions (3) to (8)), where the control space
U is clearly defined by

U = L*(Q) x L*(T,).
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This stability estimate was proved in Theorem 1.2 of [10] under the as-
sumption that there exists xg € IR" such that

(65) m-v>0onT,m-v<0onTy,
1 n
(66) ﬁmax{n -2,n/3} <a(m-v) < Tz OB Iy,

where as usual m is the standard multiplier defined by
m(x) =z — xo, Yz € R",

and R = max,cq |m(z)|. Under these assumptions, appropriated condi-
tions on f and g lead to exponential, polynomial, logarithmic or other
decays. Note that bounded feedbacks are allowed since D(A) < H*(2) x
H'(Q) — L*(Q) x L*(T";), for some a > 2 consequently Theorem 5.4 may
be applied.

For f = 0 or g = 0 similar results hold (changing the control space U)
with less restrictions on I'g and I'y, using the exponential decay with linear
feedbacks established in [18], [19], [20], [23], [22], [43], [26].

6.3 — Nonlinear stabilization of the elastodynamic system
With the notation of the above subsection, we consider the following
elastodynamic system:
O?u—Vo(u) + F(du) =0 in Q,
u =0 on X,
o(u) - v+ au+ G(Ou) =0 on Xy,
u(0) = ug, Opu(0) = u; in Q.

(67)

As usual u(x,t) is the displacement field at the point 2 € Q at time ¢ and
o(u) = (04;(u))?,;—, is the stress tensor given by (here and in the sequel
we shall use the summation convention for repeated indices)

Oij (U) = a'ijklgkl(u);

where e(u) = (g;;(u))? ;_, is the strain tensor given by

=5\ ow;, " 0z, )
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and the tensor (a;jx1)ijri-123 is made of W>°(Q) entries such that
Qijkl = Ajikl = Aklij,

and satisfying the ellipticity condition
Qijki€ijERI = QE;jEsj,

for every symmetric tensor (g;;) and some o > 0. Hereabove and below
Vo(u) is the vector field defined by

Vo(u) = (904 (u))i, .

The mappings F and G from IR" into itself satisfy the assumptions (35)
o (37). Finally a is a nonnegative real number.

As before we suppose that (61) and (62) hold, but here we further
assume that

(68) F=0or G=0.

This last assumption means that we stabilizate our system either by
boundary feedback or by internal feedback.
The stability of the system (67) was considered in [11], [13], [15], [1],
[4] under some particular hypotheses on Iy, T'y, a, F' and G leading to
exponential or polynomial decay of the energy of the solution of (67).
As in the above subsection problem (67) may be expressed in the
form (59) from Subsection 6.1 with the choices:

H=L*(Q)",
V={ve H(Q)"|v="0on T},

(u,v)v:/Vu-Vvdx—i—a/ u-vdo,
Q r

1

(Bou, v)yr_y = / F(u) -vdz+ [ G(u)-vdo,Yu,v e V.
Q

T

The assumptions made on F' and G imply that B, fulfils the assumptions
of Theorem 6.1, consequently the corresponding pair (A;, B) satisfies the
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assumptions (3) to (8). For the stability results we need to check that the
pair (—A;,Zy) satisfies the stability estimate, where the control space U
is defined by

U=L*T,)"if F =0,

U=L*Q)"if G=0.

In the first case the stability estimate was proved in [4] under the as-
sumption (65) (a similar estimate was proved in [11], [1] under stronger
assumptions on I'y and I'y). If the tensor (a;jz;) corresponds to the Lamé
system, then the stability estimate was proved in Lemma 3.2 of [15] under
the weaker assumption

m-v <0 on I

In the second case (i.e. G=0), the stability estimate for the pair (— A, Zy;)
was proved in Lemma 3.6 of [13].

As in the previous subsection, these conditions (on T'g, T'; and the
coefficients (a;j,)) and appropriated conditions on F' and G lead to expo-
nential, polynomial, logarithmic or other decays. Bounded feedbacks are
also allowed due to the embedding H*(Q) x H'(Q) «— L*(Q) x L*(T),
for some o > 2.

6.4 — Nonlinear stabilization of a coupled system

We consider the following coupled system in a bounded domain €2
with a C*-boundary:

Ofur + A%uy + auy + 91(0puq, Qyus) = 0 in Q,
Ofus — Aus + auy + g2(0yur, Qyus) = 0 in Q,
uy = Oyu; = uy = 0 on X =T'x]0,00],

u;(0) = wgs, Ou; (0) = uy; in Q,4=1,2.

(69)

Here g; are mappings from IR” into IR such that the mapping G from IR?
into IR? defined by

G(xvy) - (gl<x7y)792(xay))’

satisfies the assumptions (35) to (37). Finally a is a scalar function that
we assume to be in L>().
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The above system was considered in [14] when g; (resp. g2) only
depends on Qyu; (resp. Oiu,). In that case this author proves exponential
or polynomial decay rates under appropriated conditions on a, g; and
g2. Let us notice that if @ = 0 and if g; (resp. g) only depends on dyu;
(resp. Oyusg), then the above system is splitted up into the wave equation
considered in Subsection 6.2 and the standard Petrovsky system studied
in [12]. Our subsequent analysis then covers the analysis of this last
Petrovsky system.

First problem (69) is in the form (59) with the definitions (see [14]):

H = 129,
V = Hj(Q) x Hy (),
(w1, u2), (01, v2))v :/Q(Aulm2 - Vup - Vo) dat
—l—/ﬂa(ulvg + upvy) do,

(Ba(u1, u2), (vi,v2))vi—v = /Q (g1(ur, uz)vy + go(uy, uz)vs) d,
V(ul, Ug), ('Ul, 'U2) S V.

The assumptions made on g; and g, imply that B, fulfils the assumptions
of Theorem 6.1, consequently the corresponding pair (A, B) satisfies the
assumptions (3) to (8). For the stability results we need to check that the
pair (—A;,Zy) satisfies the stability estimate when the control space U
is given by U = L?(Q2). This stability estimate was proved in Lemma 3.1
of [14] under the assumption

Ha||L°°(Q) < 6/6”7
where ¢/, ¢” > 0 are the constants appearing in the above Poincaré type
inequalities:

sy < ¢ | (Aw)? de,vu e HE(®),

[ullF gy < ¢ /Q |Vul? dz,Yu € H) ().
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This condition and appropriated conditions on ¢g; and g, lead to expo-
nential, polynomial, logarithmic or other decays. As before bounded
feedbacks are also allowed.

6.5 — Nonlinear stabilization of Maxwell's equations

We consider Maxwell’s equations in © C IR® with a smooth boundary
and a nonlinear internal feedback:

E
5%—t —curlH 4+ ¢g(F) =0in Q :=I'x]0, 4],
H
,uaa—t 4+curlE=0in Q,
div(pH) =0 in Q,
Exv=0,H-v=0onX:=Tx]0,+oc0],
E(O) = Eo,H(O) = HO in €.

As usual € and p are real, positive functions of class C*(€)). The func-
tion ¢ from IR? into itself is assumed to satisfy the properties (35) to (37).
The stability of this system was studied in [39] with a linear feedback
9(F) = oF, with ¢ > 0. In particular the exponential decay was shown
in that paper if o > gy > 0.
Contrary to the above examples this system is not a second order
system but (compare with [7]) it enters in the setting of (9) once we set

H= Q) x (),
J(Q, ) = {H € L*(Q)*:div(uH)=0in Q, H-v=0o0nT},

(B, H),(E',H')) = /Q<6E B+ uH - H') de,

V=VxJ,nu,
V={EeL*(Q)?* curlE € L*(Q)’,Exv=0onT},

(Ay(E,H),(E',H")) = /(curlE -H'— H - curl ') dz,
Q

(B@Jﬂ(EJﬂ)zAg@Xu)@?XWda

One readily checks (as in [7, Section 3]) that the assumptions (3) and (4)
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hold since the bilinear form

/(,u’lcurlE ~curl B + ¢FE - E')dx
0

is clearly coercive on V. Moreover Lemma 2.3 of [35] implies that (5)
and (6) hold. Finally from the definition of A; (7) clearly holds, while
from the definition of B and the properties (35) and (36) satified by g, (8)
holds. As the results of Section 5 of [39] imply that the pair (—A;,Zy)
satisfies the stability estimate when the control space U is given by U =
L?(Q)3, we may conclude exponential, polynomial, logarithmic or other
decays under appropriated conditions on g. Here bounded feedbacks are
not allowed since V' is not embedded into L*(€2)? for some o > 2.

Let us finally notice that Maxwell’s equations with a nonlinear bound-
ary feedback

E
888_t —curl H =0in Q :=T'x]0,+oc0],

H

p——+curl E =0 in @,
(71) R |
div(eE) = div(pH) =0 in Q,
Hxv+g(Exv)xv=0onX:=TIx]0,+o00],

E(O) = E(),H(O) = H(] in Q,

was studied in [3], [21], [39], [7], [36]. Different decay rates are avalaible
under different conditions on ¢, and I' and appropriated assumptions
on g. It was shown in [7] that (71) enters in the setting of (9), where the
assumptions (3) and (5) are also checked under some conditions on 2, €
and p (similar arguments actually imply that (4) and (6) hold as well).
The stability analysis following the point of view of our paper is given
in [36]. We then refer to that paper for the details.
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